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Résumé

Cette these traite de certaines propriétés spectrales de deux classes spécifiques des
opérateurs de Schrédinger avec champs électromagnétiques en dimension deux. Nous nous
intéressons tout d’abord a I’hamiltonien de Landau perturbé par un potentiel dépendant
d’un petit parameétre semi-classique ou d’une grande constante de couplage. Nous obtenons
alors le comportement asymptotique de la fonction de comptage des valeurs propres dans
les trous spectraux avec une estimation optimale du reste.

Le second modéle étudié dans cette thése est un hamiltonien quadratique avec champ
magnétique fort. Nous donnons également la description de la fonction de comptage des
valeurs propres lorsque I'intensité du champ magnétique tend vers I'infini. Nous montrons
de plus que prés des niveaux de Landau, il existe des résonances dont la largeur est
polynomialement petite par rapport a l'intensité du champ magnétique.

Mots-clés: Opérateurs de Schrédinger, champs magnétiques, distribution des valeurs
propres, résonances, largeur de résonances.

Abstract

This Ph.D thesis deals with some spectral properties of two specific classes of two-
dimensional Schrodinger operators with electromagnetic fields. We are firstly interested in
the Landau Hamiltonian perturbed by a potential depending on a small semi-classical con-
stant or on a large coupling constant. We obtain an asymptotic behavior of the eigenvalue
counting function with sharp remainder estimate.

The second model studied in this thesis is a quadratic Hamiltonian with strong mag-
netic field. We also give the description of the counting function of eigenvalues when the
strength of magnetic field tends to infinity. We show in addition that near Landau levels
there exist resonances whose width is polynomially small with respect to the strength of
magnetic field.

Keywords: Schrodinger operators, magnetic fields, distribution of eigenvalues, resonances,
resonance width.
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Notations

Dans ce manuscrit, nous utilisons les notations et les conventions suivantes :

e g(P) - le spectre de l'opérateur P.

e 04(P) - le spectre discret de 'opérateur P.

® 0.s(P) - le spectre essentiel de 'opérateur P.

e p(P) - ensemble résolvant de 'opérateur P.

e S(R") - I'espace de Schwartz.

e SF(m,R?") - I'espace des symboles.

e SY(R?") - l’espace des symboles bornés.

e )M, (C) -I’'ensemble des matrices carrées de taille n.

e S¥(R?"; M, (C)) - I'espace des symboles a valeurs matricielles ou les coefficients
appartiennent a S&(R?*").

e o (z,hD,) (ou Opy(a)) - opérateur h—pseudo-différentiel associé au symbole a(z, §).
e tr(P) - la trace de I'opérateur P.

e Soit g une fonction dépendant de h. On écrit g(h) ~ >~ a;h?, h — 0 si pour tout
j=0

N
N e N, on a lim (g(h) -y ajhj> h=N =0.
h—0 §=0

e Soit a(z,&; h) un symbole dépendant de h. On écrit a(x,&;h) ~ Y a;(x,§)h? dans
Jj=0
N
SE(m,R?™) si pour tout N € N, on a a(z,&h) — Y a;(z, )W € SEN "1 m, R?™).

j=0
e L(L?*(R™)) - I'espace des opérateurs linéaires bornés de L?(R™) dans L*(R").

e Pour z € R”, (z) := (1 + |z]?)2 et D, = 20,

e On dit que A € R est une valeur critique d’'une fonction V- € C'(R"™; R) si et seulement
s'il existe x € {x € R™; V(z) = A} tel que V,V(x) = 0.

e F, - la transformé de Fourier semi-classique et son inverse JF, ' :

pour § € S(R"), Fr(¢) = [ e~ @8/hg(z)dx et F, '0(x) = w [ e@Ihg(&)de.

o |||l (resp. ||.|lus) - la norme trace (resp. Hilbert-Schmidt) des opérateurs.
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Chapitre 1

Introduction

1.1 Motivation

Apreés une série de résultats intéressants concernant les opérateurs de Schrodinger avec
champs magnétiques de J. Avron, [. Herbst et B. Simon publiée dans les années soixante-
dix du siécle dernier ( voir [2, [I],3]), les propriétés spectrales des opérateurs de ce type ont
été intensivement étudiées. Dans la littérature, il existe de nombreux modéles des opéra-
teurs de Schrédinger dépendant des champs magnétiques et électriques. Le changement de
champs magnétiques et électriques entraine effectivement la modification des propriétés
spectrales. Le but de cette thése est principalement d’étudier quelques problémes spec-
traux pour deux classes spécifiques d’opérateurs de Schrédinger avec champs magnétiques
en dimension deux.

Le premier probléme spectral qui a attiré ’attention des mathématiciens est de savoir
comment décrire le spectre discret de 'opérateur de Schréodinger avec champ magnétique.
Plus précisément, le probléme porte sur le comportement du nombre de valeurs propres
discrétes par rapport a certains paramétres physiques (par exemple la constante de Plank,
I'intensité du champ magnétique, la constante de couplage, etc). Afin de traiter cette
question, nous mentionnons ici trois méthodes utilisées dans la littérature.

La premiére est une approche variationnelle (voir 2], 46, 48|, [51] 52]). Cette méthode
nous permet de calculer le terme principal dans ’asymptotique de la fonction de comptage
des valeurs propres dans des situations générales, notamment dans le cas ou le potentiel
électrique est peu régulier. Néanmoins, elle n’est pas vraiment efficace pour optimiser le
reste. En général, elle exige en plus que le potentiel soit de signe constant.

La deuxieme est une approche die a V. Ivrii basée sur 'analyse microlocale et la tech-
nique multi-échelle (voir [34], 35, [36]). Elle nous permet d’estimer localement le noyau de
Schwartz du projecteur spectral de 'opérateur de Schréodinger magnétique avec estima-
tion optimale du reste. Ensuite, une formule reliant le noyau de Schwartz et la fonction
de comptage des valeurs propres est utilisée pour trouver 'asymptotique du nombre de
valeurs propres avec estimation optimale du reste. Cependant, pour construire le noyau de
Schwartz, on utilise toujours une équation d’évolution. Dans plusieurs cas, il est difficile
de résoudre une telle équation (voir |14} 15]). Pour cette raison, M. Dimassi et J. Sjostrand
[22] ont développé une méthode stationnaire basée sur la formule dite de Helffer-Sjostrand.
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Cette approche nous permettra de traiter des situations ott non seulement le paramétre
spectral est implicite, mais aussi quand il n’y a pas vraiment d’équation d’évolution as-
sociée (voir [14, 15, 19, 21), 22]). Nous signalons ici que cette méthode exige quelques
conditions sur la régularité du potentiel électrique.

Dans ce travail, on reprendra 1’approche stationnaire développée par M.Dimassi et
J.Sjostrand pour étudier des formules de trace et la répartition des valeurs propres de
deux classes des opérateurs de Schrédinger bidimensionnels suivants :

e L’opérateur de Schrodinger avec champ magnétique constant et la perturbation
dépendant du petit paramétre semi-classique h ~, 0, (désigné H(h)) ou de la grande
constante de couplage A\ 7 +oo, (désigné H)).

e L’opérateur de Schrodinger avec champ magnétique fort (B ,* +00) et un poten-
tiel additionnel. Cet opérateur peut étre considéré comme un hamiltonien quadratique
perturbé.

Pour le premier modeéle dans le cas semi-classique, nous obtenons des développements

asymptotiques complets de la trace de f(H(h)) avec f € C§°(R). Notre méthode se
généralise facilement pour le cas de dimension 2d (avec d > 1). Dans le cas des grandes
constantes de couplage, nous donnons aussi un développement asymptotique complet en
puissances de A7 de la trace de f(H)), ou f € C5°(R). En corollaire, nous obtenons
la formule de trace du type Weyl avec reste optimal. Ce résultat généralise celui de G.
Raikov qui a obtenu seulement le terme principal dans ’asymptotique de la fonction de
comptage des valeurs propres sans aucun controle du reste (voir [50] et aussi [47]).
A notre connaissance, il n’y a pas beaucoup de travaux traitant des problémes spectraux
du deuxiéme modéle. Dans article de H. Matsumoto et N. Ueki [45], on a étudié les
spectres des hamiltoniens quadratiques non-perturbés en dimension deux. D’autre part,
le spectre absolument continu du deuxiéme modéle a été abordé par P. Exner, A.Joye
et H. Kovaiik dans [26]. La répartition des valeurs propres n’était cependant pas encore
traitée. Nous nous proposons donc d’établir des formules de trace et I’asymptotique du
nombre de valeurs propres au dessous du spectre essentiel du deuxiéme modéle lorsque
I'intensité du champ magnétique tend vers l'infini. Ici, nos résultats sont nouveaux et
n’ont pas été étudiés dans les travaux |7, 12], 26], 40, [44] [45].

Le deuxiéme probléme spectral est de chercher I'existence des résonances et leur loca-
lisation pour les opérateurs de Schrodinger avec champs magnétiques constants. La réso-
nance peut étre définie par dilatation analytique (voir [58, 59]), par transition complexe
(voir [19, 27]) ou par prolongement méromorphe de la résolvante a partir du demi-plan
complexe supérieur. Pour I'opérateur de Schrodinger tridimensionnel avec champ magné-
tique constant, J. F. Bony, V. Bruneau et G. Raikov ont obtenu une borne supérieure et
une borne inférieure du nombre de résonances prés des niveaux de Landau (voir aussi [38]).
Ils ont de plus établi la relation entre la fonction de décalage spectral et les résonances
(appelée approximation de Breit-Wigner ). Lorsque l'intensité du champ magnétique tend
vers l'infini, X. P. Wang a montré I’existence des résonances prés des niveaux de Landau
et il a aussi obtenu des développements asymptotiques complets pour ’énergie ainsi que
pour la largeur des résonances dans le cas ou le potentiel électrique a une haute barriére
(voir [58, 59| et aussi [28]).

Comme dans le résultat de X. P. Wang [59], nous prouvons l’existence des résonances
prés de niveaux de Landau pour notre deuxiéme modéle et nous donnons un développe-
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ment asymptotique complet en puissances de B~! de ces résonances. Ici B est l'intensité
du champ magnétique. On en déduit que les parties imaginaires de ces résonances sont
de T'ordre de O (B~>°). Le probléme consistant a prouver l'absence de valeurs propres
plongées est encore ouvert. Rappelons que ce probléme est encore ouvert méme pour
V'opérateur de Stark (voir [19]).

1.2 Opérateur de Schrodinger quadratique avec champ
magnétique fort

Introduisons 'opérateur de Schrodinger non-perturbé bidimensionnel avec champ ma-
gnétique fort B " 400

Py(B,w) = (D, — By)* + D + w?a?,

ol w # 0 est une constante fixe. Il est bien connu que 'opérateur Py(B,w) est essentiel-
lement auto-adjoint sur C§°(R?) (voir [26], 45]) et son spectre est absolument continu et
donné par

o(Po(B,w)) = 0us(Po(B,w)) = [\/32 T2, oo) .

L’opérateur perturbé est maintenant défini par
P(B,w) = Py(B,w) + V(z,y).

Supposons que le potentiel V' est a valeurs réelles, indéfiniment dérivable et tend vers zéro
a l'infini. On peut alors montrer que V(Py(B,w) +14)~! est un opérateur compact. Grace
aux théorémes de Kato-Rellich et de Weyl, 'opérateur P(B,w) est aussi essentiellement
auto-adjoint sur C5°(IR?) et les spectres essentiels de P(B,w) et Py(B,w) coincident, c.-
a-.d.

es(P(B,w)) = 0es(Po(B,w)) = [VBE + o2, oo) .

Par conséquent, le spectre discret de P(B,w) est inclus dans 'intervalle (—oo, VB?+ w2).
Comme mentionné dans l'introduction, il y a peu de travaux concernant ’opérateur
P(B,w). On peut citer les travaux |7, [12) 40] ou la répartition des valeurs propres a
été réalisée pour le cas ol on remplace w?x? par un potentiel W (z) borné.

Pour l'opérateur P(B,w), on étudiera dans ce travail lorsque B 7~ 400

e des formules de trace,

e la répartition des valeurs propres,

e |'existence de résonances.
Posons « := v/ B? + w? et notons que g — 1 quand B " +o00.

1.2.1 Fonction de comptage des valeurs propres de P(B,w)

On commence par annoncer les principaux résultats.
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Théoréme 1.2.1. (cf. théoréme B.3.7]) Soit f € C5°((—00,0);R) dont le support ne
dépend pas de B. Supposons que V € S°(R?) tend vers zéro a Uinfini. On a alors

tr (f (P(B,w) - VB +?)) NBiAj(f)B—f,B/+oo. (1.1)

ol

2W//f WPa? 4+ V (2, y)) dady,

(1.2)

A(f) = g/ Q%V(:E, y) + 0§V(x,y)) f' (w2x2 + V(x,y)) dxdy.
Théoréme 1.2.2. (cf. théoréme B.3.2]) Soit A un nombre réel négatif, fizé. En plus de
Uhypothése du théoréeme [L.2.1), supposons que \ n’est pas une valeur critique de w?x? +
V(x,y). 1l existe alors o > 0 assez petit et C assez grand tels que, pour tout f € C§°((A—
o, A+ 0);R) et U e C°((—&, &); R), il existe une suite de fonctions ¢; € C*(R), j € N,
VM,N €N, on a

tr <f (P(B,w) — m) Filo <T — P(B,w) + m))

o

M —M-=1 1.3
:B(ch(T)B—j+O<B<T>N )) , quand B /* +0o0, 1-3)

J=0

uniformément en T € R, ou

ds,
5. Vay(W?e? +V(z,y))|

(1.4)

Ici dS, désigne la densité riemannienne sur Sy = {(x,y) € R?| w?2? + V(z,y) = \}.

Théoréme 1.2.3. (cf. théoréme[3.3.3]) Soit A < 0 fizé. On désigne par Ng(\) le nombre
de valeurs propres de P(B,w) — v/ B? + w? dans (—oo, A] comptées avec leur multiplicité.
Sous les hypotheéses du theoreme [1.2.2, on a

Np(\) = B(co + O(B—1>), (1.5)

ol

1
Cy=— // dxdy.
27 J J (@) eR2| w224V (2,) <0}

Dans la suite, nous présentons briévement I’idée de la démonstration.

Idée de la démonstration du théoréeme [L.21]

La démonstration du théoréeme [[L2.T]se décompose essentiellement en trois étapes. On
commence par construire un probléme de Grushin approprié afin de réduire I’étude du
spectre de P(B,w) prés de I’énergie a+z a celle d’un opérateur h := é—pseudo—différentiel
E_,(2) prés de zéro, E_(2) : L*(R) — L3(R). Ici

E_(2) =z — w*2* + a“(x,hD,, 2, h),
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avec a(z, &, z,h) € S°(R?). Remarquons que, dans notre cas, la présence du potentiel de
bord non borné w?z? conduit au fait que I’hamiltonien effectif n’est plus un opérateur
borné de L?(R) dans lui-méme. Ceci est effectivement la différence principale entre ce
travail et celui de M. Dimassi [I5]. Notons que M. Dimassi a établi les théorémes [[L2]
et [L2:3] dans le cas ot w = 0 (voir [15]).

Pour surmonter cette difficulté, par micro-localisation appropriée, modulo un terme
négligeable, nous pouvons restreindre l’étude sur les valeurs bornées de x car pour B
grand, prés de A < 0, on est prés de la surface {(z,¢) € R?| w?z? + V(2,€) = A\}. En
fait, on peut montrer, a 'aide de la formule dite de Helffer et Sjostrand et du probléme
de Grushin, que

tr(f(P(B,w) — @) = tr(f(P(B,w) — a)x"(z, hD.))

o)
1 3 F -1 w oo (16)
— (=2 [0 E ) OB (LN (@ kD) ) + )
ou f € C5°(C) étant une extension presque analytique de f et x étant une fonction a sup-
port compact qui dépend de V. Grace a I’estimation (I.G), on n’aura besoin que d’étudier
I’hamiltonien effectif £, (z) dans le support de x. En utilisant le calcul symbolique, on
peut effectivement remplacer E_, (z) dans ([L6) par un opérateur h—pseudo-différentiel
borné E(z), c.-a-.d.

w(f(P(B,w)—a)) = tr (—% 25 EE) 0. BN hDI>)+O<h°°>. (1.7)

On démontre ensuite que la contribution du membre de droite de (7)) est négligeable
quand on restreint I'intégrale sur le domaine {z € suppf| [Imz| < h®} pour § € (0, 3)-
Dans la zone K5 = {z € C| [Imz| > h’}, on prouve que (E(z)) 19, E(z) est un opérateur
h—pseudo-différentiel ayant un développement asymptotique en puissances de h. En com-
binant ceci avec (L), on obtient le développement de tr(f(P(B,w) — «) en puissances
de h. Ceci termine la preuve du théoréme [[.2.11

Idée de la démonstration du théoréme [[.2.2

La démonstration du théoréme est similaire & celle du théoréme [L2.1] Plus préci-
sément, on utilisera les propriétés de I’hamiltonien effectif et un résultat da a M. Dimassi
[14, Théoréme 1.8| pour déduire la preuve.

Idée de la démonstration du théoréme [1.2.3

Le théoreme peut étre considéré comme un corollaire des théorémes [[L2.]
et de argument taubérien (voir aussi [56, Chapitre 5|). En effet, ’étude de la fonction de
comptage des valeurs propres Ng(A) se raménera a celle d’une fonction

M(t,h) = > d(y;(h))
t<v; (h)

ot 7;(h) est valeur propre de P(B,w) — « et le support de ¢ est contenu dans un petit voi-
sinage de A. L’argument taubérien permet ensuite d’établir une relation entre la fonction
M(t,h) et la trace d'un opérateur du type (L3 :

Mt h) = / tr (6(P(B,w) — a)F, " U(r — (P(B,w) — ) dr + O(1).  (18)

—0o0
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Par conséquent, l’estimation de Ng(A) découle de (L])), du théoréme [[L22 et de quelques
calculs élémentaires.

1.2.2 Existence des résonances de P(B,w)

On s’intéresse maintenant a l’existence des résonances de l'opérateur P(B,w). Avant
de donner la définition spécifique des résonances, nous ferons ’hypothése suivante sur le
potentiel V' :

(Hy) V est une fonction a valeurs réelles. Il existe de plus des constantes aq, ag, ag > 0
et 0 > 0 telles que V' admet un prolongement analytique dans le domaine

A ={(21,2) € C% |Im(z, 20)| < a1|Re(z1, 22)| + o},

et pour tout (z1, 22) € A
|V (21, 22)| < as(Re(z1,22)) ",

L’hypothése (Hj) nous permet de définir les résonances de 'opérateur P(B,w) en ef-
fectuant une dilatation analytique. En effet, on note d’abord (voir I’appendice B.6]) que
lopérateur P(B,w) est unitairement équivalent a

P(B,w) == VB? +w?(D: + y°) + w’z’

_1 w? 1 _1 1 w® _s
+ Vv <(32+w2) "Dy + (14 23) 2z,(B*+w®) 2D, + B (1 + 53) 4y)-

0

Soit @ réel. Considérons 'opérateur unitaire Uy : L2(R?) — L2(R?), u(z, y) — u(e’xz, e %y).

Un calcul simple donne

Pio(B,w) :=UpP(B,w)U; ' = VB2 + wz(e%D; + e ?y?) + ewa?
w 1 w? 1o 1 1 w? s
+ V(B2 + ) D, + (14 25)7Ha), e (B2 + W) 7ED, + BTH(1+ 5)7Hy) ).

On simplifie les notations en posant

Poo(B,w) i= VB + w (e Dy + 7'y + e*ua?, (1.9)
et
Vy'(B,w)
= V(B ) D, + (L4 ) e (B o) AD, + B ) ),
On a donc

P y(B,w) = Pyo(B,w) + V,*(B,w).

Grace a Panalyticité du potentiel, on peut étendre la formule de P ¢(B,w) pour 6 dans
un petit voisinage complexe de 0. Il résulte alors de [10, Théoréme 1] (voir aussi [32])
que 'on peut définir les résonances de l'opérateur P(B,w) comme les valeurs propres
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discrétes de Popérateur non auto-adjoint P ¢(B,w). Notons que ces valeurs propres et
leurs multiplicités sont indépendantes de 6 (voir [10]).

On fixe désormais 6 € C tel quel Im# < 0 et |f| suffisamment petit. Il sera montré
ci-dessous que les spectres essentiels de P ¢(B,w) et P o(B,w) sont les mémes et égaux
a UJ{@2n+1)vVB2+w?+e ), A > 0}. Les résonances sont donc réparties en dehors de

neN
ces demi-droites. Comme mentionné ci-dessus, on étudie I’existence et la localisation des

résonances prés des niveaux de Landau. Pour faire cela, nous suivons la stratégie utilisée
par X.P. Wang dans [58], 59].

Fixons n € N. On pose v, := (2n+ 1)V B2 +w? et h := \/B%W' Soit £ € R\ {0}. En
construisant & nouveau un probléme de Grushin, nous démontrons que z est une valeur
propre de Py ¢(B,w) — v, prés de E si et seulement si 0 est valeur propre d’un opérateur
h—pseudo-différentiel (ce qu’'on a appelé 'hamiltonien effectif). Ici, 'hamiltonien effectif
se détermine par

E_(2) = 2z — Ag(h) + h*Go(2; h), (1.10)

ou Gy(z;h) est holomorphe en z dans un ensemble borné dépendant de B et Ay(h) est
indépendant de z. L’opérateur Ay(h) est de plus un opérateur h—pseudo-différentiel avec

symbole a(e’z,e7?¢; h) qui admet un développement asymptotique complet en puissances
de h : |
a(z, & h) — ag(x, &) ~ Y Way(x,€),
Jj21
ou
(2n+1)

ap(z,€) = W?x® + V(2,€) et ai(z,€) = TAV(m,&). (1.11)

Par conséquent, I'existence des résonances de P(B,w) se raméne a ’étude du spectre
discret de Ay(h). Les étapes cruciales pour démontrer I'existence des résonances sont les
suivantes

e Montrer la décroissance exponentielle des fonctions propres de Ay(h) associées aux
valeurs propres prés de E.

e Etablir une estimation de la résolvante dans le cas non auto-adjoint.

Afin d’effectuer ces étapes, on a besoin des hypothéses suivantes :
(Hz) Soit E € R\ {0}. Supposons que ag(zo,%) = E et E est un extremum local
(maximum ou minimum) non dégénéré de ag, c.-a-.d. la Hessienne afj(xo,y0) < 0 (ou

ag (o, o) > 0).
Par une translation, on peut supposer que (zo,yo) = (0,0). Posons

Qp = {(z,y) € R?| a(z,y) = E}.

(Hs) (La condition de non-capture) Supposons que Qp = {(0,0)} UT", ou I' est une
courbe connexe de R? et (0,0) est un point isolé et que ’hamiltonien classique ag(z, &)
est non captif sur I":

{ao([E, S)a Go(ﬂf, 6)} - aéaoazGO - axaoagGo (112)
= £0eap(z, &) — x0pao(x, &) #0, V(x,€) €T,
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o Go(z,€&) = z.£, V(z,€) € R2

Pour obtenir la largeur des résonances, comme dans [41], 59|, on utilise la méthode
BKW pour construire une solution approchée du probléme E_(z)u = O(h*). Puis, en
étudiant un probléme de Grushin approprié, on obtient un développement asymptotique
complet a coefficients réels des résonances en puissances de h. Par conséquent, la largeur
des résonances est au moins de taille O(h™).

Le résultat principal dans cette direction se présente comme suit

Théoréme 1.2.4. (Le théoréme A.2.7]) Pour n € N, on définit

_ . Co Co 1
Un—{ze(C, RezE}(Qn%—l)B%—E B,(2n+1)B+E+B{,Imze] COB’O]}’
(1.13)

ot Cy > 1 peut étre arbitrairement grand et en dehors d’un ensemble discret de R. Sous les
hypotheses (Hy), (Ha) et (Hs), il existe des résonances de P(B,w) dans U, qui sont toutes
données par des développements asymptotiques complets en puissances de B~! lorsque

B /400 :

1 . A+
Enj(B.w)~ (2n+1)B+E+ ( +(2j+ 1)) + (20 + 1)7“) B+ Y b B
k>2
(1.14)
ot c(ik;)n’j € R, X et u sont les valeurs propres de la Hessienne aj(0,0), et le signe +(—)

correspond & un minimum (respectivement un mazimum) local.
De plus les résonances de P(B,w) dans U, sont algébriquement simples et la largeur
des résonances est d’ordre de O(B~>).

