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Résumé

Cette thèse est consacrée à l’étude des propriétés qualitatives des solutions d’équations et de
systèmes elliptiques et paraboliques non-linéaires.

Dans la première partie de la thèse, nous nous intéressons aux équations et aux systèmes
elliptiques à coefficients singuliers ou dégénérés de type Hardy-Hénon, à l’équation parabolique
de même type, ainsi qu’à un système parabolique à coefficients constants mais non coopératif.
Nous obtenons des théorèmes de type Liouville elliptiques et paraboliques et nous développons
leurs applications : estimations a priori, estimations des singularités en temps ou en espace,
estimations de la décroissance à l’infini.

Dans une deuxième partie, nous prouvons l’existence globale et le caractère borné des solu-
tions pour un système parabolique, fortement couplé, de type Keller-Segel issu de la criminologie.

Mots-clés: Hardy-Hénon ; Théorème de type Liouville ; Borne universelle, Nonexistence ; Esti-
mation des singularités ; Estimation de la décroissance ; Estimation a priori ; Explosion ; Système
parabolique ; Keller-Segel ; Modélisation de la criminologie.

Abstract

This dissertation is devoted to the study of qualitative properties of solutions for some
nonlinear elliptic and parabolic equations and systems.

In the first part of the dissertation, we are interested in elliptic equations and systems with
singular or degenerate coefficients of Hardy-Hénon type, in parabolic equations of the same
type, and in a noncooperative parabolic system with constant coefficients. We obtain elliptic
and parabolic Liouville-type theorems and we develop their applications : a priori estimates,
singularity estimates in space or in time, decay estimates.

In the second part, we prove the global existence and a priori bound of solutions of a Keller-
Segel type, strongly coupled, parabolic system arising in crime modelling.

Keywords: Hardy-Hénon ; Liouville type theorem ; Universal bound ; Non-existence ; Singularity
estimate ; Decay estimate ; A priori estimate ; Blow-up ; Parabolic system ; Keller-Segel ; Crime
modelling.
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Chapitre 1

Introduction générale

L’objet principal de cette thèse est l’obtention de théorèmes de type Liouville et l’étude de
leur connexion avec les propriétés locales des solutions d’équations et de systèmes de réaction-
diffusion elliptiques et paraboliques. En outre, nous nous intéressons dans cette thèse à l’étude
de l’existence globale de solutions d’un modèle chimiotaxique issu de la criminologie.

On rappelle qu’un théorème de type Liouville est un résultat de non-existence de solutions
(non-triviales) dans l’espace entier (ou demi-espace). Au cours des trois dernières décennies, les
propriétés de ce type pour les problèmes elliptiques et paraboliques ont été largement étudiées
(voir les travaux [GS81a, CL91, BM02, SZ96, Ser64, RZ00, Mit96, BVV91, MP01, PQS07a,
AS11, dFF94, dFS05, QS12b] et [BV98, PQ06, PQS07b, BPQ11, AS10, MZ00, MZ98], resp., pour
les problèmes elliptiques et paraboliques). Pour le modèle elliptique scalaire, de très nombreux
travaux sont consacrés à établir des théorèmes de type Liouville pour l’équation

−∆u = f(u) dans RN ,

et ses généralisations. En particulier, Gidas et Spruck ont donné dans leur travail célèbre [GS81a]
en 1981 le résultat de Liouville pour le modèle typique

−∆u = up dans RN , (1.1)

avec p > 1. Ils ont montré que (1.1) n’a aucune solution classique positive si p < pS où pS est
l’exposant de Sobolev,

pS :=

{
N+2
N−2 si N ≥ 3,

∞ si N = 1, 2.

Ce résultat est optimal en raison de l’existence de solutions positives de (1.1) si p ≥ pS .
La même question s’est posée pour le système analogue suivant (à savoir le système de Lane-

Emden) {
−∆u = vp,

−∆v = uq,
(1.2)

avec p, q > 0. La conjecture de Lane-Emden affirme qu’il n’existe aucune solution classique
positive de (1.2) dans RN si et seulement si (p, q) est en-dessous de l’hyperbole

1

p+ 1
+

1

q + 1
= 1− 2

N
.

Cette conjecture a été démontrée en dimension N ≤ 4 (voir [Mit96, MP01, SZ96, PQS07a,
Sou09b]).
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2 Chapitre 1. Introduction générale

D’autre part, le modèle parabolique

ut −∆u = |u|p−1u (1.3)

a été étudié par beaucoup d’auteurs. L’obtention d’un théorème de type Liouville pour (1.3) est
une question dui est loin d’être complètement résolue. Jusqu’à présent, on dispose d’un résultat
optimal pour les solutions radiales [PQ05, BPQ11], et d’un résultat partiel pour les solutions
positives non-radiales [BV98]. Rappelons également, lorsque p < pS , le résultat de Merle et
Zaag [MZ98] de nonexistence pour les solutions définies sur RN × (−∞, 0) qui décroissent au
moins comme |t|−1/(p−1) lorsque t → −∞. Les résultats de Liouville elliptiques et paraboliques
jouent un rôle particulier dans la théorie qualitative des solutions, car ils ont des applications
très importantes concernant les propriétés locales et globales des solutions :

– l’existence de solutions du problème de Dirichlet dans les domaines bornés pour des équa-
tions et systèmes elliptiques non-linéaires, en particulier pour ceux qui n’ont pas de struc-
ture variationnelle,

– l’estimation a priori des solutions du problème de Dirichlet dans les domaines bornés,
– l’estimation des singularités et l’estimation de décroissance à l’infini,
– l’estimation universelle, l’inégalité de Harnack,
– le taux d’explosion initial pour les solutions locales,
– le taux de décroissance pour les solutions globales.
Il y a plusieurs méthodes de démonstration du théorème de type Liouville, notamment pour

le modèle typique (1.1), (1.2) et son analogue parabolique (1.3). Nous rappelons ici quelques
méthodes usuelles :

Pour le modèle elliptique (scalaire et système)
• la méthode de fonction-test ([MP01]), qui donne le résultat de type Liouville non-optimal

pour les solutions, mais donne le résultat optimal pour les sur-solutions ;
• la formule de Bochner combinée avec les arguments de multiplicateurs non-linéaires [GS81a,

BVV91, SZ02]. Cette technique est délicate et donne le résultat optimal dans le cas scalaire ;
• l’argument de "moving plane" [BM98, BM02, CL91, CL09, Dan92, RZ00]. Cet argument

donne le résultat optimal dans le cas scalaire en combinant avec la transformation de
Kelvin. Cependant, la transformation de Kelvin n’est en général applicable dans le cas du
système que si toutes les non-linéarités sont sous-critiques ou critiques ;
• l’identité de Pohozaev combinée avec des arguments supplémentaires ("feedback", mesure,

l’interpolation...) [SZ96, Sou09b, QS12a]. Cette méthode est optimale en basse dimension
(N ≤ 4) ;
• le principe du maximum et comparaison [QS12b, AS11], qui peut donner des résultats

optimaux pour certains types de systèmes, ou pour les sur-solutions.
Pour le modèle parabolique (scalaire et système), quelques méthodes utilisées dans le cas ellip-
tique peuvent être appliquées mais le résultat est loin d’être optimal.
• la méthode de fonction-test, qui donne le résultat de type Fujita ;
• la technique de Gidas-Spruck modifiée par Bidaut-Véron [BV98], qui se limite à l’exposant
p < pB ;
• la méthode de "moving plane" [PQ05] ;
• l’argument d’intersection-comparaison [PQ06, BPQ11, Sou09a], qui donne le résultat op-

timal dans la classe des solutions radiales ;
• l’argument d’énergie combiné avec l’estimation de décroissance à l’infini et le théorème de

type Liouville elliptique [BPQ11, AS10, QS12a].
En 1981, Gidas et Spruck ont utilisé dans [GS81b] le résultat de type Liouville pour (1.1),

combiné avec un argument de changements d’échelles (appelé encore méthode d’explosion) pour
démontrer l’estimation a priori des solutions des problèmes aux limites correspondants. L’idée
de cette méthode est la suivante : s’il y a une suite non-bornée de solutions explosives, par des
changements d’échelles au voisinage des points de maximum, on en déduit une suite bornée de
solutions qui convergent vers une solution dans l’espace entier ou demi-espace, en contradiction
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avec le théorème de Liouville dans l’espace entier ou le demi-espace. Plus récemment, Polacik,
Quittner et Souplet ont découvert de nouvelles connexions entre les théorèmes de type Liouville
non-linéaires et les propriétés locales des solutions des problèmes elliptiques et paraboliques
[PQS07a, PQS07b]. Plus précisément, ils ont développé une méthode générale pour déduire
des estimations universelles des solutions locales à partir de théorèmes de type Liouville. Cette
méthode est basée sur des arguments de changements d’échelles et sur une propriété cruciale
de "doublement". L’argument de doublement, qui est une extension d’une idée de Hu [Hu96],
est différent de la méthode classique de changement d’échelle de Gidas-Spruck, qui s’applique
seulement aux problèmes aux limites. Cette méthode permet d’obtenir de nouveaux résultats sur
les singularités d’équations et de systèmes elliptiques et paraboliques. De plus, cela met aussi en
évidence que, pour le modèle typique, le théorème de type Liouville et l’estimation universelle
des singularités sont finalement équivalents.

Dans cette thèse, nous nous intéressons aux problèmes elliptiques et paraboliques de type
Hardy-Hénon suivants

• −∆u = |x|aup, (1.4)

•

{
−∆u = |x|avp

−∆v = |x|buq,
(1.5)

• ut −∆u = |x|a|u|p−1u. (1.6)

Le modèle (1.4) est appelé l’équation de Hénon (resp. Hardy, Lane-Emden) si a > 0 (resp.
a < 0, a = 0). Le cas a < 0 est appelé l’équation de Hardy car cela correspond à l’inégalité de
Hardy-Sobolev [GY00]. Le cas a > 0 a été introduit par Hénon [H7́3] comme un modèle pour la
distribution de masse dans des grappes sphériquement symétriques d’étoiles. L’équation (1.4) a
été largement étudiée, notamment pour l’existence et la non-existence dans un domaine borné,
la multiplicité et les propriétés de symétrie des solutions ([SWS02, SW03, Ser05]). Récemment,
le théorème de type Liouville pour les solutions (de signe variable) d’indice de Morse fini et pour
les solutions stables a été démontré dans [Faz11, DDG11, Esp08, WY12].

Le modèle (1.5) est la généralisation du système de Lane-Emden. Pour ce modèle, l’exis-
tence et la non-existence de la solution dans les domaines bornés sont été étudiées dans [CR10,
dFPR08], et des résultats sur le comportement asymptotique des solutions pour l’exposant
presque critique ont été obtenus dans [HY08]. Récemment, le théorème de type Liouville pour les
solutions d’indice de Morse fini et pour les solutions stables a été démontré dans [Cow11, FG11].

Concernant le modèle parabolique (1.6), le résultat de type Fujita a été montré dans [Pin97].
Le problème de Cauchy correspondant a été largement étudié, et l’existence et la non-existence
de solutions ont été établies dans [Wan93, Pin97, Hir08, FT00]. Les questions de comportement
asymptotique et de stabilisation ont été considérées dans [Wan93, DLY06, LL08] et le phénomène
d’explosion pour le problème de Cauchy et aux limites a été étudié dans [AT05, Wan93, GS11,
GLS10].

Notre premier but est d’obtenir des théorèmes de type Liouville et d’étudier leurs applica-
tions pour l’analyse qualitative des solutions locales. Nous utilisons essentiellement les méthodes
ci-dessus, combinées avec quelques nouvelles idées pour déduire les théorèmes de type Liouville.
Pour des applications sur les propriétés des solutions de ces problèmes, nous employons essen-
tiellement l’argument de changement d’échelles et de doublement issu des travaux de Polacik,
Quittner et Souplet [PQS07a, PQS07b], et nous introduisons certaines nouvelles idées concernant
le changement d’échelles et l’estimation des singularités et de la décroissance à l’infini, afin de
surmonter les difficultés provenant de la dégénérescence et de la singularité du terme |x|a.

Dans une deuxième direction, nous nous intéressons à l’existence globale des solutions d’un
système de type chimiotaxique issu de la criminologie. La premier modèle mathématique de
cambriolages dans les zones d’habitat résidentiel a été introduit dans [SDP+08] en prenant la
limite continue de deux équations aux différences, l’une représente l’attractivité des maisons
individuelles au cambriolage, et l’autre représente le mouvement des cambrioleurs. La limite
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continue donne un système aux dérivées partielles du type chimiotaxique. Après ce travail, plu-
sieurs articles ont été consacrés à l’étude de modèles variés provenant de la criminologie (voir
[BN10, CCM12, Pit10, RB10, SBB10, SDP+08]). Nous considérons dans cette thèse un modèle
dans [Pit10] et étudions l’existence globale et la borne a priori des solutions.

Cette thèse est composée de 6 chapitres. Le premier chapitre, introductif, présente le sujet
et résume les résultats obtenus. Les chapitres suivants correspondent chacun à un article. Nous
allons présenter ici d’une manière détaillée le contenu de chacun d’eux.

– Le chapitre 2 présente de nouveaux théorèmes de type Louville ainsi que leurs applications
pour le modèle elliptique (1.4).

– Dans le même axe, un autre problème étudié dans le chapitre 3 est le cas du système
de Hardy-Hénon (1.5). Pour la preuve du théorème du type Liouville, nous utilisons la
technique introduite par Serrin-Zou [SZ96] et développée par Souplet [Sou09b]. La preuve
est très délicate, basée sur une combinaison d’identité de type Rellich-Pohozaev, d’inégalités
de Sobolev et d’interpolation sur SN−1, et d’arguments de "feedback" et de mesure.

– Le chapitre 4 est consacré à l’étude de la propriété de type Liouville et des singularités
pour l’équation parabolique de Hardy-Hénon

ut −∆u = |x|a|u|p−1u, (x, t) ∈ Ω× I (1.7)

où Ω est un domaine de RN , p > 1, a > max{−2,−N}, et I est un intervalle de R.
– Dans le chapitre 5, nous démontrons un résultat optimal de type Liouville pour le système

parabolique non coopératif {
ut −∆u = up − βurvr+1,

vt −∆v = vp − βur+1vr.
(1.8)

où p = 2r + 1, r > 0, β ∈ R.
– Le chapitre 6 concerne l’existence globale de solutions d’un modèle de type Keller-Segel

issu de la criminologie.

1.1 L’équation elliptique de Hardy-Hénon (chapitre 2)

Nous nous intéressons à l’équation de Hardy-Hénon suivante

−∆u = |x|aup, x ∈ Ω, (1.9)

avec p > 1, a ∈ R, Ω un domaine de RN , N ≥ 2. L’équation (1.9) est appelée l’équation de
Hénon (resp. Hardy, Lane-Emden) si a > 0 (resp. a < 0, a = 0). Nous considérons les solutions
dans l’espace {

C2(Ω), si a ≥ 0,

C2(Ω \ {0}) ∩ C(Ω), si a < 0.
(1.10)

Pour le cas a = 0 (l’équation de Lane-Emden), le théorème de type Liouville a été complètement
résolu dans l’article célèbre de Gidas et Spruck [GS81a]. Le cas a < 0 est démontré dans [BVG10,
Theorem 1.7]. Cependant, le résultat optimal de Liouville pour le cas a > 0 reste ouvert et
semble difficile. Comme pS(a) > pS , les techniques classiques de [BVV91, GS81a] (la formule
de Bochner combinée avec des arguments délicats de multiplicateurs non-linéaires) et de [CL91]
(la transformation de Kelvin combinée avec le "moving plane") ne marchent plus pour p > pS .
Dans la classe des solutions radiales, le théorème de type Liouville reste vrai si et seulement si
p < pS(a), où pS(a) = (N + 2 + 2a)/(N −2) est l’exposant de Hardy-Sobolev. Il est donc naturel
de conjecturer qu’il n’existe aucune solution positive de (1.9) si et seulement si p < pS(a). Nous
avons réussi à démontrer la conjecture en dimension N = 3 dans le cas des solutions bornées.
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Théorème 1.1.1. Soient a > 0, p > 1 et N = 3. Si p < pS(a), l’équation (1.9) n’a aucune
solution bornée positive dans Ω = RN .

Nous établissons ensuite des estimations au voisinage de la singularité isolée et de la décrois-
sance à l’infini. Ce résultat suivant est aussi une extension de [BVV91, GS81a].

Théorème 1.1.2. Soient a > −2 et 1 < p < pS. Il existe une constante C = C(N, p, a) > 0
telle que :

(i) Toutes les solutions non-négatives de l’équation (1.9) dans Ω = {x ∈ RN ; 0 < |x| < ρ}
(ρ > 0) satisfont

u(x) ≤ C|x|−
2+a
p−1 et |∇u(x)| ≤ C|x|−

p+1+a
p−1 , 0 < |x| < ρ/2. (1.11)

(ii) Toutes les solutions non-négatives de l’équation (1.9) dans Ω = {x ∈ RN ; |x| > ρ}
(ρ ≥ 0) satisfont

u(x) ≤ C|x|−
2+a
p−1 et |∇u(x)| ≤ C|x|−

p+1+a
p−1 , |x| > 2ρ. (1.12)

On note que l’estimation de décroissance (1.12), combinée avec l’identité de Rellich-Pohozaev,
donne une démonstration beaucoup plus simple de la nonexistence de la solution positive de
(1.9) dans RN pour p < min{pS , pS(a)}. Notre démonstration du Théorème 1.1.2 est basée sur
l’observation que les estimations (1.11) et (1.12) pour p, a peuvent être réduites à la propriété
de Liouville pour le même p mais avec a remplacé par 0. Cette réduction s’appuie sur deux
ingrédients :

(i) un changement de variable, qui permet de remplacer le coefficient |x|a par une fonction
régulière qui est bornée dans un domaine approprié ;

(ii) une généralisation d’un argument de doublement et de changement d’échelles de [PQS07a].
Pour les applications du résultat de type Liouville, nous considérons le problème aux limites

suivant : {
−∆u = |x|aup, x ∈ Ω,

u(x) = ϕ(x), x ∈ ∂Ω.
(1.13)

avec la fonction positive ou nulle ϕ ∈ C(∂Ω).

Théorème 1.1.3. Soient N ≥ 2, a > −2, p > 1

(i) Supposons p < min(pS , pS(a)). Soient M > 0 et 0 ≤ ϕ ∈ C(∂Ω) avec ‖ϕ‖∞ ≤ M . Alors,
toutes les solutions positives u ∈ C2(Ω \ {0}) ∩ C(Ω) du problème (1.13) satisfont

‖u‖L∞(Ω) ≤ C,

où la constante C > 0 ne dépend que de Ω, a, p,M .

(ii) Supposons p ≥ pS(a), alors l’affirmation (i) est fausse. Plus précisément, il existe une
suite bornée de nombres réels bk > 0 et une suite de solutions uk de (1.13) avec Ω = B1 et
ϕk ≡ bk, telles que uk(0)→∞ lorsque k →∞.

En particulier, pour a ≤ 0, il s’en déduit que l’hypothèse p < pS(a) dans l’assertion (i) est
optimale.

Enfin, nous clarifions aussi certains résultats précédents sur les estimations a priori des solu-
tions pour le problème de Dirichlet correspondant.
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1.2 Le système elliptique de Hardy-Hénon (chapitre 3)

Nous nous intéressons au système elliptique semi-linéaire de type Hardy-Hénon{
−∆u = |x|avp, x ∈ Ω,

−∆v = |x|buq, x ∈ Ω,
(1.14)

où p, q > 0, a, b ∈ R et Ω est un domaine de RN , N ≥ 3. Nous considérons les solutions dans la
classe suivante

C2(Ω \ {0}) ∩ C(Ω). (1.15)

Le cas particulier a = b = 0 (le système de Lane-Emden) a été étudié par beaucoup de
mathématiciens. La conjecture de Lane-Emden dit qu’il n’existe aucune solution positive dans
Ω = RN si et seulement si

N

p+ 1
+

N

q + 1
> N − 2. (1.16)

La conjecture a été démontrée pour les solutions radiales en toute dimension [Mit96, SZ98]. Pour
les solutions non radiales en dimension N ≤ 2, la conjecture est une conséquence d’un résultat
de Mitidieri et Pohozaev [MP01] qui est valable pour les sur-solutions. En dimension N = 3, elle
a été démontrée par Serrin et Zou [SZ96] sous une condition supplémentaire que (u, v) a au plus
une croissance polynômiale à l’infini. Cette restriction a ensuite été enlevée par Polacik, Quittner
et Souplet [PQS07a] et donc la conjecture est vraie pour N = 3. Récemment, cette conjecture
a été démontrée pour N = 4 par Souplet [Sou09b], et quelques résultats partiels ont aussi été
établis pour N ≥ 5 ([Sou09b, BM02, Lin98, CL09]).

Pour le système général avec a 6= 0 ou b 6= 0, la propriété de type Liouville a été moins
étudiée. La non-existence des sur-solutions a été étudiée dans [AS11, MP01]. Pour les solutions
radiales, le résultat optimal suivant est connu [BVG10].

Proposition A. Soient a, b > −2. Alors le système (1.14) n’a aucune solution positive radiale
dans Ω = RN si et seulement si

N + a

p+ 1
+
N + b

q + 1
> N − 2. (1.17)

L’hyperbole

N + a

p+ 1
+
N + b

q + 1
= N − 2 (1.18)

joue donc le rôle critique dans le cas radial. Ceci conduit à la conjecture suivante.

Conjecture B. Soient a, b > −2. Alors le système (1.14) n’a aucune solution positive dans
Ω = RN si et seulement si (p, q) satisfait (1.17).

Cette conjecture semble difficile, même pour le cas a = b = 0. De plus, dans le cas scalaire
−∆u = |x[aup, la condition optimale pour la non-existence de solution positive dans l’espace
entier RN n’est pas connue pour a > 0 (voir [PS12, Section 1.1]). Cependant, la non-existence
des sur-solutions dans RN (ou un domaine extérieur) a été complètement établie :

Proposition 1.2.1. Soient a, b > −2 et N ≥ 3. Si pq ≤ 1, ou si pq > 1 et

max

{
2(p+ 1) + a+ bp

pq − 1
,
2(q + 1) + b+ aq

pq − 1

}
≥ N − 2, (1.19)

alors le système (1.14) n’a aucune sur-solution positive dans Ω = RN .
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La Proposition 1.2.1 a été démontrée par Miditieri et Pohozaev [MP01, Section 18] via la
méthode des fonctions-test pour p, q > 1. Par la technique d’EDO de Serrin et Zou dans [SZ96],
on peut démontrer cette proposition pour tous p, q > 0. Récemment, Armstrong et Sirakov
[AS11] ont développé un nouveau type de principe du maximum qui donne une démonstration
très simple de ce rśultat pour tous p, q > 0.

Nous obtenons les résultats de type Liouville suivants :

Théorème 1.2.1. Soient a, b > −2 et N ≥ 3. Supposons pq > 1 et (1.17). Si N ≥ 4, on suppose
que

0 ≤ a− b ≤ (N − 2)(p− q), (1.20)

max{2(p+ 1)

pq − 1
,
2(q + 1)

pq − 1
} > N − 3. (1.21)

Alors le système (1.14) n’a aucune solution bornée positive dans Ω = RN .

Théorème 1.2.2. Soient a, b > −2 et N ≥ 3. Supposons que pq > 1, et que (1.16), (1.17) et
(1.21) qont vérifiées. Alors le système (1.14) n’a aucune solution positive dans Ω = RN .

En particulier ceci démontre la Conjecture B en dimension N = 3 dans la classe des solutions
bornées et en dimension N ≤ 4 avec a, b ≤ 0, sans aucune hypothèse sur la croissance des
solutions :

Corollaire 1.2.1. (i) Soit N = 3. Alors la Conjecture B est vraie dans la classe des solutions
bornées.

(ii) Soit N = 3 ou 4 et soient a, b ≤ 0. Alors la Conjecture B est vraie.

La preuve du Théorème 1.2.1 emploie la technique introduite par Serrin et Zou dans [SZ96]
et développée par Souplet dans [Sou09b], elle est basée sur une combinaison d’identités de type
Rellich-Pohozaev, une propriété de comparaison unilatérale entre composantes via le principe du
maximum, des inégalités de Sobolev et d’interpolation sur SN−1, et des arguments de "feedback"
et de mesure. La preuve du Théorème 1.2.2 est basée sur l’estimation de la décroissance à l’infini
des solutions et l’identité de type Rellich-Pohozaev.

1.3 L’équation parabolique de Hardy-Hénon (chapitre 4)

Nous étudions l’équation parabolique semi-linéaire de la forme

ut −∆u = |x|a|u|p−1u, (x, t) ∈ Ω× I (1.22)

où Ω est un domaine de RN , p > 1, a > max{−2,−N}, et I est un intervalle de R.
Comme le modèle type (1.3), cette équation a des propriétés remarquables : la structure de

gradient, l’invariance par changement d’échelles, l’existence d’une fonctionnelle d’énergie.
Nous considérons les solutions dans la classe{

C2,1(Ω× I), si a ≥ 0,

C2,1(Ω \ {0} × I) ∩ C0,0(Ω× I), si a < 0.
(1.23)

La restriction a > −2 est naturelle en raison de la régularité des solutions stationnaires à l’origine
pour N ≥ 2 (cf. [BV00, Lemma 6.2], [DP04, GS81a]). En dimension N = 1, il faut supposer
en plus que u est solution au sens des distributions (si a < 0, ceci ne découle de (1.23) que si
N ≥ 2).

On introduit les exposants suivants :
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pS(a) :=

{
N+2+2a
N−2 si N ≥ 3,

∞ si N = 1, 2,
(1.24)

et

pB :=

{
N(N+2)
(N−1)2

si N ≥ 2,

∞ si N = 1.
(1.25)

1.3.1 Théorèmes de type Liouville

Dans un premier temps, on s’intéresse à la propriété de type Liouville – i.e. la non-existence
de solutions du problème (1.22) dans l’espace entier RN × R. On rappelle que son analogue
elliptique est

−∆u = |x|a|u|p−1u, x ∈ RN . (1.26)

Le résultat de type Liouville pour (1.26) joue un rôle important dans le problème parabolique
mais il n’est pas complètement résolu. Il y a une conjecture prédisant que la non-existence de
solution positive reste vraie sous la condition p < pS(a). Cependant, le résultat de type Liouville
pour (1.26) a été seulement démontré sous la condition plus forte, à savoir p < min{pS , pS(a)},
qui n’est pas optimale quand a > 0. Récemment, la conjecture a été résolue dans [PS12] pour la
solution bornée en dimension N = 3.

Pour l’équation parabolique correspondante, la propriété de type Liouville a été étudiée dans
le cas particulier a = 0 (voir [BPQ11, BV98, PQ06, PQS07b]). Les résultats suivants sont connus.

Théorème A.
(i) Soient a = 0 et 1 < p < pS. Alors, l’équation (1.22) n’a aucune solution radiale non-triviale
non-négative dans RN × R.
(ii) Soient a = 0 et 1 < p < pB. Alors, l’équation (1.22) n’a aucune solution non-triviale non-
négative dans RN × R.

Pour une solution nodale radiale, on note zI(u) le nombre de changements de signe de fonction
radiale u = u(r) dans l’intervalle I.
Théorème B.
(i) Soient a = 0, 1 < p < pS et soit u = u(r, t) une solution radiale de (1.22) dans RN ×R, telle
que le nombre de changements de signe satisfait

z(0,∞)(u(t)) ≤M, ∀t ∈ R.

Alors u ≡ 0.
(ii) Soient a = 0, N = 1 et soit u = u(x, t) une fonction radiale de (1.22) dans R× R, telle que
le nombre de changements de signe satisfait

zR(u(t)) ≤M, ∀t ∈ R.

Alors u ≡ 0.

Le Théorème A a été démontré dans [BV98, PQS07b, PQ06], et le Théorème B a été ré-
cemment démontré dans [BPQ11]. La borne supérieure sur l’exposant p dans le Théorème A(i)
et dans le Théorème B(i) est optimale en raison de l’existence de solutions (bornées) radiales
positives de −∆u = |u|p−1u dans RN pour p ≥ pS .

Dans le cas où a 6= 0, la propriété de type Liouville a été moins étudiée, même pour les
solutions radiales. Jusqu’à présent, le seul résultat de ce type disponible est un théorème de type
Fujita (voir [Pin97]), qui dit qu’il n’existe aucune solution positive dans RN ×R+ si et seulement
si 1 < p ≤ 1 + 2+a

N . Nous établissons les théorèmes de type Liouville dans le cas a 6= 0 pour une
plage plus grande de valeurs de p. Nous avons les résultats suivants.
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Théorème 1.3.1. (i) Soit 1 < p < min{pB, pS(a)} et soit u une solution bornée non-négative
de l’équation (1.22) dans RN × R. Alors u ≡ 0.

(ii) Soit 1 < p < pS(a) et soit u une solution bornée radiale non-négative de l’équation (1.22)
dans RN × R. Alors u ≡ 0.

Pour les solutions de signe variable, nous avons le résultat suivant.

Théorème 1.3.2. Soit 1 < p < pS(a) et u = u(r, t) est une solution radiale de (1.22) dans
RN × R, telle que le nombre de changements de signe satisfait

z(0,∞)(u(t)) ≤M, ∀t ∈ R.

Alors u ≡ 0.

Les preuves des Théorèmes 1.3.1 et 1.3.2 suivent les idées de [BPQ11, AS10, QS11], qui se
décomposent en trois étapes :

1. montrer l’estimation de la décroissance à l’infini de la solution (voir Théorème 1.3.3(ii) et
Théorème 1.3.4(ii) ci-dessous) ;

2. utiliser la fonctionnelle de Lyapunov et l’estimation de la décroissance à l’infini de la solu-
tion pour déduire que les ensembles de α- et ω-limite d’une solution sont non-vides et sont
constitués d’états équilibrés ;

3. combiner ce résultat avec le théorème elliptique de type Liouville pour obtenir une contra-
diction.

Un outil important dans ces preuves est la propriété de la fonctionnelle d’énergie. Après avoir
montré l’estimation de la décroissance à l’infini de la solution, on peut définir la fonctionnelle
d’énergie par

E(t) :=
1

2

∫
RN
|∇u(t)|2dx− 1

p+ 1

∫
RN
|x|aup+1(t)dx.

Et nous avons la propriété suivante :
Quels que soient t1 < t2, ∫ t2

t1

∫
RN

u2
t (t)dxdt ≤ E(t1)− E(t2).

On note que la condition p < pS(a) dans les Théorème 1.3.1(ii) et 1.3.2 est optimale, en
raison de l’existence de solutions radiales, bornées positives de −∆u = |x|aup dans RN pour
p ≥ pS(a).

Le Théorème 1.3.1(ii) pour a > 0 peut être démontré par une autre méthode, complètement
différente, à savoir l’argument d’intersection-comparaison (voir [PQ06]). Pour ce cas, la preuve
est totalement similaire à celle dans [PQ06].

Concernant le Théorème 1.3.1, il y a une conjecture prédisant que la non-existence de solution
non-négative nontriviale dans RN×R reste vraie si p < pS(a). Cependant, cette conjecture semble
difficile, même pour le cas particulier a = 0.

1.3.2 Les estimations des singularités et de la décroissance à l’infini

Pour le sujet suivant, nous obtenons les estimations des singularités et de la décroissance à
l’infini de solutions de l’équation (1.22). Le théorème suivant est un analogue parabolique du
Théorème 1.1.2. Les résultats similaires pour a = 0 ont été démontrés dans [PQS07b, Theorem
3.1].
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Théorème 1.3.3. (i) Soit u une solution non-négative de (1.22) dans Ω× (0, T ) où Ω = {0 <
|x| < ρ}. Supposons que

p < pB, ou bien que u est radiale. (1.27)

Alors, pour tout 0 < |x| < ρ/2 et t ∈ (0, T ), on a

|x|a/(p−1)u(x, t) +
∣∣|x|a/(p−1)∇u(x, t)

∣∣2/(p+1) ≤ C
(
t−1/(p−1) + (T − t)−1/(p−1) + |x|−2/(p−1)

)
,

(1.28)

où C = C(N, p, a).
(ii) Soit u une solution non-négative de (1.22) dans Ω× (0, T )où Ω = {|x| > ρ}. Supposons

que

p < pB, ou bien que u est radiale. (1.29)

Alors, pour tout |x| > 2ρ et t ∈ (0, T ), on a

|x|a/(p−1)u(x, t) +
∣∣|x|a/(p−1)∇u(x, t)

∣∣2/(p+1) ≤ C
(
t−1/(p−1) + (T − t)−1/(p−1) + |x|−2/(p−1)

)
(1.30)

où C = C(N, p, a).

Pour les solutions de signe variable, nous avons le résultat ci-dessous. Nous soulignons qu’il
n’y a aucune restriction sur la borne supérieure de l’exposant p.

Théorème 1.3.4. (i) Soit u = u(r, t) une solution radiale de (1.22) dans Ω × (0, T ) où Ω =
{0 < |x| < ρ}, telle que le nombre de changements de signe satisfait

z(0,ρ)(u(t)) ≤M, ∀t ∈ (0, T ).

