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Introduction

1.1 MAIN RESULTS

S OME might consider the following theorems as the principle applications
of the material in this thesis.

Theorem (Theorem 5.6.1, cf. [Sus00, Theorem 4.2, Corollary 4.3]). Let X be
an equidimensional quasi-projective scheme over an algebraically closed field
k. Leti > d = dimX and suppose that m is coprime to the characteristic of
k. Then

CH'(X,n; Z/m) = H* 494" (X 7Z/m(d — i))*
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where H, is the étale cohomology with compact supports. If the scheme X is
smooth then this formula simplifies to CH (X, n; Z/m) = Hz (X, Z/m(i)).

Theorem (Theorem 5.4.20, Theorem 5.4.21, cf. [FV00, Theorem 8.2, The-
orem 8.3]). Let k be a perfect field of exponential characteristic p, let U be a
smooth scheme of pure dimension n over k, and let X, Y be separated schemes
of finite type over k. We denote by A, ;(Y,X) the bivariant cycle cohomology
of [F'V00, Definition 4.3]. There are canonical isomorphisms

Ad(Y X U X)[A] 2 Ay (VX % U)[2].



We also have the following properties:
1. (Homotopy invariance) The pull-back homomorphism Zeg(X, r) — Zegui(XX

A' r +1) induces for any i € Z an isomorphism

AV X)[5] = A (Y, X x AR

2. (Suspension) Let
p: XxP' =X
it X—XxP

be the natural projection and closed embedding. Then the morphism
i D P 1 Zogui (X7 1) D Zogui (X, 1) = Zequa(X X P, 7 +1)
induces an isomorphism

Ar+1,i<Y7 X) [Il,] @Ar,i(Y’ X) [}l}] :> Ar-i-l,i(YvX X ]P)l)[;]

3. (Cosuspension) There are canonical isomorphisms:

Ar,i(Y X Plax) [;] :> Ar+1,i(Y7 X) [1,%] D Ar,i<Ya X) [;]

4. (Gysin) Let Z C U be a closed immersion of smooth schemes everywhere
of codimension ¢ in U. Then there is a canonical long exact sequence
of abelian groups of the form

Ay (Z,X) 3] = AU X) 5] — AU - Z,X)[]

— Aricia(Z,X) [;] — ...
Theorem (cf. [VoeOOb, Corollary 3.5.5, 4.1.4, 4.1.6, Theorem 4.3.7]). Let k
be a perfect field of exponential characteristic p.

1. (Lemma 5.5.2, Lemma 5.5.6) The subcategory DMg,(k, Z|
contains the objects M(X)[2] = C, (cequi(X/k, 0)) and M*(X)
and for any separated scheme X of finite type over k.

) € DM(k, Z[}])

1
p

| = C.(zegul(X/k, )

e

2. (Proposition 5.5.5) DMgu(k, Z[3]) is generated by M(X)[3] for X smooth
and projective over k.



3. DMgn(k, Z[3]) has an internal hom.

4. (Theorem 5.5.1/) Denoting A* = hom

DOy (k,Z]

;})(A’ Z[;]) one has:

(a) For any object A in DMgm(k,Z[;]) the canonical morphism A —
(A*)* is an isomorphism.
(b) For any pair of objects A,B of DMgm(k,Z[;]) there are canonical
morphisms
(AR B)* 2 A" ® B

hom

homy,, . 51,(4,B) = A" © B.
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(c) For a smooth scheme X of pure dimension n over k one has canon-
ical isomorphisms

MX)[2]" 2 M) 2] (~m)[ 2]

ML = ML) (—n) 2],

In [Wei80, 2.9] Weibel asks if K,(X) = o for n < —dim X for every noethe-
rian scheme X where K,, is the K-theory of Bass-Thomason-Trobaugh. This
question was answered in the affirmative in [CHSWO08] for schemes essentially
of finite type over a field of characteristic zero. Assuming strong resolution
of singularities, it is also answered in the affirmative in [GH10] for schemes
essentially of finite type over a field of positive characteristic. Both of these
proofs compare K-theory with cyclic homology, and then use a cdh descent
argument. The main keys in the following theorem are the representability
of homotopy invariant algebraic K-theory ([Wei89])in the Morel-Voevodsky
stable homotopy category ([Cis12]) and a theorem of Gabber (a weak version
is mentioned further down in this introduction).

Theorem (Theorem 5.7.1). Let X be a quasi-separated quasi-ezcellent noethe-
rian scheme and p a prime that is nilpotent on X. Then K,(X) ® Z[3] = o for
n < —dimX.

The first three theorems above appear in [F'V00], [VoeOOb], and [Sus00]
under the assumption of resolution of singularities. The resolution of singu-
larities assumption is applied through the theorem [VoeOOb, Theorem 4.1.2]
of Voevodsky. Our main technical result is the following Z[;]—linear version
of this theorem.



Theorem (Theorem 5.3.1, cf. [VoeOOb, Theorem 4.1.2]). Let k be a perfect
field of exponential characteristic p. Suppose that F is a presheaf with transfers
on the category Sch(k) of separated k-schemes of finite type such that F.g, &
Z[;] =o. Then ((_Z*(F)N,-S®Z[;])|Sm(k) is quasi-isomorphic to zero as a complex
of Nisnevich sheaves on Sm(k).

With this Z[?]-linear version version of [VocOOb, Theorem 4.1.2], Suslin’s
proof of Theorem 5.6.1 goes through unchanged. Similarly, Z[;] versions of
the material in [F'V00] and [VoeOOb] that previously assumed resolution of
singularities are now all valid with minor changes to some arguments.

To apply resolution of singularities in his work on algebraic cycle cohomol-
ogy theories, Voevodsky introduced the cdh topology. This is an enlargement
of the Nisnevich topology so that the proper birational morphisms coming
from resolution of singularities may be used as covers. We will use the fol-

lowing theorem of Gabber as a replacement for resolution of singularities.

Theorem (Gabber [11109, 1.3] or [ILO12, Theorem 3, Theorem 3.2.1]). Let
X be a separated scheme of finite type over a perfect field k and ¢ a prime
distinct from the characteristic of k. There exists a smooth quasi-projective
k scheme Y, and a k-morphism f:Y — X such that

1. fis proper, surjective, and sends every generic point to a generic point,
and

2. for each generic point § of X there is a unique point n of Y over it, and
[k(n) : k(§)] is finite of degree prime to (.

To apply this theorem of Gabber, we need to enlarge the Nisnevich topol-
ogy further. Hence, we search a topology which contains the Nisnevich topol-
ogy and for which we can use Gabber’s theorem to show that every scheme
of finite type admits a smooth quasi-projective covering. There are many
possible choices, some making the proofs easier than others. The following
definition could be considered as the first new contribution of this thesis.

Definition (Definition 3.2.6). Let ¢ be a prime and S a scheme. The (dh
topology is the Grothendieck topology on the category Sch(S) of schemes of
finite type over S generated by the cdh topology, and the pretopology for

which the covers are singletons {Y EA X} containing a finite flat surjective
morphism of constant degree prime to ¢, such that f,Oy is a globally free
Ox-module.



We will call the latter pretopology the fps¢’ pretopology.

We have defined the ¢dh topology in such a way that proofs may be reduced
to a cdh part, and an fpsf’ part. To structure the proofs dealing with fps¢’
part, we formalise a notion of presheaf with traces. In our work the class P in
the following definition will always consist of finite flat surjective morphisms,
but sometimes we will restrict them to being between quasi-projective vari-
eties in whatever category of schemes § we happen to be working with.

Definition (Definition 3.3.1). A presheaf with traces (F, S, A, Tr, P) is an
additive functor F : S? — A from a category of schemes S to an additive
category A, together with a class P of morphisms of S, and a morphism
Trs: F(Y) — F(X) for every morphism f € P. The morphisms Tr are required
to satisfy the following axioms.

(Add) For morphisms f, : ¥, = X, and f, : Y, — X, in P we have

'I‘I‘fl]_[f2 = Tl‘fl @ Trfz.

(Fon) For morphisms W % Y J, X in P we have

TrTr, = Trp and Trig, = idp(x).

(CdB) For every cartesian square in &

Yxx W—2sw
qi l”
Y——=X

such that f, g € P we have
F(p)Tr; = Tr,F(g).

(Deg) For every finite flat surjective morphism f: Y — X in P such that f,Oy
is a globally free Ox module we have

TrF(f) = degf - idp(x).-



It falls straight out of the definition that if (F, Sch(S), Z(»-mod, Tr, P) is a
presheaf with traces such and P contains each fps¢’ cover, then F is an fps/’
sheaf (Lemma 3.4.10). Hence, a cdh sheaf with traces of that form is an ¢dh
sheaf.

1.2 OUTLINE

We outline now the proof of Theorem 5.3.1. It suffices to show C, (F)nis ® Z )
quasi-isomorphic to zero for each ¢ # p. As the ¢dh topology is finer than
the cdh topology, clearly we can assume that Fyg, ® Zy = o. As Fya @ Z)
is the image of F in the derived category of {dh sheaves of Z-modules, and
C..(F)nis ® Zyy is the image of F in DM¥(k, Z)), our result will follow if we
can find a factorisation

D(Shvyis(SmCor(k), Zs))) — D(Shvean(SmCor(k), Zp))) — DM (k, Zpy).

We can describe the derived category of Nisnevich (resp. (dh) sheaves as
the derived category of presheaves with Nisnevich (resp. f¢dh) hypercovers
inverted. To obtain such a factorisation then, it suffices to show that every
¢dh hypercover in DM(k) is isomorphic to the scheme it covers. The functor
Sm — DM(k, Z(y)) factors through HZ)-mod where HZy is the object of the
Morel-Voevodsky stable homotopy category SH(k) that represents motivic
cohomology with Z coefficients. So we have converted the problem into
showing that each £dh hypercover in HZ-mod is isomorphic to the scheme
it covers, or equivalently, that every object of HZ,)-mod satisfies {dh-descent.

This descent problem is broken up into a cdh part, and a fps¢’ part. The
cdh part is taken care of by a theorem of Cisinski ([Cis12, 3.7]) which applies
a theorem of Ayoub to show that every object of SH(k) satisfies cdh descent.
For the fps?’ part we define a suitable notion of what it means for an object
of SH(k) to have a structure of traces (Definition 4.3.1), and show that every
object of HZ,-mod has such a structure of traces (Corollary 5.2.4). To show
that cdh descent and a structure of traces implies ¢dh descent, we compare
the cdh and ¢dh descent spectral sequences and use the following theorem,
which is a weak summary of the results of Chapter 3.

Theorem (Theorem 3.8.2). Let k be a perfect field and ¢ a prime that is
invertible in k. Let F be a presheaf of Zy-modules with traces on Sch(k), such
that



1. F(X) — F(X,eq) is an isomorphism for every X € Sch(k),
2. F(X) — F(A%) is an isomorphism for every X € Sm(k), and
3. Flsm) has a structure of transfers,

then for every n € Zs, and every X € Sch(S), the canonical morphism
Higy (X, Fean) — Hpgy(X, Fran)

is an isomorphism.

We actually prove Theorem 3.8.2 in a more general setting (see Theo-
rem 3.8.1); the statement above is designed to be applied to the homotopy
presheaves of an oriented Z) local object of SH(k).

To obtain a structure of traces on an object of HZ)-mod we will see that it
is enough to have a structure of traces on HZ). We can define a structure of
traces on KH, the object representing homotopy invariant algebraic K-theory,
fairly naturally (see [Wei89] for homotopy invariant algebraic K-theory and
[Cis12] for its representability in the Morel-Voevodsky stable homotopy cat-
egory). We then notice that HZ is the zero slice of KH due to work of Levine
([Lev08, Theorems 6.4.2 and 9.0.3]). Traces on HZ now follows from the
following theorem, which is the main goal of Chapter 4.

Theorem (Proposition 4.3.7). Suppose that k is a perfect field and ¢ a prime
invertible in k. If £ € SH(k) is a Zy-local object with a structure of traces,
then the slices s;& have a canonical structure of traces.

We will now give an outline of this thesis.

In Chapter 2 we present a part of the Suslin-Voevodsky theory of rel-
ative cycles [SVOOb]. Instead of defining the presheaves of relative cycles
Cequi(X/S, 0) gradually via the presheaves Cycl(X/S,0) as is the usual treat-
ment, we present a definition of them via a universal property. We then
show that they exist using a reworking of the usual construction that hope-
fully is more accessible for a novice to the theory.

One thing worth mentioning is that there is a small error in [SV00b] that we
correct. In particular, [SV0Ob, Corollary 3.2.4] is not true if S is not reduced
at its generic points. As a consequence, we lose the claim made in [SV00b,
Corollary 3.3.11] that cycd : ZPropHilb(X/S,0) — cequi(X/S,0) is a natural
transformation. To see that the naturality breaks, it suffices to consider the
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morphism S,.; — S for any S which is not reduced at its generic points, and
Z = X = S. Note that if we restrict to the category of reduced noetherian
schemes there is no problem, and so this does not affect correspondences
between normal schemes at all.

We end this chapter with a similar exposition of the category Cor(S) of
correspondences, but cite the original article for the hard technical work.

In Chapter 3 we present our definition of the ¢dh-topology and compare
it to the cdh topology. The main technical result of this chapter is Theo-
rem 3.8.2 which has already been mentioned. We outline briefly the steps
involved in getting there. The comparison of cohomologies is fairly straight-
forward if we are working with presheaves with transfers. We show that the
cohomologies of cdh/¢dh sheaves with transfers can be calculated as Ext’s in
the category of presheaves with transfers, and then the result follows imme-
diately from the easy facts that every presheaf with transfers is a presheaf
with traces (Lemma 3.3.9), and every presheaf of Z) modules with traces
is a sheaf for the topology generated by finite flat surjective morphims of
degree prime to ¢ (Lemma 3.4.10). Hence, the categories of cdh sheaves of
Zp modules with transfers and ¢dh sheaves of Z) modules with transfers
are equivalent (in fact, they are equal).

To get to transfers we show that under certain conditions a structure of
traces on a presheaf F induces a structure of traces on the cdh associated sheaf
(Proposition 3.6.12), and a nice enough cdh sheaf with traces has a canonical
structure of transfers (Theorem 3.7.1). The latter is straight-forward using
Raynaud-Gruson’s platification theorem (Theorem 2.2.16) to convert every
correspondence into a sum of compositions of morphisms of schemes and
“transposes” of finite flat morphisms.

Pushing the structure of traces through the cdh sheafification is harder.
For this we introduce the notion of a Gersten presheaf (Definition 3.6.4)
and a topology that we call the completely decomposed discrete topology
or cdd topology (Definition 3.5.1). A Gersten presheaf is a presheaf which
satisfies some analogue of Gertsen’s sequence for algebraic K-theory. The
most important property of the cdd topology is that the cdd associated sheaf
F 44 of a presheaf F satisfies F.44(X) = [ [,y F(x) where the product is over the
points of X of every codimension. The Gersten exact sequence implies that
if F is a presheaf of Z) modules then we have a sequence of monomorphims
F — F.g, — Fpg, — F.45. We show that a structure of traces on F passes to
a structure of traces on Fgy (Theorem 3.5.5), give a criterion for a section
to be in the image of F.y, — F.4, and show that the trace morphisms of
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F.44 preserve this criterion. Hence, the structure of traces on F,, induces a
structure of traces on F., (Theorem 3.5.5). For an explanation of why the
cdd topology arises quite naturally for us see Remark 3.5.4.

In Chapter 4 we shift focus to the Morel-Voevodsky stable homotopy cat-
egory. The idea is that we can define trace morphisms in algebraic K-theory
quite easily, and motivic cohomology is a graded piece of algebraic K-theory,
so we might be able to descend the algebraic K-theory trace morphisms to
motivic cohomology. In the context of SH, this involves a study of the slice
filtration. We begin the chapter by translating some work of Pelaez on the
functoriality of the slice filtration into Ayoub’s language of a stable homo-
topy 2-functors (cf. Theorem 4.2.11 and Remark 4.2.13), which makes it
easier to study the functoriality of the slice filtration. The main theorem of
Pelaez that we use is Theorem 4.2.25 which gives criteria for a triangulated
functor to preserve the slices of an object. We show that the functors we are
interested in satisfy his criteria (Theorem 4.2.29, Proposition 4.2.36).

We then define what it means for an object £ € SH(S) to have a structure
of traces (Definition 4.3.1), and use the material we have developed to show
that a structure of traces on an object induces a canonical structure of traces
on its slices. This is Proposition 4.3.7 stated above. We also mention that a
structure of traces on an object induces a structure of traces on its homotopy
presheaves (Lemma 4.3.4), that a structure of traces on a ring spectrum
induces a structure of traces on each of its modules (Proposition 4.3.11),
and that structures of traces are preserved morphisms of 2-functors which
commute with the right adjoints (Lemma 4.3.6).

In Chapter 5 we apply all the previous material. We begin by showing
that the object KH representing algebraic K-theory in SH(k) has a structure
of traces (Proposition 5.2.3), and that the object HZ representing motivic
cohomology has what we have called a weak structure of smooth traces (Def-
inition 4.2.27, Proposition 5.2.1). The material from Chapter 4 implies then
that every object in HZ[;]—mod has a structure of traces. We show that
cdh descent plus a structure of traces implies ¢dh descent (Theorem 5.3.7).
Cisinski has applied a theorem of Ayoub to show that every object in SH
satisfies cdh descent ([Cis12, 3.7]), and so we have proved that the category
HZ[;]—mod satisfies /dh descent. In particular, every smooth ¢dh hypercover
in HZ[}—t]—mod are isomorphic to the scheme that it covers. We apply this in
the way outlined above to obtain Theorem 5.3.1. We recall some parts of
[Sus00] and show how our Theorem 5.3.1 implies Theorem 5.6.1.
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Finally, we discuss the conjecture of Weibel mentioned above about van-
ishing of algebraic K-theory in sufficiently low degrees.

1.3 NOTATION AND CONVENTIONS

All schemes will be separated unless otherwise stated. Associated to a scheme
S we consider the following categories.

Sch(S) the category of schemes of finite type over S.

Sm(S) the full subcategory of Sch(S) whose objects are smooth S-schemes.
Reg(S) the full subcategory of Sch(S) whose objects are regular S-schemes.
QProj(S) the full subcategory of Sch(S) which are quasi-projective.

EssSch(S) the category of S-schemes that are inverse limits of left filtering
systems in Sch(S) in which the transition morphisms are all affine open
immersions.

EssQProj(S) the category of S-schemes that are inverse limits of left fil-
tering systems in QProj(S) in which the transition morphisms are all
affine open immersions.
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Relative cycles

2.1 INTRODUCTION

HE goal of this chapter is to give a construction of the presheaves of rel-
T ative cycles cequi(X/S, 0) of Suslin-Voevodsky [SVO0Ob]. The construction
Of Cequi(X/S, 1), ¢(X/S, 1), 2equi(X/S,r), and z(X/S,r), is analogous. The culmi-
nation of the first four sections is Theorem 2.4.8 which suggests a definition
of the presheaf c.4,:(X/S, 0) as the unique presheaf F satisfying:

(Gen) F(T) is a subgroup of the free abelian group generated by the points
z of X X5 T such that {z} — T is finite and dominates an irreducible
component of T, where {z} is the closure of z in X x5 T.

(Red) If i : T,y — T is the canonical inclusion, then F(i) is the morphism
induced by the canonical identification of the points of X x¢ T with the
points of X Xg Theq.

(Pla) If > miz; € F(T), k is a field, and 1 : Spec(k) — T is a k-point of T such
that the image of i is in the flat locus of II{z;} — T, then

F(l)z = Z n,-m,-jw,-j

14



where the w; are the (generic) points of kxr{z;} and m;; = length O = .
(Uni) Any other presheaf possessing the above three properties is a sub-
presheaf of F.

A definition of this form was clearly known to Suslin and Voevodsky (see
for example the beginning of Section 2 of [FV00]) and the reader familiar
with their theory will fail to be surprised by it.

Such a definition has the advantage that it takes less than half a page to
write down and the pullbacks for any morphism f: T — S for the presheaves
Cequi(X/S, 0) can be calculated using these axioms and the platification the-
orem (reproduced as Theorem 2.2.16). In the original article [SV0Ob] the
definition of ¢.qi(X/S,0) appears on page 36 (actually the 27th page of the
article) and everything preceding it is more or less necessary to arrive at that
definition. There is also a criterion for a formal sum to belong to the sub-
group c.qui(X/S, 0) which can be stated using morphisms calculated from the
axioms above. Thus, if desiring to do so, a reader could potentially develop a
working knowledge of these presheaves without having to wade through the
construction that proves they exist.

The idea behind the c,q(X/S,0) is that these relative cycles should be
finite sums Z = > m;z; of points z of X that lie over generic points of S, and
such that @ — S is a finite morphism. The free abelian group generated
by such points will play an important role and we denote it cja,(X/S, 0).
This is an adaptation of the notation c.:(X/S,0) where “equi” refers to the
requirement that the morphisms @ — § are equidimensional, and the o to
the fact that they are of relative dimension zero. We have added “nai” to
indicate that these free abelian groups are what one might naively expect
to be the groups of relative cycles. The problem is that with the definitions
of pullbacks cjg;(X/S,0) — i (S' X5 X/S§',0) that we want (associated to a
morphism f: § — S) these groups don’t form presheaves (see Example 2.2.6).
The solution is to keep the pullbacks that we like for certain kinds of Z and
f, and then jettison any cycles that don’t respect the induced functoriality.

Our particular choices of pullbacks that appear in the above axioms de-
termine all of the other pullbacks uniquely (this is the content of Propo-
sition 2.3.3), and so the groups c..:(X/S,0) are then defined as the largest
collection of subgroups of the free abelian groups ¢, (X/S,0) that forms a
presheaf with these chosen pullbacks. For a precise definition, see Defini-
tion 2.4.1.
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To prove that presheaves c.qi(X/S, o) satisfying the above axioms exist we
construct them. Our exposition of this construction is very strongly influ-
enced by the original article [SV00b], however we deviate mildly from the
way in which Suslin-Voevodsky present the material. Our goals were expo-
sitional: to introduce as little notation as possible, and to try and avoid any
definition whose motivation wasn’t immediately obvious on a first reading.
We also decided to avoid the use of fat points ([SV0Ob, Definition 3.1.1])
to see if this could be done, but the concept we replace them with — good
factorisations (Definition 2.2.15) — is more or less equivalent (cf. [SV0Ob,
Proposition 3.1.5]) and morally our proofs are the same as theirs.

We remark that there is a small fixable problem in [SV00b] due to nilpo-
tents. In particular, [SVOOb, Corollary 3.2.4] is not true if S is not reduced
at its generic points. As a consequence, we lose the claim made in [SV00b,
Corollary 3.3.11] that cyc : ZPropHilb(X/S,0) — cequi(X/S,0) is a natural
transformation. To see that the naturality breaks, it suffices to consider the
morphism S,.; — S for any S which is not reduced at its generic points, and
Z = X = S. Note that if we restrict to the category of reduced noetherian
schemes there is no problem, and so this does not affect correspondences
between normal schemes at all.

We propose a way of fixing this by using a slightly different version of their
cycl. If f: X — S is a morphism of finite type and Z — X a closed subscheme
that is flat over S, they define the cycle associated to Z as > mz; with z
the generic points of Z and n; = length Oz ,,. We propose, however to take
n; = length Of;))xsz,. This altered definition does not affect the presheaves
Cequi(X/S, 0) at all. The reader can check in [SV00b, Proposition 3.1.5] and
[SVOOb, Theorem 3.3.1] that c.gui(X/S,0) — cequi(Sred X5 X/Srea; 0) is implicitly
forced to be the isomorphism induced by the canonical identification of the
points of X with the points of S,.; xsX. Hence the c.:(X/S, o) are completely
determined by their values on reduced schemes. It is easily checked that with
out new choice of cycl, the morphisms cycl : ZPropHilb(X/S, 0) — cqui(X/S,0)
are natural transformations of presheaves (see Proposition 2.5.1).

Lastly, we mention that Ivorra [Ivo05] (published as [Ivoll]) has a pro-
duced an extremely readable version of Suslin-Voevodsky’s [SV00b] from
which we learn’t a lot. It is unclear how he treats the problem of nilpotents
we mention above as his version [—| of Suslin-Voevodsky’s cycl mentioned
above is not defined. His application is to regular schemes and so this poses
no serious problem to him. There is also an extension of the theory in devel-
opment by Cisinski-Déglise. A preliminary version appears in [CD09]. The
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idea is that cycles (i.e., a scheme equipped with a formal sum of its points)
should be the objects of a category in their own right. This category is
equipped with a relative product. The Suslin-Voevodsky pullback, as well as
the Suslin-Voevodsky product of relative cycles, are recovered special cases
of this relative product.

Index. As a guide to the reader for what is to come, and as a reference,
we collect here the notation we introduce. As we already mentioned we tried
to keep this as minimal as possible, and wherever we could to use notation
that already existed in the literature.

Coni(X/S, 0). Definition 2.2.1. This we introduce as we find it clearer
than the C(X/S,0) in [Ivo05]. Suslin-Voevodsky don’t have a notation
for these groups.

cyclx/s. Definition 2.2.2. This is a version of the ¢ycly from [SV00b], but
our version is modified to adjust for nilpotents.

foi- Definition 2.2.5. This is the naive pullback that we might expect.
In many cases, it is indeed the correct pullback (i.e., it agrees with f*).

(1,p) Definition 2.2.15. This is our analogue of the Suslin-Voevodsky
fat points.

(1,p)*. Definition 2.2.15. This is our analogue of the pullback along a
fat point of Suslin-Voevodsky.

Cequi(X/S,0). Definition 2.4.1. These are the subgroups of ¢}, (X/S, 0)
that behave well with respect to the pullback.

f?. Definition 2.4.5. The pullbacks of the presheaves c,q.:(X/S, 0). This
notation is from [Ivo05] and replaces the clunky cycl(f) of [SV00b], which
incidentally is in conflict with their cycl which is mentioned above.

2.2 FIRST DEFINITIONS

In this section we define the free abelian groups ¢, (X/S, o) which contain the

roups C.qui(X/S, 0). We define a naive pullback f; ; for the groups ¢5,(X/S, o),
give an example of why these pullbacks don’t equip these groups with the
structure of a presheaf, and prove some properties about them that we will

need. We then give our version of the Suslin-Voevodsky fat points, which we
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call good factorisations. We define the pullback (1, p)* along a good factori-
sation and show that good factorisations always exist (up to field extension).
In certain cases the pullbacks f; . and (1,p)* agree with the pullbacks f* of
Cequi(X/S, 0) (see Lemma 2.4.6 for a precise statement) and so these definitions
can also be regarded as calculations.

We begin with the free abelian groups that will contain our relative cycle
groups.

Definition 2.2.1. Suppose that f: X — S is a scheme of finite type over a
noetherian base scheme S. We define ¢ (X/S, o) to be the free abelian group

generated by the points z € X such that {z} — § is finite, and dominates an
irreducible component of §. That is, z is in one of the generic fibres of X — S.

We will most often come across elements of ¢, (X/S, o) using the following

definition. The notation (—)®© indicates points of codimension zero as usual.

Definition 2.2.2. With the notation as in Definition 2.2.1 suppose that Z
is a closed subscheme of X which is finite over S. We define

cycly/s(Z) = Z nz;

€2 s.t.
flzi)es®

where n; is the length of the local ring of the point z; in its fibre. That is,
n; = length Oy xsz,,. We will sometimes omit the subscript and just write
cycl if the morphism X — S is clear from the context.

Remark 2.2.3. This differs from the cyclx(Z) defined in [SVOODb] as their
coefficients are n; = length Oz . Our choice of definition for cycly/s is a pro-
posed fix for the problem mentioned in the introduction that they don’t
actually get a morphism of presheaves ZPropHilb(X/S,0) — c.qui(X/S, 0) over
all non-reduced schemes.

We also added the hypothesis that the sum only counts those points that
lie over generic points to assure that our cycle is in ¢, (X/S, o), but this is just
to avoid introducing another notation for the free abelian group generated
by all the points of X.

Remark 2.2.4. From our definition it follows that, in the notation of the
definition, we have cycly/s(Z) = cycls, ,xsx/5,.(Sred Xs Z) via the canonical iden-
tification ¢, (X/S,0) = cg;;i(s,ed X s X/Syeq,0). This is not true of the Suslin-

Voevodsky cycly.

18



We define now the obvious pull-back morphism for the cjq,;(X/S, 0). When
we restrict to relative cycles, these will end up being the actual pullbacks ¥ in
certain settings so this definition can also be seen as an explicit calculation

of certain examples of f°Z. For a precise description of some cases when
f°Z =f.Z see Lemma 2.4.6.

Definition 2.2.5. Suppose that f: T — S is a morphism between noetherian
schemes and X — S a morphism of finite type. We define a morphism

fiat i (X/S, 0) — i (X x5 T/T, 0)

* Vequi equi

by
f:mi(z nizi) = Z nicyclexor/r(T X @)-

More explicitly, we have f .Z = " nym;w; where w; are the generic points
of m X g T that lie over generic points of T, and m; are the lengths of their
local rings length O Tt in their fibres over T (the point t; is the image of
wi in T).

tij Xs

Example 2.2.6. The pullback defined above does not equip the groups
" (X/S,0) with a structure of presheaf. Consider S = S, U S, to be the

equi

union of two affine lines S, = A, S, = A" joined at a closed point s = §, N S,.
Let 7, be the generic point of S, so we get an element 5 € c}%,(S/S,0). Con-
sider the inclusion 1, : s — S, II S, of the point s into S,, and the canonical

morphism p : S, IIS, — S. Now we have (pi,)in = s € %.(s/s,0) but

; equi
ij,naip:air] =oc ng;i(s/57 O)‘
Remark 2.2.7. The example above suggests that the problem occurs when
we have multiple choices of branches, and this is indeed the case. Notably,
if S is regular, then we have equality c.q.i(X/S,0) = cim;(X/S, 0) (see [SVOOD,

Corollary 3.4.6]). Our definition of a good factorisation (and the Suslin-
Voevodsky idea of a fat point) can be thought of as a choice of branch.

Example 2.2.8. If f : § — S is a birational morphism' then for some
Z => mz € *.(X/S,0), the naive pull-back is just . Z = > n;z} where z|

equi nai

"We recall that a birational morphism f : T — § is a morphism which sends every
generic point of T to a unique generic point of S, every generic point of S is in the image,
and the field extensions induced on generic points are all trivial. In particular S,,; — S is
birational.
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is z; seen as a point of § X X via the canonical identification of the generic
fibres of X — Sand § xg X — §.

Before the following easy lemma, we recall the following definition from
Cisinski-Déglise [CD09]. An earlier version of [I[LO12] calls these morphisms
“horizontal”, and the current version calls them “maximally dominant”.

Definition 2.2.9. A morphism of schemes f: Y — X is said to be pseudo-
dominant if every generic point of Y is sent to a generic point of X.

Lemma 2.2.10. Suppose that S, A4S, EN S, are morphisms between noethe-
rian schemes, suppose g is pseudo-dominant, and let X — S be a morphism

of finite type. Then
gnalf:at (fg nai*

Remark 2.2.11. Example 2.2.6 shows that this is not true if we remove the
hypothesis that g is pseudo-dominant, even if we add the hypothesis that f is
birational.

Proof. First note that if i is the inclusion of the generic points of a scheme,
then r;; is injective. Now due to the commutative square

/
Hs’es§°)5 — S,

]

Hse s)('o)s —3S,
and this injectivity, it suffices to consider the two cases (i) when S, and S,
are reduced of dimension zero, and (ii) when g is the inclusion of a subset of
the generic points of S,.

Consider the case (i). We can assume that S, and S, are actually integral
of dimension zero. Let z € X be a point over a generic point of S, such that
{z} — 8, is finite. Suppose that w; are the generic points of S, x, {z} and v;

are the generic points of S, X, {w;} and set

= length O
= length O
ﬁij = length O

S, Xslg wi
S st{wl} U;]

S3 Xs,gﬂ/ij
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so that we have

f:aiz = E m;w;
* —_—
8hai naiz - minijvij
* —
(1) naiz = E v

Hence, it suffices to show that we have m;n; = ;. This is precisely what
Lemma A.1.3 says.
The case (ii) follows straight from the definition of (—)#

nai*

]

Lemma 2.2.12. Suppose that f: T — S is a morphism between noetherian
schemes and X — S a morphism of finite type. If f is dominant, then f; . is
injective.

Proof. Suppose that s; are the generic points of S and for each i choose a
generic point #; of T which is over it. We find the commutative square

It ——T

|

HS,'T>S

and by the functoriality given in Lemma 2.2.10 it suffices to show that p .
and g7 . are injective. In both these cases, the injectivity is clear from the
definitions. O

The following theorem is a cut down version of [SV00b, 3.2.2] with more or
less the same proof. There is a small mistake in the proof of [SV00b, 3.2.2].
Using their notation, in their final case they claim 5’ is the only point over
7 which is not always true — consider the case when 7" and # are the same
non-trivial finite separable field extension of 7. We don’t reproduce their
error.

Theorem 2.2.13. Suppose that T — S is a morphism of noetherian schemes
and X — S is a morphism of finite type. Let > nZ; be a finite sum of closed
subschemes of X that are finite and flat over S. Then for Y nicyclry x/r(T X sZ;)
to be zero in Coani(T X5 X/ T, 0) it is sufficient that ) nicyclx/s(Z;) is zero in
" (X/S,0).

equi
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Proof. Reduction to T integral dimension zero, and S local reduced. When
T — S is birational, the generic fibres of X — S and T xgX — T are canonical
isomorphic. Via this identification, we have the equality ) nicyclryox/r(T X
Z;) = Y mcyclys(Z;). Therefore we have the stronger statement that ) nicycly/s(Z;)
is zero if and only if ZnicyclTXsX/T(T X Z;) is zero. Hence, we can replace
S by S,.q, and we can replace T by the disjoint union of its generic points.
To show Y nicyclryx/T(T X Z;) is zero it is enough to consider each generic
point of T separately. So we assume that T is an integral scheme of dimen-
sion zero. Without affecting any of the multiplicities, we can replace S with
any subscheme that contains the generic points of S, and the image s of T.
For example, the disjoint union of the localisation of S at s, and any generic
points not contained in this localisation. The generic points not involved in
the localisation of S at s do not affect ) nicyclrwx/r(T X5 Z;) in any way, and
so we can forget them. That is, we assume S is a reduced local scheme and
the image of T its closed point.

The case where S and T are both integral dimension zero. Without losing
any information we can assume that X = UZ;. Moreover, since it suffices to
consider each connected component of X one at a time, we can assume X has
a unique point x. If y; are the points of T xg X then Lemma A.1.3 says that

length O, , length OTszvy,- = length O SZi, (2.1)

for each i,j. By definition we have

Z nicycly/s(Zi) = (Z n; length Oz,-,x> X (2.2)

i i

and

Z nicyclryox (T X5 Z;) = Z (Z n; length (’)szzi,yj) Y- (2.3)

i j i
Multiplying Equation (2.2) by length Orxgxy,, using the substitution given by
Equation (2.1), and comparing it with Equation (2.3), we see that in this
case we actually have the stronger ) micycly/s(Z;) is zero if and only if the
sum y_, mcyclrxox/r(T X5 Z;) is zero.

Notice that the reduction above, together with the dimension zero case,
answers our question when T — S is pseudo-dominant. In particular, when
T — S is flat.
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The case when S is local henselian and T is the closed point of S. Now we
return to the case when S was a reduced local ring, and suppose that T is the
inclusion of the closed point s of S. Since we know the theorem is true for flat
morphisms, we can replace S by its henselisation. In this case since X = UZ;
is finite over S, the scheme X is a disjoint union of local schemes. It suffices to
consider each connected component by itself, and so we can assume that X is
finite and local over S. This means that there is a unique x € X over the closed
point s € S, and that the Z; — S are of constant degree d;. In this case, we
must show that  n;length O,y 7 . = o. Since length O,y 7, » = d; - [k(x) : k(s)]
(Lemma A.1.1), it is enough to show that ) nd; = o.

Consider a generic point n € S and the generic points of X that lie over it.
By Lemma A.1.1 and the fact that S is reduced we know that

di= ) [k(£) : k(n)]length Oz ¢
gez
and so to show Y nd; = o it is enough to show that

Z n; Z [k(§) : k(n)]length Oz ¢ = o.

P gezl

i

Interchanging the summands, we rewrite this sum as

S ST k() < k) length Oz = 37 37 mlk(8) : k()] length O

i gezi(o) EeX(o) Zées.ti.
= > [k k()] > nilength Oy
EEX(O) Z; s.t.

£cz;

and we see that it is enough to show that for each § we have D 7, s+. length Oz, ¢ =
tcz;

o. But since S is reduced, this is equivalent to the statement ) nicycly/s(Z;) =
o. Hence, the result is true in this case.

The case T integral dimension zero, and S local reduced. We have seen that
the theorem holds when T — S is a flat morphism so we can replace S by its
henselisation at the closed point. Now we factor the morphism as T — s — S
where s is the closed point of § and we have already considered these two
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cases. O]

Corollary 2.2.14. Suppose that S, A0S, EA S, is a pair of composable
morphisms of noetherian schemes, X — S, is a morphism of finite type, and
Z =) nz € c(X/S,0). Let W =) mw; = f, . Z. We suppose that the

image of the generic points of S, (resp. S,) is in the flat locus of II{w;} — S,
(resp. U{z;} — S,). Then

g:aif:aiz = (fg):aiz‘

Proof. We can assume that Z = z consists of a single point with coefficient
one. Since we are concerned only with phenomena that occur over generic
points, we can replace S, (resp. S,) with any open subset that contains the
image of g (resp. f). Hence, we can assume that IT{w;} — S, (resp. {z} — S,)
is flat. We must show that cyc(S, xg, {z}) = > meye(S, xs, {w;}). By

Theorem 2.2.13 this will follow if cycl(S, xs, {z}) = > mjcycl({w;}). But this
was the definition of the m;, w;. ]

Finally we introduce a pullback that is closely related to the pullback along
a fat point discussed in [SV0Ob]. We will see later on that (1, p)* = (p1)® (see
Lemma 2.4.6) so again, this definition can be considered as a calculation.

Definition 2.2.15. Suppose that S is a noetherian scheme and X — § is
a morphism if finite type. Suppose that Z = Y nz; € ™ (X/S,0). Let

equi
Spec(k) — S be a k point of S with k a field. A good factorisation of Spec(k) — S
with respect to Z is a factorisation of the form

Spec(k) > 8 58
such that

1. p is proper and birational, and

2. considering the z; as points of §' X g X via the canonical identification of
the generic fibres of &' xg X — § and X — S, the morphisms {z;} — §
are flat.

We define the pullback of Z along such a good factorisation as
(LP)" 2 = il 2

24



We will construct good factorisations using the following theorem. We use
the statement from [SV0Ob, Theorem 2.2.2].

Theorem 2.2.16 ([RGT71]). Let p : X — S be a morphism of noetherian
schemes and U an open subscheme in S such that p is flat over U. Then
there exists a closed subscheme Z in S such that UNZ = & and the proper
transform of X with respect to the blow-up Bl,S — S with centre in Z is flat
over S.

Lemma 2.2.17. Suppose that S is a noetherian scheme and X — S is a mor-
phism if finite type. Suppose that Z =Y nz; € cgg;,.(X/s, o). Let Spec(k) — S
be a k point of S.

Then there exists a finite extension L of k such that the induced L point
Spec(L) — S has a good factorisation with respect to Z.

Proof. The platification theorem (Theorem 2.2.16) gives the existence of a
blow-up §' — S,.q of S, such that the strict transform of the morphism
Hm — S,eq is flat. The composition §' — S is proper and birational and
satisfies the necessary flatness condition for the z;. Since " — S is a morphism
of finite type, for every point s € § there exists a point s — § such that
[k(s') : k(s)] is finite. Hence, there exists a finite extension L of k such that
the induced L point Spec(L) — S factors through §', i.e., we have found a
good factorisation. O

2.3 PRESHEAVES OF RELATIVE CYCLES

We now come to our precise description of the properties we wish our presheaves
Cequi(X/S,0) to have. There are various other choices that give the same
presheaves but we have chosen these.

Definition 2.3.1. Suppose that S is a noetherian scheme, X — S a morphism
of finite type and F a presheaf on the category of noetherian schemes over S.
We will say that F is a presheaf of relative cycles if the following conditions
are satisfied:

(Gen) F(T) is a subgroup of ¢ (X x5 T/T,0).

equi

(Red) If Z € F(T) and if i : T,y — T is the canonical inclusion then

Fi)Z=1i,2

nai="*
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(Pla) If > niz; € F(T) and ¢ : Spec(k) — T is a k-point of T (with k a field)
such that the image of i is in the flat locus of 1I{z;} — T, then
F)Z=1i,.Z

nai=" "

The following lemma contains properties that we will use shortly.

Lemma 2.3.2. Suppose that F is a presheaf of relative cycles and f: T, — T,
a morphism of noetherian S schemes.