1.3 Hamiltonien de Landau avec champ magnétique
constant.

Désignons par B la constante magnétique dont le signe est fixé B > 0. On considére
Iopérateur de Schrodinger non-perturbé

Hy = (D, — By)*+ D;. (1.15)

Il est bien connu que 'opérateur Hy est essentiellement auto-adjoint sur C§°(R?) et son
spectre est constitué par les valeurs propres de multiplicité infinie (2n + 1)B,n € N (voir
[2]). Ces valeurs propres sont traditionnellement appelées niveaux de Landau. On perturbe
Popérateur Hy par un potentiel électrique AV (hx,hy) dépendant de deux paramétres
A > 0 grand et h > 0 petit. Supposons que la fonction V soit de classe C'*°, bornée ainsi
que toutes ses dérivées et

lim V(z,y)=0. (1.16)

|(,y)|—00

L’opérateur de multiplication AV (hz, hy) est donc relativement Ho— compact. D’aprés le
théoréme de Kato-Rellich et le théoréme de Weyl, on déduit que 'opérateur de Schrédinger
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perturbé H(V) := Hy + AV (hx, hy) est essentiellement auto-adjoint sur C5°(R?) et que

Oess(H(V)) = 0ess(Hp) = U{ (2n + 1)B}.

neN

On s’intéresse alors aux formules de trace et a la répartition des valeurs propres de 'opéra-
teur H (V') dans les trous spectraux selon deux cas : le régime semi-classique (A = 1, h N\ 0)
ou la grande constante de couplage (h = 1,\ * 400).

1.3.1 Cas semi-classique

Considérons l'opérateur de Schrédinger semi-classique
H(h) = Hy + V(hz, hy),

ou le potentiel V' vérifie (II6). En choisissant B = constante, on peut supposer que
B=1.
Soient a et b deux réels fixés tels que [a,b] C R\ oes(H (h)). On définit

lp :=min{qg € N;V([a — (2¢+1),b— (2¢ + 1)]) # 0}, (1.17)
l:=sup{g € N;V ' ([a — (2¢+1),b— (2¢ +1)]) # 0}.

On établira un développement asymptotique en puissances de h? de tr(f(H(h),h))
dans les deux cas suivants :
2) f(z,h) = f(x), avec f € Cg((a,b);R).
b) f(z,h) = f(2)F.'0(r — z), ou f,0 € C°(R;R), 7 € R.
Par conséquent, on obtiendra le comportement asymptotique du nombre de valeurs propres
de H(h) avec I'estimation optimale du reste lorsque h 0.

Présentons maintenant les résultats principaux :

Théoréme 1.3.1. (cf. théoréme B.2.1)) Soit f € C5°((a,b);R). Supposons que V €
S%(R?) tendant vers zéro a Uinfini. Il existe alors une suite de nombres réels (ax(f))ren
telle que

)~ ar(f)REY, (1.18)
Z / f(25+14+V(z,y))dzdy. (1.19)

Jj=lo
Théoréme 1.3.2. (cf. théoréme [5.2.2)) Fizons u € R\ oes(H(h)) qui n’est pas valeur
critique de (2j + 1+ V), pour j =ly,...,l. On suppose que [ € C((n— €, u+¢€);R) et
0 e C'OO(( b C) :R), avec 0 = 1 dans un petit voisinage de zéro. 1l existe alors € > 0,
C > 0 et une suite de fonctions ¢; € C*(R;R), j € N, tels que pour tout M, N € N, on a

tr (f(H(h))F,'0(t — H Zc ()R L O (Z)N) (1.20)
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uniformément en t € R, ou

l

ds;

—_. (1.21)
/{(z,y)€R2| 2j+14V (x,y)=t} IVV (z,y)]

Jj=lo

Théoréme 1.3.3. (cf. corollaire 5.2.3)) On garde les hypothéses du théoreme [[.31] et
on suppose de plus que a et b ne sont pas des valeurs critiques des fonctions (2j+1+ V),
Jj = lo,...,l. Soit Ny([a,b]) la fonction de comptage des valeurs propres de H(h) dans
Uintervalle [a,b] comptées avec leur multiplicité. Alors on a

Ni([a, b)) = h2Cy + O(1), h \, 0, (1.22)
Co = %Z\/ol (V" (la— (2 + 10,0 — (2] + 1)) (1.23)

Remarque 1.3.4. Notons que 'opérateur H(h) est unitairement équivalent a ’opérateur
de Schrédinger semi-classique avec champ magnétique fort P(h) := (hD, — y)* + D} +
V(z,y), et que le théoréme [[33 a été démontré par V. Ivrii (voir [36]) en se basant sur
une réduction de l'opérateur P(h) en une forme canonique du type "forme normale de
Birkhoff". Dans ce travail, on donne une autre démonstration en exploitant la méthode
de ’hamiltonien effectif et I’approche stationnaire.

Idée de la démonstration
Pour démonstrer les résultats ci-dessus, on utilise & nouveaux ’approche stationnaire
et la méthode de 'hamiltonien effectif comme expliqué dans la section précédent. En fait,
I’hamiltonien effectif dans ce cas est un opérateur h?—pseudo-différentiel borné, a valeurs
matricielles
E_.(2): L*(R;C'7othy — L2(R; Clmhot),

dont le symbole est donné par

[e.e]

6_+($, 57 2 h) ~ Z 6j—+('r7 57 Z)hju dans SO(Rza Ml—lo-i-l((c))?

J=0

avec
e (2,6,2) = ((z = (25 + 1) = V(2,€))0i5) < -

En suivant la stratégie de la méthode de I’hamiltonien effectif, on obtient le développement
de tr(f(H(h)) en puissances de h.

Remarquons d’autre part que par un changement de variables (z,y) — (z,—y)), les
opérateurs H (h) et H(—h) sont unitairement équivalents. Donc tr(f(H (h)) = tr(f(H(—h)).
Ceci montre que tr(f(H(h)) a un développement asymptotique en puissances de h%. Et
les théorémes et [[3.3] sont prouvés de la méme maniére que les théorémes et
123
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1.3.2 Asymptotiques dans la limite de grande constante de cou-
plage

Appliquons les résultats ci-dessus a I’étude de 'opérateur de Schrodinger avec champ
magnétique constant suivant :

2 2
Hy = (De —y)” + Dy + AV (z,y).

On désigne les points dans le plan R? par X := (z,y). Introduisons I’hypothése suivante
sur le potentiel V' :
(Hp) Supposons que V' est strictement positive et que pour tout N € N,

wa (\X|) |X|70"% + ron(X), pour |X|>1, (1.24)

on

e wy € C°°(S% (0,400)), waj € C°(SHR), j > 1. Ici St désigne le cercle unité.

e § est une constante positive,

o [Oxran(X)] < Cu(1 + |X[)7IF17072N w5 € N2,

On a o(H,) C [1,+00), puisque V est positive. Soit a > 1 et [a,b] C R\ 0ess(Hy).
On s’intéresse a nouveau a la formule de trace et a la répartition des valeurs propres
de Vopérateur H, dans l'intervalle [a,b] lorsque A tend vers l'infini. Remarquons que
Tess(H)) = U2{(2j + 1)}, donc il existe ¢ € N tel que 2¢+ 1 < a < b < 2q + 3.

Théoréme 1.3.5. (cf. théoréme [5.2.4) Soit f € C;°((a,b);R). Sous l’hypothése (Hy),
il existe une suite de nombres réels (bp(f))r>0 telle que

tr(f(HN) ~ A5 Y be(H)AF, A S 400 (1.25)
bo(f) = 2—;5/0 W(wo(cosﬁ,sinﬁ))%dﬁz/f(u)(u—(2j+1))_1_%du. (1.26)

Théoréme 1 3.6. (cf. théoréme 5.2.5]) Soient f € C°((a —€,b+¢€);R) et
0 € C'OO(( vot C) :R), avec 0 = 1 prés de 0. 11 existe alors € > 0, C' > 0 et une suite de
fonctions c; € C*(R;R), j € N, tels que pour tout M, N € N, on a

tr <f(HA)J-";_1%9(t . HA)> =AY ata o (%) JA St (1.27)

e
Il
o

uniformément ent € R, ou

co(t) = %f(t)Z/ | ~ L/ (1.28)

Iei W(X) = wo( )12
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Théoréme 1.3.7. (cf. corollaire [5.2.6]) Supposons que 'hypothése (Ho) est vraie. Soit
Nix([a,b]) la fonction de comptage des valeurs propres de Hy dans |a,b] comptées avec leur
multiplicité. Alors on a quand \ / +oo

Na(la, b]) = A3 Dy + O(1),

1 & . _2 . -2 o ; 3
DOZE;«CL_QJ_U 5—(b—2j—1) 5)/0 (wo(cos d,sin0))? db.

Remarque 1.3.8. Sous I’hypothése que V(X)) = wo(%)|X\_5(1+0(1)), G. Raikov a mon-

tré que Ny([a, b]) = A5 (Dg+0(1)) (voir [49, 50]). Le théoréme 3.7 donne une estimation
optimale du reste. Cette estimation est meilleure que dans le cas standard (’opérateur de
Schrodinger sans champ magnétique). Nous rappelons que dans ce cas-1a, le reste est de
Pordre O(\s) (voir [16]).

Idée de la démonstration

Pour démontrer les théorémes [[.3.5] et [L3.7, nous établirons une réduction dont
le but est de ramener ’étude dans la limite de grande constante de couplage A 7 +o0
a celle dans le cas semi-classique h = \~5 N 0. En effet, étant donné l'intervalle [a, b]
comme ci-dessus, on peut voir que pour tout C' > 0, 'ensemble {(z,y, &, 1) € R |(z,y)] <
Cet(£—y)?+n*+ A\V(x,y) € [a,b]} est vide pour A\ assez grand. Alors modulo une
quantité O(A~*°), la trace des opérateurs f(H)) et f(HA).F/\__l%Q(t — H,) ne dépendent
que du comportement de V' & linfini. L’hypothése (L24) montre d’autre part que l'on
peut construire une fonction lisse ¢ dépendant de h telle que

= (X1 h) = o(X) + @a(X)R? + pa(X)R" + .. 4 oo (XD + .,

— AV(X) = ¢(hX;h) pour | X| grand,
ou les fonctions ¢,; sont uniformément bornées ainsi que leur dérivées. Posons @) = Hj +
©(hX; h). Il n’est pas difficile de voir que les théorémes [L3.1] et [L3 3 restent encore
valables pour l'opérateur ). Les théorémes [[.3.5] et [L3.7 sont donc les corolaires
des assertions suivantes :

tr(f(Hy)) = tr(f(Q)) + O(h%), (1.29)

et
tr (J(HAF 50— Hy)) =t (FQF L0t - Q) +O(h™)  (1.30)

Maintenant, nous expliquons comment traiter (L29). On utilise d’abord la formule de
Helffer-Sjostrand

f(Hy —

Q)
o L O/ A R A R IATS) -

Ensuite, a l'aide de la formule de résolvante et la construction de ¢(hX;h), on peut
montrer 'identité cruciale suivante

(= = H) ™ = (2 = Q)] = Au(2) + Aa(2)(2 — Q)" + (2 — Ha) "' As(2)

+(z— H)'A4(2) (2 — Q)71 Imz # 0, (1.32)
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ou z — Aj(z) j = 1,2,3,4 sont holomorphes dans un voisinage complexe U de [a,b] .
De plus, les opérateurs As(z), As(z) et Ayq(z) sont de classe trace et ||A;(2)]|,. = O(h>),
j=2,34. o

Finalement, en substituant (L32) dans (L31]) et en utilisant le fait que 0, f = O(|Imz|>),
|(z — Hy)7Y = O(Jlmz| ™) et ||(z — Q)| = O(|]Imz|~!), on obtient (I29). De la méme
maniére, on obtient (L30).



14

Chapitre 1. Introduction



Chapitre 2

Rappels sur les opérateurs
h—pseudo-différentiels.

L’objectif de ce chapitre est de rappeler quelques résultats élémentaires sur les opé-
rateurs h—pseudo-différentiels (voir [22] 25] [56]) qui seront utilisés dans la suite de cette
these.

2.1 Opérateurs h—pseudo-différentiels

On commence par donner les définitions des fonctions d’ordre, des symboles et des
opérateurs h—pseudo-différentiels.

Définition 2.1.1. Une fonction m : R™ — (0, +00) est appelée fonction d’ordre s’il existe
des constantes C, N > 0 telles que

m(w) < C{z — w)¥m(z),
pour tout z,w € R".

Remarquons que si m; et my sont deux fonctions d’ordre, alors mims est aussi une
fonction d’ordre.

Définition 2.1.2. Soit m une fonction d’ordre sur R**. Pourk € R, § € [ ,%], on désigne
par SE(m,R*) lensemble des fonctions a(x,&, h) définies sur R*™ x (0, ho] telles que

— a(xz,&, h) est une fonction lisse par rapport a (z,§),

— Pour tout multi-indice o, 8 € N", il existe Cy 3 > 0 tel que

|050¢ alw, &, h)| < Cosh™ =21 (2, ¢),
pour tout (z,&) € R*".
Si k=0,0 =0, on écrit S°(m; R*") au lieu de SJ(m; R*"). Définissons aussi

S™®(m,R*") := ﬂS (m, R*™).

N>0

Lorsque la fonction d’ordre m vaut 1, on omettra m et on notera Sy (R*") := SF(1,R*").

15
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Définition 2.1.3. A un symbole a € S¥(m,R®), on associe un opérateur h—pseudo-
différentiel de S(R™) dans S(R” défini par

(. hDu(w) = s [ [ (L u(yyayde, u e SE)

Théoréme 2.1.4. (Composition des opérateurs)

1. Soient a € SY(mi,R*™) et b € S2(my, R*™), alors il existe un symbole a#b €
S(myma, R?") tel que a®(x,hD,)b"(x,hD,) = (a#b)*(x,hD,) au sens des opé-
rateurs de S(R™) a S(R™). Ici a#b est déterminé par la formule suivante

atth = £ P=PEPDD (a(z, )b(y, ) )| 7
(z,£)=(ym)
ot o est le produit symplectique défini par o(D,, D¢, Dy, D,)) = D,,.D¢ — D,.D,,.
2. En particulier, a#b — ab € S§5_1(m1m2, R27).
Théoréme 2.1.5. (Continuité sur L?) Supposons que a appartient a SY(R*), alors
a“(z,hD,) : L*(R™) — L*(R™)

est un opérateur borné et il existe une constante C' > 0 indépendant de h telle que
|la®(x,hD,)|| < C.

Théoréme 2.1.6. ( Supports disjoints) Soient a,b € S§(R*"). Supposons qu’il existe
~v > 0 indépendant de h tel que

dist (supp(a), supp(b)) > >0.
Pour 6 € (0,3) , on a alors
||aw(x7 th>bw(x7 hDI)HLQ(R” —L2(R") = O(hoo)

Théoréme 2.1.7. (Inversibilité) Soit 6 € [0,1). Supposons que a € S§(m,R*) e
la(z, &)| > ym(x,€) (v > 0) pour tout (z,&) € R*™. Pour h suffisamment petit, lope—
rateur a*(x,hD,)™1 est un opérateur h—pseudo-différentiel avec symbole appartenant a

SO( R2n)
Théoréme 2.1.8. (Inégalité de Garding, version faible) Soit a un symbole a valeurs
réelles dans S°(R*") et

a(x, &) >~ >0, pour tout (z,£) € R*™.
Alors, pour € > 0, il existe hg = ho(e) > 0 telle que
(" (2, hDy)u,u) = (v —€)|lull,
pour tout h € (0, hg) et u € L*(R").

Théoréme 2.1.9. (Inégalité de Garding) Soit a un symbole dans S°(R**). On suppose
que a > 0 sur R®™. Il existe alors ho > 0 et C > 0 tels que

(a"(xz, hDy)u,uy > —Chl|ul|,
pour tout h € (0, hg) et u € L*(R™).

Théoréme 2.1.10. Soient a € S°(m,R*") et k : R*™ — R** une transformation cano-
nique. Alors il existe un opérateur unitaire U tel que a*(x,hD,)U = U(a o k)*(z, hD,).
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2.2 Calcul fonctionnel par la formule de Helffer-Sjostrand.
On commence par introduire la formule de Helffer-Sjostrand.

Proposition 2.2.1. Soit f € C{°(R), alors il existe une fonction fe C(C) telle que
pour tout N € N

0.f(2)] < Cy[lmz|™,

fl. =1
R

Ici 0, = %(% + ia%). On dit que f est une extension presque analytique de f.

Théoréme 2.2.2. (Formule de Helffer- Sjostrand) Soit A un opérateur auto-adjoint
sur un espace de Hilbert H. Soit f € C§(R) et f € Cj(C) l'extension presque analytique
de [ avec |0, f(z)| = O(|Imz|). Alors

F) == [ 5@~ ) L)

o L(dz) = dzdy est la mesure de Lebesgue sur C ~R2 .
Théoréme 2.2.3. (Caractérisation de Beal) Soient A = A, : S(R") — S'(R"),0 <
h < 1. Alors les assertions suivantes sont équivalentes :

1. A= a“(z,hD,, h) pour certain a € S°(R*").

2. Pour tout N € N et pour toutes les formes linéaires l1(x,£), ..., In(z, &) sur R*",
Vopérateur adw (znp,) © - © adiw (2 np,)An appartient a L(L*(R™)) et est de norme
O(hY) dans cet espace.

Ici adysB est le commutateur de A et B donné par adaB := [A, B] = AB — BA.
Théoréme 2.2.4. Soient a € S°(m,R*) et f € C(R). Alors f(a¥(z,hD,)) est un

opérateur h—pseudo-différentiel dont le symbole appartient a S°(m=" R*™) pour tout k €
N.

2.3 Opérateurs a trace.

On rappelle quelques critéres pour qu'un opérateur pseudo-différentiel soit de classe
trace ou Hilbert-Schmidt.

Théoréme 2.3.1. Soit a € S'(R*"). Alors a¥(z,hD,) est Hilbert-Schmidt si et seulement
si a € L*(R*). On a de plus

1
o . hD)lfs = s [ [ late.€)Paade
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Théoréme 2.3.2. Soit a un symbole dans S°(R*"). On suppose que 0% ca(z, &) € L' (R*")
pour tout |a] < 2n + 1. Alors a®(x, hD,) est de classe trace et on a

tr(a”(z,hDy;)) = (27r1h)" // a(x,&)dxdé,

la® (. hD:) e < Cab™ 37 (10 cal, ) 11 gaan)

|a|<2n+1
Théoréme 2.3.3. Soit a € S°(R*™). Alors, pour tout symbole b € C°(R*™), on a

! / / o, €)b(x, €)dde.

(2mh)"

tr(a”(z,hD;) o b*(x,hD,)) =



Chapitre 3

Spectral asymptotics in the strong
magnetic field

Dans ce chapitre, nous présentons l'article [24].

SPECTRAL ASYMPTOTICS FOR TWO-DIMENSIONAL SCHRODINGER
OPERATORS WITH STRONG MAGNETIC FIELDS.

ANH TUAN DUONG

ABSTRACT. In this paper we study the perturbed quadratic Hamiltonian in two-dimensional
case, P(B,w) = (D, — By)? + D} + w?a? — V/B? +w? 4+ V(x,y). Here, B is the strong
constant magnetic field, w # 0 is a fixed constant, and the potential V' vanishes at infinity.
For f € C§°((—o0,0);R) and B large enough, we give a full asymptotic expansion in powers
of B™! of the trace of f(P(B,w)). Moreover, we also obtain a Weyl formula with optimal
remainder estimate of the counting function of eigenvalues of P(B,w) as B — oc.

3.1 Introduction

We consider the two-dimensional Schrodinger operator with constant magnetic field
P(B,w) = Ry(B,w) + V(z,y) (3.1)
= (D, — By)* + D; +wir? — VB2 + w2+ Vi(ny), (z,y) € R?

where D, = %81,, B is the strong constant magnetic field and w # 0 is a fixed constant.
Throughout this paper, we always assume that the electric potential V' satisfies the
following hypothesis :

19
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(H) The potential V' is a real-valued smooth function, bounded with all its derivatives,
and tends to zero at infinity, i.e., V3,7 € N

|050;’V(:E,y)\ < Cgs, Y(z,y) € R2.

It is well known that the operator P(B,w) is essentially self-adjoint on C{°(R?) (see
|26, 44], [45]). For V' = 0, it was shown that the spectrum of the unperturbed operator
Py(B,w) is absolutely continuous and equal to the interval [0, 00) (see [45]). Since V' tends
to zero at infinity, the operator V(FPy(B,w) + )" is compact (see [2]). According to the
Weyl theorem (see [54]), the operators P(B,w) and Py(B,w) have the same essential
spectrum, i.e., Oess(P(B,w)) = Oess(Po(B,w)) = [0, 00). Thus the spectrum of P(B,w) in
the interval (—oo,0) is discrete.

Recently a substantial progress has been made in the analysis of the magnetic Schro-
dinger operators with long-range perturbations going to 0 as |z| — 400 and the works
around the trace formulae have generated many results on the distribution of eigenvalues
near Landau levels and Weyl’s formula with sharp remainder estimate of the counting
function of eigenvalues (see [2, 1], 15] 18, 20, 26| BT 36, B9, [46] 48] 1], 52, 57| and the
references given there).

To our best knowledge, there are only a few works concerning the model ([B.1]) (see
[26, 44], [45]). In [45], the authors studied a quadratic Hamiltonian without perturbation
by using the theory of metapletic representations. In [26], the authors investigated the
absolutely continuous spectrum of P(B,w). By applying the Mourre theory, they proved
that a part of the absolutely continuous spectrum of P(B,w) persists. On the other
hand, we can consider the model (BI]) as the quantum hall system Hamiltonian with the
unbounded edge potential W (z) = w?z? (see [7, 12, [40]).

In this work, we give a complete asymptotic expansion in powers of B~! of the trace of
the operators f(P(B,w)) and f(P(B,w))F; " W(A\—P(B,w)), where f € C5°((—0o0,0); R),

¥ € C°((—4. ) R) with C large enough. Here o := v/B? +w? and the semiclassical

Fourier transformation F1'W(z) = & [, "™ W (¢)dt. The proof is based on the effective
Hamiltonian method and the stationary techniques developed by M. Dimassi [14] (see
also M. Dimassi-J. Sjostrand [22]). More precisely, we reduce the spectral study of the
operator P(B,w) near a fixed energy z to the study of a i— pseudodifferential operator
E_,(z) called the effective Hamiltonian. Then we apply to the operator E_, (z) the time
independent approach. Furthermore, thanks to a Tauberian theorem (see [15], [56]), we de-
duce Weyl’s formula with optimal remainder estimate of the counting function of isolated
eigenvalues of P(B,w) in (—oo, A], where A < 0 is a fixed constant.

The paper is organized as follows. In Section we recall some notations and defi-
nitions for symbols and pseudodifferential operators. Our main results are announced in
Section 3.3l In Subsection B.4.1l we establish and study the effective Hamiltonian. Then
we prove some trace formulae in Subsection The proofs of our main results are given
in Section and Section 3.6l Finally, we construct some linear canonical transformations
in Appendix



3.2. Notations and Definitions. 21

3.2 Notations and Definitions.

In this paper, we will use the notations in [22] 25] for symbols and h - pseudodifferential
operators. Here h is the semiclassical parameter.

Definition 3.2.1. A function m : R*" — (0, 00) is called an order function if there exist
constants C, N such that
m(w) < C{w — w)¥m(w),

for all w,w € R*",

Definition 3.2.2. Let m be an order function on R**. Fork e R, 0 <1 < %, we define
the class of symbols :

SE(m,R*™) := {a € C®(R™)| VB € N*",3C5 > 0s.t. |0°a] < Cgh™1Flm} .
If m =1 (resp. | = 0), we write S} (R?**) := SF(1,R*") (resp. S*(m, R?") := S¥(m, R>™)).

Definition 3.2.3. Let a(.;h) € S;°(m,R*") depend on h. We say that a(.; h) admits an
asymptotic expansion in powers of h, if there exists a sequence of symbols of Slko (m, R?"),
(aj)jen, such that for any N € N, and for any 8 € N*" there exists Cyp > 0, s.t.

N
0 (a(;h) =Y Waz)| < CyghN T Fo~Fly,

=0

We write a(.; h) ~ > hla; in Sf°(m, R?").
=0

J
Definition 3.2.4. (see [f]) We denote by S°(R**; L(L*(R™))) the set of operator-valued
functions a € C°°(R*"; L(L*(R™))) satisfying :

For 8 € N*", there exists Cs > 0 such that

10%a(x, &)l c2mny) < Cs, V(z, &) € R*™

We will use the standard Weyl quantization of symbols. More precisely, if a(z, ),
(z,€) € R?", is a symbol in SF(m, R?") (resp. S°(R*"; L(L*(R™)))), then a¥(x, hD,) is the
operator defined by

1 i
aw('r7 hDI)u('r) = (27Th)n /n /n 6E<r_y7§>a(x _;_ yvé-)u(y)dydé-v
foru € S(R") (resp. u € S(R™; L*(R™))). Sometimes, we write Op¥(a) instead of a*(x, hD,).
For the theory of h— pseudodifferential operators with operator-valued symbols, we refer
to [4, 6] 29].
Let g(«) be a function depending on a large parameter a. We say that g has a complete

asymptotic expansion in powers of a1, and we write

o0

g(a) ~ Z c;a™l as a — oo,
=0
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if and only if, for all N € N,

s S -

1=

0
We write g(a) = O(a™) if for all N € N, g(a) = Oyx(a™V).

3.3 Main results.

In this section, we state our main results :

Theorem 3.3.1. Let f € C§°((—00,0);R) and assume that V' satisfies the assumption
(H). Then, the following full expansion holds :

tr(f(P(B,w))) ~BY Bi([)B7, as B . (3.2)

Moreover,
Bo( er/ f Wi + V(z y))dxdy, (3.3)
Bi(f) = = / [2V (x,y) + 2V (z,y)] [/ (wP2® + V (2, y)) dudy. (3.4)

Theorem 3.3.2. Fiz A\ < 0. In addition to the assumption (H) suppose that V, ,(w?xz? +
V(z,y)) # 0 on the surface

{(z,y) € R?| w*2* + V(z,y) = \}.