Alors, pour tout 0 < |x| < ρ/2 et t ∈ (0, T ), on a

|x|a/(p−1)|u(x, t)|+
∣∣|x|a/(p−1)∇u(x, t)

∣∣ 2
p+1 ≤ C

(
t−1/(p−1) + (T − t)−1/(p−1) + |x|−2/(p−1)

)
où C = C(N, p, a,M).

(ii) Soit u = u(r, t) une solution radiale de (1.22) dans Ω × (0, T ) où Ω = {|x| > ρ}, telle
que le nombre de changements de signe satisfait

z(ρ,∞)(u(t)) ≤M, ∀t ∈ (0, T ).

Alors, pour tout |x| > 2ρ et t ∈ (0, T ), on a

|x|a/(p−1)|u(x, t)|+
∣∣|x|a/(p−1)∇u(x, t)

∣∣ 2
p+1 ≤ C

(
t−1/(p−1) + (T − t)−1/(p−1) + |x|−2/(p−1)

)
où C = C(N, p, a,M).

Les preuves des Théorème 1.3.3 et 1.3.4 sont basées sur :

1. un changement de variable, qui permet de remplacer le coefficient |x|a par une fonction
régulière qui est bornée et bornée loin 0 dans un domaine spatial approprié ;

2. une généralisation de l’argument de changement d’échelles et de doublement de [PQS07a].

3. Le théorème de type Liouville correspondant pour l’équation (1.22) avec a = 0.
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Les estimations du Théorème 1.3.4 dans le cas a = 0 donnent une forme similaire à celle
dans [MM04, Corollary 3.2] et [MM09, Proposition 2.5 et 2.7] pour les solutions radiales de
l’équation de la chaleur non linéaire sur-critique. À la différence de ces travaux, les constantes
C sont ici universelles, mais au détriment d’une restriction supplémentaire sur le nombre fini
de changements de signe des solutions. Notre argument est basé sur un changement d’échelles
et un argument de doublement tandis que celui de [MM04, MM09] est basé sur des estimations
d’énergie.

Si l’on remplace l’intervalle (0, T ) par R dans les Théorème 1.3.3(ii) et 1.3.4(ii), alors on
obtient une estimation de décroissance spatiale

|u(x, t)| ≤ C|x|−(2+a)/(p−1), |∇u(x, t)| ≤ C|x|−(p+1+a)/(p−1), |x| > 0, t ∈ R.

Ceci est une caractéristique importante qui sera utilisée dans la preuve du Théorème 1.3.1 et du
Théorème 1.3.2.

1.3.3 L’estimation a priori des solutions globales et l’estimation à l’explosion

Comme application des résutats de type Liouville, on considère le problème aux limites cor-
respondant : 

ut −∆u = |x|aup, x ∈ Ω, 0 < t < T,

u = 0, x ∈ ∂Ω, 0 < t < T,

u(x, 0) = u0(x), x ∈ Ω.

(1.31)

où Ω est un domaine borné régulier de RN qui contient l’origine, et u0 ∈ L∞(Ω), u0 ≥ 0.
On s’intéresse aux solutions dont l’existence locale et l’unicité sont obtenues par l’argument
de point-fixe. D’après la régularité parabolique, les solutions du problème (1.31) sont dans
C2,1(Ω\{0}× (0, T ))∩C0,0(Ω̄× (0, T )). Des résultats concernant l’existence locale et globale des
solutions de (1.31) ont été obtenus dans [Wan93]). On désigne par u la solution maximale dans
L∞loc([0, T );L∞(Ω)) et T = Tmax(u0) son temps maximal d’existence. Nous nous intéressons ici à
l’estimation a priori des solutions. Nous avons le résultat suivant.

Théorème 1.3.5. Soit 1 < p < min(pS , pS(a)). Supposons que u est une solution globale du
problème (1.31) avec donnée initiale u0 ≥ 0. Alors,

sup
t≥0
‖u(t)‖∞ ≤ C(‖u0‖∞). (1.32)

De plus, si Ω = BR et u0 est radiale, alors (1.32) reste vraie pour 1 < p < pS(a).

On rappelle que la borne a priori des solutions non-négatives du problème elliptique −∆u =
|x|aup a été obtenue sous la condition p < min(pS , pS(a)) (voir le Théorème 1.1.3). Théorème 1.3.5
nous assure que la borne a priori (1.32) pour l’analogue parabolique reste encore vraie sous cette
condition. Dans le cas particulier a = 0, cette borne a priori a été établie par Giga [Gig86] pour
les solutions non négatives, puis par Quittner [Qui99] sans hypothèse de signe.

Nous étudions ensuite les taux d’explosion initiaux et finaux en temps. Le résultat pour
a = 0 a été établi dans [PQS07b]. L’estimation d’explosion finale en temps pour le problème
(1.31) a été démontrée dans [AT05, Theorem 1.2 and 1.3], sous une condition plus forte 1 < p <
1 + min{2/N, (2 + a)/N}.

Théorème 1.3.6. Soit u une solution positive de (1.31) dans Ω× (0, T ). Supposons

p < min{pB, pS(a)}, ou bien p < pS(a), Ω est une boule BR et u est radiale.
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(i) Si T <∞, alors on a

u(x, t) ≤ C
(

1 + t−1/(p−1) + (T − t)−1/(p−1)
)
, x ∈ Ω, 0 < t < T,

où C = C(Ω, p, a).
(ii) Si u est globale, alors on a

u(x, t) ≤ C
(

1 + t−1/(p−1)
)
, x ∈ Ω, t > 0,

où C = C(Ω, p, a).

Nous nous intéressons finalement à la borne universelle des solutions non-négatives globales
du problème (1.31). Cette borne universelle donne une conclusion moins précise que le Théo-
rème 1.3.6, mais elle peut être appliquée dans une autre zone de paramètres, en raison de la
méthode complètement différente. La démonstration de ce théorème est essentiellement basée
sur les idées de [Qui01, QSW04].

Théorème 1.3.7. Soient a ≥ 0, N ≤ 4, et 1 < p < N+2+a
N−2+a . Pour tout τ > 0, il existe

C = C(Ω, p, a, τ) > 0 telle que toute solution globale non-négative du problème (1.31) satisfait

sup
t≥τ
‖u(t)‖∞ ≤ C(Ω, p, a, τ).

1.4 Un système parabolique non coopératif (chapitre 5)

Nous étudions le système parabolique non coopératif, semi-linéaire de la forme{
ut −∆u = up − βurvr+1, (x, t) ∈ Ω× I
vt −∆v = vp − βur+1vr, (x, t) ∈ Ω× I,

(1.33)

où p = 2r + 1, r > 0, β ∈ R, Ω est un domaine de RN , et I est un intervalle de R.
La partie stationnaire du système 1.33) correspond à un système de type Schrödinger ou

Gross-Pitaevskii qui intervient en optique non linéaire ou dans des modèles de condensats de
Bose-Einstein (voir [BDW10, DWW10, WW08]). De plus il a été montré dans [WW08] que les
estimations a priori pour le système parabolique (1.33) peuvent fournir des informations utiles
pour l’étude des solutions stationnaires. Nous nous intéressons à la propriété de type Liouville
– i.e. la non-existence de solutions du problème (1.33) dans l’espace entier RN ×R. On rappelle
tout d’abord son analogue elliptique{

−∆u = up − βurvr+1, x ∈ RN

−∆v = vp − βur+1vr, x ∈ RN .
(1.34)

Le résultat de type Liouville pour (1.34) joue un rôle important dans le problème parabolique.
Pour les solutions radiales, il a été montré dans [QS12a] que le problème (1.34) n’a pas de solution
radiale positive si β < 1 et p < pS , et la condition sur β ou p est optimale. Pour les solutions
générales, le problème (1.34) n’a aucune solution positive si β < 1 et p < p∗S , où p∗S = pS si
N ≤ 4, p∗S = (N − 1)/(N − 3) si N ≥ 5 (voir [QS12a]). La condition sur p en dimension N ≤ 4
est optimale en raison de l’existence de solutions bornées radiales positives de (1.34) si p ≥ pS
(et β < 1).

Pour le problème parabolique correspondant, la propriété de type Liouville est moins bien
comprise, même pour les solutions radiales. Récemment, Quittner et Souplet ont prouvé dans
[QS11] un théorème de type Liouville pour les solutions radiales dans le cas spécial p = 3 et
N ≤ 3. Nous allons établir un théorème optimal de type Liouville du problème (1.34) pour la
dimension N = 1 et pour les solutions radiales en toute dimension dans la zone sous-critique
p < pS .

Rappelons p = 2r + 1 et r > 0, notre résultat principal est le suivant :
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Théorème 1.4.1. Soient N = 1 et β < r
3r+2 . Alors le système (1.33) n’a aucune solution

positive dans R× R.

Théorème 1.4.2. Soient p < pS et β < r
3r+2 . Alors le système (1.33) n’a aucune solution

radiale positive dans RN × R.

La preuve du Théorème 1.4.1 est basée sur des estimations intégrales combinées avec la
formule de Böchner-Wietzenbök [BV98], et celle du Théorème 1.4.2 suit l’idée dans [BPQ11,
AS10, QS11]. Notre résultat semble être le premier exemple de théorème de type Liouville dans
la zone sous-critique de Sobolev pour un système parabolique 1 (même si l’on se restreint aux
solutions radiales). De plus, cela semble également être la première application de la technique
de Gidas-Spruck à un système parabolique.

1.5 Un système de type Keller-Segel parabolique issu de la cri-
minologie (chapitre 6)

Nous considérons un système parabolique non-linéaire, fortement couplé provenant d’un mo-
dèle issu de la criminologie. Ce système modélise les cambriolages dans les zones résidentielles
[Pit10]. Le système est de type chimiotaxique et comporte une fonction logarithmique de sensi-
tivité et des termes d’interaction spécifique et de relaxation.



∂A

∂t
= η∆A+ ψNA(1−A) + Ã−A, x ∈ Ω, t > 0,

∂N

∂t
= ∇·

[
∇N −N∇ϑ(A)

]
+ω − ωN, x ∈ Ω, t > 0,

∂A

∂ν
=
∂N

∂ν
= 0, x ∈ ∂Ω, t > 0,

A(x, 0) = A0(x), N(x, 0) = N0(x), x ∈ Ω.

(1.35)

On note ici
ϑ(A) = χ logA, avec χ > 0 une constante. (1.36)

La valeur de χ donnée dans [Pit10] est χ = 2. En plus, on suppose que

Ω est un domaine borné et suffisamment régulier de R2, ou bien un carré, (1.37)

η, ψ, ω, Ã > 0 sont des constantes (1.38)

et que la donnée initiale satisfait

(A0, N0) ∈ H1+β(Ω)× L2(Ω) pour β > 0, avec A0 > 0 sur Ω et N0 ≥ 0 dans Ω. (1.39)

Le vecteur normal extérieur sur ∂Ω est noté par ν. On peut montrer par des arguments classiques
que le problème (1.35) est localement bien posé.

Dans [Pit10], l’auteur obtient des résultats concernant la stabilité linéarisée ou l’instabilité
de l’état stable homogène et présente des simulations numériques qui suggèrent l’existence de
"hotspots". Cependant, l’existence (locale et) globale de solutions avait été laissée ouverte.

Sous des hypothèses convenables sur les données initiales du problème, nous donnons une
preuve rigoureuse de l’existence globale et une borne des solutions du système (1.35), et résolvons
ainsi un problème laissé ouvert sur ce modèle.

1. avec l’exception du résultat de [MZ00] qui, pour une classe différente de systèmes, classifie les solutions sur
RN × (−∞, 0) qui décroissent au moins comme |t|−1/(p−1), en vue de l’étude du comportement auto-similaire à
l’explosion.
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On note
ε0 = ε0(Ω) = µ−2K−1/2,

où µ est la meilleure constante dans l’inégalité de Poincaré-Sobolev

‖u− |Ω|−1

∫
Ω
u dx‖2 ≤ µ‖∇u‖1, u ∈W 1,1(Ω), (1.40)

et K est la meilleure constante dans l’estmation d’interpolation∫
Ω
|∇u|4dx ≤ K osc2(u)

∫
Ω
|∆u|2dx. (1.41)

Aussi, l’injection de Sobolev entraine que A0 ∈ C(Ω), et on pose

Amax = max{1, Ã,max
Ω

A0} ≥ Amin = min{1, Ã,min
Ω
A0} > 0.

Notre résultat principal est le suivant :

Théorème 1.5.1. Supposons (1.36), (1.37)-(1.39) et(Amax

Amin

)2
(Amax −Amin) max{‖N0‖1, |Ω|} < ε0ηψ

−1χ−2. (1.42)

Alors la solution du problème (1.35) est globale et satisfait la borne uniforme

sup
t≥0
‖A(t)‖∞ <∞ (1.43)

et
sup
t≥τ
‖N(t)‖∞ <∞, pour tout τ > 0. (1.44)

La preuve du Théorème 1.5.1 est basée sur la construction d’entropies approchées et sur
l’utilisation de diverses inégalités fonctionnelles, combinée avec les propriétés du semi-groupe de
la chaleur.

D’autre part, lorsque χ ≤ 1, en utilisant un argument de [Bil99], nous montrons que la
conclusion du Théorème 1.5.1 reste vraie sous une hypothèse simple sur A0 et Ã et sans aucune
restriction de taille surN0. Toutefois, ces techniques ne s’appliquent pas au modèle criminologique
donné dans [Pit10] pour lequel χ = 2.

Théorème 1.5.2. Supposons que (1.36), (1.37)-(1.39) sont vérifiées, avec 0 < χ ≤ 1, Ã ≤ 1
et max

Ω
A0 ≤ 1. Alors la solution du problème (1.35) est globale et satisfait la borne uniforme

(1.43)-(1.44).

Pour des applications pratiques, nous fournissons également des conditions explicites numé-
riques pour l’existence globale lorsque le domaine est un carré. La valeur de ε0 dans le Théo-
rème 1.5.1 peut être estimée de manière explicite.

Théorème 1.5.3. Soit Ω = (0, L)2, avec L > 0. Alors le résutat du Théorème 1.5.1 est vrai avec

ε0 =
1

3
√

3
≈ 0.19.
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Liouville-type theorems and bounds of
solutions of Hardy-Hénon equations 2

Quoc Hung Phan and Philippe Souplet

Abstract. We consider the Hardy-Hénon equation −∆u = |x|aup with p > 1 and a ∈ R and we are
concerned in particular with the Liouville property, i.e. the nonexistence of positive solutions in the whole
space RN . It has been conjectured that this property is true if (and only if) p < pS(a), where pS(a) is the
Hardy-Sobolev exponent, given by (N +2+2a)/(N −2). However, when N ≥ 3, the conjecture had up to
now been proved only for a ≤ 0. Indeed the case a > 0 seems more difficult, due to pS(a) > (N+2)/(N−2).

In this paper, we prove the conjecture for a > 0 in dimension N = 3, in the case of bounded solutions.
Next, for the conjecture in the case a < 0, and for related estimates near isolated singularities and at
infinity, we give new proofs – based in particular on doubling-rescaling arguments – and we provide some
extensions of these estimates. These proofs are significantly simpler than the previously known ones.
Finally, we clarify some of the previous results on a priori estimates for the related Dirichlet problem.

2.1 Introduction

This article is devoted to the study of positive solutions of the following elliptic equation

−∆u = |x|aup, x ∈ Ω, (2.1)

where p > 1, a ∈ R and Ω is a domain of RN with N ≥ 2. (For the case N = 1, see Pro-
position 2.5.1 and Remark 2.5.2 in Appendix.) Equation (2.1) is traditionally called the Hénon
(resp., Hardy, or Lane-Emden) equation for a > 0 (resp., a < 0, a = 0). Throughout this paper,
unless otherwise specified, solutions are considered in the class{

C2(Ω), if a ≥ 0,

C2(Ω \ {0}) ∩ C(Ω), if a < 0,
(2.2)

and are assumed to satisfy the equation pointwise, except at x = 0 if a < 0 and 0 ∈ Ω.

Our primary interest is in the Liouville property – i.e. the nonexistence of positive solution
in the entire space Ω = RN – and on singularity and decay estimates of solutions. The case
a = 0 has been widely studied by many authors. Here, the optimal Liouville-type result has been
established by Gidas and Spruck in their celebrated article [15]. Namely, equation (2.1) has no
positive solution if and only if

p < pS :=
N + 2

N − 2
(=∞ if N ≤ 2).

The case a 6= 0 is less completely understood. Let us first recall that if a ≤ −2, then (2.1)
has no positive solution in any domain Ω containing the origin (cf. [15], [1, Lemma 6.2] and [13]).
We therefore restrict ourselves to the case a > −2 in the rest of this article. Let us introduce the
Hardy-Sobolev exponent

pS(a) :=
N + 2 + 2a

N − 2
(=∞ if N = 2).

In the case of radial solutions, we have the following complete result (stated in [15] ; see [2] for
a detailed proof).

Proposition A. Let N ≥ 2, a > −2 and p > 1.

2. J. Differential Equations, 252(3) : 2544-2562, 2012
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(i) If p < pS(a), then equation (2.1) has no positive radial solution in Ω = RN .
(ii) If p ≥ pS(a), then equation (2.1) possesses bounded, positive radial solution in Ω = RN .

The Hardy-Sobolev exponent pS(a) thus plays a critical role in the radial case and this, in
addition to the above mentioned result for a = 0, supports the following natural conjecture :

Conjecture B. If N ≥ 2, a > −2 and 1 < p < pS(a), then equation (2.1) has no positive
solutions in Ω = RN .

The condition p < pS(a) is the best possible due to Proposition A(ii). However, apart from
the radial case, the best available nonexistence result up to now is the following.

Theorem C. Let N ≥ 2, a > −2 and p > 1.
(i) If

p < min(pS , pS(a)), (2.3)

then equation (2.1) has no positive solution in Ω = RN .
(ii) The conclusion of part (i) remains true if

p ≤ N + a

N − 2
. (2.4)

Theorem C(i) was proved in [2, Theorem 1.7]. A more general class of elliptic systems was
actually treated in [2] and the result was already contained in [3], although not explicitly stated
there. See Remark 2.1.1(c),(d) for a discussion of earlier results in this direction. As for Theo-
rem C(ii), it can be found in e.g. [18, Example 3.2] (see also Remark 2.5.1 below). The proof,
based on the rescaled test-function method, is relatively easier than that of part (i). We note
that condition (2.4) in Theorem C(ii) becomes better than (2.3) when a ≥ 2.

Theorem C(i) in particular implies Conjecture B for a < 0, since pS(a) < pS in this case.
However, the conjecture is still an open problem for a > 0. And indeed, the case a >
0 seems more difficult, since then pS(a) > pS and classical techniques from [15, 4] (Bochner
formula combined with delicate nonlinear multiplier arguments) and from [12] (Kelvin transform
combined with moving planes) fail for p > pS .

The first aim of this paper is to give a contribution in this direction. Namely we shall prove
Conjecture B for dimension N = 3 and a > 0 in the class of bounded solutions.

Theorem 2.1.1. Let N ≥ 2, a > 0, p > 1 and N = 3. If p < pS(a), then equation (2.1) has no
positive bounded solution in Ω = RN .

Remarks 2.1.1. (a) The proof of Theorem 2.1.1 uses the technique introduced by Serrin and
Zou in [23] and further developed by the second author in [26], which is based on a combination
of Pohozaev identity, Sobolev inequality on SN−1 and a measure argument. By using additional
interpolation and feedback arguments from [26], one could extend the result to higher dimensions
N ≥ 4, but at the expense of the further restriction p < (N − 1)/(N − 3) ≤ pS . Therefore, for
N ≥ 4, these techniques do not seem to lead to any improvement of Theorem C(i).

(b) Theorem 2.1.1 is still true for polynomially bounded solutions, i.e. if u(x) ≤ C|x|q for
x large, with some q > 0 (see after the end of the proof). We note that, although it would be
desirable to show Theorem 2.1.1 without any growth restriction on the solutions, Liouville type
theorems for bounded solutions are usually sufficient for applications such as a priori estimates
and universal bounds, obtained by rescaling arguments (see [16, 20]).

On the other hand, the Liouville property is not true in general if the continuity assumption
in (2.2) (at x = 0) is relaxed. For instance, (2.1) admits a distributional solution of the form
u(x) = C|x|−α, α = (2+a)/(p−1), whenever N ≥ 3, p > (N+a)/(N−2) and a > −2. However,
Theorem C(ii) (for p ≤ (N + a)/(N − 2)) remains true for distributional supersolutions (see [18]
and Remark 2.5.1 below).
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(c) Prior to [2], Theorem C(i) had been proved in the special case a ≥ 2 (with p < pS) in [15,
Theorem 4.1]. The restriction a ≥ 2 comes from the assumption that the x-depending coefficient
be a C2 function.

(d) It is claimed in [16] that the Liouville property is true for

a > −2, 1 < p < pS , p 6= pS(a) (2.5)

(cf. Theorem [16, Theorem 4.2], which is not proved there but attributed for a < 0 to ref. 3 in the
bibliography of [16], a work which doesn’t seem to have actually appeared). However, solutions
in Theorem [16, Theorem 4.2] are assumed to be in C2(RN ), which is not relevant for a < 0.
Nevertheless, for solutions in the regularity class (2.2), the Liouville property is false in part of
the range (2.5), namely for −2 < a < 0, pS(a) ≤ p < pS , as shown by Proposition A(ii).

We now turn to the second topic of this paper, which concerns the closely connected subjet of
singularity and decay estimates. Namely, we will present a simpler proof, as well as an extension,
of results from [15, 4] for p < pS . By the same token, we will obtain a new and much simpler
proof of Theorem C(i), hence in particular of Conjecture B for a < 0. Concerning singularity
and decay estimates, we have the following :

Theorem 2.1.2. Let N ≥ 2, a > −2 and 1 < p < pS. There exists a constant C = C(N, p, a) > 0
such that the following holds.

(i) Any nonnegative solution of equation (2.1) in Ω = {x ∈ RN ; 0 < |x| < ρ} (ρ > 0) satisfies

u(x) ≤ C|x|−
2+a
p−1 and |∇u(x)| ≤ C|x|−

p+1+a
p−1 , 0 < |x| < ρ/2. (2.6)

(ii) Any nonnegative solution of equation (2.1) in Ω = {x ∈ RN ; |x| > ρ} (ρ ≥ 0) satisfies

u(x) ≤ C|x|−
2+a
p−1 and |∇u(x)| ≤ C|x|−

p+1+a
p−1 , |x| > 2ρ. (2.7)

The first part of estimate (2.6) was proved in [15, Theorem 3.1] and [4, Theorem 6.3] (cf. also
[3, Corollary 6.4] for the exterior domain case (ii)). In addition, we also estimate the gradient –
a feature that will be used for our proof of Theorem C(i).

Our proof of Theorem 2.1.2 is based on the observation that estimates (2.6) and (2.7) for
given p, a can be rather easily reduced to the Liouville property for the same p but with a
replaced by 0. 3 This reduction relies on two ingredients :

(i) a change of variable, that allows to replace the coefficient |x|a with a smooth function
which is bounded and bounded away from 0 in a suitable spatial domain ;

(ii) a generalization of a doubling-rescaling argument from [20] (see Lemma 2.2.1 below).
We can then obtain an easy derivation of Theorem C(i) from Theorem 2.1.2, by combining the

Pohozaev identity with the decay estimate (2.7). We note that the gradient part of estimate (2.7)
is crucial for the proof in order to estimate some of the terms appearing in the Pohozaev identity.

As the third topic of this paper, let us finally consider the associated boundary value problem :{
−∆u = |x|aup, x ∈ Ω,

u(x) = ϕ(x), x ∈ ∂Ω.
(2.8)

Here we assume that

Ω ⊂ RN is a smoothly bounded domain containing the origin (2.9)

3. Of course, the Liouville property for p < pS and a = 0 is a deep result, but its proof (see [15, 4] and also
[21, Chapter 8]) is easier than in the case a 6= 0 and, furthermore, an alternative proof [12] by the method of
moving planes is known.
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and that ϕ ∈ C(∂Ω) is a nonnegative function. It is well-known that Liouville-type results enable
one to derive a priori bounds for positive solutions of elliptic Dirichlet problems, via the blow-up
method of [16]. In the case of (2.8), this was actually done in [16, Theorem 4.1]. Unfortunately,
that statement suffers from shortcomings similar to those mentioned in Remark 2.1.1(d) above.
Namely, it is claimed in [16, Theorem 4.1] that, under assumption (2.5), positive C2 solutions of
(2.8) satisfy a uniform a priori bound. However, no such solutions obviously exist when a < 0,
so that one probably has to interpret this as a statement about positive solutions in the natural
class C2(Ω \ {0}) ∩ C(Ω). But it turns out (see Theorem 2.1.3(ii) below) that such an a priori
bound is not true for −2 < a < 0, pS(a) ≤ p < pS . We thus provide the following corrected
version of [16, Theorem 4.1].

Theorem 2.1.3. Let N ≥ 2, a > −2, p > 1 and assume (2.9).
(i) Assume (2.3). LetM > 0 and 0 ≤ ϕ ∈ C(∂Ω) with ‖ϕ‖∞ ≤M . Then all positive solutions

u ∈ C2(Ω \ {0}) ∩ C(Ω) of problem (2.8) satisfy

‖u‖L∞(Ω) ≤ C,

where the constant C > 0 depends only on Ω, a, p,M .
(ii) Assume p ≥ pS(a). Then assertion (i) fails. More precisely, there exists a bounded se-

quence of real numbers bk > 0 and a sequence of solutions uk of (2.8) with Ω = B1 and ϕk ≡ bk,
such that uk(0)→∞ as k →∞.

In particular for a ≤ 0, it follows that the assumption p < pS(a) in assertion (i) is optimal.

We close this introduction by mentioning other work related to the boundary value pro-
blem (2.8). The existence and non-existence of positive solutions of (2.8), especially for the case
ϕ = 0, have been studied (see for instance [14, 19, 22], and the references therein). More precisely,
if a < 0, one obtains the existence of a positive solution in H1

0 (Ω) provided that 1 < p < pS(a),
by using variational methods and Caffarelli-Kohn-Nirenberg estimates (see [8]) ; if p ≥ pS(a),
one proves non-existence of nontrivial solutions in starshaped domains as a consequence of a ge-
neralized Pohozaev-type identity. If a ≥ 0, one obtains the existence of a solution for 1 < p < pS
by standard variational argument. On the other hand, if Ω is a ball, W.-M. Ni [19] proved the
existence of a radial solution in a larger range, namely for 1 < p < pS(a), by using the Mountain
Pass Lemma in a space of radial functions. Recently, the question of multiplicity and qualitative
properties of solutions for the Hénon equation, such as the symmetry-breaking, have been widely
studied. If Ω is a ball and a > 0, numerical computation (see [11]) suggested that for some
values of the parameter a > 0, the ground state solutions (i.e. solutions with minimal energy)
are nonradial. It was then confirmed by Smets, Su and Willem (see [25]) that, if 1 < p < pS ,
there exists a∗ > 0 such that for a > a∗, Ni’s radial solution is not the ground state solution.
Further results on the subcritical Hénon equation such as symmetry properties of solutions and
blowup profile of ground states as a→∞ or p→ pS can be found in [5, 6, 7, 9, 10, 24].

The rest of the paper is organized as follows. Section 2 is devoted to the proof of Theorem 2.1.2
by doubling-rescaling arguments. In Section 3 we provide a simple proof of Theorem C(i), based
on the Pohozaev-type identity and on Theorem 2.1.2. Section 4 is devoted to the more delicate
proof of Theorem 2.1.1. Finally, in Appendix, we collect the proofs of some results which we use
and are more or less known, but whose proofs we prefer to provide, either for completeness, or
because we couldn’t find a satisfactory proof in the literature. This includes a Pohozaev-type
identity and an interpolation lemma. The proof of Theorem 2.1.3, along the lines of [16], is also
given there.

Notation. For R > 0, we set BR = {x ∈ RN ; |x| < R}. We shall use spherical coordinates
r = |x|, θ = x/|x| ∈ SN−1 and write u = u(r, θ). The derivative ∂/∂r = x

|x| ·∇ will be denoted by
′. The surface measures on SN−1 and on the sphere {x ∈ RN ; |x| = R}, R > 0, will be denoted
respectively by dθ and by dσR. For given function w = w(θ) on SN−1 and 1 ≤ k ≤ ∞, we set
‖w‖k = ‖w‖Lk(SN−1). When no confusion is likely, we shall denote ‖u‖k = ‖u(r, ·)‖k.
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2.2 Singularity and decay estimates

In this Section, we give a relatively simple proof of Theorem 2.1.2. We need the following
lemma, which is an extension of Theorem 6.1 in [20]. The main difference with that result is that
the estimate is uniform with respect with the (Hölder bounded) coefficient c(x).

Lemma 2.2.1. Let N ≥ 1, 1 < p < pS and α ∈ (0, 1]. Let c ∈ Cα(B1) satisfy

‖c‖Cα(B1) ≤ C1 and c(x) ≥ C2, x ∈ B1, (2.10)

for some constants C1, C2 > 0. There exists a constant C, depending only on α,C1, C2, p,N ,
such that, for any nonnegative classical solution u of

−∆u = c(x)up, x ∈ B1, (2.11)

u satisfies

|u(x)|(p−1)/2 + |∇u(x)|(p−1)/(p+1) ≤ C
(
1 + dist−1(x, ∂B1)

)
, x ∈ B1.

Proof. Arguing by contradiction, we suppose that there exist sequences ck, uk verifying (2.10),
(2.11) and points yk, such that the functions

Mk = |uk|(p−1)/2 + |∇uk|(p−1)/(p+1)

satisfy
Mk(yk) > 2k

(
1 + dist−1(yk, ∂B1)

)
≥ 2k dist−1(yk, ∂B1).

By the doubling lemma in [20, Lemma 5.1], there exists xk such that

Mk(xk) ≥Mk(yk), Mk(xk) > 2k dist−1(xk, ∂B1),

and
Mk(z) ≤ 2Mk(xk), for all z such that |z − xk| ≤ kM−1

k (xk). (2.12)

We have
λk := M−1

k (xk)→ 0, k →∞, (2.13)

due to Mk(xk) ≥Mk(yk) > 2k.
Next we let

vk = λ
2/(p−1)
k uk(xk + λky), c̃k(y) = ck(xk + λky).

We note that |vk|(p−1)/2(0) + |∇vk|(p−1)/(p+1)(0) = 1,[
|vk|(p−1)/2 + |∇vk|(p−1)/(p+1)

]
(y) ≤ 2, |y| ≤ k, (2.14)

due to (2.12), and we see that vk satisfies

−∆vk = c̃k(y)vpk, |y| ≤ k. (2.15)

On the other hand, due to (2.10), we have C2 ≤ c̃k ≤ C1 and, for each R > 0 and k ≥ k0(R)
large enough,

|c̃k(y)− c̃k(z)| ≤ C1|λk(y − z)|α ≤ C1|y − z|α, |y|, |z| ≤ R. (2.16)

Therefore, by Ascoli’s theorem, there exists c̃ in C(RN ), with c̃ ≥ C2 such that, after extracting
a subsequence, c̃k → c̃ in Cloc(RN ). Moreover, (2.16) and (2.13) imply that |c̃k(y) − c̃k(z)| → 0
as k →∞, so that the function c̃ is actually a constant C > 0.

Now, for each R > 0 and 1 < q <∞, by (2.15), (2.14) and interior elliptic Lq estimates, the
sequence vk is uniformly bounded in W 2,q(BR). Using standard imbeddings and interior elliptic
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Schauder estimates, after extracting a subsequence, we may assume that vk → v in C2
loc(RN ). It

follows that v ≥ 0 is a classical solution of

−∆v = Cvp, y ∈ RN ,

and |v|(p−1)/2(0) + |∇v|(p−1)/(p+1)(0) = 1. Since p < pS , this contradicts the Liouville-type result
[15, Theorem 1.1] and concludes the proof.

Proof of Theorem 2.1.2. Assume either Ω = {x ∈ RN ; 0 < |x| < ρ} and 0 < |x0| < ρ/2, or
Ω = {x ∈ RN ; |x| > ρ} and |x0| > 2ρ. We denote

R = 1
2 |x0|

and observe that, for all y ∈ B1,
|x0|
2 < |x0 +Ry| < 3|x0|

2 , so that x0 +Ry ∈ Ω in either case. Let
us thus define

U(y) = R
2+a
p−1u(x0 +Ry).

Then U is a solution of

−∆U = c(y)Up, y ∈ B1, with c(y) =
∣∣∣y +

x0

R

∣∣∣a.
Notice that |y + x0

R | ∈ [1, 3] for all y ∈ B1. Moreover ‖c‖C1(B1) ≤ C(a). Then applying
Lemma 2.2.1, we have U(0) + |∇U(0)| ≤ C, hence

u(x0) ≤ CR−
2+a
p−1 , |∇u(x0)| ≤ CR−

p+1+a
p−1 ,

which yields the desired conclusion.

Remarks 2.2.1. Lemma 2.2.1 does not hold any longer if the Hölder norm in (2.10) is replaced
with the uniform norm, as shown by the following counter-example. Let N ≥ 3, N/(N − 2) <
p < (N + 2)/(N − 2) and u(x) = (1 + |x|2)−1/(p−1) then

−∆u = a(x)up, x ∈ RN , with a(x) =

(
2N

p− 1
− 4p

(p− 1)2

)
+

4p

(p− 1)2
(1 + |x|2)−1.