1. If f is dominant then F(f) is injective, and

2. if f is birational then F(f) = f;

nai’

Proof. For the first statement, it suffices to consider the cases (i) when f :
T, — T, is the inclusion of the generic points and (ii) when f : Spec(L) —
Spec(k) is a field extension. In the first case, f factors through (T,),.s, and so
the result follows from (Red) and (Pla). The second follows from (Pla) and
Lemma 2.2.12.

Now suppose that f is birational. We have a commutative square

HTi - (T1>red

I

T,

and so the result follows from the case when fis dominant, (Pla), and (Red).
]

The following proposition shows that our axioms completely determine the
pullback morphisms. It follows that the class of presheaves of relative cycles
(associated to the same X/S) is partially ordered by inclusion. In particular,
it makes sense to speak of a potential maximal element.

Proposition 2.3.3. Suppose that F, and F, are two presheaves of relative
cycles (associated to the same X/S), suppose that f: T, — T, is a morphism
between noetherian S schemes. Then for any formal sum Z € F,(T,) N F,(T,)
that is in both presheaves, we have F,(f)Z = F,(f)Z.
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Proof. The morphism f induces a morphism f,_; : (T,)red — (T.)rea and so
due to the axiom (Red) it suffices to consider the case when T, and T, are
reduced. Let Z = ) mz;. Since T, is reduced, by the platification theorem
(Theorem 2.2.16) there exists a blow-up of T, with nowhere dense centre such
that the proper transform of H@ — T, is flat. We construct the following
commutative diagram

IISpec(k;) T,
HTi Tz T1

where the 7; are the generic points of T, and k;/k(r;) is field extension such
that Spec(k;) — T, lifts through the blow-up T, — T,. Since F;(T,) —
F,(LIt;) — F;(LISpec(k;)) is injective for j = 1,2 it suffices to show that F,
and F, agree ISpec(k;) — T, and T, — T,. The latter is given to us by
Lemma 2.3.2 and the former is (Pla) since the {z;} — T, are flat. O

Lastly, we show that any presheaf of relative cycles satisfies two important
properties that we will use to define the pullbacks f*.

Proposition 2.3.4. Suppose that F is a presheaf of relative cycles, T is a
noetherian S scheme, Z = Y nz; € F(T) is a section. Then we have the
following properties.

1. For any field k, any k point Spec(k) — T, and any pair of good factori-
sations (u,p,), (L,p,) we have

(117P1)*Z = (l7-7p2)*Z

2. For any field k, any k-point Spec(k) — S with image s € S and induced
morphism q : Spec(k) — s, and any good factorisation (1,p) with respect
to Z,

Spec(k) —— &'

qi lp

§s—8§

there exists a unique Z' € F(s) such that
0.2 =Lp)Z.
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Proof. This is a direct consequence of functoriality, the axioms (Red), (Pla),
(Gen), and Lemma 2.3.2. O

2.4 THE GROUPS (,0i(X/S,0) AND THE PULL-BACKS f*

We make the following definition with two motivations. The first is Propo-
sition 2.3.4 : if we wish the axioms to hold, then clearly we need these
properties. The second is our choice of definition of the pullbacks f* (see
Definition 2.4.5 and Theorem 2.4.3). These two properties are what we will
use to define the pullbacks.

Definition 2.4.1. Suppose that S is a noetherian scheme and X — S a mor-
phism of finite type. We define c.,;(X/S, 0) to be the subgroup of ¢, (X/S, o)

of formal sums Z = > m;z; which have the properties of Proposition 2.3.4.
That is:

1. For every field k, every k-point Spec(k) — S of S, and every pair of good
factorisations (1,,p,), (., p,) With respect to Z we have

(ll’pl)*Z = (127p7_>*Z'

2. For any field k, any k-point Spec(k) — S with image s € S and induced
morphism q : Spec(k) — s, and any good factorisation (i, p) with respect
to Z,

!/

Spec(k) ——

!

N

p

Ln<—-=O0

such that

~—

there exists a unique W € cgl,(s x5 X/s, 0

WV =(,p)Z.

The following proposition shows that the second condition can actually be
made much weaker.

Proposition 2.4.2. Suppose that S is a noetherian scheme and X — S
a morphism of finite type, and Z = Y nz € cjmi(X/S,0). The following
conditions are equivalent.
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1. Condition (1) from Definition 2./.1.

2. The same condition, except that for each s we only need to consider an
algebraic closure of k(s), and we only need to find onep:S — S.

More explicitly:

1. For every field k, every k-point Spec(k) — S of S, and every pair of good
factorisations (1,,p,), (1., p,) with respect to Z we have

(ll7p1>*Z = (1271’2)*2'

2. For every point s € S, and algebraic closure Q of k(s) with induced Q
point Spec(Q) — S, there exists a good factorisation (Spec(Q) — 8,8
S) of Spec(Q) — S with respect to Z such for any other factorisation
(' Spec(Q) — §" we have

(l,p)*Z = (’lap)*z'
The commutative diagram for the second conditions is:

Spec(Q) —= ¢

| b

s—38§
Proof. Clearly the first condition implies the second (c.f Lemma 2.2.17). So

suppose that the second condition is satisfied.
We wish to show that the first condition is true. Suppose that k' is a field,
Spec(k') — S is a k' point with target s, and (g, S, 59), (9,,S, % S) is a pair
of good factorisations of Spec(k’) — S with respect to Z. By the definition of

pullback with respect to a good factorisation, if ¥ : Spec(L) — Spec(k') is any
field extension, then for j = 1,2 we have

14

1//:‘1,'(%7 q]‘)*z = ‘//:ai¢;naiq:aiz = (%‘P)ﬁaiq;iz = (¢j1l/7 q)*Z

so since ¥ . is injective (Lemma 2.2.12) we see that (¢, v,p)*Z = (¢,V,p)*Z
if and only if (¢,,p)*Z = (¢,,p)*Z. So we can assume that ¥ = Q is an
algebraic closure of k(s).
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Since the morphisms ¢, : S, — S and ¢, : S, — S are proper and birational,
there exists a proper birational morphism g, : S, — S which factors through
both g, and g, and such that any factorisation Spec(Q) — S, — S is a good
factorisation.” The morphisms Spec(Q) — S factor through S, for j = 1,2.
Let ¢ : Spec(Q2) — S; be the resulting morphisms.

Spec(Q)) 0.

Now for j = 1,2 we have

(q]” <P])*Z = ?;naiq;naiz 2.24 (P],':knair;naiq;jnai
2.2.10 ‘P;Tnai(%):aiz (2.4)
= (q,,9))"2

So we have reduced to showing that (¢}, q,)" Z = (¢,,4,)* 2.
Now use the same argument to build the following diagram

where j =1 or 2 and r,, r, are birational and proper. The same argument as in

?Let U C S be a dense open subset over which (g, ). and (g, )yeq are both isomorphisms,

and let S; be the closure of the pre-image of U in S; xs S,. If the morphisms {z]} — S, are
not flat (where Z = 3" niz; and z] is z; seen as a point of S, xs X) then the platification
theorem (Theorem 2.2.16) gives a blow-up of ] with nowhere dense centre such that the

proper transforms {2/} — S, are flat. We then replace S, with S~
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Equation 2.4 shows that (1,p)*Z = (/,h)*Z and (¢},q,)"Z = (¢}, h)"Z. The
second condition now says that (<p}’.’ Jh)*Z = (/,h)*Z for i = 1,2 and hence,
(Lp)*Z = (9,9,)"Z for j=1,2 and so (¢, 4,)"Z = (¢9,,4,)" Z. O

The following theorem gives our definition of the f* (see Definition 2.4.5).
It is morally equivalent to the definition given by Suslin-Voevodsky which is
described before [SV00b, Lemma 3.3.9].

Theorem 2.4.3 (cf. [SV00b, Theorem 3.3.1]). Suppose that S is a noetherian
scheme, X — S a morphism of finite type and Z € c.q.(X/S,0). Letf: T — S
be a morphism of noetherian schemes. There exists a commutative diagram

HSpeC(.Q]) L S/
q=Hq,¢ j2
Ut ———T——$

where
1. t:Ir; — T is the inclusion of the generic points of T,
2. Q; are algebraic closures of the k(t;),
3. (4,p) is a good factorisation of Spec(€);) — S with respect to Z

More importantly, there also exists a unique cycle W € cggl’;,-(szX/T, o) such
that

(t),VV = (1,p)*Z
and this W is uniquely determined by f and Z.

Proof. Existence of the diagram. The diagram exists by Lemma 2.2.17.
Uniqueness. This is clear since (tq)},; is injective (Lemma 2.2.12).

nai

Construction of W and membership in ' (T Xs X/T,0). By the sec-

equi

ond axiom in Definition 2.4.1 there exists a unique cycle W' = > muw; €
% ((IIr) x5 X/(II1;), 0) such that gt W' = (1,p)*Z. Since lr; — T is bira-

equi
tional, we can consider the wj as points wy in T xg X that lie over generic

points of T. If the morphisms {w,} — T are finite, then sum W = nuw;
belongs to ™ .(T x5 X/T, o) and satisfies (tq)%, W = (1,p)*Z.

equi nai
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of T xs (U{z;}) which is finite over T because each {z;} is finite over S.

By the definition of g’ . and £, there is a point wj € (IISpec(Q;)) xs X
that maps to wy. By the definition of ¢} this w} is a generic point of some
(TISpec(Q))) x¢ {2/} where 2, is the point z thought of as a point of §' xg X.
This means that w; is mapped inside one of the @ Clearly, z; is mapped
to z; by p and so {Z/} is contained in §' xg {z;} and therefore the image of
i(w}) € §' x5 {z}. This means that pi(w,) € {z} and so since f(w;) = pi(w},)
we are done.

Independence of choices. A second choice of q,1,p gives a commutative
diagram

It is enough to show that w, € U{z;} since then {w;} is a closed subscheme

/

TTSpec(<)) s

q' [ISpec(; s !Ep’
\\ql ’/

j . T 7 S

where a is an isomorphism. The cycle VW coming from the choice g, 1, p satisfies

the criterion for the choice ¢', /", p since

A% 2.2.14 % * ¥ * ok ok ok 2214 ypx o x ) *
(tq )naiW - anui<tq)naiw - anai(l7p) Z - anai‘naipnai - lnaipnai - (l 7p) Z

Moreover, by our assumption that Z € c..(X/S,0) we have (/,p')Z =

", p)Z. So W satisfies the criterion for the choice ¢’,/,p’. So independence
p q,t,p

of the choices follows from uniqueness. [

Proposition 2.4.4. The cycle W € % (T x5 X/T,o0) described in Theo-

equi
rem 2.4.3 is in fact in c.qui(T X5 X/T,0).
Proof. Continuing with the notations from Theorem 2.4.3, suppose that Q' is

an algebraically closed field, Spec(Q') — T is an Q' point of T and (¢, T' & T)
is a good factorisation of this Q' point. Since Q' is algebraically closed, the
composition fp'/ admits a lifting ¢ : Spec(Q') — §'. The diagram is the
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following.

Sl
P'l lp
T Hf S
We claim that
(0 )W = 0rabai 2 (2.5)

Since Z € cequi(X/S, 0) if this equality holds then it follows from the definition
Of Cequi(X/S, 0) that W € c.ui(T X5 X/T, 0).
We claim that there exists a commutative diagram

wW——=Ww
P AN
Spec(Q') g T S
ook
T?S

such that

1. Wis integral and the generic point of W hits a generic point of T’, and
the induced field extension is finite, and

2. ¢ induces an isomorphism over a dense open subscheme of W, and
3. if we write ¢, byp. (W) = > lix; then the {«x;} are flat over W'.

Notice that with these hypotheses, Lemma 2.2.10 and Corollary 2.2.14 imply
that
(bed),: = bl aicraidy and (acd);,; = a, Conidn (2.6)

nai nai-nai " nai nai nai-nai"nai

To find such a diagram, consider the composition T' xg§ — T' — T.
Choose a generalisation 7 of /(Spec(Q')) € T'. Since this composition T" X
S — T’ — T is finite type and surjective, there is a point ¥ € T' x5S in
the pre-image of 7 such that the induced field extension is finite. We set
W = {7'}. This gives us a,b and a factorisation of // through W. Now we
use the platification theorem (Theorem 2.2.16) to find a blow-up ¢: W — W
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of W such that the strict transform of II{x;} — W is flat. Since W' — W is
surjective of finite type, every point of W has a point over it such that the
induced field extension is finite, hence the morphism d.

To prove the equality (2.5) we will show

b:aip::ziw = a:aiP:aiZ' (27>

The equality (2.5) will then follow from (2.6).

Let w be the generic point of W and £ be an algebraic closure of k(w) with
induced morphism 6 : Spec(X£) — W. Since ¥ is also an algebraic closure of
the field of functions of a generic point of T the definition of W says that we
have (b0);.p W = (a8);.p: . Z. It follows now from Corollary 2.2.14 that
we have the equality 2.7. 0

Definition 2.4.5. Suppose that S is a noetherian scheme, X — S a morphism
of finite type and Z € ¢,q.i(X/S,0). Let f: T — S be a morphism of noetherian
schemes. We define

fPZ =W € cogui(T x5 X/ T, 0)

where W is the cycle given by Theorem 2.4.3 (cf. Proposition 2.4.4 as well).
By the uniqueness of W, there is an induced homomorphism of abelian groups

o Cequi(X/S,0) = Cequi(T x5 X/ T, 0).

Lemma 2.4.6. Suppose that S is a noetherian scheme, X — S a morphism
of finite type and Z = Y niz; € cequi(X/S,0). Let f: T — S be a morphism of
noetherian schemes.

1. If the images of the generic points of T are in the flat locus of each
{zi} — S then

f®Z :f:aiZ'

2. If f is pseudo-dominant, then

3. Ifkis a field, f: Spec(k) — S is a k point and (/',p) is a good factorisation
with respect to Z then
ffZ2=(p) 2
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Proof. We use the notation of Theorem 2.4.3.

1. By the the platification theorem (Theorem 2.2.16) we can find a proper
birational morphism § — S that is an isomorphism over the flat locus
of {z;} — S. Consequently, we have the following commutative diagram

[ISpec(Q;) N
q p
Iz; : T 7 S

We then have

£ % 2.2.10 2214 * 2210 4 %
lnaipnaiZ = Ynai natpnm Dnai (pt >nm o qnaitnaif:miz
and so f;  Z satisfies the criterion defining f*Z.

2. In this case 1 (and of course q and t) are pseudo-dominant as well, and
so it follows from Lemma 2.2.10.

3. Our diagram is

Spec(Q) —— ¢

7

Spec(k) - S
and we have i
qnatf®Z :mp:at =* q:m mllpan

so the claim follows from the fact that g, is injective (Lemma 2.2.12).
O

Lemma 2.4.7. Suppose that S is a noetherian scheme, X — S a morphism

of finite type and Z = Y niz; € cequi(X/S,0). Let U S 15 Sbea pair of
composable morphisms of noetherian schemes. Then

£ffZ2=R"2

Proof. We use Lemma 2.4.6. It follows directly from the definition that the
result is true if g is of the form g : IISpec(€);) — T where Q; are algebraic
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closures of the function fields k(7;) at the generic points 7; of T. So it suffices
now to consider the case where U is of the form Spec(Q) (but not necessarily
hitting a generic point of T). In this situation however, the result follows
immediately from the claim (2.5) in the proof of Proposition 2.4.4. O

Theorem 2.4.8. Suppose that S is a noetherian scheme and X — S a mor-
phism of finite type. Then the groups cegi(— xs X/—,0) form a presheaf of
relative cycles. Moreover, every other presheaf of relative cycles associated
to X/S is a subpresheaf of this presheaf.

Proof. We have coui(T x5 X/T,0) C cim;(T x5 X/T, 0) by definition. We have
seen that the c,u(— Xg X/—,0) with the morphisms (—)® are a presheaf
(Lemma 2.4.7) and that they satisfy the two properties asked of a presheaf
of relative cycles (Lemma 2.4.6). Moreover, if F is a presheaf of relative
cycles (associated to a morphism of finite type X — §) then we have also
seen that the elements Z € F(T) satisfy the properties asked of an element
of ¢qui(T X5 X/T, 0) (Proposition 2.3.4). Proposition 2.3.3 tells us that F is a

subpresheaf of cogui(— X5 X/—,0). O

Definition 2.4.9. Suppose X — S is a morphism of finite type with S a
noetherian scheme. We abusively use c.g,:(X/S, 0) to also denote the presheaf
of relative cycles cegui(— x5 X/—,0).

2.5 THE CATEGORY OF CORRESPONDENCES

We discuss now the category Cor(S) of correspondences (cf. [SVO0b], [CD09],
[Lvo05], [F'V00, p.141]). As for relative presheaves, we define Cor(S) by means
of a universal property. We give a short proof of its existence but for the
hardest part — the construction of the correspondence homomorphisms of
[SVOOb, Section 3.7], and the fact that the induced composition in Cor(S)
is associative — we cite the literature. We give an explicit expression for
various compositions of correspondences, and also show that Cor(S) satisfies
analogues of the axioms for a presheaf with traces that we will define later.
We begin with an easy corollary of Theorem 2.2.13.

Proposition 2.5.1. Let S be a noetherian scheme, X — S a morphism of
finite type, and Z C X a closed subscheme such that Z — S is flat and finite.
Then cyclx/s(Z) € coqui(X/S,0) and if f: T — S is an morphism of noetherian
schemes then fPcycly/s(Z) = cyclryx (T X5 Z).
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Proof. Firstly, notice that in the case when fis birational, we have f .cyclx/s(Z) =
cyclryox/T(T X5 Z).

Secondly, suppose that S is reduced, and that T is the spectrum of a field
whose image in S is in the flat locus of IT{z;} — S where the z; are the
generic points of Z. Suppose further that Z; — S is flat where the Z; are
the irreducible components of Z with their reduced structure. We claim that
frucyel(Z) = cycl(TxsZ) in this case. Let Z = Z—3 " n;Z; where n; = length O ,..
We have cycl(Z) = o and so cycl(kxsZ) = o by Theorem 2.2.13. Consequently,
by linearity, it suffices to consider the case when Z is integral. But this case
follows immediately from the definition of f ..

Now that we have these two facts, the statement that cyclx/s(Z) € ceui(X/S, 0)
is a direct consequence of Definition 2.4.1(1) and Proposition 2.4.2(2). The
statement fFcycly/s(Z) = cyclrxsx/r(T Xs Z) follows for the same reasons from

the definition of f¥ (see Theorem 2.4.3). O

Definition 2.5.2. Let f: Y — X be a morphism in Sch(S) and Iy C Y x5 X
the closed subscheme that is its graph. We define

] = cyclywsx/¥(Ty,,,) € CZ;:;,.(Y X5 X/Y,0).
If f is finite flat then we define
[l = eyelxex/x('Ty) € cigui(X X5 Y/X, 0)

where Ty C X x5 Y is the closed subscheme corresponding to I'y C Y xg X.
Explicitly, we have [f] = Yz and [f] = ) nz; where the z; are the generic
points of Y (seen as points of X xgY or Y xg X) and n; = length Oz x,v,-

Remark 2.5.3. Notice that [f] has no coefficients, even when Y and X are
non-reduced, whereas in [f] we have taken care to include the multiplicities
of the generic points of Y in their fibres. We insist that this is necessary to
make the theory work.

Lemma 2.5.4. For every morphism f: Y — X in Sch(S) the formal sum [f]
lies in coqui(Y X5 X/Y,0). If f is finite flat, then [*f] lies in c.qu(X xsY/X,0).

Proof. For ['f], we have already proven in Proposition 2.5.1 that formal sums
of the form cycly.gy/x(Z) lie in cegui(X X5 Y/X, 0) for closed subschemes Z C
X XY that are flat and finite over X.
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For [f], it is clear from the definition that c,g.(Y x5 X/Y,0) = Cequi(Yrea Xs
X/Y,eq,0) is an isomorphism and so it suffices to consider the case when Y is
reduced. But then (If),q — Y is flat and finite (it is an isomorphism) and so
] € cequi(Y X5 X/Y, 0) for the same reasons as ['f]. O

Definition 2.5.5. Suppose that S is a noetherian scheme and W.,Y, X are
three S-schemes of finite type. We define a bilinear morphism

— 0 — 1 Coqui(Y Xs W/Y,0) @ e (X X5 Y/X, 0) = e (X X5 W/X, 0)

equi

as follows. Let B € c,qui(Y Xs W/Y,0) and a = nz; € %.(X X5 Y/X,0). Let

equi

Z; = {z} and let ; : Z; — Y be the canonical morphisms. Then we define

ﬁ oa = Z nlm,]d,]w; (28)

where (/B = 3" myw; € coqui(Zi Xs W/Z;,0), the w); are the images of the wy
in X xg W under the canonical (finite) morphism Z; xg W — X xg W and
dyj = [k(wy) : k(Wg,-)]-

The following theorem we cite from the literature.

Theorem 2.5.6 ([SV00b, Theorem 3.7.3], [Ivo05, Section 2.1.1]). The mor-
phism — o — of Definition 2.5.5 satisfies the following properties.

1. If a € coqui(X X5 Y/X,0),B € cequi(Y X5 W/Y,0) then poa € cogui(X X5
W/X, o).

2. Suppose V,W,X,Y are four S-schemes of finite type and a € ceqi(V X
W/V,0),B € cequi(W Xs X/W,0),7 € cequi(X xsY/X,0). Then (yop)oa=
yo(Boa)

Proposition 2.5.7. The morphism — o — of Definition 2.5.5 satisfies the
following properties.

1. Iff: X = Y is a morphism in Sch(S) and B € cequi(Y Xs W/Y, 0) for some
W € Sch(S) then
Bol=f"B.

2. Suppose f : V. — X is a finite flat surjective morphism in Sch(S) and
B € cequi(V Xs W/V,0). Then

Bolfl = Z njmjdjw]’. (2.9)
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where p =" mjw;, the points x;, v, w]’. are the respective images of w; in
X, V, and X Xs W via the obvious morphisms, d; = [k(w;) : k(w})], and
n; = length Oy vy, -

3. Suppose a = niz; € coqui(X X5 Y/X,0) and g : Y — W is a morphism in

Sch(S). Then
[gloa= Z nidiw;
where w; = (X X5 g)(zi) and d; = [k(z;) : k(w;)].

Proof. 1. This is straight-forward from our explicit description. Notice,
that in our case, in the definition of the composition the closed integral
subschemes Z; are canonically isomorphic to the irreducible components
X; of X and the morphisms Z; — X are the compositions X; =+ X — Y.
Consequently, the morphisms Z; xg W — X xg W are closed immersions
and so the d; are all 1. The result follows from the fact that ceg.(X xs
Y/X,0) = @®cequi(X; X5 Y/X;, 0) is the obvious morphism.

2. As everything happens generically, we can replace X by any dense open
subscheme without changing the result. Hence, shrinking X and using
additivity, we are permitted to assume that V and X each have a unique
irreducible component. In this case the a of Definition 2.5.5 is ['f] =
nv where n = length O,.,v, and «,v are the generic points of X and
V respectively. In the notation of the definition there is a unique Z;
and the morphism Z; — Y is isomorphic to the canonical morphism
Viea — V. Since Cequi(V X W/V, O) — @cequ,-(V,ed Xg W/Vred,o) is the
obvious morphism, the *p of the definition is ) mw; now considered
as an element of cegyi(Vyeq Xs W/ Vieq, 0). Finally, the d;; of the definition,
of which we have only one, is d = [k(v) : k(x)]. So the foa =} nymyd;w);
of Equation 2.8 is, in our case, ) nm;dw; (note that we have no need of
indices on n and d because we have assumed V and X are irreducible).

3. First consider the case that Y is reduced. Recall that [g] is by definition
cyclyxsw/v(Tg,,) but since Y is reduced this is just cycly.gw/y(T,). More-
over, I'y is canonically isomorphic to Y. Let y; : Z; — Y and g be as in
the definition of — o — (so p = cyclyx w/v(T,)). By Proposition 2.5.1 we
see that (' = cyclz,xqw/z (T(z—w)). The result is now clear from the

explicit formula in the definition of — o —.

Now we remove the assumption that Y is reduced. Notice that as a
doesn’t actually depend on the ambient scheme X XY, it also defines
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an element a’ of c.gui(X Xs Yyeq/X,0). Moreover, using the case when

Y was reduced we can write a = [i] o a’ where i : Y,,3 — Y is the
canonical morphism. So now using the fact that — o — is associative,
it suffices to prove that [g] o [i] = [gi]. This follows from the first part

as [gi] = i®[g] = il,[g] since i is birational.

]

Proposition 2.5.8. The morphism — o — of Definition 2.5.5 satisfies the
following properties.

1. Functoriality. For finite flat surjective morphisms W 2 Y 2 X we have
[flo['g = [el.

2. Base-change. For every cartesian square

YxxW—>w (2.10)
qi l”
Y X

such that f is finite flat surjective we have
[Aolp] = [g] o ['g]-
3. Degree. For every finite flat surjective morphism f:Y — X of constant

degree d we have
0[] = d- [ids].

4. Triangles. Consider a commutative triangle of schemes with f,g finite
flat surjective and X integral.

Y

N

(a) Suppose that the scheme Y' is the disjoint union of the integral
components Y, of Y, and h is the canonical morphismY = 1Y, — Y.
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Then
tﬂ Z m;[h;| o |

where hy, g; are the restrictions to Y; and m; = length Oy, with 7,
the generic point of Y.

(b) Forgetting the hypotheses of (a), suppose now that all schemes are

integral. Then
S8 1] o ['g.

Proof. Functoriality. Let & be the generic points of X, let ; be the generic
points of Y (over ;) and let wy be the generic points of W (over ’1ij)' By
definition ['fg] is >, length Ogsyw e, k- Using (2.9) we calculate ['g][*f] as

Z length (’)mjxyw’wﬁk length O » .0, [k(wijt) : k(qij)]fi.

ijk
So we must show that for each i we have

Z length Om,v sy Wiy, 1ength O v o, [k(wiie) = k 111] Z length O, w -

jk jk

This is done in Lemma A.1.3.
Base change formula. This follows directly from Proposition 2.5.1. Let
V=Y xx W. We have

[tﬂ p] = P®([tf]) = P®(CyCZX><sY/X(Y)> = CyClWst/W(V) = Z nv; € cequ,-(Wst/W, o)

where v; are the generic points of V and n; = length Oy,)x v, We also
have [g] = > v € cqui(V X5 Y/V,0) and using the formula (2.9) we find that
[qll'g] = Donwi € cequi(W Xs Y/W,0) as V=W xx Y — W xgY is a closed
immersion.

Degree formula. Suppose §; are the generic points of X and M the generic
points of Y with 7, over §;. Still using (2.9) we calculate [f]['f] as 3, length O v, [k(n,) :
k(£,))¢. For each &, the degree of & xx Y — & is d, and this is equal to
>, length O iy, [k(n;) : k(§,)], hence the degree formula.

Triangles. Both equalities follow directly from Proposition 2.5.7. ]

Theorem 2.5.9. For each noetherian separated scheme S there exists a
unique category Cor(S) with the following properties.
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(Ob) There is a one-to-one correspondence between the objects of Cor(S) and
the objects of Sch(S). If X € Sch(S) we denote the corresponding object
in Cor(S) by [X].

(Mor) Consider X,Y € Sch(S). Then homcs)([X], [Y]) is a subgroup of the free
abelian group generated by the points z of X XsY such that the canonical
morphism {z} — X is finite and dominates an irreducible component
of X.

(Gra) Let f : Y — X be a morphism in Sch(S). Then [f] € homcys)([X], [Y]).
Furthermore, if f is finite and flat then [*f] € homc,s)([Y], [X]).

(Comla) Iff: X.a — X is the canonical inclusion then the morphism home,s)([X], [Y]) —
homcer(s) ([Xrea], [Y]) induced by composition with [f] is the obvious one
coming from the canonical identification of the points of X xXsY and the
points of X,eqg Xs Y.

(Com1b) If a = ) niz; € homeons)([X], [Y]), k is a field, and 1 : k — X is a k-
point of X such that the image is in the flat locus of Hg — X then
ao 1] =) nmmyw; where the w; are the generic points of k xy@ and
m;; = length O

k><y{z,-},w,-,- :

(Com2) Suppose f : V. — X is a finite flat surjective morphism in Sch(S) and
a € home,(s)([V], [Y]). Then

aolf] = Z nim;dy,

where a = ) ny,, the points x;,v;,y, are the respective images of y, in
X, V, and X X Y via the obvious morphisms, d; = [k(y,) : k(y})], and
m; = length Oy, « v,

(Uni) Any other category satisfying the above axioms is a subcategory of
Cor(S).

Moreover, the composition in this unique category Cor(S) is the one given in
Definition 2.5.5.

Remark 2.5.10. In light of Definition 2.3.1 and Theorem 2.4.8 we could
have replaced the axioms (Mor), (Gra), (Comla), (Comlb), (Uni) with the
two axioms (Mor’) and (Com1’). This would have given the following list.
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(Ob) There is a one-to-one correspondence between the objects of Cor(S) and
the objects of Sch(S). If X € Sch(S) we denote the corresponding object
in Cor(S) by [X].

(Mor’) Consider X,Y € Sch(S). Then homeo(s)([X], [Y]) = cequi(X x5 Y/X, 0).

(Coml’) If f: X — Y is a morphism in Sch(S) and a € homc,s)([Y], [W]) for some
W € Sch(S) then ao [f] = fPa.

(Com2) Suppose f: V — X is a finite flat surjective morphism in Sch(S) and
a € homc,(s)([V], [Y]). Then

aolf] = Z nim;dy,

where a = ) nyy,, the points x;,v;,y, are the respective images of y, in
X, V, and X X Y via the obvious morphisms, d; = [k(y,) : k(})], and
m; = length O, « v,

We chose the statement in the theorem because there is no explicit reference
to presheaves of relative cycles.

Proof. We begin with uniqueness. Since the objects and the morphisms are
completely described, it suffices to show that the composition is determined
(Coml’) and (Com2). Let a € homces)([X], [Y]) and B € homc,.s)([Y], [W])
and suppose that o and o’ are two different compositions. Since pullback
along a birational morphism is injective (Lemma 2.3.2 for example), to show
that Boa = Bo’a it suffices to show that f*(Boa) = f*(Bo’a) for some birational
f: X — X. Let a = n;z;. The platification theorem (Theorem 2.2.16) provides
a birational morphism f : X’ — X such that the proper transforms of the
{zi} — X are flat over X'. Let ffa = Y nz, and let g : {z/} — Y and

1

h; : {z}} — X’ be the canonical morphisms. Then we have

f'(Boa)=poaocf=pog]o[h]

and similarly for o’. Due to (Com1’) and (Com2) the cycles po [g] o [‘h;] and
B o' [g] o ['h] are equal. Therefore foa =0 a.

Now for existence. The majority of the difficulty of the proof of existence
is contained in Theorem 2.5.6. Since we are admitting this, it remains to
show that the composition has identities, and satisfies (Com1’) and (Com2).
These all follow from Proposition 2.5.7. [
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Definition 2.5.11. The category Cor(S) of Theorem 2.5.9 is call the category
of correspondences. The category of smooth correspondences SmCor(S) is the
full subcategory of Cor(S) whose objects are smooth schemes over S.
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Comparison of cdh and £dh
sheafification and cohomology

3.1 INTRODUCTION

N this chapter we introduce the ¢dh-topology (Definition 3.2.6) where ¢

denotes a prime. We compare the cdh and ¢dh sheafifications and coho-
mologies. The idea of the cdh topology is to enlarge the Nisnevich topology
enough so that the morphisms coming from resolution of singularities may
be used as covers. Similarly, the idea of the ¢dh topology is that it should
be an enlargement of the Nisnevich topology so that morphisms given by a
theorem of Gabber on alterations (Theorem 3.2.12 or Theorem 3.2.11) may
be used as covers.

In Section 3.2 we begin the chapter by introducing our definition of the
¢dh topology. Our definition (Definition 3.2.6) — equivalent to many others’

"While our definition is equivalent to many other possible definitions, it is different
from the topology of ¢-alterations appearing in [[LO12] and [I1109]. This is because they
work with a category of reduced finitely horizontal schemes (i.e., every generic point is
sent to a generic point of the base, and the induced field extension is finite) while we work
with a more general category. Ours is a “global” version of theirs which is “local” where
“local” and “global” are in the sense of resolution of singularities.
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— is inspired directly by the techniques that we will use to study it. Namely,
it is generated in some sense by the cdh topology, and a topology we refer to
as the fpsl’topology (fini-plat-surjectif-premier-a-¢). In shorthand we could
write “cdh +fpsf’= ¢dh”. In this section we also convert Gabber’s Theorem
into the form that we will apply it in: every nice scheme admits an ¢dh cover
with regular source (Corollary 3.2.13).

The literature abounds with techniques to work with the cdh topology, and
so we are left with the study of the fps¢’ topology. Our main tool here is the
concept of a presheaf with traces which we introduce in Definition 3.3.1. A
presheaf with traces is a presheaf which in addition to being a contravariant
functor, also has a covariant functoriality for morphisms that are finite flat
and surjective, and furthermore satisfies a change-of-base and degree formula.
It falls straight out of our definition that every presheaf of Z modules with
traces is an acyclic fpsf’ sheaf (Lemma 3.4.10).

In Section 3.4 we show that if we have a cdh sheaf of Z)-modules with
transfers, then the cdh and /dh cohomologies agree. We do this using the
technique of [VoeOOb, 3.1.8], that is, we claim that these cohomologies can
be calculated using Ext’s in the categories of sheaves with transfers (Propo-
sition 3.4.15, Proposition 3.4.16). This comes down to proving an acyclicity
result, which we do in a more general context (Proposition 3.4.7). Accepting
that we can use Ext’s to calculate the cohomologies, since every presheaf
with transfers is a presheaf with traces (Lemma 3.3.9), and hence an fps¢’
sheaf (Lemma 3.4.10), the categories of cdh and ¢dh sheaves with transfers
are equivalent (Corollary 3.4.12) and so we deduce that the cohomologies
agree.

In Section 3.5 we introduce a topology which will help us study the cdh and
¢dh associated sheaves of a presheaf with traces. The idea is to embed F.4, and
Fyg, into a larger presheaf, and then descend properties of this larger presheaf
to F.g, and Fyg,. The larger presheaf that we use is the sheafification F44 for
a Grothendieck topology that we call the completely decomposed discrete
topology or cdd topology (Definition 3.5.1). The most important property
of the cdd topology is that the cdd associated sheaf F.; of a presheaf F
satisfies F4q(X) = [].cx F(X) where the product is over the points of X of
every codimension. For an explanation of why the cdd topology arises quite
naturally for us see Remark 3.5.4. In this section we prove that if F has a
structure of traces, then there is a canonical induced structure of traces on
F.44 (Theorem 3.5.5) and moreover, this structure satisfies some particularly
important properties (3.5.7).
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In Section 3.6 we introduce the concept of a Gersten presheaf (Defini-
tion 3.6.4) which is a presheaf satisfying an analogue of the first part of the
Gersten sequence in K-theory. We prove that if F is a presheaf of Z)-modules
with traces that satisfies the very first part of the Gersten sequence, then the
cdh and ¢dh associated sheaves are isomorphic (Corollary 3.6.3). We deduce
this in a convoluted way (see the diagram in the proof) from Fy, being a
subsheaf of F4;. We also use the Gersten property to find a criteria for a
section of F44 to belong to the image of Fyg, (and hence the image of F.4, since
F.an = Fyg,) and show that the trace morphisms of F,4; preserve this property.
This implies that F.4, has a structure of traces (Proposition 3.6.12).

In Section 3.7 we prove Theorem 3.7.1 which says that every cdh sheaf with
traces that satisfies two additional properties has a canonical structure of
transfers. We use the principle that every correspondence can be decomposed
(locally for the cdh topology) into a formal sum of compositions of “traces”,
and morphisms of schemes (Lemma 3.7.4).

For the convenience of the reader let us make a small index here.

Definition 3.2.1) The fps?’ and ¢dh topologies.

Definition 3.3.1) Presheaf with traces, properties (Fon), (CdB), and

g).
Definition 3.3.4) Properties (Tril), (Tri2), (Tril)<,, (Tri2)<,

U

(

(

(De

(

(Definition 3.4.4) A refinable topology.
(

(Definition 3.6.4) Gersten presheaf.

(

)
)
Definition 3.5.1) The discrete topology.
)
)

Definition 3.7.2) Correspondences of the form (FN).

Throughout this chapter we will state at the beginning of each section
what class of schemes the results of that section hold for. In general,
everything is true for the category of separated schemes essentially of
finite type over a base scheme S which is a quasi-excellent separated
noetherian scheme. By essentially of finite type, we mean an inverse
limit of a left filtering system of schemes of finite type, for which each
of the transition morphisms is an affine open immersion.
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3.2 THE ¢dh TOPOLOGY

In this section we present the definition of the ¢dh topology that we will
use (Definition 3.2.6). We state Gabber’s theorem in some original versions
(Theorem 3.2.11, Theorem 3.2.12) and the version that we will use (Corol-
lary 3.2.13).

Recall that if {U; — X};; is a finite family of morphisms, a refinement is
a finite family of morphisms {V; — X};c; such that for each j € J there is an
i; € I and a factorisation V; — U; — X. The reader not familiar with the cdh
topology can find it in [SV00a].

Definition 3.2.1. Let ¢ € Z be a prime.

1. We will call an fpst’ cover (fini-plat-surjectif-premier-a-¢) a singleton set
{f: U — X} containing a morphism f that is finite flat surjective and
globally free of degree prime to ¢. That is, f, Oy is a free Ox-module of
rank prime to /.

2. An ldh cover is a finite family of morphisms of finite type {U; — X}
such that there exists a refinement of the form {V; — V; — X} where
{V; — X} is a cdh cover and {V; — V;} are fps’ covers.

Remark 3.2.2. Note that we can assume the V;, V]’ are affine as the Zariski
topology is coarser than the cdh topology.

For a pretopology 7, we observe the usual abuse of terminology and refer
to a morphism Y — X as a 7 cover if {Y — X} is a 7 cover. The standard
reference for the Nisnevich topology is [Nis89] where it is referred to as the
cd topology.

Lemma 3.2.3. Suppose that Y — Y is a Nisnevich cover and Y — X a flat
finite surjective morphism of constant degree (not necessarily globally free).
Then there exists a Nisnevich cover X' — X such that Y xx X' — Y refines
Y =Y, and Y xx X' — X' is an fpsl’ cover.

Remark 3.2.4. This lemma is false if we replace the Nisnevich topology by
the proper cdh topology. For example let Y to be a non-normal curve, ¥ — X
any flat finite morphism to a normal curve X, and Y — Y the normalisation.
Clearly Y — Y doesn’t split, but every proper cdh cover of X is refinable by
the trivial cover (this is true of any regular excellent scheme of dimension
one). This failing is an obstacle to passing a structure of traces for a presheaf
to its cdh sheafification (cf. Proposition 3.3.3).
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Proof. If X is henselian, then Y is also henselian and Y — Y splits. So we can
take X' = X. If not then for every point x € X we consider the pullback along
the henselisation "x — X. The result now follows from the limit arguments
in [Gro66, Section 8] and the description of the henselisation as a suitable
limit of étale neighbourhoods. O

The following proposition shows that the ¢dh covers as we have defined
them form a pretopology in the sense of [SGAT72a, 11.1.3].

Proposition 3.2.5. Let X be a noetherian scheme and suppose that Y — X
is an fpsl’ morphism and {U; — Y}ier is a cdh cover. Then there exists a cdh
cover {V; — X}jej and a set of fpst’ morphisms V; — V; such that {V; — X}
refines {U; — Y — X}ier.

Proof. Tt suffices to consider the case when the cardinality of I is one (replace
{U; = Y}ier by {ILcU; — Y}). Recall that every cdh cover U — Y admits
a refinement of the form U” — U — Y where U’ — U’ is a Nisnevich cover
and U — Y is a proper morphism which is a cdh cover ([MVWO06, 12.28] or
[SV00a, 5.9]). We have already treated the Nisnevich case in Lemma 3.2.3
so it suffices to treat the proper cdh case.

We prove by noetherian induction that if we have U - Y — X with U — Y
proper cdh and Y — X fps¢’ then there exists V' — V — X such that V — X is
proper cdh, V' — Vis fps¢’ and the composition V' — X factors through the
composition U — Y. Suppose that this statement is true for all proper closed
subschemes of X. Indeed, by the inductive hypothesis, it suffices to prove
that in the situation just mentioned we have the morphisms and properties
just mentioned but with V — X proper and birational instead of proper cdh.