Then, there exist o > 0 small enough and C > 0 large enough such that, for f € C§°((A—
0, A+ 0);R) and ¥ € C°((—&, &); R), there exist functions Cj(1) € C*(R), VM, N € N,
we have

M B-M-1

-1 . _
tr(f(J_D(B,w))fé U(r P(B,w))) B(JZ:;C( "B+ o0& - )), as B — 0o,
(3.5)
uniformly in 7 € R. Here (1) = (1 + 7 )%
1 ds
C = — w0 a 3.6
0(7—) 27Tf(7—) ( ) /{(w,y)€R2| w2x2+V (z,y)=\} ‘vLy(wzxz + V(xv y))‘ ’ ( )

and S; is the surface measure on {(x,y) € R?| w?x? + V(z,y) = A\}.

Theorem 3.3.3. Fiz A < 0, and let N,(\) be the number of eigenvalues of P(B,w) in
(—o00, A] counted with their multiplicities. Under the assumptions of Theorem [3.32, we

have
Na(\) = B(M0 + O(B-l)), as B — oo, (3.7)
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where

1
My = — // dxdy. (3.8)
27 ) J{(@)eR?| w2224V (2,9)<\}

Remark 3.3.4. Since o = v/ B? + w?, and w # 0 is fixed, it follows that

NZCJ )B™ and B~ INZd
j=1
Thus, we only need to prove that the left hand sides of (8.:2)), (8.5) and (3.7) have asymp-
totic expansions in powers of a~!.

Outline of the proof

Using linear changes of variables, we prove in Appendix [3.6 that the operator P(b,w)
is unitarily equivalent to the operator P( ) = Po( )+ V¥(«), where PO( ) = (DZ
y*) +w?r® —a and V¥(a) = V(=D + By LD, + By2y).

By constructing a suitable Grushln problem (see Lemma B:43)) we reduce the spectral
study of (P(a) — 2) for z € (a,a) C (—o0,0) to the study of a 1 — pseudodifferential
operator £, _(z) called effective Hamiltonian. Here we notice that, in our case (w # 0),
the effective Hamiltonian is no longer a bounded operator from L?(R) to L*(R), because
of the presence of the edge potential W(x) = w?z? (see Lemma B.43). This is the main
difference from the work of M. Dimassi [I5] where w is assumed to be equal to zero. To
overcome this difficulty, we show that if f € C3°((—o0,0);R), we have tr(f(P(a))) =
tr(f(P(a))x®) + O(a~>) for some compactly supported function x (see formula (3.57)).
Thus, by using the Helffer-Sjostrand formula, we prove that (see formula (3.57))

w(F(Pe))y”) = tr( __/af VB (2) 0. ()" L(d:)). (3.9)

Here, [ € C°(C) is an almost analytic extension of f. Then, we only need to study
E_,(z) in the right hand side of (39) on the support of x. Next, by applying the +—
pseudodifferential calculus, modulo O(a~>°) we can replace E_(z) in (8.9) by a bounded
operator E(z) (see Proposition B47) such that

tr(f(P(a))x®) = tr( - % / 8, f(z)E(z)-lazE(z)XWL(dz)) +O(a™). (3.10)

Moreover, we show that E(z) has a complete asymptotic expansion in powers of é (see
Proposition B.40]). Then by applying the time independent method used by M. Dimassi
[14] (see also [22]), we prove Theorem [3.3.1] and Theorem

By combining Theorems B.3.1] and with Tauberian arguments, we obtain the
proof of Theorem [B.3.3

3.4 The effective Hamiltonian and trace formulae

In this section, we construct the effective Hamiltonian E_, (z) and we give a trace
formula linking the operators P(«) and E_, (z). Without loss of generality we may assume
that w = 1.
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3.4.1 The effective Hamiltonian.

Let g be a positive function satisfying g(a) — oo as a — co. Set

Q, :={z € C|Rez <2a—g(a)}. (3.11)

2
We denote by ¢(y) = 7~ 1e~ % the normalized eigenfunction of the one-dimensional
harmonic operator corresponding to the ground state energy E = 1 (i.e., (D} +y*)d(y) =
#(y) and ||¢||z2r) = 1). The following lemma is well known :

Lemma 3.4.1. The following statements hold :
1. ¢ is an even function.
2. <D’y“(b(y),yl¢(y)> =0, when k +1 is an odd number.

3N Wam = lveW)lliz@ = 3-
We now consider the following operators
R_: L*(R) — L*(R?), R, : L*(R?) — L*(R),
u(z) = u(z)d(y) v(z,y) = [z, y)é(y)dy
Il:=R R, :L*R?* — L*(R?),
o) [ o nodo)

From the definition of R_ and R, , we have

R.R_u(z) = Ry (u(2)d(y)) = / w(@)b(y) $(y)dy = u(z).

Lemma 3.4.2. There exists ag > 0 large enough such that, for o > «p, and z € ), the
operator

(I —IP(a)(I —T) — =z : (I —T)L*(R?) — (I — II)L*(R?)

is invertible. In addition, there exists C' > 0 such that

C
|R(2)|| < —— uniformly in z € Q,, (3.12)

g9()
where R(z) = (I~ ) P(a)(I ~1T1) - =) -1 AR - [2(RY).

Proof. In the following, we denote by o(A) (resp. p(A)) the spectrum (resp. resolvent set)
of the operator A. It is clear that o((I —11) Py(a) (I —1I)) = [2cr, +00) (see [32], Proposition

6.9]). Hence, for z € €, we have

dist <z, a((I—H)PO(a)(I—H))> (1 =T0)u|| < ||[(1 —=11)Py(c)(I —1I) — 2)(I —I)ul|. (3.13)
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On the other hand, for z € €, one has g(a) < dist (z, o((I =) Py(a)(I — H))) Thus,

g(@)|(I = Wyul| < [[[(1 = M) Py(e) (I —TI) = 2|(I — M)u]. (3.14)

Moreover, since V is bounded simultaneously with all its derivatives, it follows from the
Calderén-Vaillancourt theorem (see [22, Theorem 7.11|) that there exists C; > 0 such
that

Ve ()(I = Mul|l < CLlI(1 = Mul.

Combining this with (B.14]), we have

(g(c) = OO = Wyu| < [[[(1 = T P(a)(I = TT) = 2] (1 — M)u] (3.15)
uniformly in z € Q,, which yields (312). We recall that lim g(«) = +o0. O
a—r00

Next, we construct a Grushin problem for the perturbed Hamiltonian :

P(z) = (P(O];): : }E—) . D x L*(R) — L*(R?) x L*(R),

where D is the domain of P(«).

Lemma 3.4.3. For « large enough, the operator P(z) is uniformly invertible for z € Q.
The inverse of P(z) is holomorphic in z and given by

E(z) = ( ];E_ (é)) £++(é))) : (3.16)

where

E_ (2)=z—-2"- R, VY )R_ — Rya(2)[V"(a), | R_, (3.17)
with a(z) = (I + [II, V¥(a)|R(2)) . Moreover,

E(z) = R(z)a(z) ; E_(z) = Rya(z), (3.18)
E.(z) = R_— R(2)a(z)[V¥(a), I R_. (3.19)

Here [A, B] = AB — BA is the commutator of A and B.

Proof. We claim that [V (a),TI] = O(a~"/?) in £(L?*(R?)). Indeed, the natural restriction
of IT on L?*(RR,) is the projection onto the eigenspace associated to the eigenvalue 1 of the
operator D7 +y* : L*(R) — L*(R). Let f € C5°((0,2);R), f(y) = 1 for y near 1. Then
one has IT = f(D} + y*).

According to |22, Theorem 8.7], II is a pseudodifferential operator whose symbol be-
longs to S°({(y) ™ (n) > ,R*). By using the pseudodifferential calculus, it follows that
[V*¥(«), 1] has an asymptotic expansion of the form

w w B 1 w -1 N+l
V¥ (a), 1] = Zaj Ex,aDr)bj (y,Dy)a™2 +O(a” 2 ), VN €N, (3.20)

—~
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where a;,b; € S°(R?). Consequently, one has

1

[V (e), 1] = O(ﬁ

), in L(L*(R?)), (3.21)

which yields the claim.
Next we construct an approximate inverse of P(z) as follows :

A straightforward computation gives

o= (P Y (8 B = (1 8). o

with
A4 - R+R_ - [LQ(]R)7
Az =0 (here we used Ry ([ —1II)=R; — R, R_R; =0),
Ay = (P(a)—2)R_ + R_(z —2? — R.V"(a)R_),

Ay = (Pla) —2)R(2) + R_Ry.

Using the fact that Py(a) commutes with IT and TIR(z) = 0, one has (P(a) — 2)R(z) =
I —TT+IIV* () R(2). Thus,

Ay =T =T+ TIV*(@)R(2) + T = I + [I, V()| R(2).

On the other hand, since (a(D? + y*) — a)R_ = 0 and V¥(a)R_ — R_R, V" (a)R_ =
V¥ (), II]R_, it follows that Ay = [V*(«),II]R_. Consequently,

Ay Az _ 1
<A3 A4)_[2+O(\/a)’

where I, is the identity matrix from L?(R?) x L*(R) to L?(R?) x L?(R) . Therefore, for a

large enough, A A, is uniformly invertible for z € 2, and
As Ay
(A AT (a(z) —a(2)[V¥(a), T]R_
Ei(z) = <A3 A4) = ( 0 J : (3.23)

where a(z) = (I + [IL, V¥ ()] R(z)) .
_ Hence, for a large enough, P(z) is uniformly invertible for z € Q, with inverse £(2) =
E(2)&1(z). Using the explicit expressions of £(z) and & (z), we obtain (3.10). O

Remark 3.4.4. The following standard properties are well known ( see |15} 19, 25| [31])

1. z€eo(Pla)) © 0€a(E_L(2)).
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2. (z— P(a))™' = —E(2) + E4(2)(E_4(2)) " 'E_(2), for z € p(P(a)).

3. (E_4(2))' = —=Ry(z — P(a))"'R_, for z e p(P(a)).

4. 0,E_,(z) = E_(2)E.(2).

We denote h = a~!, which plays the role of semiclassical parameter. From now on,
we write P(h) (resp. V*(h?)) instead of P(a) (resp. V*(«)). The symbol of V*(h2) is
denoted by V(h%). In the next proposition, we obtain the main properties of £_, (z2).

Proposition 3.4.5. Let Q be a bounded open set in C (independent of h). Then for
h € (0,ho) (ho > 0 small enough), the following assertions hold :

i)
E_i(2)— <z — V(1 — RY)ba, th)) € OpY (S~ (R?)). (3.24)

ii) For 1 € C®°(R), the symbol of the operator (x)( E_.(2)—(z—x2)) has a complete
) For € C§°(R), the symbol of the operator (x) (B (2)—( p

asymptotic expansion in powers of h in S°(R?). More precisely, there exists a(x, &, z; h) ~
S aj(z, & 2)h in S°(R?) such that

b() <E_+(z) (2 x2)>: a®(x,hD,, 2 h), (3.25)
with

ao(% f, Z) = ao(fl?, 6) = —¢(93)V(x,§), (326)
ar(z,&,2) = ay(z,§) == —iw(x) <8§V(x,£) + 5§V(x,§)>+2%ax¢($)55‘/(x,5). (3.27)

Proof. 1) According to Lemma B.4.3] one has

(NI

E_(2)— (2 — 2% = —R.VY(h*)R_ — R.a(2)[V*(h2), 1| R_. (3.28)

We first demonstrate that £, (z) — (z — x?) is an h- pseudodifferential operator with
bounded symbol. To do this we use the Beal’s characterization of h— pseudodifferential
operators (see |22, Chapter 8] or [25, Chapter §]).

Let I(z,€) be a linear form on R? and let [“(z,hD,) be the corresponding h— pseu-
dodifferential operator. Using the fact that R,, R commute with {*(z, hD,) and that
V“’(h%) is an h— pseudodifferential operator in x whose symbol is bounded operator in
Yy, we obtain

[1“(z, hD,), R, V¥ (h2)R_] = R, [I“(x, hD,), V*(h?)|R_
= O(h), (3.29)

where in the last equality, we have used |R;|| = O(1) and ||R_|| = O(1).
Similarly, for N € N and linear forms l;(x, £), ..., Ix(x,£) on R?, we also obtain

19 (2, hD,), [...[1%(z, hD,), RV (h*)R_]..]] = O(hY). (3.30)
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According to [22], Proposition 8.3], R+Vw(h%)R_ is an h- pseudodifferential operator with
bounded symbol.

Using the same arguments, we also obtain that the operator Rya(z)[V*(h?),II|R_ is
an h— pseudodifferential operator with bounded symbol. Therefore, F_ (2) — (z — 2?) is
an h- pseudodifferential operator with bounded symbol denoted by a(x,&, z; h).

Now we will prove that a(x,&, z; h) has an asymptotic expansion like (3.44). First, we

consider the operator .
R.V¥(h2)R_ : L*(R) — L*(R).

Recall that V (hz) = V(h2n + (1 — h?) 2z, h¢ + h2 (1 — h?)zy). Applying Taylor’s formula
to V(h2) at X := ((1 — h2)2z, he), we get
V(RY) = V(X) + [0V (X)n + BV (X)(1 - b2)3y |

+ % RV (X )P + BV (X)(1 = B2 y) + 202,V (X)n(1 = B)dy[h+ .. (3.31)

N

+ ON7X<(77(1 - h2)%y)N>h?7

where 0; is the partial derivative with respect to the jth-variable, j = 1,2, and Oy x
depends on N, X.
Notice that

Ry [BfaéV(X)nkyl} w(a:, Y, Dy, Dy)R_u(x)
= 0FALV™ (1 — k)22, hDy)u(@)((1" )" (y, D,)é(y), 6(y))- (3.32)
A simple computation shows that

min(k,l)
1 .1 . .
(") (W, Dy)oly) = = D>, Cloyy'™ e ), (3.33)

J=0

where ¢*=9)(y) is the derivative of order k — j of ¢(y). When k + [ is an odd number,
it follows from Lemma B.AT that (¢~ (y), y"7é(y)) = 0 for all 0 < j < min(k,1).
Therefore, for k£ + [ odd,

(") “(y, Dy)o(y), ¢(y)) = 0, for all 0 < j < min(k, ). (3.34)

Since ¢'(y) = —yd(y), one has (ny)“(y, Dy)o(y) = 36(y) + yo'(y) = 36(y) — y*d(y).
Combining this with Lemma B.4.1] we obtain

((ny)*”(y, Dy)d(y), o(y)) = 0. (3.35)
Putting together (3:31)), (332)), (334) and (335), we get VN € N,
N
RVU(R3)R- =" r¥((1 = h?)2x, hD,)h + O(hNH), (3.36)

J=0
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where 7; € S°(R2). In particular, ro((1 — h2)22,€) = V((1 — h2)2z,€) and r((1 —
P2, €) = L(ORV (1 — h?)ba, &) + BV (1 - 1) 22,9)).

Next we study the operator R, a(z)[V¥(h2),II|R_. From the definition of a(z) (see
Lemma [3:4.3)), one has

Rya(z >[vw<h%> MR- = Ry (I + [IL, V¥ (h2)R(2)) " [V¥ (h2), | R_

= R+Z ([0, V(h2)|R(2))Y [V*(h7), TT|R_ (3.37)
= R+[vw<h%>, MR-+ Ry Y (-17([, Ve(h2)|R(2)Y [V*(h?), T R_ (3.38)
=Ry Y (-1, VO (h?)|R(2)) [V (h?), ] R_, (3.39)

where we have used R,II = R, and IIR_ = R_ to deduce R, [V*(h2),IT]R_ = 0.
We write

N[

R(z) = (1~ (D2 497 — 1) + o2 + VO3] —1T1) - z)_l(l —m

= (T~ IO[(DZ + >~ 1) + ha? +th(h%)]( ) — hz) -1 (3.40)

1

= hH,y [I + h(I =TI (V¥(h?) — 2)(I — ) H,] (3.41)
= 1 Y (P - I ) - z>H1]ﬂ<f - Hw“, (3.42)

-1
where Hy = <(I —)(D; +y* — 14 ha?)(I - H)) (I —1II) is a bounded operator since

(I =I)((D}4y*—1)+ha?)(I —1II) > (I —1II). Moreover, if we consider H; as an operator
from L*(R,) to L?*(R,) and z as a parameter, we have

[l 2w, < C

for some constant C' independent of both = and h. Since 0, H; = —H;(2hx)H;, there also
exists C > 0 such that
10:Hy || (22 (ry)) < Ch.

Similarly, we can show that
107 Hill 22 ey ) < Cs

for all 8 € N and Cj is also independent of . Combining this with the fact that H; does

not depend on the dual variable ¢ of x, we conclude that H; is an h— pseudodifferential

operator in the z— variable whose symbol is bounded operator in the y— variable.
Making use of the symbolic calculus of pseudodifferential operators with operator-

valued symbols (see [4]), and using (3:20), (339) and ([B:42), we deduce that, VN € N,

N .
Ria(2)[VU(h3), TR =3 ¥z, 2 ha® (1 — h?)2a)hs ™ + O(h™3+2),  (3.43)
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where 7; € SY(R?).
As a consequence of (336) and (3.43), the operator E_,(z) — <z — 2= V(1 -

h?)az, hDr)> is an h— pseudodifferential operator with symbol belonging to S~!(R?).

ii) It follows from (B.36]) and (3:43)) that the symbol a(x, &, z;h) of E_, (2) — (2 — %)
can be written as follows :

a(z, &,z h) ~ Za]xf,zh % (3.44)

j>0
where a;(z, €, 2; h) is of the form r;(z, €, 2; ha?; (1 — h?)2z) with r; € SO(R?). In particu-
lar, Go(z, €, 2. h) = V(1 — h2)ba, hé), @(z, €, 2 h) = 0 and as(z, &, 23 h) = i(é’%V((l -
P)hw,€) + RV ((1 - h2)ka, €) ).
Now we prove ([B.25)). Let ¢ € C§°(R), we claim that the symbol a(x,&, z; h) of the
operator ¢(x)(E_(z) — (z — %)) has an asymptotic expansion in powers of h? in SO(R2)
a(x, &, z;h) ~ Z a;(z, €, z)h%. (3.45)
Jj=>0
Indeed, let ¢ € C°(R) such that ¥ = 1 on the support of 1. We set f/(h%) = @(x)V(h%)
~ 1 ~ -~ 1 -1
and R(z; h#) = ((1 — )[R Y(D2 + y? — 1) + 22 (x) + Ve(hE)](T — TT) — z) (I —T0).
Applying the h— pseudodifferential calculus, one obtains
a“(x,hDy, z; h) (3.46)
= (@) (= B V(W3R = Ry (1 + [IL V()] Rz h3) 7 [V (hE), LR ) + O(h).

We apply Taylor’s formula to V (h2) at (h2n+ x, hé + h2(1 — h?)2y) and obtain

V % ZV h277+x h§+h (1-— )% e )h2+O(h2(N“)), (3.47)

7=0

where V; € S%(R?) and ¢; € C§°(R). We next use the same arguments as (3.31]), (3:36)
where V(hz) is replaced by the right hand side of (847). Then we obtain, for all N € N,

N
— R\VU(h3)R_ =" v®(w, hD,)h7 + O(hRN*), (3.48)

=0
where v; € S°(R?) is independent of h. In particular,
0w, €) = ~3(@)V (6 na(,€) =~ (BEE@V (@,0) + RV (.0)). (349
As ([B42)), it is easy to see that

R(zh?) = H Y (=1)[(I = I)(§(x)2® + VU (h2) — 2) HP (I = IDAH, (3.50)

>0
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where H, = ((I — IN)(DZ +y* — 1)(I —II))~'({ — II). The operator H, is independent of
both z and h. Then making use of the symbolic calculus of pseudodifferential operators
with operator-valued symbols, we obtain for all N € N,

N
— R (I + IV (h2)|R(=; h2)) 7 [V (h2 ), TR =Y 6 (2, hDy, 2)h 2 + O(h"2 1),
=0
(3.51)
where 0; € S°(R?) is also independent of h. Thus, (345) follows from (B.46), (B:48) and
' 1 = 1 ~ 1
Put J(hz) := R, (I + [II, V*(h2)|R(z; h2)) V¥ (h
wing bounded operator, ¥ : L?(R?) — L*(R?), Su(x,y
52 = J,5* = ¥. The following lemma shows that J(hz

proof of (825 :
Lemma 3.4.6. The following assertions hold :
1. SV (h2)S = V¥ (—h2).
2. [¥£,10] = 0.
3. RyYXX=R, and¥R_=R_.
4. SR(zh?)S = R(z; —h3).

hz), 11 ITJR_. We construct the follo-
y) = u(z, —y). Obviously, one has
) = J(—h2) which completes the

Proof. i) Let a(x,y,&,m) € S°(R?Y) arbitrarily. By a change of variables, one has

Ya (x Y, Do, Dy)Su(z, y)

i((z—a2")e+(—y—y')n) r+a’ —y+y ' Ve du' déd
27r //// af 5 TS L& nu(e’, —y')da' dy'dedn

r o
/ [[[ e nesommmaLE 2 ey iy dey
= ( =Y, Do, =Dy Julz, y).

Applying this to V(h?), we obtain V¥ (hz)% = V*(—h3).
ii) By using the definition of ¥ and II, one has

(2, Hu(z,y) = Elu(z,y) — Hu(z, —y)
= / u(z, t)p(t)dtd(—y) — / u(z, —t)¢(t)dto(y) (3.52)
~ [ we.t) ~ uler,~) ()t () (3.53)

However, since the integrand in the right hand side of (B.53]) is an odd function with
respect to ¢, we obtain [2, u(z,y) = 0 for all u € L?(R?). Therefore, [, 1] = 0.

iii) The same arguments give (iii).

iv) The assertion (iv) is an easy consequence of (i) and (ii).
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3.4.2 Trace formulae.

Assume that the hypotheses in Theorem [B.3.] hold and let ¢ < @ < 0 such that
suppf C (a,a). Then we can find an almost analytic extension foff satisfying fe
Co (), flr = f,0.f(2) = O([Imz|*), where Q := (a,a) +i(—1,1) and 9, = 1(Z +28y)
for z = x + iy (see [22]). Notice that we can take f with support in an arbitrarily small
neighbourhood of the support of f. Since the potential V' vanishes at infinity, one has
that

Siga) = {(2,€) € R 2® + V(2,€) € [a.a] } (3.54)

is a compact set in R2. )
Next we are going to prove that f(P(h)) is of trace class and give a priori estimate

of tr(f(ﬁ(h))).

Proposition 3.4.7. The operator f(P(h)) is of trace class. Moreover, for all functions
X € C5°(R% R) such that x = 1 near Xy, 5, we have

tr (f(ﬁ(h))) — tr (—% / 3.7 (2)(B(2)"10.E(2) L(d2)y" (z, hDI)) L OMh®).  (3.55)

Here, [ is an almost analytic extension of f and E(z) = z — a®(z) + ¢ (x)(E_(2) —
(z — 2?)) for some 1 € C°(R;[0,1]) such that ¥(x)x(z,&) = x(z,€), V(z,&) € R2

Proof. Suppose that x € Cg°(R%*R), x = 1 near X, 5. Then we can choose a function
V € S9(R?) such that

— V(x,y) = V(z,y) outside a small neighbourhood of ¥y, a,

— x =1 on the support of (V — V),

— |z =22 = V((1 = h?2)2z,y)| > eo(x)? for all (z,y) € R?, z € Q and h small enough.
Indeed, let U be a neighbourhood of ¥, 4 such that Z[Q,a] C U and x = 1 on U. Now
for (z,y) € R?\ U, one has either 22 + V(x,y) < a or 2*> + V(x,y) > a. However, since
2+ V (x,y) is a continuous function and  lim  V(x,y) = 0, one obtains 2+ V (x, y) >a

|(z,y)| =00
for all (z,y) € R? \ U. From this, there also exists € > 0 such that 2? + V(z,y) > a+¢
(or in other words V(z,y) > a+ e — 2?) for all (x,y) € R?*\ U.