Since p > N/(N − 2) then 2N
p−1 −

4p
(p−1)2

> 0. Thus, 0 < C2 ≤ a(x) ≤ C1 for all x ∈ RN . Let
uλ(y) = λ2/(p−1)u(λy). Then

−∆uλ = aλ(y)upλ, y ∈ B(0, 1), with aλ(y) = a(λy),

whereas uλ(0) = λ2/(p−1) → ∞ as λ → ∞. Therefore, the conclusion of Lemma 2.2.1 fails. In
fact, we see that aλ(y)− aλ(0) = C > 0 for |y| = λ−1 ; consequently, the modulus of continuity
of aλ near 0 is not uniform w.r.t. λ→∞, and in particular assumption (2.10) of Lemma 2.2.1 is
not satisfied.

2.3 A simple proof of Theorem C(i)

A basic ingredient to the proof of both Theorems C(i) and 2.1.1 is the following Pohozaev-type
identity. It is more or less known, but we give a proof in Appendix for completeness, especially
since there is a slight technical difficulty when a < 0.
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Lemma 2.3.1 (Rellich-Pohozaev identity). Let p > 1, N ≥ 2, a > −2 and let u be a positive
solution of (2.1) in RN . For all R > 0, there holds(

2
N + a

p+ 1
−N + 2

) ∫
BR

|x|aup+1 dx

=

∫
|x|=R

(
2R1+a u

p+1

p+ 1
+ 2R−1|x.∇u|2 −R|∇u|2 + (N − 2)uu′

)
dσR. (2.17)

Proof of Theorem C(i). Let u be a positive solution of (2.1) and define

F (R) =

∫
BR

|x|aup+1 dx. (2.18)

By Rellich-Pohozaev indentity, we have

F (R) ≤ C
(
G1(R) +G2(R)

)
, (2.19)

where

G1(R) = RN+a

∫
SN−1

up+1(R, θ) dθ (2.20)

and

G2(R) = RN
∫

SN−1

(
|Dxu(R, θ)|2 +R−2u2(R, θ)

)
dθ. (2.21)

Now, by (2.7) in Theorem 2.1.2, we have

u(x) ≤ C|x|−
2+a
p−1 and |∇u(x)| ≤ C|x|−

p+1+a
p−1 , x 6= 0.

Due to p < pS(a), it follows that

G1(R) +G2(R) ≤ CRN−
2(p+1+a)
p−1 → 0, as R→∞.

Therefore, u ≡ 0 by (2.19).

2.4 Proof of Theorem 2.1.1

2.4.1 Functional inequalities and basic estimates

Lemma 2.4.1 (Sobolev inequalities on SN−1). Let N ≥ 2, let j ≥ 1 be integer and 1 < k < λ ≤
∞ satisfy k 6= (N − 1)/j. For w = w(θ) ∈W j,k(SN−1), we have

‖w‖λ ≤ C(‖Dj
θw‖k + ‖w‖1),

where C = C(j, k,N) > 0 and{
1
k −

1
λ = j

N−1 , if k < (N − 1)/j,

λ =∞, if k > (N − 1)/j.

See e.g. [23].
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Lemma 2.4.2 (Elliptic Lk-estimates on an annulus). Let N ≥ 2 and 1 < k < ∞. For z =
z(x) ∈W 2,k(B2R \BR/4) and R > 0, we have∫

BR\BR/2

|D2
xz|k dx ≤ C

( ∫
B2R\BR/4

|∆z|k dx+R−2k

∫
B2R\BR/4

|z|k dx
)
, (2.22)

with C = C(N, k) > 0.

Lemma 2.4.3 (An interpolation inequality on an annulus). Let N ≥ 2. For z = z(x) ∈
W 2,1(B2R) and R > 0, we have∫

BR\BR/2

|Dxz| dx ≤ CR
∫

B2R\BR/4

|∆z| dx+ CR−1

∫
B2R\BR/4

|z| dx, (2.23)

with C = C(N) > 0.

Lemmas 2.4.2 and 2.4.3 follow from the case R = 1 and an obvious dilation argument. For
R = 1, (2.22) is just the standard interior elliptic estimate. As for (2.23) with R = 1, this is a
variant of an estimate stated without proof in [26, Lemma 2.3]. If the L1 norms in (2.23) are
replaced with Lk norms with 1 < k <∞, then it follows from standard elliptic and interpolation
inequalities. However for k = 1, we could not find a reference in the literature and we therefore
provide a proof in Appendix. Note that [26, Lemma 2.3] can be proved by a very similar argument.

The following basic integral estimates for solutions of (2.1) follows from the rescaled test-
function method (see [18, Section I.3]). We give a proof in Appendix for completeness.

Lemma 2.4.4. Let N ≥ 2, a > −2 and u be a positive solution of (2.1) with Ω = RN . Then
there holds ∫

BR

|x|aup dx ≤ CRN−2− 2+a
p−1 , R > 0, (2.24)

with C = C(N, p, a) > 0.

We now deduce the following lemma.

Lemma 2.4.5. Let N ≥ 2, a > −2 and u be a positive solution of (2.1) with Ω = RN . Then,
for all R > 0, there hold ∫

BR\BR/2

u dx ≤ CRN−
2+a
p−1 , (2.25)

∫
BR\BR/2

|Dxu| dx ≤ CRN−1− 2+a
p−1 , (2.26)

∫
BR

|∆u| dx ≤ CRN−2− 2+a
p−1 . (2.27)

Proof. Estimate (2.27) is just (2.24). Next, by Hölder’s inequality and (2.24), we obtain∫
BR\BR/2

u dx ≤ CR
N(p−1)

p

( ∫
BR\BR/2

up dx
) 1
p ≤ CR−

Na
p

+
N(p−1)

p

(∫
BR

|x|aup dx
)1/p

≤ CRN−
2+a
p−1 ,

hence (2.25). Finally, adding up estimates (2.25) for R/2, R and 2R, we obtain (2.25) on B2R \
BR/4 and this, along with (2.27) and Lemma 2.4.3 yields (2.26).
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2.4.2 Proof of Theorem 2.1.1

The proof consists of 4 steps. Starting from the Pohozaev inequality, which yields formulas
(2.18)-(2.21), we shall control the terms G1(R), G2(R) suitably for appropriate values of R. For
sake of clarity, although here N = 3, we shall keep the letter N in the proof. We fix a number
ε > 0, which will be ultimately chosen small. In what follows, C denotes any positive constant
independent of R (but possibly depending on ε).

Step 1 : Estimation of G1(R) and G2(R) in terms of suitable norms. Recall that ‖u‖k denotes
‖u(R, ·)‖Lk(SN−1). By Lemma 2.4.1, since N = 3, we have

‖u‖p+1 ≤ ‖u‖∞ ≤ C
(
‖D2

θu‖1+ε + ‖u‖1
)
≤ C

(
R2‖D2

xu‖1+ε + ‖u‖1
)

and

‖Dxu‖2 ≤ C (‖DθDxu‖1+ε + ‖Dxu‖1) ≤ C
(
R‖D2

xu‖1+ε + ‖Dxu‖1
)
,

‖u‖2 ≤ ‖u‖∞ ≤ C
(
R2‖D2

xu‖1+ε + ‖u‖1
)
.

Therefore,
G1(R) ≤ CRN+a+2(p+1)

(
‖D2

xu‖1+ε +R−2‖u‖1
)p+1 (2.28)

and
G2(R) ≤ CRN+2(‖D2

xu‖1+ε +R−1‖Dxu‖1 +R−2‖u‖1)2. (2.29)

Step 2 : Control of the averages. For any R > 1, we claim that

R∫
R/2

‖u(r)‖1rN−1 dr ≤ CRN−
2+a
p−1 , (2.30)

R∫
R/2

‖Dxu(r)‖1rN−1 dr ≤ CRN−1− 2+a
p−1 (2.31)

and
R∫

R/2

‖D2
xu(r)‖1+ε

1+εr
N−1 dr ≤ CRN−2− 2+a

p−1
+aε

. (2.32)

Estimates (2.30)-(2.31) follow from (2.25)-(2.26) in Lemma 2.4.5. Next, by using Lemma 2.4.2,
equation (2.1), the boundedness of u and (2.27), we obtain

R∫
R/2

‖D2
xu(r)‖1+ε

1+εr
N−1 dr =

∫
BR\BR/2

|D2
xu|1+ε dx

≤ C
∫

B2R\BR/4

|∆u|1+ε dx+ CR−2(1+ε)

∫
B2R\BR/4

u1+ε dx

≤ C
∫

B2R\BR/4

|x|aεupε|∆u| dx+ CR−2(1+ε)

∫
B2R\BR/4

u1+ε dx

≤ CRaε
∫

B2R\BR/4

|∆u|+ CR−2(1+ε)

∫
B2R\BR/4

u dx

≤ CRN−2− 2+a
p−1

+aε
+R

N−2− 2+a
p−1
−2ε ≤ CRN−2− 2+a

p−1
+aε

.
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Hence (2.32) holds.

Step 3 : Measure argument. For a given K > 0, let us define the sets

Γ1(R) = {r ∈ (R, 2R); ‖u(r)‖1 > KR
− 2+a
p−1 },

Γ2(R) = {r ∈ (R, 2R); ‖Dxu(r)‖1 > KR
−1− 2+a

p−1 },

Γ3(R) = {r ∈ (R, 2R); ‖D2
xu(r)‖1+ε

1+ε > KR
−2− 2+a

p−1
+aε}.

By estimate (2.30), for R > 1, we have

C ≥ R−N+ 2+a
p−1

∫ 2R

R
‖u(r)‖1rN−1 dr ≥ R−N+ 2+a

p−1 |Γ1(R)|RN−1KR
− 2+a
p−1 = K|Γ1(R)|R−1.

Consequently, |Γ1| ≤ R/4 for K ≥ 4C. Similarly, from estimates (2.31) and (2.32), we obtain
|Γ2|, |Γ3| ≤ R/4. Therefore, for each R ≥ 1, we can assert the existence of

R̃ ∈ (R, 2R) \
3⋃
i=1

Γi(R) 6= ∅. (2.33)

Step 4 : Conclusion. If follows from (2.28)-(2.29) in Step 1 and (2.33) in Step 3 that

G1(R̃) ≤ CRN+a+2(p+1)
(
R

(−2− 2+a
p−1

+aε)/(1+ε)
+R

−2− 2+a
p−1

)p+1
≤ C

(
R−a1(ε) +R−a1(0)

)
, (2.34)

where

a1(ε) = (p+ 1)

[(
2 +

2 + a

p− 1
− aε

)
1

1 + ε
− 2− N + a

p+ 1

]
,

and

G2(R̃) ≤ CRN+2
(
R

(−2− 2+a
p−1

+aε)/(1+ε)
+R

−2− 2+a
p−1

)2
≤ C

(
R−a2(ε) +R−a2(0)

)
, (2.35)

where

a2(ε) =−N − 2 +
2

1 + ε

(
2 +

2 + a

p− 1
− aε

)
.

Let ã = min (a1(ε), a1(0), a2(ε), a2(0)). Combining (2.34) and (2.35), we obtain

F (R) ≤ F (R̃) ≤ CR−ã, R ≥ 1.

By straightforward computation, we see that

a1(0) = a2(0) =
N + 2 + 2a− (N − 2)p

p− 1
> 0,

due to p < pS(a). Therefore, for ε > 0 small enough, we have ã > 0, so that
∫
RN |x|

aup+1 = 0,
hence u ≡ 0 : a contradiction. The proof is complete.

Finally we note that the above proof still works if, instead of assuming u bounded, one
assumes that u(x) ≤ C|x|q for x large, with some q > 0. Indeed, estimate (2.32) above can be
replaced with

R∫
R/2

‖D2
xu(r)‖1+ε

1+εr
N−1 dr ≤ CRN−2− 2+a

p−1
+(qp+a)ε

and the rest of proof is similar.
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2.5 Appendix : Proof of Lemmas 2.3.1, 2.4.3, 2.4.4, Theorem
2.1.3, and the case N = 1.

We start with the following simple Lemma.

Lemma 2.5.1. Let N ≥ 2, a > −2, p > 1, 0 ∈ Ω and u be a positive solution of (2.1). For any
R > 0 such that BR ⊂⊂ Ω, we have∫

BR

|∇u|2 dx =

∫
BR

|x|aup+1 dx+

∫
|x|=R

uu′ dσR <∞. (2.36)

In particular,

there exists a sequence εi → 0+ such that εi

∫
|x|=εi

|∇u|2 dσεi → 0. (2.37)

Moreover, u is a distributional solution of (2.1).

Proof. If a ≥ 0, the result is immediate, so we may assume a < 0. Recall that solutions are
assumed to belong to the class (2.2). For 0 < ρ < R such that BR ⊂⊂ Ω, we have∫

BR\Bρ

|∇u|2 dx = −
∫

BR\Bρ

u∆u dx+

∫
|x|=R

uu′ dσR −
∫
|x|=ρ

uu′ dσρ

=

∫
BR\Bρ

|x|aup+1 dx+

∫
|x|=R

uu′ dσR −
∫
|x|=ρ

uu′ dσρ. (2.38)

On the other hand, we have∫
|x|=ρ

uu′ dσρ = ρN−1f ′(ρ), where f(ρ) :=
1

2

∫
SN−1

u2(ρ, θ) dθ.

Since f ∈ C1((0, R]) ∩ C([0, R]) due to (2.2), we infer the existence of a sequence ρi → 0+ such
that limi→∞ ρif

′(ρi) = 0. Since N ≥ 2, passing to the limit in (2.38) with ρ = ρi, we obtain
(2.36), where the RHS is finite due to a > −2 ≥ −N and (2.2). Since∫ R

ε=0

∫
|x|=ε

|∇u|2 dσε dε =

∫
BR

|∇u|2 dx,

assertion (2.37) follows.
Let now ϕ ∈ C∞0 (Ω) and denote Ωε = Ω∩{|x| > ε} for ε > 0 small. From (2.1), using Green’s

formula, we obtain∣∣∣∫
Ωε

|x|aupϕdx+

∫
Ωε

u∆ϕdx
∣∣∣ =

∣∣∣−∫
Ωε

ϕ∆udx+

∫
Ωε

u∆ϕdx
∣∣∣ =

∣∣∣ ∫
|x|=ε

ϕ′udσε −
∫
|x|=ε

u′ϕdσε

∣∣∣. (2.39)

We note that, by (2.37),

∫
|x|=εi

|∇u| dσεi ≤

εN−1
i

∫
|x|=εi

|∇u|2 dσεi


1/2

→ 0, as i→∞. (2.40)

Passing to the limit in (2.39) with ε = εi and using (2.40) and the continuity of u at 0, we obtain∫
Ω

|x|aupϕdx+

∫
Ω

u∆ϕdx = 0,

so that u is a distributional solution of (2.1).
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Proof of Lemma 2.3.1. Since u is a solution of (2.1) then

(x.∇u)∆u = −(x.∇u)|x|aup = −div
(
x|x|a u

p+1

p+ 1

)
+
N + a

p+ 1
|x|aup+1.

Thus, for 0 < ε < R, we have∫
BR\Bε

(x.∇u)∆udx =
N + a

p+ 1

∫
BR\Bε

|x|aup+1dx−R1+a

∫
|x|=R

up+1

p+ 1
dσR + ε1+a

∫
|x|=ε

up+1

p+ 1
dσε.

Letting ε→ 0, using the continuity of u, we obtain∫
BR

(x.∇u)∆u dx =
N + a

p+ 1

∫
BR

|x|aup+1 dx−
∫
|x|=R

R1+a u
p+1

p+ 1
dσR. (2.41)

Next, by direct computation, we have the following identity

div
(
2(x.∇u)∇u− x|∇u|2

)
= 2(x.∇u)∆u− (N − 2)|∇u|2. (2.42)

It follows that, for 0 < ε < R,∫
BR\Bε

(
2(x.∇u)∆u− (N − 2)|∇u|2

)
dx

=

∫
|x|=R

(
2(x.∇u)∇u− x|∇u|2

) x

|x|
dσR −

∫
|x|=ε

(
2(x.∇u)∇u− x|∇u|2

) x

|x|
dσε.

Letting ε = εi → 0, where εi is given by Lemma 2.5.1, we obtain∫
BR

(
2(x.∇u)∆u− (N − 2)|∇u|2

)
dx =

∫
|x|=R

(
2(x.∇u)∇u− x|∇u|2

) x

|x|
dσR. (2.43)

From (2.41), (2.36) and (2.43) we deduce (2.17).

Proof of Lemma 2.4.3. As mentioned before, it suffices to consider the case R = 1, and we
can also assume that u is smooth. For r > 0, set Ar := {r/4 < |x| < 3r/2} and let νr and
dSr respectively denote the outer unit normal and surface measure on ∂Ar. Next we denote by
Gr(x; y) the Green kernel of the −∆ in with Dirichlet boundary conditions. By a simple rescaling
argument, we see that Gr(x; y) = r2−NG1(r−1x; r−1y). Also, we shall denote by x̃, ỹ the variables
for G1 = G1(x̃, ỹ).

Let 1/2 < |x| < 1 and 1 < r < 4/3. It follows from the Green representation formula that

u(x) = −
∫
Ar

∆u(y)Gr(x; y) dy −
∫
∂Ar

u(y)∂νrGr(x; y) dSr(y),

= −r2−N
∫
Ar

∆u(y)G1(r−1x; r−1y) dy − r1−N
∫
∂Ar

u(y) νr · ∇ỹG1(r−1x; r−1y) dSr(y),

hence

∇u(x) =− r1−N
∫
Ar

∆u(y)∇x̃G1(r−1x; r−1y) dy (2.44)

− r−N
∫
∂Ar

u(y) νr · ∇x̃∇ỹG1(r−1x; r−1y) dSr(y).
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We now use the estimates |∇x̃G1(x̃, ỹ)| ≤ C|x̃ − ỹ|1−N and |∇x̃∇ỹG1(x̃, ỹ)| ≤ C|x̃ − ỹ|−N (see
e.g. [17]). It follows that

|∇u(x)| ≤ C
∫
Ar

|∆u(y)| |x− y|1−N dy +

∫
∂Ar

|u(y)| |x− y|−N dSr(y). (2.45)

Now, for |y| ≤ 2, we note that
∫

1/2<|x|<1 |x− y|
1−N dx ≤

∫
B3
|z|1−N dz < ∞. Moreover we have

|x − y| > 1/6 for any y ∈ ∂Ar (recalling that 1/2 < |x| < 1 and 1 < r < 4/3). Combining this
with (2.45) and using Fubini’s Theorem, we thus obtain, for 1 < r < 4/3,∫

1/2<|x|<1
|∇u(x)| dx ≤ C

∫
Ar

|∆u(y)|
(∫

1/2<|x|<1
|x− y|1−N dx

)
dy

+ C

∫
∂Ar

|u(y)|
(∫

1/2<|x|<1
|x− y|−N dx

)
dSr(y)

≤ C
∫
Ar

|∆u(y)| dy + C

∫
∂Ar

|u(y)| dSr(y).

Integrating over r ∈ (1, 4/3), we obtain

1

3

∫
1/2<|x|<1

|∇u(x)| dx ≤ C
∫ 4/3

r=1

∫
Ar

|∆u(y)| dy dr + C

∫ 4/3

r=1

∫
∂Ar

|u(y)| dSr(y) dr

≤ C
∫

1/4<|x|<2
|∆u(y)| dy + C

∫
1/4<|x|<2

|u(y)| dy

and the lemma is proved.

Proof of Lemma 2.4.4. We use the rescaled test-function method (see e.g. [18]). Fix φ ∈
D(RN ), 0 ≤ φ ≤ 1, such that φ(x) = 1 for |x| ≤ 1 and φ(x) = 0 for |x| > 2. For each R > 0, put
φR(x) = φ(x/R). Let m = 2p/(p− 1) > 2. We have

|∆φmR (x)| = |mφm−1
R ∆φR +m(m− 1)φm−2

R |∇φR|2| ≤ CR−2φm−2
R .

By Lemma 2.5.1 in Appendix, we know that u is a distributional solution. We thus have∫
RN

|x|aupφmR dx = −
∫
RN

∆uφmR dx = −
∫
RN

u∆(φmR ) dx ≤ CR−2

∫
R<|x|<2R

uφm−2
R dx.

Now applying the Hölder’s inequality, it follows that

∫
RN

|x|aupφmR dx ≤ CR
N
p′−2

 ∫
R<|x|<2R

upφ
p(m−2)
R dx


1/p

= CR
N
p′−2

 ∫
R<|x|<2R

upφmR dx


1/p

.

Therefore,

∫
RN

|x|aupφmR dx ≤ CRθ

 ∫
R<|x|<2R

|x|aupφmR dx


1/p

, (2.46)

with θ = (N−2)(p−1)−(2+a)
p , hence

∫
RN
|x|aupφmR dx ≤ CRpθ/(p−1) and (2.24) follows.

Remarks 2.5.1. Recall from [18] that Theorem C(ii) for N−2− 2+a
p−1 < 0 is a direct consequence

of estimate (2.24) ; whereas, in case N − 2 − 2+a
p−1 = 0, (2.24) implies

∫
RN |x|

aup dx < ∞ and,
letting R→∞ in (2.46), we then obtain

∫
RN |x|

aup dx = 0, hence u ≡ 0. Note that, by the same
token, Theorem C(ii) remains in fact true for distributional supersolutions.
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We finally prove Theorem 2.1.3. The proof of assertion (i) is similar to that of [16, Theo-
rem 4.1]. However, due to the problem with that result, mentioned in the paragraph preceding
Theorem 2.1.3, we prefer to sketch the proof. Moreover, the proof is facilitated by the availability
of the universal bounds in Theorem 2.1.2 (cf. the case P = 0 below).

Proof of Theorem 2.1.3. (i) Suppose that assertion (i) is false. Then there exists a sequence
of solutions uk and a sequence of points Pk ∈ Ω such that

Mk = sup
x∈Ω

uk(x) = uk(Pk)→∞ as k →∞.

We may assume that Pk → P ∈ Ω as k →∞.
Case 1 : P ∈ Ω \ {0} or P ∈ ∂Ω. We rescale the solution according to

Uk(y) = λ
2
p−1

k uk(Pk + λky), λk = M
− p−1

2
k .

Then Uk is a solution of
−∆Uk =

∣∣Pk + λky
∣∣aUpk

in a rescaled domain, with 0 ≤ Uk ≤ 1 and Uk(0) = 1. Using elliptic estimates and standard
imbeddings similarly as in [16], we deduce that some subsequence of Uk converges to a solution
v > 0 of the equation −∆v = `vp, for some ` > 0, either in RN , or in a half-space with 0 boundary
conditions. Since p < pS , this contradicts one of the Liouville-type results [15, Theorem 1.1] or
[16, Theorem 1.3].

Case 2 : P = 0. We now rescale the solution according to

Uk(y) = λ
2+a
p−1

k uk(Pk + λky), λk = M
− p−1

2+a

k .

Then Uk is a solution of
−∆Uk =

∣∣y + λ−1
k Pk

∣∣aUpk
in a rescaled domain containing B(0, ρλ−1

k ) for some ρ > 0. Moreover, it follows from estimate

(2.6) in Theorem 2.1.2 that the sequence λ−1
k |Pk| = |Pk|u

p−1
2+a

k (Pk) is bounded. We may thus
assume that λ−1

k Pk → x0 ∈ RN as k → ∞. A similar limiting procedure as in Case 1 then
produces a positive solution v of

−∆v = |y + x0|avp, y ∈ RN . (2.47)

More precisely, in the case −2 < a < 0, by elliptic regularity (which is applicable since the uk
are distributional solutions in virtue of Lemma 2.5.1), the uk satisfy a local W 2,m bound for
N/2 < m < N/|a|, hence a local Hölder bound, and this is sufficient to pass to the limit to
obtain a solution of (2.47), with v(· − x0) in the class (2.2).

Since we assumed (2.3), after a space shift, this gives a contradiction with Theorem C(i).

(ii) Assume p ≥ pS(a). Then we know that (2.1) has a bounded, positive radial solution U
in RN (see [15, Appendix A] and [2]). Moreover, as r →∞, we have

U(r) ∼ C0

r(2+a)/(p−1)
, if p > pS(a),

U(r) ∼ C0r
−N+2, if p = pS(a).

For λ > 0, let
Uλ(y) = λ(2+a)/(p−1)U(λ|y|),

then −∆Uλ = |y|aUpλ on B1 and Uλ|∂B1
= λ(2+a)/(p−1)U(λ) → C0 (resp. 0), as λ → ∞, if

p > pS(a) (resp., p = pS(a)). The assertion follows by observing that

Uλ(0) = λ(2+a)/(p−1) →∞ as λ→∞.
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In the following Proposition, we briefly comment on the very particular case N = 1, where
somewhat stronger conclusions can be obtained. Namely, we have a nonexistence result which is
stronger than Theorem C and Theorem 1.2(ii) becomes void for N = 1. Also we get universal
bounds which are stronger than in Theorem 1.2(i) and this in turn imposes an a priori restriction
on the size of the boundary data ϕ(ρ) in Theorem 1.3.

Proposition 2.5.1. Assume N = 1, a > −2 and p > 1.
(i) For any b ≥ 0, there exist no nontrivial nonnegative C2 solution of −u′′ ≥ |x|aup in

(b,∞).
(ii) For any ρ > 0, there exists a constant C = C(ρ, p, a) > 0 such that any nonnegative C2

solution of −u′′ = |x|aup in (0, ρ) satisfies u ≤ C in (0, ρ).

Proof. (i) Assume the contrary. Since u′′ ≤ 0, there exists ` = limx→∞ u
′(x) ∈ [−∞,∞), and

necessarily ` ≥ 0 due to u ≥ 0. Therefore, u′ ≥ 0 in (0,∞), hence u ≥ c > 0 for x ≥ x0 > 0
large enough. For each R > 1, define vR(x) := u(x0 + 2R + x) for x ∈ [−R,R]. The function
vR satisfies −v′′R ≥ c̃RavR in [−R,R], with c̃ > 0 independent of R. Multiplying this inequality
with ϕR(x) := cos(πx/(2R)), which satisfies −ϕ′′R = 2−2π2R−2ϕR in [−R,R], ϕR(±R) = 0,
ϕ′R(R) ≤ 0 and ϕ′R(−R) ≥ 0, we obtain

c̃Ra
∫ R

−R
vRϕR dx ≤ 2−2π2R−2

∫ R

−R
vRϕR dx+

(
vRϕ

′
R

)
(R)−

(
vRϕ

′
R

)
(−R)

≤ 2−2π2R−2

∫ R

−R
vRϕR dx,

hence 4c̃Ra+2 ≤ π2, which is a contradiction with a > −2 for R large.
(ii) First note that, by the proof of Theorem 1.2(i), we have u(ρ/2) + |u′(ρ/2)| ≤ K =

K(ρ, p, a). Since u is concave, we deduce that

u(x)− u(ρ/2)

x− (ρ/2)
≤ u′(ρ/2) ≤ K, x ∈ (ρ/2, ρ)

and
u(x)− u(ρ/2)

x− (ρ/2)
≥ u′(ρ/2) ≥ −K, x ∈ (0, ρ/2).

It follows that u(x) ≤ C := K +Kρ/2 for x ∈ (0, ρ).

Remarks 2.5.2. In the case a < −2, there is an important difference between the cases N = 1
and N ≥ 2, since there exist local near 0 – and even global – solutions u ∈ C(R) ∩ C2(R \ {0}),
of the form u(x) = c|x|γ , where γ = −(a+ 2)/(p− 1) ∈ (0, 1) for 1 < p < −a− 1. We note that
such solutions are not distributional solutions near 0.
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Liouville-type theorems and bounds of solutions
for Hardy-Hénon elliptic systems 4

Quoc Hung Phan

Abstract. We consider the Hardy-Hénon system −∆u = |x|avp, −∆v = |x|buq with p, q > 0 and
a, b ∈ R and we are concerned in particular with the Liouville property, i.e. the nonexistence of positive
solutions in the whole space RN . In view of known results, it is a natural conjecture that this property
should be true if and only if (N + a)/(p + 1)+ (N + b)/(q + 1) > N − 2. In this paper, we prove the
conjecture for dimension N = 3 in the case of bounded solutions and in dimensions N ≤ 4 when a, b ≤ 0,
among other partial nonexistence results. As far as we know, this is the first optimal Liouville type result
for the Hardy-Hénon system. Next, as applications, we give results on singularity and decay estimates as
well as a priori bounds of positive solutions.

3.1 Introduction

We study the semilinear elliptic systems of Hardy-Hénon type{
−∆u = |x|avp, x ∈ Ω,

−∆v = |x|buq, x ∈ Ω,
(3.1)

where p, q > 0, a, b ∈ R and Ω is a domain of RN , N ≥ 3.
Throughout this paper, unless otherwise specified, solutions are considered in the class

C2(Ω \ {0}) ∩ C(Ω). (3.2)

Let us first note that, if min{a, b} ≤ −2, then (3.1) has no positive solution in class (3.2) in
any domain Ω containing the origin [2, Proposition 2.1]. We therefore restrict ourselves to the
case min{a, b} > −2.

We are interested in the Liouville type theorem- i.e. the nonexistence of positive solution in
the entire space Ω = RN - and its applications such as a priori bounds and singularity and decay
estimates of solutions.

We recall the case a = b = 0 of (3.1), the so-called Lane-Emden system, which has been
widely studied by many authors. Here, the Lane-Emden conjecture states that there is no positive
classical solution in Ω = RN if and only if

N

p+ 1
+

N

q + 1
> N − 2. (3.3)

This conjecture is known to be true for radial solutions in all dimensions [14, 19]. For non-radial
solutions, in dimension N ≤ 2, the conjecture is a consequence of a result of Mitidieri and
Pohozaev [15]. In dimension N = 3, it was proved by Serrin and Zou [18] under the additional
assumption that (u, v) has at most polynomial growth at∞. This assumption was then removed
by Polacik, Quittner and Souplet [17] and hence the conjecture is true for N = 3. Recently, the
conjecture was proved for N = 4 by Souplet [20], and some partial results were also established
for N ≥ 5 (see [20, 5, 13, 7]).

For the general system with a 6= 0 or b 6= 0, the Liouville property is less understood. In fact,
the nonexistence of supersolution has been studied in [1, 15]. The following result is essentially
known.

4. Adv. Differential Equations, 17(8-9) : 605-634, 2012
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Theorem A. Let a, b > −2 and N ≥ 3. If pq ≤ 1, or if pq > 1 and

max

{
2(p+ 1) + a+ bp

pq − 1
,
2(q + 1) + b+ aq

pq − 1

}
≥ N − 2, (3.4)

then system (3.1) has no positive supersolution in Ω = RN .

Moreover, it is not difficult to check that condition (3.4) is optimal for supersolutions (consider
functions of the form u(x) = (c1 + c2|x|2)−γ1 , v(x) = (c3 + c4|x|2)−γ2). Miditieri and Pohozaev
proved Theorem A for p, q > 1 by rescaled test-function method (see [15, Section 18]). Theorem A
for all p, q > 0 can be proved by an argument totally similar to that of Serrin and Zou in [18].
There, the authors treated the special case a = b = 0, but this argument still works for the
general case a, b > −2. However, their proof is rather involved, especially for p < 1 or q < 1.
Very recently, Amstrong and Sirakov [1] developed a new maximum principle type argument
which, among other things, allows for a simpler proof of Theorem A for all p, q > 0. It follows
from the arguments in [1, Section 6]. Also, Theorem A remains true if Ω is an exterior domain.

As usual, it is expected that the optimal range of nonexistence for solutions should be larger
than for supersolutions. However, this question seems still difficult, even in the special case
a = b = 0. Furthermore, even for the scalar equation −∆u = |x|aup, the optimal condition for
nonexistence of positive solution on the whole of RN has not been completely settled yet when
a > 0 (see the recent paper [16] and cf. [10, 3]). Concerning system (3.1), the following optimal
result regarding radial solutions is known [3].

Proposition B. Let a, b > −2. Then system (3.1) has no positive radial solution in Ω = RN if
and only if

N + a

p+ 1
+
N + b

q + 1
> N − 2. (3.5)

The hyperbola

N + a

p+ 1
+
N + b

q + 1
= N − 2. (3.6)

thus plays a critical role in the radial case and this, combined with the case of Lane-Emden
system, leads to the following conjecture.

Conjecture C. Let a, b > −2. Then system (3.1) has no positive solution in Ω = RN if and
only if (p, q) satisfies (3.5).

In this paper, we prove the conjecture for dimension N = 3 in the class of bounded solutions,
and for dimensions N ≤ 4 when a, b ≤ 0, without any growth assumption (among other partial
results in higher dimensions).

From now on, we restrict ourselves to the case pq > 1 (cf. Theorem A), and
without loss of generality, it will be assumed that

p ≥ q.

Let us denote

α =
2(p+ 1)

pq − 1
, β =

2(q + 1)

pq − 1
. (3.7)

Then (3.5) is equivalent to

α
(

1 +
b

2

)
+ β

(
1 +

a

2

)
> N − 2. (3.8)

We have obtained the following Liouville type results.
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Theorem 3.1.1. Let a, b > −2 and N ≥ 3. Assume pq > 1 and (3.5). If N ≥ 4, assume in
addition that

0 ≤ a− b ≤ (N − 2)(p− q), (3.9)
α = max{α, β} > N − 3. (3.10)

Then system (3.1) has no positive bounded solution in Ω = RN .