We can assume that X is reduced, and even integral since the inclusion of
the irreducible components is a proper birational morphism. Since U — Y is
completely decomposed (i.e., the pullback along each y € Y admits a section),
by replacing U with an appropriate disjoint union of closed irreducible sub-
schemes of U we can assume that U,y — Y,.g an isomorphism over a dense
open subscheme of Y. If 5, are the generic points of Y and m; the lengths of
their local rings, then the degree of Y — X is ) m;[k(n,) : k(§)] where £ is the
generic point of X. Since ¢ doesn’t divide ) m;[k(n,) : k(§)], there is some i
for which ¢ doesn’t divide [k(n,) : k(§)]. By the platification theorem [RG71]
there exists a blowup of X’ — X with nowhere dense centre such that the
strict transform of {5,} — X is flat, and hence finite flat surjective of degree
prime to ¢. That is, we can assume Y is reduced and even integral.
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To recap, we have reduced to the case where U is reduced, U — Y is an
isomorphism over a dense open subscheme of Y, and Y and X are integral. In
particular, the composition U — X is generically an fps’ cover. Using again
the platification theorem, this time applied to the composition U — Y — X,
we can find a blowup of X with nowhere dense centre such that the strict
transform of U — Y — X is flat. Since it is generically an fpsf’ cover, flatness
implies that it is actually an fpsf’ cover. So we are done. ]

Definition 3.2.6. The ¢dh pretopology on a category of schemes is the pre-
topology for which the covers are ¢dh covers.

Remark 3.2.7. Our choice of definition of an ¢dh topology is motivated by
the following two ideas. Firstly, the theorem of Gabber (Theorem 3.2.11)
should provide the existence of regular ¢dh covers (or smooth depending on
the context). Secondly, we want to make use of the vast literature available
on the cdh topology. That is, we want to be able to reduce statements about
the ¢dh topology, to statements about the cdh topology and statements about
the fpsl’ topology. This way we only need to deal with the fps¢’ topology.
This we usually do using a structure of traces — cf. Lemma 3.4.10.

The name /dh is an acronym for ¢(-decomposed h-topology (see [Voe96,
Definition 3.1.2] fo the h-topology). For any set of primes L one can define
an L-decomposed morphism as a morphism Y — X such that for every point
x € X there exists a point y € Y over x such that no element of L divides
[k(y) : k(x)]. We recover the notion of a completely decomposed morphism
as a P-decomposed morphism where P is the set of all primes. The cdh
topology on a category of noetherian schemes is generated by the Nisnevich
topology and covers which are proper and completely decomposed. Similarly,
if we consider the pretopology generated by Nisnevich covers and proper
{{}-decomposed morphisms, we obtain a pretopology which gives the same
sheaves as our fdh topology. Hence, in some sense, the ¢dh topology is a
legitimate generalisation of the cdh topology.

While we are discussing etymology, we mention the following counterex-
ample. The naive reader may suspect that the cdh topology is equivalent
to the topology obtained from the pretopology whose covers are h covers
that are completely decomposed. This is false. Let k be a field, Y =
Spec(k[x, x71]) 1T Spec(k[x:]) and X = Spec(k[x]) and let Y — X be the obvious
morphism. This morphism is flat (and is therefore an h cover), and is com-
pletely decomposed. However, the corresponding morphism of representable
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presheaves on Sch(k) is not surjective for the cdh topology. If it were surjec-
tive, then there would exist a morphism U — Y in Sch(k) such that the com-
position U — X is a cdh cover (the section idy of hom(—, X)4, over X would
lift to hom(—,Y).4). Since k[[x]] is a complete discrete valuation ring, every
cdh cover of Spec(k[[x]]) admits a section. In particular, the canonical mor-
phism Spec(k[[x]]) — X factors through U — X, and pulling back Y — X along
Spec(k[[x]]) — X, this implies that Spec(k((x))) IT Spec(k[[x:]]) — Spec(k[[x]])
admits a section, which is impossible.

Remark 3.2.8. Our /dh pretopology differs from the topology of ¢ alter-
ations of [[LO12] (see the beginning of Section II1.3) principally because
the underlying categories are different — they use the category denoted alt/S
([ILO12, Definition 1.2.2]). Their category alt/S consists of reduced schemes
f: T — S that are of finite type, surjective, and psuedo-dominant (Defini-
tion 2.2.9) over S, and such that for every generic point ¢ of T the extension
k(t)/k(f(t)) is finite. Their topology of ¢’ alterations satisfies the following
property ([ILO12, Theorem 3.2.1]). If X is irreducible and quasi-excellent,
then every covering family for the topology of ¢'-alterations has a refinement
of the form {V; — Y — X} such that Y is integral, Y — X is proper surjective
of generic degree prime to ¢, and {V; — Y} is a Nisnevich cover. Our pre-
topology is in some way a “global” version of their “local” pretopology where
global and local are in the resolution of singularities sense.

Remark 3.2.9. As with the cdh pretopology, we do not get an ¢dh pretopol-
ogy on the category of smooth schemes Sm(S) over some base S as there are
not enough fibre products. As with the cdh pretopology we do however get
an induced topology.

Definition 3.2.10. The ¢dh topology on Sm(S) is the topology for which the
covering sieves of a scheme X are sieves R C hy that contain a sieve of the
form im(hpy, — hx) for some ¢dh cover {U; — X}.

We now reproduce two versions of a theorem of Gabber. We follow them
with a corollary which converts them into a form that we will use. For a
statement and an outline of the proof of Gabber’s Theorem of see [I1109], or
[Gab05]. There is also a book in preparation [ILO12].

Theorem 3.2.11 ([ILO12, Theorem 2, Theorem 3.2.1]). Let X be a noethe-
rian quasi-excellent scheme, let £ be a prime number invertible on X. There
exists a finite family of morphisms {U; — X}ier with each U; regular, and a
refinement of the form {V; — Y — X}¢; such that
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1. {V; = Y} is a Nisnevich cover,
2. Y is locally integral,
3. Y — X is proper and surjective, and

4. for each generic point § of X there is a unique point n of Y over it, and
[k(n) : k(£)] is finite of degree prime to (.

Theorem 3.2.12 (Gabber [[1109, 1.3] or [[LO12, Theorem 3, Theorem 3.2.1]).
Let X be a separated scheme of finite type over a perfect field k and ¢ a prime
distinct from the characteristic of k. There exists a smooth quasi-projective
k scheme Y, and a k-morphism f:Y — X such that

1. f is proper, surjective, pseudo-dominant (Definition 2.2.9), and

2. for each generic point § of X there is a unique point n of Y over it, and
[k(n) : k(£)] is finite of degree prime to (.

Corollary 3.2.13. Let X be a scheme and { a prime number invertible on X.
If X is noetherian and quasi-excellent then there exists an (dh cover {U; — X}
of X such that each U; is reqular. If X happens to be separated of finite type
over a perfect field k, then there exists such a cover with each U; smooth and
quasi-projective over k.

Proof. The proof in both cases is the same so we give it only once. Let
X be noetherian and quasi-excellent. We proceed by noetherian induction.
Suppose that the result is true for all proper closed subschemes of X. We can
assume that X is integral since the set of inclusions of irreducible components
is a cdh cover. Let {U; = X}y and {V; = Y — X},¢; be as in the statement of
Theorem 3.2.11 (or in the second case, just the Y — X from Theorem 3.2.12).
We must show that the latter has a refinement which is a composition of fps¢’
and cdh covers. By the platification theorem (Theorem 2.2.16) there exists
a blowup with nowhere dense centre X’ — X such that the proper transform
Y — X of Y — X is finite flat surjective morphism of constant degree (but
not necessarily globally free). Let {V; — Y’} be the pullback of the Nisnevich
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cover {V; — Y}.

X" Vv %4
fpst’ l lNis lNis
X’ Y Y
1\& ifps (¢,deg)=1 lprop. surj. gen. fin. (¢,deg)=1
X' X

blowup

By Lemma 3.2.3 there exists a finite set of morphisms of the form {X;" —
X/ — X'} such that {X; — X'} is a Nisnevich cover and each X" — X/
is an fpsl’ cover, and furthermore, {X;" — Xj — X'} is a refinement of
{V. > Y — X'}. If Z € Xis a closed subscheme such that X’ — X is an
isomorphism outside of Z, then {Z — X, X! — X' — X} is a cdh cover. By
the inductive hypothesis, there exists an ¢dh cover {Z; — Z}rex of Z with
each Z; regular (or in the second case, quasi-projective and smooth over k).
Hence, {Z;, = X} exU{U; — X}ies is a finite family of morphisms with regular
(resp. smooth quasi-projective) sources, such that there exists a refinement
which is a composition of a cdh cover and fps¢’ covers as in the definition of
an {dh cover. O

3.3 PRESHEAVES WITH TRACES

In this section we present our definitions of a presheaf with traces (Defini-
tion 3.3.1), and a presheaf with transfers (Definition 3.3.7). We mention that
a presheaf with transfers is a presheaf with traces (Lemma 3.3.9).

3.3.1 PRESHEAVES WITH TRACES

Definition 3.3.1. A presheaf with traces (F,S, A, Tr, P) is an additive func-
tor F: 8? — A from a category of schemes S to an additive category A,
together with a class P of morphisms of S, and a morphism Try : F(Y) — F(X)
for every morphism f € P. The morphisms Tr are required to satisfy the fol-
lowing axioms.

(Add) For morphisms f, : ¥, = X, and f, : Y, — X, in P we have

']:vl‘fl]_[f2 = Tl‘fl EB Tl‘fz.
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(Fon) For morphisms W = Y 4, X in P we have

TrfTr, = Trp and Trig, = idpx).

(CdB) For every cartesian square in S

YxxW—s>w (3.1)
qi l”
Y X

such that f,g € P we have
F(p)Try = TryF(g).

(Deg) For every finite flat surjective morphism f: Y — X in P such that f,Oy
is a globally free Ox module we have

TrfF(f) = degf - idp(x).

Sometimes we will just denote a presheaf with traces by F if the rest of the
data is already established. In this thesis P will always be the class of finite
flat surjective morphisms in S. We will denote this class by Ss.
A morphism of presheaves with traces (F,S, A, Tr, P) — (G, S, A, Tr, P) is
a morphism of the underlying presheaves F — G such that for every f € P
the square
F(Y) —= G(Y)

Trfl \L Trf

F(X) — G(X)
is commutative.

Example 3.3.2. Here are some examples of presheaves with traces.

1. Suppose S is any category of schemes, A is any additive category and
F is any constant additive sheaf. Then since every finite flat surjective
morphism Zariski locally satisfies the hypotheses of (Deg), there is a
unique structure Tr such that (F,S, A, Tr, S%°) is a presheaf with traces.
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This is because if f: Y — X is a morphism satisfying the hypotheses of
(Deg) between connected schemes then F(f) is an isomorphism, and so
(Deg) requires that Try = degf- F(f)~*. The other axioms are straight-
forward.

. The presheaves Oy and Oy (represented by the group schemes G,, and
A*) have canonical structures of traces induced by the determinant and
trace of matrices. More explicitly if Spec B — Spec A is a morphism
of affine schemes and there is an isomorphism of A algebras B~ &% A
then there is an induced morphism B — M,(A) of B into the ring of d by
d matrices with coefficients in A (induced by right or left multiplication
of B on itself). Then the determinant and trace define group homomor-
phisms (B*,*) — (A*, %) and (B,+) — (A,+). It can be checked that
these morphisms are independent of the chosen isomorphism B & &% A
and glue to give a structure of traces on non-affine schemes.

. The example described above is a special case of a more general phe-
nomena. On the category of quasi-projective normal schemes, any
presheaf represented by an algebraic group has transfers, and hence
a structure of traces (any presheaf with transfers has a structure of
traces; this is mentioned further down the list).

. We might like to say that fps¢’ sheaves have traces using a similar
tactic to [SV96, Section 5] to define traces using pseudo-Galois covers.
However, when passing to a normal extension, we lose control of the
degree and cannot ensure it stays prime to ¢. The converse is true: a
presheaf of Z) modules with traces is an fpsf’ sheaf (Lemma 3.4.10).

. Algebraic K-theory and homotopy invariant algebraic K-theory have
structures of traces due to the constructions being functorial with re-
spect to biWaldhausan categories (cf. the proof of Proposition 5.2.3).

. We will see that any presheaf with transfers (Definition 3.3.7) has a
canonical structure of presheaf with traces (Lemma 3.3.9).

. If F is a presheaf with traces, its Nisnevich and étale sheafifications
have a canonical structure of traces (Proposition 3.3.3, Lemma 3.2.3).
We will also see conditions on F under which the discrete sheafification
(Definition 3.5.1) has a canonical structure of traces, the associated
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cdh separated presheaf has a canonical structure of traces (Proposi-
tion 3.5.6), and the associated cdh and ¢dh sheaves have a structure
of traces (Proposition 3.6.12, Corollary 3.6.3). The latter is one of the
main results of this paper.

8. Let S be a noetherian scheme, Sch(S) the category of S-schemes of finite
type, A an additive category with small colimits, EssSch(S) the category
of schemes essentially of finite type. We remind the reader that when
we say essentially, we are talking about limits of left filtering systems
in which the transition morphisms are affine open immersions. It is
a standard application of the results in [Gro66, Section 8] that if F :
Sch(S) — A is a presheaf with traces then F gives rise canonically to a
presheaf with traces on EssSch(S).

We eventually want to find a criteria for when a structure of traces on
a presheaf induces a structure of traces on the cdh sheafification (this is
achieved in Proposition 3.6.12). The following proposition, applicable in the
case T = Nisnevich, is a first step in this direction.

Proposition 3.3.3. Let (F, S, A, Tr, P) be a presheaf with traces and suppose
that A is an abelian category and the class P is closed under fibre products.
That is, if f: Y = X € P then so is W xxf for any W — X in S. Now suppose
that t is a pretopology on S such that

for every morphism f: Y — X € P and every v cover V.— Y there exists
a v cover U— X such that Y xx U — Y is a refinement of V— Y.

Then there is a unique class of morphisms Tr* such that (F,, S, A, Tr", P) is
a presheaf with traces and such that the canonical morphism F — F. is a
morphism of presheaves with traces.

Proof. Let f : Y — X be a morphism in P, U — X a 7 cover of X, and
s € ker(F(YxxU) — F((Y xxU) Xy (Y xxU)). We claim that there is a unique
element t € F,(X) such that the restriction to F,(U) agrees with the image
of Tr(s,uys. Indeed, if follows immediately from (CdB) and the isomorphism
(Y xx U) xy (Y xx U) 2 Y xx (U xx U) that Trx,up)s is a cocycle and so it
descends to a unique element of F,(X).

Now for every element s of F,(Y) there exists a 7 cover V — Y so that s|y is
in the image of F — F,. By our hypothesis, we can assume V is of the form
Y xx U — Y for some 7 cover U — X. By what we have just shown, we have a
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corresponding element in F,(X) that is independent of the choice of U. Hence
a morphism Tr} : F-(Y) — F(X).

The axioms (Fon) and (Deg) follow immediately from the way we have
defined the morphisms Tr’*. It is also immediate from the definition that
these are compatible with F — F,, and are the only possible such choice.
For (CdB) it is enough to draw the appropriate cube and do the diagram
chase. [

We have cause to discuss two further properties that might be satisfied
by a presheaf with traces. In the case of a cdh sheaf, these two properties
bridge the gap between a structure of traces and a structure of transfers (cf.
Lemma 3.3.9, Theorem 3.7.1). They deal with commutative triangles:

i Y
X
Definition 3.3.4. Suppose that we have a commutative triangle (3.2) as

above and (F,S, A, Tr, P) a presheaf with traces. We define the following
two properties.

Y

(3.2)

(Tril)<4 Suppose that in the commutative triangle (3.2) the scheme X is integral
of dimension < d, the scheme Y is the disjoint union of the integral
components Y} of Y, and h is the canonical morphism Y = IIY; — Y,

and the morphisms f, g, are in P where h;, g, are the restrictions of h,g
to Y. Then

Tre = Z m,-TrgiF(h,-)

where m; = length Oymi with #, the generic point of Y;.

(Tri2)<4 Forgetting the hypotheses of (Tril)<4, suppose that in the commutative
triangle (3.2) the morphisms fand g are in P, and all the schemes X, Y, Y’
are integral of dimension < d. Then

de
Fi?Trf = Tr,F(h).

We will use just (Tril) and (Tri2) if we require these axioms without
restriction on the dimension.
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Remark 3.3.5. 1. We will almost always only ask for (Tril)<,. This is
because we will end up using presheaves that are separated for the cdd
topology (Definition 3.5.1) and for such presheaves (Tri2)<, is true for
all n and (Tril)<, for all n is implied by (Tril)<, (Proposition 3.5.7). We
will soon give a criteria under which (Tril)<, is satisfied (Lemma 3.3.6).

2. We will see below that if F is a presheaf with transfers then F is a
presheaf with traces that satisfies (Tril) and (Tri2) (Lemma 3.3.9). We
will prove that conversely if F is a cdh sheaf with traces that satisfies
(Tril) and (Tri2) then F has a canonical structure of presheaf with
transfers (Theorem 3.7.1).

3. The morphisms on algebraic K-theory described in Example 3.3.2 do
not satisfy (Tril) before we sheafify it. This is for a similar reason to the
fact that algebraic K-theory does not have transfers [Voe0OOa, Section
3.4]. For example, let X be a projective line and choose a closed point
x. Let Y be two disjoint copies of X, and suppose that Y has two
irreducible components, each isomorphic to X, and the intersection of
these two irreducible components is the chosen point x. The morphisms
f. g, h are the obvious ones. Both f and g are finite flat and surjective,
and h is the inclusion of the integral components. However the class of
f.Ox in K,(X) is different from that of g Oy. This is the only example
we know of a presheaf with traces that doesn’t satisfy (Tril). If we
were to require (Deg) to hold for all finite flat surjective morphisms
of constant degree (and not just globally free ones) we would lose this
counter-example.

Lemma 3.3.6. Suppose (F,S, A, Tr,S%) is a presheaf with traces.
1. (Tri2)<, is always satisfied.

2. Suppose for every finite morphism of schemes of dimension zero Y — X,
if X€ S then Y€ S. The axiom (Tril)<, is satisfied if F(Y) — F(Yyeq)
is an isomorphism for every Y, and for every field k the exponential
characteristic of k is invertible in F(Spec(k)) .

(Fon)

Tr/Tr,F(h) (2es) degh - Try = deigTrf.

Proof. 1. We have Tr,F(h) dect

2. Consider a triangle (3.2) of schemes of dimension zero with the hypothe-
ses of (Tril)<,. We can and do assume that Y is connected, and so our
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schemes are of the form Y = Spec(A), X = Spec(k), and Y = Spec(L)
where k is a field, A is a finite local k-algebra, and L is the residue field
of A.

Suppose for the moment that L/k is purely inseparable. Since p =
char(k) is invertible in F(k) and [L : k] is a power of p, the axiom (Deg)
implies that F(k) — F(L) is injective. Consider the pull-back along
Spec(L) — Spec(k) and the resulting diagram

h

Spec(L @i L) Spec(A @ L)

e T

Spec(L)

By Lemma A.1.1 applied to the original triangle and (CdB) applied to
the pullback squares along Spec(L) — Spec(k) it suffices to prove that

Try = j:gTrgF(h) due to the injectivity of F(k) — F(L).

Since purely inseparable extensions are universal monomorphisms [Gro60,
3.5] the schemes in this diagram all have a unique point. Moreover, g
now admits a section s and since L = (A ® L),eg = (L ®g L)eq the mor-
phism F(f) (resp. F(g)) is an isomorphism (by hypothesis) with inverse
F(hs) (resp. E(s)). We have

Try = TrF(f)E(hs) (Deg) degf- F(hs) = degf- F(s)F(h)

28 o8l B(g)F(s)F(h) = SELTr F(h).
Now we remove the assumption that L/k is purely inseparable. Let
k C K C L be a maximal separable subextension so that K/k is separable
and L/K is purely inseparable. Let B be the preimage of K under the
canonical A — L. By Cohen’s Structure Theorem for complete local
rings [Mat70, 28.J], the morphism B — K admits a section which is a
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k-morphism. Consequently, we have a commutative diagram

Spec(L) Spec(A)
N
Spec(K)
N
Spec(k)

and the result follows from the purely inseparable case.

3.3.2 PRESHEAVES WITH TRANSFERS

Definition 3.3.7. Suppose S is a noetherian scheme. A presheaf with trans-
fers is an additive presheaf on Cor(S) (Definition 2.5.11). The category of
presheaves with transfers is denoted PreShv(Cor(S)), and if A is a ring, then the
category of presheaves of A-modules with transfers is denoted PreShv(Cor(S), A).

If 7 is a Grothendieck topology on Sch(S) then a t sheaf with transfers is
a presheaf with transfers whose restriction to Sch(S) is a 7 sheaf. We have
corresponding categories Shv,(Cor(S)) and Shv,(Cor(S), A).

If § is a class of schemes in Sch(S) with corresponding full subcategory C
in Cor(S), we make the analogous definitions of a presheaf with transfers on
S, presheaf of A-modules on S, 7 sheaf with transfers on S, t sheaf of A-
modules on S, with corresponding categories PreShv(C), PreShv(C, A), Shv.(C),
and Shv.(C, A).

Definition 3.3.8. For any object [X] € Cor(S) we denote the corresponding
representable presheaf with transfers by L(X). The cdh (resp. Nisnevich)
sheafification of L(X) has a canonical structures of transfers (Theorem 3.4.13,
resp. [VoeOOb, Lemma 3.1.6]) and we denote this sheafification by L. (X)

(resp. Lyis(X)).

Lemma 3.3.9. Fvery presheaf with transfers is a presheaf with traces that
satisfies (Tril) and (Tri2).

Proof. A direct consequence of Proposition 2.5.8. 0
Remark 3.3.10. Notice that since the presheaf with traces induced by a
presheaf with transfers necessarily satisfies (Tril) and (Tri2), any presheaf

with traces whose structure is extendible to a structure of transfers necessar-
ily satisfies these two properties.
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3.4 COMPARISON OF CDH AND {dh COHOMOLOGY

The goal of this subsection is Theorem 3.4.17 which says that the ¢dh and
cdh cohomology of a cdh sheaf with transfers agree (Theorem 3.4.17). We
pass by an equivalence of the categories of cdh sheaves of Z) modules with
transfers and (dh sheaves of Z) modules with transfers (Corollary 3.4.12).

3.4.1 CECH COHOMOLOGY AND REFINABLE TOPOLOGIES

Most of the subsection is devoted to building a proof for Proposition 3.4.7
which will be used to compare the cdh and ¢dh cohomology via Proposi-
tion 3.4.16. In the Proposition 3.4.8 (which is independent from the rest of
the subsection) we note some easily proved facts that we will need later.

In this subsection we work with an essentially small category C which
we will assume to be equipped with fibre products.

Our interest in Cech cohomology stems from the following well know
lemma.

Lemma 3.4.1 ([SGAT2Db, V.4.3] or [Mil80, II1.2.11]). A presheaf F on C is
acyclic for a topology v if and only if its Cech cohomology groups vanish.

The following is another well-known lemma.

Lemma 3.4.2 ([SGAT72b, Exp. V 2.3.5], [Mil80, IIL.2.1], or [Art62, 1.4.3]).
Let V/X,U/X be two X-objects in C. Suppose that F is a presheaf on C.
Then any two X morphisms V = U induce the same morphism H*(U/X,F) —
H"(V/X,F). Consequently, any X-morphism V — U that admits an X-section
V < U induces isomorphisms H"(U/X,F) — H"(V/X, F).

Proof. Suppose that f_,f : V= U are the morphisms. We construct a simpli-
cial homotopy? between cosk, (f,) and cosk,(f,) in C. This induces a homotopy
between the associated morphisms of chain complexes (see [SGAT2b, Exp
Vbis 3.0.2.3]). For each ¢ : [n] — [1] we define V** — U**" to be the map
whose ith component is f(p(i). It is easily checked that this is a homotopy
Al1] X cosko(f,) — cosko(f,) between simplicial objects. Hence the associated
morphisms of chain complexes are homotopic, and therefore induce the same
morphisms on cohomology.

2See [SGAT2b, Exp Vbis 3.0.2] for the definition of a simplicial homotopy that we use.
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For the second statement, let f: V— U and s : U — V be X-morphisms
such that fs = idy. By functoriality, H"(f/X, F) is a left inverse to H"(s/X, F)
for every n > o, and so it suffices to show that H"(s/X,F) is a left inverse
to H"(f/X,F) for every n > o. That is, we wish to see that H"(sf/X, F) is the
identity for every n > o. Applying the previous result to the two morphisms
sf,idy : V. =2 V shows this. ]
Lemma 3.4.3. Let V5 U & X be a pair of composable morphisms.
Then there ewists a bisimplicial object W, 4 such that the pth column is
cosko (V*x+) — Px)) and the qth row is cosk,(V*v4™) — X). Notably,
for any presheaf F we get a first quadrant spectral sequence

EP1 = [(vxet) jppalet) By — Pt (v/X, F)
Proof. We define the following objects.

def

W(p—1)7(q—1) - VXXP X A X VXXP - VXUq X+ X VXUq .
(UXXP) (UXXP) N X X ,
q tir‘;es p times

The object W,_,) (4—y) is also the limit of a diagram that has p X g copies of V
with p copies of U, and an X, and the (i, j)th V has a morphism towards the ith
U and every U and V has a morphism towards X (the morphisms being either
g.f or fg). Presented this way, there are obvious face W, ; — Wy, 4, Wy g —
W, 4+: and degeneracy W, , — W,_, 5, W, ; — W, ,_, morphisms coming from
the projections and diagonals (in the pth and gqth directions) and these are
compatible in the sense that we get a bisimplicial object.

We consider the double complex associated to the bicosimplicial abelian
group obtained by applying F to the W, ;. There are two associated spectral
sequences, one from the filtration of the total complex by rows and one
from the filtration of the total complex by columns. We start with the
filtration for which the E, differentials are in the p direction. The E, terms
are HP(V*v(a+) /X F) and the E, differentials are induced by the differentials
in the g direction. Now every face morphism 0; of cosk,(V/U) has a section,
namely the degeneracy o;. So by Lemma 3.4.2 the morphisms induced by
these face morphisms HF(0;) : HP (cosko (VU9 — X)) — HF(cosk,(V*U1 — X))
are all the same isomorphism. Hence, the differentials d = ) 1 (—1)'HP(0))
are zero if q is odd and an isomorphism if q is even. Consequently, on the E,
sheet everything is zero except the bottom row E>? = HP(cosk,(V*"* — X))
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and so we see that the cohomology of the total complex is HP(cosk,(V*"* —
X)) = H?(V/X,F). Considering the other filtration gives the E, terms in the
statement of the result. ]

Definition 3.4.4. Let 7 be a Grothendieck pretopology and p, o two classes
of 7 covers. We say that 7 is 2> refinable if every T cover admits a refinement
of the form {V; 2 U; % X} such that {Vi = U} €pand {U;, = X} € 0.

Remark 3.4.5. Suppose that 7 is a Grothendieck pretopology such that for
every cover {W; — X}ier the morphism IT;e;W; — X exists in the category

that we are working with. Then to show that 7 is ©>-% refinable it is enough
to consider 7 covers that contain a single morphism, since {W; — X}ieg is
refinable if and only if {IT;c;W; — X} is.

Example 3.4.6. 1. In Lemma 3.2.3 we have seen that the pretopology
generated by Nis and fps?’ is LN L efinable.

.. . ¢ . -
2. By definition the ¢dh pretopology is B edl L efinable. Since Zariski covers
are cdh covers, we can even restrict to the class of fps’ covers of affine
schemes.

3. The cdh pretopology is N L efinable where cdp is the class of cdh
covers {U; — X} such that each morphism U; — X is proper [MVWO06,
12.28] or [SV00a, 5.9] (the proof they give works over any noetherian
base scheme).

4. In “Homology of schemes I” [Voe96] Voevodsky shows that over noethe-
rian excellent schemes the h pretopology is 242 refinable (and therefore
Lt refinable) where ps is the class of proper, surjective morphisms.
He also shows that the qfh pretopology is B % refinable where fs is
the class of finite surjective morphisms. These facts are the basis for
the comparison results in [SV96, Section 10], and explicitly recognising
this makes the proofs clearer.

5. The eh pretopology of [Gei06] is 4% efinable (it is the same proof as
for the cdh pretopology mentioned above).
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Proposition 3.4.7. Suppose that T is a Grothendieck pretopology, that p, o

are Grothendieck subpretopologies of T, and that t is - refinable. Let F be
a presheaf on C such that

H'(U/X,F) = { F(X) n i 0

for every p cover U— X. Then if F is o acyclic, it is also t acyclic.

Proof. Because vanishing of Cech cohomology in degrees n > o is equiva-
lent to a presheaf being acyclic (Lemma 3.4.1), it is sufficient to show that
H(X,F) = H'(X,F). To calculate the T Cech cohomology we can restrict to

covers of the form V % U 2 X with fa o cover and g a p cover. By our
hypothesis, H1(V**? /U F) = o for q > o and H°(V**? /U** F) = F(U**F).
Hence the spectral sequence of Lemma 3.4.3 collapses to give the isomor-
phism H"(U/X, F) = H"(V/X, F). Passing to the limit over covers of the form
V — U — X gives the result. [

The final proposition of this subsection is independent of the rest of this
subsection. It collects some elementary properties of refinable pretopologies
that we will need later.

Proposition 3.4.8. Suppose that T is a Grothendieck pretopology, that p, o
are Grothendieck subpretopologies of T, and that T is 5= refinable.

1. If F is p separated then F, is p separated (and hence T separated).
2. If Fis a p sheaf then H(—,F) = H®(—, F).

3. If F is a p sheaf that is o separated then F, = F.. In particular, if F is
a p sheaf and a o sheaf, then it is also a T sheaf.

Proof. 1. We have to show that F, — (F,), is a monomorphism. That is,
for every section s € F,(X) sent to zero in (F,),(X), we want to show
that s is zero. For every section s € F,(X) there is a ¢ cover U — X
such that s|y is in the image of F — F,, and so it is enough to consider
elements in the image of F — F,. It is clear enough that an element
s € F(X) is sent to zero in (F,), if and only if there exists a p cover
U — X and a o cover V — U such that s|y = o. But F is p separated,
and so s|y = o. Since U — X is a ¢ cover, this implies that s is zero in
F,(X).
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2. By our hypothesis, the 7 Cech cohomology can be calculated using

covers of the form {V; LN LR X} such that f; € ¢ and g, € p. For
simplicity we assume that each family has a single element. We have
the following morphism of exact sequences

o—=H°(V/X,F) E(V) F(VxxV)
o F(U) E(V) E(VxyV)

and the morphism a can be inserted into the following morphism of
short exact sequences.

o— H°(U/X, F) F(U) F(U xx U)
]
o—— H°(V/X,F) F(V) F(VxxV)

Since F is p separated, all vertical morphisms are monomorphims, and
consequently, the diagram is commutative, and a lifts to give an inverse
to B. Taking the limit over covers of this form gives the result.

3. This follows immediately from the previous part since for separated

presheaves, the zeroth Cech cohomology calculates the sheafification.
O]

Remark 3.4.9. In the third part, we suspect that the assumption that F is
o is separated is necessary if we want the result in this level of generality. If
this necessity were not the case, this chapter would be considerably shorter.

3.4.2 (COMPARISON OF CDH AND ¢dh COHOMOLOGY

In this subsection as in Chapter 2 we work with Sch(S) the category of sep-
arated schemes of finite type over a separated noetherian base scheme S.
Lemma 3.4.10 is true in any category of schemes in which the U xx--- xx U
exist.

Lemma 3.4.10. Suppose that F is a presheaf of Z) modules with traces.
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Then for any fpst’ morphism U — X of degree d the sequence
o — F(X) - F(U) — F(U xxU) — ...

is exact. In particular, F is an fpsl’ sheaf, F is fpst’ acyclic, and if F happened
to be a cdh sheaf of Z) modules with traces, then it is a sheaf for the {dh

pretopology.

Remark 3.4.11. The analogous result is true for any fps¢’ hypercover using
(almost) the same proof. This is due to the fact that in any = hypercover
U, — X the face morphisms d; : U, — U,_, are 1-covers as well as the
canonical morphisms U, , — U, xy,_, U, induced by the identity d;d; = d;_.d;
foro<i<j<n+u1

In particular, this implies the Z-linear fps¢’ version of Theorem 3.4.13(1).
The Zy)-linear fps¢’ version of Theorem 3.4.13(2) is trivial because every
presheaf with transfers is a presheaf with traces, and therefore if we are
working Z-linearly, an fps¢’ sheaf.

We also pomt out that if we are only interested in the o — F(X) — F(U) —
F(U xx U) part of this sequence, then the proof takes one line (cf. the last
equation of the proof).

Proof. We will show that the sequence is exact. It then follows that F is fps¢’
acyclic (Lemma 3.4.1), and that if F is also a cdh sheaf of Z modules, then
it is an fdh sheaf (Proposition 3.4.8(3)).

If di : U*** — U*x("=Y) i5 the projection that loses the kth coordinate, then
the squares

U><X(n+1) U*xn
T
Uxxn p UXX(n71)

are cartesian for all j < i. It follows from (CdB) that we have F(d;_,)Trs =
TryF(d;) for j <i. We claim that Try, is a chain homotopy between zero and
d times the identity (in degree zero we take Tr,). We have

n+1 n+1

Trg, Z(—l)iF(d,-) = Try F( +Z —1)'F(d;_,)Try, = d-id— Z —1)'F(d;)Try,

i=o
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in degrees n =1,2,3,.... In degree zero we have
Try, (F(ds) — F(d,)) = d -id — Trg F(d,) = d - id — F(f) Try.
Since d - id is an isomorphism, the complex is acyclic. [

Corollary 3.4.12. The canonical functor Shveg,(Cor(S), Zy) — Shvean(Cor(S), Zy)
s an equivalence.

Proof. Follows immediately from Lemma 3.3.9 and Lemma 3.4.10. 0
We recall the following theorem from [CDO09].
Theorem 3.4.13 ([CD09)).

1. [CD09, Definition 9.3.2], [CD0Y9, Corollary 9.3.16], [CD0Y9, Proposition
9.4.8]. For any cdh hypercover Uy, — X the associated sequence of cdh
sheaves with transfers is exact

-+« = Legn(U,) = Lean(Uy) = Lean(Us) = Lean(X) — o

2. [CD0Y, Lemma 9.3.7] The inclusion Shv.g,(Cor(S)) — PShv(Cor(S)) ad-
mits a left adjoint a : PShv(Cor(S)) — Shve(Cor(S)) such that the dia-
gram

PShv(Cor(S)) —2= Shv.g4(Cor(S))

Oubl \LOub

PShv(Sch(S)) = Shvean(Sch(S))
—)cdh

commutes where Oub are the forgetful functors, i.e., precomposition with
the graph functor Sch(S) — Cor(S).

Lemma 3.4.14. The category Shvean(Cor(S)) is a Grothendieck abelian cate-
gory and hence has enough injectives.

Proof. Every category of presheaves on an essentially small category is a
Grothendieck abelian category. Moreover, if &7 is a Grothendieck abelian
category and R : #8 — & is a fully faithful functor with a left adjoint then
A is Grothendieck abelian. Grothendieck abelian categories have enough
injectives. [
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Proposition 3.4.15 ([Voe0OOb, 3.1.8]). Let X € Sch(S) and F a cdh sheaf with
transfers. Then for any n there is a canonical isomorphism

Extghvcdh(Cor(S))(Lcdh(X>7 F) = Hndh(X7 F)

Ci

Proof. We follow the proof of [VoeOOb, 3.1.8]. Let F — I* be an injec-
tive resolution of F in Shv.g,(Cor(S)). The I" are not necessarily injective
in Shvgn(Sch(S)) but if they are acyclic then we can use them to calculate
the cohomology groups on the right. It is enough to show that their Cech
cohomology vanishes in positive degrees (Lemma 3.4.1). This follows imme-

diately from the adjunction and the exact sequence in Theorem 3.4.13 and
Yoneda. [

Proposition 3.4.16. Let X € Sch(S) and F a sheaf of Zy modules for the
Cdh pretopology equipped with a structure of transfers. Then for any n there
s a canonical isomorphism

EXtGuy,,(Cor(8) Z o)) (Lean(X), F) = Hpg, (X, F).

Proof. As in the Proposition 3.4.15 we need to show that if I is an injective
object of Shvyg,(Cor(S)) then it is ¢dh acyclic. After the equivalence (Corol-
lary 3.4.12) and Proposition 3.4.15 it is cdh acyclic. It has transfers so the
higher Cech cohomology of every fps¢’ cover is zero (Lemma 3.4.10). Hence
(Proposition 3.4.7) it is £dh acyclic. O

Theorem 3.4.17. Let F be a cdh sheaf of Zy modules with transfers. Then
the canonical morphism H'y, (—, F) — H},, (—, F) is an isomorphism. More-
over, these functors have a canonical structure of presheaves with transfers.

Proof. The first statement is a direct consequence of Proposition 3.4.15,
Proposition 3.4.16, and Corollary 3.4.12. For the second, recall the isomor-
phism
Exty, . (cor(s)) (Lean(X), F) = Hig, (X, F)
and note that Bxtg,, . c,s)) (Lean(—), F) is functorial with respect to transfers.
O

3.5 THE COMPLETELY DECOMPOSED DISCRETE TOPOLOGY

The goal of this section is to prove a criterion for a structure of traces on
F to pass to a structure of traces on the associated cdh separated presheaf
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im(F — F.,) (see Proposition 3.5.6). To obtain this criterion, we introduce
the completely decomposed discrete topology (Definition 3.5.1), which we
will abbreviate to c¢dd topology. We show first that a structure of traces on
F passes to the sheafification F.44 for this cdd topology (Theorem 3.5.5). In
a further subsection we also show that for a presheaf that is separated for
the cdd topology, the properties (Tril) and (Tri2) are implied by (Tril)<,
(Proposition 3.5.7).

Definition 3.5.1. The completely decomposed discrete pretopology or cdd
pretopology has as covers families of morphisms (not necessarily of finite type)
{U; — X} such that for each point x € X there exists an i and a point u € U;
over x such that [k(u) : k(x)] = 1.

Remark 3.5.2. The name is motivated by two ideas. Firstly that in the
“discrete” pretopology every jointly surjective family of morphisms should
be a cover. Secondly, adding the adjective “completely decomposed” to a
pretopology should add the requirement that every cover of the spectrum of
a field should have a section.

We collect here some easy properties of the cdd pretopology. We assume
that we are using a category of schemes such that for every scheme X and
every point x € X the morphism x — X is also in our category.

Lemma 3.5.3. 1. For every scheme X, every cover for the cdd pretopology
admits a refinement by the cover {x — X} ex.

2. If F is a presheaf and F.4 the associated cdd sheaf, there is a canonical
isomorphism of presheaves Fegq(X) =[], .4 F(x).

3. A presheaf is separated for the cdd topology if and only if for every
scheme X the morphism F(X) — ], .4 F(x) is injective.

4. A presheaf is a cdd sheaf if and only if for every scheme X the morphism
F(X) = [L.ex F(x) is an isomorphism.

5. If F is fpsl' separated on schemes of dimension zero, then F.y is (dh
separated.

Remark 3.5.4. The cdd pretopology arises quite naturally for us in the
following way. The two main classes of presheaves with traces that we are
interested in studying - homotopy invariant Nisnevich sheaves with transfers,
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and the Nisnevich sheafification of algebraic K-theory - both satisfy a Gersten
exact sequence for regular schemes (in the appropriate categories of schemes).
Notably, for any such connected regular scheme X with generic point n we
have F(X) C F(n). We do not hope to have this property for non-regular
schemes, but if F is separated for some topology 7, and a non-regular scheme
X admits a regular r-cover X’ — X, then we will have F(X) C F(X') C [[F(n,)
where the 7, are the generic points of X’. In case we assume resolution of
singularities and use r = cdh, this line of reasoning leads to F(X) C [] .y F(x).
That is, F(X) C F.44(X). A similar phenomena occurs if we have traces, are
Zp-linear, and use the {dh-pretopology.

3.5.1 TRACES ON F_y4

In this subsection we show that a structure of traces on a presheaf F passes
to a canonical structure of traces on the associated cdd sheaf F.; (Theo-
rem 3.5.5).

In this subsection we work with a category of schemes that is closed under
fibre products, and such that for every scheme X in the category, and every
point x of X, the morphism x — X is also in the category.

Theorem 3.5.5. Suppose that F is a presheaf with traces that satisfies
(Tril)<,. Then there is a unique structure of traces on F.4q such that F — F.y4
is a morphism of presheaves with traces. This structure also satisfies (Tril)<,.

Proof. We will use the canonical isomorphisms F,44(X) = [], .4 F(x) to take
[L.cx F(x) as the definition of Fez4(X). Let f: Y — X be a finite flat surjective
morphism. We define a morphism

T []Fy) = [[ F). (s,) — (&)

yeY x€EX

where

ty = Z length OxXxY,yTrﬂy/x(sy )

nyXXY

and we have used f],/, for the induced morphisms y — x. We claim that these
morphisms satisfy (Deg), (CdB), are functorial, and are compatible with the
morphism F — F.44.