Hence, it suffices to choose V such that V(z,y) > @+ ¢ — 22 for (z,y) € Ya,a and
Viz,y) =V, y) for (z,y) € R?\U. Then we obtain V(z,y) > a+e—a? for (z,y) € R?
and supp(V — V) C U. In particular, V((1 — h2)2z,y) > a+e — (1 — h2)a® > a+ ¢ — 22
uniformly for (z,y) € R? and h small. This shows that |z — 22 — V((1 — h?)2z,9)| > ¢
for (z,y) € R?. Combining this with the fact that V vanishes at infinity, one obtains that
there exists £¢ > 0 such that |z — 2% — V((1 — h2)2x,y)| > eo(x)? for (z,y) € RZ The we
have constructed the function V' satisfying the above conditions.

Set E_(2) = E_,(2)+V*((1—h?)2x, hD,)—V*((1—h?)zx, hD,). Then the principal
symbol of the symbol of E_, (z) is z — 22 — V((1 — h2)2z, ) satisfying |z — 22 — V((1 —
h2)2z,€)| > eo(x)? uniformly in z € Q and (z,€) € R2. Therefore, for h small | enough,
the symbol of E_, () is elliptic and then E_,(2) is invertible. Moreover, z — E_, (z)7}
is holomorphic on (2.
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Applying the so-called Helffer-Sjotrand formula and Remark 3. 4.4] one has

FBM) = —~ / 8.7(2)(z — P(h)) " L(dz)

= 2 [8.F) (- BG) + B2 (B () E-(2) ) Lid2)

= [ 07 BB () B ()L ().

Here we have employed the fact that F(z) is analytic to get —% [ d.f(2)E(2)L(dz) = 0.
On the other hand, the following decomposition

E_i(2)' = B (2) 7 4+ Eoi(2) (Bt (2) = Eoi(2)) B (2) 7

yields
-2 / 0.1 (2) B () (B4 () B (2)Lldz) = —— / 3.F(2) By (2) B (=) B (=) L(d2)
—%/@JF(Z)EAZ)E—AZ)_I(E +(2) = B (2)E_4(2) ' E_(2) L(dz)

-- / 3. F(2) B () B (2) (B () — By (2)) By () B_(2)L(d=)

13

In the last equality, we have employed the analyticity of E(z)E_,(2)"'E_(z) on the
support of f to deduce 1 fa f(2)EL(2)E_ () "E_(2)L(dz) = 0.

By the construction of E_,(z ) the support of symbol of E_, (z) — E_, (z) is compact.
Hence, E_, (z) — E_,(z) is a trace operator (see [22, 56]). Thus, f(P(h)) is of trace class.
Furthermore, making use of the cyclicity of the trace, one has

(7)) = tr( = [ 0T () H(Eor(2) — By(2)Bos () OB (2) ().

Now, by choosing h small enough, we have x = 1 near support of V ((1—h2)2z,&)—V ((1—
h2)2z,€) which is the symbol of (E_ (z) — E_4(2)). It follows from |22} Proposition 9.5|
that

LF(P(R))(L = X" (2, hD))[ler = O(R). (3.56)

Consequently,
tr(f(P(h))) = t1"(]‘7(13 h))x"(x, hDy)) + O(h™)
—tef — _/a F()E_ () 0. B (2)x" (x, th)L(dz)> + O™, (3:57)

Let ¥ be in C§°(R; [0, 1]) such that ¢ (z)x(z,§&) = x(z,§). If we consider the function v
as a constant function with respect to &, then supp(1 — ¢) Nsuppy = 0. Let us put

B(z) = 2 — 2%%(x) + () (B (2) — (= — 2%)). (3.58)
According to |14, Lemma 1.1], there exists € > 0 such that
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— E(2)7! exists and is holomorphic on {z € Q| [Imz| # 0}, where Q := (a, @) +i(—¢, ),

— ||E(2)7Y = O(|Imz| ") for z € Q, [Imz| # 0.
Choosing f with support in €, we get that E(z)7!
supp f| [Imz| # 0}.

It follows from the resolvent identity that

exists and is holomorphic on {z €

E_i(2)" = B(z)" = B () (B(2) — B_.(2))E(z)"!
— B () (1 — d(@)a® + () = (B (2) — (= — 2%))) B(2) "

Following the proof of |22, Proposition 8.6|, we obtain for z € suppf, Imz # 0, that E(z)_l
is an h—pseudodifferential operator with symbol e(z, &, z; h) satisfying, for all 8 € N2,

1

.
10%| < Cs max(1, ———)5[Tmz|~1#—".

|Imz|

Moreover 0, f(z) = O(|Imz|*), then we obtain the symbol of [Imz|~1, f(z)E(z)~" belongs
to S°(R?). Since supp(1 — ¢) Nsuppy = 0, it follows that

(0 (2) = 1)2* + (1= (2)) (B (2) = (z =) | Im2| ", FE(2) 0. B (2)x"||e = O(B).
From this and the fact that |[E_, (2)7!|| = ||Ry(z — P(h))'R_|| = (umz') we get

e =~ OB ()"~ EE) 0N (. hDLE)) = O). (359
Thus, (3.57) and (359) imply

(3.60)

In the last equality of B60), we have used 9, E_, (2)x“(x, hD,) = 0,E(z)x" (z, hD,) +
O(h*>) which follows from the fact that ¢)(x)x(x, &) = 1. This ends the proof of Proposition
0.4, (. ]

By combining the arguments in the proof of Proposition B.4.7 and the techniques in
[22], Chapter 12| (see also [14]), one obtains the following result :

Lemma 3.4.8. Under assumptions of Theorem [3.31, we have

tr(F(P()F (e = P())) = tx( ——/a F()F 10 = 2)(B(2)) 0. B(2)L(d2)x")

+ O(h™),
(3.61)

where x, E(z) are constructed in the proposition [3.4.77
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We recall that z—1(z) (22 +V (z,€)) is the principal symbol of the symbol of E(z). It is
a linear function with respect to z. Furthermore, V' tends to zero at infinity. Then for z in
some compact set of (—oo,0) and |(x, )| large enough, |z—(x)(x*+V (x,€))| > const > 0.
Thus, the following proposition is a consequence of [14, Lemma 1.2| (see also [22, Chapter

8) :

Proposition 3.4.9. Let f be as in Proposition[34.7. Let ag(x,&;h) be the symbol of the
operator

S / 3.7 . B(2)L(d>). (3.62)
Then there exists a sequence of symbols (c;(x,€))jen in S°(R?) such that
agle, &h) ~ 3 o5z . (3.63)
Moreover,
co(x,€) = f(i(a)(@® + V(x,6))), (3.64)
ci(2,€) = —ar (2, ) f' (Y () (2* + V(,€))). (3.65)

Here ay(x,&) is given in Proposition[3.7.5,

3.5 Proofs of Theorem B.3.17 and Theorem

We start by proving Theorem B3l It results from Propositions B.4.7] and B.4.9] that
for all N € N,

Ztr (2, hD,)x"(z, hDy))h? + O(ANT1). (3.66)

Since the support of x is compact, one has (see [56, Proposition II-56| )

tr(cy (z, hDy) X" (z, hD,) =5 h// ci(z,&)x(z,&)dxde. (3.67)

Thus, for all N € N
N

te(f(P(R) = Y Aj(HI + O, (3.68)

j=1

where 4;(f) = 5= [[ ¢j(x, &)x(z, §)dzds.
Remark that ¢) = 1 on suppy, and x = 1 on the set {(z, &) € R?| 22+V (z, ) € suppf}.
Therefore, co(z, &) x(x, &) = f(2? + V(x,£)) and

_ % / f (2?4 Vi, €)) dude. (3.69)
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On the other hand ¢/(z)x(z,&) = 0 for all (z,£) € R2 Consequently, ¢;(x,&)x(z,&) =
102V (2,€) + 02V (2,€)) f'(a* + V(2,¢)) and

A(f) = % // (02V(2,8) + OV (2,9)) [ (+° + V(2,€)) dwdé. (3.70)

Theorem [B.3.1]is proved.
The following corollary is a simple consequence of Theorem B311 We recall that w = 1.

Corollary 3.5.1. Let A be a negative real number. Let Np(N) be the number of eigenvalues
below \ of P(h). Assume that the hypotheses in Theorem [T.31 hold and that

Vol ({(z,y) € R*| 2® + V(z,y) = A\}) = 0. (3.71)
Then,
h—0
where )
My = — // dxdy. (3.73)
27 J J{(wy)eR?| 224V (,5) <0}

Proof. It is clear that the operator P(h) is bounded from below. Then there exists M > 0
such that P(h) > —Y For £ > 0 small enough such that A + & < 0, we put I(£e) =
[~M F e, X £ ¢]. Let us choose fi. € Cg°(R;[0,1]), where f,. = 1 on I(+5), f1= =0
outside I(+¢) and f_. = 1 on I(—¢), f_. = 0 outside I(—5). It is easy to see that

F-o(P(R)) < 1 aan (P(R) < Fo(P(R). (3.74)

Here 1j_j;  is the characteristic function of the interval [-M,\] and A > B < A — B is
a positive operator.
From Theorem B3] one has

ti e (£ (P(1) = o [ [ £eala 4 Vo)) oy
and |
tiy e (£ (P(1)) = o [ [ £-ola® + V(o))
Combining this with (874)), one gets
1 1
o [[ 1o Videdy < i hN) < o [ [ Fea®  Vie)dady. (375
On the other hand
] (71 4 V@) = 1l + V(w9) ) oy
< //1[>\,,\+5](x2 + V(z,y))dzdy + //1[_M_57M}(x2 + V(z,y))dzdy

= // 1p\7,\+5}(3§2 + V(x,y))dzdy =9 Vol({(z,y) € R*| 2% + V(z,y) = A\}) = 0.
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Here we used the fact that z2+V (z,y) > M for all (z,y) € R? to deduce [[ 1j_p—ca(z?+
V(z,y))dzdy = 0. Similarly, one also obtains

0
=30.

‘ // <f+6($2 +V(z,y)) — Lemn(2® + V(z, y)))dmdy

Now let ¢ tend to zero in (B.75]) one obtains (3.72]). O

Remark 3.5.2. It follows from the corollary B5.Il that Ny, (A) = 3 (Mo + o(1)). Naturally
we want to give a more precise estimate for the term o(1). The optimal estimate is actually
given in Theorem B.3.3]

Now, we are going to prove Theorem B.3.2l We choose y in Lemma [B.4.8 such that
{(x,&) e R?| 224+ V(z,€) < A+0g < 0} is a subset of suppy, for some oy > 0, and choose
€ Cg°(R; [0,1]), v(x)x(x, &) = x(x,&). Then, for 7 < X\ 4 0, we have

Y@ (2 +V(,8)) =T+ V(n, &) =T (3.76)

On the other hand, under the hypotheses of Theorem B.3.2] there exists 0 < o < gq, such
that

Vee(@?+V(3,6)) #0for all (1,€) € {(2,€) ER} A—0 < 2+ V(z,£) < A+0o}. (3.77)
It follows that the principal symbol of E(2), z — ¢(z)(x? + V(x,€)), is strictly microhy-

perbolic (in the sense of [I4]) in (A — o, A + o). Let f € C°((A — 0, A + 0);R), we apply
[14, Theorem 1.8] to obtain : For M > 1, uniformly in 7 € (A — 0, A + o)

tr(—% / . f(z)}"h_lllf(T—z)(E(z))_lazE(Z)L(dz)Xw) =Y G +0(M), (3.78)

=0
where C} is a smooth function. In particular,
1 ds
Colr) = 55 (M(0) [ : .
2 ((@.0)eR?| () (@2 1V (x.)=r} | Vae((2)(2® + V(z,€)))]

Combining this with (3.76]), one has

1 ds.
Co(r) = —f(7)¥(0 / - :
o) = 5/ PO (@) 24V (zg)=r} | Vae(2? +V(2,6))]

Let us denote by p1;(h),j = 1,...,mq the eigenvalues of P(h) in (A — o, A+ ). Then there
exists a positive constant ¢ such that 0<min |T—p;(h)| > g (1) forall 7 € R\ (A—0, A 0).
J=mo

From the spectral theorem and Theorem B.3.1], we have

mo

O(3) = (P = D Flos (1))

J=1
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Since F'¥ € S(R) (F ! is the classical inverse Fourier transformation), we get, for all
N>1,

tr<f(15(h))f "W(r—P ) Zf 15(h (%-(h))
O(h?)é}‘;‘ﬁo %M)_N (3.79)

—o(m 2/ "),

uniformly in 7 € R\ (A — 0, 4+ o). Therefore, it results from (B78)) and (B79) that,
uniformly in 7 € R,

tr(f(ﬁ(h))f W(r-P ) ZC )i~ 1+<9(le/<> )

This ends the proof of Theorem

3.6 Proof of Theorem 3.3.3.

In this section, we give the proof of Theorem [3:3.3] which is based on Theorems B.3.1]
and some Tauberian arguments.

Let o be given in (377). Choosing f; € C§°((—o0, A — 0/2);[0,1]) and fo € C°((A —
o, A+ 0);[0,1]) such that f; + fo =1 on [-M, A + 0 /2], where M > sup |V(z,y)|. Let

(z,y)ER?
po(h) < py(h) < ... be the eigenvalues of P(h) in (—o0,0). Then,
Np(A) = Z (f1 + f2) (i (R Z fi(ui(h)) + Z fo(ps(h (3.80)
pj (R)<X 15 (h

It follows from Theorem B.3.1] that

S i) = te(f(P®) = 5 [ [+ Vie)dzay+ 0. (33)
ne

Set
> Falui(h). (3.82)
pj (R)<T

Replacing W by ¥ x U if necessary, for C' > 0 large enough, we can choose a function
U e C°((—4, 4); R) such that :

- v(0) =1,

-~ F ' >0o0nR,

— F7'WU > ¢y on [—¢q,&] for some small constants g, €.

Since M (7, h) is monotone with respect to 7, we use the Tauberian arguments (see
[56, Theorem V-13]) to obtain the following result :
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Proposition 3.6.1. Uniformly in h small and A € R one has

MOLR) = /_ tw( fal PR F W — P(R) ) + O(L) (3.83)

o0

where U is constructed as above.

Applying Proposition B.6.1] and Theorem B.3.2] we get
A
M(X\ h) = h—l/ Co(r)dT + O(1), (3.84)

where

/Acmd / - [ 45 (3.85)
T)dT = — Jo(T)aT : :
—00 ‘ A—0o 27 2 {(z,y)€R2| 224V (z,y)=7} |Vx,y(x2 + V(IE, y))|

The condition ([B.77) allows us to apply the coarea formula (see, e.g., [56, Lemma V-9)|)

2

_ aT(// fol2? + V(x,y))dxdy), Vre(h—a,\).
()R] 224V (z,9)<r}

Thus,

A
1
/ Co(r)dr = = / / fole® 1 V() dady.
oo 270 J J{(y)eR?| 224V (2,y) <0}
Finally, one obtains from (3.871]), (3.82)) and (3.84)

B 1
~ 27h
1

= — // dzdy + O(1).
21h J J {(wy)er?| 224V (2,9)<0}

Theorem [3.3.3] is now proved.

Na(V) / / (1 + f2)(@ + V(a,y))dwdy + O(1)
{(z,y)eR?| 224V (z,y) <A}
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Appendix A

Let a € S%(m,R*). Suppose that x : R* — R? is a linear canonical transformation.
According to |22, Theorem Ay, Chapter 7|, there exists an associated unitary operator U,
such that U 'a%U, = (a o k)".

As mentioned in the last of section B3] we construct some linear canonical transfor-
mations to prove the unitary equivalence of P(B,w) = (D, — By)* + D} — VB% 4+ w? +
w?z? + V(z,y) and P(a) = a(D2 + %) — a + w?z? + V“’(%Dy + By, 1D, 4+ B2y,

Let p(z,y,&,n) = (£ — By)*> +n* — a+w?x? + V(x,y) which is the symbol of P(B,w),
we construct the following linear canonical transformations kg, k1, k2 :

The first one is

1 1
Ro - (%%577]) = (Jf—i- _777y+ §£7£7n)

B
Then the new symbol is given by p(x,y,£,1) = pokg(z,y,£, 1) = (By)?+n* —a+w?(z+
2+ V(e + gy + 56).

The second one is given by

w?B w?B
k1t (@,y,6m) = (2,y,6 — Yl 71’)‘

MIW

The new SymbOl i5p2($73/75777) :ploﬁl(x7y7§7lr]> (By) 77 Oé+ .Z’ +V(
2
=0, Zry + £6).
The last one is constructed as follows
« \/5
ff2-($7y’§777) (B ) B T )
then the new symbol is p(z,y,&,n) = paoka(x,y, &, 1) = a(n® +y?) — a+ w?z? +V( —n+

gx, ig + Ba—\éay) Therefore, P(B,w) = p"“(x,y, D, D,) is unitarily equivalent to ( ) =
p’w(x7 Y, D:E7 Dy)

41
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Chapitre 4

Resonances in the strong magnetic field

Dans ce chapitre, nous présentons l'article [23].

RESONANCES OF TWO-DIMENSIONAL SCHRODINGER
OPERATORS WITH STRONG MAGNETIC FIELDS.

ANH TUAN DUONG

ABSTRACT. The purpose of this paper is to study the Schrédinger operator P(B,w) =
(D, — By)? + D + w?a® + V(z,y), (z,y) € R?, with the magnetic field B large enough
and the constant w # 0 is fixed and proportional to the strength of the electric field. Under
certain assumptions on the potential V', we prove the existence of resonances near Landau
levels as B — oo. Moreover, we show that the width of resonances is of size O(B_OO).

4.1 Introduction.

The model of Schrédinger operator studied in this article is the following
P(B,w) = Py(B,w) + V(z,y) = (D, — By)* + D; +w?r? 4+ V(z,y), (4.1)

defined on L?(R?), where D, = 19,, B is the strong magnetic field, w # 0 is a fixed
constant and the potential V' is a real smooth function decreasing at infinity.

It is well-known that the operator P(B,w) is essentially self-adjoint on C§°(R?), (see
[26, [45]). For V' = 0, w = 0, it was shown that the spectrum of the unperturbed Ha-
miltonian Py(B,0) := (D, — By)* + D; consists of eigenvalues A, = (2n +1)B, n € N
with infinite multiplicities called Landau levels (see |2, [15] 46, [52]). However, in the case
w # 0, the essential spectrum of Py(B,w) is absolutely continuous and equal to the semi-

axis [V B? + w?, +00), (see [45]). On the other hand, whenever the potential V' vanishes

43
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at the infinity, one can show as in [2] that V(Py(B,w) + i)' is a compact operator. By
applying the Weyl theorem (see [32]) the essential spectrum of P(B,w) is equal to that of
Py(B,w). Further, the absolutely continuous spectrum of P(B,w) was investigated in [26].
Recently, the counting function of discrete eigenvalues of P(B,w) in (—o0, v B? + w?) has
been studied in [24].

Until now, there has been little discussion about the spectral problem of P(B,w) which
can be also regarded as the quantum hall system Hamiltonian with the unbounded edge
potential (see [12, 40] and also [7]). In this work, we propose to study the existence of
resonances of P(B,w) near Landau levels when the strength of magnetic field tends to
infinity. Roughly speaking, the resonances of P(B,w) are defined by eigenvalues of some
dilated operator (see below).

The past thirty years have seen increasingly rapid advances in the study of resonances
of Schrodinger operators with magnetic fields (see [5], 19] 38 58|, 59| and references the-
rein). For the two-dimensional Stark Hamiltonian with strong magnetic field, X.P.Wang
proved that there exist resonances near Landau levels, (see [59]). Moreover, M.Dimassi and
V.Petkov showed that there does not exist resonances in the upper-half complex plane,
(see [19]). However, we notice here that the definitions of resonances in these articles are
a little bit different. The resonances are defined by the complex dilation in [59] and by the
complex transition in the z—variable in [19]. For three-dimensional Schrédinger operators
without Stark effect, one of the results of J.F.Bony et al. showed that there exist infinitely
many resonances in a vicinity of each Landau level (see [3]).

By using the arguments in [22] Chapter 7|, we obtain that P(B,w) is unitarily equi-
valent to

Pi(B,w) :== VB2 4+ w?(D; + y*) + w’z’
" 1 w? 1 1 1 w? s
+V ((B2+w2) Dy + (1+ 55) 2, (B> +w*) 2D, + B 2(1+ ) 4y>.
Here we use the Weyl quantization (see [30, [33]).
Let 6 be real. Consider the unitary operator Uy : L*(R?) — L*(R?), u(z,y) —

u(e’x, e7%). One has

Pig(B,w) :=UpPi(B,w)U, ' = VB2 + wz(ezeDs + e y?) + s’

1 w? 1o 1 1w

+ V(B2 + ) D, + (14 25)7ha), e (B2 + W) 72D, + BT (1+ 25)7hy) ).

We set
Poy(B,w) :=VB?+ w2(626D§ +e709?) 4 0%, (4.2)

and

w w( 02y, 2y 1 A RN YN W e
Vi (Bow) = V" (/(BH+w?) 5D+ (14 75) " Ha), e (B 4+w?) D+ B~ (14+75)7Hy) ).

then we have
P o(B,w) = Pyo(B,w) + V,*(B,w).

By using the analytic extension of the potential V' (see (Hj)), we can extend the
formula of P y(B,w) from the real axis to a small complex neighbourhood of 0 with
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respect to 6. In this paper we define the resonances of P(B,w) as the eigenvalues of
the non-selfadjoint operator P o(B,w) for § € C, |#| small and Im# < 0. Moreover the
eigenvalues and their multiplicities are independent of 6 (see |10, [32]).

From now on, we fix § € C satisfying Imf < 0 and |f| small enough. Note that

the essential spectra of Py e(B,w) and P ¢(B,w) are coincident and given by |J {(2n +
neN

1)V B2+ w2+e® X, X > 0} (see Lemma[3.T)). Then the resonances are distributed outside
these semi-lines. As is mentioned above, we are interested in localizing the resonances near
Landau levels. To do this, we follow the strategy used by X.P.Wang in [58, 59| and the
recent progress in the analysis of two-dimensional Schrodinger operators with magnetic
fields (see |14} 15, 19]).

We fix n € N. Then we set 1, := (2n+1)v/B? + w? and h := ———. Let E' € R\ {0}.

In Section [4.3] we prove that z is an eigenvalue of P, g(B,w) — p1,, near E if and only if 0
is an eigenvalue of an h— pseudodifferential operator (called the effective Hamiltonian).
Here the effective Hamiltonian is given by

E_y(2) = 2 — Ag(h) + h2Go(z: ), (4.3)

where Gy(z; h) is holomorphic for z in some large, bounded set T}, (see ([L22))) and Agy(h)
does not depend on z (see Theorem [A3.5]). Moreover Ay(h) is also an h— pseudodifferential
operator with symbol a(e’z,e~%¢; h) which admits a complete expansion in powers of h

(see identity (£33)) :
CL(,I, 57 h) - ao(l’, 5) ~ Z hjCLj(J}, 5)7
j=1

where

ap(z,€) = W2? + V(2,€) and ai(z,€) = (27147+1)AV(:E,§). (4.4)

For the h— pseudodifferential operators, we refer the readers to [22] 25].

Therefore, the localization of resonances of P(B,w) can be deduced from studying the
spectrum of Ag(h). In fact, the crucial steps to prove the existence of resonances are the
following :

e Prove the exponential decay of the eigenfunctions of Ay(h) associated to the eigen-
values near F (see Theorem [£4.4).

e Establish a resolvent estimate in the non-selfadjoint case (see Proposition €.4.6)).
For these two points, we need a non-trapping condition (see (Hgs)).

For the width of resonances, as in [4I] we use the WKB method to construct an
approximate solution of the problem E_(z)u = O(h*). Thus by studying a suitable
Grushin problem, we obtain the expansion of each resonance in powers of h with real
coefficients. This means that the width of resonances is at least of size O(h™).

The rest of paper is organized as follows. In Section we give our assumptions and
results. The essential spectrum of P; o(B,w) is computed in Subsection 3.1l Next the
Grushin problem is constructed in Subsection [£.3.2] to establish a reduction to the effective
Hamiltonian. In Section 4], we study the spectral property of the leading term of the
effective Hamiltonian. The existence of resonances of P; ¢(B,w) is proved in Subsection
4.5.1] and the width of resonances is showed in Subsection [A£.5.21
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4.2 Assumptions and Results.

In this section, we will present our hypotheses and our main result. We recall the
operator
P(B,w) = (D, — By)* + D, + w’z” + V(z,y), (z,y) € R?,
where the potential V' satisfies the following hypothesis :
(H1) There exist constants oy, as, a3 > 0 and § > 0 such that V' admits an analytic
extension on the domain

A = {(21, 20) € C? |Im(z1, 20)| < a1|Re(z1, 20)| + s},

and for all (21,290) € A
‘V(Zl, 22>| < Oég(Re(Zl, 22)>_6.