Theorem 3.1.2. Let a, b > −2 and N ≥ 3. Assume pq > 1, p ≥ q, (3.3), (3.5) and (3.10).
Then system (3.1) has no positive solution in Ω = RN .

As an immediate consequence, we obtain Conjecture C in the following special cases.

Corollary 3.1.1. (i) If N = 3, then Conjecture C is true for bounded solutions. 5

(ii) If N = 3 or 4 and a, b ≤ 0, then Conjecture C is true.

Remarks 3.1.1. (a) The proof of Theorem 3.1.1 uses the technique introduced by Serrin and
Zou in [18] and further developed by Souplet in [20], which is based on a combination of Rellich-
Pohozaev identity, a comparison property between components via the maximum principle, So-
bolev and interpolation inequality on SN−1 and feedback and measure arguments. As for the
idea of the proof of Theorem 3.1.2, see after Theorem 3.1.3 below.

(b) Theorem 3.1.1 is still true for polynomially bounded solutions, i.e. if u(x) ≤ C|x|q for
x large, with some q > 0. This follows from easy modifications of the proof. Let us recall that
Liouville type theorems for bounded solutions are usually sufficient for applications such as a
priori estimates and universal bounds, obtained by rescaling arguments (see [11, 17]).

(c) For dimension N ≥ 4, the conclusion of Theorem 3.1.1 still holds if we replace conditions
(3.9) and (3.10) by min{α, β} > N − 3.

(d) If a + b ≤ 2(4 − N)/(N − 3) then condition (3.10) is a consequence of (3.5). Then it
follows from Theorem 3.1.2 that Conjecture C is true if a, b ≤ 0 and a+ b ≤ 2(4−N)/(N − 3).

We next study the strongly related question of singularity and decay estimates for solutions
of system (3.1). We have the following theorem.

Theorem 3.1.3. Let a, b > −2 and N ≥ 3. Assume pq > 1, p ≥ q, (3.3) and (3.10). Then there
exists a constant C = C(N, p, q, a, b) > 0 such that the following holds.

(i) Any nonnegative solution of system (3.1) in Ω = {x ∈ RN ; 0 < |x| < ρ} (ρ > 0) satisfies

u(x) ≤ C|x|−α−
a+bp
pq−1 , v(x) ≤ C|x|−β−

b+aq
pq−1 , 0 < |x| < ρ/2. (3.11)

(ii) Any nonnegative solution of system (3.1) in Ω = {x ∈ RN ; |x| > ρ} (ρ ≥ 0) satisfies

u(x) ≤ C|x|−α−
a+bp
pq−1 , v(x) ≤ C|x|−β−

b+aq
pq−1 , |x| > 2ρ. (3.12)

The proof of Theorem 3.1.3 is based on :
- a change of variable, that allows to replace the coefficients |x|a, |x|b with smooth functions

which are bounded and bounded away from 0 in a suitable spatial domain ;
- a generalization of a doubling-rescaling argument from [17] (see Lemma 3.4.1 below) ;
- a known Liouville theorem for the Lane-Emden system [20].
With Theorem 3.1.3 at hand (along with the corresponding decay estimates for the gradients –

cf. Proposition 3.4.1 below), one can then deduce Theorem 3.1.2 from the Rellich-Pohozaev
identity.

5. After the completion of the present work, we received a preprint [9] by M.Fazly and N.Ghoussoub where
they obtain Theorem 3.1.1 in the special case N = 3 with a, b ≥ 0. They also prove interesting result about
solutions with finite Morse index in the scalar case.
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Finally, as an application of our Liouville theorems, we derive a priori bounds of solutions of
the following boundary value problem

−∆u = |x|avp, x ∈ Ω,

−∆v = |x|buq, x ∈ Ω,

(u, v) = (ϕ,ψ), x ∈ ∂Ω,

(3.13)

where Ω ⊂ RN is a smooth bounded domain containing the origin, ϕ,ψ ∈ C(∂Ω) are nonnegative.
For this, we essentially follow the classical blow-up method of Gidas and Spruck [11]. We have
the following.

Theorem 3.1.4. Let ϕ,ψ be nonegative functions in C(∂Ω). Under the assumptions of Theorem
3.1.2, all nonnegative solutions of (3.13) in C2(Ω \ {0}) ∩ C(Ω) are uniformly bounded.

The boundary value problem (3.13) has been investigated, especially for the case ϕ = ψ =
0, and the existence and non-existence of nonnegative solutions have been established [6, 8].
More precisely, the existence of a nonnegative solution is obtained via variational methods and
non-existence of nontrivial solutions in starshaped domains is a consequence of a generalized
Pohozaev-type identity. Further results on the asymptotic behavior of solutions for Hénon systems
with nearly critical exponent can be found in [12].

Remarks 3.1.2. The conclusions of Theorem 3.1.3 remain true under the assumption that
system (3.1) with a = b = 0 does not admit positive bounded solution in Ω = RN (instead of
(3.3) and (3.10)). As for Theorem 3.1.4, it remains true under the assumptions that both system
(3.1) and system (3.1) with a = b = 0 do not admit positive bounded solution in Ω = RN
(instead of (3.3), (3.5) and (3.10)).

The rest of paper is organized as follows. In Section 2, we recall some functional inequalities,
Rellich-Pohozaev identity and prove a comparison property between the two components. Section
3 is devoted to the proof of Theorem 3.1.1. The proof is quite long and involved, and for the sake
of clarity, we separate it in two cases : N ≥ 4 and N = 3. Section 4 is devoted to applications
of Liouville property, we establish the singularity and decay estimates as well as a priori bound
of solutions. The proof of Theorem 3.1.2 is then given in Section 5. Finally, for completeness, we
collect in Appendix the proofs of some results which are more or less known.

3.2 Preliminaries

For R > 0, we set BR = {x ∈ RN ; |x| < R}. We shall use spherical coordinates r = |x|,
θ = x/|x| ∈ SN−1 and write u = u(r, θ). The surface measures on SN−1 and on the sphere
{x ∈ RN ; |x| = R}, R > 0, will be denoted respectively by dθ and by dσR. For given function
w = w(θ) on SN−1 and 1 ≤ k ≤ ∞, we set ‖w‖k = ‖w‖Lk(SN−1). When no confusion is likely, we
shall denote ‖u‖k = ‖u(r, ·)‖k.

3.2.1 Some functional inequalities

Lemma 3.2.1 (Sobolev inequalities on SN−1). Let N ≥ 2, j ≥ 1 is integer and 1 < k < λ ≤ ∞,
k 6= (N − 1)/j. For w = w(θ) ∈W j,k(SN−1), we have

‖w‖λ ≤ C(‖Dj
θw‖k + ‖w‖1)

where {
1
k −

1
λ = j

N−1 , if k < (N − 1)/j,

λ =∞ if k > (N − 1)/j.

and C = C(j, k,N) > 0.
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See e.g [18].

Lemma 3.2.2 (Elliptic Lp- estimates on an annulus). Let 1 < k < ∞. For R > 0 and z =
z(x) ∈W 2,k(B2R \BR/4), we have∫

BR\BR/2

|D2
xz|kdx ≤ C

( ∫
B2R\BR/4

|∆z|kdx+R−2k

∫
B2R\BR/4

|z|kdx
)
,

with C = C(n, k) > 0.

Lemma 3.2.3 (An interpolation inequality on an annulus). For R > 0 and z = z(x) ∈
W 2,1(B2R \BR/4), we have∫

BR\BR/2

|Dxz|dx ≤ CR
∫

B2R\BR/4

|∆z|dx+ CR−1

∫
B2R\BR/4

|z|dx,

with C = C(n) > 0.

Lemmas 3.2.2 and 3.2.3 follow from the case R = 1 and an obvious dilation argument.
Lemma 3.2.2 with R = 1 is just the standard elliptic estimate. For Lemma 3.2.3 with R = 1, see
e.g. [16].

3.2.2 Basic estimates, identities and comparison properties

We have the following basic integral estimates for solutions of (3.1).

Lemma 3.2.4. Let pq > 1, a, b > −2, N ≥ 3 and (u, v) be a positive solution of (3.1) in
Ω = RN . Then there holds∫

BR\BR/2

|x|avp dx ≤ CRN−2−α− a+bp
pq−1 ,

∫
BR\BR/2

|x|buqdx ≤ CRN−2−β− b+aq
pq−1 , R > 0, (3.14)

with C = C(N, p, q, a, b) > 0.

A simple proof of Lemma 3.2.4 is given in Appendix, based on ideas from [1]. We now deduce
the following lemma.

Lemma 3.2.5. Let pq > 1 a, b > −2, N ≥ 3 and (u, v) solution of (3.1), there hold

∫
BR\BR/2

udx ≤ CRN−α−
a+bp
pq−1 ,

∫
BR\BR/2

vdx ≤ CRN−β−
b+aq
pq−1 , (3.15)

∫
BR\BR/2

|Dxu|dx ≤ CRN−1−α− a+bp
pq−1 ,

∫
BR\BR/2

|Dxv|dx ≤ CRN−1−β− b+aq
pq−1 , (3.16)

∫
BR\BR/2

|∆u|dx ≤ CRN−2−α− a+bp
pq−1 ,

∫
BR\BR/2

|∆v|dx ≤ CRN−2−β− b+aq
pq−1 , (3.17)

with C = C(N, p, q, a, b) > 0.
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Proof. Estimates (3.17) is just (3.14). We next prove (3.15). Since pq > 1 then we assume p > 1.
By Hölder’s inequality and (3.14), we have∫

BR\BR/2

vdx ≤ CR
N(p−1)

p

( ∫
BR\BR/2

vpdx

) 1
p

≤ CR
N(p−1)

p
−a
p

( ∫
BR\BR/2

|x|avpdx
) 1
p

≤ CR
N(p−1)

p
−a
p

+ 1
p

(N−2−α− a+bp
pq−1

)
= CR

1
p

(
N(p−1)−a+N−2−α− a+bp

pq−1
)
)

= CR
N−β− b+aq

pq−1 .

If q ≥ 1 then similarly, we have ∫
BR\BR/2

udx ≤ CRN−α−
a+bp
pq−1 .

If q < 1, we follow the idea in [18]. For γ ∈ (0, 1], we denote

uγ(r) =

∫
SN−1

uγ(r, θ)dθ.

Since q ∈ (0, 1) then uq(r) is non-increasing function of r (see [18, Lemma 2.3]). Hence

uq(r) ≤ 2r−1

r∫
r/2

uq(s)ds ≤ Cr−N−b
r∫

r/2

sN−1+buq(s)ds = Cr−N−b
∫

Br\Br/2

|x|buqdx

≤ Cr−N−b+N−2−β− b+aq
pq−1 = Cr

−q
(
α+ a+bp

pq−1

)
.

We choose a positive number γ0 ≤ q and an integer m0 ≥ 1 such that( N

N − 2

)m0

γ0 = 1.

Define
γi =

( N

N − 2

)i
γ0, i = 0, 1, 2, ...,m0.

By Hölder’s inequality, we have

uγ0(r) ≤ C
(
uq(r)

)γ0/q
≤ Cr−γ0

(
α+ a+bp

pq−1

)
.

Using [18, Lemma 2.5 (ii)] with iteration, we obtain

uγi(r) ≤ Cr−γi
(
α+ a+bp

pq−1

)
, i = 1, 2, ...,m0.

Taking i = m0 then

u(r) ≤ Cr−
(
α+ a+bp

pq−1

)
,

and therefore ∫
BR\BR/2

udx ≤ CRN−α−
a+bp
pq−1 .

Finally, (3.16) is a consequence of (3.15), (3.17) and Lemma 3.2.3.

The following Rellich-Pohozaev identity plays a key role in the proof of Theorem 3.1.1. It is
probably known (see e.g [6]), but we give a proof in Appendix for completeness, especially since
there is a slight technical difficulty when a < 0 or b < 0.
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Lemma 3.2.6 (Rellich-Pohozaev identity). Let a1, a2 ∈ R satisfy a1 + a2 = N − 2 and (u, v)
solution of (3.1), there holds(

N + a

p+ 1
− a1

) ∫
BR

|x|avp+1dx+

(
N + b

q + 1
− a2

) ∫
BR

|x|buq+1dx

=R1+b

∫
|x|=R

uq+1

q + 1
dσR +R1+a

∫
|x|=R

vp+1

q + 1
dσR

+R

∫
|x|=R

(
u′v′ −∇u.∇v

)
dσR +

∫
|x|=R

(
a1u
′v + a2uv

′)dσR
where ′ = 1

|x|x.∇ = ∂/∂r.

We next prove an important comparison property for system (3.1) under condition on the
difference a− b. We follow the ideas of Bidaut-Véron in [2] and Souplet in [20].

Lemma 3.2.7 (Comparison property). Let pq > 1, N ≥ 3 and (u, v) be a positive solution of
(3.1). Assume (3.9). Then

|x|a v
p+1

p+ 1
≤ |x|b u

q+1

q + 1
. (3.18)

Proof. Let σ := (q+1)/(p+1) ∈ (0, 1], l := σ−1/(p+1), h := (a−b)/(p+1) and w := v− l|x|−huσ.
For all x 6= 0, we have

∆w = ∆v − lσ|x|−huσ−1∆u+ l|x|−huσK,

where

K =
h(N − 2− h)

|x|2
+ σ(1− σ)

|∇u|2

u2
+ 2hσ

x

|x|2
· ∇u
u
.

If σ = 1 then h = 0, thus K = 0.
If σ ∈ (0, 1) then it follows from (3.9) that

K = h
(
N − 2− h

1− σ

) 1

|x|2
+ σ(1− σ)

∣∣∣∇u
u

+
h

1− σ
x

|x|2
∣∣∣2 ≥ 0.

Hence,

∆w ≥ ∆v − lσ|x|−huσ−1∆u

= |x|a−huσ−1

(
(v/l)p −

(
|x|−huσ

)p)
.

It follows that
∆w ≥ 0 in the set {x ∈ RN \ {0}; w(x) ≥ 0}. (3.19)

If p ≥ 2, then for any R > 0 and ε ∈ (0, R), we have∫
BR\Bε

|∇w+|2dx = −
∫

BR\Bε

w+∆wdx+

∫
|x|=R

w+∂νw dσR +

∫
|x|=ε

w+∂νw dσε

Using (3.19), the boundedness of w+ near x = 0, and passing to the limit with ε = εi → 0, where
εi is given by Lemma 3.6.1, we deduce that∫

BR

|∇w+|2dx ≤ RN−1

∫
SN−1

w+(R)wr(R)dθ ≤ RN−1

2
f ′1(R), (3.20)
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where f1(R) :=
∫
SN−1(w+)2(R)dθ.

On the other hand, let g(R) =
∫
SN−1 v

p(R)dθ and note that f1 ≤ Cg2/p. Lemma 3.2.5
guarantees that ∫ R

R/2
g(r)rN−1+adr ≤ CRN−2−α− a+bp

pq−1 .

Therefore g(Ri) → 0 for some sequence Ri → ∞. Consequently, f1(Ri) → 0 and there exists a
sequence R̃i →∞ such that f ′1(R̃i) ≤ 0. Letting i→∞ in (3.20) with R = R̃i, we conclude that
w+ is constant in RN . If w = C > 0 then v ≥ C > 0 in RN , contradicting Lemma 3.2.5. Hence,
w+ = 0.

If 1 < p < 2, then for any R > 0, ε ∈ (0, R) and η > 0, we have

(p− 1)

∫
BR\Bε

(w+ + η)p−2|∇w+|2dx = −
∫

BR\Bε

(w+ + η)p−1∆wdx

+

∫
|x|=R

(w+ + η)p−1∂νw dσR +

∫
|x|=ε

(w+ + η)p−1∂νw dσε.

Letting η → 0 (passing to the limit in the LHS via monotone convergence) and using (3.19), it
follows that

(p− 1)

∫
BR\Bε

wp−2
+ |∇w+|2dx ≤

∫
|x|=R

wp−1
+ ∂νw dσR +

∫
|x|=ε

wp−1
+ ∂νw dσε.

Next passing to the limit with ε = εi → 0, where εi is given by Lemma 3.6.1, we deduce that

(p− 1)

∫
BR

wp−2
+ |∇w+|2dx ≤ RN−1

∫
SN−1

wp−1
+ (R)wr(R)dθ ≤ RN−1

p
f ′2(R), (3.21)

where f2(R) :=
∫
SN−1(w+)p(R)dθ. Using f2 ≤ g and arguing as above, we have w+ = 0.

3.3 Proof of Theorem 3.1.1

We first prove the theorem for dimension N ≥ 4. The proof consists of 6 steps similar to
those in [20]. We repeat these steps in detail for completeness and because of the additional
technicalities introduced by the coefficient |x|a, |x|b. Suppose that there exists a positive solution
(u, v) of (3.1) in RN .
Step 1 : Preparations. Let us choose a1, a2 such that a1 + a2 = N − 2 and

N + a

p+ 1
> a1,

N + b

q + 1
> a2 (3.22)

and set F (R) =
∫
BR
|x|buq+1. By the Rellich-Pohozaev identity (Lemma 3.2.6) and the compa-

rison property (3.18), we have

F (R) ≤ C
(
G1(R) +G2(R)

)
,

where

G1(R) = RN+b

∫
SN−1

uq+1(R)dθ, (3.23)

G2(R) = RN
∫

SN−1

(
|Dxu(R)|+R−1u(R)

) (
|Dxv(R)|+R−1v(R)

)
dθ. (3.24)
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We may assume that

p ≥ N + 2

N − 2
. (3.25)

In fact, if q ≤ p < N+2
N−2 , then we may apply Theorem 3.1.2 (which will be proved independently

of Theorem 3.1.1 in Section 5).
Step 2 : Estimation of G1(R). Let

λ =
N − 1

N − 3
, k =

p+ 1

p
and ε > 0. (3.26)

(The number ε will be ultimately chosen small ; in what follows, the constant C may depend on
ε.) By the Lemma 3.2.1, we have

‖u‖λ ≤ C
(
‖D2

θu‖1+ε + ‖u‖1
)
≤ C

(
R2‖D2

xu‖1+ε + ‖u‖1
)
.

We show that

1

k
− 1

q + 1
<

2

N − 1
. (3.27)

Indeed

1

k
− 1

q + 1
=

pq − 1

(p+ 1)(q + 1)
=

2

(p+ 1)β
=

2

α+ β + 2
<

2

N − 1
.

On the other hand, from (3.25), there exists µ > 0 such that

1

k
− 1

µ
=

2

N − 1
.

It follows from (3.27) that µ > q + 1. By Lemma 3.2.1, we have

‖u‖µ ≤ C
(
‖D2

θu‖k + ‖u‖1
)
≤ C

(
R2‖D2

xu‖k + ‖u‖1
)
.

If λ < q + 1 then

‖u‖q+1 ≤ ‖u‖νλ‖u‖1−νµ ≤ C
(
R2‖D2

xu‖1+ε + ‖u‖1
)ν (

R2‖D2
xu‖k + ‖u‖1

)1−ν
. (3.28)

If λ ≥ q + 1 then (3.28) is still valid with ν = 1. In both cases, we see that ν is given by

ν = 1− (p+ 1)A, with A =

(
N − 3

N − 1
− 1

q + 1

)
+

. (3.29)

Therefore,[
R−N−bG1(R)

]1/q+1
≤ CR2

(
‖D2

xu‖1+ε +R−2‖u‖1
)ν (‖D2

xu‖k +R−2‖u‖1
)1−ν

. (3.30)

Step 3 : Estimation of G2(R). Let

m =
q + 1

q
, ρ =

N − 1

N − 2
.

By Lemma 3.2.1, we have

‖Dxu‖ρ ≤ C (‖DθDxu‖1+ε + ‖Dxu‖1) ≤ C
(
R‖D2

xu‖1+ε + ‖Dxu‖1
)
. (3.31)



3.3. Proof of Theorem 3.1.1 49

Case 1. q > 1/(N − 2). Let γ1, γ2 be defined by

1

γ1
=

p

p+ 1
− 1

N − 1
,

1

γ2
=

q

q + 1
− 1

N − 1
.

Then we have

k < γ1 <∞, m < γ2 <∞.

Assume that we can find z ∈ (1,∞) such that

1

k
− 1

N − 1
≤ 1

z
≤ 1− 1

N − 1
(3.32)

and

1

m
− 1

N − 1
≤ 1− 1

z
≤ 1− 1

N − 1
. (3.33)

By the same estimate as in [20], we have

G2(R) ≤ CRN+2
(
‖D2

xu‖1+ε +R−1‖Dxu‖1 +R−2‖u‖1
)τ1

×
(
‖D2

xu‖k +R−1‖Dxu‖1 +R−2‖u‖1
)1−τ1

×
(
‖D2

xv‖1+ε +R−1‖Dxv‖1 +R−2‖v‖1
)τ2

×
(
‖D2

xv‖m +R−1‖Dxv‖1 +R−2‖v‖1
)1−τ2 .

(3.34)

where

τ1 = 1− (p+ 1)A1, A1 =
N − 2

N − 1
− 1

z
,

τ2 = 1− (q + 1)A2, A2 =
1

z
− 1

N − 1
.

Case 2. q ≤ 1/(N − 2). Then (3.34) remains true with τ1 = 1, τ2 = 0.

Step 4 : Control the averages. For any R > 1 we claim that
∫ R
R/2 ‖u(r)‖1rN−1dr ≤ CRN−α−

a+bp
pq−1 ,∫ R

R/2 ‖v(r)‖1rN−1dr ≤ CRN−β−
b+aq
pq−1 ,

(3.35)


∫ R
R/2 ‖Dxu(r)‖1rN−1dr ≤ CRN−1−α− a+bp

pq−1 ,∫ R
R/2 ‖Dxv(r)‖1rN−1dr ≤ CRN−1−β− b+aq

pq−1 ,
(3.36)

∫ R

R/2
‖D2

xu(r)‖kkrN−1dr ≤ CR
a
pF (2R), (3.37)

∫ R

R/2
‖D2

xv(r)‖mmrN−1dr ≤ CR
b
qF (2R), (3.38)


∫ R
R/2 ‖D

2
xu(r)‖1+ε

1+εr
N−1dr ≤ CRN−2−α− a+bp

pq−1
+aε

,∫ R
R/2 ‖D

2
xv(r)‖1+ε

1+εr
N−1dr ≤ CRN−2−β− b+aq

pq−1
+bε

,
(3.39)
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Estimates (3.35) and (3.36) follow from Lemma 3.2.5. Let us next prove (3.37), (3.38) and (3.39).
Indeed, ∫ R

R/2
‖D2

xu(r)‖kkrN−1dr =

∫
BR\BR/2

|D2
xu|kdx

≤ C
( ∫
B2R\BR/4

|∆u|kdx+R−2k

∫
B2R\BR/4

ukdx

)

= C

( ∫
B2R\BR/4

|x|kavp+1dx+R−2k

∫
B2R\BR/4

ukdx

)

≤ C
(
Ra/pF (2R) +R−2k

∫
B2R\BR/4

ukdx

)
.

By Hölder’s inequality, for R > 1, we have

A1 = R−2k

∫
B2R\BR/4

ukdx ≤ CR−2kRN(pq−1)/p(q+1)

( ∫
B2R\BR/4

uq+1dx

)(p+1)/p(q+1)

≤ CRη1/pF (2R),

with η1 = −2(p+ 1) +N(pq− 1)/(q+ 1)− b(p+ 1)/(q+ 1), where we used (p+ 1)/p(q+ 1) < 1,
along with

F (R) ≥ F (1) > 0, R > 1.

We show that η1 < a. Indeed

a− η1 = 2(p+ 1)−N pq − 1

q + 1
+ b

p+ 1

q + 1
+ a

= 2(p+ 1)−N pq − 1

q + 1
+ b

p(q + 1)− (pq − 1)

q + 1
+ a

=
2

β

(
(p+ 1)β −N +

b

2
pβ − b+

a

2
β

)
=

2

β

(
2 + α+ β −N +

b

2
α+

a

2
β

)
.

Hence (3.37) holds.
Also, using Hölder’s inequality, Lemma 3.2.7 and Lemma 3.2.2, we have∫ R

R/2
‖D2

xv(r)‖mmrN−1dr =

∫
BR\BR/2

|D2
xv|mdx

≤ C
( ∫
B2R\BR/4

|∆v|mdx+R−2m

∫
B2R\BR/4

vmdx

)

= C

( ∫
B2R\BR/4

|x|mbuq+1dx+R−2m

∫
B2R\BR/4

vmdx

)

≤ C
(
R
b
qF (2R) +R

−2m+
(b−a)m
p+1

∫
B2R\BR/4

u
m(q+1)
p+1 dx

)
.
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By Hölder’s inequality, for R > 1, we have

A2 = R
−2m+

(b−a)m
p+1

∫
B2R\BR/4

u
m(q+1)
p+1 dx

≤ CR−2m+
(b−a)m
p+1

+
N(pq−1)
q(p+1)

( ∫
B2R\BR/4

uq+1dx

)(q+1)/q(p+1)

≤ CR−2m+
N(pq−1)
q(p+1)

− am
p+1

( ∫
B2R\BR/4

|x|buq+1dx

)(q+1)/q(p+1)

≤ CRη2/qF (2R),

with η2 = −2(q+ 1) +N(pq− 1)/(p+ 1)− a(q+ 1)/(p+ 1), where we used (q+ 1)/q(p+ 1) < 1.
The similar computation gives

η2 − b =
2

α

(
2 + α+ β −N +

b

2
α+

a

2
β

)
.

Hence, η2 < b and then (3.38) holds.
On the other hand, by using Lemma 3.2.2, 3.2.4, equation (3.1) and the boundedness of u,

we obtain
R∫

R/2

‖D2
xu(r)‖1+ε

1+εr
N−1 dr =

∫
BR\BR/2

|D2
xu|1+ε dx

≤ C
∫

B2R\BR/4

|∆u|1+ε dx+ CR−2(1+ε)

∫
B2R\BR/4

u1+ε dx

≤ C
∫

B2R\BR/4

|x|aεvpε|x|avp dx+ CR−2(1+ε)

∫
B2R\BR/4

u1+ε dx

≤ CRaε
∫

B2R\BR/4

|x|avpdx+ CR−2(1+ε)

∫
B2R\BR/4

u dx

≤ CRN−2−α− a+bp
pq−1

+aε
+ CR

N−2−α− a+bp
pq−1

−2ε

≤ CRN−2−α− a+bp
pq−1

+aε
.

By the similar calculation for v, (3.39) holds.
Step 5 : measure and feedback argument. For a given K > 0, let us define the sets

Γ1(R) = {r ∈ (R, 2R); ‖D2
xu(r)‖kk > KR

−N+a
pF (4R)},

Γ2(R) = {r ∈ (R, 2R); ‖D2
xv(r)‖mm > KR

−N+ b
qF (4R)},

Γ3(R) = {r ∈ (R, 2R); ‖D2
xu(r)‖1+ε

1+ε > KR
−2−α− a+bp

pq−1
+aε},

Γ4(R) = {r ∈ (R, 2R); ‖D2
xv(r)‖1+ε

1+ε > KR
−2−β− b+aq

pq−1
+bε},

Γ5(R) = {r ∈ (R, 2R); ‖u(r)‖1 > KR
−α− a+bp

pq−1 },

Γ6(R) = {r ∈ (R, 2R); ‖v(r)‖1 > KR
−β− b+aq

pq−1 },

Γ7(R) = {r ∈ (R, 2R); ‖Dxu(r)‖1 > KR
−1−α− a+bp

pq−1 },

Γ8(R) = {r ∈ (R, 2R); ‖Dxv(r)‖1 > KR
−1−β− b+aq

pq−1 }.
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By estimate (3.37) and (3.35), for R > 1 we have

CRa/pF (4R) ≥
∫ 2R

R
‖D2

xu(r)‖kkrN−1dr

≥ |Γ1(R)|RN−1KR
−N+a

pF (4R) = |Γ1(R)|KR−1+a
pF (4R)

and

C ≥ R−N+α+ a+bp
pq−1

∫ 2R

R
‖u(r)‖1rN−1dr

≥ R−N+α+ a+bp
pq−1 |Γ5(R)|RN−1KR

−α− a+bp
pq−1 = |Γ5(R)|KR−1.

Consequently, |Γ1| ≤ R/10 and |Γ5| ≤ R/10 for K > 10C. Similarly, |Γi| ≤ R/10, i = 1, ..., 8.
Therefore, for each R ≥ 1, we can find

R̃ ∈ (R, 2R) \
8⋃
i=1

Γi(R) 6= ∅. (3.40)

Let us check that

2 + α+
a+ bp

pq − 1
>
N

k
− a

pk
, (3.41)

2 + β +
b+ aq

pq − 1
>
N

m
− b

qm
. (3.42)

Indeed, by computation

M = (2 + α)k +
a+ bp

pq − 1
k −N +

a

p

= pβk +
(a+ bp)(p+ 1)

p(pq − 1)
−N +

a

p

= β(p+ 1) +
(a+ bp)

2p
α−N +

a

p

= pβ + β +
a

2p
α+

b

2
α−N +

a

p

= α+ β + 2−N +
b

2
α+

a

2p
(α+ 2)

= α+ β + 2−N +
b

2
α+

a

2
β > 0.

Thus, (3.41) holds. Similarly for (3.42). Therefore, for ε > 0 small enough, we have

1

1 + ε
(2 + α+

a+ bp

pq − 1
− aε) > N

k
− a

pk
, (3.43)

1

1 + ε
(2 + β +

b+ aq

pq − 1
− bε) > N

m
− b

qm
. (3.44)

By (3.30) and the definition of the sets Γi, we may now control G1(R̃) as follows[
R−N−bG1(R̃)

]1/q+1
≤ CR2

(
R
−2−α− a+bp

pq−1 +R
(−2−α− a+bp

pq−1
+aε)/(1+ε)

)ν
×
(
R
−N
k

+ a
pkF 1/k(4R) +R

−2−α− a+bp
pq−1

)1−ν
.
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Using (3.41) and (3.43), we obtain

G1(R̃) ≤ C
(
R−a1(0) +R−a1(ε)

)
F b1(4R) (3.45)

where

a1(ε) = (q + 1)

[(
α+ 2 +

a+ bp

pq − 1
− aε

)
ν

1 + ε
+

(
N

k
− a

pk

)
(1− ν)− 2− N + b

q + 1

]
b1 =

(1− ν)

k
(q + 1).

On the other hand, it follows from (3.34), (3.41)-(3.44) that

G2(R̃) ≤ CRN+2
(
R
−α−2− a+bp

pq−1 +R
(−2−α− a+bp

pq−1
+aε)/(1+ε)

)τ1
×
(
R
−β−2− b+aq

pq−1 +R
(−2−β− b+aq

pq−1
+bε)/(1+ε)

)τ2
×
(
R
−N
k

+ a
pkF 1/k(4R) +R

−α−2− a+bq
pq−1

)1−τ1

×
(
R
−N
m

+ b
qmF 1/m(4R) +R

−β−2− b+aq
pq−1

)1−τ2

≤ C
(
R−a2(0) +R−a2(ε) +R−a3(ε) +R−a4(ε)

)
F b2(4R). (3.46)

where

a2(ε) =−N − 2 +
τ1

1 + ε

(
α+ 2 +

a+ bp

pq − 1
− aε

)
+ τ2

(
β + 2 +

b+ aq

pq − 1

)
+

(
N − a

p

)
(1− τ1)

k
+

(
N − b

q

)
(1− τ2)

m
,

a3(ε) =−N − 2 + τ1

(
α+ 2 +

a+ bp

pq − 1

)
+

τ2

1 + ε

(
β + 2 +

b+ aq

pq − 1
− bε

)
+

(
N − a

p

)
(1− τ1)

k
+

(
N − b

q

)
(1− τ2)

m
,

a4(ε) =−N − 2 +
τ1

1 + ε

(
α+ 2 +

a+ bp

pq − 1
− aε

)
+

τ2

1 + ε

(
β + 2 +

b+ aq

pq − 1
− bε

)
+

(
N − a

p

)
(1− τ1)

k
+

(
N − b

q

)
(1− τ2)

m
,

b2 =
1− τ1

k
+

1− τ2

m
.

Let ã = min (ai(0), aj(ε); i = 1, 2; j = 1, 2, 3, 4) and b̃ = max(b1, b2). Combining (3.45)
and (3.46), we obtain

F (R) ≤ CR−ãF b̃(4R), R ≥ 1. (3.47)

We claim that there exist a constant M0 > 0 and a sequence Ri →∞ such that

F (4Ri) ≤M0F (Ri).
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Assume that the claim is false. Then, for any M0 > 0, there exists R0 > 0 such that F (4R) ≥
M0F (R) for all R ≥ R0. But since u is bounded, we have F (R) ≤ CRN+b. Thus

M i
0F (R0) ≤ F (4iR0) ≤ C(4iR0)N+b = CRN+b

0 4i(N+b),∀i ≥ 0.

This is a contradiction for i large if we choose M0 > 4N+b.
Now we assume we have proved that ã > 0 and b̃ < 1, then from (3.47) we have

F (4Ri) ≤ CR−ã/(1−b̃)i .

Letting i→∞, we obtain
∫
RN |x|

buq+1 = 0, hence u ≡ 0 ≡ v : contradiction.