The degree formula. The axiom (Deg) is straightforward and needs only
to be checked in the case where X has a unique reduced point x. In this case

70



X = Spec(k) and Y = Spec(A) where k is a field and A is a finite k-algebra we
have A = @,0y, where the sum is over the points y, of Y. We can express
degf as

degf = Z dimy Oy, (1) Z length Oy, dimy k(y;) = Z length Oy, degfl,/.

;€Y €Y V€Y

where f|,/, is still the induced morphism y — x. We then have

Tl';dchdd (N = Z length Oy, Tr(, ) F(fly /)

¥, €Y

= Z length Oy, deg(fl,/x) - ids

yi€Y

= degf - id,.

The change of base formula. Now consider a cartesian square (2.10). If W
is a point of X, say W = x € X, then we have (CdB) by our definition of Trf*
and Trgdd. To check that two sections in F.44(W) agree it is sufficient to check
them on each point w € W and so to prove (CdB) in general, it suffices to
consider the case when W is an integral scheme of dimension zero. In this
case, W — X factors through the inclusion of a reduced point of X, and so we
reduce to the case where W and X are both integral dimension zero schemes.
Write W =w and X = x. By additivity we can assume that Y is connected.

Suppose for the moment that Y is integral and write Y = y. Let z; be the
points of y X, w. To have (CdB) with these assumptions we must show that

F(p)Try = Z length nyxw,ZfT"glz,./wF(‘ﬂzi/y)-

Zi€Yy X oW

This follows from (CdB), (Fon), and applying (Tril)<, to the triangles ob-
tained from z; = y X, w — w.

Now we return to the case where Y is not necessarily reduced but has
a unique point y. We can use (Tril)<, on the triangle y — Y — «x, and
(CdB) on the cartesian square having lower row y — x, and so it suffices
to show that Tri* = length Oy, Trj*F.44(:) where 1 and h are the morphisms

cdd

hiyXew =Y X, w 5w, Consulting our definition of the Tr**, we see that
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we must show that for each point z € Y x, w we have
length Oy, ., . = length Oy, length O, ,, ..

This follows from Lemma A.1.3.
Functoriality. We need to show that if W 4 v 2y x are finite flat surjective
morphisms, and x is a integral dimension zero scheme, then

Z length Oy, = Z length Oy, Z length O,y -

weWw yeY wEyXyW

Clearly it suffices to consider the case when Y and W are connected. The
result follows now from Lemma A.1.2.

Compatibility with F — F.44. By (CdB) it suffices to consider morphisms
Y — x where x is a integral scheme of dimension zero. We can also assume
that Y is connected by additivity. Clearly F — F,4; is compatible with traces
when Y is also reduced. We have assumed that F satisfies (Tril) on dimension
zero schemes and we have already noticed that the trace morphisms we have
defined on F4 satisfy (Tril), so we are done. O

Proposition 3.5.6. Suppose that F is a presheaf with traces that satisfies
(Tril)<, and suppose that Fogy — Foaq is a monomorphism. Thenim(F — F.g,)
has a unique structure of traces such that F — im(F — F.g,) is a morphism
of presheaves with traces.

Proof. The kernel K of the epimorphism of presheaves F(X) — im(F —
F.an)(X) is K(X) = {s € F(X) such that s|yz = o for some cdh cover X' — X}.
It is enough to show that the trace morphisms of F preserve K. After The-
orem 3.5.5, for any finite flat surjective morphism f : ¥ — X we have a
commutative diagram

K(Y) — F(Y) Fuaa(Y)

| |

F(X) —— 1m(F — chh)<X) —— chh(X) —— cdd(X)

and so the result follows from the injectivity of Fp,(X) — Foa(X). O
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3.5.2 FOR CDD SEPARATED PRESHEAVES (TRI)<, IMPLIES (TRI)<,

In this section we show the following proposition. As in the proof of The-
orem 3.5.5 we end up chasing multiplicities around and this is done in
Lemma A.1.4.

In this subsection we continue to work with a category of schemes that is
closed under fibre products, and such that for every scheme X in the category,
and every point x of X, the morphism x — X is also in the category.

Proposition 3.5.7. Suppose that F is a presheaf with traces such that F —
F.iq is a monomorphism of presheaves. If F satisfies (Tril)<, then it also
satisfies (1Tril)<, for all n. Moreover, for such a presheaf (Tri2)<, is always
satisfied for all n.

Proof. Recall that (Tri2)<, is always satisfied (Lemma 3.3.6). We will show
that (Tril)<, implies (Tril)<, (resp. (Tri2)<, implies (Tri2)<,) under the
assumption that the morphism F — F_4; is a monomorphism. Since F — F 4y
is a monomorphism, it is sufficient to show that for every (not necessarily
closed) point ¢ : x — X of X and every triangle (3.2) satisfying the hy-
potheses of (Tril) (resp. (Tri2)) we have F(¢)E(f) = F(1) > mTrg F(hy) (resp.

ji—i?F(l)Trf = F(1)TrgF(h)) . By (CdB) it is enough to show that we have
de;

Tr(puxs) = 2 MiTr(g x ) F(he Xx &) (vesp. Ki?Tr(fox) = Tr(gxm)F(h xx x)) for
every point x € X. Furthermore, since everything is of dimension zero now,
by additivity it suffices to consider the restrictions of these morphisms to
each point y € Y over x. Let y;, € Y be the points of the kth connected
component of Y that lie over y, let W be the connected component of Y xx x
containing y and Wy, the connected component of Y’ xx x containing Vi SO
we have the following commutative diagrams.

’1/
Yi———————

| 1

Y xxx D Wi ! W CYxxx

Y ¢
gXx% fxxx
X
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The calculation for (Tril) is
Tr, (Tri)<e length Oy ey Tro F(1)

® length Oy, yxy Trouy F ()

= length (’)YXXx,yTry,/F(t/)F(q)
() Z My Z length (’)y/XXx,yuTry,/F(t')F(q)

k

IS kaZTrY

where in the step (*) we have used the hypothesis of (Tril) that Y’ is the
disjoint union of the integral components of Y (so #’ is an isomorphism), and
step (**) is the Lemma A.1.4. Notice that the hypotheses of Lemma A.1.4
include the two cases of (Tril) and (Tri2) (see Remark A.1.5). The calculation
for (Tri2) is similar (there is no k because Y’ is connected in the hypotheses
of (Tri2)).

(Trit) <, dlength Oy, ., Tro,F(1)

(:*) Z length OY/XXM’[ [k@/€> : k()))]Ter(‘)

Tru.

d-Tr,

Z length Oy, Trou F(1't)
Z length Oy vy, Try F(i'n)
¢
<o ZTr
Again, in the step (**) we have used Lemma A.1.4. ]

3.6 GERSTEN PRESHEAVES

We have two goals in this section. The first is to find a condition on a presheaf
of Z; modules with traces which will imply that Fyg, — F4q is injective. We
are interested in this because if Fyy, — F.44 is injective for such a presheaf
F then F., — Fgg is an isomorphism. Our second goal is to promote the
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structure of traces of F to a structure of traces on F,g,.

3.6.1 COMPARISON OF THE CDH AND {/dh SHEAFIFICATIONS

In this subsection we continue to work with a category of schemes that is
closed under fibre products, and such that for every scheme X in the category,
and every point x of X, the morphism x — X is also in the category. We add
the hypothesis that the cdh and ¢dh pretopologies are defined on our category,
and that every fdh cover is refinable by a regular ¢dh cover.

Lemma 3.6.1. Suppose that F is a presheaf of Z) modules with traces
that satisfies (Tril)<, and for every regular scheme X the morphism F(X) —
[L.cx© E(x) is injective. Then the canonical morphism Feg, — Feq is a
monomorphism.

Remark 3.6.2. The canonical morphism F,y — F.4; is the one obtained
from the observation that F.y is an fdh sheaf. This is so because the cdd
topology is finer than the cdh topology, and F.4 has a structure of traces
(Theorem 3.5.5, Lemma 3.4.10).

Proof. The injectivity is straightforward: for any scheme X and section s €
ker(Fyan(X) — Feqa(X)), there exists an ¢dh cover X' — X such that s|x is in
the image of F(X') — Fug(X'). By hypothesis on our category of schemes
(in practice this we be true via Corollary 3.2.13) we can assume that X’ is
regular. In this case, by hypothesis, the morphism F(X') — [] cxe F(x) is
injective and so s|x» = o, hence s = o. O

Corollary 3.6.3. Suppose that F is a presheaf of Zy modules with traces and
for every regular scheme X the morphism F(X) — ][, cx F(x) is injective.
Then F.g, — Fogn is an isomorphism.

Proof. The presheaf Fis fps¢’ separated due to the structure of traces (Lemma 3.4.10)
and so after Proposition 3.4.8(1) Fg, is fps?’ separated as well. That is, F.g, —
Fy4, is a monomorphism of presheaves. We have just seen (Lemma 3.6.1) that
Fyan — F.44 is injective, and hence F.4, — F,44 is injective. It now follows from
Proposition 3.5.6 that its associated cdh separated presheaf im(F — F.4,) has
a structure of traces compatible with that of F. Hence, im(F — F,g) is an
fps¢’ sheaf (Lemma 3.4.10) and therefore F.4, is as well (Proposition 3.4.8(3)).
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That is, the canonical morphism F_y — Fyg, is an isomorphism.

(i) has traces (v) has traces N .
. (vi) iso (iii) monig
F——im(F — Fegy) Feay oo Fean cdd
ii) monic
(iv) monic

The above diagram gives a summary of the argument: (i) implies (ii); then
(ii) + (iii) implies (iv) which implies (v) which implies (vi). O

3.6.2 GERSTEN PRESHEAVES

In this subsection we introduce the notion of a Gersten presheaf (Defini-
tion 3.6.4). This is a property satisfied by homotopy invariant Nisnevich
sheaves with transfers F on the category Sm(k) of separated smooth schemes
of finite type with k a perfect field [Voe00a, 4.37]. It conjecturally satisfied by
the Zariski sheafification of algebraic K-theory for all regular schemes [Qui73,
5.10].

In the previous section exactness of o — F(X) — @,xF(x) allowed us
to prove that Fpy, — F4g is @ monomorphism. Having exactness of F(X) —
Bexo Flx) = @, cxoF-,(x) will allow us to recognise the image of Fyg, — Feaq
and enable us to pass a structure of traces on F to a structure of traces on
F.an (Proposition 3.6.12).

The following definition is inspired by Gersten’s conjecture in K-theory
[Qui73, 5.10]. Recall that for a scheme X we denote the set of points of
codimension n by X,

Definition 3.6.4. Let F be a presheaf on a category of schemes such that
for every scheme X, and every point x € X of codimension < 1 the morphism
x — X is also in the category. We will call F a Gersten presheaf if it is
equipped with

1. an abelian group F_,(x) for every scheme of dimension zero,

2. a morphism Oy, ., : F(x,) — F_,(x,) for every pair (x,,x,) € X x X0
with x, € {«x,},

such that for each regular scheme X the following sequence is exact

o= F(X) = [] Fx) =" T Faulw):

xo€X(°) x,ex(®)
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If 7 is a Grothendieck topology then a t Gersten sheaf is just a Gersten
presheaf that is also a 7 sheaf.

Remark 3.6.5. The notation F_,(x) is very suggestive but at the moment
we haven’t asked for anything more than these be a class of groups. We don’t
ask that they are functorial, or that they are related to F in any way other
than via the J(, ).

Example 3.6.6. 1. Homotopy invariant Nisnevich sheaves with transfers
are Gersten presheaves with traces on the category of separated schemes
essentially of finite type over a perfect field [VoeOOa, 4.37].

2. Gersten’s conjecture ([Qui73, 5.10] or [Ger73]) implies that the Zariski
sheafification of algebraic K-theory is a Gersten presheaf for all regular
schemes. This is known to be true in certain cases, including the case
of equicharacteristic schemes [Pan03].

Lemma 3.6.7. Consider a triangle (3.2) such that X is regular and let F be
a Gersten presheaf. Then (Tri2) is satisfied. If moreover (Tril )<, is satisfied
then (Tril)<, is satisfied too, for all n.

Proof. The pullback along the generic point of X is injective, and so we reduce
to the dimension zero case, which is Lemma 3.3.6. O

3.6.3 NISNEVICH GERSTEN SHEAVES WITH TRACES ON REGULAR CURVES

In this subsection we show that for Nisnevich Gersten sheaves of Z) mod-
ules with traces, regular schemes of dimension < 1 behave like points for
the ¢dh topology, in the sense that F — Fyg, is an isomorphism on such
schemes (Proposition 3.6.11). We use this in the proof of Proposition 3.6.12
to recognise the image of Fyg, — F44.

In this subsection we denote by Sch(S) the category of separated schemes
essentially of finite type over a noetherian quasi-excellent base S.

We begin with three lemmata.

Lemma 3.6.8. If X is an integral noetherian scheme then every fpsl’ cover

has a refinement of the form ENEA where f is a blowup with nowhere dense
centre and g is fpst’ with an integral source.
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Proof. Let f: U— X be an fps¢’ cover with X integral. If X is zero dimensional
then it is Spec(k) with k a field and U = Spec(A) with A a finite k algebra.
In particular, if m; are the primes of A then degf = ) [A/m; : k|length A,,.
Since ¢ doesn’t divide degf, there is some i for which it doesn’t divide [A/m; :
k|length A,,, and hence doesn’t divide [A/m; : k]. We take Spec(A/m;) as our
refinement.

If X is of dimension greater than zero, then by the platification theorem
(Theorem 2.2.16) there is a blowup with nowhere dense centre X — X such
that the integral components of the proper transform (which is the pull-back
in this case due to f being flat) are flat over X. By the dimension zero case,
there is one of them for which the generic point is fps?’ over the generic point
of X, and so this integral component gives us the desired refinement. [

Lemma 3.6.9. Suppose X is a regular noetherian quasi-excellent scheme of
dimension one and U — X is a morphism which is a composition of Nisnevich
and fpst’ covers. Then there exists a refinement of the form V, — V, — X
such that Vo, — X is Nisnevich, V, — V, is fpsl’, the schemes V, and V, are
reqular, and each integral component of V, has a unique integral component
of V, over it.

Proof. It suffices to consider separately the cases where U — X is either fps?’
or Nisnevich. In the Nisnevich case U is already regular ([SGA03, 1.9.2]) so
only the fpsf’ case remains.

By Lemma 3.6.8 we can assume that U is integral.® Since X is quasi-
excellent, the normalisation U — U is a finite morphism [Mat70, Theorem
78]. Since X is regular of dimension one, flatness is equivalent to every generic
point being sent to a generic point and so U — X is finite, flat, surjective,
and of degree prime to ¢ (the latter because it is true generically, and the
morphism is finite and flat). O

Lemma 3.6.10. Let F be a Gersten presheaf of Zy modules with traces on
Sch(S) that satisfies (Tril)<,, let Y — X be a finite flat surjective morphism
of constant degree prime to ¢ between reqular integral schemes of dimension
one. Let Y/><\X/Y be the normalisation of Y Xx Y. Then the sequence

0 — F(X) = F(Y) = F(Y xx Y)

3Since X is regular of dimension one, every local ring is either a field or a discrete
valuation ring i.e., a principal ideal domain, and hence, every blowup is trivial.
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is exact, where the last morphism is the difference of the morphisms induced
by the two projections.

Proof. We already know that F(X) — F(Y) is injective, so it remains to show
exactness at Y. Let Y; be the integral components of Y xx Y and Y; their
normalisations. Let p ,p, : Y Xx Y — Y be the projections, let n: ¥ X3 Y —
Y Xx Y be the canonical morphism, n; : Y; — Y xx Y and 20 Y; — Y be
the induced morphisms, and let m; be the multiplicities of the generic point
of Y; in Y xx Y. By Lemma 3.6.7 we have (Tril) and (Tri2) for triangles with
base Y. Moreover, since Y is regular of dimension one, and Y; are integral,
the morphisms Y; — Y are flat (hence, finite flat surjective).

Y xx Y =11y,

Yxy Yy

Zpil
pll lf
Y f

X

Then if s € ker(F(Y) — F(Y xx Y)) we have

(CdB)
= ETrPIF(pz)S

(Trir) L
=" 4(miTr, F(n;))E(p,)s
=) 4mTr, F(p,,)s
Cker 1
= EmiTrPnF(Pil)S
=) imTr, F(n)F(p,)s

(Trir)
= ETrplF(pl)s

(Deg)
s

FF(NTre(s)

So s is in the image of F(X) — F(Y). O

Proposition 3.6.11. Suppose F is a Nisnevich Gersten sheaf of Zy modules
with traces on Sch(S) that satisfies (Tril)<,, and X is a regular noetherian
scheme of dimension < 1. Then F(X) — Fy,(X) is an isomorphism.
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Proof. We claim that for X regular of dimension < 1 every proper cdh cover
X' — X splits. Indeed, choose a lifting ' € X’ of the generic point 7 of X,
consider its closure 7' and normalise this. The resulting refinement (7))~ —
X is a birational proper morphism between regular schemes noetherian of

dimension < 1. Consequently, it is an isomorphism.

Hence, every (dh cover is refinable by a cover of the form V % U END'S

where f is a Nisnevich cover and g is an fpsf’ cover (see Example 3.4.6(3) for
the cdh part). Since F is separated with respect to these classes of covers,
the morphism F(X) — Fyg,(X) is injective.

For each s € Fyg,(X) there exists a cover for which the restriction of s is in
the image of F — Fyg, and we can assume that it has the form mentioned
above. We can even assume that V and U are regular schemes of dimension
one, and that each integral component of U has a unique integral component
of V over it (Lemma 3.6.9). Suppose that t € F(V) is a lifting of s|y. The

section s|y is in the kernel of Fyg,(V) — ngh(V/x\U/V), but we have just seen

—_—

that F(V xy V) — ngh(ﬂ\U/V) is injective, and so t lifts to a section ¢ €
F(U) (Lemma 3.6.10), which clearly, is a lift of s|y € Fy,(U). The same
argument lifts ¢ to a section of F(X): the section s|y is in the kernel of
Fuan(U) — Fegn(U xx U) and the scheme U xx U are regular of dimension
one, and so since F — F,g, is injective on such schemes, ¢ is in the kernel of
F(U) — F(U xx U); since F is a Nisnevich sheaf, we find a section ¢’ € F(X)
sent to s. ]

3.6.4 TRACES ON F.y,

In this subsection we continue to denote by Sch(S) the category of separated
schemes essentially of finite type over a noetherian quasi-excellent base S.

Proposition 3.6.12. Suppose that F is a Nisnevich Gersten sheaf of Zy)
modules with traces on Sch(S) such that (Tril)<, is satisfied. Then there is
a unique structure of traces on F.g, such that F — F.y is a morphism of
presheaves with traces. This structure satisfies (Tril) and (Tri2).

Moreover, if X is reqular, then the canonical morphism F(X) — F.gu(X) is
an tsomorphism.

Proof. Recall that with these hypotheses the canonical morphism F.z, — Fpgp
is an isomorphism (Corollary 3.6.3), and the canonical morphism Fyg, — F.4q
is a monomorphism (Lemma 3.6.1). The plan is to find a criterion for a
section in F44(X) to be in the image of Fpy — F.44, and show that the trace
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morphisms of F4g (Theorem 3.5.5) preserve this criterion. Our criterion also

shows that F(X) = F.4(X) for X regular. This proves the proposition.
For each scheme X let rs F(X) be the set of sections s € F44(X) such that

for every morphism i : T — X from a semi-local regular scheme of
dimension one there exists a section sy € F(T) such that s agrees with
ST in chd<T)'

F(T)

|

Foga(X) — Feaa(T)

We make and prove the following claims.

For every scheme X, the image of Fug,(X) is contained in rs F(X) and the
groups rs F(X) form a subpresheaf of F.g4. The first statement follows directly
from the square on the left.

Ea(X) = Fyy(T) R (T) FCdTX\FT)
Foa(X) Fog4(T) Foga(Y) —= Foaa(T)

For the second, suppose that Y — X is a morphism and T is a regular scheme
of dimension one and T — Y a morphism. Then the commutativity of the
diagram on the right implies the second statement.

For X regular, rs F(X) is precisely the image of F(X) (and hence Fyg,(X) as
well) in F49(X)). Consider now a section (s,) € rs F(X) (where s, € F(x)) that
we want to lift. For every point of codimension one x € X, the localisation
Oy, is a discrete valuation ring. Let so,, be the section of F(Spec(Ox,))
obtained via the criterion of rs F(X) and let # be the generic point of Ox,.
By the exact sequence

n)

o — F(Spec(Ox.)) — F(n) — F_,(x)

since s, lifts we have 9, s = o. This is true for every pair (1,x) € X x X%
and so by the exact sequence

o= FX) = [] Fx) = [] F-ulw)

x€X<°) xEX(l)
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the section (s,),exe lifts to a section s € F(X) such that s, = s, for each
generic point. We claim that s|, = s, for all points of X and we prove it by
induction on the codimension.

Suppose that it is true for points of codimension less than n and let x be
a point of codimension n. Then as a result of the regularity of the local ring
Ox . there exists a discrete valuation ring R and a morphism Spec(R) — X such
that the image of the closed point is x and the image of the open point is a
point y of codimension n—1 (in fact due to the existence of a regular sequence
in Ox, we can choose R such that the morphism induces an isomorphism on
residue fields). By the criterion of rs F there is a section sg € F(Spec(R)) whose
restrictions to y and x agree with s, and s,. Hence, the restriction of s|gpe(r) to
y agrees with sg|,. But F(Spec(R)) — F(y) is injective by the Gersten sequence,
and so s|spe(r) = sr. But this implies that s|, = sz, and by construction this
iS s,.

At this point we have shown F(X) = F,4,(X) for regular X, since F(X) —
rs F(X) is injective by the Gersten sequence.

For X any scheme, rs F(X) is precisely the image of Fogn(X) in Feqq(X)). Let
X be a scheme and X’ — X an ¢dh cover with X’ regular, and X" — X' xxX an
¢dh cover with X" regular (Corollary 3.2.13). We have the following diagram.

Fuan(X) rs F(X)

: |

ker(Fpan(X') — Fpgn(X")) — ker(rs F(X') — rs F(X"))

We have seen that Fyy, — rsF is an isomorphism on regular schemes and
so the lower horizontal morphism in the square is an isomorphism. So for
any section s in rs F(X) there exists a section t in Fyg,(X) which agrees with
s in rsF(X’'). Now rsF is a subpresheaf of F4; and F,y is ¢dh separated (Re-
mark 3.6.2) and hence rs F is ¢dh separated so t agrees with s in rs F(X).

The trace morphisms on F.4 preserve the subgroups rs F(X). It suffices to
show that for f : Y — X a finite flat surjective morphism of schemes and
s € 1sF(Y) C F.44(Y) the image Tri(s) € Fq(X) is in the subgroup rs F(X) C
F.14(X). Let T be a regular integral semi-local scheme of dimension one and
T — X a morphism. We must find a section in F(T) that agrees with Tr(s)
in chd(D\./

Let T xx Y be the normalisation of TxxY, let T; — T XxY be the inclusions
of the integral components of T xx Y. Since T is regular and integral of
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dimension one, the induced morphisms T; — T are finite flat surjective. Let
T be their normalisations and #; : T — T XxYandf : T — T the canonical
morphisms. Since F4y satisfies (Tril) and (Tri2) (Proposition 3.5.7) we have

TrT><Xf = Z miTrftidd(n,-).

Now consider the following diagram.

F(T xxY)
N>

AN chd(T/X\X/Y) <Fa(T Xx Y) =— F44(Y)

AN
F(T

)\
N

Fega(T) =—— Feaa(X)

Since s € rs F(Y), we can find a section (f) € ®F(T;) = F(T/X\X/Y) that agrees
with s in Fua(T xx Y). Write (s;) € @Fuaa(Ti) = Fua(T xx Y) for the image of
s in this group. Due to (Tril) and (Tri2) for F,y the image of s in F44(T) is
equal to the image of (ms;) in Fq4(T). Hence, ) mTr(t;) € F(T) is a section
which agrees with the image of s in F44(T). O

3.7 FROM TRACES TO TRANSFERS

3.7.1 STATEMENT AND STRATEGY

In this section Sch(S) denotes the category of separated schemes of finite
type over a separated noetherian base S. This section is independent from
the rest of the chapter; we only use properties of the category Cor(S) (and
Theorem 3.4.13 which just cites a result from [CD09]).

In this section we prove the following theorem.

Theorem 3.7.1. Consider the functor Shvg,(Cor(S)) — PreShvTra(Sch(S))
that takes a cdh sheaf with transfers to its corresponding presheaf with traces
(Lemma 5.3.9). This functor is fully faithful, and its essential image is the
full subcategory of cdh sheaves with traces which satisfy (Tril) and (Tri2).
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The idea is that up to cdh refinement, each correspondence® a € home,, (s ([X], [Y])
is of the following form.

Definition 3.7.2. We say that a correspondence a € homc,s)([X],[Y]) is of
the form (FN) if

(FN) there exists integers n;, and closed integral subschemes Z; of X x Y, such
that the morphisms g, : Z; — X induced by the first projection are flat

and finite, and
a= Z”i[fi] o ‘[g]

where f, : Z; — Y are the morphisms induced by the second projection.

In this section the brackets [—] and the composition sign o will quickly
become tiresome and so we omit them. So for example, if p : X — Y is a
morphism of schemes and a € homc,,s)([Y], [W]) a correspondence, instead of
a o [p| € homeo(s)([X], [W]) we will write ap € homc,,s)(X, W). We will also
use the notation a : Xe— Y to indicate that a € homces) (X, Y).

The strategy is the following.

1. The definition:

(a) (Definition 3.7.3) If a : Xe— Y is of the form (FN) then we define
F(a) : E(Y) — F(X) as ) n;Tr, F(f).

(b) (Lemma 3.7.6) In general, for a correspondence a : Xe — Y we
define F(a) : F(Y) — F(X) as the unique morphism such that: for

every cdh cover p : X' — X such that ap is of the form (FN) we
have F(p)F(a) = F(ap).

2. We then need to show (Proposition 3.7.13): If X oy .ﬁ_> Z is a pair
of composable correspondences then F(a)F(B) = F(fa).

3. To do this, by the definition we need to put f, a and Ba in the form (FN).
Once we have the appropriate commutative diagram in the category of
correspondences (Diagram 3.3), we show F(a)F(B) = F(fa) using the
properties:

1A correspondence is by definition a morphism in the category Cor(S). That is, an
element of cq,i(X X5 Y/X, 0) for some schemes X, Y € Sch(S) (cf. Definition 2.5.11).
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(a) (Lemma 3.7.7) For a : Xe— Y a correspondence and f: X' — X
any morphism of schemes, we have F(f)F(a) = F(af).

(b) (Lemma 3.7.8) For a : Xe— Y a correspondence of the form (FN)
and g : Y — Y a morphism of schemes, we have F(a)F(g) = F(ga).

(¢) (Lemma 3.7.11) If X o= Y s Zisa pair of composable corre-
spondences such that a, B, fa, and I'za (see Definition 3.7.9) are of
the form (FN) then F(a)F(B) = F(Ba).

4. (Lemma 3.7.14) Showing fully faithfulness is a straightforward reduc-
tion to correspondences of the form (FN).

3.7.2 PROOF

Definition 3.7.3. Suppose that F is a presheaf with traces and a : Xe— Y
is a correspondence of the form (FN). We define F(a) as ) nTrg F(f,).

Lemma 3.7.4. For every correspondence a : Xe — Y there exists a cdh
covering p : X' — X such that ap is of the form (FN). Moreover, if a; : Xo— Y;
is a finite family of correspondences, we can find a cdh cover p : X' — X such
that each a;p is of the form (FN).

Proof. Suppose that a; = ) n;z;. By the platification theorem (Theo-
rem 2.2.16) there exists a blowup with nowhere dense centre X, — X,y such
that the proper transform of H@ — Xeq is flat over X’ where {z;} is the
closure of z; in X XgY;. Let p be the composition p : X, — X,.q — X. Hence
(Lemma 2.4.6) each a;p is of the form (FN). We let i, : W, — X be a closed
subscheme such that W, I1 X, — X is a cdh cover and then repeat with a;i,.
Eventually we end up with a reduced W, of dimension zero and every cor-
respondence with source a reduced scheme of dimension zero is of the form
(FN). So by induction on the dimension we are done. O

Lemma 3.7.5. Let F be a presheaf with traces that satisfies (Tril). Let
a: Xe— Y be a correspondence of the form (FN) and p : X' — X a morphism
such that ap is also of the form (FN). Then F(p)F(a) = F(ap).

Proof. Let a = ) niz;. Since a is of the form (FN) we have ap = > nymw;;
where w;; are the generic points of X' xx {z;} and m; the lengths of their local
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rings. We have diagrams such as

/1!

— 5 S —
{wj} —= X' xx {z} {zi} Y
| i&-

8ij
X ) X

where g, g, g,}’ are flat. We then have

F(p)F(a) = F(p) ) _ nTryF(f)
= Z niP(P)TrgiF(fi)
(CdE) Z niTr;'_F(p/)F(ﬁ-)

(Trir) Z n; (Z mijTrg{j/F(Pg)> F(p")E(f,)
= nim; Trg F(f,p'pl)
= F(ap)
[

Lemma 3.7.6. Suppose that F is a cdh sheaf with traces that satisfies (Tril)
and a : Xe— Y a correspondence. There exists a unique morphism F(a) :
F(Y) — F(X) such that: for every cdh cover f: X' — X such that af is of the
form (FN) we have F(f)F(a) = F(af).

Proof. There always exists such an f (Lemma 3.7.4). Chose one. Let p,q :
X" =X xxX — X' be the two projections. We have afp = afq and we chose
another cdh cover g : W — X” such that afpg (and hence afqg as well) is of the
form (FN). Lemma 3.7.5 tells us then that F(pg)F(af) = F(afpg) = F(afpg) =
F(qg)F(af) and hence F(g)F(p)F(af) = F(g)F(q)F(af). Since F is a cdh sheaf and
g is a cdh cover, it follows that F(p)F(af) = F(q)F(af). Again, F is a cdh sheaf

and so this implies that the morphism F(af) : F(Y) — F(X’) factors uniquely

as F(Y) — F(X) "0 F(X'). So we have found our F(a) : F(Y) — F(X) and it

remains to show that it is independent of the choice of f.
Every two covers such as f that put a in the form (FN) are dominated by
a third one (Lemma 3.7.4) and so to show the independence it suffices to
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consider the case of two covers f_, f, with a factorisation f, : X] LN X, % X We

will write F(a); and F(a); momentarily for the two morphisms F(Y) — F(X)
induced by f, and f respectively. We have

F(f,)F(a);, = F(h)E(f,)F(a), = F(h)F(af,) “Z” F(afh) = F(af)

and hence uniqueness of the factorisation in the definition of F(a); implies
that F(a)fl = F<a>f°. [

Lemma 3.7.7. The morphism defined in Lemma 3.7.6 associated to a cor-
respondence a : Xo— Y satisfies: for any morphism of schemes f: X' — X we

have F(af) = F(f)F(a).

Proof. Choose a cdh cover p : U — X such that ap is of the form (FN). We
consider the cartesian square

v x

o

UT>X

and find a cdh cover q : U” — U’ such that afp’q is of the form (FN). Note that
the cdh cover p’'q puts afin the form (FN). We have the following commutative
diagram

F(Y)
F(X) —— F(U)

It follows that
F(p'q)F(f)F(a) = F(q)F(p")F(f)F(a) = F(q)F(f)F(p)F(a) = F(q)F(f)F(ap)
= F(fq)F(ap) = Fapfq) = F(afy'q)
Since by definition F(af) is the unique morphism that satisfies F(p'q)F(af) =
F(afp'q) it follows that F(f)F(a) = F(af). O
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Lemma 3.7.8. IfF satisfies (Tri2) as well, the morphisms F(a) from Lemma 3.7.6
satisfy: if a : Xe— Y is of the form (FN) and f:Y — W is a morphism of
schemes we have F(a)F(f) = F(fa).

Proof. By the definition of F(fa), we must show that F(fap) = F(p)F(a)F(f)
where p : X’ — X is a covering such that fap is of the form (FN).

Let a = ) niz;. Since the m — X are flat, ap is the correspondence
> n;mw;; where the w;; are the generic points of m XxX' and m; the lengths
of their local rings. Let f : X XY — XX W be the morphism induced by f
and d; = [k(w;) : k(fw;)] so the correspondence fap is > nym;d;f w;. We have
diagrams

h; r
{fwi} ——=X xW d 17
Tf?,- ! Tf
h;; —_— / i - 3 8i
{Wl]} {Zl} Xx X {Zi} Y
| \ q,{ J/‘L‘
ij
i X X

and

E(p)F(@)F() = 3 mF(p)Try Flg ()
) S Ty F(p) () ()
(Trin) > nmy T, F(hy)E(p,)F(g,)F(f)
= mimyTr, F(f,)F(H})F(pr)
(Tri2) > mmyd; T, F(h)F(pr)
= F(fap).
0

We will use the following definition to apply Lemma 3.7.4 in the proof of
Proposition 3.7.13.

Definition 3.7.9. Suppose that a : Xe— Y is a correspondence of the form
(FN) and a = ) nz;. The canonical morphism § : X XY - X X X X Y
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is a closed immersion and since the {z;} — X are flat, > n;8(z;) defines a
correspondence Xe— X X Y. We will denote this correspondence by

To=Y n8(z): Xe— X x Y.

Remark 3.7.10. The reader familiar with Voevodsky and Suslin’s theory
of relative cycles will recognise T, as the external product of [id] and a. We
actually don’t need the condition that a is of the form (FN) but in our
application of this definition we will have it.

Lemma 3.7.11. Let F be a cdh sheaf with traces that satisfies (Tril) and

(Tri2). Suppose that X oo Yoﬂ—> Z are a pair of composable correspondences
and suppose further that a, B, Pa, and Tga (see Definition 3.7.9) are all of the
form (FN).

Then F(a)F(B) = F(Ba).

Proof. It is enough to consider the case where p = w and a = z are formal
sums consisting of a single point with multiplicity one. Our diagram is

(v} =z} Xy w} == {w} ==2
i
an ¥
v {z}

7

X

Y

where v; are the generic points of {z} xy{w} and the v/ their images in X x Z.
Lets say that {; = length(O,.,xfoy.,) and di = [k(v;) : k(v})]. Since a and B
are of the form (FN) we have pa = ) {;d; and T'ga = ) {v; so by hypothesis

the schemes {v;} and {v/} are flat over X. It now suffices to apply (CdB),
functoriality, and (Tril) and (Tri2) to see that F(a)F(B) = F(Ba). O

The following proposition is the cdh analogue of [VoeOOb, 3.1.5] (which
incidentally follows from [Voe0OOb, 3.1.3] via the same argument we use here).

Proposition 3.7.12. Let a : Xe— Y be a correspondence and p : Y — Y a
cdh cover. Then there exists a correspondence a' : X'e— Y and a cdh cover
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p' X' — X such that the square

commutes in Cor(S).

Proof. This follows from Theorem 3.4.13(1).
More explicitely, we have the following three elementary facts which hold
for any Grothendieck pretopology 7.

1. A morphism of 7 sheaves G — F is surjective as a morphism of T sheaves
if and only if: for every object X and every section s € F(X) there exists
a cover X' — X and a section t € G(X') such that the images of t and s
agree in F(X') via the morphisms in the obvious commutative square.

2. For any presheaf F, object X, and section s € F.(X) there exists a t
cover U — X such that s|y is in the image of F(U) — F.(U).

3. For any presheaf F and object X, two sections s, t € F(X) are sent to the
same section of F,(X) if and only if there exists a  cover U — X such
that the two restrictions s|y, t|y are equal in F(U).

The result Theorem 3.4.13(1) implies that L.,(Y') — Lgi(Y) is a surjective
morphism of cdh sheaves. The correspondence a : Xe— Y gives a section in
L(Y)(X) and hence in L., (Y)(X). By the first fact mentioned above, we find
a cdh cover W — X and an element t € L.g(Y')(W) such that the images of
t and a agree in L. (Y)(W). By the second fact mentioned above, we find
a cdh cover V.— W and a section u € L(Y')(V) whose image in L.4,(Y')(V)
agrees with the restriction of t. Finally, by the third fact, there is a cdh
cover X' — V such that the restriction a|y of a in L(Y)(X') agrees with
the restriction L(p)u|x of the image L(p)u of u. That is, we have found a
section a’ = u|y € L(Y')(X') whose image L(p)(a’) in L(Y)(X') agrees with the
restriction a|y € L(Y)(X') where X’ — X is a cdh cover. This is equivalent to
the desired commutative square. [

Proposition 3.7.13. Let F be a cdh sheaf with traces that satisfies (Tril)
and (Tri2). Then there exists a unique structure of presheaf with transfers
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on F such that for the correspondences a of the form (FN) the morphism F(a)
is that described in Definition 3.7.5.

Proof. Let X oy OQ Z be a pair of composable correspondences. To prove
that F(a)F(B) = F(Ba) we need to show that if g : U — X is a cdh cover such
that Bagq is of the form (FN), then F(q)F(a)F(B) = F(Baq).

Suppose that p : Y — Y is a cdh cover such that fp is of the form (FN),
and suppose that

X/$Y.,
N
XT>Y

is a commutative square as in Proposition 3.7.12. By composing with a
further cdh cover X” — X' we can assume (Lemma 3.7.4) that o/, fpa’ and
I'gpa’ are of the form (FN). The commutative diagram is the following.

X’ L> Y (3.3)

X

X——Y——Z

We now have

F(p')F(a)F(B) *E F(ap')F(P)
= F(pa')F()
*Z* F(d')F(p)F(p)
*Z" F(a')F(Bp)
"= F(Bpd')

= F(Bap').

O

Lemma 3.7.14. The functor that associates a presheaf with traces to a cdh
sheaf with transfers Shveg,(Cor(S)) — PreShvTra(Sch(S)) is fully faithful.

Proof. Suppose that Fand G are two cdh sheaves with transfersand ¢ : F = G
is a morphism of presheaves with traces. For a correspondence a : Xe— Y
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of the form (FN) it is clear that we have ¢ F(a) = G(a)p,. If a is not of
the form (FN) then there exists a cdh cover p : X' — X such that ap is
of the form (FN) (Lemma 3.7.4). Now the commutativity of the outside
rectangle, the rightmost square, and the injectivity of G(X) — G(X') implies
the commutativity of the leftmost square in the following diagram

F(Y) 2 Rx) 24 Bex)

Py \L(PX l‘?x’

G(Y) 5= G(X) = G(X)

3.8 SUMMARY

In this last section we collect the main results of this chapter. Depending on
the context we will want them in various different forms. In this last section

S is a quasi-excellent separated noetherian scheme,

Sch(S) is the category of separated S-schemes of finite type,
Sm(S) is the full subcategory of smooth schemes in Sch(S),
Reg(S) is the full subcategory of regular schemes in Sch(S), and

EssSch(S) is the category of schemes which are inverse limits of left
filtering systems in Sch(S) for which each of the transition morphisms
are affine open immersions.

We remind the reader that if j* : PreShv(Sch(S)) — PreShv(EssSch(S)) is the
left Kan extension along j : Sch(S)”? — EssSch(S)? then for any presheaf
with traces F, the arguments in [Gro66, Section 8] give a canonical structure
of presheaf with traces on j**F such that F — (j*°F) o j is a morphism of
presheaves with traces.

The following theorem is the most general collection of the results in this
chapter.

Theorem 3.8.1. Let ¢ be a prime invertible on S. Suppose that F is a
Nisnevich Gersten sheaf of Zy modules with traces on EssSch(S) that satisfies
(Tril)<,. Then
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1. the canonical morphism F.g, — Fpg, 1S an isomorphism and on reqular
schemes X in EssSch(S) we have F(X) = Fogn(X) = Fan(X),

2. for everyn € Zs, and X € Sch(S) the canonical morphism Hy, (X, Foan) —
H} 4. (X, Fean) is an isomorphism, and

3. each of the presheaves Flreg(s), Fran|scn(s), and Hjyy(—, Foan)|scn(s) has a
canonical structure of presheaf with transfers.

Proof. The first statement is just Corollary 3.6.3 and the second part of
Proposition 3.6.12. Now the first part of Proposition 3.6.12 says that F,
has a structure of traces satisfying (Tril) and (Tri2) and so we can ap-
ply Theorem 3.7.1 to get a structure of transfers. Now that we have a
structure of transfers, Theorem 3.4.17 says that the cohomologies agree.
Finally, the structure of transfers on F.; = Fyu has already been men-
tioned. The structure of transfers on F|ges) comes from the isomorphism
F| Reg(S) = Foan| Reg(s) and the structure of transfers on the cohomology is part
of Theorem 3.4.17. (]

The following theorem is designed to be applied to the homotopy presheaves
of an oriented object in the Morel-Voevodsky stable homotopy category
SH(k).