Here we denote ((t,5)) = (1 + 2 + s)z, (t,5) € R2,

We recall that the total electric potential ag(z,y) = w?x? + V(z,y) (see (Ed)). We
introduce the following assumption :

(Hy) Let £ € R\ {0}. Suppose that aog has a local non-degenerate maximum (or
minimum) point E at (x¢,yo), i.e., the definite Hessian a((zo,y0) < 0 (or aj(xo, yo) > 0).

By the translation, we can always assume that (zo,70) = (0,0). Set

Qp = {(z,y) € R* ap(z,y) = E}.

(Hs) (On the non-trapping condition) Assume that Qp = {(0,0)} UT", where ' is a
connected curve and (0, 0) is an isolated point, and that the classical Hamiltonian ag(z, &)
is non-trapping on ' :

{ao(x, 5), Go(l’, 5)} = (95a08xG0 - axaoagGo (45)
= gafa'O(x? S) - xa:ca'O(x>€) 7& 07 V([E, S) € F7
where Go(x,&) = z.£, V(z,€) € R?.

Our main result is the following :

Theorem 4.2.1. Assume that the assumptions (Hy), (Ha) and (Hs) hold. For each n,
we define

U, = {z € C; Rez € ] (2n+1)B+E—%, (2n+1)B+E+% [ Imz € } —%B,o} } (4.6)

where Cy > 1 can be arbitrarily large outside a discrete set in R. Then for B large enough,
the resonances of P(B,w) in U, ezxist and are all given by complete expansions in powers
of B7! :

1 ) 1 A+ _ _
E,;(B,w) ~ (2n+1)B+E+§<j:(2]+1)()\,u)2+(2n+1)T'u)B Ly BTR (4
E>2

where cgf;)mj € R, X\ and p are eigenvalues of the Hessian ag(0,0), and the sign +(—)
corresponds to a local minimum, maximum respectively.

Moreover, the resonances of P(B,w) in U, are all algebraically simple and the width
of resonances is of order O(B~>).
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Remark 4.2.2. Notice that in the half-plane {z € C; Rez < v/ B? + w?}, the poles of the
meromorphic extension of the resolvent from {z € C; Imz > 0} to {z € C; Imz < 0} are
all given by the discrete eigenvalues of P(B,w). Then the resonances in this half-plane
are identically equal to the set of discrete eigenvalues of P(B,w). Therefore, let E < 0,
the width of Ey (B, w) is equal to 0.

We want to give an example to illustrate our main result.

Consider V(z,y) = —2f7 — 5557, @, ¢2 > 0. Then ao(z,y) = wir? — A — 7 and
one has
C IEB
axGO('rv y) =0 o 2&)2[17 + (:;14-14-1)2 =0 (48)
ayélo(x, y) =0 (y%(iﬁjﬁ =0

The system (£8) has only one solution (z,y) = (0,0) and ao(0,0) = —¢; — co. It is easy
to compute the Hessian at (0,0) of ag :

2
ag(0,0) = (2(6] 222) > 0.

It shows that ag has a local minimum point at (0,0). On the other hand, ay'(—c; —¢3) =
{(0,0)}. Therefore we do not need to verify the non-trapping condition as in this case
[’ = (). Our main result shows that there exist resonances of P(B,w) near (2n+1)B—c;—cy
for B large enough and for all n € N.

4.3 Reduction to the semiclassical effective Hamilto-
nian.

In this section, we reduce the study of resonances of P(B,w) to the spectral study of
an h— pseudodifferential operator.

4.3.1 Spectral properties of P, (B, w)

In this subsection, we compute the essential spectrum of P (B, w) and we give some
resolvent estimates.

Lemma 4.3.1. Let 6 be in a small complex neighbourhood of 0. Then,

Oess(Pro(B,w)) = 0ess(Pop(B,w)) = | J{pta + €A, A > 0}, (4.9)

neN

where 1, = (2n 4+ 1)v/B? + w? and Pyy(B,w) given by (L2).

Proof. Recall that Pyg(B,w) = v B? + w?(e* D2 + e ?%y?) + ¢*w?z?. Then when w = 0,
one has Pyy(B,0) = vVB? + w?(e* D2 + e *’y?). We are going to determine the spectrum
of Pyo(B,0) : L*(R2) — L2(R2).
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Denote by Fyg(B,0) s the restriction of Pyy(B,0) on L*(R,). Let us consider
L2(Ry

2
A = {¥n(y); ¥n(y) = Ho(y)e T where H,(-) is the nth Hermite polynomial, n € N}
the set of normalized eigenfunctions of one-dimensional harmonic operator, i.e.,

(Dy + %) (Wn(y) = 20+ 1)ou(y)-
For 6§ € C near 0, we set 1, 4(y) = e 2, (e%y), n € N. We put 2y = {tng; n € N}.

Then one has Ay C L*(R) and Py »(B, 0)‘ y )(wn,g(y)) = UnYno(y), n € N. It shows that
L2(Ry
nLEJN{,un} C a(PO,g(B, O))B(Ry))' On the other hand, since Py ¢(B, O))B(Ry) is elliptic for |6

small, then its spectrum is discrete. In addition, 2y is a dense set in L?(R) (see [32, Chapter
16]). Then if A & (J {un} is an eigenvalue of P (B, 0)‘ ( and the corresponding
L2

neN Yy
eigenfunction f, one has f € 25 = {0}. Therefore,

(Poa(BO) ) ) (4.10)

neN

In fact, we can write Pyg(B,0) = Id2mg,) ® Foe(B5, O)’ &) and the multiplication
L2(R,

20, ,2,.2 20, .,2,.2

operator e“’w*r* = e“’wx is the natural restriction

L2(Rg) L2?(Rz)
of the multiplication operator e?w?z? on L?(R,). Then it is easy to verify that the opera-

tor Pog(B,0)| and the multiplication operator 629w2x2‘ ) satisfy [55, Theorem
L
XIII.35]. It enables us to obtain :

o(Poo(B,w)) = o ( Poo(B. O)LQ(Ry)) + o

® Id 2(r,). Here e?w?a?

on )). (4.11)

Moreover, a<e29w2x2 ” )) = {e?X; X\ > 0}. Combining this with (£I0) and (£II]), one
L2(R,
obtains
U(POﬂ(Bv w)) = U {,Um + 620}\; A > 0}, (4.12)
neN

and then the discrete spectrum of Py o(B,w) is empty.

Now we prove that the essential spectrum of Py y(B,w) is equal to that of P (B, w).
Firstly we can show as in [2] that V(Py(B,w) — 2)~! is a compact operator for z ¢&
o(Py(B,w)). By the unitary equivalence, T(0) := V;*(B,w)(Pye(B,w) — 2)~ " is also a
compact operator for 6 real and z ¢ o(F¢(B,w)). Further, since T'(f) is an analytic
bounded operator-valued function in € near 0, it is compact for all # near 0 (see |55, page
126, Lemma 5|). From this we can apply [37, page 244, Theorem 5.35] and achieve

Oess(Pro(B,w)) = 0ess(Poo(B,w)) = | J {1t + €?A; A > 0}, (4.13)

neN

where p, = (2n 4+ 1)V B? 4+ w?. O
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For each fixed n € N, we denote by ¢, the normalized eigenfunction of the harmonic
oscillator corresponding to the eigenvalue (2n+1) (i.e., (D} 4y*)¢n(y) = (2n41)1bn(y) and

Ul L2®) = 1). Put 1, 6(y) = e‘gwn(e_ay) . Since ¥, (y) is of the form H,(y)e¥*/2, where
H, is the nth - Hermite polynomial, we have ¢, 9 = ¥, 5 and (Y0, ¥, g) = [|[¢n]* = 1.
We next consider the following operators
R_: L*(R) — L*(R?), R. : [*(R?) — L(R)
u(z) = w(w)Pne(y) u(z,y) = (U, ¥ 0) L2(r,)
and
I, : L*(R?) — L*(R?)
U(]}, y) = <u7 wn,§>L2(Ry)wn,€(y)7

here the scalar product (.,.)z2r,) denotes the integration in the y variable. The natural
restriction of II, on L?(R,) we also denote by II,,. From the definition, one has

Ry R_u(z) = Ri(u(z)tne(y)) = u(z)
R_R+U($, y) = <u’ wn,§>L2(Ry)¢n,9(y) = an(x> y)

Lemma 4.3.2. Let 6 be in a small complex neighbourhood of 0. Then we have

o(Il, Poo(B,w)I,) = {pn, +€*X; X >0}, (4.14)
and
o((1 =) Pop(B,w)(1=T0L,)) = | {mr+e”A A>0} (4.15)
keN\{n}

Here 11,,Py o(B, w)I1,, : I, L*(R?) — II,L*(R?) and (1 — I1,) Py p(B,w)(1 — I1,,) : (1 —
I1,) LA(R?) — (1 —II,,) L*(R?).

Proof. First we demonstrate (£.14).
We observe that the Hilbert space II,L*(R,) is generated by 9. Then it can be
readily verified that

o <HnP079(B, 0)IL,,

)= (4.16)

11, L2 (R,
We recall that a<e29w2x2 ” )) = {e?"\; A > 0}. Then as in (@), it follows from [55,
L2(R,
Theorem XIII.35| that :
_ 20 2 2
o(I1, Pog(B,w)Il,) = U(HnPo,g(B,O)Hn HnLQ@y)) + 0<e wx L2(R,)> (4.17)
= {pn +e*X; A >0}, (4.18)

Secondly, we prove (AI5]) in the same way as above.
By applying [32], Proposition 6.9], one has

0((1 —10,,) Pog(B,0)(1 — II,)

) = Utk (4.19)

keN\{n}
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Then we use again [55, Theorem XIII.35| and derive

o((1—=T1,)Poe(B,w)(1 —1I,,)) = a((l —11,) Pop(B,0)(1 —1I,,) L y)) + a<€2ew2x2 L2(Rz))
(4.20)
= U {m+e®x x>0 (4.21)
keN\{n}
]

From now on, we fix n € N. We put
T, = {z € C; [Rez| < 26vVB2 +w?, |Imz| < 2|Imb|(1 — B)VB? +w2}, (4.22)

where 0 < # < 1.

Proposition 4.3.3. Let 0 € C with |0| small and Imf < 0. Then for z € T,, the operator

1
Ryy(B,w, z) = ((1 —11,)Poo(B,w)(1 —11,,) — ptr, — z) (1 —11,) exists and the following
estimate holds :

There exists Cy > 0 independent of B such that

Cy

1Bo,0(B,w, )| 2e2) <~

uniformly in z € T,,. (4.23)

Moreover, for B large enough, the operator Ry (B, w, z) = <(1 —1I,)P1o(B,w)(1—11,) —

-1
i — z) (1 —11,,) ezists for all z € T, and the following estimate holds :
There exists Co > 0 independent of B such that

Cs
[R16(B,w, 2)||r2me) < Noz ek

Proof. From (Z£.13]) and the definition of 7},, one has o((1 —11,) Py (B, w)(1 —IL,) — p15,) N
T, = 0. It implies the existence of Ryy(B,w,z), z € T,,. For z € T,,, we put

uniformly in z € T,. (4.24)

C(z) = <(1 CIL) (€2 D2 + e Py + e (1-11,) — (2n+1) — )—1(1 o).

z
VB T2

Since \/WT = {\/WZ z € T,} is a compact set independent of both B and w,
then there exists 2o € 1), such that ||C'(29)|| = sup ||C(2)||. Remark that ||C(z)|| does not
ZGTn

depend on both B and w. On the other hand, by a change of variables z — (B% + wz)ix,

we have R (B, w, z) is unitarily equivalent to B+WC(2). Then
1

VBT

uniformly in z € T,,. Note that ||C(2o)]| is finite for Im# < 0. And this proves ([A.23]).

[Roo(B,w, 2)|| < 1C(z0)l;
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As a consequence of ([£23), we prove (£24). Indeed, for z € T,,,

(1—1L,)Po(B,w)(1 —11,,) — pp, — 2
= (1 —1L,) Pop(B,w)(1 = IL) — pt — 2 + (1 = I1,) V" (B,w)(1 — I1,,)

- ((1 —0,.)Pog(B, w)(1 — IL,) — i — z) (1 + Roy(B,w, 2)(1 — L) V(B w)(1 — nn)).

Since V' is bounded together with all its derivatives, there exists C' > 0 such that
| Roo(B,w,z)(1 —1I1,)V;*(B,w)(1 — IL,)|| < \/B%er? uniformly in z € 7,,. Then for B
large enough, ||Rog(B,w,2)(1 —1IL,)V;*(B,w)(1 —1II,)|| < § and then Ry (B, w, z) exists.

Moreover, for B sufficiently large, there exists C'y > 0 such that

IR1o(B,w,2)| = H (1 4 Rog(B,w, 2)(1 — L)V (B,w)(1 — Hn))_lRo,g(B, w, Z)H (4.25)

<&
T VB2 +w?’
uniformly in z € T,,. O

Remark 4.3.4. Let Q be equal to Ryy(B,w,z) or Ry4(B,w,z). Let K be a compact
set in R. Using the theory of h— pseudodifferential operators of operator-valued symbols,
we can view () as an h— pseudodifferential operator in the x— variable whose symbol
q(z,&,0; h) is bounded operator in the y— variable. In particular, the proof of Proposition
shows that q(z,&,0;h) is well-defined on R?, (resp. K x R) for Tmf < 0 (resp.
Imé = 0).

4.3.2 Grushin problem

From now on, we use h = W To indicate that the operators depend on h, we

replace the indices (B,w) by h. For example, we write P g(h) (resp. Vy*(h)) instead of
P o(B,w) (resp. V' (B,w)).
We now study the Grushin problem for P o(h) — p, : Set

P(z) = (P“’(h)R:“" — %—) D x I2(R) - [2(R%) x I2(R),  (4.26)

where D C L*(R?) is the domain of P g(h).
Fix 6 € C with |#| small enough and Imf < 0.

Theorem 4.3.5. For B large enough, the operator P(z) is invertible uniformly for z € T,,.
Moreover, the inverse of P(z) is holomorphic in z € T,, and given by

where

E_.(2) = 2 — e¥w® = RV (W)R- — Rob(2)[V;" (), TLJR_ (4.27)
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with b(z) = (I + [IL,, V3°(h)|R19(h, )"t
Here the operators E(z), E_(z ) and E,(z) are given by
E(z) = Rip(h, 2)b(2) ; E_(2) = Ryb(2)

)
Ei(z) = R - Ry g(h, 2)b(2)[V;* (h), TL,]R_. (4.28)

In addition, z is an eigenvalue of Py g(h) — p, if and only if 0 is an eigenvalue of E_(z).
Here the notation |.,.] is the commutator which is defined by [A,C] = AC — CA.

Proof. The proof follows from a simple modification of [58, Theorem 2.2| (see also |19,
Section 6]). So we omit the details. O

Now we are interested in studying the operator E_,(z). In fact, for z € T, (T, is
defined in (£22)) and h sufficiently small, we prove that E_ | (2) — (z — e?w?2?) is an h—
pseudodifferential operator with bounded symbol.

By applying the Beal’s characterization of pseudodifferential operators (see [22]), one
easily sees that II,, is a pseudodifferential operator with bounded symbol 7, (y,n). Then
making use of the pseudodifferential calculus ( see [22, Chapter 7]), one obtains that the

symbol of the commutator [V;”(h), I1,] has the asymptotics > b;h% in S°(R?). It follows
Jj=>1
that .
(V3" (h),11,] = O(h2) (4.29)

in £(L?(R?))— the space of bounded operators from L*(R?) to L*(R?).
Now for z € T}, and h small enough,

E_y(2) = z — e¥w’a® — R V" ()R- — Ryb(2)[Vy" (h), T )R-
=z —e®wla® = RV ()R- — Ry > (Vi (h), T Ryp(h, 2)) (V3" (h), T R

j>0

(4.30)

Here we used (4.24)), (4.29) and the Neumann series. It follows from this and the fact that
R, [V (h),I]JR_ = 0 that

B (2) = 2= wla® = RV (R = R Y (Vi (), T Rao(h, 2)) [V (h), T -

=z —e®wi? — RV (R)R_ + h*Gy(z; h), (4.31)
where Gy(z; h) is holomorphic for z € T,,. We set
Ag(h) = e*W?2* + R,V (W)R_. (4.32)

As in [I5], we can prove that R V" (h)R_ is an h— pseudodifferential operator with
bounded symbol which belongs to SO((z% 4 £2)~2), where § is given in Assumpt1on (Hy).
Here S°((22 + £2)7%) is the class of symbols with order function (22 + £2)7% (see [22)
Chapter 7|). Therefore,

Ag(h) = a®(’x, e ’hDy; h), (4.33)
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where a(., .; h) is holomorphic in some conic neighbourhood of R? and we have the following
complete expansion in powers of h :

a(x,& h) — ap(z, &) ~ Zhajxg (4.34)
i>1
with
ap(z,€) = w?2® + V(z,€) and a;(z,€) = (QnZ— 1)AV(:E £). (4.35)

By using the arguments in [58], we can prove that F_,(z) — (2 — e?w?z?) is an h—

pseudodifferential operator with bounded symbol. Moreover the symbol also admits a
complete expansion in powers of h.
Fix § € C with |6| small enough and Imf# < 0. We have obtained the following :

Proposition 4.3.6. For z € T, and h sufficiently small, the operator E_,(z) — (z —
e®w?x?) is an h— pseudodifferential operator with bounded symbol. Moreover, the symbol

admits a complete expansion in powers of h in S°(R?) :
E_(2) = (2 — e?w?a®) = a¥("x, e °hD,) + a¥(’x, e °hD,)h + O(h?), (4.36)
where ag, ay are given in (AL35]).

Remark 4.3.7. It follows from the theory of h— pseudodifferential operators of operator-
valued symbols, formula (£3T]) and Remark [£.3.4lthat the symbol corresponding to E_(2)
is well-defined for z in a compact set and Imé = 0.

Thanks to Theorem [£3.5 our purpose is now to study the spectrum of the effective
Hamiltonian F_(2).

4.4 Spectral properties of the leading term of F_ . (z).

In this section, we investigate the spectrum of Ay(h) near £ . We recall that Ag(h) =
e?w?x?+ R,V (h)R_ which satisfies (.33). For § € C with || small enough and Imé < 0,
we have the following :

Lemma 4.4.1. The essential spectrum of Ag(h) is equal to the set {e*’X; X > 0}.
Proof. We regard R, V,”(h)R_ as the perturbation of the multiplication operator e*w?z?.
Recall that the decay of V' at infinity implies that the symbol of R, V,*(h)R_ belongs to
SO((22 + £2)7%) (see Assumption (Hy)). Therefore it follows that R, V" (h)R_(e*w?a? —

z)~1 is a compact operator, for z ¢ o(e¥w?z?) (see [43, page 62]). Thus, we apply 137,
Theorem 52.35] to obtain the essential spectrum of Ag(h) is equal to that of e*w?x?.
In addition, the essential spectrum of the multiplication operator e*’w?z? is nothing but

{e2\; A > 0}. The lemma is proved. O
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Without loss of generality, we may next assume that the total electric potential ag(z, &)
has a local minimum at (0,0) (otherwise we study —Ag(h)). Moreover, the real part of ¢
can be ignored by a unitary transformation, it is then sufficient to consider Ref = 0.

To study the spectrum of Ay(h) near E, it is very important to know some properties
of the principal symbol. We will see below that ag(e’z,e=?¢) — E is elliptic outside (0, 0).

So far, we want to show the exponential decay of eigenfunctions of Ay(h) corres-

ponding to e1genvalues near F. Then it is essential to study an operator of the form
et n Ag(h)e -4 , of which the principal symbol is ao(e x,e 9(E+if'(x)). So by choosing a
su1table functlon f, we show below that ag(e’x, e™?(£+if'(z)))—E has the same properties
as ag(e’r, e %) — E.

From now on we fix § = iy with v < 0. Let § > 0, we set B(f8) = {(z,§) €

R?; || + €] < B}

Lemma 4.4.2. For > 0 sufficiently small and |y| small enough, there exists a smooth
function f(x) such that

f(z) >0 for z € R\ {0}, (4.37)
f(z) = c12* for x near 0, (4.38)

where ¢y 1s a small positive constant, and the following lower bounds hold :
There exists C' > 0 large enough such that

Re(ao( WZE e (f“‘lf( ))) ) > é($2—|—§2) fOT' (ZE,S) € B(B)? (439)

ao(e ™z, e e+ i @)~ ] 2 W por (n.6) B2\ B(3). (4.40)

Proof. Put T'y := {x € R; 3¢ € R, (z,€) € T'}. Remember that T' = {(z,¢) € R?* w?z? +
V(z,§) = E} and ' lgl)r‘n V(z,&) =0, then I'y is a bounded set.
z,£)|—o0

For (3, |y| small enough chosen later on, we construct a real smooth function f depen-
ding on these constants :

f(@) = ciz®x1(z) + caxa(x) + esxs(w),

where x; € C§°(R; [0,1]), x3, x2 € C*(R; [0, 1]) satisfy :

e x; =1on{zeR; I € Rs.t. (z,€) € B(S)}, the support of x; lies in some small
neighbourhood of 0 and y; + x2 = 1.

e The support of y3 lies outside a neighbourhood of I'; U {0} and x3(z) = 1 for |z
large,

and positive constants ¢y, c2, ¢z > 0 small enough (to be chosen later on). Remark that
c1, 2 depend on 7, c3 is independent of .

Then it is easy to see that (AL37), (£3])) are verified. By using a symplectic change of
coordinates if necessary, one can assume that Hessian of ag at (0,0) is given by

a!/(0,0) = (3 2) .
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We start by proving (£39). Notice that the constant C' may change from line to line in
what follows. For § > 0 small enough, by applying Taylor formula of order three to ag at
(0,0), one obtains :

(672, e71E) = 4 2 (A1 e~ 1€ + O (1, €)) (4.41)
for (z,£) € B(8). We replace & by & +if'(x) in (£4T)). Since f'(z) = 2c1z for x € {y €
R; 3n € Rs.t. (y,n) € B(B)}, we can choose ¢; small enough such that there exists C' > 0
large :

Re(ao(e™a, e (¢ +if (0) — E) = 5 (e +€),

for (z,&) € B(B). Thus the lower bound estimate (439) is proved.

Now we demonstrate the estimate (Z40). The proof is divided into two cases according
to the sign of E.

Case £ < 0.

First remark that Qg is a compact set in this case. Since (0,0) is an isolated point,
then for 4 small enough, I' = TNR?\ B(8) = Qp NR?*\ B(f). It implies that T is also a
compact set. We choose a neighbourhood of T" as follows :

The non-trapping condition on I' (see Assumption (Hj)) implies that, for each (xg, &) €
', there exists (g, &) > 0 such that

_ b
C(%, 50)

for all (z,§) € D((xo,fo),a(xo,fo)). Here C(x¢,&) is a large constant depending on

(z0,&) and D((zo, o), e(20,&0)) = {(2,€) € R |z — mo> + |€ — &[* < e(20,&)?}. The
compactness of I' gives : there exists a finite number of such discs such that

|z0ya0(z, &) — E0cap(x, €)| > > 0, (4.42)

I'c U D((x,&), (x5, &) =: V(D).

a) For (z,&) e V(I) :

1
max C(z;,&;)

1<j<k

where C(z;,&;),7 = 1,..., k, are given in (L42).
Since Im(e"x, e™¢) = sin(y)(z, =€) and Re(e"x, e ¢) = cos(v)(z, ), then

|20za0(x, §) — E0eao(z, §)| > >0, (4.43)

(", e 7€). Vao(Re(e T, 7€) = sin(y) (0, a0(cos(1) . £)) — E0%av(cos(1) 1))
Combining this with (£43]) we have, for || small enough,

Im(e”xz, e "¢).Vag(Re(e"x, 6_”5))’ > ok V(z, &) € V(I), (4.44)
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where C' is a large constant.

Notice that (z,£) near I' corresponds to x near I'y. Then we can choose ¢, ¢y small
depending on v such that |f'(z)| < |y| for  near I';. Here the constant ¢’ is small
enough. Thus the inequality (£Z4) remains true when we replace (¢7x,e &) by w :=
(eVx, e (& +if'(x))), i.e., there exists C sufficiently large such that

IImw. Vag(Rew)| > 'g' (4.45)
Remark that the Hessian of a is given by

o (WP RV(.E) PV (x.6)
%(I’@‘( RV (2.€) 6§§vu,5>)

and 0% ao(x,§) = 05V (x,€) for all @ € N?, |a] > 3. Then we apply the Taylor formula of
order two to ag(w) at Rew :

ap(w) = ag(Rew) + ilmwVag(Rew) + w?z? sin®(y) + r(w), (4.46)

where |r(w)| < C'sin?(]y|). Combine this with (£45]), we have for C' large enough,

[l

o &) ev(D), (4.47)
b) For (z,¢) € R\ B(S) and (x,¢) € V(I') : From now on, we set V(') := R?\ (B(8)U

V().