Step 6 : Fulfillment of the conditions ã > 0 and b̃ < 1

Verification of b1 < 1. If q ≤ 2/(N − 3) then b1 = 0. If q > 2/(N − 3) then

1− b1 = 1− p(q + 1)A = 1− p
(

(q + 1)
N − 3

N − 1
− 1

)
=

(N − 1)(p+ 1)− p(q + 1)(N − 3)

N − 1

=
2(p+ 1)− (N − 3)(pq − 1)

N − 1
=
pq − 1

N − 1
(α+ 3−N).

Thus, 0 ≤ b1 < 1.
Verification of a1(0) > 0.

a1(0) = (q + 1)

[
α+

a+ bp

pq − 1
− N + b

q + 1
− (1− ν)

1

k

(
(2 + α)k +

a+ bp

pq − 1
k −N − a

p

)]
= (q + 1)α+

(q + 1)(a+ bp)

pq − 1
−N − b− b1M

= α+ β + 2 +
(q + 1)(a+ bp)

pq − 1
−N − b− b1M

= M − b1M = (1− b1)M.

Hence a1(0) > 0.
Verification of a2(0) > 0 and b2 < 1.
Case q > 1/(N − 2). Here we must ensure the existence of z ∈ (1,∞) satisfying (3.32) and

(3.33), that is

max

(
1

k
− 1

N − 1
,

1

N − 1

)
≤ 1

z
≤ min

(
1− 1

N − 1
,

1

q + 1
+

1

N − 1

)
. (3.48)

We have

b2 = pA1 + qA2 = p

(
N − 2

N − 1
− 1

z

)
+ q

(
1

z
− 1

N − 1

)
=
p(N − 2)− q

N − 1
− p− q

z
.

Hence, there exists z ∈ (1,∞) satisfying (3.48) and such that b2 < 1, if the following hold

1

k
− 1

N − 1
≤ 1

q + 1
+

1

N − 1
, (3.49)

p(N − 2)− q
N − 1

− 1 <
(N − 2)(p− q)

N − 1
, (3.50)

p(N − 2)− q
N − 1

− 1 < (p− q)
(

1

q + 1
+

1

N − 1

)
. (3.51)

Inequality (3.49) is true by (3.27). Inequality (3.50) is equivalent to q < (N − 1)/(N − 3), which
is true due to q ≤ p(q+ 1)/(p+ 1) = 1 + (2/α) < (N − 1)/(N − 3). Inequality (3.51) is also true
due to α > N − 3.
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We have

a2(0) =−N − 2 + τ1

(
α+ 2 +

a+ bp

pq − 1

)
+ τ2

(
β + 2 +

b+ aq

pq − 1

)
+

(
(2 + α)k +

a+ bp

pq − 1
k −M

)
(1− τ1)

k

+

(
(2 + β)m+

b+ aq

pq − 1
m−M

)
(1− τ2)

m

=−N − 2 + 2 + α+
a+ bp

pq − 1
+ 2 + β +

b+ aq

pq − 1
−M

(
1− τ1

k
+

1− τ2

m

)
=M −Mb2 = M(1− b2) > 0.

Case q ≤ 1/(N − 2). Since τ1 = 1, τ2 = 0, we deduce

a2(0) =−N − 2 + α+ 2 +
a+ bp

pq − 1
+
N

m
− b

qm

=
1

q + 1

(
−N + (q + 1)α+

(q + 1)(a+ bp)

pq − 1
− b(pq − 1)

pq − 1

)
=

1

q + 1

(
α+ β +

b

2
α+

a

2
β −N + 2

)
> 0

and also b2 = 1/m < 1.
Note that a2(0) = a3(0) = a4(0). Thus ai(ε) > 0, i = 1, ..., 4 for ε small enough. Theorem is

proved for N ≥ 4.

For N = 3, conditions (3.9) and (3.10) are not necessary and the proof becomes much less
complicated due to the Sobolev imbedding W 2,1+ε ⊂ L∞ on S2. For sake of clarity, although
here N = 3, we shall keep the letter N in the proof.

Step 1 : Preparations. Let us choose a1, a2 satisfying (3.22) and set

F (R) =

∫
BR

|x|buq+1dx+

∫
BR

|x|avp+1dx.

By the Rellich-Pohozaev identity (Lemma 3.2.6), we have

F (R) ≤ C
(
G11(R) +G12(R) +G2(R)

)
,

where

G11(R) = RN+b

∫
SN−1

uq+1(R)dθ,

G12(R) = RN+a

∫
SN−1

vp+1(R)dθ,

G2(R) = RN
∫

SN−1

(
|Dxu(R)|+R−1u(R)

) (
|Dxv(R)|+R−1v(R)

)
dθ.

Step 2 : Estimations of G11(R), G12(R) and G2(R).
By Lemma 3.2.1, since N = 3, we have

‖u‖q+1 ≤ C‖u‖∞ ≤ C
(
‖D2

θu‖1+ε + ‖u‖1
)
≤ C

(
R2‖D2

xu‖1+ε + ‖u‖1
)

and
‖Dxu‖2 ≤ C (‖DθDxu‖1+ε + ‖Dxu‖1) ≤ C

(
R‖D2

xu‖1+ε + ‖Dxu‖1
)
.
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Similarly,

‖v‖p+1 ≤ C‖v‖∞ ≤ C
(
‖D2

θv‖1+ε + ‖v‖1
)
≤ C

(
R2‖D2

xv‖1+ε + ‖v‖1
)

and
‖Dxv‖2 ≤ C (‖DθDxv‖1+ε + ‖Dxv‖1) ≤ C

(
R‖D2

xv‖1+ε + ‖Dxv‖1
)
.

Therefore,
G11(R) ≤ CRN+b+2(q+1)

(
‖D2

xu‖1+ε +R−2‖u‖1
)q+1

, (3.52)

G12(R) ≤ CRN+a+2(p+1)
(
‖D2

xv‖1+ε +R−2‖v‖1
)p+1 (3.53)

and

G2(R) ≤ CRN+2(‖D2
xu‖1+ε +R−1‖Dxu‖1 +R−2‖u‖1)(‖D2

xv‖1+ε +R−1‖Dxv‖1 +R−2‖v‖1)
(3.54)

Step 3 : Conclusion. We can find

R̃ ∈ (R, 2R) \
8⋃
i=3

Γi(R) 6= ∅, (3.55)

where the sets Γi are defined in Step 4 of the proof of the case N ≥ 4. If follows from (3.52)-(3.54)
in Step 2 and (3.55) in Step 3 that

G11(R̃) ≤ CRN+b+2(q+1)
(
R

(−2−α− a+bp
pq−1

+aε)/(1+ε)
+R

−2−α− a+bp
pq−1

)q+1

≤ C
(
R−c1(ε) +R−c1(0)

)
,

where

c1(ε) = (q + 1)

[(
2 + α+

a+ bp

pq − 1
− aε

)
1

1 + ε
− 2− N + b

q + 1

]
.

Similarly

G12(R̃) ≤ CRN+a+2(p+1)
(
R

(−2−β− b+aq
pq−1

+bε)/(1+ε)
+R

−2−β− b+aq
pq−1

)p+1

≤ C
(
R−c2(ε) +R−c2(0)

)
,

where

c2(ε) = (p+ 1)

[(
2 + β +

b+ aq

pq − 1
− bε

)
1

1 + ε
− 2− N + a

p+ 1

]
,

and

G2(R̃) ≤ CRN+2
(
R

(−2−α− a+bp
pq−1

+aε)/(1+ε)
+R

−2−α− a+bp
pq−1

)
×
(
R

(−2−β− b+aq
pq−1

+bε)/(1+ε)
+R

−2−β− b+aq
pq−1

)
≤ C

(
R−c3(ε) +R−c4(ε) +R−c5(ε) +R−c3(0)

)
,

where

c3(ε) = −N − 2 +
1

1 + ε

(
2 + α+

a+ bp

pq − 1
− aε

)
+

1

1 + ε

(
2 + β +

b+ aq

pq − 1
− bε

)
,

c4(ε) = −N − 2 +
1

1 + ε

(
2 + α+

a+ bp

pq − 1
− aε

)
+ 2 + β +

b+ aq

pq − 1
,

c5(ε) = −N − 2 +
1

1 + ε

(
2 + β +

b+ aq

pq − 1
− bε

)
+ 2 + α+

a+ bp

pq − 1
.
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Letting c̃ = min (ci(ε), cj(0); i = 1, ..., 5, j = 1, ..., 3), we obtain

F (R) ≤ F (R̃) ≤ CR−c̃, R ≥ 1.

By straightforward computation, we see that

ci(0) > 0, i = 1, ..., 5.

Therefore, for ε > 0 small enough, we have c̃ > 0, so that
∫
RN
(
|x|avp+1 + |x|buq+1

)
dx = 0,

hence u ≡ v ≡ 0 : a contradiction. The proof is complete.

3.4 Applications : Singularity and decay estimates and a priori
bound

3.4.1 Singularity and decay estimates

We now prove Theorem 3.1.3. We need the following lemma which is analogous to [16, Lemma
2.1]. We give here the proof for completeness.

Lemma 3.4.1. Assume pq > 1, p ≥ q, (3.3) and (3.10). Assume in addition that c, d ∈ Cγ(B1)
for some γ ∈ (0, 1] and

‖c‖Cγ(B1) ≤ C1, ‖d‖Cγ(B1) ≤ C1 and c(x) ≥ C2, d(x) ≥ C2, x ∈ B1, (3.56)

for some constants C1, C2 > 0. There exists a constant C, depending only on γ,C1, C2, p, q,N ,
such that, for any nonnegative classical solution (u, v) of{

−∆u = c(x)vp, x ∈ B1

−∆v = d(x)uq, x ∈ B1

(3.57)

(u, v) satisfies

|u(x)|
1
α + |v(x)|

1
β + |∇u(x)|

1
α+1 + |∇v(x)|

1
β+1 ≤ C

(
1 + dist−1(x, ∂B1)

)
, x ∈ B1. (3.58)

Proof. Arguing by contradiction, we suppose that there exist sequences ck, dk, uk, vk verifying
(3.56), (3.57) and points yk, such that the functions

Mk = |u|
1
α + |v|

1
β + |∇u|

1
α+1 + |∇v|

1
β+1

satisfy
Mk(yk) > 2k

(
1 + dist−1(yk, ∂B1)

)
≥ 2k dist−1(yk, ∂B1).

By the Doubling Lemma in [17, Lemma 5.1], there exists xk such that

Mk(xk) ≥Mk(yk), Mk(xk) > 2k dist−1(xk, ∂B1),

and
Mk(z) ≤ 2Mk(xk), for all z such that |z − xk| ≤ kM−1

k (xk). (3.59)

We have
λk := M−1

k (xk)→ 0, k →∞, (3.60)

due to Mk(xk) ≥Mk(yk) > 2k.
Next we let

ũk = λαkuk(xk + λky), ṽk = λβkvk(xk + λky), c̃k(y) = ck(xk + λky), d̃k(y) = dk(xk + λky).
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We note that |ũk(0)|
1
α + |ṽk(0)|

1
β + |∇ũk(0)|

1
α+1 + |∇ṽk(0)|

1
β+1 = 1,[

|ũk|
1
α + |ṽk|

1
β

]
(y) ≤ 2, |y| ≤ k, (3.61)

due to (3.59), and we see that (ũk, ṽk) satisfies{
−∆ũk = c̃k(y)ṽpk, |y| ≤ k,
−∆ṽk = d̃k(y)ũqk, |y| ≤ k.

(3.62)

On the other hand, due to (3.56), we have C2 ≤ c̃k, d̃k ≤ C1 and, for each R > 0 and
k ≥ k0(R) large enough,{

|c̃k(y)− c̃k(z)| ≤ C1|λk(y − z)|γ ≤ C1|y − z|γ , |y|, |z| ≤ R,
|d̃k(y)− d̃k(z)| ≤ C1|λk(y − z)|γ ≤ C1|y − z|γ , |y|, |z| ≤ R.

(3.63)

Therefore, by Ascoli’s theorem, there exist c̃, d̃ in C(RN ) such that, after extracting a subse-
quence, (c̃k, d̃k)→ (c̃, d̃) in Cloc(RN ). Moreover, (3.63) and (3.60) imply that |c̃k(y)− c̃k(z)| → 0
as k →∞, so that the function c̃ is actually a constant C ≥ C2. Similarly, d̃ is actually a constant
D ≥ C2.

Now, for each R > 0 and 1 < q < ∞, by (3.62), (3.61) and interior elliptic Lq estimates,
the sequence (ũk, ṽk) is uniformly bounded in W 2+γ,q(BR). Using standard imbeddings, after
extracting a subsequence, we may assume that (ũk, ṽk) → (ũ, ṽ) in C2

loc(RN ). It follows that
(ũ, ṽ) is a nonnegative classical solution of{

−∆ũ = Cṽp, y ∈ RN ,
−∆ṽ = Dũq, y ∈ RN ,

and ũ
1
α (0) + ṽ

1
β (0) + |∇ũ(0)|

1
α+1 + |∇ṽ(0)|

1
β+1 = 1. This contradicts the Liouville-type result of

Lane-Emden system in [20] and concludes the proof.

In addition to Theorem 3.1.3, we shall at the same time prove the following, corresponding
gradient estimates, which will be useful in the proof of Theorem 3.1.2.

Proposition 3.4.1. Under the assumptions of Theorem 3.1.3, (u, v) also satisfies the estimates

|∇u(x)| ≤ C|x|−α−1− a+bp
pq−1 , |∇v(x)| ≤ C|x|−β−1− b+aq

pq−1 , (3.64)

for 0 < |x| < ρ/2 (resp. |x| > 2ρ).

Proof of Theorem 3.1.3 and Proposition 3.4.1. Assume either Ω = {x ∈ RN ; 0 < |x| < ρ}
and 0 < |x0| < ρ/2, or Ω = {x ∈ RN ; |x| > ρ} and |x0| > 2ρ. Let R0 = |x0|/2 > 0. We rescale
(u, v) by setting

U(y) = R
α+ a+bp

pq−1

0 u(x0 +R0y), V (y) = R
β+ b+aq

pq−1

0 v(x0 +R0y).

Then (U, V ) is solution of {
−∆U = c(y)V p, y ∈ B(0, 1)

−∆V = d(y)U q, y ∈ B(0, 1).

where

c(y) = |y +
x0

R0
|a, d(y) = |y +

x0

R0
|b.
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Notice that |y + x0
R0
| ∈ [1, 3], ∀y ∈ B(0, 1). Moreover ‖c‖C1(B1) ≤ C(a) and ‖d‖C1(B1) ≤ C(b),

then applying Lemma 3.4.1 we have U(0) + V (0) + |∇U(0)|+ |∇V (0)| ≤ C. Hence

u(x0) ≤ CR
−α− a+bp

pq−1

0 , v(x0) ≤ CR
−β− b+aq

pq−1

0

and
|∇u(x0)| ≤ CR

−α−1− a+bp
pq−1

0 , |∇v(x0)| ≤ CR
−β−1− b+aq

pq−1

0 .

The announced results are proved.

3.4.2 A priori bound

Proof of Theorem 3.1.4. Suppose that Theorem 3.1.4 is false. Let d = dist(0, ∂Ω) > 0. Due
to estimate (3.11) in Theorem 3.1.3, all solutions of (3.13) are uniformly bounded, away from
{0} ∪ ∂Ω. Then there are only two following possibilities.

Case 1 : There exist sequence of solutions (uk, vk) and a sequence of points Pk → P ∈ ∂Ω
such that

Nk = sup
x∈Ω:dist(x,∂Ω)<d/2

(
u

1
α
k (x) + v

1
β

k (x)

)
= u

1
α
k (Pk) + v

1
β

k (Pk)→∞ as k →∞. (3.65)

Let dk = dist(Pk, ∂Ω), we rescale solution according to

Uk(y) = λαkuk(Pk + λky), Vk(y) = λβkvk(Pk + λky); λk = N−1
k

then {
−∆Uk = |Pk + λky|aV p

k , |y| < λ−1
k dk,

−∆Vk = |Pk + λky|bU qk , |y| < λ−1
k dk.

If there exists a subsequence λ−1
k dk → ∞ then by using the elliptic estimates and standard

imbeddings, we deduce that some subsequence of (Uk, Vk) converges in Cloc(RN ) to a solution
(U, V ) in RN of the following system{

−∆U = |P |aV p, y ∈ RN

−∆V = |P |bU q, y ∈ RN .

This contradicts Liouville-type result of Lane-Emden system (see [20]).
If λ−1

k dk is bounded then by the argument similar to that in [11], there exist `1, `2 > 0 and
functions U, V solving the following problem in the half-space

−∆U = `1V
p, x ∈ HN

s

−∆V = `2U
q, x ∈ HN

s

U(x) = V (x) = 0, x ∈ ∂HN
s

U
1
α (0) + V

1
β (0) = 1,

where HN
s := {y ∈ RN : y1 > −s} for some s > 0. In view of assumption (3.3), this contradicts

the Liouville-type result of [17, Theorem 4.2] for the Lane-Emden system in a half-space.
Case 2 : There exists a sequence of solutions (uk, vk) and a sequence of points Pk → 0 ∈ Ω

such that

Mk = sup
|x|<d/2

(
u

1

α+
a+bp
pq−1

k (x) + v

1

β+
b+aq
pq−1

k (x)

)
= u

1

α+
a+bp
pq−1

k (Pk) + v

1

β+
b+aq
pq−1

k (Pk)→∞ as k →∞.
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We denote by

Uk(y) = λ
α+ a+bp

pq−1

k uk(Pk + λky), Vk(y) = λ
β+ b+aq

pq−1

k vk(Pk + λky), λk = M−1
k .

Then (Uk, Vk) is solution to{
−∆Uk = |y + Pk

λk
|aV p

k , y ∈ B(0, d
2λk

)

−∆Vk = |y + Pk
λk
|bU qk , y ∈ B(0, d

2λk
).

(3.66)

Moreover, it follows from estimate (3.11) in Theorem 3.1.3. that the sequence λ−1
k |Pk| = |Pk|Mk

is bounded. We may thus assume that λ−1
k Pk → x0 as k →∞.

From (3.66), by using the elliptic estimates and standard imbeddings, we deduce that some
subsequence of (Uk, Vk) converges in Cloc(RN ) to a solution (U, V ) in RN of the following system{

−∆U = |y + x0|aV p, y ∈ RN

−∆V = |y + x0|bU q, y ∈ RN .

with

U

1

α+
a+bp
pq−1 (0) + V

1

β+
b+aq
pq−1 (0) = 1.

After a space shift, this gives a contradiction with Theorem 3.1.2.

3.5 Proof of Theorem 3.1.2.

Let (u, v) be a positive solution of system (3.1). By the Rellich-Pohozaev identity (Lemma 3.2.6)
with (3.22), we have∫

BR

|x|avp+1 dx+

∫
BR

|x|buq+1 dx

≤ H(R) := CRN+a

∫
SN−1

vp+1(R, θ) dθ + CRN+b

∫
SN−1

uq+1(R, θ) dθ

+ CRN
∫

SN−1

(
|Dxu(R, θ)|+R−1u(R, θ)

) (
|Dxv(R, θ)|+R−1v(R, θ)

)
dθ.

Now, by Theorem 3.1.3 and Proposition 3.4.1, for x 6= 0, we have

u(x) ≤ C|x|−α−
a+bp
pq−1 , v(x) ≤ C|x|−β−

b+aq
pq−1

and
|∇u(x)| ≤ C|x|−α−1− a+bp

pq−1 , |∇v(x)| ≤ C|x|−β−1− b+aq
pq−1 .

By straightforward calculations, it follows that

H(R) ≤ CRN−2−(1+ b
2

)α−(1+a
2

)β → 0, as R→∞,

due to (3.5) (which is equivalent to (3.8)). Therefore, u ≡ v ≡ 0.
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3.6 Appendix

We start with the following simple Lemma.

Lemma 3.6.1. Let a, b > −2, pq > 1, N ≥ 3, 0 ∈ Ω and (u, v) be positive solution of (3.1).
Then :

There exists a sequence ε = εi → 0 such that
∫

|x|=εi

(
|∇u|2 + |∇v|2

)
dσεi → 0. (3.67)

Moreover, (u, v) is a distributional solution of (3.1).

Proof. Since solution is considered in C(RN ), then |x|avp, |x|buq ∈ Lkloc(RN ) with 1 < k ≤ N/2

due to a, b > −2. Hence, u, v ∈ W 2,k
loc (RN ) with 1 < k ≤ N/2 by elliptic regularity. By Sobolev

embedding, it follows that

|∇u|, |∇u| ∈ LNloc(RN ). (3.68)

Consequently,
ε∫

ρ=0

∫
|x|=ρ

(
|∇u|2 + |∇v|2

)
dσε dρ =

∫
|x|<ε

(
|∇u|2 + |∇v|2

)
dx

≤ CεN−2
(
‖∇u‖2LN (Bε)

+ ‖∇u‖2LN (Bε)

)
.

Therefore, there exists εi ∈ (0, ε) such that∫
|x|=εi

(
|∇u|2 + |∇v|2

)
dσεi ≤ CεN−3

(
‖∇u‖2LN (Bε)

+ ‖∇u‖2LN (Bε)

)
,

and assertion (3.67) follows by letting ε→ 0.
Let now ϕ ∈ C∞0 (Ω) and denote Ωε = Ω∩{|x| > ε} for ε > 0 small. From (3.1), using Green’s

formula, we obtain∣∣∣∫
Ωε

(|x|avpϕ+ u∆ϕ) dx
∣∣∣ =

∣∣∣−∫
Ωε

ϕ∆u dx+

∫
Ωε

u∆ϕdx
∣∣∣ =

∣∣∣ ∫
|x|=ε

ϕ
∂u

∂r
dσε −

∫
|x|=ε

u
∂ϕ

∂r
dσε

∣∣∣.
Similarly, ∣∣∣∫

Ωε

|x|buqϕdx+

∫
Ωε

v∆ϕdx
∣∣∣ =

∣∣∣ ∫
|x|=ε

ϕ
∂v

∂r
dσε −

∫
|x|=ε

v
∂ϕ

∂r
dσε

∣∣∣.
Passing to the limit with ε = εi, we conclude that (u, v) is a distributional solution of (3.1).

Proof of Lemma 3.2.6. Since u is a solution of (3.1) then

(x.∇u)∆v + (x.∇v)∆u = −(x.∇u)|x|buq − (x.∇v)|x|avp

= −div
(
x|x|b u

q+1

q + 1
+ x|x|a v

p+1

p+ 1

)
+
N + b

q + 1
|x|buq+1 +

N + a

p+ 1
|x|avp+1. (3.69)

Integrating (3.69) on BR \Bε and letting ε→ 0, we have∫
BR

(x.∇u)∆v + (x.∇v)∆u dx =

∫
BR

(
N + b

q + 1
|x|buq+1 +

N + a

p+ 1
|x|avp+1

)
dx

−
∫
|x|=R

(
R1+b u

q+1

q + 1
+R1+a v

p+1

p+ 1

)
dσR. (3.70)
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On the other hand, we have∫
BR\Bε

∇u.∇v dx = −
∫

BR\Bε

u∆v dx+

∫
|x|=R

uv′ dσR −
∫
|x|=ε

uv′ dσε

=

∫
BR\Bε

|x|buq+1 dx+

∫
|x|=R

uv′ dσR −
∫
|x|=ε

uv′ dσε. (3.71)

Letting ε = εi → 0 in (3.71), where εi is given by Lemma 3.6.1, we obtain∫
BR

∇u.∇v dx =

∫
BR

|x|buq+1 dx+

∫
|x|=R

uv′ dσR.

Similarly, ∫
BR

∇u.∇v dx =

∫
BR

|x|avp+1 dx+

∫
|x|=R

u′v dσR.

Hence, for a1 + a2 = N − 2, we have∫
BR

(N − 2)∇u.∇v dx =

∫
BR

(
a1|x|avp+1 + a2|x|buq+1

)
dx+

∫
|x|=R

(a1u
′v + a2uv

′) dσR. (3.72)

By direct computation, we have the following identity

(x.∇u)∆v + (x.∇v)∆u− (N − 2)∇u.∇v = div [(x.∇u)∇v + (x.∇v)∇u− x∇u.∇v] . (3.73)

Integrating (3.73) on BR \Bε and letting ε = εi → 0, where εi is given by Lemma 3.6.1, we have∫
BR

[(x.∇u)∆v + (x.∇v)∆u− (N − 2)∇u.∇v] dx =

∫
|x|=R

R
(
2u′v′ −∇u.∇v

)
dσR. (3.74)

The Rellich-Pohozaev identity follows from (3.70), (3.72), and (3.74).

For the proof of Lemma 3.2.4, we need the following lemma (see [4, Lemma 3.2] and [1]).

Lemma 3.6.2. Assume h ∈ L∞(B3 \B1/2) is nonnegative, and u ≥ 0 satisfies

−∆u ≥ h(x) in B3 \B1/2.

There exists a constant C = C(N) such that

inf
B2\B1

u ≥ C
∫
B2\B1

h(x)dx. (3.75)

Proof of Lemma 3.2.4. Let m1(R) = infB2R\BR u, m2(R) = infB2R\BR v. It follows from
Lemma 3.6.2 that

m1(R) ≥ CR2−N
∫

B2R\BR

|x|avpdx ≥ CR2+amp
2(R), R > ρ, (3.76)

m2(R) ≥ CR2−N
∫

B2R\BR

|x|buqdx ≥ CR2+bmq
1(R), R > ρ. (3.77)

Therefore,

m1(R) ≥ CR2+a+p(2+b)mpq
1 (R), m2(R) ≥ CR2+b+q(2+a)mpq

2 (R), R > ρ, (3.78)

hence
m1(R) ≤ CR−α−

a+bp
pq−1 , m2(R) ≤ CR−β−

b+aq
pq−1 .

Combining this with (3.76) and (3.77), we have the desired estimates in Lemma 3.2.4.
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Singularity and blow-up estimates
via Liouville-type theorems

for Hardy-Hénon parabolic equations 6

Quoc Hung Phan

Abstract. We consider the Hardy-Hénon parabolic equation ut −∆u = |x|a|u|p−1u with p > 1 and
a ∈ R. We establish the space-time singularity and decay estimates, and Liouville-type theorems for
radial and nonradial solutions. As applications, we study universal and a priori bound of global solutions
as well as the blow-up estimates for the corresponding initial boundary value problem.

4.1 Introduction

In this paper, we study the semilinear parabolic equation of the form

ut −∆u = |x|a|u|p−1u, (x, t) ∈ Ω× I (4.1)

where Ω is a domain of RN , p > 1, and I is an interval of R. We assume throughout that a > −2
when N ≥ 2, and a > −1 when N = 1.

Throughout this paper, unless otherwise specified, solutions are considered in the class{
C2,1(Ω× I), if a ≥ 0,

C2,1(Ω \ {0} × I) ∩ C0,0(Ω× I), if a < 0,
(4.2)

and are assumed to satisfy the equation pointwise, except at x = 0 if a < 0 and 0 ∈ Ω. This choice
is natural since we are primarily interested in classical solutions, except for possible singularity
at the origin if a < 0 and 0 ∈ Ω. For N = 1 (and −1 < a < 0 and 0 ∈ Ω), we instead consider
distributional solutions which belong to C0,0(Ω× I).

The restriction a > −2 when N ≥ 2 is reasonable due to the regularity at the origin of
stationary solutions (cf. [5, Lemma 6.2], [8, 10]). In this case, it turns out that any (classical)
solution in the sense (4.2) is also a distributional solution (see Lemma 4.5.1 in Appendix). The
case N = 1 is more peculiar – see Proposition 4.5.1 and the preceding paragraph.

For the statement of main results, let us introduce the following exponents :

pS(a) :=

{
N+2+2a
N−2 if N ≥ 3,

∞ if N = 1, 2,
(4.3)

pS := pS(0) and

pB :=

{
N(N+2)
(N−1)2

if N ≥ 2,

∞ if N = 1.
(4.4)

4.1.1 Liouville-type theorems

As the first topic, we are interested in the Liouville property – i.e. the nonexistence of solution
of problem (4.1) in the entire space RN × R. We first recall its elliptic counterpart

−∆u = |x|a|u|p−1u, x ∈ RN . (4.5)

The Liouville-type result for (4.5) plays an important role in the parabolic problem but it is
not completely solved. For radial solutions, the problem (4.5) has no positive radial solution if

6. to appear in J. Evol. Equ.
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and only if p < pS(a) and it has been conjectured that the nonexistence of positive solution
holds under that condition. However, the Liouville-type result for (4.5) was only proved under
stronger assumption, namely p < min{pS , pS(a)}, which is not optimal when a > 0. Recently,
the conjecture was shown in [22] for bounded positive solution in dimension N = 3.

For corresponding parabolic equation, the Liouville property has been studied in special case
a = 0 for nonnegative and nodal radial solutions (see [3, 4, 24, 26]). The following results are
known to be true.

Theorem A.

(i) Let a = 0 and 1 < p < pS. Then equation (4.1) has no nontrivial nonnegative radial solution
in RN × R.
(ii) Let a = 0 and 1 < p < pB. Then equation (4.1) has no nontrivial nonnegative solution in
RN × R.

Theorem B.

(i) Let a = 0, 1 < p < pS and let u = u(r, t) be a classical radial solution of (4.1) in RN × R
with the number of sign-changes satisfying

z(0,∞)(u(t)) ≤M, ∀t ∈ R.

Then u ≡ 0.
(ii) Let a = 0, N = 1 and let u = u(x, t) be a classical solution of (4.1) in R×R with the number
of sign-changes satisfying

zR(u(t)) ≤M, ∀t ∈ R.

Then u ≡ 0.

Theorem A was shown in [4, 26, 24], and Theorem B is recently proved in [3]. The upper
bound of exponent p in Theorem A(i) and in Theorem B(i) is optimal due to the existence of
positive (bounded) radial solution of −∆u = |u|p−1u in RN for p ≥ pS .

For case a 6= 0, the Liouville property is much less understood even for radial solution. Up to
now, the only available result of this kind is the Fujita-type (see [23], or [21, section 26]), which
states there is no positive solution in RN ×R+ if and only if 1 < p ≤ 1 + 2+a

N . In this paper, we
will establish Liouville-type theorems in case a 6= 0 for a larger range of p. We have the following
results.

Theorem 4.1.1. (i) Let 1 < p < min{pB, pS(a)} and u be bounded nonnegative solution of
equation (4.1) in RN × R. Then u ≡ 0.
(ii) Let 1 < p < pS(a) and u be bounded nonnegative radial solution of equation (4.1) in RN ×R.
Then u ≡ 0.

For sign-changing solution, let us recall the definition of zero number. Given an open interval
I ⊂ R and v ∈ C(I), then the zero number of v in I is defined by

zI(v) := sup{j : ∃x1, ..., xj+1 ∈ I, x1 < x2 < ... < xj+1, v(xi)v(xi+1) < 0, for i = 1, ..., j}.

We have the following result.

Theorem 4.1.2. Let 1 < p < pS(a) and let u = u(r, t) be a radial solution of (4.1) in RN × R
with the number of sign-changes satisfying

z(0,∞)(u(t)) ≤M, ∀t ∈ R.

Then u ≡ 0.
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The proofs of Theorem 4.1.1 and Theorem 4.1.2 follow the idea as in [3, 1, 30], which consists
of three steps :

1. Showing spatial decay of solutions (see Theorem 4.1.3(ii) and Theorem 4.1.4(ii) below).

2. Using the Lyapunov functional and decay estimate of solutions to show that both α- and
ω-limit sets of any solution are nonempty and consist of equilibria.

3. Combining with the nonexistence of nontrivial equilibria to have the contradiction.

Remarks 4.1.1. (a) We note that the condition p < pS(a) in Theorem 4.1.1 (ii) and Theo-
rem 4.1.2 is optimal, due to the existence of bounded positive radial solution of −∆u = |x|aup
in RN for p ≥ pS(a).

(b) Theorem 4.1.1(ii) for a > 0 can be proved by another, completely different method ,
namely intersection-comparison argument (see [24]). For this case, the proof is totally similar to
that in [24].

(c) Related to Theorem 4.1.1, it is a natural conjecture that the nonexistence of entire non-
negative nontrivial solution holds for p < pS(a). However, it seems still difficult, even for special
case a = 0.

4.1.2 Singularity and decay estimates

As the next topic, we establish the space-time singularity and decay estimates of solutions
of equation (4.1). The following theorem is a parabolic counterpart of [22, Theorem 1.2]. The
similar results for a = 0 have been proved in [26, Theorem 3.1].

Theorem 4.1.3. (i) Let u be a nonnegative solution of (4.1) on Ω × (0, T ) where Ω = {0 <
|x| < ρ}. Assume that either

p < pB, or u is radial. (4.6)

Then for all 0 < |x| < ρ/2 and t ∈ (0, T ), there holds

|x|a/(p−1)u(x, t) +
∣∣|x|a/(p−1)∇u(x, t)

∣∣ 2
p+1 ≤ C

(
t−1/(p−1) + (T − t)−1/(p−1) + |x|−2/(p−1)

)
,

(4.7)

where C = C(N, p, a).
(ii) Let u be a nonnegative solution of (4.1) in Ω× (0, T ) where Ω = {|x| > ρ}. Assume that

either

p < pB, or u is radial.