Theorem 3.8.2. Let k be a perfect field and € a prime that is invertible in
k. Let F be a presheaf of Zg-modules with traces on Sch(k), such that

1. F(X) — F(X,q) is an isomorphism for every X € Sch(k),
2. F(X) — F(AY) is an isomorphism for every X € Sm(k), and
3. Flsm) has a structure of transfers,
then for every n € Z>, and every X € Sch(S), the canonical morphism

H;!dh(Xa chh) - H?dh(Xv Fﬁdh)

s an isomorphism.

Proof. After [VoeOOb, Theorem 3.1.12], Proposition 3.3.3, and [Gro67, The-
orem 18.1.2] we can assume that F is a Nisnevich sheaf. This implies in
particular, that it is a Gersten sheaf after we extend it to EssSch(k) ([Voe0Oa,
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4.37]). So F.gn, = Fyg, (Corollary 3.6.3). Then, as before, F.4, has a structure
of traces satisfying (Tril) and (Tri2) (Proposition 3.6.12) and so we can ap-
ply Theorem 3.7.1 to get a structure of transfers. Theorem 3.4.17 then tells
us that the cohomologies agree. [

Remark 3.8.3. We can avoid Theorem 3.7.1 in the proof of Theorem 3.8.2
by considering directly the left Kan extension of Flg,) along SmCor(k)® —
Cor(k)?. We will see this in the proof of Proposition 3.8.4. In fact, if we
use this technique, then we only need the o — F(X) — [], . F(x) part
of the Gersten sequence. So in fact, we could replace the assumption that
F is homotopy invariant, with the assumption that Fy;(X) — [[ cxe F(x) is
injective. However, we can’t avoid the assumption that F has traces on Sch(k)
because we need this to get F.g, = Fygp.

Finally we have the following proposition which is useful for working with
Voevodsky motives.

Proposition 3.8.4. Suppose that k is a perfect field and ¢ a prime invertible
in k. Let F be a homotopy invariant presheaf with transfers of Z) modules
on Sm(k). Then the canonical morphism Fyy — Fygy, is an isomorphism.

In particular, every homotopy invariant Nisnevich sheaf of Zy modules
with transfers is an {dh sheaf.

Remark 3.8.5. Note that Voevodsky’s work tells us that Fy; is a homotopy
invariant presheaf with transfers [Voe0OOb, Theorem 3.1.12].

Proof. We can assume that F is a Nisnevich sheaf after [VoeOOb, Theorem
3.1.12]. This implies in particular that F is a Gersten presheaf ([Voe(Oa,
4.37]). Let i : SmCor(k) — Cor(k) be the canonical morphism and consider i*F
the left Kan extension of F along i. Then since F = (i*F) oi, the presheaf i*F is
still a Gersten presheaf. Moreover, it is by definition a presheaf with transfers
and therefore a presheaf with traces that satisfies (Tril)<, (Lemma 3.3.9).
We then apply Corollary 3.6.3 and Proposition 3.6.12. 0
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Traces and the slice filtration

4.1 INTRODUCTION

ECALL Theorem 3.8.2 from the last chapter that we want to apply to

homotopy presheaves of oriented objects in the Morel-Voevodsky stable
homotopy category SH(k). The piece that we don’t have is a structure of
traces on these presheaves for non-smooth schemes. The goal of this chap-
ter is to address this. In particular, we want to have a structure of non-
smooth traces on the homotopy presheaves of HZ)-modules, where HZ ) is
the object that represents motivic cohomology with Z-coefficients and £ is
invertible in the perfect base field k. We do this via the slice filtration.

The goal of Section 4.2 is to develop the necessary material to have the
isomorphisms s.f.f'E = f.f's,E that we will use to transfer a structure of
traces on KH — the object that represents algebraic K-theory — to a structure
of traces on each HZ-module. We begin by recalling the definition of the slice
filtration on the Morel-Voevodsky stable homotopy category. We do this in
the context of Ayoub’s stable homotopy 2-functors as this language makes
it much easier to discuss how the slice filtration interacts with the functors
Ty f*, and f,. We state and prove a theorem of Pelaez using Ayoub’s language
which gives a criterion for a functor to behave well with respect to the slice
filtration (Theorem 4.2.25). This is no more than a translation; the theorem
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and proof belong to Pelaez. We then apply this theorem to various functors
in Lemma 4.2.26. Some of these functors do not appear [Pel12], notably the
functors associated to closed immersions.

We then introduce the notion of an object with a weak structure of smooth
traces (Definition 4.2.27). This is essentially a structure of traces on smooth
schemes, where the only axiom we ask for is (Deg). This is to apply the
resolution of singularities argument in [Pell12] using the theorem of Gabber
on alterations, which we do in Theorem 4.2.29. Finally, we want to apply
the theorem of Pelaez (Theorem 4.2.25) to the functors f, and f* where fis a
finite flat surjective morphism between non-smooth schemes. The case when
f is étale is already taken care of but the radicial case is trickier. It turns
out to be easier if we consider instead the composition f,f*. We attain this
in Proposition 4.2.36 after some lemmas.

In Section 4.3 we define what it means for an object E € SH(S) to have
a structure of traces. We show that a structure of traces on an object E
induces a structure of traces in the sense of Definition 3.3.1 on each of its
homotopy presheaves (Lemma 4.3.4). We show that if we work Z[;]—linearly,
a structure of traces on an object induces a canonical structure of traces on
the connective covers f,E and the slices s;E (Proposition 4.3.7). We also show
that a structure of traces on a ring spectrum induces a canonical structure
of traces on each of its modules (Proposition 4.3.11).

4.2 ON THE FUNCTORIALITY OF THE SLICE FILTRATION

4.2.1 PRELIMINARIES

The material developed in the [Pell12] holds in greater generality than it is
presented in that article. We develop it in the setting of Ayoub’s stable ho-
motopy 2-functors [Ayo07]. This makes the proofs involving the functoriality
cleaner. We don’t recall all the axioms of a stable homotopy 2-functor but
we will recall the properties that we need, as we need them.

As such we will consider 2-functors H* : Sch(S) — TriCat to the 2-category
of triangulated categories. For each scheme X € Sch(S) we set H(X) = H*(X)
and for a morphism f we set f* = H*(f). We recall briefly that included in the
definition of a 2-functor are 2-isomorphisms c*(f,g) : (gf)* — f'g" for every
two composable morphisms f, g and these satisfy an appropriate coherency
condition.
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Definition 4.2.1. We define a sliceable 2-functor to be a quadruple (S, H*, =, G)
such that S is a separated noetherian scheme,

H* : Sch(S) — TriCat

is a contravariant 2-functor to the 2-category of triangulated categories, X :
H* — H* is an autoequivalence, and G is a set of compact objects in H*(S).
We require that:

1. If f: Y — X € Sch(S) happens to be smooth then f* has a left adjoint
fy t H(Y) = H(X).

2. Each of the triangulated categories H(X) admits all small sums, and
each of the functors f* preserves compact objects and small sums.

3. For every a : X — S in Sch(S) the category H(X) is generated by the set
of compact objects {="f,f'a*A:n € Z, YL x smooth, A € G} .

Definition 4.2.2. Let (S,H*, £, G) be a sliceable 2-functor. For any scheme
X 5 S € Sch(S) we define
H(X)¥

as the smallest full triangulated subcategory of H(X) containing all small
sums and the set of objects

{(E",fa"A:n € Lo, Y %5 X smooth, A € G}.

More generally, we define Z7H(X)% as the smallest full triangulated subcat-
egory of H(X) containing all small sums and the set of objects

{Zfufa"A:n>q, Y5 x smooth, A € G}.

If X is clear from the context we will write H¥ and ZIH%. We obtain in
this way a sequence of compactly generated triangulated subcategories, each
containing small sums:

L2 ZITHX)Y o SIHX)F - ZTTHX)Y - L
Remark 4.2.3. The question of how the subcategories $1H(X)% behave with
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respect to the morphisms f, and f*, as well as various other functors is the
main topic of this chapter.

We don’t need the hypothesis (3) for any of the definitions but we will use
it often and so we include it for expositional reasons.

Remark 4.2.4. In practice, H will be the Morel-Voevodsky stable homotopy
category SH, the base scheme S will be noetherian and S will be the category
of schemes of finite type over S. The autoequivalence will be (P*, 00) A —
smash with the projective line pointed at infinity and the set G will consist
of a single object, 15 the unit in H(S) for the smash product.

If H = SH is the Morel-Voevodsky stable homotopy category and 15 €
SH(S) is the unit for the smash product then for any smooth S-scheme f :
X — S there is a canonical isomorphism f,f1s = £%(X;) functorial in X.
In this case Definition 4.2.2 is Voevodsky’s original definition of the slice
filtration.

It is straightforward from properties of adjunctions that ¥ preserves com-
pact objects and if f: Y — X is a smooth morphism then f. 4, breserves compact

objects. In particular, if A € H(S) is a compact object, Y 4y X a smooth mor-
phism in S, and X % S the structural morphism of X, then Z"f #f* a*A is also
compact for all n € Z.

We have the following theorem of Neeman.

Theorem 4.2.5 ([Nee96, Theorem 4.1]). Suppose that T is a compactly
generated triangulated category, 7' any other triangulated category, and
T — I a triangulated functor that preserves coproducts. Then I — T’
has a right adjoint.

Since each TIH(X)¥ contains small sums and is generated by compact
objects, by Theorem 4.2.5 the inclusion i, : IH(X)¥ < H(X) admits a right
adjoint r, : H(X) — ZH(X)¥.

Definition 4.2.6. Let (S,H*, 2, G) be a sliceable 2-functor. For any scheme
X € Sch(S) we define the endofunctor

£, HX) = HX)

as the composition fq = igry Where r, is the right adjoint to the inclusion

q
iy : ZIH(X)% — H(X). The counit of the adjunction (iz, ry) gives us a natural
transformation f, — id.
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Evidently, for any object E € H(X), the object f,E s in the subcategory
TH(X)4 and the morphism qu — E is determined up to unique isomorphism
by the property that it induces an isomorphism hom(F,f,E) — hom(F, E) for
any object F € Z1H(X)¥.

Due to our definitions, for any q' < g the adjunction (ig, ;) factors through
the adjunction (iy,ry)

SIH(X)Y = STH(X)? = H(X)

and so since ryiy is the identity (again due to our definitions) the morphism
fofy — f, is invertible. So we obtain a canonical morphism f, — ... In fact, for
each g, these form a functor Z>, — End(H(X)) from the category associated
to the totally ordered set Zs, to the category of endomorphisms of H(X)
which sends n € Z>, to fq_n. This functor is equipped with a morphism of
diagrams towards the constant diagram with value the identity endofunctor.
The following lemmata are straightforward.

Lemma 4.2.7. Let (S,H*,=,G) be a sliceable 2-functor. Let X € Sch(S). For
any q € Z, and any E € H(X) the canonical morphism

hocohqusqfq,E — E
is an isomorphism.

Proof. To show that this morphism is an isomorphism it suffices to show it
is an isomorphism after evaluating on hom(G, —) for each G in {Z"f,fa"A :

neZzY Lx smooth, A € G} By assumption, each G is contained in some

SPH(X)4% and so by the universal property of the morphism pr’ — E' men-
tioned above, it suffices to show that this is an isomorphism after applying
hom(G, f,—) for a suitable p. The functor f, preserves small sums' and there-
fore it preserves homotopy colimits. So we have reduced to showing that

hom(G, hocolimq/gqufq,E) — hom(G,j;,E)

is an isomorphism which is clear since ff,, = f, for all q' sufficiently small. [J

!The functor i, preserves small sums because it is a left adjoint, and r, preserves small
sums because its left adjoint sends each object in a set of compact generating objects to a
compact object.
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Lemma 4.2.8. Let (S,H*,=,G) be a sliceable 2-functor. Let X € Sch(S).
There exists for each q a unique endofunctor s, together with morphisms
fy = sq = f,1,[1] such that for any object E € H(X) the triangle

foilE = fLE = sE = £, E[]

is distinguished. For any object F € "H(X)¥ with r > q the group hom(F, s,E)
18 zero.

Proof. Using the usual triangulated category techniques,? it suffices to show
that for any pair of objects E, F there are no non-zero morphisms from f, El]
to any cone of quch — f,F. Now f, Ell] € M H(X)4 (and also ZqH(X?eﬁ)
and so by the universal property of f, — id and f,,, — id the two vertical
morphisms in the triangle

hom(fqﬂE [1] ,fq+1F) hom(qurlE[l] ,qu)

\ /

hom(fq_HE[l] ,F)

are isomorphisms. Hence, the third one is an isomorphism as well which
implies that there are no non-zero morphisms from f, +,E[1] to any cone of
foriE = fE. O

Lemma 4.2.9. Let (S,H*,2,G) be a sliceable 2-functor. Let X € Sch(S).
There exists for each q a unique endofunctor s-, together with morphisms
id — s<qg = f,[1] such that for any object E € H(X) the triangle

qu — E — s ,E —>qu[1}

is distinguished. For any object F € T'H(X)% withr > q the group hom(F, s ,E)
18 zero.

Proof. The same proof as for Lemma 4.2.8 works. 0
Definition 4.2.10. Let (S,H*, 2, G) be a sliceable 2-functor. We define

H(X)"(q)

%i.e., for every object E we chose a cone of f. +,.E — f,E and for every morphism we chose
a morphism between the cones and then to show that this defines a functor we show that
the morphisms we have chosen are unique.
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as the full triangulated subcategory of H(X) whose objects E satisfy hom(F, E) =
o for all F € IH(X)¥. If X is clear from the context we will write H*(q).

We finish this preliminary subsection with some properties of stable homo-
topy 2-functors that we will use in developing and applying Theorem 4.2.25
of Pelaez. The following theorem should really just be a reference to [Ayo07,
Chapter 1] which contains all the properties we need. However, the material
there is for a 2-functor on the category of quasi-projective schemes. As such,
we give some indication of the easy generalisation of the properties we want
to the category of all schemes of finite type.

Theorem 4.2.11. Let (S,H*, =, G) be a sliceable 2-functor that satisfies:

(I) (Smooth base change) For every cartesian square

Yxxy W—>w (4.1)
‘li J{P
Y——X

in Sch(S) with f smooth the comparison exchange 2-morphism fp, —
q.g" is invertible.?

(II) (Zariski separated) For every Zariski cover {j, : U; — X} in Sch(S) the
family of functors {j'} is conservative.

(I11) (Stability) We have £ = pyss wheres is the zero section of the canonical
projection p : Ay — X for each X € Sch(S)

If the restriction of H* to the category QProj(S) of quasi-projective S-schemes
is a stable homotopy 2-functor ([Ayo07, Definition 1.4.1]). Then H* has the
following properties.

1. Adjoints.

(a) (Right adjoint) For every morphism f: Y — X in Sch(S) the 1-
functor f* has a right adjoint

f.  H(Y) — H(X).

3The right adjoints p,,q, to the functors p*,q* exist for any sliceable 2-functor. See
the proof below.
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(b) For every projective morphism f:Y — X in Sch(S) the 1-functor f,
has a right adjoint

f HX) = H(Y).
(¢) If f is a finite étale morphism in Sch(S) then f, is canonically
isomorphic to f,.

(d) Ifi:Z — X is a nilpotent immersion in Sch(S) then i*, and hence
iv, 15 an equivalence of categories.

2. Tate twists. The auto-equivalences T form an auto-equivalence of H*.
That is, for any morphism f: Y — X in Sch(S) we have 2-isomorphisms
¢ : Xf° = fX, and so by adjunction a 2-isomorphism v : .3 = =f,,
and if f is smooth a 2-isomorphism x : f,% — Xf,,.

3. Localisation. Suppose that j : U — X is an open immersion in Sch(S)

and i : Z — X a complementary closed immersion. There exist unique
2-morphisms ¢,V such that

juft = idngy = id® 5 ]
and
B = idpy — jj° 5 ]
are distinguished triangles where the other morphisms are the units and
counits of the adjunctions.
4. Base change.
(a) For every cartesian square (4.1) in Sch(S) the exchange 2-morphism
fp, = q.g" is invertible if f is proper.

(b) If f is smooth then the exchange 2-morphism g,q" = p*f, is in-
vertible.

(¢) If f is smooth and p a closed immersion then the exchange 2-
morphism f,q, = p.8y s invertible.

5. Mayer-Vietoris. Suppose that {j, : U = X,j, : V — X} is an open
Zariski cover and j,~, : UNV — X the intersection. Then there exists
a distinguished triangle

jUﬂV#JEﬂV — jU#j*U @jv#j:/ — id = jUﬁV#j*UﬂV[l]’
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6. Homotopy invariance. For any scheme X € Sch(S) if p : Ay — X is
the canonical projection then the unit of the adjunction id — p_p* is an
isomorphism. FEquivalently, pup” —id is an isomorphism.

Remark 4.2.12. In the case H* = SH, if we denote by T € SH(S) the Tate
object (i.e., either the projective line pointed at infinity or the homotopy
cokernel of 2*((Ag—o);) — (A}, )) then there is a canonical isomorphism
between the endomorphism X defined in this theorem and the endomorphism
TN —.

Remark 4.2.13. To aid the reader who is familiar with the theory but
unable to recall the precise definition of a stable homotopy 2-functor, we recall
that [Ayo07, Definition 1.4.1] asks that on the category of quasi-projective S-
schemes we have: H(@) = o, smooth left adjoints (Definition 4.2.1(1)), right
adjoints (1a), smooth base change (I), stability (III) in the form “each p s, is
an equivalence”, homotopy invariance (6), and finally, for a closed immersion
i with open compliment j the pair (i*,j*) is conservative, and i*i, = id.

Proof. 1. (a) Since each H(X) is compactly generated by a theorem of
Neeman [Nee96, Theorem 4.1] it suffices to show that f* preserves
small sums. This is one of our assumptions.

(b) If the morphism f is a projective morphism in QProj(S) then this
is [Ayo07, Proposition 1.6.46, Theorem 1.7.17]. Suppose that f is
projective but not in QProj(S). By what we have just mentioned it
suffices to show that f, preserves small sums. That is, the canon-
ical morphism ). f,E; — f, > . E; is an isomorphism. There exists
a Zariski cover {j, : U; = X} of X such that each U; is in QProj(S).
Then smooth base change and the quasi-projective case gives the
result.

(c) Notice that under our hypotheses, the restriction of H* to QProj(X)
is a stable homotopy 2-functor for any X € Sch(S). Hence, by
replacing S with X we can assume that fis in QProj(S). This case
is [Ayo07, Section 1.5.3, Theorem 1.7.17].

(d) Again, we can assume that X = S. In this case it follows from
localisation and the identity i*i, = id (see Remark 4.2.13).

2. This is assumed in the definition of a sliceable 2-functor.
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3. Localisation in the quasi-projective case is [Ayo07, Lemma 1.4.6]. As-
suming X = S puts us in the quasi-projective case.

4.

(a)

(b)
(c)

For the case when f is projective and the square is in QProj(S)
this is [Ayo07, Corollary 1.7.18]. The generalisation follows from
Chow’s Lemma and is detailed in [CD09, Proposition 2.3.11].

This follows by adjunction directly from the smooth base change
we have assumed.

The morphism is defined in the usual way using smooth base
change f,q, = p,p°f,4" = p.849°9" — p.8y- If our square is in
QProj(S) then this is [Ayo07, Corollary 1.4.18]. Replacing S with
X it is also true for any square for which f is a quasi-projective
morphism. In the general case, let {U; — X}, , be a finite
Zariski cover of Y such that each U; — X is quasi-projective. No-
tice that this implies that for each non-empty subset I C {1,...,n}
the scheme U; = N U; is also quasi-projective over X. For each
such I the cartesian square

U XxW—=Y Xx W

| |

U Y

satisfies the property we want, and so the natural transformation
f49. = p.g, evaluated on any object E in the image of (U xxW —
YXxW)y is an isomorphism. We will show by induction on the size
of a subset J C {1,...,n} the natural transformation f,q, — p,g,
is an isomorphism when evaluated on any object E in the image of
(UigtUs xx W = Y xx W) 4. Let 9 UiglUi xx W = Y xx W denote
the morphism. If J is empty, the object is necessarily zero, and
so we clearly get an isomorphism. If not, then there exists two
subsets of smaller size J' and J” such that J) U J’ = J and by the
Mayer-Vietoris triangle

Prog Py = Py u By © Oy 0 = 91,07 = ey Py [1].

and the inductive assumption, we are done. This proves that
the natural transformation f,q, — p.g, is an isomorphism as
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¢{1,...,n} = ldYXXW'
5. Mayer-Vietoris is an immediate consequence of Zariski separatedness.

6. Replacing S with X we can assume that X is quasi-projective (over X).
In this case it is one of the axioms of a stable homotopy 2-functor.
]

Definition 4.2.14. If S, H*, ¥ and G are as in Theorem 4.2.11 we will refer
to H* as a stable homotopy 2-functor. We take S and G to be implicit in

the definition of such a stable homotopy 2-functor. Of course X is defined in
Theorem 4.2.11(I1I).

Remark 4.2.15. This is a mild abuse of the terminology as Ayoub’s stable
homotopy 2-functors are defined on the category of quasi-projective schemes
over S and we have further asked for H* to be what he calls “compactly
generated by the base” [Ayo(07, Definition 2.1.155].

Suppose that Y, X are two schemes and @ : H(X) — H(Y) is a functor. We
will say that @ preserves TIHY (resp. H-(q)) if for every object E € ZIH(X)4
(resp. E € H(X)*(q)) the object ®F is in ZIH(Y)¥ (resp. H(Y)*(q)).

Lemma 4.2.16. Let H* be a stable homotopy 2-functor. Let a : X — S be
a scheme in Sch(S) and {U; — X}i—, .~ a Zariski cover. Then for every q
the category TIH(X)¥ is the smallest full triangulated subcategory of H(X)
containing all sums and the objects X"f,f a*A where n > q, A € G, and
f:+ W —= X is a smooth morphism from an affine scheme W whose image is
contained in some Uj.

Proof. Let T be the smallest full triangulated subcategory of H(X) containing
the objects of the form described in the statement. Suppose that f: W — X
is a smooth morphism with source an affine scheme whose image is contained
in some U;. We claim that for every open subscheme j : W — W of W and
n > q, the object £"(fj)«(fj)*a*1s is in T. Indeed, this is obviously true if W’ is
also affine. Now every open subscheme of W can be covered by finitely many
basic open affine subschemes (i.e., affine subschemes of the form Spec(Ay)
where W = Spec(A)). We work by induction on the smallest number r of such
subschemes it takes to cover W. If r = 1 there is nothing to show since in
this case W' is affine. Suppose it is true for i < r and W can be covered by
r basic affine open subschemes of W. Then in particular, there is a cover of
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the form {W’ C W, W"” C W'} where W” is a basic affine open and both W
and W’ NW" can be covered by r—1 basic affine opens (since the intersection
of two basic affine opens is abasic affine open). It then follows from Mayer-
Vietoris (Theorem 4.2.11(5)) that the object =" (fj) 4 (fj)*a*1s corresponding to
W' isin T.

We use the same argument twice more.

Let f: W — X be a smooth morphism whose image is contained in some
U;. We claim that for every open subscheme j: W — W of W and n > gq,
the object 2"(fj)«(fj)*a*1s is in T. We have just seen that this is true if W’
is contained in an affine open subscheme of W. We use the same argument
as above with “basic open affine” replaced by “an open subscheme that is
contained in an open affine of W”.

Let f: W — X be any smooth morphism. We claim that for every open
subscheme j : W — W of W and n > q, the object ="(fj)«(fj)*a*1s is in T.
Indeed, every such W can be covered by a finite number of open subschemes
whose images are contained in some U;. We use the same induction argument
again.

We have shown that T contains the generators for 21H(X)%. Since it is a
triangulated subcategory with small sums, this is enough to conclude. [

Lemma 4.2.17. Let H* be a stable homotopy 2-functor. The following func-
tors preserve the following categories.

1. For any morphism f:Y — X in Sch(S)
(a) f* preserves TIHH  and
(b) f, preserves H(q).
2. For a smooth morphism f: Y — X in Sch(S)
(a) f, preserves TIHY, and
(b) f* preserves H*(q).

3. Fori:Z — X a closed immersion between quasi-projective S schemes,
i,i* and i, both preserve TIHY.

4. Fori:Z — X a nilpotent immersion between quasi-projective S schemes,
both i* and i, preserve both IH# and H(q).
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5. For f :' Y = X a finite étale morphism between quasi-projective S
schemes, each of f,.f".f, preserve both STHY and H*(q).

Proof. In the first two (b) follows from (a) by adjunction. Suppose that
a : X — S is the structural morphism of X and p : W — X a smooth

4.2.11

morphism. For every r there are canonical isomorphisms f¥'p p a1y =
4.2.11(I)

Yfpuptats = Eplptfats & Z’p;%p’*(af)*ls where p’ = Y xx p. Hence,

f* sends generators of TIH(X)¥ to ZIH(Y)¥. Since f* is triangulated and

preserves homotopy colimits (because it is a left adjoint), this is enough

to conclude that f* preserves ¥9H¥. The same argument works for fu

Suppose that p : W — Y is a smooth morphism. We have isomorphisms
4.2.11(2)

fuZpup(af)1s = fu2pupfa'ss = Xfupupfats = 3 (fp)y(fp) ass.

Consider the case of a closed immersion. The functor i,i* is straight-
forward. Let j : X — Z — X be the complementary open immersion. We
have a localisation distinguished triangle j,j* — id — i.i* — j,j*[1] (Theo-
rem 4.2.11(3)) and since j is smooth, since j, and j* both preserve ZIH¥ it
follows that i,i* also preserves TIH¥.

Now we consider the functor i,. Let T be the full subcategory of 1H(Z)¥
consisting of objects E such that i,E € 2IH(X)¥. The triangulated category
H(X)% has small sums and i, commutes with small sums (as it is a left
adjoint (Theorem 4.2.11(1b))) and so T is a triangulated category with small
sums. We will show that T contains a generating family for 29H(Z)%, which
then implies it contains all of £1H(Z)¥#. Suppose {U; — X}i—, n is a Zariski
cover of X by affine schemes. We consider the generating family of Z1H(Z)%
described in Lemma 4.2.16 associated to the cover {U;NZ — Z}. Suppose
Z"f#fk a*1g is a member of this generating family where a : Z — § is the
structural morphism, n > q and f: W — Z is a smooth morphism from an
affine scheme W whose image is contained in some U; N Z. Recall a theorem
of Arabia [Ara0l1] that says that in general if Z' — X’ is a closed immersion
of affine schemes and W — Z' is a smooth morphism then there exists a
smooth morphism V' — X' and a Z-isomorphism Z' xx V' =< W'. In our
case, this gives us a smooth morphism g : V — X and a Z-isomorphism
W = ZxxV. Let d : X — S be the structural morphism of X so that
a = d'i. By the appropriate parts of Theorem 4.2.11 we find an isomorphism
E”f#fa*ls o Z"f#f*i*a’*ls o i*Z”g#g*a’*ls. That is, our object is in the image
of i* : TIH(X)¥ — =1H(Z)¥. Now we have i (Zfuf a'1s) = i (i"2"g g% 15).
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So Z"f#f*a*ls is in T because i,i* preserves T1H%. So i, preserves ZIHY,

Suppose i : Z — X is a nilpotent immersion. It remains only to see that i*
preserves H*(g). Since i is a nilpotent immersion, the functors i* and i, are
equivalences of categories, each inverse to the other. In particular, i* is now
a right adjoint of i,. We have seen i, preserves 27H#% and so it follows by
adjunction that i* preserves H(g).

Lastly, in the finite étale case, we have already seen above that f, and
f* preserve IHY and f* and f, preserve H-(q). But f4 s isomorphic to f,
(Thef;)rem 4.2.11(1c)) and so f, also preserves H*(q) and f, also preserves
SIHL, =

4.2.2 AFTER PELAEZ

In this subsection we continue with S, H* and G as in Theorem 4.2.11. Recall
that for any object E € H(Y) we have fE € iH(Y)¥ (by definition) and

s;E € HY) (g +1).

Definition 4.2.18. For the rest of this section, we will have ® : H(Y) — H(X)
a triangulated functor, E € H(Y) an object, and q € Z an integer. We will be
considering whether the following conditions hold.

(Pel0); @ hocolim,<, f,E = hocolim, <, ®f,E.
(Pell); @f.E € TIH(X)¥.
(Pel2), ®s,E € H(X)*(q+1).

Remark 4.2.19. If the object E is not clear from the context we will write
(Peli)4(E) with i = o,1, or 2. In particular note that (Pell),(E) implies
(Pell),(fE) for all r < q. We will also use the notation (Peli); for I C Z
to indicate that (Peli), is true for all g € I and (Peli) for (Peli).

We collect here some functors that are known to satisfy some of these
conditions.

Lemma 4.2.20. Let H* be a stable homotopy 2-functor. Then the following
functors satisfy the following conditions for all objects.
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Functor (Pel0) (Pell) (Pel2)

f Yes Yes —
f. Yes X Yes
fy with f smooth Yes Yes X
f with f smooth Yes Yes Yes
i* with i a nilpotent immersion  Yes Yes Yes
i, with i a closed immersion Yes Yes Yes
i,i* with i a closed immersion Yes Yes —

fu:f oS with f finite and étale Yes Yes Yes

“x 7 indicates “not in general” (there are certainly examples where the prop-
erty is satisfied, for example f=1id), and “—” indicates “unknown”.

Remark 4.2.21. Theorem 4.2.29 gives conditions under which f* preserves
(Pel2). This is a version of a theorem of Pelaez. His theorem has fewer
restrictions but assumes resolution of singularities. Given what we know
about i, this applies then to i,i* as well.

While our counter-examples for f, and f, show that they don’t preserve
the slice filtration, they suggest that they “shift” it in a suitable sense, at
least in certain cases (cf. [Pelll, Theorem 4.4]).

Proof. The columns (Pell) and (Pel2) follow directly from Lemma 4.2.17.
The column (Pel0), apart from f,, follows from the functors in question being
left adjoints (cf. Theorem 4.2.11). For (Pel0) for f,, we note that f* preserves a
set of compact generators (due to them being compatible with £ and smooth
base change) and therefore its right adjoint preserves small sums.

For a counter example to f, satisfying (Pel2) suppose that s,E # o and
consider the canonical projection of the affine line p : Ay — S. Let s be the
zero section. If p , satisfies (Pel2), then p s, = = would satisfy (Pel2) as well.
Now s,E' € ZIHY N HY(q + 1) for every object E' and so =s,E € 4H¥. But
if (Pel2) is satisfied then we also have Zs,E € H+(q +1). Hence, the identity
morphism of Xs.E is zero, and therefore s,E is zero. So in this case, p,, does
not satisfy (Pel2).

A similar phenomena gives a counter example to f, satisfying (Pell). Sup-
pose that s,E # o. Let p : Py — S be the projection, s the section at infinity,
and j : A* — P* the complimentary affine line. If j : Ay — P§ is the open
immersion then we have the localisation distinguished triangle

sest = id = j i = s.s'[1].
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Evaluating this triangle on p* and applying p, gives
s'p* = ppt —id — sp*[i]

where we have used homotopy invariance to obtain the id. So if p_ satisfies
(Pell) then so does p,p* and s'p*. This latter is the right adjoint to ps« which
is isomorphic to ays, where a : A} — S is the projection. Hence, p 45 =2
and s'p* = 7. So X7 would satisfy (Pell) in this case. But then we would
have X7's,E € Z1H¥. However, s,E € H-(q+1) and so £7*s,E € H*(q) leading
to s,E = o as before. Hence, p, does not satisfy (Pell). O

Definition 4.2.22. Let (S,H*, =, G) be a sliceable 2-functor. Let ® : H(Y) —
H(X) be a functor, E € H(Y) an object, and q € Z an integer. We consider
the canonical morphisms

Of, « f,0f, = f,@.

If Of E « f,@f.E is an isomorphism (for example if (Pell)y(E) is satisfied) we
denote the resulting canonical morphism by

a,(E) : Of E — f,OF
or a, or a if E and q are clear from the context.

Lemma 4.2.23. Let (S,H*,2,G) be a sliceable 2-functor. Let ® : H(Y) —
H(X) be a functor, E € H(Y) an object, and q € Z an integer. If the two
morphisms

Of.E « f,OfE and Of  E [, Of 1 E

are isomorphisms (for example if (Pell),(E) and (Pell)y,(E) are satisfied)
then there is a unique morphism

B,(E) : DsyE — s,OF

4To see this use base change Theorem 4.2.11(4c) on A} — P < S with the latter the
embedding at zero.
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such that the following diagram is commutative.

O(fy1,E) — O(f E) —— O(s4E) — O(f,,E)

l“q+1 i"‘q lﬂq l“qﬂle

Jo11@(E) ——f,O(E) —— 5,0 (E) —f,,,D(E)

The morphisms a,(E) and B,(E) are functorial in ® in two senses:

1. If n : ® = Y s a natural transformation between functors the appro-
priate a’s are defined then the square

O(f,E) —f,@(E)

d I

Y (f,E) ——~ 1Y (E)

commutes (and similarly for s, if the B’s are defined).

2. If ® : H(Y) — H(X) and ¥ : HW) — H(Y) are triangulated functors
such that the appropriate a’s are defined then the triangle

/“"“‘»"_L\
YO(f.E) —— ¥f O(E) —f,YO(E)

commutes (as well as the analogous statement for s, ).

Proof. There certainly exists such a morphism ®s,E — s,®F since the two
triangles ®f | \E — Of E — ®s,E — Of , Eli] and f, | ®F — f OE — s,0F —
f,1,@E[1] are distinguished. Uniqueness comes from the fact that hom(®f, , E[1], s,0E) =
o. This latter is a consequence of the facts that ®f, , Eli] = f, ®f, , E[1] is in
TIHH(Y)? and s,@E is in H(Y)>(q + 1).

The functoriality for the a’s is clear from the appropriate functoriality of
the fq’s. The functoriality for the p’s is again a consequence of the fact that
there are no non-zero morphisms from 24HH% to Ht (g + 1). O

Lemma 4.2.24 (Pelaez). Let (S,H*,2,G) be a sliceable 2-functor. Let @ :
H(Y) — H(X) a functor, E € H(Y) an object, and q € Z an integer. Suppose
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that (Pell)qt,, (Pell)y and (Pel2); are satisfied. Then the two morphisms
aq+l(qu) : (D(fq+quE) — q+1((1)(qu))
ByE) : BlsefyE) = sq(@(f,E))

are isomorphisms in H(X).

Proof (Pelaez). We have the commutative diagram associated to f,

O(f, f,E) —= O(f,f,E) —= O(s,f E) — O(f,  f,E)

iaq+1 l"‘q \Lﬂq l“ﬁlm

Jorr®GE) —=fi@(fE) —— sq@(f E) ——f,, . O(fE)

The property (Pell) implies that aq(qu) is an isomorphism. Using the octa-
hedral axiom we have a commutative diagram where all the rows and columns
are distinguished triangles

(D(fq+quE) e (D(quqE) e (D(Sqqu) e q)(fq+qu) [1]

el

forn®(fE) —=fLO(fE) —— sq@(f E) —f,. . O(f,E)1]

| | |

A o Afl] =——=A[{]

and it now suffices to show that A = o. We note that A is in 27H(X)¥ since
both f,,,®(f,E) and O(f, , f.E) = O(f,, E) are.

On the other hand, @(s;E) = O(s,f,E) is in H( X)+(q+1) by hypothesis and
sq@(f,E) is in H(X)*(q +1) (as s, always is) so Af1] is also in H(X)*(q +1).
Since H(X)*(q +1) is a triangulated subcategory, A is also in H(X)* (g +1).

Now there are no nonzero morphisms from 247H(X)¥ to H(X)* (g +1) and
so the identity of A is zero, hence A is isomorphic to zero. [

Theorem 4.2.25 (Pelaez). Let (S,H*,2,G) be a sliceable 2-functor. Let @ :
H(Y) — H(X) be a functor, E € H(Y) an object, and q € Z an integer. Suppose
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that (Pel0),, (Pell)<qy., and (Pel2)<, are satisfied. Then the morphisms
a(E) : O(fE) — fO(E)

B.(E) : ®(s,E) — s,®(E)
are isomorphisms for all r < q.

Proof (Pelaez). The hypotheses are stable by lowering q and so it suffices
to prove that a,(E) and B (E) are isomorphisms. The same proof works for
both, and we will give the proof for p but the reader can check that the
proof remains valid with B replaced with a everywhere (and s, replaced with
f, where appropriate).

For any fixed integer N we have E = hocolimy<nf,E and so since ® and s,
commute with homotopy colimits g, (E) = hocolim,<np,_(f,E) hence it suffices
to show that each p_(f,E) is an isomorphism for all p < N for some N. We
chose N = q. This way, Lemma 4.2.24 implies that g_(f,E) is an isomorphism.
We now proceed by induction.

Suppose that ﬂq (fE) is an isomorphism for some r < q. We must show that
B, (f_,E) is an isomorphism. We have a commutative diagram

)
(s, E) 2 o

‘Dqui lsqq’P

O (sof, _IE)ﬁm)sq(Df _E

where p : f — f_is the canonical natural transformation. The inductive
hypothesis says that the upper morphism is an isomorphism, and we have
that s;f, = s, and s,f, | = s,, hence sgp is an isomorphism by construction of
the slice filtration. Hence, it suffices to show that the morphism on the right
is an isomorphism.

We have another commutative square

sqOf E —— sq@ff,_E

sqd)pl lar

Sq q)frflE - S‘Ifrq)f;'flE
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with the horizontal morphisms isomorphisms. The right morphism is an
isomorphism by Lemma 4.2.24 above and the third hypothesis. Hence, the
morphism on the left is an isomorphism as desired. [

4.2.3 APPLICATIONS OF PELAEZ’S THEOREM
Corollary 4.2.26. Let H* be a stable homotopy 2-functor. Supposef:Y — X
is a morphism in Sch(S), and E € H(X) and F € H(Y) are any objects. The
canonical morphisms

a,(E) : f(f,E) = £f (E)

B,(E) : f (s:E) = s:f (E)

are isomorphisms for all r if f is smooth, or if f is a nilpotent immersion.
Similarly, the canonical morphisms

a(E) : f.(fF) = ff.(F)
B.(E) : f.(s:F) = s:f (F)

are isomorphisms for all r if f is a closed immersion, or if f is a finite étale
morphism.

Proof. This follows from Theorem 4.2.25 and Lemma 4.2.20. [

We now discuss some consequences of Gabber’s theorem (Theorem 3.2.12).

Definition 4.2.27. We will say that an object E € H(S) has a weak structure

of smooth traces if for every Y 5 x4 Sin Sch(S) with f a finite flat surjective
morphism between smooth S-schemes X,Y such that f, Oy is a globally free
Ox-module, we are given a morphism Tr : f,f'a*E — a*E in H(X) such that
the composition with a*E — f,f'a*E is degf - id,.

Definition 4.2.28. Suppose that A C Q is a subring of the rational numbers.
We will say that an object E in an additive category is A-local if hom(E, E) is
a A-module. It is equivalent to ask that for every integer n that is invertible
in A the endomorphism # - idg is an isomorphism.

There is some material on A-local objects in Section A.2.
Theorem 4.2.29. Let H* be a stable homotopy 2-functor, suppose S is the
spectrum of a perfect field k of exponential characteristic p, let E € H(k) be a

114



Z[;]-Zocal object (Definition 4.2.28), and q € Z an integer. If s,E has a weak
structure of smooth traces (Definition 4.2.27) for every r < q then for any
separated k-scheme of finite type a : X — Spec k the morphisms

B, a'ssE — s,a"E
ag: a'f.E— fa'E
are isomorphisms in H(X).

Proof. As discussed in Section A.2, it suffices that the statement is true when
E is a Zy) local object, for every prime /¢ different from p.

Note that a* satisfies (Pel0) and (Pell) for all objects (Lemma 4.2.20) so
by Theorem 4.2.25 it suffices to verify that a* satisfies (Pel2)<,. That is, we
wish to see that a*s,E € H(X)(r + 1) for all r < g. The hypotheses of the
theorem are stable under lowering q and so it suffices to consider the case
r = q. The proof is by Noetherian induction.

For the morphisms i : X,.,; — X we have seen that i* and i, are inverse
equivalences of categories that both preserve H(g+1) and so we can assume
that X is reduced. Let p : X’ — X be a proper morphism furnished by
Gabber’s Theorem (3.2.12) with X’ connected, quasi-projective and smooth,
and j : U — X an non-empty open subset such that X’ xx U — U is a finite
flat surjective morphism of constant degree prime to ¢. Let Z be a closed
compliment to U. Our diagram is the following:

ZxxX sy <L1X xyU

Py

Z ‘ X ; U

1

By the inductive hypothesis and the localisation distinguished triangle j,j* —
id — i,i* — j,j*[1] it suffices to show that j,j*a*s;E € H(X)*(g+1) (Lemma 4.2.20).
The weak structure of smooth traces on s;E and the fact that we are working
Zy-locally, implies that j, (j*a"s,E) — j,(hh®)(j"a"s4E) is a monomorphism.
Since H(X)1(q + 1) is idempotent complete, it now suffices to show that
juhah'jfasgE s in H(X)*(q +1).