Choose R > 0 sufficiently large such that : w? R?* > sup |V'] and sup |V (x,8)] <
R? {(z,£)€R?; [¢|=R}

|ao(w) — E[ = [Im(ao(w) — E)| >

—%. Then
E
Wi +V(z, &) — E > -5 >0 (4.48)
for all (z,€) € {(z,&) € V(I'); |z| > R or |¢{|] > R}. In fact for |z| > R we use
w2r?+V(z,§)—E > w?R*—sup |[V|—FE > —F and for || > R we use w?z?+V (z, ) —
R2

— sup [V (z,€)] — E > —Z. Then for || small and ¢z small (c3 is independent of
{(z.£)€R?; [¢[=R}
),

Re(ao(e, (€ +1/'(2))) ~ E) > —% -0 (4.49)
on the set {(z,&) € V(I'); |z| > Ror|¢| > R}.
Since I'NV(I') = 0 and ao(z,€) — E = 0 if and only if (z,£) € T'U{(0,0)}, one has
ag(z,€) — E # 0 on V(I). Thus, on the compact set {(z,¢) € V(I'); |z| < R, |¢| < R},
lag(x, &) — E| > const > 0.

By a perturbation argument, for |y| and ¢, ¢y, ¢3 small enough, one obtains

ap(ew, e (¢ +if'(z))) — E| > const > 0, (4.50)
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for (z,€) € {(z,¢) € V(D) || < R, |¢] < R}
Therefore, from ([4.49) and (£50)), one has

ap(e”w, e (€ 4+if'(z))) — E| > const > 0, (4.51)

for all (x,€) € V().
It follows from (£.47), (£5I) that, for |y| and ¢y, ¢, ¢ small enough, there exists C
large enough such that

aolea, e (¢ +if (2)) — B| > 2 (452)

for all (z,£) € R?\ B(B).
Case E > 0.
Note that 2z is no longer a compact set. In fact, there are two asymptotes of I :
= :l:*/TE since V' vanishes at infinity. Let € > 0 small, we can choose R > 0 large enough

such that T NR?\ D((0,0),R) C {(z,&) € R?*\ D((0,0), R); |w?* — E| < €}. Here
R>> 0.

First, for (z,£) € D((0,0), R) \ B(5), by using the same arguments as in case F < 0,
i.e., the non-trapping condition on I' and the compactness of D((0,0), R), we obtain (£40).

Next we divide the set R? \ D((0,0), R) into two sets

R?\ D((0,0), R) = R(¢) U R(¢)",

where

R(z) = {(z,€) € R*\ D((0,0), R); |w*a* — E| <},
e In R(e), when € — 0 one has
V(z,§), 20,V (2,), €0V (2,€) = o(1),

and
wr? — E = o(1).

Therefore, for e sufficiently small and (z, ) € R(¢)
{26, 00(2, )} | = |02 + 0V (2,€) = €0V (2,6)| = RE+o(1)| 2 B (4.53)

Apply again the perturbation argument, one gets

EM

‘Im(e”x, e (& +if'(x)).Vag(Re(ex, e (€ +if (x ))))’ 5 (4.54)
The same arguments as in (£.47), one obtains
ap(ez, e (€ +if (x) ‘ EM (4.55)
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e In R(¢)°, one has |[w?x? — E| > e. Since lim V(z,&) = 0, we choose R large

|(2,€)[ =00

enough such that
|w2x2 + V(xvé-) - | >

wlm

for all (z,£) € R(¢)°. Now we apply again the perturbation argument to obtain, for |7|
and ¢y, ¢o, c3 small enough,

ag(ez, e (€ +if'(z))) — E| > S > 0. (4.56)

W

The proof of the lemma is thus complete. O

Since x and ¢ play the same role, the following lemma can be proved by using the
same arguments as above :

Lemma 4.4.3. For (3 sufficiently small and || small enough, there exists a smooth func-
tion g(§) such that

g(&) >0 for £€R\{0} and g(&) = 2 for & near0, (4.57)

where co 15 a small positive constant, and the following lower bounds hold :
There exists C' > 0 sufficiently large such that

Re(ao(e" (@ +ig/(€)), ¢ 7€) ~ F) > g@z + &) for (2,€) € B(B), (4.58)

laole” (z + g/ (€)), 7€) - E) Ol for (2,6) e B2\ B(B). (4.59)
Recall that v = Imf < 0.

By relying on Lemma [£.4.2] and Lemma [4.4.3] we prove the exponential decay of
eigenfunctions corresponding to eigenvalues of A;,(h) near E :

Theorem 4.4.4. Let f be constructed in Lemmal[{.4.9 Let Cy > 0 be a large and fized
constant, we define a neighbourhood of F,

D ={z€C; |z — E| < Coh}.

Suppose that A\(h) € D is an eigenvalue of A;,(h) and u(h) is a normalized eigenfunction
associated to \(h), then there exists C' > 0 such that

Hef(x)/hu(h)ﬂ <C, (4.60)

Proof. Let a;, be the symbol of A, (h) — e*"w?z?. We recall that (z, 5) > aw(x & h) s

holomorphic in some conic neighbourhood of R?. Let us put A;(h) = ehAw(h)e %. Then
by using the contour integration in the £ variable, one has for u € C§°(R),

) 1 )
(Af(h) _ 62ww2x2)u(x) =57 // eUa=y)e+f(z)=f(y ))/h&w<x+y 3 h) (y)dydé
™

27Th// i) (E-if (z)/hg, (x-gy ‘. h) ()
" 27h // i, <x+y’5+2f (2,9); )dydf,
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where f'(z,y) is determined by f(z) — f(y) = (x — y)f'(x,y).

Using the analyticity of a;,, it follows from Cauchy formula that A;(h) — e*7w?a?
is also an h— pseudodifferential operator with bounded symbol. Moreover, the symbol
of A;(h) — e*w?z? can also be expanded in powers of h in S°(R?) (the set of bounded
symbols) with the principal symbol is V (e"z, e~ ({44 f'(x))). Then the principal symbol
of Ay(h) is ag(eVz, e (€ +if'(x))).

Let us put ug(h) = egu(h) which belongs to L*(R) since f is bounded. Let B(f3)
be as in Lemma 42 we choose a partition of unity x; + x2 = 1, suppx1 C B(f),
X1 = 1 near (0,0). The idea of the proof is to estimate separately xY(z,hD,)us(h) and
Xy (2, hDq )uy (h).

We first evaluate x5 (z, hD,)ug(h). From (£40), the symbol Xg(x,g)(ao(e”x, e (€ +
if'(x))) — )\(h))_l exists. Moreover since (As(h) — A(h))us(h) = 0, one has

(e, €) (aolea, e (€ +f (2))) = A1) ™) (2, hD2)(Ag (B) = A(h)Jug(h) = 0.

By applying the h— pseudodifferential calculus in the right hand side of this equality, one
obtains

(X;v(g;, hD,) + O(h))uf(h) —0. (4.61)

Secondly, we estimate u(h) := XV (x, hD,)uy(h). In fact, it results from the compactness
of the support of x; and (Ag(h) — A(h))ug(h) = 0 that

Re((Ay(h) = Ah)yu(h), up(h)) = Re([As(h), X3 (z, hDx)us(h), uz(h)) (4.62)

- (’)(h)<uf(h), u}(h)>. (4.63)
In addition, by using (£39]) and the Garding inequality, one obtains
Re((As(h) — A(B))ub(h), k(b)) = <Re(a0(e”x,e_”(hD if'(x) — >
+ O |[ub(h)|? = C<(h2D2+x Sy h)>
(4.64)

for some large constants C, C}.
Since h2D? is a positive operator, then

<(hQD§ + 2% — Cyhyub(h), u;(h)> > <(a72 — Cyh)ub(h), u;(h)>. (4.65)

Let M be a large constant. We decompose the scalar product in (A65]) into two parts
according to |x| > Mh and |z| < Mh. Then one has

<(x2 — Cyh)ul(h), u;(h)> - <(x2 — Cyh)uk(h), u;(h)> (4.66)

L2({z€R; |z|>Mh1/2})
2 1 L
— Cih)uy(h), uz(h > '
—|—<(x 1 )Uf( ) uf( ) L2({z€R; |z|<Mh1/2})
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By using 22 > 0, one obtains
2 _ 1 1 > 2 1 1
(@ = Chyuf(h), ujh)) = (M2 = Cohaf () up(h)) L (A46T)
o 1 1
Clh<uf (h), uy (h)>L2<{zeR; le|<MR1/2})

_ <(M2 _ cl)hu;(h),u}(h)>

- M2 1 1 )
h<uf (h), ug (h)>L2<{xeR; 2| <MRL/2})

For |z| < Mh'/2, one has % = # < ¢;M?. Combining this with the fact that
|lu(h)|| = 1, one derives : There exists C'(M) > 0 such that

! ! M). 4.
(b, <O (4.68)
Then, combining (£63), (A67) and (AE8) one has
<(h2D§ + 2% — Cih)ub(h), u;(h)> > (M? = C)R[ub(B)|> = M2C(M)h.  (4.69)
From (£62), (4.64) and (£69), there exists Cy > 0 such that
(M? = Cy)hlug(h)||? = MPC(M)h < Cohllug(h)||[lus(h)]], (4.70)
which implies that
M2C(M) Cs
1 2 < 2.
I < GE—as + gyl

From (E6T), (A70) and the fact that x¥(z, hD,) + x¥(z, hD,) = 1 we have

s (R)]1? = || (XY (2, hD,) + x¥ (x, hD,))us(h)|?
M2C(M) ,
Sor—o) T or=o)

lug ()|I* + Cshllus(R)]1?,

for some C3 > 0. The proof follows by choosing M sufficiently large, h small enough. [

Since x and & play the same role, we also obtain the following :

Theorem 4.4.5. Let g and D be as in Lemma [{.4.3 and Theorem [{.4.4] Suppose that
A(h) € D is an eigenvalue of A;,(h) and u(h) is a normalized eigenfunction associated to
A(h), then there exists C' > 0 such that

[|e9hP=)Pay(h)]| < C. (4.71)

Thanks to the theorems[4.4.4l and 1. 4.5], we need only study the symbol of the operator
Ay () near (0,0). We also have assumed near (0,0) that ag(z,£) = E + 1(Ma? + p&?) +
O((x,€)?) (i.e., the matrix aj(0,0) is diagonal). Putting
1
2

(Ae*2? + pe *h*D?) + n

A) (h) AV (0,0)h. (4.72)
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Since AV(0,0) = X + p — w?, then it is clear that the spectrum of AY (h), o (AL (h)) =
{hey; k € N} where

(2k + 1)v/Au N (2n+ 1)(A + p — 2w?)

. 4.
5 1 , keN (4.73)

€L —

Notice here that in the work of X.P.Wang (see [59]) the total electric potential is W (z,y) =

wz + V(z,y) and then AW (x,y) = AV (z,y). But in our case, the total electric potential

is ap(z,y) = w?z? + V(x,y). Then Aag(z,y) = 2w? + AV (x,y). This explains why there
is —2w? in the formula of ey.

Let Cy be a large fixed constant such that Cy # e, k € N. Henceforth we denote the

neighbourhood of F,
D ={z2€C; |z - E| < Cyh}. (4.74)

For f > 0 small and j € N, let D; = {2 € D; |z — E — he;| < Sh}. Then we prove that
the spectrum of A;,(h) in D\ | Dy is empty.
jEN
Proposition 4.4.6. Let z be in D\ |J D;. For h small enough, the following resolvent
jEN
estimate holds :

I(Asy (h) = 2)7Hl < CRY,
for some C' > 0.

Proof. Choosing {x1, X2} a partition of unity on R?, x; = 1 near (0,0) and x; = 0 outside
an S— neighbourhood of (0, 0).

From the proof of the inequality (£40), it is easy to see that for z € D, one has
lag(eTz, e ™€) — 2| > % for (z,€) € suppye. Denote by Bj(z) the h— pseudodifferential
operator with symbol o (z, &) (ag(¢"x,e 7€) — z)~!. Then one has

Bi(2)(Aiy(h) — 2) = x5 (x,hD,) + O(h). (4.75)

For z € D\ | Dj, then z — E € p(A],(h)) which shows the existence of By(z) :=
jEN
(AL, (h)+E—2)~". Our purpose is to study X} (z, hD,)Ba(2)(As(h) — 2). It can be readily
verified that 7 (hD,)* By(z) is unitarily equivalent to

iy (Ll . 2n + 1 E—z\-1
hk%_liD];(i(AeQWxQ + e~ D2) + "I AV(0,0) + = Z) .
Then, _
|27 (hD,)¥Ba(2)]| < Ch'2" L, 0 < k+j < 2. (4.76)
We have

XY (2, hD2) Ba(2) (A () — 2) = x¥ (2, hD2) (14 Ba(2) (A () — A% (1) - )

= X¢(,hD2) (14 Bal2) (A () = AL (1) = B)) (X3 (@, hD2) 4+ 1 = x5 (2, hD,) )
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where x3 = 1 near suppy; and y3 = 0 outside 26— neighbourhood of (0,0). From (4.76)
and suppxiN suppys = (), we obtain by inductive arguments that

XY (2, hDy) By(2) (A (h) — AL (h) — E)(1 = x5'(z, hDy)) = O(h™). (4.77)

One has the symbol of Ay (h) — A (h) — E on the support of xs is O((z,£))h + O(h?).
Thus we use again (LT76]) to obtain

XY (2, hD2) Ba(2) (A (h) — A, (h) — E)x5 (2, hDy) | < CB + Ch, (4.78)

for some C' large.
These arguments give

X1 (z, hDy) Ba(2)(Aiy (h) — 2) = x{'(w,hD;) + O(8) + O(h). (4.79)
From (L75) and (£79), there exist Cy, Cy, C3,Cy > 0 such that

(1= CB = Cih)lull < [Ix7 (z, hD2) Ba(2)(Aiy (h) = 2)ull + | Bi(2)(Aiy (h) — 2)ul]
< Coh™H|(Aiy (h) — 2)ull + Cs]|(Ais (h) — 2)ul]
< CihH|(Aiy (h) = 2)ul, Yu € CF(R).

We choose 8 and h small such that (1 — C8 — Cih) > 3. It implies that A;,(h) does
not have any eigenvalue in D \ |J D;. On the other hand Lemma AT asserts that

jEN
e (A (1)) 1D\ U Dy = 0. Thus D\ U D; € p(Asy (k) and [|(Aiy (k) — )71 < O~
jeN jeN
forall ze€ D\ | D;. O

jEN
From Proposition .4.6] the spectrum of A;,(h) near E is contained in |J D;. Further,
jEN
one obtains the following :
Theorem 4.4.7. Let D be the set defined in (LT74). Then for h sufficiently small, there
is one to one correspondence between the eigenvalues of A, (h) in D and the set {e;; e; <
Co, j € N}. Moreover, we can rearrange the eigenvalues of A, (h) in D such that the jth
etgenvalue s

E;(h) = E + he; + O(h?). (4.80)

Proof. According to Proposition 4.4.6) it suffices to show that for each j such that e; < Cj,

in D; ={z € D; |z—E—he;| < Bh} there exists uniquely an eigenvalue of A;,(h). Denote

I;={2€C; |z—E—he;|=28h} Cc D\ U D,. For z € T';, one has ||(z — A, (h)) 7} <
jEN

Ch™!. Let us define for each j € N

=(h) = — /F (2= Ay (1) = (4.81)

T omi
In the same notations as in Proposition f.4.6] one has

By(2)(Aiy(h) — 2) = x5 (x,hD,) + O(h)
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and

XY (2, hDy) By(2) (A (h) — 2) = X3 (@, hDy) (1 + Ba(2)(Ayy (h) — A7 (h) — E)).

iy

Then,

(B1(2) + XY (2, h D) Ba(2)) (Aiy (h) — 2)

=14+ O(h) + x{ (2, hD,)Bs(2)(Aiy(h) — A?V(h) —F)
=1+ O(h) + XY (2, hD;) By(2)(Aiy (R) — AL (R) — E)x5 (2, hD,),
which shows that
(Aiy(h) — z)_l = By(2) + x{(z,hD,)By(z) (4.82)

— (O(h) + X¢' (2. hD2) Ba(2)(Aiy (h) = AL (B) = E)X (w0, hD.) ) (Aiy () = )7

We notice here that By(z) is holomorphic in z € D. Then, by inserting (482)) into (£81]),
one obtains

=,(h) = x¥(r, kDT () + / (O(1) + OB )dz

L

= X1 (2, hD2)II°(h) + Bs(h, B), (4.83)

where II°(h) is the spectral projector associated to e; of AJ. (h) and || Bs(h, B)|| — 0 as
B,h — 0. It implies that, for j € N such that e; < Cp, rank=;(h) = ranky;I1°(h) = 1.
According to [55], Theorem XII.6| there exists uniquely a simple eigenvalue of A;, (k) inside
I'; denoted by Ej;(h).

Now we prove the estimate (L80). Let ¢, ;(x; h) be the unique eigenvalue associated to
he; of A?W(h). Since ¢; ;- (z; h) is of the form pj(e\%”)h_%e_c# where p; is a polynomial,
by a scaling argument, one gets

k+j

127 (h D2 )* (XY (2, hDa) s (w3 h) | = O(R2), 0 <k + 5 < 3.
It follows from this that
(Aiy (1) = B = AL ()XY (2, hD2) 65 (w5 h) = O(R2). (4.84)
A direct computation gives

(Aiy(h) = E = he;j)xi'¢j.y(w; h)
Ay (1), X105 (w3 1) + XY (Aiy (h) — B — AL (1) (565 (w; 1)
Ay (R), XV 1050 (w3 1) + XY (Aiq (h) = E — AL () (5 + 1 = X5) (050 (23 h)).

Combining this with (L.77) and (4.84), one has

=
=

(Az'y(h> - FE - hej)XinSj,i'y(x; h) - [Aw(h>a X;U]Qsj,i'y(x; h) + O(h%) (485)
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Let ¥ € C5°(R?) such that Y = 1 near (0,0) and x;y = X. It follows from the h— pseudo-
differential calculus that [A;,(h), xY]X" = O(h™). Combining this with the exponential
decay of ¢;;,(x; h), one obtains

[AZ’Y(h)> X?I_U]¢],Z’Y(x? h) = [Al’y(h)> X?]qusj,w(xa h) + [AZ’Y(h)? Xﬁu](l - >~<w>¢],l’y(xa h)

= O(h™). (4.86)
From (4£.85) and (4.80), one obtains
(A (1) = B — hey)x (2, hDs) by (:h) = O(h2). (4.87)

Let u;;,(h) be a normalized eigenfunction of A,,(h) associated to E;(h). We denote by
Ay (h)* the adjoint of A (h). Now we take u;;,(h)" an eigenfunction of A, (h)* such that
Aiy(h) iy (h)" = Ej(h)ujiy(h)" and (wjiy(h), ujiy(h)*) = 1.

It follows from (Z.83), (L87) that

<(Aw(h) — E — hej)(ujir(h) — Ba(h, B)ujin(h)), uj,z'v(h)*> = O(h?). (4.88)

Remark that u;;(h) (resp. u;;,(h)*) is the eigenfunction of A;,(h) (resp. A;y(h)*). Then
(488 follows that

" 3

(Ej(h) — E = he;)(1 = (Bs(h, Bujin(h), ujin(h)")) = O(h7). (4.89)

Recall that ||Bs(h,3)|] — 0 as h, 3 — 0. Then for h, § sufficiently small, it results from
[@RI) that E;(h) = E + he; + O(h2). O

By using the fact that E;(h) is a simple eigenvalue and repeating the same arguments
as in [41] (see also [31]), we obtain :

Theorem 4.4.8. The eigenvalue E;(h) of Aiy(h) can be expanded asymptotically in po-
wers of h, i.e.,
Ej(h) ~ > Ajsht,
k>0

where N\jo = E, \j1 = e;j.

4.5 Proof of the main theorem

In this section, we prove the existence of resonances and show the width of resonances

is O(h*).

4.5.1 The existence of resonances.

In this subsection, we prove the existence of resonances of P(B,w) in each set U,
n € N. For fix j € N, let us recall some notations used in the proof of Theorem .47
We consider u;;,(h) be a normalized eigenfunction of A;,(h) associated to E;(h). We
denote by A;,(h)* the adjoint of A;,(h). Take u;;,(h)* an eigenfunction of A,,(h)* such
that Aw(h)*umw(h)* = Ej(h)ﬂj7w(h)*, <Uj’2‘,7(h>,u]"m(h)*> = 1. Let f.[](h) be the spectral
projection associated to E;(h) of A, (h) defined by T1;(h)(u) = (u, ;i (h)* ;s (h).
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Lemma 4.5.1. For ¢ small enough, we put Q; == {z € C; |z — E;(h)| < ch}. Let z € Q;,
then for h sufficiently small, one has

R(z) = ((1 = IL;(h) Air (h) (1 = TL(h)) — 2)"H(1 — TL;(R)) (4.90)
exists. Moreover, R(z) is holomorphic in z € Q; and ||R(2)|| < Ch~™.

Proof. By Theorem [4.4.7] there is only a simple eigenvalue E;(h) of A;,(h) in €2;. This
shows that

o (1= T15(R) iy (B)(1 = T15(R)) ) = o (Aiq (1) \ {5 ()},
Then,
Q; € p((1 = () A () (1 = T1;(R)),

which gives the existence of R(z). The estimate of R(z) can be followed immediately by
imitating the proof of Proposition [4.4.6l Then we omit the details. O

Theorem 4.5.2. For each n € N fixed above, and let h be small enough, there exists only
one resonance E, ;j(h) of P(B,w) in {z € C; |z — (2n+ 1)h~' — E;(h)| < eh},

E,j(h) = (2n+ 1)k + E+ he; + O(h?) (4.91)

which is algebraically simple. In particular, for all j such that e; < Cy ( Cy is defined in
@5)), E, ;(h) is a resonance of P(B,w) in U,. Remark that U, is defined by (4L.0).

Proof. Let
R' : C — L*(R), A= Au; i (h)

R, : L*(R) = C, v (v,u;:,(h)*).

Then R' R = II;(h) and R, R! = 1. Let us consider the following Grushin problem for
E_+(Z) .
1
Pi(z) = (E—le(z) %—) . [3(R) x C — L(R) x C.
+

We treat this problem in the same way as Theorem In the same notations as in
Lemma .5.] we put

s (—R(2) R!

blz) = ( Ry Ej(h)-=z)
By a simple computation, we also get Py(2)&1(z) = I + O(h) and & (2)Py(z) = I + O(h)
uniformly in z € ;. So P;(z) is invertible, whose inverse is

£1(2) = &(2) ((1 - hz%(g; RR(2)™ —(1 — h2Gy (2 h)R(zi)—llﬂGm(z; h)uj,m(h))

() ~9),
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where h2Gy,(z;h) = (E_1(2) — 2+ Ay (h)) = O(h?) (see (E3T)). The right lower corner
element of & (z) is

e-t(2) = Bj(h) = 2 = {(1 = WGy (3 W) R(=)) T 2 G (25 Rtz (), g () )
= E;(h) — z + O(h?).

We have e_,(z) : C— Cand 0 € 0(E_,(2)) if and only if z € o(e_(2)). Combining this
with (£26), z € o(e_4(2)) if and only if (2n + )R~ + z € (P14, (h)).

By applying the Rouché theorem, e_,(z) = 0 has a unique simple solution in j,
z = E;(h) + O(h?). Therefore E, ;j(h) := (2n + 1)h~* + E;(h) + O(h?) is an unique
resonance of P(B,w) in {z € C; |z— (2n+ 1)h~ ' — E;(h)| < eh}. O

4.5.2 The width of resonances.

In this subsection, we use the same notations as in the preceding sections. Let 7 € N
and Q; := {2z € C; |z — E;(h)| < eh} be fixed as above (here ¢ > 0 small enough). We
want to construct an approximate eigenvalue Z;(h) € €; and an approximate eigenfunction
@;(h) such that

E_1(zj(h))uze(h) = O(h™), (4.92)

where we recall that
E_(2) = z— Ag(h) + h*Gy(2; h)
and 6 € C with |0| small enough, Imf < 0 (see (£31)).

Let x € C3°(R) such that x = 1 near [—R, R| (R > 0). It follows from Remark 3.7]
that Gg(z; k) := x()Ge(z; h) is well-defined and holomorphic in # € C, |f| small enough.
In addition, Gy(z; h) is self-adjoint if z real and Imé = 0.

Let x € C§°(R) such that suppx C (—R, R). Using the h— pseudodifferential calculus,
one has

1X(2)[Go(z: h) = Golz )] = O(A™). (4.93)

Then we are led to construct an approximate solution for the following problem
(Ao(h) — R2Gy(z; h))u(x) = 2u(z), 2z € Q. (4.94)

In fact, the same problem was studied in [41], 42, K9] by using the WKB method, so
we only want to recall main steps. First of all, with the help of Theorem [£.4.4] one can
construct an approximate solution near 0 to

(Ag(h) — 29 ()9 (s h) = O *" h*) (4.95)

in the form '
Z0(h) ~ > AR

>0

and

U(])(x, h) ~ e_dh(Z) Zul(])(x>hl,

1>0
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where d(z) is some phase function holomorphic in = near 0 and Re(d(z)) > 0 for = €
R\ {0}, A = B, AP = ¢;, AV e R for all [, j € N. Here 29)(h) — E;(h) = O(h™) and
||u(()j)|| > const > 0.