Then for all |x| > 2ρ and t ∈ (0, T ), there holds

|x|a/(p−1)u(x, t) +
∣∣|x|a/(p−1)∇u(x, t)

∣∣ 2
p+1 ≤ C

(
t−1/(p−1) + (T − t)−1/(p−1) + |x|−2/(p−1)

)
,

(4.8)

where C = C(N, p, a).

For sign-changing solution, we have the following. We stress that there is no restriction on
the upper bound of exponent p.

Theorem 4.1.4. (i) Let u = u(r, t) be a radial solution of (4.1) on Ω× (0, T ) where Ω = {0 <
|x| = r < ρ} with the number of sign-changes satisfying

z(0,ρ)(u(t)) ≤M, ∀t ∈ (0, T ).
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Then for all 0 < r < ρ/2 and t ∈ (0, T ), there holds

ra/(p−1)|u(r, t)|+
∣∣ra/(p−1)ur(r, t)

∣∣2/(p+1) ≤ C
(
t−1/(p−1) + (T − t)−1/(p−1) + r−2/(p−1)

)
where C = C(N, p, a,M).

(ii) Let u = u(r, t) be a radial solution in Ω×(0, T ) where Ω = {|x| = r > ρ} with the number
of sign-changes satisfying

z(ρ,∞)(u(t)) ≤M, ∀t ∈ (0, T ).

Then for all r > 2ρ and t ∈ (0, T ), there holds

ra/(p−1)|u(r, t)|+
∣∣ra/(p−1)ur(r, t)

∣∣2/(p+1) ≤ C
(
t−1/(p−1) + (T − t)−1/(p−1) + r−2/(p−1)

)
where C = C(N, p, a,M).

The proofs of Theorem 4.1.3 and Theorem 4.1.4 rely on :
1. a change of variable, that allows to replace the coefficient |x|a with a smooth function which

is bounded and bounded away from 0 in a suitable spatial domain ;
2. a generalization of a doubling-rescaling argument from [25] (see Lemma 4.2.1 below).
3. The corresponding Liouville-type theorem for equation (1) with a = 0.

Remarks 4.1.2. (a) The estimates in Theorem 4.1.4 in case a = 0 give a similar form as in
[19, Corollary 3.2] and [20, Proposition 2.5 and 2.7] for radial solutions of supercritical nonlinear
heat equation. As an improvement, the constants C are here universal, but at expense of further
restriction on finite number of sign-changes of solutions. Our argument is based on rescaling and
doubling property while that one in [19, 20] is based on energy estimates.

(b) If we replace the interval (0, T ) by R in Theorem 4.1.3(ii) and in Theorem 4.1.4(ii), then
we have the spatial decay estimate

|u(x, t)| ≤ C|x|−(2+a)/(p−1), |∇u(x, t)| ≤ C|x|−(p+1+a)/(p−1), |x| > 0, t ∈ R.

This is an important feature that will be used in proof of Theorem 4.1.1 and Theorem 4.1.2.

4.1.3 A priori bound of global solutions and blow-up estimates

As applications of Liouville-type results, let us consider the corresponding initial-boundary
value problem : 

ut −∆u = |x|aup, x ∈ Ω, 0 < t < T,

u = 0, x ∈ ∂Ω, 0 < t < T,

u(x, 0) = u0(x), x ∈ Ω.

(4.9)

where Ω is a smooth bounded domain in RN and contains the origin and initial data u0 ∈ L∞(Ω).
The well-posedness and the global existence of solutions of problem (4.9) were proved in [32]. We
denote by u the maximal mild solution in L∞loc([0, T );L∞(Ω)) and by T = Tmax(u0) its existence
time. We are here interested in a priori bound of nonnegative solutions. Our result is as follows.

Theorem 4.1.5. Let 1 < p < min(pS , pS(a)). Assume u is any global solution of problem (4.9)
with initial data u0 ≥ 0. Then

sup
t≥0
‖u(t)‖∞ ≤ C(‖u0‖∞). (4.10)

Moreover, if Ω = BR and u0 is radial then (4.10) still holds whenever 1 < p < pS(a).
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Remarks 4.1.3. We recall that a priori bound of nonnegative solutions of elliptic problem
−∆u = |x|aup has been proved under the condition p < min(pS , pS(a)) (see [22, Theorem 1.3]).
Theorem 4.1.5 say that a priori bound (4.10) for parabolic counterpart also holds under this
condition. In special case a = 0, such a priori bound was proved by Giga [12] for nonnegative
solutions, and by Quittner [27] for sign-changing solutions.

We next give results of universal initial and final time blow-up rates. The similar result for case
a = 0 has been proved in [26]. The final time blow-up estimate of problem (4.9) was established
in [2, Theorem 1.2 and 1.3], under a stronger condition 1 < p < 1 + min{2/N, (2 + a)/N}.

Theorem 4.1.6. Let u be a positive solution of (4.9). Assume that either

p < min{pB, pS(a)}, or p < pS(a), Ω is a ball BR and u is radial. (4.11)

(i) If T <∞ then there holds

u(x, t) ≤ C
(

1 + t−1/(p−1) + (T − t)−1/(p−1)
)
, x ∈ Ω, 0 < t < T, (4.12)

where C = C(Ω, p, a).
(ii) If u is global then there holds

u(x, t) ≤ C
(

1 + t−1/(p−1)
)
, x ∈ Ω, t > 0, (4.13)

where C = C(Ω, p, a).

Theorem 4.1.6(ii) in particular implies universal bounds, away from t = 0, for all global
solutions of problem (4.9). In last result, we provide such bounds under different assumptions
on p, a and N . This result gives a less precise conclusion than that in Theorem 4.1.6(ii) but
it can be applied in a different range of parameters, due to a completely different method.
Whereas Theorem 4.1.6 relies on Liouville theorems and doubling arguments, the method of
proof of Theorem 4.1.7 is different, based on a combination of energy and rescaling arguments
(see [28, 31]).

Theorem 4.1.7. Let a > 0, N ≤ 4, and 1 < p < N+2+a
N−2+a (1 < p <∞ when N = 1). Then for all

τ > 0, there exists C = C(Ω, p, a, τ) such that any nonnegative global solution of problem (4.9)
satisfies

sup
t≥τ
‖u(t)‖∞ ≤ C(Ω, p, a, τ). (4.14)

In this paper, the proofs of Theorem 4.1.3-4.1.7 all make use of rescaling techniques, combined
with some additional arguments, such as, doubling properties, parabolic Liouville-type theorems
(for both case a = 0 and a 6= 0), or energy arguments. The classical rescaling argument was first
introduced by Gidas and Spruck ([11]) for elliptic problem, it was then significantly improved
in [12, 16, 25, 26] for elliptic and parabolic problems. In particular, the authors in [25, 26] have
developed the doubling property (which is an extension of an idea of [16]) that enables one to
obtain a variety of important results such as : singularity and decay estimates, a priori bound and
universal bounds of solutions, etc.... We essentially employ this powerful idea and introduce some
new rescalings to deal with some new difficulties arising due to the degeneracy and singularity of
the term |x|a. We intend to provide the details of various rescaling arguments in order to make
precise the differences among cases.

We close the introduction by mentioning other work related to problem (4.9). The Cauchy
problem corresponding to problem (4.9) (i.e. Ω = Rn) has been widely studied, and the existence
and nonexistence of global solution were established [23, 15, 9]. The asymptotics, stabilization
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and blow-up phenomenon of the Cauchy problem are considered in [32, 7, 17]. The blow-up
phenomenon for initial-boundary value problem (4.9) can be found in [14, 13], where the authors
constructed a special solution that blows up at the origin, and also gave some sufficient conditions
that ensure the origin is not a blow-up point.

The organization of this paper is as follows. Section 2 contains the proof of the singularity
and decay estimates (Theorem 4.1.3 and 4.1.4). Section 3 contains the proof of Liouville-type
theorems. In Section 4, we give the proofs of Theorems 4.1.5-4.1.7.

4.2 Singularity and decay estimates

In this Section, we give a relatively simple proof of Theorem 4.1.3. Theorem 4.1.4 can be
proved by the same argument. We need the following lemma.

Lemma 4.2.1. Let C = {x ∈ RN : 1 < |x| < 2}, α ∈ (0, 1] and c ∈ Cα(C) be a function
satisfying

‖c‖Cα(C) ≤ C1 and c(x) ≥ C2, x ∈ C, (4.15)

for some constants C1, C2 > 0. Let u be positive classical solution of

ut −∆u = c(x)up, (x, t) ∈ C × R. (4.16)

Assume that either

p < pB, or c, u are radial. (4.17)

Then there exists a constant C = C(α,C1, C2, p,N), such that, for all (x, t) ∈ C × (0, T ), there
holds

|u(x, t)|+ |∇u(x, t)|2/(p+1) ≤ C
(
1 + t−1/(p−1) + (T − t)−1/(p−1) + dist−2/(p−1)(x, ∂C)

)
. (4.18)

Proof. We follow the argument in [26], we denote the parabolic distance

dP ((x, t), (y, s)) := |x− y|+ |t− s|1/2. (4.19)

Let D = C × (0, T ) ∈ RN+1 then the estimate (4.18) can be written as

u(x, t) + |∇u(x, t)|2/(p+1) ≤ C
(
1 + d−2/(p−1)((x, t), ∂D)

)
, (x, t) ∈ D (4.20)

Arguing by contradiction, we suppose that there exist sequences ck, uk, Tk verifying (4.15),
(4.16) and points (yk, τk), such that the functions

Mk = |uk|(p−1)/2 + |∇uk|(p−1)/(p+1)

satisfy

Mk(yk, τk) > 2k
(
1 + d−1

P ((yk, τk), ∂Dk)
)
> 2k d−1

P ((yk, τk), ∂Dk

)
, Dk = C × (0, Tk).

By the doubling lemma in [25, Lemma 5.1] with X = RN+1, equipped with parabolic distance
dP , there exists (xk, tk) ∈ Dk such that

Mk(xk, tk) ≥Mk(yk, τk), Mk(xk, tk) > 2k d−1
P ((xk, tk), ∂Dk),

and

Mk(x, t) ≤2Mk(xk, tk), for all (x, t) such that dP ((x, t), (xk, tk)) ≤ kM−1
k (xk, tk). (4.21)

We note that (x, t) satisfying (4.21) is automatically contained in Dk.
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We have
λk := M−1

k (xk, tk)→ 0 as k →∞, (4.22)

due to Mk(xk, tk) ≥Mk(yk, τk) > 2k.
We now consider the nonradial and radial cases separately.
A. The nonradial case. Let

vk(y, s) = λ
2/(p−1)
k uk(xk + λky, tk + λ2

ks), c̃k(y) = ck(xk + λky), (y, s) ∈ D̃k,

where
D̃k = {|y| < k/2} × {|s| < k2/4}.

We note that |vk|(p−1)/2(0, 0) + |∇vk|(p−1)/(p+1)(0, 0) = 1,[
|vk|(p−1)/2 + |∇vk|(p−1)/(p+1)

]
(y, s) ≤ 2, (y, s) ∈ D̃k, (4.23)

due to (4.21), and we see that vk satisfies

∂svk −∆vk = c̃k(y)vpk, (y, s) ∈ D̃k. (4.24)

On the other hand, due to (4.15), we have C2 ≤ c̃k ≤ C1 and, for each R > 0 and k ≥ k0(R)
large enough,

|c̃k(y)− c̃k(z)| ≤ C1|λk(y − z)|α ≤ C1|y − z|α, |y|, |z| ≤ R. (4.25)

Therefore, by Ascoli’s theorem, there exists c̃ in C(RN ), with c̃ ≥ C2 such that, after extracting
a subsequence, c̃k → c̃ in Cloc(RN ). Moreover, (4.25) and (4.22) imply that |c̃k(y) − c̃k(z)| → 0
as k →∞, so that the function c̃ is actually a constant C > 0.

Now, for each R > 0 and 1 < q < ∞, by (4.24), (4.23) and interior parabolic Lq estimates,
the sequence vk is uniformly bounded in W 2,1

q (BR × (−R,R)). Using standard embeddings and
interior parabolic Lq estimates, after extracting a subsequence, we may assume that vk → v in
C2,1
loc (RN × R). It follows that v ≥ 0 is a classical solution of

vs −∆v = Cvp, (y, s) ∈ RN × R,

and |v|(p−1)/2(0, 0) + |∇v|(p−1)/(p+1)(0, 0) = 1. Since p < pB, this contradicts Theorem A(ii).

B. The radial case. Since uk, c are radial, we write uk = uk(r, t), ck = ck(r) andMk = M(r, t),
where r = |x|. Then uk solves the equation

ut − urr −
N − 1

r
ur = ck(r)u

p.

Assume that |xk| = rk, it follows from (4.21) that

Mk(r, t) ≤ 2Mk(rk, tk), for all (r, t) such that |r − rk|+ |t− tk|1/2 ≤ kλk := kM−1
k (rk, tk).

We rescale by

vk(ρ, s) := λ
2/(p−1)
k uk(rk + λkρ, tk + λ2

ks), (ρ, s) ∈ D̃k,

where
D̃k =

(
−min(rk/λk, k/2), k/2

)
× (−k2/4, k2/4).

Then vk solves the equation

vs − vρρ −
N − 1

ρ+ rk/λk
vρ = c̃kv

p, c̃k(ρ) = ck(rk + λkρ), (ρ, s) ∈ D̃k,
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and we note that |vk|(p−1)/2(0, 0) + |∇vk|(p−1)/(p+1)(0, 0) = 1,[
|vk|(p−1)/2 + |∇vk|(p−1)/(p+1)

]
(ρ, s) ≤ 2, (ρ, s) ∈ D̃k.

Similar to the nonradial case, after extracting a subsequence, we may assume that c̃k(ρ) → C
in Cloc(R). Since rk ∈ (1, 2) then rk/λk → ∞. Passing to the limit, we obtain a nonnegative
bounded solution v of the equation

vs − vρρ = Cvp in R× R

and
|v|(p−1)/2(0, 0) + |∇v|(p−1)/(p+1)(0, 0) = 1.

This contradicts Theorem A(ii) for N = 1 and concludes the proof.

Proof of Theorem 4.1.3. Assume either Ω = {x ∈ RN ; 0 < |x| < ρ} and 0 < |x0| < ρ/2, or
Ω = {x ∈ RN ; |x| > ρ} and |x0| > 2ρ. Let R = 2

3 |x0| and we denote

U(y, s) = R
2+a
p−1u(Ry,R2s).

Then U is a solution of

Us −∆U = c(y)Up, (y, s) ∈ C × (0, R−2T ), with c(y) = |y|a, C = {y ∈ RN : 1 < |y| < 2}.

Notice that |y| ∈ [1, 2] for all y ∈ C. Moreover ‖c‖C1(C) ≤ C(a). Then applying Lemma 4.2.1, we
have

U(R−1x0, R
−2t) + |∇U(R−1x0, R

−2t)|2/(p+1) ≤ C
(
1 + (R−2t)−1/(p−1) + (R−2T −R−2t)−1/(p−1)

)
,

hence

Ra/(p−1)u(x0, t) +
∣∣Ra/(p−1)∇u(x0, t)

∣∣2/(p+1) ≤ C
(
t−1/(p−1) + (T − t)−1/(p−1) +R−2/(p−1)

)
,

which yields the desired conclusion.

Proof of Theorem 4.1.4. By the similar argument, we have the same estimate (4.18) for radial
solution with finite number of sign-changes. The only thing taken into consideration is that, in
the last step of proof of Lemma 4.2.1, we have a contradiction with Liouville-type theorem for
nodal solution (see [3, Theorem 1.4]). The rest of proof is similar.

4.3 Liouville-type theorem

In this section, we will only prove Theorem 4.1.1. And by this method, one can prove Theo-
rem 4.1.2 similarly. The proof is based on properties of energy functional. We note that the
solutions in the case of the whole space RN need not a priori belong to the energy space. Howe-
ver, as shown in the following lemma, this will turn out to be true thanks to the spatial decay
estimates in (4.28). Moreover the case a < 0 is more delicate and requires additional arguments.

For u solution of equation (4.1) in RN × R, we denote (formally) the energy functional

E(t) :=
1

2

∫
RN
|∇u(t)|2dx− 1

p+ 1

∫
RN
|x|aup+1(t)dx. (4.26)

Lemma 4.3.1. Assume p < pS(a) and (4.6). For any solution u of equation (4.1) in RN × R,
the energy functional (4.26) is well defined for any t ∈ R. Moreover, for any t1 < t2, we have∫ t2

t1

∫
RN

u2
t (t)dxdt ≤ −E(t2) + E(t1). (4.27)
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Proof. By Theorem 4.1.3 (see Remark 4.1.2(b)), u has spatial decay estimates

u(x, t) ≤ C|x|−
2+a
p−1 , |∇u(x, t)| ≤ C|x|−1− 2+a

p−1 , |x| > 1. (4.28)

We first show that

|ut(x, t)| ≤ C|x|−2− 2+a
p−1 , |x| > 2. (4.29)

Indeed, for any R > 2, let U(y, s) = R(2+a)/(p−1)u(Ry,R2s) then U(y, s) ≤ C in (B4 \B1/2)×R,
where C = C(N, p, a), and

Us −∆U = |y|aUp, (y, s) ∈ (B4 \B1/2)× R

It follows from bootstrap argument for parabolic regularity that |Us(y, s)| ≤ C for all (y, s) ∈
(B2 \B1)× R, where C does not depend on R. Hence,

|ut(x, t)| ≤ CR−2−(2+a)/(p−1) ≤ C|x|−2−(2+a)/(p−1), (x, t) ∈ (B2R \BR)× R,

and (4.29) follows.
Combining these decay estimates with p < pS(a), we have for any t ∈ R,

|∇u(t)|2 ∈ L1(RN \B1), u2
t (t) ∈ L1(RN \B1), |x|aup+1(t) ∈ L1(RN ).

Hence, if a ≥ 0, since there is no singularity at x = 0, the energy functional (4.26) is well defined
and (4.27) holds since

dE(t)

dt
= −‖ut(t)‖22.

We now consider case a < 0. Since the term f = |x|aup ∈ L∞loc(R;Lq̃(B2)) for any 1 < q̃ <
N/|a|, using the cut-off function and variation-of-constants formula (obtained by Lemma 4.5.2
in Appendix), we have

u ∈ L∞loc(R;W 2−δ,q̃(B1)), 1 < q̃ < N/|a|.

Choose δ > 0 small enough such that W 2−δ,q̃(B1) is continuously embedded into W 1,2(B1).
Hence, |∇u(t)|2 ∈ L1(RN ) and the energy functional (4.26) is well defined. To prove (4.27), we
may assume that t1 = 0, t2 > 0, we consider the following problem{

∂tvε −∆vε = (|x|+ ε)avpε , (x, t) ∈ RN × [0, t2],

v(x, 0) = u(x, 0).

Note that a < 0, by comparison property we have vε is increasing and 0 < vε ≤ u. This implies
in particular that vε satisfies the first part of spatial estimate (4.28). Let us show spatial decay of
∇vε. For any R > 2, let V (y, s) = R(2+a)/(p−1)vε(Ry,R

2s), then V (y, s) ≤ C in (B4 \B1/2)×R,
where C = C(N, p, a), and

Vs −∆V = (|y|+ ε/R)aV p, (y, s) ∈ (B4 \B1/2)× R

For any ε ≤ 1/2, we have 1/4 < |y| + (ε/R) < 5 for all 1/2 < |y| < 4. The parabo-
lic estimates imply |∇V (y, s)| ≤ C for all (y, s) ∈ (B2 \ B1) × R, where C does not de-
pend on R. Hence, |∇vε(x, t)| ≤ CR−1−(2+a)/(p−1) for all (x, t) ∈ (B2R \ BR) × R. Therefore,
|∇vε(x, t)| ≤ C|x|−1−(2+a)/(p−1) for any ε < 1/2 and |x| > 2.

Let v = lim vε and et∆ denote the heat semigroup in RN , we show that v = u. Indeed, by
the variation-of-constants formula, we deduce that

u(t)− v(t) =

∫ t

0
e(t−s)∆(|.|a(up − vp))ds =

∫ t

0
e(t−s)∆(|.|aH(u, v)(u− v))ds,
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where 0 ≤ H(u, v) ≤ pup−1. Let w = u− v then w(0) = 0 and

‖w(t)‖∞ ≤
∫ t

0
(t− s)−N/(2q)‖w(s)‖∞‖|x|aH(u, v)‖qds.

We choose q = 1 when N = 1, and q = N/(|a|+γ) when N ≥ 2, where γ > 0 satisfies |a|+γ < 2.
Then N/(2q) < 1 and

‖|x|aH(u, v)‖q ≤ ‖p|x|aup−1‖q ≤ C.

Hence,

‖w(t)‖∞ ≤ C
∫ t

0
(t− s)−N/(2q)‖w(s)‖∞ds.

Consequently, w ≡ 0, or u ≡ v.
Let us denote by Eε(t) the energy functional with respect to vε, which is well-defined due to

the spatial decay of vε and ∇vε. Then we have∫ t2

0

∫
RN
|∂tvε|2(t)dxdt = −Eε(t2) + E(0). (4.30)

Hence ∫ t2

0

∫
RN
|∂tv|2(t)dxdt ≤ lim inf

ε→0

∫ t2

0

∫
RN
|∂tvε|2(t)dxdt

≤ lim inf
ε→0

(
− 1

2

∫
RN
|∇vε(t2)|2dx+

1

p+ 1

∫
RN
|x|avp+1

ε (t2)dx

)
+ E(0)

By monotone convergence, we have∫
RN
|x|avp+1

ε (t2)dx→
∫
RN
|x|aup+1(t2)dx.

On the other hand,

lim inf
ε→0

(
− 1

2

∫
RN
|∇vε(t2)|2dx

)
≤ − lim inf

ε→0

1

2

∫
RN
|∇vε(t2)|2dx ≤ −1

2

∫
RN
|∇v(t2)|2dx

Therefore, (4.27) follows. Lemma is proved.

Remarks 4.3.1. If we assume in addition that a > −N/2 then by parabolic regularity, one can
see that ut ∈ L2

loc(RN ) for any t ∈ R. This combined with spatial decay estimates implies

dE(t)

dt
= −‖ut(t)‖2L2(RN ),

and Lemma 4.3.1 is then straightforward.

Proof of Theorem 4.1.1. We shall prove (i) and (ii) at the same time. Assume that u is a
bounded nontrivial nonnegative solution of (4.1). Then u satisfies spatial decay estimates (4.28).
Combining with the boundedness of u and p < pS(a) we have

|E(u(t))| ≤ C, ∀t ∈ R.

It follows from Lemma 4.3.1 that ∫
R

∫
RN

u2
t (x, t)dxdt <∞.
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Consequently, there exists tk →∞ such that

ut(tk)→ 0 in L2(RN ). (4.31)

We now show that

‖u(tk)‖L∞(RN ) → 0. (4.32)

Indeed, if not then there exists xk such that u(xk, tk) ≥ C > 0. It follows from spatial decay
estimates of u that xk is bounded. We may assume that xk → x∞. Let vk(x) := u(x, tk), then
there exists a subsequence which converges in Cloc(RN ) to a function v satisfying

−∆v = |x|avp,

and v(x∞) ≥ C. We note also that if u is radial then so is v. This contradicts Liouville-type
theorem for Hardy-Hénon equations (see [6, 22]). Hence (4.32) is true.

Let αk =
∫
RN |x|

aup+1(tk)dx, for any R > 0 we have

αk =

∫
|x|<R

|x|aup+1(tk)dx+

∫
|x|>R

|x|aup+1(tk)dx

≤ CRN+a‖u(tk)‖p+1
L∞(RN )

+ CR−[(2+a)(p+1)/(p−1)−N−a].

Hence, lim supk→∞ αk ≤ CR−[(2+a)(p+1)/(p−1)−N−a]. Letting R→∞, we obtain

lim
k→∞

αk = lim
k→∞

∫
RN
|x|aup+1(tk)dx = 0. (4.33)

We next show that ‖∇u(tk)‖L2(RN ) → 0. Let ϕ be a smooth function in RN , 0 ≤ ϕ ≤ 1, ϕ(x) = 0

in B1, ϕ(x) = 0 if |x| ≥ 2 and |∇ϕ| ≤ Cϕ1/2. For any R > 0, let ϕR(x) = ϕ(x/R), then we have∫
RN
|∇u(tk)|2ϕRdx = −

∫
RN

u(tk)∇u(tk).∇ϕRdx+

∫
RN

(
|x|aup+1(tk)− ut(tk)u(tk)

)
ϕRdx

≤ 1

2

∫
RN
|∇u(tk)|2ϕRdx+

1

2

∫
RN

u2(tk)|∇ϕR|2ϕ
−1/2
R dx

+

∫
RN

(
|x|aup+1(tk)− ut(tk)u(tk)

)
ϕRdx.

Using (4.31)-(4.33) and the compact support of ϕR, we deduce that

lim
k→∞

∫
BR

|∇u(tk)|2dx = 0,

for any R > 0. On the other hand, if follows from spatial decay estimate of ∇u that∫
RN
|∇u(tk)|2dx ≤

∫
BR

|∇u(tk)|2dx+

∫
|x|>R

|∇u(tk)|2dx

≤
∫
BR

|∇u(tk)|2dx+ CR
N−2− 4+2a

p−1 . (4.34)

By letting k →∞ and then R→∞ in (4.34), we obtain

lim
k→∞

∫
RN
|∇u(tk)|2dx = 0. (4.35)

Combining this with (4.33) we obtain E(tk)→ 0 as k →∞.
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Similarly, there exist sk → −∞ such that ut(sk)→ 0 in L2(RN ) and we deduce that E(sk)→
0 as k →∞. It follows from Lemma 4.3.1 that∫ tk

sk

∫
RN

u2
t (t)dxdt ≤ E(sk)− E(tk).

Let k → ∞ we obtain ut ≡ 0. This contradicts Liouville-type theorem for Hardy-Hénon elliptic
equations (see [6, 22]).

The proof of Theorem 4.1.2 follows the same steps as in that of Theorem 4.1.1. The only
one thing taken into consideration is the Liouville-type elliptic theorem of (4.5) for nodal radial
solutions with finite zero number. This is guaranteed by the following lemma.

Lemma 4.3.2. Assume that p < pS(a) and u is nodal radial solution of (4.5) with s finite zero
number, then u ≡ 0.

Proof. By Theorem 4.1.4, we deduce that u has decay estimates

|u(r)| ≤ Cr−(2+a)/(p−1), |ur(r)| ≤ Cr−(p+1+a)/p−1).

Combining these with Rellich-Pohozaev identity and the argument in [22, Theorem 1.1], we
deduce that u ≡ 0. Lemma is proved.

4.4 Problems with boundary condition

In this section, we will prove Theorems 4.1.5-4.1.7. Let u be a nonnegative solution of problem
(4.9), and as in the previous section, we denote

E(u(t)) = E(t) :=
1

2

∫
Ω
|∇u(t)|2dx− 1

p+ 1

∫
Ω
|x|aup+1(t)dx. (4.36)

Then E(u(t)) is well defined and similar to Lemma 4.3.1, for t1 < t2, we have∫ t2

t1

∫
Ω
u2
t (t)dxdt ≤ −E(t2) + E(t1). (4.37)

We need the following lemma.

Lemma 4.4.1. Consider problem (4.9) with nonnegative initial data u0 ∈ L∞ ∩ H1
0 (Ω). If

E(u0) < 0 then Tmax(u0) <∞.

Proof. We follow the concavity method in [18] (see also [29, Theorem 17.6]). Assume that
Tmax(u0) =∞. Let M(t) = 1

2

∫ t
0 ‖u(s)‖22ds then

M ′′(t) =

∫
Ω
uut(t)dx = −

∫
Ω
|∇u(t)|2dx+

∫
Ω
|x|aup+1(t)dx

= −(p+ 1)E(u(t)) +
p− 1

2

∫
Ω
|∇u(t)|2dx

≥ −(p+ 1)E(u0) > 0.

Consequently, M ′(t)→∞ and M(t)→∞ as t→∞. Moreover,

M ′′(t) ≥ −(p+ 1)E(u(t)) ≥ −(p+ 1)E(u(t)) + (p+ 1)E(u0) ≥ (p+ 1)

∫ t

0
‖ut(s)‖22ds,
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hence

M(t)M ′′(t) ≥ p+ 1

2

(∫ t

0
‖ut(s)‖22ds

)(∫ t

0
‖u(s)‖22ds

)
≥ p+ 1

2

(∫ t

0

∫
Ω
u(x, s)ut(x, s)dxds

)2

=
p+ 1

2

(
M ′(t)−M ′(0)

)2
.

Since M ′(t)→∞ as t→∞, there exist α, t0 > 0 such that

M(t)M ′′(t) ≥ (1 + α)(M ′(t))2, t ≥ t0.

This guarantees that the nonincreasing function t 7→M−α(t) is concave on [t0,∞) which contra-
dicts the fact that M−α(t)→ 0 as t→∞.

Proof of Theorem 4.1.5. Assume that the bound (4.10) does not hold for global nonnegative
solutions. Then there exist tk > 0 and u0,k ≥ 0 such that ‖u0,k‖∞ ≤ C0 and the solutions uk
with initial data u0,k satisfying

Mk := uk(xk, tk) = sup{uk(x, t) : x ∈ Ω, t ∈ [0, tk]} → ∞ as k →∞. (4.38)

By the point fixed argument, there exists δ > 0 such that

uk(x, t) ≤ 2C0, ∀(x, t) ∈ Ω× [0, δ].

Hence tk ≥ δ for k large enough. We will show by variation-of-constants formula that

sup
k
‖uk(δ/2)‖H1(Ω) ≤ C. (4.39)

Indeed, (4.39) is straightforward if a ≥ 0. If a < 0 then

‖∇uk(δ/2‖2 ≤ C‖u0,k‖2 + C

∫ δ/2

0
s
− 1

2
−N

2
( 1
q
− 1

2
)‖|x|a‖q ds.

We now choose q = 1 when N = 1, and q = N
γ+|a| when N ≥ 2, where γ > 0 is small such that

γ + |a| < 2. Then |x|a ∈ Lq(Ω) and 1
2 + N

2 (1
q −

1
2) < 1. Hence (4.39).

Combining (4.39) with Lemma 4.4.1, we obtain

0 ≤ E(uk(δ/2) ≤ C. (4.40)

We may assume that xk → x0 ∈ Ω̄. We denote dk = dist(xk, ∂Ω).
A. Nonradial case.
Case A1 : x0 ∈ Ω \ {0}. Let

vk(y, s) = λ
2/(p−1)
k uk(xk + λky, tk + λ2

ks), (y, s) ∈ Qk, (4.41)

where λk = M
−(p−1)/2
k and Qk = {(y, s) : (xk + λky, tk + λ2

ks) ∈ Ω × (0, tk)}. It follows that
0 ≤ vk ≤ 1 = vk(0, 0) and vk solves the problem

∂svk −∆vk = |xk + λky|avpk, (y, s) ∈ Q̃k := {(y, s) : |y| < dk
λk
,− tk

2λ2
k

< s < 0}.

Using parabolic Lp-estimates together with standard embedding theorems, we may assume
vk → v in C0,0

loc (RN × (−∞, 0)), and

vs −∆v = |x0|avp, in RN × (−∞, 0).
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with 0 ≤ v ≤ v(0, 0) = 1. Using (4.40), we have∫
Q̃k

|∂svk|2dyds = λ
4
p−1
−N+2

k

∫ tk

tk/2

∫
|x−xk|<dk

|∂tuk|2dxdt ≤ λ
4
p−1
−N+2

k

∫ ∞
δ/2

∫
Ω
|∂tuk|2dxdt

≤ λ
4
p−1
−N+2

k

[
E(uk(δ/2))− lim

t→∞
E(uk(t))

]
→ 0 as k →∞.

Since ∂svk → vs in D′(RN × (−∞, 0) then vs ≡ 0. This contradicts the Liouville-type theorem
for Lane-Emden equation (see [10]).

Case A2 : x0 ∈ ∂Ω. We rescaling u as in (4.41).
If dk/λk → ∞ then we have the same contradiction as in the first case. If dk/λk → c > 0

then similarly, we have a function v solving the problem{
vs −∆v = lvp in HN

c × (−∞, 0),

v = 0 on ∂HN
c × (−∞, 0),

and satisfying 0 ≤ v ≤ v(0, 0) = 1, where HN
c := {y ∈ Rn : y1 > −c}. As in case A1, we have

vs = 0, hence contradiction.
Case A3 : x0 = 0. We have the following two possibilities :
(i) If Mk|xk|(2+a)/(p−1) ≤ C, then let λk = M

−(p−1)/(2+a)
k we have λ−1

k xk is bounded. We
may assume that λ−1

k xk → P . Let

wk(y, s) = λ
(2+a)/(p−1)
k uk(xk + λky, tk + λ2

ks),

Then wk solves

∂swk −∆wk = |λ−1
k xk + y|awpk, (y, s) ∈ Q̃k := {(y, s) : |y| < dk

λk
,− tk

2λ2
k

< s < 0}.