The base change properties in Theorem 4.2.11 give isomorphisms h h*]* =

h**N

4P = jp,p* and so it now suffices to show that (;#] )(p,p*a*s,E) € H(X)*(q+
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1). Since (ap) : X' — Spec(k) is smooth p*a*s,E € H(X)"(q + 1) (Corol-
lary 4.2.26) and we have seen that p, preserves H(q + 1) (Lemma 4.2.20)
so p,p*a*s,E € H(X)*(q +1). Using again the localisation distinguished tri-
angle j,j* — id — i.i* — j,j*[1], it suffices to show that (i.i*)(p,p*a"s;E) €
H(X)*(q +1). But now by base change (Theorem 4.2.11) we have an iso-
morphism i,(i*p, )p*a*s,E = i.(p,i*)p*a*s,E and by the inductive hypothesis
i*p*a*s,E € H(X)*(q+1) and so since i,p, preserves H-(q+1) (Lemma 4.2.20)
the proof is complete. O

The remainder of this section is devoted to the proof of Proposition 4.2.36,
and it is much more enjoyable if read in reverse. That is, in the order
Proposition 4.2.36, Proposition 4.2.35, Lemma 4.2.34, Lemma 4.2.32, and
then Lemma 4.2.31.

Definition 4.2.30. If H* is a 2-functor on Sch(S) and E € H(S) an object, for
each scheme a : X — S in Sch(S) we denote by Ex the object a*E. Note that
for any morphism f: Y — X there is a canonical isomorphism f*Ex = Ey.

Lemma 4.2.31. Let H* be a stable homotopy 2-functor, f: Y — X a radicial
finite flat surjective morphism of degree d between smooth S-schemes, and
E € H(S) a Z[}]-local object with a weak structure of smooth traces. Then

Ex — f.f Ex
is an isomorphism in H(X).

Proof. First we make a general observation. Suppose A is an additive cate-
gory, ® an additive endomorphism, 7 : id — ® a natural transformation of
additive endofunctors (i.e., Niacs) = Ma P ng), A an object of A, and suppose
that A is a direct summand of ®A via the morphism A — ®A. In this situa-
tion, if ®A — OPA is an isomorphism, then A — DA is an isomorphism. In
effect, writing v : A @ B = ®A we have a commutative square

v

AGB—2— QA
WA@"/B\L %\L"((DA)

OA & OB > DDA

We will apply this to our situation with ® = ff* and A = Ex. Due to the
invertibility of d and the trace morphism, the morphism Ex — f fEx is a
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monomorphism, and every monomorphism in a triangulated category splits.
So Ex is a direct summand of f,f"Ex. To prove the lemma, it suffices then to
see that f f'Ex — f.f'f.f Ex is an isomorphism. We make the cartesian square

By projective base change (Theorem 4.2.11(4a)) we have an isomorphism
. = fip.q7f and since the square is commutative an isomorphism
f.p. 9 f =fp.p’f- Nowp:Y — Y admits a section which is a closed immer-
sion (since all our schemes are separated) and surjective (since p is radicial).
Consequently, p* is an equivalence of categories (Theorem 4.2.11(1d)), and
it follows that id — p_p* is an isomorphism. So we have reduced to showing

the commutativity of the following square

ff ——=fp.r’f

wl

ffff —=fp.a'f

where a is the comparison p*f* = ¢*f*. The commutativity of this square
follows from the commutativity of the following diagram since the lower row
is precisely the morphism which projective base change (Theorem 4.2.11(4a))
states is an isomorphism

ff —>f*p*P*f* if*p*q*fk

d
”(f*f*)i Tfapars*) J/ "(f*zv*q*f*)i \

LPES) ==L Cpp'f) ==£F Cpaf) = fp.a'f

We have used 5 for the units of adjunction and ¢ for the counit. The com-
mutativity of the squares is just the naturality of the transformations 7,
and the commutativity of the triangle is from the definition of adjunction:

(f*SA) o ﬂf*A = idf*A. D

Lemma 4.2.32. Let H* be a sliceable 2-functor, X € Sch(S), E € H(X), and
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q € Z. Suppose we have an endofunctor ® : H(X) — H(X) that preserves
colimits and is equipped with a natural transformation id — ® such that the

morphisms
E — OE, and s,E — ®s,E

are isomorphisms for all r < q. Then the morphism
qu — (1>qu
is an isomorphism as well.

Proof. We have a morphism of distinguished triangles

fE E s<qF ——=JfEl]

N

(quE — QE —— (DS<qE S (quE[l]

from which we see that f,E — Of E is an isomorphism if and only if s<;E —
Os,E is an isomorphism. We will prove the latter. Recall that there is a
canonical isomorphism E = hocolim,,f.E. Since all the functors in question
commute with colimits, it suffices to prove that

s<of E—> Os_f.E

is an isomorphism for all r < g. We do this by induction.
In the case r = g — 1 we find the following commutative square

Sq—E Os, ,E

| |

S<‘1fq—1E T,T (I)S<‘lfq—1E

where the vertical morphisms are isomorphisms® and the upper morphism is
an isomorphism by assumption. So assume that our inductive hypothesis is

50One can see this by considering the distinguished triangle Sq—qu—l — s<qfq_1 —
S<q—ifgy = Sq—ify,[1]-
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true for r +1. We have the following morphism of distinguished triangles

S<‘1fr+1E S<‘1frE S<quE - S<‘1fr+1E[1]

'I7+1 \L rlrl \L ln%‘rl [1]

Osof,, [E—— Osof E—— Ds_g5,E —— (Ds<,1fr+1E[1]

and due to the inductive hypothesis and the fact that the natural transfor-
mation s.gs, = s, is an isomorphism, the result is proven. [

Remark 4.2.33. If Y — X is the morphism given in Theorem 3.2.12, notice
that there exists a non-empty open subscheme U C X such that the induced
morphism f: Y xx U — U satisfies:

(*) the morphism f, ; is a composition —>—+ where r is a radicial finite flat
surjective morphism and e is an étale finite surjective morphism, and
both are morphisms between smooth k-schemes.

For the following results we use the following hypotheses:

(**) Let H* be a stable homotopy 2-functor, S the spectrum of a k a perfect
field of exponential characteristic p, and q € Z. Suppose that E € H(k)
is a Z[;]—local object such that s,E and E have a weak structure of
smooth traces for every r < g+ 1. Let f : Y — X be a finite flat
surjective morphism in Sch(k) and a : X — k the structural morphism.

Lemma 4.2.34. Assume the hypotheses (**). If f satisfies the condition (*)
of Remark 4.2.33. Then

£F (f,Ex) € TIHX)T.

Proof. Let i: Y,y — Yand i : X,.q — X be the canonical closed immersions
and Y,y — W = X,.4 the factorisation.

r e
Yred >~ W > Xred

] I

Y 7 X

Tk

The canonical natural transformation id — i,i* is a natural isomorphism
(Theorem 4.2.11(1d)) and so the canonical morphism f,f*(f, Ex) — fidf (f,Ex)
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is an isomorphism. So it suffices to show that f,i.i*f* (f,Ex) € ZIH(X)¥.The
morphism fi also factors as ier. Now both i* and e* commute with f, (Corol-

lary 4.2.26) and i, and e, preserve YIH¥ (Lemma 4.2.17), so it suffices to
show that r.r*(f,Ew) € SIH(W)¥. By additivity, it suffices to consider the
case when W and Y,.; are connected. That is, we assume that r : Y,.,g =& W
is a radicial finite flat surjective morphism between connected smooth k-
schemes in Sch(k).

We claim that f Ew — r.r"f Ew is actually an isomorphism. By Lemma 4.2.32
to prove this claim it suffices to show that Ey — r.r*Eyw and s,Ey — r,.r*s,Ey
are isomorphisms for all r < g (to see that r.r* preserves colimits, notice that
it has a right adjoint r,#* by Theorem 4.2.11(1b)). To show that these are
isomorphisms, by Lemma 4.2.31 it suffices to show that E € H(k) is Z[}]-local
where d = deg(Y,.s — W). By assumption E is Z[;]—local and so it suffices
to show that d is a power of p. Using the assumption that Y,.; and W are
connected, we have d = [k(Y,.4) : k(W)] and since this is radicial, its degree
must be a power of p, and we are done. [

Proposition 4.2.35. Assume the hypotheses (**). For all r < q
L (fEx) € THOOY.

Proof. 1t suffices to consider the case q = r because the hypotheses are stable
under lowering q. We use induction on the dimension of X. Suppose that
f:Y — Xis a finite flat surjective morphism. Since f satisfies the property
(*) of Remark 4.2.33 generically, there exists a dense open U of X such that
U X f satisfies the property (*). We form the following cartesian squares

Z——=Y<~—1U

vk

Z4i>X<TU

Consider the exact triangle jj' — id — i,i* — j;j'[1] evaluated on the object

LS (f,Ex):
j (FF (FEx)) = £ (f,Ex) = ini* (£ (F,Ex)) = jif (£ (F,Ex)) 1]

By projective base change (Theorem 4.2.11(4a)) this triangle is isomorphic
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to the triangle
(:8.877") (f,Ex) = £ (f,Ex) = (el f1) (f,Ex) — (1g.877") (f,Ex) 1.

We will show that (j,g,g"")(f,Ex) and (if.f i")(f,Ex) are in TIH(X)4# and the
result will follow since 21H(X)¥ is triangulated.

By Theorem 4.2.29 we have an isomorphism i*quX = fqi*EX, by definition
f,i"Ex = f,Ez, and so by induction ff(quz) gffi*(quX) € XIH(Z)¥. Lastly,
by Lemma 4.2.17 i, preserves 2?H¥ and so (i.f,f"i*)(f,Ex) € ZH(X)¥.

For the other corner of the triangle, by Theorem 4.2.29 we have an isomor-
phism j*f Ex = f j*Ex, by definition fj*Ex = f Ey, and so by Lemma 4.2.34
8.8 f,Ev = g.87" (f,Ex) € SIH(U)¥. Lastly, by Lemma 4.2.17 j, preserves ZH
and 50 jg,¢"j* (fEx) € ZH(X)¥. O

Proposition 4.2.36. Assume the hypotheses (**). The functor f.f* on H(X)
satisfies (Pel0), (Pell)<gi,, and (Pel2)<, for Ex. Consequently, the mor-
phisms

a,(E) : f.f (f.Ex) = ff.f Ex
B.(E) : f.f (siEx) — sf f Ex

are isomorphisms for all r < q.

Proof. Proposition 4.2.35 says precisely that (Pell)<g,, is satisfied. Both f,
and f* are right adjoints (Theorem 4.2.11) and so (Pel0) is satisfied. Consider
s,Ex for some r < q. By Theorem 4.2.29 there is a canonical isomorphism
f's:Ex = s,f Ex and so since f, preserves SH* it follows that (Pel2)<, is satis-
fied. For the stated isomorphisms we need only to recall Theorem 4.2.25. [

Remark 4.2.37. We note some consequences of Proposition 4.2.36. We keep
the notation used in the statement. Combining this proposition with The-
orem 4.2.29 we have canonical induced isomorphisms f : f,s,f Ex — sf.f Ex
that fit into diagrams

sofu [ Bx = fosof Bx — = f s,Ex

Consequently, these p satisfy the same functoriality as those mentioned in
Lemma 4.2.23. The same applies to isomorphisms B : f.s.(af)*E — s,f,(af)*E
and the analogous a with f,.
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4.3 TRACES IN THE CONTEXT OF A STABLE HOMOTOPY 2-
FUNCTOR

In this section we develop a notion of an object E of H(S) having a structure
of traces. We show that this induces a structure of traces on the slices s,E
(and the same proof shows that there is an induced structure of traces on
the connective covers qu. If E is a monoid object, we show that we get an
induced structure of traces on every E module.

4.3.1 DEFINITION

We make the following definition.

Definition 4.3.1. Let H, be a covariant 2-functor assigning to every object
X € Sch(S) an additive category H(X), and each morphism f: Y — X in Sch(S)
an additive functor f, : H(Y) — H(X). Let E_ be a section of H,. That is, for
each scheme X we are given an object Ex € H(X), for each morphism f: Y — X
of schemes we have a morphism ¢ : Ex — f,Ey and these morphisms satisfy a
suitable coherency condition.

A structure of traces on the section E_ is the data of a morphism Try :
f.Ey — Ex in H(X) for each finite flat surjective morphism f: Y — X in Sch(S)
and these morphisms are required to satisfy the following axioms.

(Fon) If we have W 5 Y 4 X in Sch(S) with f and g finite flat surjective then
Trp = Trpo f, Tr,. That is, the following diagram commutes.

f.8.Ew — (fg)-Ew (4.2)

f.Trg l l Trg,

f*EY T EX

where the isomorphism is the connection isomorphism f, g > ().

(CdB) Suppose that (3.1) is a cartesian square in Sch(S) with f finite flat sur-
jective. Then ¢, o Try = p,Tr, o f,c;. That is, the following diagram
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commutes

Tr,
1.8, Evxw — > p,Ew (4.3)
f* q*EYXXW @

f*c‘iT

f*EY T EX
where the isomorphism is built out of the connection morphisms of the
2-functor H,.

(Deg) If we have Y J X in Sch(S) with f a finite flat surjective morphism of
constant degree d then the composition of Trs : f,Ey — Ex with the
connection morphism ¢ : Ex — f,Ey is d times the identity. That is, we
have

TI‘fo = d . ldEX

Lemma 4.3.2. Continuing with the assumptions and notation of of Defini-
tion 4.5.1 suppose that for every morphism p : W — X in Sch(S) the functor
p, has a left adjoint p* : H(X) — H(W). Then (CdB) is equivalent to:

(CdB') The following diagram commutes

Tr,
8. Eyxxw —— Ew (4.4)
8. C;T
8.9 Ev 4

|

P LBy = P Ex

where the ¢ are the adjoints to the ¢ and the unlabelled morphism is the
canonical comparison morphism built from adjunctions p*f, — p*f.q.94" =

P'p.8.a 8.4
Proof. This is an exercise in adjunctions that is left to the reader. ]
Definition 4.3.3. In the notation and assumptions of Lemma 4.3.2, suppose

we are given an object E € H(S) over the base scheme. A structure of traces on
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E is a structure of traces on the canonical section that associates toa: X — S
the object a*E, and to a morphism f : ¥ — X the unit of the adjunction
¢s: a*'E — f.f'a*E = f,(af)*E. That is, for every Y Lxss with f finite flat
surjective, we have a morphism

Trs: f,(af)'E — a”E
and these morphisms satisfy the appropriate axioms.

The following two lemmata are clear from the definitions.

Lemma 4.3.4. In the notation of of Definition 4.5.1, let E_ be a section
of Hy. The presheaf F : Sch(S) — H(S) that sends an S-scheme a : X — S
to the object a,Ex and a morphism f : Y — X to the morphism a.Ex —

a.f,Ey = (af).Ey has a canonical structure of presheaf with traces in the sense
of Definition 3.3.1.

Remark 4.3.5. An immediate consequence of this lemma is that for every
object E' € H(S), the presheaf of abelian groups sending an S-scheme a : X —
S to the abelian group homys)(E', a.Ex) also have a structure of presheaf with
traces. In particular, if H is the Morel-Voevodsky stable homotopy category
and E € SH(S) is an object with traces, then for each p, q € Z the presheaf on
Sch(S) that takes a : X — S to homsys) (2 %15[2q — pl, a.a*E) has a canonical
structure of traces. Due to the adjunction (aya*, a.a*) when a is smooth, the
restriction of this presheaf to Sm(S) agrees with the cohomology sheaf EP1(—)
of E defined in [Voe98, Section 6.

Lemma 4.3.6. Suppose that H, and H. are two 2-functors as in Defini-
tion 4.3.1 and ¢ : H, — H2 is a morphism between them. Let E_ be a section
of H.. If E_ has a structure of traces, then there is a canonical induced
structure of traces on the canonical section ¢E_ of Hz.

4.3.2 'TRACES ON SLICES

Proposition 4.3.7. Let H* be a stable homotopy 2-functor, suppose S is the
spectrum of a perfect field k, and p its exponential characteristic. Suppose
that E € H(k) is a Z[;]—local object with a structure of traces, and such that
sE has a weak structure of smooth traces for allr < q+1. Then f E and s,E
both have canonical structures of traces.
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Proof. The proof for f,E and s;E is the same. We give the proof for s;E.

Consider morphisms of schemes Y X 5 k with f finite flat surjective.
After Proposition 4.2.36 and Theorem 4.2.29 we have canonical isomorphisms
f.(af)*sgE = sof (af)*E and a*s,E = s,a”E which are functorial in an appropriate
way (see Lemma 4.2.23 for the details). These give rise to candidate trace
morphisms

f.(af)"s4E = sf f'a"E iy sqa"E = a’s,E

induced by the trace morphisms Try of E. We will label these new morphisms
Tr}q. The diagrams that we wish to prove commute are the following.
Functoriality:

f.8.(afg)*s;E —> (fg).(afg)*s,E
o] E
f* (af) *S‘IE Tr} a*s‘iE

Base-change (Lemma 4.3.2):

5q

Tr,
8. (apg)*ssE —— (ap)*s,E

|

g* q* (af) *S‘iE

|

pf(af)"seE — > p a’ssE
4 Trf

Degree:
* * Tr;q *
a SqE 4>f* (af) qu ——=a SqE

deidye o

Each of these diagrams arises in the following way. We begin with a 2-
category I of a special form: there exists some positive integer n and a 2-
functor I — {o,...,n} sending each object of I to a unique object of the
totally ordered set {o,...,n} considered as a 2-category with no non-identity
2-morphisms. We identify the objects of I with the objects of {o,...,n}. Then
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we have a 2-diagram F : I — Cat such that there exists a (not necessarily
unique) scheme X; for each object i of I such that F(i) = H(X;). We have an
object E' € H(X,) and consequently, an induced diagram Fg in H(X,,) indexed
by the 1-category hom;(o,n).

For example, in the case of (Deg), E' = s;E, and we could take S, X,Y,X
to be the sequence X, ..., X, of schemes. The 1-functors involved are the
a*,f*.f., (af)*, d-idn(x), and their various compositions such as f*a*, f,f"a*, f, (af)* etc.
The two functors are made from the various connection isomorphisms such
as (af)* = f'a* and their horizontal and vertical compositions. What we
would like is that the p of Lemma 4.2.23 induce an isomorphism of diagrams
between the diagram Fp just described, and the diagram s,Fg obtained in
the same way, but starting with E and and applying s, at the end. The
functoriality described in Lemma 4.2.23 says precisely that this is true. [

4.3.3 TRACES ON MODULES

Now we continue with a covariant 2-functor H, as Definition 4.3.1 but we
further assume that it factors through the 2-category of additive monoidal
categories with lax functors. That is, each of the categories H(X) is equipped
with a product ® and for every morphism f: ¥ — X of S-schemes we have a
binatural transformation f,(—) ® f,(—) — f,(— ® —) which are not required
to be isomorphisms (and in practice they won’t be). These binatural trans-
formations are required to be compatible with the isomorphisms (gf). = f.g,
in the obvious way.

Given such a structure, the category of sections of H, has an obvious
product structure where the product of two sections E_, F_ associates to a
scheme X the object Ex ® Fx and to a morphism f: Y — X the composition
Ex ® Fy — f,.Ex @ f, Fy — f,(Ex ® Fy).

Example 4.3.8. If H a unitary monoidal stable homotopy 2-functor in the
sense of [Ayo07, Definition 2.3.1] then all the above assumptions are satisfied.
The functors f, are lax monoidal due to the f* being strong monoidal (i.e.,
the f'(— ® —) — f* — ®f — are isomorphisms). In particular, this applies to
the Morel-Voevodsky stable homotopy category SH as well as the 2-functor
of E-modules obtained from a ring spectrum in SH(S).

Definition 4.3.9. With the assumptions and notation just established, we
will say that a section E_ is cartesian if for every section F_ and every
projective morphism f: Y — X the morphism Ex ® f,Fy — f,(Ey ® Fy) is an
isomorphism.
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Example 4.3.10. In the example of a unitary monoidal stable homotopy
2-functor mentioned above, if we have a section E_ which is cartesian in
the sense that the connection morphisms f'Ex — Ey are isomorphisms, then
E_ is cartesian in the sense of Definition 4.3.9 (see [Ayo07, Theorem 2.3.40,
Theorem 1.7.17)).

Proposition 4.3.11. Let H, be a covariant 2-functor of additive monoidal
categories with lax functors as described above. Suppose that E_ and F_ are
two sections. If E_ is cartesian (Definition 4.3.9) and F_ has a structure of
traces, then there is a canonical structure of traces on the product (E® F)_.

Proof. Suppose f: Y — X is a finite flat surjective S-morphism. To define
trace morphisms f, (Ex ® Fy) — Ex ® Fy we use the isomorphism f, (Ey ® Fy) <
Ex @ f Fy coming from the assumption that E_ is cartesian, composed with
the traces on F_. We will denote these morphisms by TrJi@.
Each of the axioms are satisfied as a result of the functoriality and com-
patibility conditions that we have asked for. Here are the diagrams.
Functoriality:

f.8.(Ew ® Fw) (fg)*(Eva ® Fy)
f.(By ® g,Fw) <—— Ex ® f,g,F; =—— Ex ® (fg) .Fw
f.(Ey ® Fy) <——— Ex ® f,Fy Ex ® Fx

Base-change:

p.8. (Evxxw ® Fyxyw) <—— p, (Ey ® g, Fy) — p, (Ey ® Fy)

|

EX ® p*g*FYXXW — EX & p*FYXXW

f.4.(Eyxxw ® Fysyw) <— Ex ® f,q, Fysxw

]

f.(Ey ® Fy) Ex ® f,Fy

Ex ® Fx
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Degree:

Ex®Tr.
Ex ® f.Fy — > By ® Fyx

E

EX ® PX 4>f*EY ®f*FY 4>f*(EY ® FY)
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Motivic applications

5.1 INTRODUCTION

N this chapter we use the previous material to give a proof of Theorem 5.3.1

which is our main technical result. We then demonstrate how this theo-
rem may be applied to obtain Z[;] linear versions of results that previously
assumed resolution of singularties.

In Section 5.2 we show that the object HZ representing motivic cohomol-
ogy in the Morel-Voevodsky stable homotopy category has a weak structure
of smooth trace (Definition 4.2.27, Proposition 5.2.1) and that the object
representing algebraic K-theory has a structure of traces (Definition 4.3.1,
Proposition 5.2.3). Applying the material of the previous chapter and a the-
orem of Levine ([Lev08, Theorems 6.4.2 and 9.0.3]), this implies that every
HZ[>]-module has a structure of traces (Corollary 5.2.4).

In Section 5.3 we prove Theorem 5.3.1. The main technical results that we
use are Corollary 5.2.4, Theorem 3.8.2, and a result of Cisinski applying a
theorem of Ayoub that says that every object in the Morel-Voevodsky stable
homotopy category satisfies cdh descent.

In Section 5.4 and Section 5.5 we show how Theorem 5.3.1 implies Z[}—‘,]—
linear versions of all the results in [F'V00] and [VoeOOb] without having to
use resolution of singularities. We show in Section 5.6 how this works for
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[Sus00].

In Section 5.7 we use the f¢dh topology and the theorem of Gabber to
give a partial answer to a conjecture of Weibel about vanishing of algebraic
K-theory (Theorem 5.7.1).

5.2 SOME OBJECTS OF SH(k) WITH TRACES

In this section we show that the object representing motivic cohomology in
SH(S) has a weak structure of smooth traces, and the object representing
algebraic K-theory has a structure of traces.

Proposition 5.2.1. Suppose S is a noetherian scheme. The object HZ €
SH(S) that represents motivic cohomology ([Voe98, Section 6.1]) has a weak
structure of smooth traces (Definition 4.2.27).

Remark 5.2.2. We can construct by hand a structure of traces on the section
HZ_ which assigns to each scheme X € Sch(S) the object HZx representing
motivic cohomology defined by Voevodsky. This is a consequence of the
component terms of each spectrum HZx being presheaves with transfers on
Sch(S). However, for our purposes we need a structure of traces on the section
(—)*HZy determined by the object HZ; € SH(k), and for non-smooth schemes
a: X — S it is an open conjecture ([Voe02, Conjecture 17]) whether a*HZs is
isomorphic to HZx.

Proof. Let Comp(Shvy;(SmCor(S))) denote the category of unbounded chain
complexes in the abelian category Shvy;s(SmCor(S)), and denote by D(Comp(Shvyis(SmCor(S))))
its associated derived category (obtained by localising at quasi-isomorphisms).
The category DM¥(S) is by definition the localisation of D(Comp(Shvy(SmCor(S))))
at the class of morphisms Ly;(AY) — Lyi(X) for all X € Sm(S) (recall the
notation from Definition 3.3.8).

First we claim that every object of Comp(Shvyis(SmCor(S))) has a weak
structure of smooth traces as a section of Comp(Shvy;(SmCor(—))). Con-
sider the 2-functor Shvy;(SmCor(—)) on Sch(S). For any smooth scheme
a: X — S the functor a* is just restriction (—)|smcor(x) : Shvnis(SmCor(S)) —
Shvnis(SmCor(X)) and for any morphism f: X — S the functor f, is composition
with X x5 — : SmCor(S) — SmCor(X). Let a: X — S be a smooth morphism
and f: Y — X a finite flat surjective morphism with af smooth as well. Note
that since f is finite, f, : PreShv(Y) — PreShv(X) is exact and preserves Nis-
nevich sheaves. We can explicitely describe the functors f,(af)* and a* on
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Comp(Shvyis(SmCor(S))) by evaluating them on a sheaf F € Shvy;(SmCor(S)),
and describing the two resulting sheaves f, (af)*F and a*F in Shvy;(SmCor(X))
by evaluating them on an object U € SmCor(X). We have (f,(af)*F)(U) =
F(Y xx U) and ((af)*F)(U) = F(U), and the correspondence ['f] : [X] — [Y] in
SmCor(S) (Definition 2.5.2) gives us a morphism between these two groups.
Since (CdB) is satisfied in SmCor(S) (Proposition 2.5.8) these morphisms are
functorial in the appropriate way and we obtain a canonical natural transfor-
mation f, (af)* — a*. Moreover, since (Deg) is satisfied in SmCor(S) (Proposi-
tion 2.5.8), the composition a* — f, (af)* — a* is d times the identity when f
is of constant degree d. Hence, the claim.

Let L denote the cokernel of the morphism L(s) : Lyi(S) — Lyis(Py) given
by the section s : S — P§ at infinity. To obtain the category DM(S) we
formally adjoint a tensor inverse to L. That is, we consider the category
Spy (Comp(Shvyis(SmCor(S)))) of L-spectra in Comp(Shvyi(SmCor(S))). Such
a spectrum is a sequence (Ko, K,,...) of objects of Comp(Shvy;(SmCor(S)))
together with connection morphisms K, — hom(L, K,+,). Let p : Py — S be
the canonical projection. We will use the same notation p for bases other
than S as well. Let Qg = ker(p,p*(—) — (—)) where the morphism is induced
by the unit of the adjunction id — s.s* and the identity ps = id. There is a
canonical isomorphism Qg = hom(L, —).

To show that the trace morphisms we defined above pass to L-spectra, we
must show that the following square is commutative.

f*(af)*K,, — Qxf, (af) 'Kyt

| |

a*K, Qxa*K, 4,

We can see this immediately by evaluating on an object U € Sm(X) as we
obtain the following square.

K, (Y xx U) — ker (KHI(Y Xx UxXxPy) = Ko (Y Xx U))

|

ker (Kn+1(U Xx Pk) — I<n+1<U))

K,(U)
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For a morphism f and a smooth morphism a the functors a* and f, preserve A'-
local objects as they have left adjoints which preserve representables. When
f is finite they are also both exact. Consequently, we have shown that every
object of DM(S) has a weak structure of smooth traces.

Finally, we observe that HZs € SH(S) is by definition the image of the
object represented by S in DM(S) and that for smooth morphisms a : X — S
we have a*HZg = HZy. It now follows from Lemma 4.3.6 that HZs (and
indeed, any object in the image of DM(S) — SH(S)) has a weak structure of
smooth traces. [

We now turn our attention to algebraic K-theory. See [Wei89] for ho-
motopy invariant algebraic K-theory and [Cis12] for its representability in
the Morel-Voevodsky stable homotopy category. We recall one construction
of the object KH in SH(S) that represents homotopy invariant algebraic K-
theory. For a category C we denote by Sp,(C) the category of presheaves of
S*-spectra on C. When C = Sm(X) for some scheme X € Sch(S) we denote by
Spp (Spg: (Sm(X))) the category of P*-spectra in Spg, (Sm(X)) where IP* is pointed
at infinity. By definition, SH(S) is the homotopy category of Spy,Spg (Sm(X)),
where Spg, (Sm(X)) is given the model category structure that is the Bousfield
localisation with respect to A* invariance and Nisnevich descent. The nota-
tion f*,f, will be overused, sometimes referring to inverse image and direct
image of Ox-modules, and sometimes referring to inverse image and direct
image of presheaves of S'-spectra, or P'-spectra. It should be clear from the
context which is intended.

We will end up discussing four different incarnations of K-theory: a presheaf
of S-spectra on Sch(S), a section of the 2-functor Spg(Sm(—)), a section of
the 2-functor Spp,Sp,(Sm(—)), and a section of the 2-functor SH(—).

1. K, a presheaf of S*-spectra on Sch(S). Following [T'T90, 3.1] (cf. [TT90,
Definition 1.5.3] and [T'T90, Lemma 3.5] as well) we denote by K(X)
the S*-spectra associated to the biWaldhausen category of perfect com-
plexes on the scheme X € Sch(S). In order to end up with an actual
presheaf of §'-spectra (instead of just a a lax functor), when we say per-
fect complex, we mean a presheaf on Sch(X) (as opposed to the small

Zariski site of X) with the appropriate structure and properties (see
[F'S02, Section C4]).

2. K_, a section of the 2-functor Spy(Sm(—)). For a scheme X € Sch(S)
we define Ky = K| sm(x) as the restriction of K to smooth schemes over
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X for X € Sch(S). For a morphism of S-schemes f: Y — X, we have a
corresponding adjunction of presheaves of S'-spectra

f: SPS*(‘S’”(X)) = SPSI(S’"(Y)) :f.

with the right adjoint given by f,E(—) = E(Y xx —). Hence, there is a
canonical morphism Ky — f Ky. The Kx together with these canonical
morphisms give a section K_ of the 2-functor Spg (Sm(X)).

3. Ky, a section of the 2-functor SpySps(Sm(—)). For each scheme X €

Sch(S) define F(X) = hofib(K(P%) %) K(X)) where oo : X — P is the

closed embedding at infinity. These F(X) form a presheaf of S'-spectra.
As with K, define Fx = F |sm(x) as the restriction of F to smooth schemes
over X for X € Sch(S).

On P, choose a global section of O(1) whose fibre at infinity is invertible.
There is a corresponding morphism O — O(1) which can be regarded
as a perfect complex concentrated in (cohomological) degrees o and 1.
Its pullback to Spec(Z) along oo is acyclic. We will denote this complex
by u. Inverse image gives us a corresponding complex on P§ for every
scheme X which we will denote by uyx. Let p : Py — X be the canonical
projection. We consider the map ux ® p*— : Perf(X) — Perf(P%). Notice
that as we are using big vector bundles ([FS02, Section C4]) this is
natural in X. Notice also that this is exact as p is flat and ux is a complex
of vector bundles. Denote the corresponding map of K-theory spectra
by b : K(X) — K(P%), also natural in X. The composition co*(ux ®@p*) is
(co*ux) ® —, tensor with an acyclic complex of vector bundles. Hence,

b gives rise to a map B : K(X) — F(X) = hofib(K(PP%) ) K(X)), natural

in X. That is, we have a map of presheaves of S'-spectra

B:K—F.

It follows from our definitions and the fact that p : Py — X is smooth
that there is a canonical isomorphism Fx = hom(IPy, Kx) in Ho(Sp, (Sm(X)))
where P§ is pointed at infinity. Via this canonical morphism, the
morphisms p give rise to a P*-spectrum (Kx, Kx, Ky, ...) in Sp,(Sm(X))
which we call Ky.

4. KH, the object representing homotopy invariant K-theory in SH(X).
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Finally, the localisation KHy of each Ky in Spp,Spg (Sm(X)) with respect
to Nisnevich descent and A'-homotopy (that is, a fibrant replacement
for the localised model category structure) gives the object in SH(X)
representing homotopy algebraic K-theory (see [Cis12]).

Proposition 5.2.3. The object KH € SH(S) that represents homotopy in-
variant algebraic K-theory has a structure of traces (Definition 4.5.1).

Proof. Each of the four incarnations of algebraic K-theory mentioned above
will have traces in their own sense, and each one induces the traces on the
next. For the “trace” morphisms that we will associate with K (resp. K_,
K_,KH) we will use Trf (resp. Trjfl, Trj]?l, Try).

We begin with traces on K and the properties we need. The construction of
K is functorial in complicial biWaldhausen categories. Notably, for each finite
flat surjective morphism f: Y — X we obtain a corresponding exact functor
f. : Perf(Y) — Perf(X) between the corresponding biWaldhausen categories of
perfect complexes. Hence, there are morphisms Trf : K(Y) — K(X). Due
to the functoriality and the standard properties of Ox-modules we have the
following properties. For a morphism f: Y — X, we denote by K(f) : K(X) —
K(Y) the morphism of spectra induced by inverse image f* : Perf(X) — Perf(Y)
(discussed in [TT90, 3.14]).

Functoriality. (cf. [TT90, 1.5.4]) f W 5 v 4, X are finite flat surjective
then we have a homotopy TrfTry = Trg.

Base-change. (cf. [TT90, 3.18]) If we have a cartesian square (2.10), then
there is a homotopy K(p)Trf = TriK(q).

Degree. (cf. [TT90, 1.7.3.2]) If f: Y — X is finite flat surjective and there
is an isomorphism f,Oy = O% then there is a homotopy of maps of S*-spectra
TrfK(f) = d - K(idx).

Suppose that f: Y — X is a finite flat surjective morphism. To ease the
notation we use f for the induced morphism P;, — P} as well, and p for

both projections Py — X and P}, — Y. Recall that above we have defined

F(X) = hofib(K(P) 3 k(x)).

After the base-change property, the morphisms Tr* induce a morphism
Trf : F(Y) — F(X). We claim that the following square on the left is commu-
tative up to homotopy. This follows from the commutativity of the square in
the middle up to homotopy, which is a consequence of the commutativity of
the square on the right up to natural isomorphism. This latter commutativ-
ity is a consequence of the projection formula f, (uy @ p*—) = f, (fux @ p*—) =

134



ux ® f,p*(—), and base change p*f, = f.p*.

K(Y) - F(y) K(Y) =% K(P}) Perf(Y) % Perf(P})
Trfi T Trﬁl iTrﬁ f*l lf*
K(X) > F(X) K(X) — K(P}) Perf(X) —= Perf(Py)

That is, B : K — F (defined above) is a “morphism of presheaves of §*-spectra
with traces” (although we haven’t formally defined what that means).

Now we pass to the sections K_ of the 2-functor Ho(Spg(Sm(—))). We
will use the above properties to show that K_ has a structure of traces as
a section. Recall that for f: ¥ — X a morphism of S-schemes, we have a
corresponding adjunction of presheaves of S'-spectra

[ Spg(Sm(X)) 2 Spe(Sm(Y)) : f,.

Due to the base-change mentioned above, if f is finite flat surjective we have
a morphism of presheaves of S'-spectra T rfl . f.Ky — Kx induced by the
morphisms TrX.

Functoriality, Base-change, and Degree. These follow immediately from
the corresponding properties of the Tr® and the description of f, as f,E(—) =
E(Y xx —).

Periodicity. Via the canonical isomorphism Fx = hom(IPy, Kx) in Ho(Spg, (Sm(X))),
the traces Trjf that we have defined in F_ correspond to the morphisms
hom(Py, f,Ky) — hom(PY, Kx) induced by the traces Trf of K_. Hence com-
mutative diagrams

£y 2. £ hom(Py, Ky) —— hom (P, f.Ky)
Trfl J/lwm(Pk,Ter)
KX I M(PTX_? KX)

where the g : Kx — hom(IPy, Kx) are the morphisms corresponding to the
'B . I<X — Fx.
Recall that for any morphism f: Y — X of schemes there is an adjunction

[ SppSpg (Sm(X)) = Spp.Spg (Sm(Y)) : f,
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with the right adjoint given by f, (E,,E,,...) = (f,Eo,f.E,,...) and the new
structural morphisms are the compositions f,E, — f, hom(P%, E,.+,) = hom(P%, f.E,.).
It follows from our remarks on periodicity that when f is finite flat surjective

we have induced trace morphisms Try" : f,Ky — Ky.

Functoriality, Base-change, Degree. These follow immediately from the
corresponding properties of the TrS and the description of f, that we have
given. Hence, the section K _ has a structure of traces.

Now we consider KHy. The category SH(X) can be presented as the
localisation of the homotopy category Ho(Spp (Sm(X))) with respect to A-
localisation and Nisnevich descent. Inverse image preserves Nisnevich hyper-
covers, and the projections A}, — U so the class of morphisms that we are
localising with respect to is preserved. Consequently, direct image preserves
local objects. That is, the localisation functors Ho(Spp (Sm(X))) — SH(X)
satisfy the properties required to apply Lemma 4.3.6 to the section K_ of the
2-functor Ho(Spp, (Sm(—))). H

Corollary 5.2.4. Suppose k is a perfect field of exponential characteristic p.
Every object in the category HZ[;]k—mod has a structure of traces.

Proof. We have seen that KH has a structure of traces (Proposition 5.2.3)
and after work of Levine we know that the zero slice of KH is HZ ([Lev08,
Theorems 6.4.2 and 9.0.3]). Hence, HZ has a structure of traces (Proposi-
tion 4.3.7). Moreover, HZ-mod is also a stable homotopy 2-functor with HZ
as the unit for the smash product (as in Remark 5.2.2, we are referring to
the section that to a scheme a : X — k associates the ring spectrum a*HZ,
as opposed to HZy). So applying Proposition 4.3.11 shows that every object
of HZ-mod has a structure of traces. [

5.3 RESOLUTION OF SINGULARITIES FOR RELATIVE CYCLES
In this section our goal is to prove the following theorem.

Theorem 5.3.1. Let k be a perfect field of exponential characteristic p.
Suppose that F is a presheaf with transfers on Sch(k) such that chh®Z[;} = o.
Then C, (Flsm )nis @ Z[3] is quasi-isomorphic to zero.

Recall that the 2-functor X — SH(X) factors through a 2-functor X
A (X) where
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1. for each X € Sch(S) the category .# (X) is a stable model category (hence
enriched in symmetric S'-spectra [Dug06]) which is combinatorial’ and
cellular,

2. for each f: Y — X in Sch(S) the functor f* : #(X) — #(Y) is a left
Quillen functor,

3. for each smooth f: Y — X in Sch(S) the functor f* is has a left adjoint
f, which is a left Quillen functor.

4. for each cartesian square (2.10) with f smooth, the corresponding nat-
ural transformations g,q* — p’f, are isomorphisms.

In other words, . is a stable Sm-fibred combinatorial model category ([CD09,
Definitions 1.1.2, 1.1.9, 1.3.2, 1.3.20]). Moreover, SH is obtained by passing
to the homotopy categories of .#. That is, SH is the homotopy Sm-fibred cat-
egory associated with .# ([CD09, 1.3.23]). These statements follow directly
from the construction of SH given in [Ayo07].

As each . (S) is enriched in symmetric S*-spectra [Dug06], for any pair of
objects £, F € . (S) we can associate a presheaf of §'-spectra that sends a
scheme a : X — S to the S'-spectrum

(F.6)(X) ¥ hom(F, a,a"€).

In the following theorem, “descent” is in the sense of [CD09, Definition
3.2.5]. In the case where .# is the stable Sm-fibred model category that
associates to each scheme X € Sch(S) the corresponding category of presheaves
of §*-spectra Spg, (Sm(—)), this definition of agrees with that of Thomason (see
[Mit97] for the Thomason notion of descent).

Theorem 5.3.2 ([CD09, Corollary 3.2.18]). Suppose that A is a stable Sm-
fibred combinatorial model category over Sch(S) and € € #(S). Let T be
a Grothendieck topology and G a set of generators for Ho(.#(S)). Then &
satisfies T-descent if and only if for every F € G the presheaf of S'-spectra
(F, &) satisfies T-descent.

Remark 5.3.3. The statement in [CD09] is for all F, not just a set of
generators, but a glance at the proof of [CD09, Corollary 3.2.17] shows that
it suffices to consider generators.