After that, one solves the following problem by using inductive arguments in k € N :

d(z)

(Ao(h) = 12Go (e, (h): ) — 1) () ) ol (3 1) = O(e™F ), (4.96)

where v$ (23 h) = u@(z; h), t5(h) = 20)(h). The solution of (J0) is of the form

t,(g)(h) ~ Z Aﬂghl and U,ij)(x; h) ~ e~ = Z vl(Jk) (z)h',

1>0 >0

where 7)) (h) — t(h) = O(h**2) and oY), (z; h) —vk V(3 h) = O(hF+2), \Y) are real and
vl(]k) are holomorphic near 0. Here )\0 » = I and )\17,f = ¢;. Taking the diagonal series, we

get an approximate solution of (04) :

Z(h) ~ Y AR

1>0

_da) :
pIAGL

>0

and

where )\((){()) = E and )\gji =e;.

Let x1 € C3°(R), x1 = 1 near 0. Let us choose @;g(x; h) = x1(2)u;(e’x; h). From the
analyticity of Gg(z;h) with respect to 6 near 0 and ([@93), we obtain an approximate
eigenvalue Z;(h) and an approximate eigenfunction u,g(x; h) of (£92).

Thus, we have proved the following theorem :

Theorem 4.5.3. Let ; := {z € C; |z — Ej(h)| < eh}, for some small constant € > 0,
j € N. There exist %(h) € Q; and ;(-;h) € L*(R) verifying ||@je(-; h)|| > const > 0,
such that

E_ 1 (2j(h))tjp(x; h) = O(h%), (4.97)

where

Z(h) ~ YN

1>0
My =B, A7) =e; and \9) € R, Vj,l €N
00 =L, A1 =¢; Il y V)b e N
Now we carry out again subsection 5.1l in which 6 = iy, the eigenfunction u;,(h)

of A;,(h) is replaced by @;;,(-; h) and wu;;,(h)* is replaced by @jm(';h)’%j’_m(';h))ﬂj,_iﬂ,(-; h)
and E;(h) is replaced by Z;(h). We then obtain

Epj(h) ~ 2n+ 1R+ 3 AR, (4.98)

>0
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4.5.3 End of the proof of Theorem 4.2.1]

We end the proof of our main result in this subsection by proving the following

Proposition 4.5.4. The resonance E, ;j(B,w) has an asymptotic expansion in powers of
Bl as B— oo :

1 2n + 1)(\
Enj(B,w) ~ (2n+1)B+E+§<(2j+1)\/)\u+( nr ;( +“))B—1+Zcfj§B—’“, (4.99)

k>2

where cff; € R and A\, p are two eigenvalues of aj(0,0). In particular, the width of

resonance E, ;(B,w) is of order O(B~>).

Proof. For B large enough, one has |5| < 1. Thus, for all N € N,

2
VBt u? = B\/1+§ —B<1+§§+Za B 4 N+1>)>, (4.100)

k>2

1 1 1 1
= — b —2(N+1) 4.101
/B2 1.2 B /1+w B< 232+;k >>7 (4.101)
B2

where ay, b, € R.

Replacing h by \/ﬁ in (498) and taking into account (ZI00), (EI0I), we obtain,
for all N € N,

N
E,j(Bw)=(@n+1)B+Y B+ 0B, (4.102)
k=0

where c( ) =F, Y= = e;+ 22 w? = <(2j—|—1)\/ +M>, ¢n; € R. In particular,

Y n J
the i 1mag1nary part of £, j(B,w) is of order O(B~>°). This ends the proof of Proposition
4.0.41 0



Chapitre 5

Spectral asymptotics for the Landau
hamiltonian.

Dans ce chapitre, nous présentons un travail en collaboration avec M. Dimassi [17]

TRACE ASYMPTOTIC FORMULA FOR THE SCHODINGER OPERATORS
OPERATORS WITH CONSTANT MAGNETIC FIELDS.

MOUEZ DIMASSI AND ANH TUAN DUONG

ABSTRACT. In this paper, we consider the 2D- Schrédinger operator with constant magne-
tic field H(V) = (D, —By)*+ D} +Vi(z,y), where V tends to zero at infinity and h is a small
positive parameter. We will be concerned with two cases : the semi-classical limit regime
Vi(x,y) = V(hz,hy), and the large coupling constant limit case Vi, (z,y) = h=°V(z,y).
We obtain a complete asymptotic expansion in powers of h? of tr(®(H(V),h)), where
O(-, h) € CP(R; R). We also give a Weyl type asymptotics formula with optimal remainder
estimate of the counting function of eigenvalues of H (V).

5.1 Introduction

Let Hy = (D, — By)*+ Dg be the 2D — Schrodinger operator with constant magnetic
field B > 0. Here D, = %81,. It is well known that the operator Hj is essentially self-adjoint
on C§°(R?) and its spectrum consists of eigenvalues of infinite multiplicity (called Landau
levels, see, e.g., |2])

0(Hp) = 0es(Ho) = | J{(2n+1)B}.

69
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Here o(Hy) (resp. oes(Hp)) denotes the spectrum (resp. the essential spectrum) of the
operator Hy.
Let V € C*(R?* R) and assume that V' is bounded with all its derivatives and satisfies

lim V(z,y)=0. (5.1)

|(z,y)|—o0

We now consider the perturbed Schrodinger operator
H(V) = Hy+ Vi(z,y), (5.2)

where V}, is a potential depending on a semi-classical parameter h > 0, and is of the form
Vi(z,y) = V(ha, hy) or Vi(x,y) = h=°V(x,y), (§ > 0). The Kato-Rellich theorem and
the Weyl criterion show that H (V) is essentially self-adjoint on C§°(R?) and

Oess(H(V)) = 0ess(Ho) = | J{(2n + 1) B}.

The spectral properties of the 2D-Schrodinger operator with constant magnetic field
H(V') have been intensively studied in the last ten years. In the case of perturbations,
the Landau levels A,, = (2n+ 1) B become accumulation points of the eigenvalues and the
asymptotics of the function counting the number of the eigenvalues lying in a neighbo-
rhood of A,, have been examined by many authors in different aspects. For recent results,
the reader may consult [51], 15] 52, 46] 39, 20, [7] and the references therein.

The asymptotics with precise remainder estimate for the counting spectral function
of the operator H(h) := Hy + V(hx,hy) have been obtained by V. Ivrii [36]. In fact,
he constructs a micro-local canonical form for H(h), which leads to the sharp remainder
estimates.

However, there are only a few works treating the case of the large coupling constant
limit (i.e., Vi (z,9) = h =0V (x,7)) (see [47, 49, 50]). In this case, the asymptotic behavior
of the counting spectral function depends both on the sign of the perturbation and on its
decay properties at infinity. In [50], G. Raikov obtained only the main asymptotic term
of the counting spectral function as h 0.

The method used in [50] is of variational nature. By this method one can find the
main term in the asymptotics of the counting spectral function with a weaker assumption
on the perturbation V. However, it is quite difficult to establish with these techniques an
asymptotic formula involving sharp remainder estimates.

For both the semi-classical and large coupling constant limit, we give a complete
asymptotic expansion of the trace of ®(H(V),h) in powers of h%. We also establish a
Weyl-type asymptotic formula with optimal remainder estimate for the counting function
of eigenvalues of H(V'). The remainder estimate in Corollary (5.2.4] and Corollary
is O(1), so it is better than in the standard case (without magnetic field, see e.g., [16]).
To prove our results, we show that the spectral study of H(h) near some energy level z
can be reduced to the study of an h?-UDO E_, (z2) called the effective Hamiltonian. Our
results are still true for the case of dimension 2d with d > 1. For the transparency of the
presentation, we shall mainly be concerned with the two-dimensional case.
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The paper is organized as follows : In the next section we state the assumptions and
the results precisely, and we give an outline of the proofs. In Section [5.3] we reduce the
spectral study of H (V) to the one of a system of h?-pseudo-differential operators E__ (z).
In Section 5.4 we establish a trace formula involving the effective Hamiltonian E_, (2),
and we prove the results concerning the semi-classical case. Finally, Section is devoted
to the proofs of the results concerning the large coupling constant limit case.

5.2 Formulations of main results

5.2.1 Semi-classical case

In this section we will be concerned with the semi-classical magnetic Schrédinger
operator
H(h) = Hy + V(hz, hy),

where V satisfies (5.I]). By choosing B = constant, we may actually assume that B = 1.
Fix two real numbers a and b such that [a,b] C R\ gess(H (h)). We define

lo:=min{g e N;V ' ([a— (2¢+1),b— (2¢ + 1)]) # 0}, (5.1)
Li=sup{geN;V ' (la— (2¢+1),b—(2¢+1)]) #0}.

We will give an asymptotic expansion in powers of h? of tr(f(H(h),h)) in the two
following cases :
a) f(x,h) = f(z), where f € C§°((a,b);R).
b) f(z,h) = f(x)é\(zh;{), where f,0 € C5°(R;R), 7 € R, and 9 is the Fourier transform of
0.
As a consequence, we get a sharp remainder estimate for the counting spectral function
of H(h) when h N\, 0. Let us state the results precisely.

Theorem 5.2.1. Assume (0.1), and let f € C3°((a,b);R). There exists a sequence of real
numbers (a;(f));en, such that

tr(f(H(R))) ~ Y an())R*EY, (5.2)

where
Lo |
aolF) =2 5 | [ 1(2i+1) +V(w,y)dudy. (53)
Jj=lo
Let 0 € Cg°(R), and let € be a positive constant. Set

iir) = - / emodt, () = ~a(h).

:27T

In the sequel we shall say that A is not a critical value of V' if and only if V(X) = A for
some X € R? implies VxV (X) # 0.
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Theorem 5.2.2. Fiz u € R\ 0ess(H(h)) which is not a critical value of (2j +1+ V), for
j=lo,...l. Let f € C¥((n—e,p+€);R) and § € C*((—&, %) R), with 6 = 1 near 0.
Then there exist € > 0, C' > 0 and a functional sequence c¢; € C°(R;R), j € N, such that

for all M, N € N, we have

tr <f(H(h))§hz(t— ) ick Y21 1 O (ZZ;Z) (5.4)

k=0

uniformly in t € R, where

l ds,

1y | L B
27 — )t (w)eR2| 2j41+V (my)=t} | YV (2, )]

Jj=lo

(5.5)

Corollary 5.2.3. In addition to the hypotheses of Theorem [5.21 suppose that a and b
are not critical values of (25 +1)+ V) for all j =y, ..., 1. Let Nj,([a,b]) be the number of
eigenvalues of H(h) in the interval |a,b] counted with their multiplicities. Then we have

Ni([a,b]) = h2Cy + O(1), h \, 0, (5.6)
where
QWEZWﬂ Yo — (25 +1),b— (2 + 1))). (5.7)

5.2.2 Large coupling constant limit case.

We apply the above results to the Schrédinger operator with constant magnetic field
in the large coupling constant limit case. More precisely, consider

Hy = (D, —y)* + D2+ AV (z,y). (5.8)

Here A is a large constant, and the electric potential V' is assumed to be strictly positive.
Let X := (x,y) € R?. We suppose in addition that for all N € N,

ZWQJ <|X‘) X757 4 oy (X), for [X] > 1, (5.9)

where

— wg € C=(SY(0,400)), wy; € C°(S;R), j > 1. Here S' denotes the unit circle.

— 0 is some positive constant,

— %N (X)| < Ca(1 + | X|)7181-0-2N  yg € N2,

Since V' is positive, it follows that o(H,) C [1,+00). Fix two real numbers a and b
such that a > 1 and [a,b] C R\ 0ess(Hy). Since oess(Hy) = U3Zo{(27 + 1)}, there exists
q € N such that 2¢ +1 < a < b < 2q + 3. The following results are consequences of
Theorem [5.2.], Theorem and Corollary 5.2.3
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Theorem 5.2.4. Assume (0.9), and let f € C3°((a,b);R). There exists a sequence of real
numbers (b;j(f))jen, such that

tr(f(HN) ~ A5 Y bl X A 4o (5.10)
where
bo(f) = 2—;5/0 ﬂ(wo(cosﬁ,sinﬁ))?idﬁz/f(u)(u—(2j+1))_l_§du. (5.11)

Theorem 5.2.5. Let f € C°((a—e,b+¢€);R) and 0 € C*((—3, %) R), with § = 1
near 0. Then there exist € > 0, C' > 0 and a functional sequence c¢; € C*(R;R), j € N,
such that for all M, N € N, we have

M 2M

~ 2 2k A5
fr <f(HA)9A_%(t - HA)) =Y a0 (W) (5.12)

k=0
uniformly in t € R, where
1 ! ds,

co(t) = —f(t / _. 5.13
0() 27 (); {X€ER2| 2j4+1+W (X)=t} ‘VXW(X” ( )

Here W(X) = wo(%ﬂX\_é.

Corollary 5.2.6. Let Ny([a,b]) be the number of eigenvalues of Hy in the interval |a,b]
counted with their multiplicities. We have

Ni[a,b]) = A3 Dy + O(1), A — +o0,

where

OIS

Dy = — Xq: <(a o) (b—2j—1)" ) /Ozw (wo(cos 8, sin 8))7 db.

4 4
Jj=0

5.2.3 Outline of the proofs

The purpose of this subsection is to provide a broad outline of the proofs. By a change
of variable on the phase space, the operator H(h) is unitarily equivalent to

P(h) =Py +V"¥(h) = “og +y? + V¥(x + hD,, hy + h*D,), X = (z,y) € R*.
Let IT = 1j.4(F) be the spectral projector of the harmonic oscillator on the interval
[c,d] = [a — ||V||Le®2), b+ ||V 1oo(r2)] . Using the explicit expression of IT we will reduce
the spectral study of (P — z) for z € [a,b] +i[—1,1] to the study of a system of h%-pseudo-
differential operator, E_(z) depending only on z (see Remark [5.3.7 and Corollary [5.3.9)).
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In particular, modulo O(h*), we are reduced to proving Theorem B.2.1] and Theorem
for a system of h%-pseudo-differential operator (see Proposition E.Z1]). Thus, (5.2)
and (5.4) follows easily from Theorem 1.8 in [14] (see also [15]). Corollary [5.2.3]is a simple
consequence of Theorem [5.2.1] Theorem and a Tauberian-argument.

To deal with the large coupling constant limit case, we note that for all M > 0 and A
large enough, we have

{(z,y,n.) e RY ()| < M, (—y)* + 0" + AV (2,y) € [a,b]} = 0.
Thus, on the symbolic level, only the behavior of V(z,y) at infinity contributes to the
asymptotic behavior of the left hand sides of (5.10]) and (5.12)). Since, for | X| large enough,
AV(X) = @o(hX) 4 @a(hX)h2 + - 4 @o;(hX)h% 4 -+ with b = X\™5 and @o(X) =
wo(%)\Xr‘s, Theorem [(.2.4] (resp. Theorem [B.2.5]) follows from Theorem B.2.1] (resp.
Theorem [5.2.2).

5.3 The effective Hamiltonian

5.3.1 Classes of symbols

Let M, (C) be the space of complex square matrices of order n. We recall the standard
class of semi-classical matrix-valued symbols on T*R? = R? :

™R M, (C)) = {a € C(R¥ x (0,1]: Mo(©)) : [0208allcanyic < Cash™}.

We note that the symbols are tempered as h N\, 0. The more general class S5 (R??; M,,(C)),
where the right hand side in the above estimate is replaced by C, gh~™°(2+18) "has nice
quantization properties as long as 0 < 6 < 1/2 (we refer to [22, Chapter 7]).

For h-dependent symbol a € S™(R%; M, (C)), we say that a has an asymptotic ex-
pansion in powers of h and we write

aNZaJ Jin SP'(R*%: M, (C)),

if there exists a sequence of symbols a;(z,&) € SP*(R*?; M, (C)) such that for all N € N,
we have

a—Za]hJ e SN-Y(R¥; M, (C)).

In the special case when m = 6 = 0 (resp. m = § = 0,n = 1), we will write
SO(R%; M, (C)) (resp. S°(R?)) instead of S§(R??; M,,(C)) ( resp. So(R??; M, (C)).

We will use the standard Weyl quantization of symbols. More precisely, if a € S7*(R??; M,,(C)),
then a*(x,hD,;h) is the operator defined by

a®(x, hD,; hyu(z) = (2rh)~ // o (“y,f h) u(y)dyde, u € S(R%CM).

In order to prove our main results, we shall recall some well-known results
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Proposition 5.3.1. (Composition formula) Let a; € S§"(R*; M, (C)), i = 1,2, 6 €
[0,2). Then b (y, hDy; h) = a(y, hD,) o a¥(y, hD,) is an h-pseudo-differential operator,
and .

by, i h) ~ > bi(y, ), in S7 (R M,,(C)).

J=0

Proposition 5.3.2. (Beals characterization) Let A = A;, : S(R%; C") — S'(R4; C"),
0 < h < 1. The following two statements are equivalent :

(1) A= a"“(x,hD,;h), for some a = a(x,&; h) € S°(R?*; M, (C)).

(2) For every N € N and for every sequence ly(x,€),. .., In(z, &) of linear forms on R,
the operator adyw(zhp,) © - - - 0 adpw (o.np,)An belongs to L(L? L*) and is of norm O(hY) in
that space. Here, adyB := [A, B = AB — BA.

Proposition 5.3.3. (L?— boundedness) Let a = a(z,&;h) € SP(R?*; M,(C)), 0 < 4§ <
1/2. Then a®(x,hD,;h) is bounded : L?*(R% C") — L*(R% C"), and there is a constant
C independent of h such that for 0 < h <1;

|a®(x,hDy; h)|| < C.

5.3.2 Reduction to a semi-classical problem

Here, we shall make use of a strong field reduction onto the jth eigenfunction of the
harmonic oscillator, j = ly---[, and a well-posed Grushin problem for H(h). We show
that the spectral study of H(h) near some energy level z can be reduced to the study of
an h2-¥DO E_,(z) called the effective Hamiltonian. Without any loss of generality we
may assume that [p = 1.

Lemma 5.3.4. There exists a unitary operator W L*(R?) — L*(R?) such that

—~
*

P(h) = WH(h)W

where P(h) := Py + V(h), Py = =23 +y* and V*(h) := V(2 + hDy, hy + h*Ds).

Proof. The linear symplectic mapping

1
S: R* — R* given by (z,y,&,n) — <E$+n,y+h§,h§,n) :

maps the Weyl symbol of the operator H(h) into the Weyl symbol of the operator P(h).
By Theorem A.2 in [22, Chapter 7|, there exists a unitary operator W : L*(R?) — L*(R?)
associated to S such that P(h) = WH (h)W*. O

Introduce the operator R : L*(R,) — L*(R? ) by

(Rjv)(2,y) = ¢;(y)o(),
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where ¢; is the jth normalized eigenfunction of the harmonic oscillator. Further, the
operator R : L*(R2 ) — L*(R,) is defined by

(RFu)(x) = / b ()ulz, y)dy.

Notice that Rj is the adjoint of R;. An easy computation shows that RjRj_ = I12r,)
and R; R = 1I;, where
I R - LR, o) o> [ ol 0)6,0)d5(0)
1
Define IT = > II;.
j=1
Lemma 5.3.5. Let Q := {z € C| Rez € [a,b], |Imz| < 1}. The operator
(I —T)P(R)(I — 1) — z: (I —T)L*(R?) — (I —II)L*(R?)
s uniformly invertible for z € €.

Proof. Tt follows from the definition of I that o((I —II)Py(I —1II)) = {2k + 1| k # 1, ..., l}.
Hence

o((I =PRI ~T0) C | [2 41— [V]gmay 26+ 14+ [Vi|zmgas]
which implies
o((I = I)P(h)(I —1I)) N [a,b] = 0.
Consequently,
(I =P (h)(I —1II) = z|| = dist ([a,b], o (( — ) P(h)(I —1I))) > 0
uniformly for z € 2. Thus, we obtain
(I —IHP(h)(I —TI) — z: (I —T)L*(R?) — (I —II)L*(R?)
is uniformly invertible for z € (2. O

For z € ), we put

(P(h)—=2) Ry .. R/ R(z) Ry .. R/
R 0 .. 0 Rf A ... 0

P(Z) _ . . . and g(z) _ . . . ,
RS 0 .. 0 Rf 0 ... A

where Aj = z — (2j + 1) — Ry V¥(h)R;,j = 1,...,l and R(z) = ((I = I)P(h)(I —1II) —
2)~ I —TI).
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Let £(z) :== P(2)E(z) = (ak])f,j]l 1- In the next step we will compute explicitly ay, ;.
Using the fact that IIR(z) = 0 as well as the fact that IT commutes with Py, we deduce
that (P(h) — 2)R(z) = (I — II) + [II, V*(h)|R(2). Consequently,

a1, = (P(h) ) + ZR Rf =1+ [ILV"(h)|R(2). (5.1)

Next, from the definition of A; and the fact that PyR; = 3R; (we recall that iy = 1),
one has

Q12 = (P(h) — Z)Rl_ + Rl_Al
= —(2—=3)R; +V"“(h)R] + Ry (2 —3) = ILV"“(h)R
=V h)R; —IL,V¥(h)Ry
Similarly, alj Vo), ;)R 5 > 3.

Since R (1 —1II;) = Rf — RfRTR{ = 0 and R/II; = R{fR; R = 0 for j # 1, it
follows that asy = Ry R(z) = 0. Evidently, ays = R Ry = Ir2g) and ay; = RfR; =0
for j > 3. The same arguments as above show that ay ; = 0;xIr2(w) for all k > 3. Summing
up we have proved

T+ [ILV(W)R(:) [Vo(h), LRy . [VO(h), LRy
0 I2m) 0
£1(2) = P()E(2) = | ,
) o

Let f; € C°(R), f; = 1 near 25+ 1 and suppf; C [27,2j + 2|. By the spectral theorem we

have II; = fj(Dz + y?). On the other hand, the functional calculus of pseudo-differential

operators shows that IT; = f;(D; +y*) = B“(y, D,) with B(y,n) = O({y)~>(n)~>).
The composition formula of pseudo-differential operators (Proposition 5.3.1]) gives

Zb z,h2D,)cy i (y, D,)h* + O(WV ), VN € N, (5.2)

where by ;, ¢ ; € S°(R?). This together with the Calderon-Vaillancourt theorem (Propo-
sition £.3.3)) yields [V*(h),I1;] = O(h) in L(L*(R?)). Therefore, for h is sufficiently small,
&1(z) is uniformly invertible for z € €, and

a(z) —a(z)[VV(h),IL|Ry ... —a(z)[V¥(h),IL|R]
0 L2 0

E7 = I . I =

0 0 2w
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where a(z) = (I + [II, V*(h)]R(z))"!. Using the explicit expressions of £(z) and & (z)?,
we get

E(z) = E(R)E(2)"!
]

R(z)a(z) —R(2)a(2)[V*¥(h),IL|Ry + Ry ... —R(2)a(2)[V*(h),IL]R; + R,
Rfa(z) Ay — Ria(z )[V (h), LRy .. —Ra(2)[V*(h), TR,
Rfa(z)  —Rra(2)[V(h), R, .. A —Rra(z)[V*(h), LR

Thus, we have proved the following theorem.

Theorem 5.3.6. Let ) be as in Lemma [5.35 Then P(z) is uniformly invertible for
z € Q with inverse £(z). In addition, £(z) is holomorphic in z € Q.

From now on, we write £(z) = (Bk])?r]l:l = <E(z) E+(Z))), where E_,(z) =

E (z) E_(z
Rfa(z)
(Bu)ihy B(:) = R()a(=), E-(=) = | . |, and
Rra()
B (2) = (R(2)a(z)[V¥(h), TLIR; + Ry ... —R(=)a(z)[V*(h), TR + Ry) .

Remark 5.3.7. The following formulas are consequences of the fact that E(z) is the
inverse of P(z) as well as the fact that Rji are independent of z (see [15, [31)]) :

(z = P(h))™ = —E(2) + E+(2)(E_+(2)) ' E_(2), 2 € p(P(h)), (5.3)
0.E_(z)=E_(2)E.(2). (5.4)
In what follows, the explicit formulae for E(z) and E.(z) are not needed. We just
indicate that they are holomorphic in z. In the remainder of this section, we will prove
that the symbol of the operator E_, (z) isin S°(R?; M;(C)), and has a complete asymptotic
expansion in powers of h. Moreover, we will give explicitly the principal term.
Proposition 5.3.8. For1 < k,j <, the operators RjV“’(h)Rj_ and R a(2)[V™(h), I Ry
are h*—pseudo-differential operators with bounded symbols. Moreover, there exist v, by jn €
SOR?), n=1,2,.., such that

RIV™(h) Zh2” v (2, h*Dy) + O(R*NHY), (5.5)
Ria(2)[V*(h) Zbkm 7, h* Dy, 2)h" + OB, for k # j, (5.6)

J

Rta(z)[V*(h Z Y on(@, B2 Dy, 2)h*" + O(R*N D) YN € N, (5.7)
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Here
vio(z,§) =V (z,8), j=1,..,1

Proof. The proofs of (5.5), (5.6) and (5.17) are quite similar, and are based on the Beal’s
characterization of h*-pseudo-differential operators (see Proposition 5.3.2)). We give only
the main ideas of the proof of (51) and we refer to [15], 22 BI] for more details. Let @
denote the left hand side of (5.5). Let [¥(x, h?D,) be as in Proposition 5.3.21 Using the
fact that R;-t commutes with [“(z, h?D,) as well as the fact that V*(h) is an h%-pseudo-
differential operator on z, we deduce from Proposition 5.3.2 that Q = ¢“(x, h?D,; h), with
q € S°(R?). On the other hand, writing

V*¥(h) = V*(z,h’D,) + hD, (‘;‘;) (z,h*D,) + hy (%‘y/) (z,h*Dy) +---, (5.8)

and using Proposition 532 we see that ¢(z, &; h) has an asymptotic expansion in powers
of h.