A similar limiting procedure as in Case A1 then produces a solution w of

ws −∆w = |y + P |awp, (y, s) ∈ RN × (−∞, 0).

with 0 ≤ w ≤ w(0, 0) = 1. Using (4.40) and p < pS(a), we have∫
Q̃k

|∂swk|2dyds = λ
(4+2a)/(p−1)−N+2
k

∫ tk

tk/2

∫
|x−xk|<dk

|∂tuk|2dxdt

≤ λ(4+2a)/(p−1)−N+2
k

∫ ∞
δ/2

∫
Ω
|∂tuk|2dxdt

≤ λ(4+2a)/(p−1)−N+2
k

[
E(uk(δ/2))− lim

t→∞
E(uk(t))

]
→ 0 as k →∞.

Since ∂swk → ws in D′(RN × (−∞, 0) then ws ≡ 0. Hence −∆w = |y + P |awp in RN
with w(0, 0) = 1. After a spatial shift, we have a contradiction with Liouville-type theorem for
Hardy-Hénon elliptic equation (see [22, 6]).

(ii) If there exists a subsequence of k, still denoted by k, such that Mk|xk|(2+a)/(p−1) → ∞,
then we can choose mk > 1 such that

Mk|xk|(2mk+a)/(p−1) = 1.

Let

wk(y, s) = λ
2mk+a

mk(p−1)

k uk(xk + λky, tk + λ2
ks), (y, s) ∈ Qk,
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where λk = M
−mk(p−1)/(2mk+a)
k , then wk solves the problem

∂swk −∆wk = |λ−1/mk
k xk + λ

1−1/mk
k y|awpk, (y, s) ∈ Q̃k = {(y, s) : |y| < dk

λk
,− tk

2λ2
k

< s < 0}.

Since λ−1/mk
k |xk| = 1 and 0 < λ

1−1/mk
k < 1 , we may assume that λ−1/mk

k xk → P with |P | = 1

and λ1−1/mk
k → l ∈ [0, 1]. A similar limiting procedure as in Case A1 then produces a solution w

of

ws −∆w = |P + ly|awp, (y, s) ∈ RN × (−∞, 0).

We will show that ws ≡ 0, indeed,∫
Q̃k

|∂swk|2dyds = λ
(4mk+2a)/mk(p−1)−N+2
k

∫ tk

tk/2

∫
|x−xk|<dk

|∂tuk|2dxdt

≤ λ(4mk+2a)/mk(p−1)−N+2
k

∫ ∞
δ/2

∫
Ω
|∂tuk|2dxdt

≤ λ(4mk+2a)/mk(p−1)−N+2
k

[
E(uk(δ/2))− lim

t→∞
E(uk(t))

]
→ 0.

since

4mk + 2a

mk(p− 1)
−N + 2 ≥ min{4/(p− 1)−N + 2, (4 + 2a)/(p− 1)−N + 2} > 0.

Therefore ws ≡ 0, and we have the contradiction.

B. Radial case. Assume Ω = BR, we will write uk = uk(r, t), r = |x| ∈ (0, R), Mk =
Mk(rk, tk). Then uk solves the equation

ut − urr −
N − 1

r
ur = raup.

We have 3 subcases :
Case B1 : rk → r0 ∈ (0, R). Let λk = M

−(p−1)/2
k , we rescale by

vk(ρ, s) := λ
2/(p−1)
k uk(rk + λkρ, tk + λ2

ks), (ρ, s) ∈
(
0,

R− rk
λk

)
× (−tk/λ2

k, 0)

Then vk solves the equation

vs − vρρ −
N − 1

ρ+ rk/λk
vρ = |rk + λkρ|avp,

we note that vk(0, 0) = 1, after extracting a subsequence, we can assume that vk → v that
satisfies

vs − vρρ = ra0v
p in R× (−∞, 0)

and
v(0, 0) = 1.

By the argument similar to the case A1, we have vs = 0 and a contradiction with Liouville-type
theorem for Lane-Emden equation with N = 1.

Case B2 : rk → R. We have the following two possibilities :
(i) If R−rkλk

→∞. The same rescaling as in case B1 leads to a contradiction as in case B1.
(ii) If R−rkλk

→ c. The same rescaling as in case B1 leads to a contradiction with the Liouville-
type theorem in half space for Lane-Emden equation with N = 1.
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Case B3 : rk → 0. It follows from the singularity estimate in Theorem 4.1.3(i) and tk ≥ δ
that

Mkr
(2+a)/(p−1)
k ≤ C.

Let λk = M
−(p−1)/(2+a)
k then λ−1

k rk is bounded. We may assume that λ−1
k rk → P . Let

wk(ρ, s) = λ
(2+a)/(p−1)
k uk(λkρ, tk + λ2

ks), 0 < ρ < R/λk, −tk/λ2
k < s < 0.

Then wk solves

∂sw − wρρ −
N − 1

ρ
wρ = |ρ|awp.

After extracting a subsequence, we can assume that wk → w in C0,0
loc (R× (−∞, 0)) and

∂sw − wρρ −
N − 1

ρ
wρ = |ρ|awp.

By similar argument as in case A3, we have ws = 0. We therefore have a contradiction with
Liouville-type theorem for radial solutions of Hardy-Hénon elliptic equation. Theorem is proved.

We now turn to prove Theorem 4.1.6.
Proof of Theorem 4.1.6. It suffices to prove assertion (i).
Suppose that estimate (4.12) is false. Then there exist sequences Tk ∈ (0,∞), uk, yk ∈ Ω,

sk ∈ (0, Tk), such that uk solves problem (4.9) (with T replaced by Tk) and the functions

Mk := u
(p−1)/2
k

satisfy

Mk(yk, sk) > 2k(1 + d−1
k (sk)),

where dk := (min(t, Tk− t))1/2. We apply Doubling Lemma in [25, Lemma 5.1], with X = RN+1,
equipped with parabolic distance (4.19), Σ = Σk = Ω̄ × [0, Tk], D = Dk = Ω̄ × (0, Tk), and
Γ = Γk = Ω̄× {0, Tk}. Notice that

dk(t) = dP ((x, t),Γk), (x, t) ∈ Σk.

Then there exist xk ∈ Ω, tk ∈ (0, Tk) such that

Mk(xk, tk) > 2kd−1
k (tk),

Mk(xk, tk) ≥Mk(yk, sk) > 2k,

and

Mk(x, t) ≤ 2Mk(xk, tk), (x, t) ∈ Dk ∩ B̃k, (4.42)

where

B̃k = {(x, t) ∈ RN+1 : |x− xk|+ |t− tk|1/2 ≤ kM−1
k }.

We may assume that xk → x0 ∈ Ω̄. Let dk = dist(xk, ∂Ω).
A. The nonradial case. We have 3 subcases.
Case A1 : x0 ∈ Ω \ {0}. Let

vk(y, s) = λ
2/(p−1)
k uk(xk + λky, tk + λ2

ks), (y, s) ∈ D̃k,
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where λk = M−1
k (xk, tk) and D̃k =

(
λ−1
k (Ω− xk) ∩ {|y| < k

2}
)
×
(
−k2

4 ,
k2

4

)
.

We have vk(0, 0) = 1, and it follows from (4.42) that vk ≤ 22/(p−1), and vk solves the problem

∂svk −∆vk = |xk + λky|avpk, (y, s) ∈ D̃k.

Using parabolic Lp-estimates together with standard embedding theorems, we may assume
vk → v in C0,0

loc (RN × R), and

vs −∆v = |x0|avp, in RN × R.

with v(0, 0) = 1. This contradicts Theorem A(ii).
Case A2 : x0 ∈ ∂Ω. We rescale u as in case A1. Let

vk(y, s) = λ
2/(p−1)
k uk(xk + λky, tk + λ2

ks), λk = M−1
k (xk, tk).

If dk/λk → ∞ then we have the same contradiction as in case A1. If dk/λk → c > 0 then
similarly, we have a function v solving the problem{

vs −∆v = lvp in HN
c × R,

v = 0 on ∂HN
c × R,

and satisfying v(0, 0) = 1, where HN
c := {y ∈ Rn : y1 > −c}. This contradicts [26, Theorem

2.19(ii)].
Case A3 : x0 = 0. We have two possibilities :
(i) If M2/(2+a)

k (xk, tk)|xk| ≤ C, then letting λk = M
−2/(2+a)
k (xk, tk), we have λ−1

k xk is boun-
ded. We may assume that λ−1

k xk → P . Let

wk(y, s) = λ
(2+a)/(p−1)
k uk(xk + λky, tk + λ2

ks),

Then wk solves

∂swk −∆wk = |λ−1
k xk + y|awpk, (y, s) ∈ D̃k.

A similar limiting procedure as in Case A1 then produces a solution w of

ws −∆w = |y + P |awp, (y, s) ∈ RN × R.

After a spatial shift, we have a contradiction with Theorem 4.1.1(i).
(ii) If there exists a subsequence of k, still denoted by k, such thatM2/(2+a)

k (xk, tk)|xk| → ∞.
We can choose mk > 1 such that

M
2/(2mk+a)
k (xk, tk)|xk| = 1.

Let

wk(y, s) = λ
2mk+a

mk(p−1)

k uk(xk + λky, tk + λ2
ks), (y, s) ∈ D̃k,

where λk = M
−2mk/(2mk+a)
k (xk, tk), then wk solves the problem

∂swk −∆wk = |λ−1/mk
k xk + λ

1−1/mk
k |awpk, (y, s) ∈ D̃k.

Since λ−1/mk
k |xk| = 1 and 0 < λ

1−1/mk
k < 1 then we may assume that λ−1/mk

k xk → P with
|P | = 1 and λ

1−1/mk
k → l ∈ [0, 1]. A similar limiting procedure as in case A1 then produces a

solution w of

ws −∆w = |P + ly|awp, (y, s) ∈ RN × R.
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We have a contradiction with Theorem 4.1.1(i) if l 6= 0, or with Theorem A(ii) if l = 0.
B. The radial case. Assume Ω = BR, we will write uk = uk(r, t), r ∈ (0, R), Mk = Mk(r, t),

where r = |x|. Then uk solves the equation

ut − urr −
N − 1

r
ur = raup.

Denote rk = |xk|, we have 3 cases :
Case B1 : rk → r0 ∈ (0, R). Let λk = M−1

k (rk, tk), we rescale by

vk(ρ, s) := λ
2/(p−1)
k uk(rk + λkρ, tk + λ2

ks), ρ < min{k
2
,
r0

λk
,
R− r0

λk
}, |s| < k2

4
.

Then vk solves the equation

vs − vρρ −
N − 1

ρ+ rk/λk
vρ = |rk + λkρ|avp,

we note that vk(0, 0) = 1, after extracting a subsequence, we can assume that vk → v that
satisfies

vs − vρρ = ra0v
p in R× R

and
v(0, 0) = 1.

This contradicts Theorem A(ii) for N = 1.
Case B2 : rk → R. We have the following two possibilities :
(i) R−rk

λk
→∞. The same rescaling as in case B1 lead to a contradiction with Theorem A(ii)

for N = 1.
(ii) R−rk

λk
→ c The same rescaling as in case B1 lead to a contradiction with the Liouville-type

theorem in half space with N = 1 (see [26, Theorem 2.19]).
Case B3 : rk → 0. We have the following two possibilities :
(i) M2/(2+a)

k (rk, tk)rk ≤ C. Let λk = M
−2/(2+a)
k (rk, tk) then λ−1

k rk is bounded. We may
assume that λ−1

k rk → P . Let

wk(ρ, s) = λ
(2+a)/(p−1)
k uk(rk + λkρ, tk + λ2

ks), ρ < min{k
2
,
R

2λk
}, |s| < k2

4
.

Then wk solves

∂sw − wρρ −
N − 1

ρ
wρ = |ρ|awp.

After extracting a subsequence, we can assume that wk → w in C0,0
loc (R× R) and

∂sw − wρρ −
N − 1

ρ
wρ = |ρ|awp.

So we have a contradiction with Theorem 4.1.1(ii)
(ii) There exists a subsequence of k, still denoted by k such that M2/(2+a)

k (rk, tk)rk → ∞.
We can choose mk > 1 such that

M
2/(2mk+a)
k (rk, tk)rk = 1.

Let λk = M
−2mk/(2mk+a)
k (rk, tk) then λ−1/mk

k rk = 1 and 0 < λ
1−1/mk
k < 1, we may assume that

λ
1−1/mk
k → l ∈ [0, 1].
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If l = 0 then we rescale

wk(ρ, s) = λ
2mk+a

mk(p−1)

k uk(rk + λkρ, tk + λ2
ks), ρ < min{k

2
,
R

2λk
}, |s| < k2

4
.

It follows that wk solves the problem

∂sw − wρρ −
N − 1

ρ+ λ−1
k rk

wρ = |λ−1/mk
k rk + λ

1−1/mk
k ρ|awpk.

A similar limiting procedure as in Case A1 then produces a solution w of

ws − wρρ = wp, (ρ, s) ∈ R× R,

with w(0, 0) = 1, and we have a contradiction with Theorem A(ii) for N = 1.
If l 6= 0 then we rescale

wk(ρ, s) = λ
2mk+a

mk(p−1)

k uk(λkρ, tk + λ2
ks), ρ < min{k

2
,
R

λk
}, |s| < k2

4
,

It follows that wk solves the problem

∂sw − wρρ −
N − 1

ρ
wρ = |λ1−1/mk

k ρ|awp.

Passing to the limit, we obtain w solutions to

ws − wρρ −
N − 1

ρ
wρ = la|ρ|awp, (ρ, s) ∈ R× R.

with w(0, 0) = 1. This contradicts Theorem 4.1.1(i).

We now give proof of Theorem 4.1.7. We first need the following lemma, which is proved by
the same argument as in [31, Lemma 4.1].

Lemma 4.4.2. Let a > 0, p > 1 + a
N and ε ∈ (0, (p + 1)/2). Then there exists aε ∈ (0, a) such

that, for any nonnegative solution u of (4.9) and t ∈ (0, T/2), it holds∫ t

0

∫
Ω
|x|aεu

p+1
2
−εdxdt ≤ C(p, a,Ω, ε)(1 + t)

(
1 + T−1/(p−1)

)
.

Proof. The proof is nearly the same as in [31, Lemma 4.1]. Only one thing we take into conside-
ration is the condition p > 1 + a

N , which implies the Hölder ’s inequality∫
Ω
|x|aup(t)ϕ1dx ≥ C

(∫
Ω
u(t)ϕ1dx

)p
.

Proof of Theorem 4.1.7. If p < pB then the estimate (4.14) is a consequence of Theo-
rem 4.1.6(ii). We may assume that pB ≤ p < N+2+a

N−2+a (this in particular implies a < N+2
4N−1 and

N ≥ 2). We shall follow the steps similar to those in [31]. In order not to repeat the same things,
we only precise the modifications and the differences coming from the weight term |x|a.

By Theorem 4.1.5, we know that global solutions of problem (4.9) satisfy the a priori estimate

‖u(t)‖∞ ≤ C(Ω, p, a, ‖u(t0)‖∞), t ≥ t0 ≥ 0,

where C remains bounded for ‖u(t0)‖∞ bounded. Therefore, it is sufficient to show the existence
of C(Ω, p, a, τ) > 0 such that any global solution u of problem (4.9) satisfies

inf
t∈(0,τ)

‖u(t)‖∞ ≤ C(Ω, p, a, τ). (4.43)
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Using the boundedness of |x|a in Ω, by the well-known estimate (see [34]), we have

‖u(t)‖∞ ≤ C‖u(t0)‖q(t− t0)−N/(2q), 0 ≤ t− t0 ≤ T (‖u(t0)‖q) (4.44)

where r ∈ [q,∞] and q > qc := N(p− 1)/2. We note that p ≥ pB > 1 + 2a
N , hence qc > 1. Since

p < N+2+a
N−2+a , we can choose q ∈ (qc, p + 1) such that aq/(p + 1 − q) < N . It follows from (4.44)

and Hölder inequality that

‖u(t)‖∞ ≤ C‖u(t0)‖q(t− t0)−N/(2q) ≤ C‖|x|a/(p+1)u(t0)‖p+1(t− t0)−N/(2q).

Therefore, (4.14) will follow if we can show that

inf
t∈(0,τ)

‖|x|a/(p+1)u(t)‖p+1 ≤ C(Ω, p, a, τ).

We argue by contradiction, assume that for each k, there exists a global solution uk ≥ 0 such
that ∫

Ω
|x|aup+1

k (t)dx > k, ∀t ∈ (0, τ/2). (4.45)

Denote

Ek(t) = E(uk(t)) =
1

2

∫
Ω
|∇uk(t)|2dx−

1

p+ 1

∫
Ω
|x|aup+1

k (t)dx.

Then E′k(t) = −‖∂tuk(t)‖22 ≤ 0 and uk satisfies the identity

1

2

d

dt

∫
Ω
u2
k(t)dx = −

∫
Ω
‖∇uk‖2(t)dx+

∫
Ω
|x|aup+1

k (t)dx (4.46)

= −2Ek(t) +
p− 1

p+ 1

∫
Ω
|x|aup+1

k (t)dx. (4.47)

Step 1. We claim that

Ek(τ/4) ≥ k1/2 (4.48)

for all k ≥ k0(Ω, p, a) large enough.
Assume that (4.48) is false. Since p > 1 + 2a

N , we have

‖uk‖2 ≤ C‖|x|a/p+1uk‖p+1. (4.49)

Using (4.47) and (4.49), for all t ≥ τ/4, we have

1

2

d

dt

∫
Ω
u2
k(t)dx ≥ −2k1/2 +

p− 1

p+ 1

∫
Ω
|x|aup+1

k (t)dx ≥ −2k1/2 + C

(∫
Ω
u2
k(t)dx

)(p+1)/2

. (4.50)

This implies ∫
Ω
u2
k(t)dx ≤ Ck

1
p+1 , t ≥ τ/4. (4.51)

Combining (4.45) with (4.50), we deduce

1

4
kτ ≤

∫ τ/2

τ/4

∫
Ω
|x|aup+1

k (t)dxdt ≤ C(k
1
p+1 + k1/2τ),

which gives a contradiction for k large enough.
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Step 2. Let α > 0 to be fixed later and Fk = {t ∈ (0, τ/4] : −E′k(t) ≥ E
1+1/α
k (t)}. By the

same argument as in [31] we have, |Fk| < τ/8 for all k ≥ k0 large enough.
Step 3. Choose α ≥ (p+ 1)/(p− 1). We claim that for all k ≥ k0 large,

‖∂tuk(t)‖22 ≤ C
(∫

Ω
|x|aup+1

k (t)dx

)(α+1)/α

, for t ∈ (0, τ/4] \ Fk. (4.52)

For all t ∈ (0, τ/4] \ Fk, we have

‖∂tuk(t)‖22 = −E′k ≤ E
1+1/α
k (t) ≤ ‖∇uk(t)‖

2(1+1/α)
2 . (4.53)

This along with (4.46) and (4.49) implies

‖∇uk(t)‖22 ≤
∫

Ω
|x|aup+1

k (t)dx+ ‖uk(t)‖2‖∂tuk(t)‖2

≤
∫

Ω
|x|aup+1

k (t)dx+ ‖|x|a/p+1uk(t)‖p+1‖∇uk(t)‖
1+1/α
2

≤
∫

Ω
|x|aup+1

k (t)dx+ C‖|x|a/p+1uk(t)‖
2α/(α−1
p+1 +

1

2
‖∇uk(t)‖22

≤ C
∫

Ω
|x|aup+1

k (t)dx+
1

2
‖∇uk(t)‖22

where we have used α ≥ (p+ 1)/(p− 1) and (4.45). Consequently,

‖∇uk(t)‖22 ≤ C
∫

Ω
|x|aup+1

k (t)dx.

Combing this with (4.53), we have (4.52).
Step 4. Let 0 < q < (p+ 1)/2, b = (p+ 1− q)(α+ 1)/α and

Gk = {t ∈ (0, τ/4] : ‖∂tuk(t)‖22 ≤ C‖uk‖b∞}.

We claim that |Gk| > 0.
Due to a > aε and Lemma 4.4.2, for A = A(p, q, a,Ω, τ) large enough, the set

G̃k := {t ∈ (0, τ/4] :

∫
Ω
|x|auqk ≥ A}

satisfies

|G̃k| < τ/8. (4.54)

It follows from (4.45) that, for all t ∈ (0, τ/4] \ G̃k,∫
Ω
|x|aup+1

k (t)dx ≤ C‖uk(t)‖p+1−q
∞

∫
Ω
|x|auqk(t)dx ≤ C‖uk(t)‖

p+1−q
∞ .

Therefore, Gk ⊃ (0, τ/4] \ (Fk ∪ G̃k). The claim follows from Step 2 and (4.54).
Step 5. Construction of a sequence of rescaling times.
If N ≤ 3, for each k large, we just pick any tk ∈ Gk.
If N > 3, we follows the argument in Step 5 of [31], (since |x|a is bounded in Ω, Lemma 5.2

and 5.3 in [31] still hold), and there exists tk ∈ (0, τ) such that

‖∂tuk(tk)‖r ≤ ‖uk(tk)‖
b
2

+β(p−1)
∞ , 2 ≤ r ≤ ∞. (4.55)

where β = N
2 (1

2 −
1
r ). (Note that when N ≤ 3, (4.55) holds for r = 2, β = 0.)
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Step 6. We will now obtain a contradiction by using rescaling argument. By (4.45), we have
Mk = ‖uk(tk)‖∞ → ∞. Let xk ∈ Ω̄ be such that Mk = uk(xk, tk). We may assume that
xk → x0 ∈ Ω̄. Similar to the proof of Theorem 4.1.6, we have the following three cases.

Case 1 : x0 ∈ Ω \ {0}. Let νk = M
−(p−1)/2
k and

wk(y) = M−1
k uk(xk + νky, tk), (4.56)

w̃k(y) = M−pk ∂tuk(xk + νky, tk). (4.57)

Then we have {
∆wk + |xk + νky|awpk = w̃k in Ωk

wk = 0 on ∂Ωk

(4.58)

where Ωk = ν−1
k (Ω− xk). Moreover, 0 ≤ wk ≤ 1 = wk(0). Now passing to the limit we obtain a

contradiction with elliptic Liouville-type theorem for Lane-Emden equation [11]. We only have
to show that the functions wk are locally uniformly Hölder continuous and w̃k → 0 in Lrloc(RN )
with some r > N/2.

Let R > 0. Using (4.55) we obtain for k large enough,(∫
BR

|w̃k(y)|rdy
)1/r

= M−pk

(∫
BR

|∂tuk(xk + νky, tk)|rdy
)1/r

= M−pk ν
−N/r
k

(∫
Ω
|∂tuk(x, tk)|rdx

)1/r

≤M−pk M
N(p−1)/(2r)
k M

b
2

+β(p−1)

k = CMγ1
k . (4.59)

where γ1 = −p+ N(p−1)
4 + α+1

2α (p+ 1− q) and r ∈ [2,∞).
By taking q close to (p+1)/2 and α sufficiently large, γ1 will be negative provided (N−3)p <

N − 1, which is always true since N ≤ 4 and p ≤ N+2+a
N−2+a .

Case 2 : x0 ∈ ∂Ω. By the same argument as in the Case 1, we have the contradiction with
Liouville-type theorem for Lane-Emden equation if d(xk, ∂Ω)ν−1

k → ∞, or with Liouville-type
theorem for Lane-Emden equation in half-space if d(xk, ∂Ω)ν−1

k is bounded.
Case 3 : x0 = 0. We have the following two possibilities :
(i) If M (p−1)/(2+a)

k |xk| ≤ C, let νk = M
−(p−1)/(2+a)
k then ν−1

k xk is bounded. We may assume
that ν−1

k xk → P . Let wk, w̃k defined as in (4.56) and (4.57), by the same procedures, it is sufficient
to show that functions wk are locally uniformly Hölder continuous and w̃k → 0 in Lrloc(RN ) with
some r > N/2.

Similarly as in (4.59),(∫
BR

|w̃k(y)|rdy
)1/r

≤M−pk M
N(p−1)/(2r+ar)
k M

b
2

+β(p−1)

k ≤ CMγ2
k .

where r ∈ [2,∞) and γ2 = −p + N(p−1)
4 + α+1

2α (p + 1 − q) + N(p−1)
r ( 1

2+a −
1
2) ≤ γ1. By taking q

close to (p+ 1)/2 and α sufficiently large, γ2 will be negative provided (N − 3)p < N − 1.
(ii) If there exists a subsequence of k, still denoted by k, such that M (p−1)/(2+a)

k |xk| → ∞.
We can choose mk > 1 such that

M
(p−1)/(2mk+a)
k |xk| = 1.

Let νk = M
−mk(p−1)/(2mk+a)
k , we may assume that ν−1/mk

k xk → P with |P | = 1, and ν1−1/mk
k →

l ∈ [0, 1]. Let wk, w̃k defined as in (4.56) and (4.57), by the same procedures, it is sufficient to
show that functions wk are locally uniformly Hölder continuous and w̃k → 0 in Lrloc(RN ) with
some r > N/2.
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Similarly as in (4.59),(∫
BR

|w̃k(y)|rdy
)1/r

≤M−pk M
N
r

mk(p−1)

2mk+a
)

k M
b
2

+β(p−1)

k ≤ CMγ3
k .

where r ∈ [2,∞) and γ3 = −p+ N(p−1)
4 + α+1

2α (p+ 1− q) + N(p−1)
r ( mk

2mk+a −
1
2) ≤ γ1. By taking

q close to (p + 1)/2 and α sufficiently large, γ3 will be negative provided (N − 3)p < N − 1.
Theorem is proved.

4.5 Appendix

Lemma 4.5.1. Assume that 0 ∈ Ω, a > −2, N ≥ 2 and u is solution of (4.1) in Ω × (0, T ) in
the sense of (4.2). Then u is distributional solution in the sense

−
∫ T

0

∫
Ω

(u(ϕt + ∆ϕ)dxdt =

∫ T

0

∫
Ω
|x|aupϕdxdt (4.60)

for all ϕ ∈ C∞0 (Ω× (0, T )).

Proof. We follow the argument in [22]. If a ≥ 0 then the result is immediate, so we may assume
−2 < a < 0.

Denote dσρ the surface measure on the sphere {x ∈ RN : |x| = ρ}. For 0 < ε < R such that
BR ⊂⊂ Ω, for any τ > 0, we have

T−τ∫
τ

∫
BR\Bε

|∇u|2dxdt =−
T−τ∫
τ

∫
BR\Bε

u∆udxdt+

T−τ∫
τ

∫
|x|=R

uu′dσRdt−
T−τ∫
τ

∫
|x|=ε

uu′dσεdt

=

T−τ∫
τ

∫
BR\Bε

|x|aup+1dxdt+

∫
BR\Bε

(u(τ)− u(T − τ))dxdt

+

T−τ∫
τ

∫
|x|=R

uu′dσRdt−
T−τ∫
τ

∫
|x|=ε

uu′dσεdt. (4.61)

On the other hand, we have

T−τ∫
τ

∫
|x|=ε

uu′ dσε = εN−1f ′(ε), where f(r) :=
1

2

T−τ∫
τ

∫
SN−1

u2(r, θ) dθ.

Since f ∈ C1((0, R])∩C([0, R]) due to our regularity assumption (4.2), we infer the existence of
a sequence εi → 0 such that limi→∞ εif

′(εi) = 0. Passing to the limit in (4.61) with ε = εi and
noting a > −N , we have

T−τ∫
τ

∫
BR

|∇u|2 dx <∞.

Hence, there exist ρi → 0+ (depending on τ) such that

T−τ∫
τ

∫
|x|=ρi

ρi|∇u|2 dσρidt→ 0.
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Consequently,

T−τ∫
τ

∫
|x|=ρi

|∇u| dσρi ≤ C

(T − 2τ)ρN−1
i

∫
|x|=ρi

|∇u|2 dσρi


1/2

→ 0. (4.62)

Let now ϕ ∈ C∞0 (Ω× (0, T )) and denote Ωε = Ω ∩ {|x| > ρ} for ρ > 0 small. From (4.1), using
Green’s formula, we obtain

∣∣∣ T∫
0

∫
Ωρ

|x|aupϕdx+

T∫
0

∫
Ωρ

u(ϕt + ∆ϕ) dx
∣∣∣ =

∣∣∣− T∫
0

∫
Ωρ

ϕ∆u dx+

T∫
0

∫
Ωρ

u∆ϕdx
∣∣∣

=
∣∣∣ T∫
0

∫
|x|=ρ

ϕ
∂u

∂r
dσρ −

T∫
0

∫
|x|=ε

u
∂ϕ

∂r
dσρ

∣∣∣. (4.63)

Passing (4.63) to the limit with ρ = ρi, we conclude that u is a distributional solution of (4.1).

Lemma 4.5.2. Assume that u is bounded solution of (4.1) in RN × [0, T ) in the sense of (4.2).
Assume in addition that u is distributional solution. Then u is integral solution in the sense that

u(t) = et∆u(0) +

∫ t

0
e(t−s)∆(|.|up(s))ds (4.64)

Proof. Lemma is standard for a ≥ 0, so we only need to treat the case a < 0. For any ε > 0, let
us consider following problem {

∂tvε −∆vε = (|x|+ ε)aup,

vε(0) = u(0).

Then vε ≤ u by comparison property. Since vε is increasing as ε → 0+, setting that vε → v, by
monotone convergence, we have

v(t) = et∆u(0) +

∫ t

0
e(t−s)∆(|.|aup(s))ds.

It suffices to show that u = v.
Let z = u − v. Then z is a bounded, nonnegative distributional solution of zt − ∆z = 0

in QT := RN × (0, T ). By parabolic regularity (see e.g. [29, Remark 48.3], we deduce that
z ∈ C2,1(QT ). Moreover, since u, v ∈ C(Q̄T ), it follows that z ∈ C(Q̄T ) with z ≡ 0 at t = 0. By
standard uniqueness properties (see e.g. [33, Theorem 2.4], we conclude that z = 0 in QT .

In dimension N = 1, we have assumed a > −1 in order to make sense of distributional
solutions. Actually, the definition (4.2) is no longer consistent for a < 0 and N = 1 since Ω \ 0 is
no longer connected and the problem should require boundary conditions at x = 0. The following
result shows that, for N = 1 and a ∈ (−1, 0), there even exist solutions in the sense (4.2) which
are not distributional solutions.

Proposition 4.5.1. Let N = 1 and a ∈ (−1, 0), then there exists solution u of (4.1) in (−1, 1)×
(0, 1), but u is not distributional solution.
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Proof. Let B be unit ball in R3 and v = v(r) be an regular positive radial solution in B of the
following Hardy elliptic equation

−∆v = |x|p−1+avp, v(0) > 0, v(1) = 0. (4.65)

Since p < pS(p− 1 + a) = 5 + 2(p− 1 + a), the existence of such function v with homogeneous
Dirichlet boundary condition was shown in [6, Theorem 1.6 (iii)].

Let w(r) = rv(r) then w′′ = rawp, r ∈ (0, 1) and w(0) = 0, w′(0) = v(0) > 0. We set

u(x, t) = w(|x|), (x, t) ∈ (−1, 1)× (0, 1).

Then u is solution of (4.1) in the sense of (4.2) in (−1, 1)× (0, 1) with ut ≡ 0. On the other hand,
ux(0+, ) = v(0), ux(0−, t) = −v(0). This implies uxx(0, t) has a Dirac 2v(0)δ0. Therefore, u is no
longer distributional solution.

Acknowledgement. The author would like to thank Professor Philippe Souplet for valuable
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Optimal Liouville-type theorem for a parabolic system

Quoc Hung Phan

Abstract. We prove a Liouville-type theorem for a parabolic system in dimension N = 1 and for
radial solutions in all dimensions under an optimal Sobolev growth restriction on the nonlinearities. This
seems to be the first example of a Liouville-type theorem in the whole Sobolev subcritical range for a
parabolic system (even for radial solutions). Moreover, this also seems to be the first application of the
Gidas-Spruck technique to a parabolic system.

5.1 Introduction

In this note, we study the semilinear parabolic system of the form{
ut −∆u = up − βurvr+1, (x, t) ∈ Ω× I
vt −∆v = vp − βur+1vr, (x, t) ∈ Ω× I,

(5.1)

where p = 2r + 1, r > 0, β ∈ R, Ω is a domain of RN , and I is an interval of R.
For the statement of main results, let us introduce the Sobolev exponent :

pS :=

{
N+2
N−2 if N ≥ 3,

∞ if N = 1, 2.
(5.2)

The main goal of this note is to prove the Liouville property – i.e. the nonexistence of
solution of problem (5.1) in the entire space RN ×R. As applications, we give some consequences
of Liouville type theorems on the qualitative analysis of solutions of related problem on bounded
or unbounded domains, such as a priori estimate, singularity estimate, blow-up estimate, etc.
Let us first recall its elliptic counterpart{

−∆u = up − βurvr+1, x ∈ RN

−∆v = vp − βur+1vr, x ∈ RN .
(5.3)

System (5.3) arises in mathematical models for various phenomena in physics, such as nonli-
near optics and Bose-Einstein condensation (see [2, 5, 13]). It has been recently studied in various
mathematical directions such as Liouville-type results, a priori estimates, regularity, symmetry
property, existence of entire nonradial solutions...( see [11, 7, 12, 6, 5]). It is well known that the
Liouville-type result for (5.3) plays an important role in both elliptic and parabolic problems. For
radial solutions, it has been showed in [11] that the problem (5.3) has no positive radial solution
if for β < 1 and p < pS , and condition on β or p is optimal. For general solutions, problem (5.3)
has no positive solution if β < 1 and p < p∗S , where p

∗
S = pS if N ≤ 4, p∗S = (N − 1)/(N − 3)

if N ≥ 5 (see [11]). The condition of p for Liouville-type results in dimension N ≤ 4 is optimal
due to the existence of bounded positive radial solution of (5.3) if p ≥ pS (and β < 1).