!Combinatorial categories were introduced by Jeff Smith. The definition can be found
in [Dug01, Section 2].
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Now for any S the triangulated category SH(S) is compactly generated by
objects of the form £74f,f1s for f: Y — S a smooth morphism and g > o. If
F in Theorem 5.3.2 is of this form and a : X — S is also smooth, then we
have the following canonical isomorphisms

7,(F, €)(X) = hom(ss[n], hom(f,f (£71s), a.a"E))
= hom(f,f (27 %s[n]), a.a’€

= hom(a#a*f#}‘*(l_qls[l’l]), £)
= hom(ZTIZ*X X5 Y [n]), &)

This group is denoted by £*77"%(XxsY) in [Voe98, Section 6] and 7,—4(E) (XX
Y), in [Mor04].

Definition 5.3.4. We introduce the notation
£97(X) £ hom(X %, f 15, a.a"€).

The following corollary is a summary of what we have just discussed.

Corollary 5.3.5. Let S be a noetherian scheme and suppose that t is a
Grothendieck topology in Sch(S). Then an object £ € SH(S) satisfies T-descent
if and only if for every q > o and every smooth S-scheme Y — S the presheaf
of S*-spectra EYY satisfies T-descent.

Due to the isomorphisms mentioned above, after work of Déglise, if £ is
oriented then the Nisnevich sheaf associated to the presheaf 7,£%" on Sm(S)
has a structure of Nisnevich sheaf with transfers ([Dégl1]).

Proposition 5.3.6 ([Dégll]). Let k be a perfect field and € € SH(k) an
oriented object (in the sense of Morel [Vez01, Definition 2.1]). Then for any
n,q € Z and smooth Y — k, the Nisnevich sheaf (ﬂnéq’y)Nis associated to the
presheaf of homotopy groups m,E%" has a structure of transfers on Sm(k).

Proof. The presheaves 7,£7Y(—) and 7,£%5(Y xg —) are canonically isomor-
phic. The functor Y x; — : Sm(k) — Sm(k) lifts to a functor Y x; — :
SmCor(k) — SmCor(k) compatible with the inclusion Sm(k) — SmCor(k) and
so it suffices to show that the Nisnevich sheaf associated to the presheaf
1, £2%®) () has transfers on Sm(k).

First we claim that if £ is orientable, then it is weakly orientable ([Dégll,
Definition 4.2.3]). Recall that the Hopf map 7 : £%°(G,,,1) — 1 is defined as
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the map in SH(k) induced by A*>—{o} — P* after applying £~ [Dégl1, 1.2.6].
As & is oriented, the projective bundle formula holds ([Vez01, Proposition
2.4(ii)] attributes this to Morel) and so for any smooth scheme W and any
linear embedding P* — P* the induced morphism

homgp() (=% (P* X W), E) — homg ) (T'EX(P* x W)y, &)

is split surjective for all i € Z. After the homotopy exact sequence [Mor04,
6.2.1]

22(A = {o})y T EX(P); — EX(P*), — TF(A — {o})4[4

this implies that the morphism homsn)((2n) A TEXW,, E) is zero for all
i € Z and smooth W. Equivalently, the morphism

homSH(k) (ZiJrlZOOWJr? M(’% 5))

is zero for all i € 7Z and smooth W where hom is the internal hom in the
monoidal category SH(k). As the T'Z*°W, form a compact generating
family for the triangulated category SH(k) this implies that the morphism
hom(n, £) is zero. That is, £ is weakly orientable [Dégll, Definition 4.2.3,
Lemma 4.2.2(ii’)].

An equivalent condition for £ to be weakly orientable is that the associated
homotopy modules =, (€). ([Dégll, 1.1.2, Definition 1.2.2, 1.2.3]) are ori-
entable ([Dégl1, Definition 1.2.7]) for each m ([Dégll, Lemma 4.2.2(i)]). One
of the main results of [Dégl1] is that orientable homotopy modules are pre-
cisely those homotopy modules which admit a structure of transfers on Sm(k)
([Dégll, Corollary 4.1.5(2)(i), Corollary 4.1.5(ii)]). By definition, the Nis-
nevich sheaves z, (€); on Sm(k) are the sheaves associated to the presheaves
homsp) (27 (=) 1 [i + m],E) on Sm(k). That is, the presheaves m;;,"#*®,
Hence, the Nisnevich sheaf associated to the presheaf z,£9%°® (—) has trans-
fers on Sm(k) for each n,q € Z. O

We can deduce now the following theorem.

Theorem 5.3.7. Suppose k is a perfect field and ¢ a prime that is invertible
in k. Let £ be an oriented Z-local object (Definition 4.2.28) of SH(k) with
a structure of traces (Definition 4.5.1). Then & satisfies ¢dh-descent. In
particular, every object of HZy)-mod satisfies £dh-descent.
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Proof. Let £ € SH(k) be a Z)-local object with a structure of traces. After
Corollary 5.3.5 it suffices to show that £%" satisfies dh-descent for every
q > o and every smooth Y — k. Let £%Y — & = Hyg(—,E?Y) be the
Godement-Thomason construction [Tho85, 1.33]. The morphism of associ-
ated (dh sheaves (7,E")pan — (7, )¢an is an isomorphism for all n. If we can
show that 7,£%Y — x,£’ is an isomorphism of presheaves for every n then
EPY — £ is a weak equivalence of presheaves of S'-spectra, so £%¥ satisfies
¢dh descent, and we are done.

We know that € and hence £%¥ (Theorem 5.3.2) satisfies cdh descent, since
every object of SH(k) satisfies cdh descent ([Cis12, 3.7]). This gives us a cdh
descent spectral sequence for £%F

E' = Hiy (X, (7" )ean) = 7 £ (X)
together with a morphism towards the fdh descent spectral sequence for &£’
Ei’t = HZdh(Xa (”—tél)édh) = ﬂ—s—tél(X)‘

The first spectral sequence converges since the cdh topology has finite coho-
mological dimension [SV00a, Theorem 12.5]. As we know that (7€) —
(7,E")ean is an isomorphism for all n, it suffices to show that

2 (X (&% )an) = Hyg(X, (w7 E%) an) (5.1)

is an isomorphism for all s, t. This will imply that the morphism of spectral
sequences is an isomorphism, and therefore give the convergence of the second
spectral sequence, and an isomorphism 7,9 (X) = #,&'(X) for all n.

That the morphism (5.1) is an isomorphism will follow from Theorem 3.8.2.
To apply this theorem, we must show that ,£%" is a homotopy invariant
presheaf of Z)-modules with traces such that z,& oY |sm(x) has a structure of
presheaf With transfers and 7,£2Y(U) — 7,27 (U,y) is an isomorphism for
all U € Sch(k). Recall that for a : U — k in Sch(k) we have a canonical
isomorphism

m,E7Y(U) = homspi (2 “Ufuf1sln], a.a"E).

This presheaf is homotopy invariant and doesn’t see nilpotents because the
same is true of the functor Sch(k) — End(SH(k)) defined by (a : U — k) —

. It is a presheaf of Z-modules by our hypothesis that £ is Z-local. It
has traces as a result of £ having a structure of traces (Lemma 4.3. 4) Finally,
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the hypothesis that £ is oriented implies that 7,£%"| sm(k) 1s a presheaf with
transfers after a theorem of Déglise (Proposition 5.3.6). ]

Corollary 5.3.8. Let k be a perfect field and £ a prime that is invertible in k.
Suppose that Xy — X is a smooth {dh-hypercover in Sm(k) of a smooth scheme
a:X — k in Sm(k). Then the corresponding morphism M(X) — M(X) is an
isomorphism in DM¥(k, Z ).

Proof. By Voevodsky’s Cancellation Theorem [Voel0] it suffices to show that
this morphism is an isomorphism in DM(k, Zy). Since the functor M(—) :
Sm(k) — DM(k, Zy)) factors through HZ)-mod it suffices to show that this
is an isomorphism in HZ-mod. By Yoneda’s Lemma, it is enough to show
that the corresponding morphism is an isomorphism after applying hom(—, &)
for each £ € HZ-mod. Let p : X — k and a : X — k be the structural
morphisms. The morphism hom(aga™t,€) — hom(p,p*1, £) is canonically
isomorphic via adjunction to the morphism hom(, a,.a*E) — hom(1, p,p*E).
But this is an isomorphism since & satisfies ¢dh-descent (Theorem 5.3.7). [

We are now in a position to prove Theorem 5.3.1.

Proof of Theorem 5.3.1. 1t is enough to show that C, (F)nis®Z ) quasi-isomorphic
to zero for each prime £ # p. Note that our assumptions imply that Fp, ® Z¢) = o
for each ¢ # p.

Corollary 5.3.8 is precisely the condition [CD09, Proposition 5.2.10|(i), and
[CD09, Proposition 5.2.10](ii") applied to F is the condition that C, (F)ni ® Z¢) = o
since this is the image of F in DM¥(k, Z ;) under the canonical morphism

D(PreShv(SmCor(k), Zs))) — DM (k, Z4)).

Hence, after [CD09, Proposition 5.2.10], the former implies the latter.
We can be a bit more verbose. For T = Nis, /dh we have canonical equiva-
lences

D(PreShv(SmCor(k), Z)))/-ZL: = D(Shv.(SmCor(k), Z(s)))

where ., is the class of cones of morphisms of the form L(X) — L(X) with
X — X a r-hypercovering. In the light of these equivalences, Corollary 5.3.8
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implies that we have a commutative triangle

D(Shvyis(SmCor(k), Zs))) D(Shvan(SmCor(k), Zy))

\/

DM (k, Zy))

(5.2)
As before, C, (F)nis ® Z) is the image of F® Z, in the lower category, and
Fuan @ Zpy is its image in the upper right category. It follows that if Fyg, @ Z )
is zero, then C, (F)yis ® Zy) is zero. O

We have the following easy consequence of our main theorem.

Corollary 5.3.9. Let k be a perfect field of exponential characteristic p and
¢ a prime difference from p. Then there are canonical functors

D(Shvyan(SmCor(k), Zr))) — DMH (k, Zy)
D(Shvean(Cor(k), Z[3])) — DMP(k, Z[3])
which identify the targets as the localisations of the sources with respect to
morphisms of the form L.(AY) — L.(X) for v = cdh,{dh and X € Sm(k).

Proof. The existance of the first functor has already been seen in the proof
of Theorem 5.3.1 and considering the categories in question as localisations
of D(PreShv(SmCor(k), Z))) as discussed in that proof leads to the universal
property which identifies DM¥(k, Zy) as the appropriate localisation. For
the second functor consider the following commutative diagram of functors:

D(Shvyis(Cor(k), Zpy)) — D(Shvyis(SmCor(k), Zy))

|

D(Shvean(Cor(k), Zr)))

(l)i

D(Shvean(Cor(k), Zy)) —a D(Shvean(SmCor(k), Zy))

As a consequence of the theorem of Gabber giving smooth ¢dh covers (Corol-
lary 3.2.13) the functor (2) is an equivalence. Since cdh sheaves with trans-
fers are already ¢dh sheaves (Corollary 3.4.12) the functor (1) is an equality.
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Hence the desired functor, at least with Z) coefficients exists by the exis-
tence of the first functor in the statement, and moreover, it is identified with
the localisation with respect to morphisms of the form L.g(AY) — Legu(X).
Now we have commutative squares

D(Shvea(Cor(k), Z[2])) D(Shvan(Cor(k), Z4»))

| l

D<Shvcdh(cor<k)> Z[;}))/<Lcdh (AB() — Lcdh (X)> DMeﬁ(IQ Z[;])
and the result follows from Section A.2. O
Definition 5.3.10. For X € Sch(k) we will denote by M(X) [;] (resp. M*(X)[7])

the image of c,qui(X/k, 0) (resp. zegui(X/k,0)) in DM¥(k, Z[;]) under the functor
D(Shvegn(Cor(k), Z[j])) — DM¥ (k, Z[;])

Proposition 5.3.11 (cf. [VoeOOb, Theorem 4.1.10]). Let k be a perfect field
of exponential characteristic p. Suppose that X is a scheme of finite type and
F a presheaf with transfers on Sch(k). Then there is a canonical isomorphism

homDMeff(k,Z[;]) (M(X) [ﬁ] , € (Flsm) [;]) = H g, (X, C, (F)can) [;] :

Proof. Use the description of DM¥(k, Z[3]) as a localisation of D(Shvean(Cor(k), Z[3]))
together with the analogue of [VoeOOb, Proposition 3.1.9]. O

5.4 BIVARIANT CYCLE COHOMOLOGY - AFTER FRIEDLAN-
DER, VOEVODSKY

In this section we collect some results of [FV00] for which Theorem 5.3.1
allows us to remove the resolution of singularities assumption.
5.4.1 BIVARIANT CYCLE COHOMOLOGY

Recall the following definition.

Definition 5.4.1 ([F'V00, Definition 4.3]). Let X, Y be schemes of finite type
over a field k and r > o be an integer. The bivariant cycle cohomology groups
of Y with coefficients in cycles on X are the groups

Ar,i(Y7 X) = Hc_di (Ya (Q* (Zequi(Xa ”))cdh)
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The notation 4, ;(X) is also used for the groups A, ;(Spec(k), X).

Theorem 5.4.2 (cf. [FV00, Theorem 5.5]). Let k be a perfect field of expo-
nential characteristic p, let £ be a prime different from p, and suppose F is a
presheaf with transfers on Sch(k).

1. For any smooth scheme U and n > o there are canonical isomorphisms

H (U, €. (F)ua) 2] = H,, (U, €, (Flsngo) o)),

H?dh(U7 (_:* (F)cdh) ® Z(é) = H;dh(Uv Q*(F)Zdh) ® Z(f)'

2. For any separated scheme of finite type X over k, and any n > o the
projection X x A* — X induces isomorphisms
HE (X, €, (Fean) [3] = Higy (X x A", C(F)ean)[3].
Proof. Due to the fact that we can calculate hypercohomology as hom groups
in derived categories of sheaves with transfers, Corollary 5.3.9 gives us

H (U, €. (F)uan) 2] = Ei (U, €, (Flonge i) 2.

That the Nisnevich and Zariski hypercohomology are the same follow from
the hypercohomology spectral sequence and [F'V00, Theorem 5.1(2)]. The
second equality also follows from the hypercohomology spectral sequence
and Theorem 3.4.17. The third equality also follows from Corollary 5.3.9
and calculating hypercohomology using hom’s in the derived categories of
sheaves with transfers. [

Proposition 5.4.3 (cf. [FV00, Proposition 5.9]). Let k be a perfect field
of exponential characteristic p and let X,Y € Sch(k). Then for all r,i the
homomorphisms

A, (Y, X) [;] — A, (Y x A X) [;]

induced by the projection are isomorphisms.
Proof. This is a special case of Theorem 5.4.2 with F = z.g,;(X, r). O

Theorem 5.4.4 (cf. [FV00, Theorem 5.11]). Let k be a perfect field of
exponential characteristic p and let X € Sch(k). Let Y C X be a closed
subscheme of X, and let U,, U, be Zariski open subsets with X = U,UU,. Then
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there are canonical exact triangles (in the derived category of complexes of
sheaves on Sm(k)z,) of the form

]

Zur[ ] — C (Zequt(Y r))Zar[p][ ]

C (Zequt(Y r))Zar[ ] = C (Zequt(X 7)) zarl
— C, (zequi(X —Y,r)

~— =

and

C(zequi(X, 1)) zar[3] = C(2equi(Us, 7)) zar 5] @ C,(2equi(Uss 7)) zan 5]
— Q*(zequi(Ul N U,, ))Zar[ ] —C (zeqm(X r))Zar[ ][ }

Proof. We have a the sequence
o — Zequi(Y7 7') — Zequi(X7 r) — Zequi(X — Y7 7')

where the right-most morphism becomes surjective after taking the associ-
ated cdh sheaves ([SV0Ob, Theorem 4.2.9], [SV00b, Theorem 4.3.1]). Hence,

1

by Theorem 5.3.1 after applying Q*(—)[;] we get a short exact sequence of

complexes of Nisnevich sheaves on Sm(S). That this is also a short exact
sequence of complexes of Zariski sheaves is [F'V00, Lemma 4.1] and [F'V00,
Theorem 5.1].

The proof for the second sequence is the same using [SV00b, Corollary
4.3.2] instead of [SV00b, Theorem 4.3.1]. O

Corollary 5.4.5 (cf. [FV00, Corollary 5.12]). With the notation and as-
sumptions of Theorem 5.4.J for any scheme U € Sch(k) there are long exact
sequences

...A,,,'(U, Y)[ ] —>A”(U X)[ ] —)A,,(U X — Y)[ ] —>A,7i_1(U, Y)[;] —
and

...A,,i(U,X)[i] — AU U
— A,i,(U, X)

8 AU, U] = Au(U, U, NG, ) 2]
i
Proof. Use Theorem 5.4.4 Corollary 5.3.9, and the fact that we can calculate

hypercohomology in the derived category of sheaves with transfers. [

Theorem 5.4.6 (cf. [FV00, Theorem 5.13]). Let k be a perfect field of
exponential characteristic p and let X € Sch(k). Let Z C X be a closed

=

—

145



immersion and X' — X a proper morphism in Sch(k) such that X' — X is an
isomorphism outside of Z. Let Z' = Z xx X'. Then there is a canonical exact
triangle (in the derived category of complexes of sheaves on Sm(k)z,,)

Co(2equi(Z', 1)) zar[3] = C,(2equi(Z, 7)) 2|
= C,(Zequi(X, 7)) zar|

J®C, (zequi(X/7 r))Zar[;]
] — Q* (zequi<zla r))Zar ;] [1]

1
p
1
p

Proof. Exactly the same as for Theorem 5.4.4 using [SV00b, Proposition
4.3.3] instead of [SV00b, Theorem 4.3.1]. O

Corollary 5.4.7 (cf. [FV00, Corollary 5.14]). With the notation and as-
sumptions of Theorem 5.4.0, for any scheme U € Sch(k) there is a canonical
long exact sequence of the form
AU Z)E] = AU Z) 5] @ AU X)) 2] = AU, X))
= A (U, Z)[] — ...
Proof. As for Corollary 5.4.5. ]

5.4.2 DUALITY

We now turn to the section on Duality.

Remark 5.4.8. We recall that all the material in the subsection “The moving
lemma” [F'V00, Section 6] apply to varieties over an arbitrary field k. This
is pointed out in the first paragraph of that section. This is also true of
[F'V00, Theorem 7.1]. The assumption that the base field admits resolution
of singularities is said to resume between [F'V00, Theorem 7.1] and [FV00,
Lemma 7.2], but the latter doesn’t use it (if we take the smoothness of U as
an assumption). It is needed for [F'V00, Proposition 7.3] and the material
which follows it.

Definition 5.4.9 (cf. [FV00, after Proposition 2.1]). For X, U € Sch(S) and
r > o the presheaf z..,;(U, X, r) on Sch(S) is defined as

Zegui(U, X, 1) (=) = Zequi(X/S,7)(— x5 U).

That is, it is the composition of zg;(X,r) with the endomorphism — xg U of
the category Cor(S).
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Recall that the correspondence homomorphisms [SV00b, Section 3.7] in-
duce a morphism of presheaves [SV00b, Corollary 3.7.5]

COT’(—, _) : zequi(Ua X7 7') ® zequi(U/S7 H) — zequi(X Xs U/S7 1’1).

If U € Sch(k) is flat and equidimensional over S of dimension n, then U
determines an element cycly/s(U) in ze:(U/S,n). That is, a global section
of the presheaf z,q,;(U/S,n). Evaluating Cor(—, —) on this section defines a
morphism of presheaves

D : 2egui(U, X, 1) = Zegui(X Xs U, 7+ n).

Lemma 5.4.10. The morphism D is always injective. Furthermore, it is co-
variantly functorial in X for proper morphisms via the proper push-forward,
contravariantly functorial in X for flat equidimensional morphisms (r obvi-
ously increases by the relative dimension of the morphism), and contravari-
antly functorial in U with respect to flat equidimensional morphisms (with
the appropriate change in n)

Proof. For the injectivity we recall the definition of Cor(—, —). Given a cycle
B =" nzi € z,qui(U/S,n)(S) with 1; : Z; — U the canonical closed immersions,
and a cycle a € z,4,:(X/S,r)(U) we obtain cycles 1’a € z.qi(X/S, r)(z;) for each
i. These are formal sums of points of z; Xg X, which we can also consider as
formal sums of points of U xg X. The definition of Cor(a,p) is Cor(a,p) =
>~ niuPa considered as a formal sum of points in UxsX. Now if f is of the form
cyclys(U) then the morphism IIz; — U is birational and so @i is injective.
Since we are dealing with free abelian groups, ®n;’ is also injective, and
finally, for each i, the points in the formal sum (’a considered as points in
U Xg X lie over the generic point z; of U. Hence, each of the formal sums
1P contains distinct points. So D is injective when evaluated on S. To see
that it is injective on every scheme f: V — § in Sch(S) we just replace S
with V, U with U xg V and X with X xg V. Since U is flat over S we have
f®cyclU/S(U) = cyclyyuyv(V x5 U).

The functoriality in X is an immediate consequence of [SV00b, Proposition
3.6.2] and [SV00b, Lemma 3.6.4]. For the contravariance in U suppose that
p: U — Uis a flat equidimensional S-morphism of relative dimension m. We
have an induced morphism or presheaves

Zequi(Ua X, f’) — Zequi(Ua X: f’)
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given on V by the appropriate (U xsV — UxsV)® and morphism of presheaves
Zequi(U/S, 1) = 2equi(U' /S, r + m)

zequ,-(X xs U/S,r) — zeqm-(X Xg U//S, r+m)
given by the flat pullbacks [SV00b, Lemma 3.6.4]. By [SV00b, Lemma 3.7.2]
these fit into a commutative square

Zogui (U, X, 1) ® 20gua (U8, 1) — 7 7 (X x5 U/S, n)

p®®p*l ip*

Zegui(U, X, 1) @ 2qui(U' /S, n + m)cﬁ)zequi()( Xs U /S, n+ m)

Now since p*cycly/s(U) = cycly /s(U') we are done. O
For the convenience of the reader we reproduce the following theorem.

Theorem 5.4.11 ([['V00, Theorem 7.1]). Let X, Y be smooth projective equidi-
mensional schemes over a field k. Then the embedding of presheaves

D : z2equi(Y, X, 1) = Zequi(X X Y, 7 + 1)
induces a quasi-isomorphism of presheaves on Sm(k) after applying C,(—).

We wish to extend this theorem to non-smooth non-projective quasi-projective
schemes. To do this we use the presheaves z¥#(X,n) and z¥(U, X,n) (with
U,X € Sch(k),n > o) which are the subpresheaves of z(X,n) and z(U, X, n)
consisting of those cycles of the form > n;z; with all n; > o.

Definition 5.4.12. Suppose that
1. kis a perfect field of exponential characteristic p,

2. U,X,Y are proper schemes in Sch(k), with U equidimensional of dimen-
sion n,

3. U— U, X — X are open immersions,

4. Y — X is a proper morphism,
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Given U, X we can always find a suitable U, X [Nag62]. We define aeg as the
morphism of presheaves of abelian monoids

aii;f 22U % Y, r4n) = 29U x X, r 4+ n)
which is the composition of the proper push-forward
20U x Y, r+ 1) = 29U x X, r +n)
and the flat pullback
20U x, X, r +n) — 29(U x X, 7 + n).
We also define the corresponding morphism of presheaves of abelian groups
a7 * Zequi(U X Y, 1 4+ 1) = 200i(U X X, r 4 1).

The presheaf of abelian monoids (D%ff is the presheaf which fits into the fol-
lowing cartesian diagram

q)gf zg{ui (Ua Xa 1’)

| |

Zequi(U X Y, 1+ 1) —> Zequi(X X U, 7+ 1n)

and the subpresheaf of abelian groups
87 1 Oy = 2equi(U X Y, r + 1)

is defined to be the subpresheaf of abelian groups generated by the sub-
presheaf of abelian monoids d)iif )

Hence, we have a corresponding commutative square

(D? Zequi(Ua X, f') (53)

| |o

Zequi(U X Y, 1 + 1) — Zegui(X X U, 7 + n)
of presheaves of abelian groups. Voevodsky-Friedlander warn us that this is
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not in general cartesian [F'V00, before Lemma 7.2] but that it is in the case
that ¥ = X.
Example 5.4.13. Consider the case U= U,X =X and Y= XIIX. Let a be

any cycle in z%(X x; U, r+n) that is not in z%#(U, X, r). Then (a, —a) is in the
pullback of the square (5.3) but not in ®y.

Lemma 5.4.14 (cf. [FV00, proof of Theorem 7.4]). With the notation
and assumptions of Definition 5.4.12 the morphism &% induces a quasi-
isomorphism of complexes of abelian groups after applying Q*(—)(k)[;] if
and only if D does.

Proof. We use the following diagram of morphisms of presheaves

o ker’ o zequi(U, X) —— coker, —= o0

la E E l

0 —— ker(ag) — Zequi(U X X) e Zogui(U X X) —— coker, —> o0

where we have used the abbreviations
zequi(Ua X) = Zequi(U7 X7 V)

zequi(l-_] Xk X) = Zequi(f] Xk )_(, r-+ 11)
Zogui(U Xk X) = Zequi(U X X, r + 1)

Since D is a monomorphism and the square involving 8% and D is cartesian,
the morphism a is an isomorphism and the other vertical morphisms are all
monomorphisms. Hence, it suffices to show that Q*(cokeri)(k)[;] is acyclic for
i = 1,2. By Theorem 5.3.1 it suffices to show that (coker;)q, = o for i = 1,2
and since ¢ is a monomorphism we can restrict our attention to i = 2. This
is a standard application of the platification theorem (Theorem 2.2.16) as

described in [SV00b, Theorem 4.3.1] and [SV00b, Theorem 4.2.9]. O

Proposition 5.4.15 (cf. [F'V00, Proposition 7.3]). With the notation and
assumptions of Definition 5.4.12 suppose further that Y and U are smooth.
Then the morphism 8y induces a quasi-isomorphism of complexes of abelian

groups after applying C,(—)(k).

Proof. This is the first case treated in the proof of [F'V00, Proposition 7.3].
O
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Theorem 5.4.16 (cf. [F'V00, Theorem 7.4]). Suppose that k is a perfect field,
p its exponential characteristic, U a reduced quasi-projective equidimensional
scheme of dimension n over k, and X a scheme of finite type over k. Then
for any r > o the embedding

D : 2equi(U, X, 1) = Zegui(X X U, r +n)

induces a quasi-isomorphism of complexes of abelian groups after applying

(=)0,

Proof. We can assume that X is reduced as the canonical morphism X,.; — X
induce isomorphisms of all the presheaves involved.

Choose embeddings of U and X as open subschemes of proper k-schemes
U — U, X — X [Nag62] so that we are in the situation of Definition 5.4.12. By
Lemma 5.4.14 it suffices to show that 3 induces a quasi-isomorphism after
applying C,(—)(k) [;] We will show that we obtain a quasi-isomorphism after
applying C,(—)(k) ® Zy) for each £ # p.

Let U — U and X — X be morphisms given by Theorem 3.2.12 and let
V — X (resp. W — U) be an open immersion such that the induced morphism
VxgX — V (resp. WxgU — W) is finite flat surjective locally (on the
target) of degree prime to . Define V' = V x5z X and W = W x5 U.

Replacing U and X with W and V and using Lemma 5.4.14 again if suffices
to show that

D @ Lty : ZequilW, V, 1) @ Zipy = Zequi(V Xk W, r + 1) @ Zgy

induces a quasi-isomorphism after applying C,(—)(k). Now D is functorial
with respect to flat pullback and proper push-forward (Lemma 5.4.10), and
so since the degrees of our flat finite surjective morphisms are invertible in
Zp), this D just mentioned is a retraction of

DR Z(g) : Zequ,-(W, V/, 1’) X Z(g) — Zequ,-(Vl Xk W, r—+ n) X Z(g)

(cf. [SVOOb, Lemma 2.3.5]). So it suffices to show that this latter induces
a quasi-isomorphism after applying C,(—)(k). Now W' and V' are open sub-
schemes of U and X respectively which are both smooth and proper over k.
Using Lemma 5.4.14 a final time we reduce to showing that

Sy @ Ly : Oy @ Loy = zequ(X % T+ n) ® Zgg
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induces a quasi-isomorphism after applying C,(—)(k). This is given by Propo-
sition 5.4.15. OJ

Corollary 5.4.17. Suppose that k is a perfect field, p its exponential char-
acteristic, U a reduced quasi-projective equidimensional scheme of dimension
n over k, and X a scheme of finite type over k. Then for any r > o the
embedding

D : 2gui(U, X, 1) = Zeui(X X U, 7 + 1)

induces a quasi-isomorphism after applying C,(—) [11)] of complexes of presheaves
on the category of quasi-projective smooth k-schemes.

Proof. For any smooth scheme V of dimension m we have

hy(zequi(U, X, 7)) (V) [ ] hi(Zequi(X > Uy r + 1)) (V)]

hy(Zequi (X, 1)) (V Xk U) ] hi(zequi(V, X X U r 4 n)) (k) ]

1
p

B e U X Vo X, 1)) (R) 2] Bz 1 U X Vo o4 ) ()2

where the isomorphisms are given by Theorem 5.4.16. [

5.4.3 PROPERTIES

Definition 5.4.18 (cf. [FV00, Beginning of Section 4]). If F is a presheaf on
Sch(k) or Sm(k) recall that [F'V00] denote by h;(F) the homology presheaves
of the complex of presheaves C, (F).

Theorem 5.4.19 (cf. [F'V00, Theorem 8.1]). Let k be a perfect field of expo-
nential characteristic p, let U be a smooth quasi-projective scheme over k and
X a separated scheme of finite type over k. Then the natural homomorphisms
of abelian groups

B (e (X, ) (U)[2] = A, (U, X)[2]
are isomorphisms for all i € Z.

Proof. The proof of [F'V00, Theorem 8.1] works fine after applying (—)[;] to
everything. [
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Theorem 5.4.20 (cf. [FV00, Theorem 8.2|). Let k be a perfect field of
exponential characteristic p, let U be a smooth scheme of pure dimension n
over k, and let X, Y be separated schemes of finite type over k. Then there are
canonical isomorphisms

A(Y X U, X)[}] = Arni(Y, X x U)[2].

Proof. We begin with canonical morphisms
H;ilh (Y7 Q* (Zequi<U7 X) r))cdh) — H;ilh (Y Xk U7 Q* (zequi (X7 r))cdh) .

Let p : U — k denote the projection. We have two canonical left exact
functors

Shvean(Sch(T)) 25 Shuean(Sch(k)) "5 Ab

where the first is composition with the functor — x; U : Sch(k) — Sch(U)
and the second is evaluation at Y. Let G = p,,F = I'(Y,—), and K =
C,(2equi(X, 7)) can- Then the hypercohomology groups on the left are

H™'RF(G(K))
and the hypercohomology groups on the right are
H™'R(FG)(K) = H'RF(RG(K)).

Our morphism is induced by the canonical morphism G(K) — RG(K). Notice
that these are natural in Y.

To show that these canonical morphisms are isomorphisms (after (—)[;]),
it suffices to do so after — ® Z) for each prime ¢ different from p. As we
are dealing with presheaves with transfers, we can replace the cdh topology
with the ¢dh topology, and so we are now trying to show that the canonical

morphisms
H&Ih(Y; Q* (Zequi(U7 X, r))édh) & Z(f) — Hg_dlh(Y X U, Q* (Zequi(Xa r))@dh) ® Z’(ﬁ)

are isomorphisms. Due to the theorem of Gabber (Corollary 3.2.13) it suffices
to consider the case when Y is smooth and quasi-projective, and indeed we
can also replace Sch(k) by Sm(k). In this case, we claim that, in the notation
used above, G(K) — RG(K) is an isomorphism in the derived category of
complexes of ¢dh sheaves. For this morphism to be an isomorphism it suffices
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that it induces isomorphisms after applying H~*(V, —) for each smooth quasi-
projective V. That is, we have returned to the following version of our initial
morphism

HZdIh(Y7 Q* (zequi(U7 X, r))fdh) X Z(Z) — ngilh(Y X U, Q* (Zequi(Xa r))@dh) ® Z(Z)

but now assuming that Y is smooth and quasi-projective and that we are on
the (dh site Sm(k). We have the morphism

D : 2equi(U, X, 1) = Zegui(X X U, r + n)

and Corollary 5.4.17 tells us that this induces a quasi-isomorphism of presheaves
on Sm(k) after applying C,(—) ® Z and hence it suffices to show that the
induced morphism

H,, (Y, C, (2equi(X X1 U, 14 1) ) ean) ® Zpy — Hy gy (Y X4 U, C, (Zegqui (X, 7)) ean) @ Ze)
is an isomorphism. By definition, this morphism is the morphism

Arini(Y, X X U) @ Zgy — Ari(Y X1 U, X) @ Zyy.
Our result now follows from Theorem 5.4.19 using the following diagram.

Arni(Y, X X U) @ Zgy — A (Y x4 U, X) @ Zg

5.4.19
5.4.19 hi<zequi (X7 7’)) (Y Xk U)
hy(2egui(X X U, r + 1)) (Y) TS417 hy(2equi (U, X, 7)) (Y)

]

Theorem 5.4.21 (cf. [FV00, Theorem 8.3]). Let k be a perfect field of
exponential characteristic p and let X,Y be separated schemes of finite type
over k.

1. (Homotopy invariance) The pull-back homomorphism zeg(X, r) — Zegui(XX

A’ r+1) induces for any i € Z an isomorphism

AV X)[2] = A (Y, X A)[2].
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2. (Suspension) Let
p:XxP =X

it X—>XxP
be the natural projection and closed embedding. Then the morphism
i P Zogui(X, 1+ 1) B Zogui(X, 1) = Zequa(X X P, r +1)
induces an isomorphism

A (Y X)] @ ALY, 0[] = Arga(V, X X P[],

3. (Cosuspension) There are canonical isomorphisms:

Ay(Yx P X)[3] = A (VL X)[2] @ A (Y, X))

4. (Gysin) Let Z C U be a closed immersion of smooth schemes everywhere
of codimension ¢ in U. Then there is a canonical long eract sequence
of abelian groups of the form

.. -Ar—i-c,i(Zv X)[i] — Ar,i<U7 X) [1,%] — Ar,i(U - Z? X) [j]

— Aricia(Z,X) [;] — ...
Proof. 1. Follows from Theorem 5.4.19 and homotopy invariance (Propo-
sition 5.4.3).

2. Follows from the localisation sequence (Corollary 5.4.5) and the first
part.

3. Follows from Theorem 5.4.19 and the second part.
4. Follows from Theorem 5.4.19 and (Corollary 5.4.5).
O

5.5 TRIANGULATED CATEGORIES OF MOTIVES OVER A FIELD
- AFTER VOEVODSKY

In this section we show how Theorem 5.3.1 can be used to lift the assumption
of resolution of singularities on all of the results in [Voe0O0b], if we are willing
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to work Z[;]—linearly. The principle is that every time Voevodsky assumes
the existence of a smooth cdh cover we can use the existence of a smooth
¢dh-cover, and the only other way he uses resolution of singularities is via

[VoeOOb, Theorem 4.1.2] which we replace with Theorem 5.3.1.

Definition 5.5.1. We define DM, (k, Z[;D as the full triangulated subcate-
gory of compact objects in DM (k, Z[}ﬂ) The category DM, (k, Z[}—t]) is ob-

tained by formally adjoining a tensor inverse to Z[;](Q as is done for Chow
motives.

Lemma 5.5.2 (cf. [VoeOOb, Corollary 4.1.4]). Let k be a perfect field of
exponential characteristic k. Then DM;J?n(k,Z[;]) contains M(X)[2] for any
scheme X of finite type over k.

Proof. Follows immediately from Corollary 5.3.9. ]

Proposition 5.5.3 (cf. [Voe0OOb, Corollary 3.5.5]). Let k be a perfect field of
exponential characteristic p. Then DM;JZ,(IC,Z[;]) is generated as a pseudo-
abelian triangulated category by objects of the form M(X) [}—t] for smooth pro-
jective varieties X over k.

Proof. We will show that the image of the family SP = {M(X)[;] » X is
smooth and projective } in DM%(k, Z()) is a compact generating family for
every prime /¢ different from p. It then follows from Lemma A.2.15 that the
smallest triangulated category of DM% (k,Z[;]) containing SP is in fact the
full subcategory of compact objects.

Let & denote the smallest pseudo-abelian triangulated subcategory of
DM%(k, Zy)) containing objects of the form M(X)(, for smooth projective
varieties X over k. As .Z = {M(X)) : X is smooth } is a compact generating
family for DM¥ (k, Zyy), the smallest triangulated category containing . is
the full subcategory of compact objects of DM#(k, Zy). So it suffices to
show that every M(X)() with X smooth (but not necessarily projective) is
contained in &. We will do so by induction on the dimension of X. Suppose
it is true for all smooth schemes of dimension strictly less than d and let X be
a smooth scheme of dimension d. Due to the Mayer-Vietoris distinguished
triangles [VoeOOb, Lemma 2.1.2] it suffices to consider X quasi-projective.
Let X — X be a compactification of X and ¥ — X a morphism given by
Theorem 3.2.12. So Y is a smooth projective variety and there exists a dense
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open subscheme U C X such that UxY — U is finite flat surjective of degree
prime to .

We claim that for any dense open embedding V — V' of smooth schemes,
Mg, (V) is in &2 if and only if Mg, (V') is in &?. Assuming this claim we
proceed as follows. By definition of &2 it contains Y. Due to our claim,
M, (U xxY) is in 2. By the degree formula for correspondences and the fact
that we are working Z)-linearly, M, (U) is a retract of M,(U x5 Y). Since
& is pseudo-abelian, this implies that M,,,(U) is in &2. Finally, by using our
claim again, this implies that Mg, (X) is in 2.

It remains to prove our claim. Let V — V' be a dense open embedding
of smooth schemes. Since the base field is perfect, every reduced scheme
contains an open dense smooth scheme. Consequently, there exists a sequence
V=V, CV,C - CYV, =1V of dense open immersions such that each
V; — Vi_, is smooth and everywhere of codimension ¢; for some ¢;. Then our
claim follows from the inductive hypothesis and the triangles

Mgm(Vi—l) — Mgm<Vi> - MgM(Vi = Vio)(a)[2a] — Mgm(Vi—l)[l]

given by [Voe0OOb, Proposition 3.5.4]. O

Proposition 5.5.4 (cf. [VoeOOb, Proposition 4.1.3]). Consider a cartesian
square of morphisms of schemes of finite type over k of the form

7 —=X (5.4)

b

Z*i>X

such that p is proper, i is a closed immersion, and p is an isomorphism over
X — Z. Then there is a canonical distinguished triangle in DMeﬁ(k,Z[;D of
the form

M(Z)[2] - M(Z)[2] & MOX)[2] — MOO[2] — M(Z)[2]1):
Proof. Follows from the following short exact sequence of cdh sheaves ([SV0Ob,
Theorem 4.2.9], [SV00b, Proposition 4.3.3]) and our definitions.

o — Cequi(zl/k7 O)cdh — Cequi(z/k7 o)cdh > Cequi (X//k7 O)cdh — Cequi(X/k7 O)cdh — O.

]
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Proposition 5.5.5 (cf. [VoeOOb, Proposition 4.1.5]). Let k be a perfect field
of exponential characteristic p and X a scheme of finite type over k. Let Z be

a closed subscheme of X. Then there is a canonical distinguished triangle in

DMeff(k,Z[;]) of the form

M(2)[2] = M(O[2] > ME(X — 2)[2] > ME(2) ]l
If X is proper then there is a canonical isomorphism M(X)[>] = M(X)[>].

Proof. The second statement follows from the equality c.q.i(X/k, 0) = zegui(X/k, 0)
when X is proper. The proof of the first is the same as that of Proposi-

tion 5.5.4 with z.g, z replacing ¢, ¢ and the short exact sequence [SVOOD,
Theorem 4.3.1] replacing [SV00b, Theorem 4.3.3]. O

Lemma 5.5.6 (cf. [VoeOOb, Corollary 4.1.6]). Let k be a perfect field of
exponential characteristic k. Then DM;{;{(k,Z[;]) contains M*(X)[>] for any
scheme X of finite type over k.

Proof. Follows immediately from Lemma 5.5.2 and Proposition 5.5.5 using a
compactification [Nag62]. O

Proposition 5.5.7. Let k be a perfect field of exponential characteristic p.
Suppose that My, M, : Cor(k)? — T are functors to a Z[I—t]—lz’near triangulated
category. Letn : M, — M, be a natural transformation between these functors.
Suppose further, that for every cartesian square of the form (5.4) such that p
is proper, i is a closed immersion, and p is an isomorphism over X — Z, there

exist morphisms y, : Mi(X) — M;(Z')[1] for i = 1,2 such that the triangles
M,(Z') = Mi(Z) & Mi(X') — My(X) 5 M,(Z))]1].
are distinguished for i = 1,2 and the squares

M, (X) — M,(Z')[1]

.