Notice that the odd powers of h in (55) and (57) disappear, due to the special
properties of the eigenfunctions of the harmonic oscillator (i.e., [,y *!|d;(y)*dy =
Je @i(y) 0777 ¢;(y)dy = 0). Finally, since RfR; = IL2m), 1t follows from (5.8) that

Uj70(x7 5) - V(xv 5)
U

Let e_y(x,&, z, h) denote the symbol of E_,(z). The following corollary follows from
the above proposition and the definition of E_ (z).

Corollary 5.3.9. We have
(2, 2, h) Ze_+ v.&,2)W, in S°(R* M,(C)),

with
0 (@,62) = (= 2 +1) = V(z.)4,

>1<2 ]<l

5.4 Proof of Theorem 5.2.1 and Theorem [(5.2.3

5.4.1 Trace formulae
Let f € C§°((a,b); R), where (a,b) C R\ 0ess(P(h)), and let 6 € C3°(R; R). Set
5j([a,0]) = {(2,€) € R*[ 2j + 1+ V(2,€) € [a,0]},j =1, ...,

and

Xiap) = U ;([a, b]). (5.9)
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LethE Ce°((a,b) + i[—1,1]) be an almost analytic extension of f, i.e., f = f on R and

0. f vanishes on R to infinite order, i.e. 9,f(z) = On(|Im z|V) for all N € N. Then the
functional calculus due to Helffer-Sjostrand (see e.g. [22, Chapter 8]) yields

FP) == [ 9.F)(: - P() " Lidz), (5.10)

v

F(P(h)ue(t — P(h)) = —% / 3. ()0 (t — 2)(2 — P(h)) ' L(dz). (5.11)

Here L(dz) = dzdy is the Lebesgue measure on the complex plane C ~ Riy. In the

last equality we have used the fact that f(z)éhz (t — z) is an almost analytic extension of
f(2)0y2(t — x), since z — Oj2(t — z) is analytic.

Proposition 5.4.1. For h small enough, we have

G P =t (1 [BFNE () 0B (LN (12D ) + O(h),

tr (f(P(h))éhz(t . P(h))) - (5.13)

1 = ~ &
tr (—; /8Zf(z)6h2 (t—2)(E_y(2) 0. E_(2)L(d2) X" (, h2Dr)) + O(h*),
where x € C3°(R* R) is equal to one in a neighbourhood of X4y

Proof. Replacing (z — P(h))~! in (5.I0) by the right hand side of (5.3)), and using the fact
that E(z) is holomorphic in z, we obtain

F(P() =~ / 8. F(2) 4 (2)(E—. (2)) " B_(2)L(dz). (5.14)

Let V € S°(R?) be a real-valued function coinciding with V for large (z,y), and having
the property that

2= (2j4+1) = V(z,y)| >c>0, j=1,2,...1, (5.15)

uniformly in z € supp f, and (x,y) € R? We recall that for z € supp f Rez € (a,b) C
R\ 0es(H (h)) = R\ U2 {(2k + 1)}. Then (5I5) holds for V € S°(R?) with ||V|| small
enough.

Set E_+(z) =FE_(2) + (V“’(:E, h’D,) — ‘N/“’(:E, h2DI)> I}, and let é(z,&, z) be the

principal symbol of E_+(z). Here I; denotes the unit matrix of order [. It follows from
(GI5) that |dete(z, €, z)| > ¢. Then for sufficiently small h > 0, the operator E_,(z)
is elliptic, and E_+(z)_1 is well defined and holomorphic for z in some fixed complex
neighbourhood of suppf, (see chapter 7 of |[22]). Hence, by an integration by parts, we
get

- / 0. F(2) By (2)E_y (=) B (2)L(d2) = 0.
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Combining this with (5.14]) and using the resolvent identity for Im z # 0

E_ () = E () + By (2) (Eoi(2) = By (2)E-(2) 7,

we obtain

tr (FP0) = oo ([ BB DB () (B e) = B (DB () B ()L )
(5.16)
Since the symbol of E_,(z) — E_,(2) is (V — V)1, belonging to C2°(R2; M;(C)), we
have E_,(z) — E_,(z) is a trace class operator. It is then clear that we can permute
integration and the operator "tr" in the right hand side of (5.10).
Using the property of cyclic invariance of the trace, and applying (54) we get

tr (B (2B (2) M(EBoi(2) ~ By (2) B () BL(2)) =

tr By (2) M (Bos(2) = B (2) By (2) 0B (2)).

Let x € C°(IR2) be equal to 1 in a neighbourhood of supp (V — V). From the composition
formula for two h* — YDOs with Weyl symbols (see Proposition E.3.1]), we see that all
the derivatives of the symbol of the operator (E_, (2) — E_(2))(E_4(2)) 0. E_,(2)(1—
XY (z, h2D,)) are O(h*N ((x,£))~) for every N € N. The trace class-norm of this expres-
sion is therefore O(h*), and consequently

(B (2) B (2) N(E-1(2) = B4 (2) B (2) 'E-(2)) = (5.17)
(B (2) (E-i(2) = By (2)) By (2) 0. B (2)x" (2, 1° D;)) + O(h|Im2| ).

Here we recall from (5.3)) that £, (z)~' = O(|Imz|™1).
Inserting (5.17) into (5.16]), and using the fact that £, (2)~*9,F_,(2) is holomorphic
in z we obtain (5.12)). The proof of (5.13)) is similar.
U

Trace formulas involving effective Hamiltonian like (5.12]) and (5.13) were studied in
[14, 15]. Applying Theorem 1.8 in [I4] to the left hand side of (5.12]), we obtain

tr(f(P(h))) ~ Zﬁjhj_27 (h ™\ 0). (5.18)

To use Theorem 1.8 in [14] we make the following definition.

Definition 5.4.2. We say that p(z,£) € S°(R? M;(C)), is micro-hyperbolic at (zg, &) in
the direction 7' € R?, if there are constants Cy, O, Co > 0 such that

({dpla,€), T)or) 2 ol = Cillpla, )

for all (z,€) € R? with ||(z,&) — (20, &) < C% and all w € C.
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The assumption of Theorem implies that the principal symbol € (z,&, z) of
E_(z) is micro-hyperbolic at every point (z,&) € X, := {(z,£) € R%; det(e’, (z,&, 1)) =
0}. Thus, according to Theorem 1.8 in [I4] there exists C’ > () large enough and ¢ > 0
small such that for f € C3°(Ju — €, n+ €¢[;R), 0 € C3°(] — &, 5[ R), we have :

tr (P et = P())) ~ (W2, (N 0). (5.19)

with ’)/0(15) = Co(t).
By observing that the h-pseudo-differential calculus can be extended to h < 0, we
have

< Cy|h|¥ T, h€] — hy, hy[\{0}.

ptr (F(P()Bha(t = P()) = > 3 (0)H

0<j<N

Re(f(P(R) = Y Bl | < Onlh¥, b €] = hy, An[\{0}.

0<j<N

By the change of variable (z,y) — (x,—y), we see that P(h) is unitarily equivalent to
P(—h). From this we deduce that h2tr(f(P(h))) and h2tr ( FIP(R)) 0y (t — P(h))) are
unchanged when we replace h by —h. We recall that if A and B are unitarily equivalent

trace class operators then tr(A) = tr(B). Consequently, v2j+1 = f2j+1 = 0. This ends the
proof of Theorem [5.2.T] and Theorem 5.2.2]

5.4.2 Proof of Corollary 5.2.3.

Pick o > 0 small enough. Let ¢; € C5°((a — 0,a+ 0);[0,1]), ¢2 € C5°((a + ,b— %) ; [0, 1]),
¢35 € C°((b—0,b+0);[0,1]) satisfy ¢1 4+ ¢+ ¢3 = 1 on (a— %,b+ %). Let y(h) <
v (h) < -+ < yn(h) be the eigenvalues of H(h) counted with their multiplicity and lying
in the interval (¢ — o,b+ o). We have

Nila,b) = > (d1+ da+ d3)(v;(h))

a<~;(h)<b

= D> alu)+ D b))+ D dsly(h (5.20)
a<v;(h) 75 (R) <Az

= > (k) + tr(oo(H + D> #s((h
a<v;(h) 7v; (R)<b

According to Theorem [5.2.1] we have

w2 Z/}RQ Om((2) +1) + V(X))dX + O(1), m=12,3. (5.21)

tr (om(H (h))) =
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Set M(7,h) = > ¢3(v;(h)). Evidently, in the sense of distribution, we have
vi(R)<T

M(7) = M'(7, h) 257—% ))@3(7;(h)). (5.22)
In what follows, we choose 6 € C§°( (—% (—11)7 (C > 0 large enough) such that
0(0) =1, 6(t) > 0,t € R, G(t) > ey, t € [, &) forsome 8o > 0,¢e > 0.
Corollary 5.4.3. There is Cy > 0, such that, for all (\,h) € R x (0, hg), we have :
|M (X + 6oh?, h) — M (X — §oh?, h)| < Ch.

Proof. Since ¢3 > 0, it follows from the construction of 6 that

% S Gs(y(h) < D O (N —yi(h)ds(y;(h)) <

A—80h2<v;(h)<A+doh? [A=; (h)|<doh?
Zehm 75 (0)s(75(h)) = bz x MN) = tx (& (H(R))a (A — H(R))

Now Corollary B.4.3 follows from (5.4]). O

According to Corollary 5.4.3, we have

Y M50 E o (7 00056 ()

kEZ keZ
(5.23)

On the other hand, since § € S(R) and 6(0) = 1, there exists C; > 0 such that :

+o0
/T 0(y)dy — 1o (T)| <

—A
n2

A
‘/ 9h2(7' — y)dy — 1(_00,)\)(7') =

uniformly in 7 € R and h € (0, hy). Consequently,

A Y oy 2
‘ /_ B+ M(7)dr — /_ M(rydr| < ¢, / <7h—2A> M(r)dr. (5.24)
Putting together (5:22)), (523) and (5:24), we get

A
/ Oz + M(T)dr = M(\, h) + O(1). (5.25)
Note that Gy2 x M(7) = tr <¢3(H(h))§hz (t— H(h))) As a consequence of (5.4), (55) and

(525 we obtain
M\ h) = h*m()\) + O(1), (5.26)
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)\ .
my= [ alr %Z Ly, ST D4 VOONX G20

Here we have used the fact that if £ is not a critical value of V(X), then

0 dSEg
— VX)X ) = ¢(B) | —2E
OF (/{XGRQIV(X)SE}¢( (%)) ) # )/sE VxV]’

where Sy = V7(E) (see [56, Lemma V-9|).
Applying (5.2), (5.26) and (5.27) to ¢; and writing :

Z ¢1 /73 Z¢1 /73 Z ¢1(7j(h))7

a<q; (h) vi(h)<a

we get

Y Gl () = hm(a) + O(1), (5.28)

a<v;(h)

with

1 l

mi(a) = - /
2m = J{xer2|@j+1)+V(X)2a)

Now Corollary .23 results from (5.21)), (5.22), (5:26), (5.27), (5:28) and (5:29).

$1((2) + 1) + V(X))dX. (5.29)

5.5 Proof of Theorem 5.2.4] and Theorem [5.2.6]
As we have noticed in the outline of the proofs, we will construct a potential
PX31) = o(X) + 2 (XN + -+ oy (O 4 -
such that for all f € C§°((a,b);R) and 6 € C§°(R; R), we have

tr(f(Hx)) = tr(f(Q)) + O(h™), (5.30)

tr (f(HNI, 3 (t = ) = tr (S Qe (t = Q)) + O(h™), (5.31)

where Q := Hy+@(hX;h) and h = A~5. By observing that Theorem (.21, Theorem [5.2.7]
and Corollary [5.2.3] remain true when we replace H(h) = Hy + V(hX) by @, Theorem
(2.4, Theorem and Corollary 5.2.6] follow from (5.30) and (5.31)). The remainder of
this paper is devoted to the proof of (5.30) and (5.31]).
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5.5.1 Construction of reference operator ()
Set h = A\~5. For M > 0, put
Qu(h) = {X e R?| h°V(X) > M}. (5.32)
Since wy > 0 and continuous on the unit circle, there exist two positive constants C; and
Cy such that C; < (néilnwo)l/‘; < (rnszlixwo)l/‘s < Cs.
According to the hypothesis (0.9), there exists iy > 0 such that

B(0,CiM~Y°h= € Qur(h) € B(0,CoM~Y°h™1), forall 0 < h < hy.

Here B(0,r) denotes the ball of center 0 and radius r.
Let x € C3°(B(0,C;M~1%):]0,1]) satisfying x = 1 near zero. Set
= o(X;h) = (1= x(X))h°V () + Mx(X),
= W(X) = BV (X) = (hX ) = x(hX)(h=0V(X) — M),
By the construction of ¢(-; h) and W}, we have

|0%9(X;h)| < C4, uniformly for h € (0, ho), (5.33)
M

o(hX;h) > > for X € Q%(h), (5.34)

suppWy, € B(0, CyM~Y°h=Y) < Qur(h). (5.35)

On the other hand, it follows from (5.9) that for all N € N, there exist ¢y, ..., pan, Konio(; h) €
C>(R?%*; R), uniformly bounded with respect to h € (0, ho] together with their derivatives
such that :

N
P(X5h) = @oi(X)h™ + PN T2 Koy (X h) (5.36)
j=0

with
%mw4kuwmQ%)wH+Mﬁm.

In fact, if X € suppx then wy <%) | X|7° > C?X|7° > M, which implies that ¢o(X) >

(1 —x(X))M + Mx(X) = M for all X € suppx. Consequently, we have
Lemma 5.5.1. If 0o(X) < M then o(X) = wp (%) 1X| %

Let ¢ € C*(R; [, +00)) satisfying 1(t) =t for all ¢ > &L. We define

Fi (X h) = (o(hX;h)) and Fy(X;h) := (h°V(X)).

Let U be a small complex neighborhood of [a, b]. From now on, we choose M > a+0b large
enough such that

M
Fj(X;h) —Rez > —, j=1.2 (5.37)

uniformly for z € U. This choice of M implies that :
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— If 25+ 1+ o(X;h) € [a,b] then po(X) < M for all h € (0, hy,
— The function defined by z — (z — Hg,)™" is holomorphic from U to L(L*(R?)),
where Hp, := Ho + F;(X;h), j =1,2.
Moreover, it follows from (5:33) that 0% F;(X;h) = O, (h70).
Finally, (5.34) shows that

dist (suppWi, supplp(h-; h) — Fy (- h)]) = 2 (hM),
as(M) (5.38)
dist (suppWi, supplh "V (-) = Fy(s h)]) = ===,

with a; (M), as(M) > 0 independent of h.

Lemma 5.5.2. Let X € C5°(R?). For z € U, the operators X(hX)(z — Hg,)) ™", j = 1,2,
belong to the class of Hilbert-Schmidt operators. Moreover

IX(hX)(z = Hpy) s = O(h7). (5.39)
Here we denote by ||.||us the Hilbert-Schmidt norm of operators.

Proof. We prove (5.39) for j = 1. The case j = 2 is treated in the same way.
Using the resolvent equation, one has

(z — Hp,) ' = (z — % — HO) B + (z — % — HO) B <F1(X; h) — %) (z— Hp,) ™.

On the other hand, the operator (z — % — HO)_1 was shown to be an integral operator
with integral kernel Ky(X, Y, z) satisfying | Ko(X,Y, 2)| < CesX=Y* uniformly for z € U
(see [9, Formula 2.17]). Let K1(X,Y,z2) be the integral kernel of X(hX)(z — & — Ho) ™.
Then K;(X,Y,2) = X(hX)Ky(X,Y, z).

Let (X) = (1+]X[?)2, X € R2. Since ¥ € C3°(R?), one has X(hX)h?(X)? is uniformly

bounded for A > 0. Combining this with the fact that <;>36_%|X_Y|2 € L*(R*), we obtain

13,2y = [T . -2 I AR

It shows that x(hX)(z — & — Hy)™" is a Hilbert-Schmidt operator and

X (== - ) R

0 HS
Consequently, (5.40) and (5.42) imply that

$(hX) (z M HO)_I

= [K1(X, Y, 2) [ p2esy = O(h ). (5.42)

IX(hX)(z — Hpy) M lus < 5

HS

Fxn) - o

* 6

$(hX) (z - % - HO) B

I(z = Hr) |

HS L (R2)

= o)
where we have used Fy(X;h) = O(h™9). O
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Lemma 5.5.3. For z € U, the operator
Wi(X)(Hp, — 2)" (p(hX; h) = Fy(X;h))
belongs to the class of Hilbert-Schmidt operators. Moreover,
Wi (X)(Hp, — 2)7 (9(hX; h) = Fi (X3 h))|lus = O(h™). (5.43)
Proof. Let H}, = —A + Fy(X;h). We denote by G(X,Y;2) (resp. Go(X,Y;Rez)) the

Green function of (Hp, —2)~! (resp. (Hp, — Rez)™?).
From the functional calculus, one has

(Hp, —2) ' = / e tHr gt
0

. (5.44)
(Hp, —Rez)™' = /0 eeze =t gy,
For t > 0, the Kato inequality (see |11, Formula 1.8]) implies that
le™Hry| < ety lu| (pointwise), u € L*(R?). (5.45)
Then (5.44) and (5.45) yield
((Hp, — 2)"'u| < (H, — Rez) '|u| (pointwise), u € L*(R?). (5.46)

Consequently, applying [8, Theorem 10| we have |G(X,Y;z2)| < Go(X,Y;Rez) for a.e.
X.,Y € R2. From this, one obtains

[Wh(X)G(X,Y;2)(0(hY; h) = Fi(Y; h))| < [Wih(X)Go(X, Y3 Rez)(@(hY s h) — F1(Y(; h));
5.47
for a.e. X, Y € R?.

On the other hand, using (5.38) M. Dimassi proved that (see [I3, Proposition 3.3|)

IWA(X)Gol(X, Vs Rez) (@AY 1) — Fu(Vs ) ey = O(h®).  (5.48)
Thus, (547) and (£.48) give
IWh(X)G(X, Y3 2) (B 1) = Fy(Y: 1)l sy = O() (5.49)

The estimate (5.49) shows that the operator Wy (X)(Hr, — 2) ' (p(hX;h) — F1(X;h)) is
Hilbert-Schmidt and

IWn(X)(Hp, = 2) (p(hX; h) = Fy(X; h))llns = O(h). (5.50)
O

By using the same arguments as in Lemma [5.5.3] we also obtain
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Lemma 5.5.4. For z € U, the operator
Wi(X)(Hp, — 2) 7 (h™°V(X) = Fy(X;h))
belongs to the class of Hilbert-Schmuidt operators and
IWa(X)(Hp, — 2) 7' (W V(X) = Fa(X;h))|lus = O(h™).
Let Q := Hy+ @(hX;h). For z € U, Imz # 0, put
Gz)=(z—H\)"' = (2=Q) = (= Hp,)"'Wi(2 — Hr) ™" (5.51)

Proposition 5.5.5. The operator G(z) is of trace class and satisfies the following esti-
mate :
1G(2) e = O(h*[imz] 2), (552
uniformly for z € U with Imz # 0.
Proof. It follows from the resolvent equation that
(z—H) ' —(2-Q) ' =(2—Hy\) "Wz — Q)" (5.53)
On the other hand, one has
2—Hy) ' = (2= Hp,)™!
(= H)—=( FQL B B (5.54)
+(z—Hy)) (h°V(X) = F»(X;h))(z — Hg,)

and

(:=Q) "' =(:=Hp)"
+ (2 = Hp) " (p(hX:h) — Fi(X;h) (2 — Q)7

Substituting (5.54)) and (5.53)) into the right hand side of (5.53)), one gets

(5.55)

G(z) = (z—HFQ) Wi(z — Hp) " (p(hX;h) — Fi(X;h) (2 = Q)™
+ (2 = Hy) ' (hV(X) = F(X;h))(2 — Hp,) ™' Wi(z — Hp,) ™!
+ (2 = H\) N W OV(X) = Fy(X;h) (2 — Hp,) *Wi(z — Hp, )t x
x (p(hX;h) — Fi(X;Rh)(z — Q)" =: A(2) + B(2) + C(2).

Next we choose ¥ € C5°(R?) such that x(hX)W,(X) = W,(X). It follows from Lemma
and Lemma (.5.3] that

A e < (2 = Hr,) " X(WX) [[nsWa(z — Hpy) 7 (9(h X, h) — Fy (X h)) [lmsl (= — Q)
= O(h™|Imz| ™).

Here we have used the fact that ||(z — Q)™'|| = O(JImz|™"). Similarly, we also obtain
|B(2)|se = O(h®[Imz| ™) and [|C(2)]}ex = O(h*®|Imz|~?). Thus,

IGE) e < IAE) e + 1Bl + 1C(2) | = O(R>[Imz| 7).
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5.5.2 Proof of (5.30) and Theorem [5.2.4]

Let f € C3°((a,b): R) and let f € C5°(U) be an almost analytic extension of f. From
the Helffer- Sjotrand formula and (5:51]), we get

f(HY) ~ £(@Q)
-2 / 2.7(2)(z = Hy) " = (2 — Q) "|L(d=) (5.56)

_ _% /Ezf(z) (= — He,) 'Wi(z — Hpy) ™' + G(2)] L(d2).
Notice that (z — Hg,)'Wj,(z — Hr,)™! is holomorphic in z € U, then
_ % / 3.7(2)(> — Hp)~"Wi( — Hp)"'L(dz) = 0. (5.57)
Thus, (5.56) and (.57) follow that
f(H) - Q) =~ [ 3.F2)6()Lidz), (5.5%)

which together with (5.52)) yields (5.30).
Applying Theorem 5211 to the operator @ and using (5:30) we obtain (510) with

W(h) = 5= [ £+ 1+ a(x0)ax

According to Lemma [5.5.1], one has

4 X s .
27+ 14 @o(X) € [a,b] <= vo(X) = wp (m) |X| 05=0,..q.

Thus, after a change of variable in the integral we get
1 [ . ) 4 2
bo(f) = — (wo(cos B, sin #))sdb E fu)(u—(2j+1))" sdu.
2mo J, o

We recall that suppf Cla, b], with 2¢+1 < a < b < 2¢g+3. This ends the proof of Theorem
.24l

5.5.3 Proof of (5.31) and Theorem

The proof of (B.31)) is a slight modification of (£.30). For that, let ¢ € C5°((—2,2); [0, 1])
such that ¢ =1 on [—1,1]. Put ¢u(2) = ¢(1%2), then f(z)¢n(z) is also an almost analytic
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extension of f. Applying again the Helffer-Sjostrand formula, we get

_ (5.59)

Ql
)
—~
~~
S
=
S~—
—~
I\
SN—
¢
>
[\V)
—~
o~
|
N
S~—
—~
N
|
&
SN—
L
=
—~
I\
|
&
S~—
L
+
D
—~
N
—
~
—
QL
N
SN—

where in the last equality we have used the fact that (z — Hp,) 'W),(2 — Hp,)™! is holo-
morphic in z € Y.

According to the Paley-Wiener theorem (see e.g. [53, Theorem IX.11]|) the function
On2(t — z) is analytic with respect to z and satisfies the following estimate

Opa(t —2) = O (% exp (‘2’2')) . (5.60)

Combining this with the fact that gz(fm)(z) = O(|Imz|**)¢p(2) + O (55) 12,202 ([Im2]),
and using Proposition we get

19-(Fén) ()02 (¢ = 2)G(2)ll = O().

This together with (5:59) ends the proof of (5:37]).
By observing that X.V x (wo <%>> =0, we get

X.Vy <w0 <é_|) \X|‘5) — uw, <é_|) X (5.61)

Then, since wy > 0, we have VX(wO(%HX\_‘;) # 0 for X € R?\ {0}. It implies that the

functions 2j + 1+ ¢o(X), 7 = 1, ..., q, do not have any critical values in the interval |a, b].
Consequently, Theorem (.25 follows from (5.31]) and Theorem 5221
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