M, (X) —= M,(Z') ]3]

are commutative. Then if n is an isomorphism for every smooth scheme, it
is an isomorphism for every scheme.
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Proof. After Lemma A.2.14 it suffices to show that the statement is true for
every Z-linear triangulated category for each prime ¢ different to p. We
will work by induction on the dimension of X. The natural transformation 7
can be seen to be an isomorphism in dimension zero by considering the dis-
tinguished triangle with Z = X’ = X,.4. So suppose that 7 is an isomorphism
for all schemes of dimension less than n, and let X be a scheme of dimension
n. Let Y — X be a morphism given by Theorem 3.2.12 and X — X a blow-up
such that the proper transform ¥ — X is flat (Theorem 2.2.16). Let Z, W
be closed subschemes of X,Y such that the dimensions of Z, W, Z xx X and
W Xy Y are less than n, and X — X (resp. Y — Y) is an isomorphism over
X—Z (resp. Y—W). Then considering the associated distinguished triangles,
to show that M,(X) — M,(X) (resp. M,(Y) — M,(Y)) is an isomorphism,
due to the induction hypothesis, it suffices to show that M,(X) — M,(X)
(resp. M,(Y) — M,(Y)) is an isomorphism. Since Y is smooth, it follows that
M,(Y) — M,(Y) is an isomorphism. Now since ¥ — X is generically finite
surjective of degree prime to ¢, the flat morphism ¥ — X is globally finite
surjective and locally of degree prime to £. In particular, as M,, M, are natural
in Cor(k) and we are working Z linearly, the morphism M,(X) — M,(X) is a
retract of M,(Y) — M,(Y) (Proposition 2.5.8 - traces). Hence, M,(X) — M,(X)
is an isomorphism, and therefore M,(X) — M,(X) is an isomorphism.

O

Proposition 5.5.8 (cf. [VoeOOb, Proposition 4.1.7]). Let k be a perfect field
of exponential characteristic p. Let X,Y be schemes of finite type over k. In
DM (k, Z[;]) there are canonical isomorphisms:
MX)[;] @ M(Y)[;] = M(X % Y)[;] and
MECO[2] @ M(YV)[2] = MEX i V)2,
Proof. Due to Proposition 5.5.7, for the first isomorphism it is sufficient to
give an isomorphism

tr
Cequi(X/k7 O)th X Cequi(Y/ka O)th — Cequi<X Xk Y/k7 O)cdh
in Shvgn(Cor(k)). This follows immediately from the definition of ® as the
functor induced by the left Kan extension along Cor(k) x Cor(k) — Cor(k).
For the second isomorphism, use compactifications [Nag62] and Proposi-

tion 5.5.5. O
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Corollary 5.5.9 (cf. [Voe0OOb, Corollary 4.1.8]). Let k be a perfect field of
exponential characteristic p. For any scheme X of finite type over k one has
canonical isomorphisms

M(X x A)[2] = M(X)[2] and

M(X x AY[E] 2 MO ] (1) o],
In particular, we have

MI(A" ] = Z[F] ()2

b =2,
Proof. After Proposition 5.5.8 it is sufficient to show that
M) = Z[3), and
ME(AY[2] 22 Z)(0) 2.
The first follows from the definition of DM (k,Z[3]) as we have inverted
A; — k. The second follows from the definition of the Tate object and
Proposition 5.5.5. 0

Corollary 5.5.10 (cf. [VoeOOb, Corollary 4.1.11]). Let k be a perfect field of
exponential characteristic p and X a scheme of finite type over k. Let & be
a vector bundle on X. Denote by p : P(€) — X the projective bundle over X
associated with €. Then one has a canonical isomorphism in DMeff(k,Z[;])
of the form

M(B(E))[3] = @ M(X)[3](n)[2n].

n=o

Proof. The proof of [VoeOOb, Corollary 4.1.11] works fine with the usual
adjustments to use the theorem of Gabber as done in Proposition 5.5.8. []

Proposition 5.5.11 (cf. [VoeOOb, Proposition 4.2.3, Corollaries 4.2.4, 4.2.5,
4.2.6, 4.2.7, Theorem 4.3.2]). Let k be a perfect field of exponential charac-
teristic p and X,Y schemes of finite type over k.

1. For any r > o there are canonical isomorphisms

homyaiziy (MY ] ()lar + 4, MU [F]) = A (Y, X[
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Aff: X — Y is a flat equidimensional morphism of relative dimension n

then there is a canonical morphism in DM¥ (k, Z[;]) of the form

froME)[F)(n)[an] = ME(X)[]

and these morphisms satisfy the standard properties of the contravariant
functoriality of algebraic cycles.

. If X happens to be smooth, and we denote by A'(X) the group of cycles
of codimension i on X modulo rational equivalence, then there is a
canonical isomorphism

A'(X) [;] = homDMeff(k,Z[;})<M(X> [;]’ Z[;] (1)[21]).

. If XY are smooth and proper then one has

homDMeff(k,Z[;MM(X) [;LM(Y) [;]) = Adim(x) (X X1 Y)

o2 (M3 MO ][ = o for i > o

. If X is smooth then there is a canonical isomorphism

hom(M(X)[;], MY (Y)[}]) = C,(2equi(X, Y, 0)).

. Suppose that k is a perfect field of exponential characteristic p. Let X
be a smooth proper scheme of dimension n over k. The morphism

M(X)[2] — hom(M(X)[2], Z[2] () an])

induced by the diagonal X — X x X (5.5.11(3)) is an isomorphism.

Proof. The proofs in [Voe0Ob] go through without changes. ]

We recall Voevodsky’s Cancellation Theorem.

Theorem 5.5.12 ([Voel0O, Corollary 4.10]). Suppose that k is a perfect field.
Then for any K,L € DM¥(k) the map

hom(K, L) — hom(K(1),L(1))
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is a bijection.

Proposition 5.5.13 (cf. [VoeOOb, Proposition 4.3.3]). Let k be a perfect field
of exponential characteristic p. Let X be a scheme of finite type of dimension
n over k. Then for any n,r > o the morphism

hom (MOO[2] 23100 ) ) — hom MO, 2600+ 1))

s an isomorphism.

Proof. For any A we have the following isomorphisms given by Theorem 5.5.12:

hom(A(), hom (MO0 210 ) () hom(a(), hom (MO0 ZE21n 1) ))

hom(A(r) ® M(X) [;], Z[Z)(n+71))

hom(A, hom (M(X) (2], Z[2] (n)) ) =—=hom(A®@M(X)[], Z[}](n))

Taking A = hom(M(X) [;], Z[3](n)), the identity ids(,) induces the desired mor-
phism, and moreover, this morphism is natural in X. We then use Propo-
sition 5.5.7 (together with Proposition 5.5.4) to reduce to the case when X
is smooth, in which case it follows from Proposition 5.5.11(1) and Theo-
rem 5.4.20. U

Theorem 5.5.14 (cf. [VoeOOb, Theorem 4.3.7]). Let k be a perfect field
of exponential characteristic p. Then DMgy(k, Z[3]) has an internal hom.
Setting A* = homDMgm(kZ[;])(A, Z[3]) one has:

1. For any object A in DMgn(k, Z[3]) the canonical morphism A — (A7)"
is an isomorphism.

2. For any pair of objects A, B of DMgy(k, Z[;]) there are canonical mor-
phisms
(AR B)* =A" ® B

hom(A,B) = A" ® B.

162



3. For a smooth scheme X of pure dimension n over k one has canonical

isomorphisms
MOX)[E]* = M) 2] (=m) [~
MEX)[2]* 2 M(X)[2]) (=) [~

5.6 HIGHER CHOW GROUPS AND ETALE COHOMOLOGY —
AFTER SUSLIN

Our goal in this section is to relate Bloch’s higher Chow groups of varieties
over an perfect field to étale cohomology. We follow Suslin’s article [Sus00]
very closely, but we replace the theorem of Voevodsky [Sus00, Theorem 3.1]
he cites with a Z[j]—version that uses Gabber’s theorem on alterations instead
of resolution of singularities.

For the rest we follow his strategy to the letter. In Section 1 and Section
2 of [Sus00] Suslin shows that the higher Chow groups of an affine equidi-
mensional separated scheme of finite type over a field can be calculated using
equidimensional cycles. This is valid with integral coefficients and no restric-
tions on the base field. In Section 3 he generalises this, showing that the
higher Chow groups of any quasi-projective scheme X of characteristic zero
can be calculated as the Suslin homology of the presheaves z.q,;(X/Spec(k), —).
This is proven using induction on the dimension, a localisation long exact se-
quence, the result for affine varieties, and the theorem [Sus00, Theorem 3.1]
of Voevodsky that we will replace.

Voevodsky’s theorem assumes resolution of singularities, and this is the
only place Suslin’s proof assumes the base field is of characteristic zero. Re-
placing this with our theorem that uses Gabber’s theorem on alterations,
permits us to have this result in characteristic p if we use Z[;]—coefﬁcients.
That is, the higher Chow groups with Z[;]—coefﬁcien’cs of any quasi-projective
scheme X of characteristic p can be calculated as the Suslin homology of the
presheaves z.q,;(X/Spec(k), —)| ;] :

In Section 4 of [Sus00] Suslin goes on to use the main result of [SVI6]
to show that the higher Chow groups of codimension d = dimX are dual
to Ext} g (Zegui(X/Spec(k), 0),Z/m) if X is an equidimensional quasi-projective
variety over an algebraically closed field k of characteristic zero. Having
removed the reliance on resolution of singularities, we now have this result
over algebraically closed fields of positive characteristic when m is prime to
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the characteristic of the field. This latter implies the following theorem.

Theorem 5.6.1. Let X be an equidimensional quasi-projective scheme over
an algebraically closed field k. Let i > d = dim X and suppose that m is prime
to the characteristic of k. Then

CH'(X, m; Z/m) = HX™0"(X, Z/m(d — i))*

where H, is étale cohomology with compact supports. If the scheme X is
smooth then this formula simplifies to CH (X, n; Z/m) = Hz ™(X, Z/m(i)).

In what follows we reproduce the argument used in Section 3 of [Sus00],
with the appropriate adjustments, fixing some small mistakes along the way.

We make a final remark. We have claimed that Voevodsky’s theorem
[Sus00, Theorem 3.1] is the only place that Suslin assumes resolution of
singularities. This is not strictly true, as [SV96], published in 1996, assumes
resolution of singularities. However, de Jong’s theorem on alterations [d.J96],
published that same year, is sufficient for the purposes of [SV96]. See [Gei00]
for a discussion of this fact.

Denote by A" the linear subvarieties of A" given by the equation t,+- - -+
t, = 1. Any non-decreasing morphism ¢ : {o,...,n} — {o,...,m} induces
a canonical morphism A" — A™ and these morphisms give A® the structure
of a cosimplicial scheme. If ¢ is injective, the image of the corresponding
morphism A" — A™ is called a face.

Suppose that X € Sch(k) is equidimensional. Let z/(X,n) denote the free
abelian group generated by codimension i subvarieties V.C X x A" which
intersect X x A™ properly for every face A™ — A". Using a suitable definition
of intersection, as outlined at the beginning of Section 2 of [Sus00], we obtain
the structure of a simplicial abelian group on z/(X,—) for each i. The nth
homotopy group of this simplicial abelian group is denoted CH'(X,n). These
groups were introduced in [Blog&6].

Now suppose that i < d = dimX. Denote by z,(X,n) the free abelian
group generated by the closed subvarieties Vin X x A" such that the projection
V — A’ is an equidimensional morphism of relative dimension d —i. It can be
shown that z,_,,(X,n) is a subgroup of 2'(X,n) — see the discussion in [Sus00]

(4

before [Sus00, Theorem 2.1]. We have the following theorem.

Theorem 5.6.2 ([Sus00, Theorem 2.1]). Assume that X is an affine equidi-
mensional scheme and i < d = dimX. Then the embedding of complexes
Zgi(X,n) — 2(X, n) is a quasi-isomorphism.
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Recall that to a presheaf F on Sch(k) we associate the presheaves C,(F)(—) =
F(A" x —). The face maps give the C, (F)(—) the structure of a simplicial
abelian presheaf, and taking the alternating sums of the face morphisms, the
presheaves C,(F) gain the structure of a complex of presheaves. It is imme-
diate that if F is a Nisnevich sheaf, then so are the C (F). The (co)homology
groups of the complexes C, (F), C,(F)®*Z/m, and RHom(C,(F),Z/m) (i.e., the
(co)homology sheaves evaluated on the base field) are written as H"¢(F), Hi"8(F, Z /m),
and Hy, (F, Z/m) respectively.

We replace [Sus00, Theorem 3.1] with the following theorem, which is an
immediate consequence of Theorem 5.3.1.

Theorem 5.6.3. Let F be a presheaf with transfers on Sch(k). If Fogy @ 7Z[*] =

: P
o then H:"(F) ® Z[;] = o.

Recall that by the definition of the presheaves z.g.;(—/Spec(k),n) and the
functor C, (—), each presheaf C,(z.qui(X/Spec(k),d—i)) is a subgroup of z._,(X, n).

equi
Theorem 5.6.4 (cf. [Sus00, Theorem 3.2]). Let k be a perfect field of char-
acteristic p, let X € Sch(k) be an equidimensional quasi-projective scheme,
and let i < d = dimX. Then the composition
C, (zequi(X/Spec(k), d — i)) < z.

equi

(Xa _) — zi(Xa _)
s a quasi-isomorphism.

Proof. The proof is by noetherian induction. Clearly none of the presheaves
in question see nilpotents and so we can assume that X is reduced. We can
find an open affine subscheme U — X which is regular. Let Y be a closed
complement. The sequence of presheaves

0 — Zegui(Y/Spec(k), d — i) — Zegui(X/Spec(k), d — i) — 2egui(U/Spec(k), d — i)

is exact and the cdh sheaf associated to the quotient z.q,;(U/Spec(k),d —
i)/Zequi(X/Spec(k),d — i) is trivial. This is because the cdh sheafifications
of the z.g.i(—/Spec(k),d — i) are isomorphic to z(—/Spec(k),d — i) ([SV00a,
Theorem 4.2.9]) and the corresponding sequence for the z(—/Spec(k),d — i)
is exact [SV00a, Theorem 4.3.1]. Thus, applying C,(—) and using Theo-
rem 5.6.3 we get a long exact sequence associated to the homology groups
of the C,(zequi(—/Spec(k),d —i)). The inclusion C,(2zequi(X/Spec(k),d —i)) —
z. (X, —) < Z'(X, —) gives a morphism between this long exact sequence and

equi
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the localisation sequence for higher Chow groups [Blo86, Theorem 3.1]. By
the inductive hypothesis, this is an isomorphism on the terms containing Y.
On the terms containing U, it is an isomorphism because C, (zequ:(U/Spec(k), d—
i) < 2,,,(U, —) is an equality for regular U ([SV00a, Corollary 3.4.5]) and

Theorem 5.6.2 says that z,,,(X,—) < 2/(X,—) is a quasi-isomorphism for
affine equidimensional U. Hence, by the five lemma, the morphism of long

exact sequences is an isomorphism. [

5.7 VANISHING OF NEGATIVE K-THEORY

In [Wei80, 2.9] Weibel asks if K,(X) = o for n < —dim X for every noetherian
scheme X where K, is the K-theory of Bass-Thomason-Trobaugh. This ques-
tion was answered in the affirmative in [CHSWO8] for schemes essentially
of finite type over a field of characteristic zero. Assuming strong resolution
of singularities, it is also answered in the affirmative in [GH10] for schemes
essentially of finite type over a field of positive characteristic. Both of these
proofs compare K-theory with cyclic homology, and then use a cdh descent
argument.

In this section we will give a partial answer to Weibel’s conjecture. The
proof is actually very short, and uses almost none of the machinery we have
developed. Its key is a theorem of Cisinski which says that the homotopy in-
variant K-theory presheaf of S§*-spectra KH satisfies cdh descent ([Cis12, 3.7]).
To prove this, he proves that KH is representable in the Morel-Voevodsky
stable homotopy category, and then applies Ayoub’s projective base change
result [Ayo07] that we reproduced as Theorem 4.2.11(4a). It is perhaps need-
less to say that Voevodsky’s reduction of cdh descent to the statement that
appropriate squares are homotopy cartesian is used as well.

It is possible to give a self-contained account of the proof (that is, without
referring to the previous sections) in a few pages. The references we make to
earlier results are Proposition 5.2.3, Lemma 4.3.4, Proposition 3.4.8, Exam-
ple 3.4.6, and Corollary 3.2.13).

Proposition 5.2.3 says that K-theory has a structure of object with traces
but we actually only use (Deg), and this is straight-forward. Remark 4.3.5
says that traces on an object in SH imply traces on its homotopy presheaves
but we don’t need this if we show directly that the groups KH, have trace
morphisms which satisfy (Deg). Proposition 3.4.8 is an elementary prop-
erty of refinable Grothendieck pretopologies, Example 3.4.6 notices that the
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{dh-pretopology is fos{ cdl refinable, and Corollary 3.2.13) is a statement of
Gabber’s theorem on alterations.

Theorem 5.7.1. Let X be a quasi-separated quasi-excellent noetherian scheme
and p a prime that is nilpotent on X. Then K2(X) ®Z[;] =o forn < —dimX.
Proof. Since p is nilpotent on X the canonical morphism K2 ® Z[;] — KH, ®
Z[+] is an isomorphism [TT90, 9.6]. Hence it suffices to prove that KH,(X) ® Z)
vanishes for every prime ¢ # p and n < —dimX. Since KH satisfies cdh de-
scent ([Cis12, 3.7]) we have a spectral sequence (cf. [Tho85, 1.36], [Wei89,

Corollary 5.2])
EPT = Hyy (X, KH_g(—)ean) = KH_,4(X)

which converges due to the cdh cohomological dimension being bounded by
dim X [SV00a, 12.5]. Furthermore, we see that the E, sheet is zero outside of
o < p < dimX. We tensor this spectral spectral sequence with Z) to obtain
a second spectral sequence

EP1 = H‘fdh(X, KH_j(—)can) ® Ly = KH_, 4(X) ® ey

Due to the vanishing of E, terms already mentioned, we have reduced to
showing that KH_,(—)an ® Z() = o for ¢ > o. The presheaves KH_,;(—) have
a structure of traces (Proposition 5.2.3, Lemma 4.3.4, Remark 4.3.5) and
so their cdh associated sheaves are ¢dh separated (Lemma 3.4.10, Proposi-
tion 3.4.8, Example 3.4.6). Now every scheme admits an ¢dh cover {U; — X}
with U; regular (Corollary 3.2.13) and KH_,(U) ® Z[;] vanishes for U regular
and q > o ([TT90, Proposition 6.8]). It follows that KH_g(—)an ® Z¢) = o
for ¢ > o. That is, the E, terms of the spectral sequence vanish unless g < o
and o < p < dimX. This implies that KH,(X) ® Z) = o for n < —dimX. [J
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Appendix

A.1 SOME LOCAL ALGEBRA

Lemma A.1.1. Suppose that ¢ : A — B is a finite flat A algebra with A and
B Artinian local rings. Then

length A - degp = length B - [B/mp : A/my].

Proof. Both sides are equal to length, B. Alternatively (and more explicitely),
define L = A/m,. Every indecomposable A-module is isomorphic to L. So
since A — B is flat, applying — ®, B to a composition series for the A-module
A shows that

length, B = length, Alength,(L ®4 B),

since length; is additive. Now L ®,4 B is a finite local L-algebra with residue
field B/msp, and so we have

dimy (L ®4 B) = length, , (L ®4 B) - [B/mp : L|.

Finally, recognising that lengthy(L ®4 B) = length, . (L ®4 B) and putting
everything together, we find the desired equality. [
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Lemma A.1.2. Suppose that k = A Y. B are finite flat morphisms of local
rings with k a field. Then

length(B/m4B) - length A = length B.

Proof. We apply Lemma A.1.1 to the three morphisms ¢, y¢, and A/m, —
B/m4B to obtain the following equalities:

degp = length A - [A/m, : K]
deg ¢ degy = length B - [B/mj : k|

deg ¢ = length(B/muB) - [B/mp : A/m,]

Multiplying the first and last together and comparing with the second gives
the desired result. O

Lemma A.1.3. Let K/k be a field extension, A a finite local k algebra. Let
Spec(B;) be a connected component of Spec(A®,K) and Spec(C;) the correspond-
ing connected component of K®y. (A/my). Then we have

length B; = length C; - length A.

Proof. We have the following cartesian square

Specl(c,-) — Spec(j/mA)
Spec(B;) Spec(A)

with the lower, and hence upper, horizontal morphism being flat. Every
indecomposable A-module is isomorphic to A/m4 and so applying B; ®4 — to
a composition series for A we find that length, B; = length, A - length, (B; ®4
(A/ma)). But lengthy (B; @4 (A/my)) = length, C;, hence the result.

O

Lemma A.1.4. Suppose that we have a finite set of commutative triangles




(k=1,...,n say) such that
1. all of f,, g, are finite flat surjective,
2. each Yy is generically reduced,

3. there exists an integer d such that for each generic point n of Y we have
d= Z deg<hk Xy ’7)7

4. there ezist integers my such that for each generic point n € h(Y;) we
have m; = length Oy ,.

Now suppose that x is a point in X, let y be a point of Y over x, and let y;, be
the points of Y, over y. Then we have

d - length O,y v,y = Z n Z length Oy, vy, k() = k(7)].
k L

Remark A.1.5. One of the applications of this lemma is to Proposition 3.5.7.
In this case, it will be applied to triangles arising from the axioms (Tril) and
(Tri2), both of which are included in the hypotheses of the lemma, and both
of which are easier cases. We have combined them because they are both
special cases of this more general result. In the case of (Tril) we have d =1
and the equality becomes

length Oy, = Z my Z length O,y ., k(yy) : k(y)].
14

k

In the case of (Tri2) there is a unique Y, and m; = 1 so the equality is

d - length O,y v,y = Z length O,y vy, k() : k(y)]-
¢

Proof. We first consider the case where there is a unique point y € Y over
x € X. We begin with some identities. Choose a generic point §£ € X. We let
n; be the generic points of Y that are over &, and Mg the generic points of 11Y},
that are over 7, (we don’t care which Y; they belong to). For each i we let
ki be an index such that 5, € k(Y ) so we have my, = length Oy, . We claim
that

d-degf= ka-deggk. (A.1)
P
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Notice that since Y’ is generically reduced, so is X and consequently, the
multiplicity of a generic point of Y in Y is the same as its multiplicity in
Y xxé&.

Consider the base change by the chosen generic point § — X. Due to the
hypotheses in the statement, we have

d-degf=d- deg(f xx§) (A1) dZ[k(qi) 2 k()|my,
(Hopirs) Z[k(m,) k(1) [k () < (8],
= Z[k(q;) D k(E)|my, = Zdeg g Xx §)my = Zdeggkmk

Hence, our claim (A.1) is proven.
We now use the same ideas for the point x in X. Let n = length Oy, 4,
and ry = length Oy/yyy . Using the identity (A.1) we find that we have

n-[k(y) : k(x)] V4. deg Equ o ka deg g

A“Z Z’kfk(yu ()]
=D m Y rulk() k()G : k()]

14

and cancelling [k(y) : k(x)] from either side gives the desired equality.

Now we remove the hypothesis that there is a unique point y over x and
consider the general case. The hypotheses on the triangle in the statement
are preserved by change of base by étale morphisms X' — X (Lemma A.1.6)
and consequently, by base change by the henselisation ’x at the point .
After base change we find that in each connected component of "x x xY there
is a unique point of "x xx Y over the closed point x of "x. Since it suffices
to verify the formula on each connected component of Y, we are done. O

Lemma A.1.6. Suppose that (3.2) is a triangle that satisfies the hypotheses
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of Lemma A.1.4 and X' — X is an étale morphism. Then

Y xx X Y xx X

7

X/

also satisfies the hypotheses of Lemma A.1.4.

Proof. Let f, ¢, k' be the pullbacks of f,g, and h respectively. Clear the first
hypothesis is preserved by base change and so we only need concern ourselves
with the other three. These all take place within the generic fibers, and so
we can assume X (and hence everything else as well) is of dimension zero.
Y xxX is generically reduced because base change of a field extension by a
separable field extension does not introduce nilpotents. The third hypothesis
is satisfied because degree is preserved by pullback. Finally the forth hypoth-
esis is satisfied due to Lemma A.1.3: let K/k be X' — X, A the local ring of a
generic point of Y and note that since K/k is étale, A,.; ® K is reduced and
so length C; = 1. O

A.2 INVERTING INTEGERS IN TRIANGULATED CATEGORIES

In this section we discuss some ways to invert integers in triangulated cate-
gories. The goal is to be able to make analogues of familiar statements such
as “an element a of an abelian group A is zero if and only if its image in
A ® Ly is zero for every prime (7.

We present two analogues of — ® Z, for triangulated categories. The
first is to tensor all the hom groups with Z). We show that this category
has a canonical structure of a triangulated category (Proposition A.2.3),
however the canonical functor J — .7 ® Z does not behave well with
respect to sums and so we don’t have the necessary adjunctions. The second
is to consider the triangulated subcategory of Z)-local objects. For nice
triangulated categories this is a localisation (Proposition A.2.8). We compare
these two constructions in Corollary A.2.12. We then state the “local-global”
principles that we need (Lemma A.2.14, Lemma A.2.15). The first says that
we can detect isomorphisms via these localisations, and the second says that
we can detect compact generating families via these localisations.

This section is a little notation heavy and so we make the following sum-
mary.
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1. 7 ® A (Definition A.2.1) The category obtained by applying — ® A to
each hom group.

A-local (Definition A.2.7).
7 [S7"] (Definition A.2.7) The subcategory of Z[S™*| local objects.
s-7 (Definition A.2.7) The left orthogonal to . [S7"].

(—)[S7], s(—) (Proposition A.2.8) Localisation functors.

A

7. (Definition A.2.9) The full subcategory of compact objects.

7. Sy C Z (Lemma A.2.14) the set of integers coprime to /.

We also recall for reference the following standard terms from the theory
of triangulated categories.

1. A compact object is an object F such that hom(F, ®E;) = @ hom(E, F,)
for any family of objects whose sum exists.

2. A thick triangulated subcategory is a triangulated subcategory that is
closed under direct summands.

3. A localising subcategory of a triangulated category admitting small
sums is a triangulated subcategory closed under small sums.

4. A compactly generated triangulated category with small sums is a trian-
gulated category with small sums which itself is the smallest localising
subcategory containing its subcategory of compact objects.

Definition A.2.1. Suppose A is a ring and A an additive category. Define
A ® A to be the (a postiori additive) category which has the same objects as
A and hom 4z, (A, B) = hom 4(A, B) ® A.

Example A.2.2. Let Ab be the category of abelian groups, and suppose
that Ab — Ab ® Q preserves sums. Then we would have

(H Z/p) ® Q = (H hom 4, (Z/p,Q/Z)) ® Q
= hom 4,(D®Z/p,Q/Z) @ Q
= hom a0 (DZ/p, Q/Z)

= [ [ homaveo(Z/p. Q/Z)
= H(Z/p ® Q).
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However, the last groups is zero and the first group is not.
A similar problem is exhibited with the derived category of abelian groups.

Proposition A.2.3. Suppose that 7 is a triangulated category and A C Q a
subring of the rationals. Then there is a “minimal” structure of triangulated
category on 7 @ A such that the canonical functor F: 9 — 7 ® A is exact.

Remark A.2.4. We mean minimal in the sense that given any other struc-
ture of triangulated category on .7 ® A such that F: . — 7 ®A is exact, the
class of distinguished triangles contains this “minimal” class of distinguished
triangles.

Remark A.2.5. This is a consequence of every morphism in 7 ® A being
isomorphic to a morphism in the image of .7 — 7 ® A in some kind of nice
way. If the category 7 happens to be R-linear for a ring R then the result
holds for any localisation R[S™*] of R. The proof does not seem to easily
generalise to other kinds of R-algebras.

Proof. The proof follows via the principle that the diagrams in .7 ® A in
question are isomorphic to diagrams in the image of 7. We will elaborate.
Let § C Z be the set of integers which are invertible in A, so that A = Z[S™].

Clearly, any triangle of .7 ® A that is isomorphic to a distinguished triangle
in the image of F is necassarily distinguished. We will show that this class of
triangles satisfies the axioms for a triangulated category.

TRO. The triangle X % X — o — X[1] is in the image of F.

TR1. Suppose that X Jyisa morphism of 7 ® A (where s € ).
Completing f: X — Y to a distinguished triangle in .7 we find a commutative
diagram

x Lyt

J{S'idy

X—=Y—> 22— X[

-2~ =X

where the vertical morphisms are isomorphisms in .7 ® A (the inverse to s-id
is s7* - id. Hence, the upper triangle is a distinguished triangle in .7 ® A.
TR2. 1t is clear from our definition of distinguished triangles in .7 ® A
that the class is closed under rotation.
TR3. Since every distinguished triangle of .7 ® A is isomorphic to a triangle
that is the image of a distinguished triangle in .7 it suffices to consider the
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case when the two triangles in question are in the image of F (see the following
diagram).

l &ImF (A.2)
| €ImF
|
|
[ €ImF
ZImF

Suppose we are given such a diagram as follows (where s, t € S).

We use (TR3) in 7 to find the dashed morphism ¢ in .7 making the following
diagram commute and then compose with (st)™* -id in .7 ® A.

x—Lt-x d X" ! X[ (A.3)
l o e e

y_foy & ;,, g Yii

l(st)‘l-‘d J/(st)‘l-id i(st)“-id l(st)‘l-id[ll

Y5y g v g Y11

TR4’ Instead of proving the octohedral axiom (TR4) we will prove (TR4’)
([NeeO1, Definition 1.3.13]). This is equivalent to (TR4) ([NecOl, Remark
1.4.7]) but is sometimes easier to work with. The statement of (TR4’) is as
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follows: Given a diagram

X—>Yy—">7—">X]
fl gJ/ fi l
X —Y —=7 —> X[

where the rows are distinguished triangles, the morphism h : Z — Z' given
by (TR3) may be chosen such that the mapping cone MapCone(f, g, h) is a
distinguished triangle. The mapping cone MapCone(f,g, h) is by definition
([NeeO1, Definition 1.3.1]) the diagram

) G ) i o)

YOX —2Z20Y —X[1|®Z —Y)i] ® X'[1]

By (TR4’) in 7, the morphism ¢ in the diagram (A.3) above may be
chosen so that the mapping cone of (t-a,s-b, c) is distinguished in 7. By the
following lemma, the isomorphism in Diagram A.3, and the remark preceding
Diagram A.2 this is enough to conclude that we have (TR4’) in .7 ® A.

O

Lemma A.2.6. Consider a composable pair of morphisms of triangles

X——=Yy—=7—>X[
NN
x sy ez X
lf’ lg’ lh’ if’ 1]

[
X u Yy’ v 7/ v x" [1]

Then the obvious potential morphism (f,g,h') (resp. (f,g,h)) between the
mapping cones ([NeeO1, Definition 1.3.1]) MapCone(f, g, h) — MapCone(ff,g'g, h'h)
(resp. MapCone(ff,g'g, W'h) — MapCone(f, g, h)) is actually a morphism of tri-
angles. That is, all the appropriate squares commudte.

In particular, if (f,g, W) (resp. (f,g,h)) is an isomorphism of triangles,
then there exists an isomorphism MapCone(f, g, h) = MapCone(ff,g'g, W'h) (resp.

MapCone(ff,g'g, W'h) = MapCone(f, g, h) ).
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Proof. We write down the first square in each case. The following is the first
square for the map MapCone(f, g, h) — MapCone(ff,dg, W'h).

—vV O
g W
YOX —2Z8Y
idy (0] ldz (¢}
o f o ¢
YoX —ZaY'
-V o
g/g u//
The two compostions are equal to
(—v o )and(_v o )
gg g gg u'’f
and these are equal by the commutativity of the appropriate square in the

statement u"f = gu'.
The first square for the map MapCone(ff,dg, h'h) — MapCone(f, g, h) is

(o)

YOX' —=ZaY'

g o h o
o idX// [e) idy//

YoX —=73Y
—v 0
g/ u//

The two compostions are equal to
—hv o —v'g o
(e o) m ()
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and these are equal by the commutativity of the appropriate square in the
statement hv = v'g. O

Definition A.2.7. Suppose that A is an additive category, E € A an object,
and A C Q a subring of the rationals. We will say E is A-local if for every
integer n € Z which is invertible in A, the morphism #n-idg is an isomorphism.
If S C Z is a multiplicative system® then we will denote the full subcategory
of Z[S7] local objects by A[S™*]. It will also make life easier to define

sA = (A[S_l])L-

That is, s.A is the full subcategory of A of objects F such that hom(F, E) = o
for every E € A[S7"].

Proposition A.2.8. Suppose that 7 is a compactly generated triangulated
category admitting small sums and S C Z is a multiplicative system. Then:

1. s s the smallest localising subcategory of . containing the objects
Cone(E™ E) forn € S and E compact in 7.

2. The inclusion i : T[S7'] — T has a left adjoint (—)[S™'] and the
inclusion j : 37 — 7 has a right adjoint s(—).

j ()ls)
T == T —= T[s

s(=) i

3. There is a canonical equivalence T[S7| = T [(s.T).

4. Both the functor (—)[S7'] and the inclusion i : T[S — T preserve
small sums.

5. The functor (—)[S™*] preserves compact objects.
6. If G is a small generating family of compact objects for 7 then
G[s7]={E[S] :E€ G}

is a generating family of compact objects for T[S7'].

Yie., S is closed under multiplication.
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7. Both Z[S7'| and 7 are compactly generated triangulated categories
admitting small sums.

Proof. Let A denote the smallest localising subcategory of .7 containing
Cone(E g E) for every compact object E € 7 and every n € S which is
in S. The localisation .7 — .7 /A always exists [NeeOl, Theorem 2.1.8] and
given our assumptions it has a right adjoint if A is compactly generated
([NeeO1, Proposition 8.4.2] and see also the end of [NeeOl, Remark 8.1.7]).
But A is compactly generated by definition. The image of the right adjoint
T |A — T is canonically identified with A [NeeOl, Theorem 9.1.16] where
LA is the full subcategory of .7 whose objects E satisfy hom#(F, E) = o for
all F € A [NeeOl, Definition 9.1.10]. As A is compactly generated, for E to
belong to LA it is sufficient that hom #(F, E) = o for all F in a compact gen-

n-idp
erating family of A. For example, F of the form Cone(F — F') for n € S and
F' compact in 7. But since .7 is compactly generated, for an object E to
satisfy this means precisely that n - idg is invertible for every n € S. Hence,

tA=T[s7.
1. Tt now follows from [NeeO1l, Corollary 9.1.14] that A = (+tA)* = 7.
2. This is also [NeeO1, Corollary 9.1.14].
3. This too is [NeeOl, Corollary 9.1.14].

4. (—)[S7] preserves small sums by virtue of it having a right adjoint.
Similarly, for any adjunction (L,R) if LR = id then R preserves small
sums.

5. In general, a left adjoint preserves compact objects if its right adjoint
preserves small sums.

6. Again, this is true in general whenever L preserves compact objects and
LR = id.

7. 7[S7'] admits small sums via the presentation as tA = F[S™'] given
above. we have just seen that it is compactly generated. We have seen
already that A = 3.7 is compactly generated and localising.

O
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Definition A.2.9. For .7 a triangulated category admitting small sums, let
7. denote the full subcategory of compact objects.

We will need the following result of Thomason-Neeman.

Lemma A.2.10 ([NecOl, Lemma 4.4.5]). Suppose that T is a triangulated
category admitting small sums and G is a small generating family of compact
objects. Then the smallest thick subcategory of 7 containing G is the full
subcategory of compact objects.

Remark A.2.11. This is a special case of [NeeOl, Lemma 4.4.5] where a =
N, = B. In this case .77¢ is the subcategory of compact objects (see the end
of [NeeOl, Example 1.10]). It might also be relevant to point out to the
conscientious reader unfamiliar with the theory that [TR5] and a-localising
are defined after [NeeOl, Remark 1.4] and the notation 7%, (S), (S)* is defined
in [NeeOl, Definition 1.12].

We now have the following comparison of our two ways of inverting inte-
gers.

Corollary A.2.12. With the assumptions and notation of Proposition A.2.8
we have a canonical equivalence of categories T, Q L[S = T./(sT).. Con-
sequently, the induced functor

Te QLIS = (T[S7]).
is fully faithful.

Proof. Consider the unversal property that 7, — J, ® Z[S™"] satisfies. It is
the universal exact functor towards Z[S7*] linear triangulated category. Tt is
also the unversal exact functor whose image is a Z[S™*| linear triangulated
category. One more way of saying this, is that it is the unversal exact functor

sending each E "4 E to an isomorphism where E € .7, and n € S. That is,
if B is the smallest thick triangulated subcategory of .7, containing each

Cone(E g E) where E € 7, and n € S, then we have a canonical equivalence
T QLIS = T/B.

Lemma A.2.10 tells us that in fact we have B = (5.7)..
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We are now trying to show that the canonical functor
T/ (sT)e = (T [(sT))c

is fully faithful. Glancing at the statement of [NeeOl, Theorem 2.1.8] it
suffices to show that (57). consists precisely of the objects of .7, which are
sent to zero under the canonical functor

T = T/(sT).

The objects that this functor sends to zero are precisely the objects in the
thick subcategory 7, N (57). Notably, Cone(E s E) is in this subcategory
for every E € 7, and n € S. Since these compactly generate 7 it follows
that 7. N (s.7) = (57 )., hence the result by Lemma A.2.10. O

Corollary A.2.13. With the notation and assumptions of Proposition A.2.8,
for any objects E,F in 7 with F compact, the canonical morphism

homy(F,E) ® Z[S™'] — hom 7 (- (F[ST*],E[S7Y])
is an isomorphism.

Proof. 1f E is also compact, then this follows immediately from Corollary A.2.12.
If not, consider the natural transformation of homological functors

hom 7 (F, —) ® Z[S™*] — hom 55— (F[S™*], —[S7"]).

Note also that since F is compact and (—)[S™*] is very nice (Proposition A.2.8)
both these functors send small sums to small sums. Hence, the full subcate-
gory of 7 on which this natural transformation is an isomorphism is localis-
ing, and contains all compact objects. Since .7 is compactly generated, this
natural transformation is an isomorphism on all of 7. ]

Now we come to our “local-global” principles.

Lemma A.2.14. With the assumptions and notation of Proposition A.2.8,
a morphism f: F — E between Z[S™*] local objects is an isomorphism if and
only zfﬂS(_ES] is an isomorphism in ﬁ[S(};] for every prime € that is not in S
where Sy = (Z — (7).
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Proof. 1t is equivalent to prove the following. Let E be a Z[S™*] local object
such that E[S )] is zero for every prime ¢ that is not in S. Then E is zero.

Suppose that E is a Z[S™*] local object such that E[S(_e;] is zero for every
prime ¢ that is not in S. To show that E is zero it suffices to show that
homz(F,E) = o for every compact object F of .7 (as .7 is compactly gen-
erated). Since E is Z[S™']-local, this group is a Z[S™'] module and so it is
sufficient to show that hom s (F,E) ® Zs) = o for every prime ¢ that is not in
S. But now since F is compact we have by Corollary A.2.13

(FIS )

hom s (F,E) ® Z = hom (Z)]’E[S(_A])

o)
which vanishes since we are assuming E[S )] = o. O

Lemma A.2.15. With the assumptions and notation of Proposition A.2.8
suppose that G is a small family of compact objects of . Then the following
are equivalent:

1. The family
G[s7]={E[S] :E€ G}

is a generating family for T [S7].

2. The smallest thick triangulated subcategory of T[S7*] containing G[S™]
is the full subcategory T [S7*]. of compact objects.

3. For each prime { which is not in S, the family
GlSy] = {ElS )] - E € G}
is a generating family of compact objects for 9[8(’5]

4. The smallest thick triangulated subcategory of 3[8(}‘)] containing Q[S(_é;]
is the full subcategory 9[5(}3]6 of compact objects.

Proof. By Proposition A.2.8 the categories .7 [S7'] also admit small sums
and are compactly generated. Moreover, the functor .7 — 7S] preserves
compact generating families. So we can apply Lemma A.2.10 to show that
(1) <= (2) and (3) <= (4). To see that (1) implies (3) it suffices to
note that we can replace .7 with .7[S™'] and apply Proposition A.2.8 again.
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Finally, suppose (3) is true and consider E € .7[S7'] such that
hom s (FIS ], E) = o

for every F € G. We wish to show that E[S™'] = o. As this latter is Z[S™"|
local, by Lemma A.2.14 it suffices to show that E[S )] = o for each prime ¢
not in S. For this, by the assumption that (3) is true, it suffices to have

homy[sw(F[S@},E[s(};]) =o.

For each F € G. But since F is compact we have

homg[s(—zu(F[S@],E[s&ﬁ]) =homy (F,E) ® Z

and
hom 75— (F[S™"], E) = hom(F,E) ® Z[S™]

and so the required vanishing follows from ¢ not being in S together with the
assumed vanishing. [
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