For the corresponding parabolic problem (5.1), the Liouville property is much less understood
even for radial solutions. By the test-function argument, one can easily deduce the Fujita-type
result of problem (5.1), namely there is no positive solution in RN × R+ if 1 < p ≤ 1 + 2

N
and β < 1. Recently, Quittner and Souplet have proved in [10] the Liouville type theorem for
radial solution for special case p = 3 and N ≤ 3. In this paper, we will establish a Liouville-type
theorem for problem (5.3) in dimension N = 1 and for radial solutions in all dimensions in full
subcritical range p < pS .

Our main result is the following

Theorem 5.1.1. Let N = 1 and β < r
3r+2 then system (5.1) does not possess any positive

classical solution in R× R.
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Theorem 5.1.2. Let p < pS and β < r
3r+2 , then system (5.1) does not possess any radial,

positive, classical solution in RN × R.

The assumption p < pS in Theorem 5.1.2 is optimal due to the existence of bounded radial
solution when p ≥ pS and β < 1, but there is further restriction on β, namely β < r

3r+2 . We
stress that our result is not a perturbation one. Although it is not known if condition on β is
optimal, we have an explicit value. Our tools for proof of Theorem 5.1.1 are based on integral
estimate combined with Bochner formula [4]. The proof of Theorem 5.1.2 follows the idea in
[3, 1, 10], which consists of three steps :

1. Showing spatial decay of solutions
2. Using the Lyapunov functional and decay estimate of solutions to show that both α- and
ω-limit sets of any solution are nonempty and consist of equilibria.

3. Combining with the nonexistence of nontrivial equilibria to have the contradiction.

5.2 Applications of Liouville-type theorems

From the Liouville-type theorems, one can deduce the singularity estimates by rescaling
and doubling arguments. We mean a symmetric domain Ω either the whole space RN , a ball
BR = B(0, R), an annulus {x ∈ RN : R1 < |x| < R2}, or an exterior domain {x ∈ RN : |x| > R}.
We just give here the result without proof since it is totally similar to that in [8, Theorem 3.1].

Proposition 5.2.1. Let β < r
3r+2 , Ω be a domain of RN . Let (u, v) be a positive solution of

(5.1) in Ω× (0, T ). Assume either

N = 1, or p < pS ,Ω is symmetric and u, v are radial

Then for all (x, t) ∈ Ω× (0, T ), there holds

u(x, t) + v(x, t) ≤ C(N, p, β)
(
t−1/(p−1) + (T − t)−1/(p−1) + dist−2/(p−1)(x, ∂Ω)

)
. (5.4)

Let us next consider the corresponding boundary value problem :
ut −∆u = up − βurvr+1, (x, t) ∈ Ω× (0, T )

vt −∆v = vp − βur+1vr, (x, t) ∈ Ω× (0, T ),

(u, v) = 0, x ∈ ∂Ω, 0 < t < T,

(u(x, 0), v(x, 0)) = (u0, v0), x ∈ Ω.

(5.5)

where u0, v0 are non-negative radial in C0(Ω). We only state the results (without proof) of
universal initial and final time blow-up rates, this result also implies a priori bound of nonnegative
solutions.

Proposition 5.2.2. Let β < r
3r+2 and (u, v) be a positive radial solution of (5.5) in Ω× (0, T ).

Assume either

N = 1, or p < pS ,Ω is symmetric and u, v are radial.

(i) If T <∞ then there holds

u(x, t) + v(x, t) ≤ C
(

1 + t−1/(p−1) + (T − t)−1/(p−1)
)
, x ∈ Ω, 0 < t < T, (5.6)

where C = C(Ω, p, β).
(ii) If (u, v) is global then there holds

u(x, t) + v(x, t) ≤ C
(

1 + t−1/(p−1)
)
, x ∈ Ω, t > 0, (5.7)

where C = C(Ω, p, β).
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We note that the proof of Proposition 5.2.2 closely follows the idea of [8, Theorem 4.1], which
is based on rescaling and doubling arguments, Liouville-type theorem in whole space and on
half-line. Here, the relevant result on half-line is given by the following lemma.

Lemma 5.2.1. Assume that β < r
3r+2 and (u, v) be a positive solution of (5.1) on (0,∞) × R,

with the zero boundary condition u(0, t) = v(0, t) = 0. Then u = v = 0.

The proof of Lemma 5.2.1 is as follows. From Proposition 5.2.1, we have the decay estimate
of (u,v). Then using α− and ω− limits arguments, one can deduce the Lemma for bounded
solutions. The boundedness of solutions is then removed by doubling argument.

5.3 Liouville-type theorems in one dimension

For the sake of simplicity, we denote by
∫

the integral
∫

(−1,1)×(−1,1) dxdt.

Lemma 5.3.1. Assume N = 1. Let 0 ≤ ϕ ∈ D((−1, 1)× (−1, 1)) and (u, v) be positive solution
of (5.1) in (−1, 1)× (−1, 1). Denote

I1 =

∫
ϕu−2|ux|4, I2 =

∫
ϕv−2|vx|4, I := I1 + I2,

L1 =

∫
ϕu2p, L2 =

∫
ϕv2p, L = L1 + L2.

Then there holds

I + L ≤C
∫ (

ϕ|ut|u−1|ux|2 + ϕ|vt|v−1|vx|2 + |ϕxux|(up + u−1|ux|2) + |ϕxvx|(vp + v−1|vx|2
)

+ C

∫
(|ϕt|+ |ϕxx|)(up+1 + vq+1), (5.8)

where C = C(N, p, β).

Proof. We first prove the lemma for β ≥ 0. Denoting

J1 :=

∫
ϕu−1|ux|2uxx, J2 :=

∫
ϕv−1|vx|2vxx, J = J1 + J2.

Applying [9, Lemma 8.9] with q = 0, k = −1/2,

1

2
I1 −

3

2
J1 ≤

1

2

∫
|ux|2ϕxx +

∫ (
uxx +

1

2
u−1|ux|2

)
uxϕx =

1

2

∫
u−1|ux|2uxϕx. (5.9)

Therefore,

1

2
I − 3

2
J ≤ 1

2

∫
u−1|ux|2uxϕx +

1

2

∫
v−1|vx|2vxϕx. (5.10)

We now calculate J1,

−J1 =

∫
ϕu−1|ux|2(up − βurvr+1 − ut)

=

∫
ϕup−1|ux|2 − β

∫
ϕur−1vr+1|ux|2 −

∫
ϕutu

−1|ux|2. (5.11)

On the other hand,∫
ϕur−1vr+1|ux|2 =

∫
ϕux∂x(

1

r
urvr+1)− r + 1

r

∫
ϕurvruxvx

= −1

r

∫
ϕurvr+1uxx −

1

r

∫
ϕxu

rvr+1ux −
r + 1

r

∫
ϕurvruxvx.
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Hence,

−J1 =

∫
ϕup−1|ux|2 −

∫
ϕutu

−1|ux|2

+
β

r

∫
ϕurvr+1uxx +

β

r

∫
ϕxu

rvr+1ux +
β(r + 1)

r

∫
ϕurvruxvx.

Similarly,

−J2 =

∫
ϕvp−1|vx|2 −

∫
ϕvtv

−1|vx|2

+
β

r

∫
ϕur+1vrvxx +

β

r

∫
ϕxu

r+1vrvx +
β(r + 1)

r

∫
ϕurvruxvx.

Consequently,

−J =

∫
ϕ(up−1|ux|2 + (vp−1|vx|2) +

2β(r + 1)

r

∫
ϕurvruxvx +

β

r(r + 1)

∫
ϕx∂x(ur+1vr+1)

+
β

r

∫
ϕurvr+1uxx +

β

r

∫
ϕur+1vrvxx −

∫
ϕutu

−1|ux|2 −
∫
ϕvtv

−1|vx|2.

Using the Cauchy-Schwarz inequality and noting β ≥ 0, we have∫
ϕ(up−1|ux|2 + vp−1|vx|2) +

2β(r + 1)

r

∫
ϕurvruxvx

≥
(

1− β(r + 1)

r

)∫
ϕ(up−1|ux|2 + vp−1|vx|2).

Hence,

−J ≥
(

1− β(r + 1)

r

)∫
ϕ(up−1|ux|2 + vp−1|vx|2)− β

r(r + 1)

∫
ϕxxu

r+1vr+1

+
β

r

∫
ϕurvr+1uxx +

β

r

∫
ϕur+1vrvxx −

∫
ϕutu

−1|ux|2 −
∫
ϕvtv

−1|vx|2.

We calculate last two terms∫
ϕup−1|ux|2 =

∫
ϕux∂x(

up

p
) = −1

p

∫
ϕupuxx −

1

p

∫
ϕxuxu

p, (5.12)∫
ϕvp−1|vx|2 =

∫
ϕvx∂x(

vp

p
) = −1

p

∫
ϕvpvxx −

1

p

∫
ϕxvxv

p. (5.13)

Substituting uxx = ut − up + βurvr+1 and vxx = vt − vp + βur+1vr, we have

−J ≥ a1

∫
ϕ(u2p + v2p) + a2

∫
ϕ(up+rvr+1 + ur+1vp+r) + a3

∫
ϕ(u2rv2r+2 + u2r+2v2r)

− C
∫ (

ϕ|ut|u−1|ux|2 + ϕ|vt|v−1|vx|2 + |ϕxux|up + |ϕxvx|vp
)

− C
∫

(|ϕt|+ |ϕxx|)(up+1 + vp+1),

where

a1 =
1

p
− β(r + 1)

pr
> 0, (5.14)

a2 = −β
(1

p
− β(r + 1)

pr
+

1

r

)
, (5.15)

a3 =
β2

r
> 0. (5.16)
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We now show that a1 + a2 + a3 > 0. Indeed,

a1 + a2 + a3 =
1

p
− β

(r + 1

pr
+

1

p
+

1

r

)
+ β2

(1

r
+
r + 1

pr

)
=

1

p
− β 2

r
+ β2 3r + 2

pr
< 0

=
1

p
(1− β)

(
1− β 3r + 2

r

)
> 0.

The assumption on β also implies a1 > a3. Let η > 0 be small enough such that (a1−η)+a2+a3 ≥
0 and a1 − η − a3 > 0. We have for all u, v positive that

(u2p + v2p)− 2(up+rvr+1 + vp+rur+1) + (u2rv2r+2 + v2ru2r+2) ≥ 0, (5.17)

(u2p + v2p)− (up+rvr+1 + vp+rur+1) ≥ 0. (5.18)

Taking (5.17) ∗ a3 + (5.18) ∗ (a1 − η − a3), we get

(a1 − η)(u2p + v2p)− (a1 − η + a3)(up+rvr+1 + vp+rur+1) + a3(u2rv2r+2 + v2ru2r+2) ≥ 0.
(5.19)

By noting that a1 − η + a3 > −a2, from (5.19), we have

(a1 − η)(u2p + v2p) + a2(up+rvr+1 + ur+1vp+r) + a3(u2rv2r+2 + u2r+2v2r) ≥ 0.

This implies

−J ≥η
∫
ϕ(u2p + v2p)− C

∫ (
ϕ|ut|u−1|ux|2ϕ|vt|v−1|vx|2 + |ϕxux|up + |ϕxvx|vp

)
− C

∫
(|ϕt|+ |ϕxx|)(up+1 + vp+1).

Combining this with (5.10), we have desired estimate (5.8).
For the case β < 0, from (5.11) we have

−J1 ≥
∫
ϕup−1|ux|2 −

∫
ϕutu

−1|ux|2.

Hence,

−J ≥
∫
ϕup−1|ux|2 +

∫
ϕvp−1|vx|2 −

∫
ϕutu

−1|ux|2 −
∫
ϕvtv

−1|vx|2.

Using (5.12), (5.13) and substituting uxx = ut − up + βurvr+1 and vxx = vt − vp + βur+1vr, we
have

−J ≥ 1

p

∫
ϕ(u2p + v2p)− β

p

∫
ϕ(up+rvr+1 + ur+1vp+r)

− C
∫ (

ϕ|ut|u−1|ux|2 + ϕ|vt|v−1|vx|2 + |ϕxux|up + |ϕxvx|vp + |ϕt|(up+1 + vp+1)
)
.

Noting β < 0 and combing with (5.10), we have estimate (5.8). Lemma is proved.

Lemma 5.3.2. Assume N = 1. Let (u,v) be positive solution of (5.1) in (−1, 1)× (−1, 1), then∫ 1/2

−1/2

∫ 1/2

−1/2
(u2p + v2p)dxdt ≤ C(N, p, β). (5.20)
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Proof. We follow the argument as in proof of [9, Proposition 21.5]. One can choose the test-
function ϕ such that ϕ = 1 in (−1/2, 1/2)× (−1/2, 1/2), 0 ≤ ϕ ≤ 1 and

|ϕx| ≤ Cϕ(3p+1)/4p, |ϕxx| ≤ Cϕ(p+1)/2p, |ϕt| ≤ Cϕ(3p+1)/4p ≤ Cϕ(p+1)/2p.

The same argument as in proof of [9, Proposition 21.5] yields∫
|ux|2ϕ−1|ϕx|2 ≤ ε(I + L) + C(ε),∫
|vx|2ϕ−1|ϕx|2 ≤ ε(I + L) + C(ε),∫ (
ϕ(|ut|u−1|ux|2 + (up + u−1|ux|2)|uxϕx|+ up+1(|ϕt|+ |ϕxx|)

)
≤ ε(I + L) + C(ε)

(
1 +

∫
ϕ|ut|2

)
∫ (

ϕ(|vt|v−1|vx|2 + (vp + v−1|vx|2)|vxϕx|+ vp+1(|ϕt|+ |ϕxx|)
)

≤ ε(I + L) + C(ε)
(

1 +

∫
ϕ|vt|2

)
.

On the other hand,∫
ϕ(|ut|2 + |vt|2) =

∫
ϕut(uxx + up − βurvr+1) +

∫
ϕvt(vxx + vp − βur+1vr)

=

∫
ϕ∂t
(up+1 + vp+1

p+ 1
− |ux|

2 + |vx|2

2
− βur+1vr+1

r + 1

)
−
∫

(ϕxuxut + ϕxvxvt)

=

∫
ϕt
(
− up+1 + vp+1

p+ 1
+
|ux|2 + |vx|2

2
+
βur+1vr+1

r + 1

)
−
∫

(ϕxuxut + ϕxvxvt)

≤ C
∫
|ϕt|
(
up+1 + vp+1 + |ux|2 + |vx|2) +

1

2

∫
ϕ(|ut|2 + |vt|2) +

1

2

∫
ϕ−1ϕ2

x(u2
x + v2

x).

Hence,∫
ϕ(|ut|2 + |vt|2 ≤ C

∫
|ϕt|
(
up+1 + vp+1 + |ux|2 + |vx|2) + |vt|2) +

1

2

∫
ϕ−1ϕ2

x(u2
x + v2

x).

The same argument as in proof of [9, Proposition 21.5] then∫
ϕ(|ut|2 + |vt|2) ≤ 2ε(I + L) + C(ε).

Therefore,

I + L ≤ C(ε) + C(N, p, β)ε(I + L).

By choosing ε sufficiently small, we obtain I, L ≤ C.

Proof of Theorem 5.1.1. Let (u, v) be a solution of (5.1) in R×R. For any R > 0, we rescale

uR(x, t) = R2/(p−1)u(Rx,R2t), vR(x, t) = R2/(p−1)v(Rx,R2t).

Then (uR, vR) is also solution. By Lemma 5.3.2, we have∫ R2/2

−R2/2

∫ R/2

−R/2
(u2p + v2p)(y, s)dyds = R3−4p/(p−1)

∫ 1/2

−1/2

∫ 1/2

−1/2
(u2p
R + v2p

R )(x, t)dxdt

≤ CR3−4p/(p−1).

Letting R→∞ then u ≡ v ≡ 0.
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5.4 Liouville-type theorem for radial solutions

By the rescaling-doubling arguments as in proof of [10, Theorem 4.1], one can show the
following lemma.

Lemma 5.4.1. Assume that p < pS and β < r
3r+2 . Let (u, v) be a positive radial solution of

(5.1) in RN × R. Then there exists constant C = C(N, p, β) such that

(u(x, t) + v(x, t)|x|
2
p−1 + (|∇u(x, t)|+ |∇v(x, t)|)|x|

p+1
p−1 ≤ C. (5.21)

With the decay estimate (5.21) at hand and taking into account p < pS , one can define the
energy functional for (u, v) solution of equation (5.1) in RN × R as follows

E(t) :=
1

2

∫
RN

(|∇u|2 + |∇v|2)dx− 1

p+ 1

∫
RN

(up+1 + vp+1)dx+
β

r + 1

∫
RN

ur+1vr+1dx. (5.22)

And we have

dE(t)

dt
= −‖ut(t)‖22 − ‖vt(t)‖22. (5.23)

Proof of Theorem 5.1.2. We first prove the theorem for bounded solutions. Assume that (u, v)
is a bounded nontrivial nonnegative solution of (5.1). By Lemma 5.4.1, the boundedness of (u, v)
and p < pS , we have

|E(t)| ≤ C, ∀t ∈ R.

Hence, ∫
R

(‖ut‖22 + ‖vt‖22)dt <∞.

Consequently, there exists tk →∞ such that

|ut|(tk) + |vt|(tk)→ 0 in L2(RN ). (5.24)

We now show that

‖u(tk) + v(tk)‖L∞ → 0. (5.25)

Indeed, if not then there exists xk such that u(xk, tk) + v(xk, t− k) ≥ C > 0. It follows from the
decay estimate of u, v (see Lemma 5.4.1) that xk is bounded. We may assume that xk → x∞. Let
(Uk, Vk)(x) := (u(x, tk), v(x, tk)) then there exists a subsequence which converges in Cloc(RN ) to
a function (U, V ) satisfying {

−∆U = Up − βU rV r+1, x ∈ RN

−∆V = V p − βU r+1V r, x ∈ RN

and (U+V )(x∞) ≥ C. We note also that if U, V is radial. This contradicts Liouville-type theorem
for radial solution (see [11, Proposition 5]). Hence (5.25) is true.

Let αk =
∫
RN u

p+1(tk)dx, for any R > 0 we have

αk =

∫
|x|<R

up+1(tk)dx+

∫
|x|>R

up+1(tk)dx

≤ CRN‖u(tk)‖p+1
L∞(RN )

+ CR−[2(p+1)/(p−1)−N ].
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Hence, lim supk→∞ αk ≤ CR−[2(p+1)/(p−1)−N ]. Letting R→∞, we obtain

lim
k→∞

∫
RN

up+1(tk)dx = 0. (5.26)

Similarly, we have

lim
k→∞

∫
RN

vp+1(tk)dx = lim
k→∞

∫
RN

ur+1vr+1(tk)dx = 0. (5.27)

We next show that ‖∇u(tk)‖L2(RN ) → 0. Let ϕ be a smooth function in RN , 0 ≤ ϕ ≤ 1, ϕ(x) = 0

in B1, ϕ(x) = 0 if |x| ≥ 2 and |∇ϕ| ≤ Cϕ1/2. For any R > 0, letting ϕR(x) = ϕ(x/R), then we
have∫

RN
|∇u(tk)|2ϕRdx = −

∫
RN

u(tk)∇u(tk).∇ϕRdx+

∫
RN

(up+1 − βur+1vr+1 − utu)(tk)ϕRdx

≤ 1

2

∫
RN
|∇u(tk)|2ϕRdx+

1

2

∫
RN

u2(tk)|∇ϕR|2ϕ
−1/2
R dx

+

∫
RN

(up+1 − βur+1vr+1 − utu)(tk)ϕRdx.

Using (5.24)-(5.27) and the compact support of ϕR, we deduce that

lim
k→∞

∫
BR

|∇u(tk)|2dx = 0,

for any R > 0. On the other hand, if follows from spatial decay estimate of ∇u that∫
RN
|∇u(tk)|2dx ≤

∫
BR

|∇u(tk)|2dx+

∫
|x|>R

|∇u(tk)|2dx ≤
∫
BR

|∇u(tk)|2dx+ CR
N−2− 4

p−1 .

(5.28)

By letting k →∞ and then R→∞ in (5.28), we obtain

lim
k→∞

∫
RN
|∇u(tk)|2dx = 0. (5.29)

Similarly,

lim
k→∞

∫
RN
|∇v(tk)|2dx = 0. (5.30)

We deduce from (5.26), (5.27), (5.29) and (5.30) that E(tk)→ 0 as k →∞.
Similarly, there exist sk → −∞ such that |ut|(sk) + |vt|(sk) → 0 in L2(RN ) and we deduce

that E(sk)→ 0 as k →∞. It follows from Lemma 5.23 that∫ tk

sk

∫
RN

(u2
t + v2

t )dxdt = E(sk)− E(tk).

Letting k → ∞, we obtain ut ≡ vt ≡ 0. This contradicts Liouville-type theorem for radial
solution (see [11]).

So far we proved our Liouville-type theorem for bounded solutions. In fact, Liouville-type
theorem for bounded solutions is sufficient for the proof of universal singularity and decay es-
timates in Proposition 5.2.1 (by using doubling argument as in [8, Theorem 3.1]), which in
particular implies universal bound of all entire positive solutions. Therefore, the boundedness
assumption can be removed.
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Global existence of solutions for a
chemotaxis-type system arising in crime modelling 7

Raul Manasevich, Quoc Hung Phan and Philippe Souplet

Abstract. We consider a nonlinear, strongly coupled, parabolic system arising in the modelling
of burglary in residential areas. This model appeared in [19], as a more realistic version of Short et
al. [24] model. The system under consideration is of chemotaxis-type and involves a logarithmic sensitivity
function and specific interaction and relaxation terms. Under suitable assumptions on the data of the
problem, we give a rigorous proof of the existence of a global and bounded, classical solution, thereby
solving a problem left open in previous work on this model. Our proofs are based on the construction of
approximate entropies and on the use of various functional inequalities. We also provide explicit numerical
conditions for global existence when the domain is a square, including concrete cases involving values of
the parameters which are expected to be physically relevant.

6.1 Introduction

6.1.1 Model and main results

In a series of recent papers, models based on partial differential equations have been derived
to study crime, see [3], [8, 19, 20, 23, 24]. Many of these papers are most related to modelling
burglary of houses. A basic issue here is to obtain patterns that describe the location of hots-
pots, and study phenomena such as appearance and disappearance of them, their stability and
movement.

The primary interest in considering continuum systems to study crime comes from two sides.
On the one hand we want to gain information about this social phenomenon that is so important
to the whole society. On the other hand the models that have emerged so far are very interesting
since they give rise to challenging mathematical questions.

In this paper we will provide rigorous answers to some important issues that have arisen in
one of the proposed models for burglary of houses. We begin with a short description of the main
ideas and models that have originated our paper.

A very successful model was obtained recently by Short et al. in [24]. They first derived an
agent-based statistical model to study the dynamics of hotspots, taking two sociological effects
into account : the ‘broken window effect’ and the ‘repeat near-repeat effect’. The first effect
refers to the observation that crime in an area leads to more crime, and the second one to
the observation that houses burglarized at some moment have an increased probability of being
burglarized again for some period of time after that moment.

The agent-based model considered relies on the assumption that criminal agents are walking
randomly on a two-dimensional lattice and are committing burglaries when encountering an
attractive opportunity. An attractiveness value is assigned to every house, which measures how
easily the house can be burgled without consequences for the criminal agent. In addition to
walking randomly, the criminal agents move toward areas of high attractiveness values. In turn,
when a burglary occurs, it increases the attractiveness of the house that was burglarized and
of those nearby. If no additional burglaries occur, then the local attractiveness decays toward a
constant value.

In a second step, by taking a suitable limit of the equations for the discrete model, the authors
in [24] obtained the following system of parabolic differential equations (in non dimensional

7. Europ. J. Appl. Math., 24(2) :273-296, 2013
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form) : 
∂A

∂t
= η4A+NA+A0 −A,

∂N

∂t
= ∇·

[
∇N −N∇ϑ(A)

]
−NA+A−A0.

(6.1)

Here and throughout the article, we denote

ϑ(A) = χ logA, with χ > 0 constant. (6.2)

The model described in [24] involves the specific value χ = 2 (we note that the parameter χ
cannot be scaled out by a linear change of dependent or independent variables). The functions
A(x; t) and N(x, t) respectively represent the attractiveness value and the criminal density at
position x and time t. The first equation describes the evolution of the attractiveness of individual
houses to burglary, and the second describes the burglar movement. Here Ω is a bounded domain
in R2, η > 0 is the diffusion rate of attractiveness, A0 is the intrinsic attractiveness, A is a
constant that in the equilibrium case represents the average attractiveness.

A first effort to study the dynamics of the model represented by problem (6.1) was done in
[20], where a corresponding initial-boundary value problem with no flux boundary conditions is
considered. To deal with this problem, the authors in [20] assume, for simplicity, that Ω is a square
and under some symmetry conditions are able to map this problem into one with periodic problem
boundary conditions. Their main result is local existence of a solution, but global existence is
left open. In addition, and as a simplification of the model in [24], they considered a generalized
version of a Keller-Segel chemotaxis model with the goal of understanding possible conditions
for global existence vs blow-up of solutions in finite time for the original model.

After this work was submitted, we were informed of a very recent work [21] where the author
proves global existence of solutions for a parabolic system modelling crime behavior different
from the one in [24] and different from the one we will consider in this paper.

In [24], an important hypothesis is that burglars are generated in the model at a constant
rate and leave the lattice immediately after they have committed a burglary. In [19], a modified
agent-based model for burglary was obtained, a new condition is introduced to modify these
effects. This new condition, that is refer as burglar fatigue, models the effect that if burglars are
sufficiently deterred, they will eventually get tired and will stop looking for houses to burglar.
This consideration introduces changes to the original equations of Short et al. Some additional
changes to the original equations come in by considering in the model that, if too many burglaries
occur at some location, then burglars are likely to assume that most of the high-value is gone or
that the owners of the place have implemented more strict security measures.

As in the original model, by taking the continuous limit to this new agent-based model, a new
system of parabolic equations is obtained in [19]. This system, complemented with initial data
and no-flux boundary conditions, leads us to study the following initial-boundary value problem
(again in non dimensional form) :

∂A

∂t
= η∆A+ ψNA(1−A) + Ã−A, x ∈ Ω, t > 0,

∂N

∂t
= ∇·

[
∇N −N∇ϑ(A)

]
+ω − ωN, x ∈ Ω, t > 0,

∂A

∂ν
=
∂N

∂ν
= 0, x ∈ ∂Ω, t > 0,

A(x, 0) = A0(x), N(x, 0) = N0(x), x ∈ Ω.

(6.3)

Here again the function ϑ is defined by (6.2) with χ = 2 in [19]. Moreover, it is assumed – as we
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will do throughout this paper – that

Ω is a sufficiently smooth bounded domain of R2, or a square, (6.4)

η, ψ, ω, Ã > 0 are constants (6.5)

and that the initial data satisfy

(A0, N0) ∈ H1+β(Ω)× L2(Ω) for some β > 0, with A0 > 0 in Ω and N0 ≥ 0 a.e. in Ω. (6.6)

The outward normal vector on ∂Ω is denoted by ν. (We point out that all the functional analytic
properties needed for the proofs remain true in a square, although the latter is not smooth at the
corner points.) Problem (6.3) is locally well posed, the positivity of A being of course understood
as part of the definition of solution (see Section 2 for details).

In [19], some results about linearized stability/instability of the homogeneous steady-states
and some numerical simulations suggesting the existence of hotspots were given for system (6.3).
However, the (local and) global existence of solutions was left open.

In this paper, our main goal is to give a rigorous proof of the global existence and boundedness
of solutions of system (6.3) under suitable assumptions. In what follows, we denote

ε0 = ε0(Ω) = µ−2K−1/2,

where µ is the best constant in the Poincaré-Sobolev inequality

‖u− |Ω|−1

∫
Ω
u dx‖2 ≤ µ‖∇u‖1, u ∈W 1,1(Ω),

and K is the best constant in the interpolation estimate∫
Ω
|∇u|4dx ≤ K osc2(u)

∫
Ω
|∆u|2dx, u ∈ H2(Ω) with ∂u

∂ν = 0

(cf. Lemmas 6.2.3 and 6.2.4).

Also, recalling that A0 ∈ C(Ω) by Sobolev imbedding, we set

Amax = max{1, Ã,max
Ω

A0} ≥ Amin = min{1, Ã,min
Ω
A0} > 0.

Our main result is the following :

Theorem 6.1.1. Assume (6.2), (6.4)-(6.6) and(Amax

Amin

)2
(Amax −Amin) max{‖N0‖1, |Ω|} < ε0ηψ

−1χ−2. (6.7)

Then the solution of problem (6.3) is global and satisfies the uniform bounds

sup
t≥0
‖A(t)‖∞ <∞ (6.8)

and
sup
t≥τ
‖N(t)‖∞ <∞, for all τ > 0. (6.9)

On the other hand, when χ ≤ 1, by using an argument from [5], we can show that the
conclusion of Theorem 6.1.1 remains true under a simple assumption on A0 and Ã and without
any size restriction on N0. However, this does not apply to the criminological model in [19] where
χ = 2.

Theorem 6.1.2. Assume (6.2), (6.4)-(6.6), with 0 < χ ≤ 1, Ã ≤ 1 and max
Ω

A0 ≤ 1. Then the

solution of problem (6.3) is global and satisfies the uniform bounds (6.8)-(6.9).
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6.1.2 Explicit global existence conditions and discussion

Interestingly, in view of practical applications, the constant appearing in Theorem 6.1.1 can
be estimated explicitly in the case of a square.

Theorem 6.1.3. Let Ω = (0, L)2, with L > 0. Then the result of Theorem 6.1.1 is true with

ε0 =
1

3
√

3
≈ 0.19.

With Theorem 6.1.3 at hand, we shall now explicitly compute our sufficient condition for
global existence and boundedness in concrete cases involving values of the parameters which
are expected to be physically relevant (cf. [24, 19]). The parameters of system (6.3) are expres-
sed in [19] in terms of parameters of the dimensional form of the model. To avoid confusion,
dimensional parameters are marked with a hat in what follows.

The domain is taken to be a square lattice where exactly one house is located at each lattice
site. Distances are thus measured in units of house separations and the adimensional side length
of the domain is thus essentially equal to √p, where p� 1 is the total number of houses. After a
suitable renormalization (involving the diffusion and mean lifetime parameters of the burglars –
see table 1 and formula (3.3) in [19, p.406]), the measure of the adimensionalized spatial domain
Ω is given by |Ω| = p/3500. We chose p = 3500, hence |Ω| = 1. Next, the parameter ω is given
by ω = ω̂2/ω̂1, where ω̂1 and ω̂2 are the mean lifetimes of the attractiveness and of the active
burglars, respectively. The values chosen in [19] are ω̂1 = (1/14) day−1 and ω̂2 = 6 day−1, hence
ω = 84. The parameter ψ is given by ψ = θ̂Γ̂/ω̂1ω̂2, where Γ̂, describing the source term, stands
for the number of burglars becoming active per time and surface unit and θ̂ is the factor that
boosts attractiveness due to a burglary. We take Γ̂ = 0.002 burglars ·day−1 ·house separation−2,
which is the value taken in [24] for the analogous parameter (the value Γ̂ = 0.5 used in [19]
seems too high, apparently due to a lack of spatial normalization). For the domain that we
consider, this means a total source term of 7 burglars · day−1. Concerning θ̂, following [19],
we take θ̂ = 1 burglars−1 · day−1, which leads to ψ = (14/3) × 10−3 ≈ 0.0047. As for the
attractiveness diffusion parameter η, which models neighboring effects, smaller values mean that
repeat victimization is more and more likely than near-repeat victimization. The values taken
in [24] range from 0.01 to 0.2, whereas [19] takes η = 0.001.

Last, let us consider the initial data. Concerning the (adimensional) attractiveness A, recall
that the constant Ã is assumed to represent its static component, while A − Ã represents the
dynamic component associated with the boost hypothesis. However it is not made completely
clear in [24, 19] how A should be evaluated or measured. Here we shall assume that

Ã ≤ A0(x) ≤ 1, (6.10)

which implies that Amin = Ã and Amax = 1. Consequently (cf. Lemma 6.2.1 below), the attrac-
tiveness remains for all times larger or equal to Ã, and at most one. Note that in the numerical
simulations from [19], the initial data are assumed to be close to the homogeneous steady-state :

(A∗, N∗) =

(
ψ − 1 +

√
(ψ − 1)2 + 4ψÃ

2ψ
, 1

)
,

which in particular satisfies (6.10). As for the initial burglar density N0, we assume for simplicity
that its average value N0 satisfies

N0 := |Ω|−1‖N0‖1 ≤ 1 = N∗.

In dimensional units (cf. [19]), in view of the above choice of ω̂2 and Γ̂, this corresponds to an
initial total population less than ≈ 1.2 burglars (although this may seem small, recall that we
have at the same time a total source term of 7 burglars · day−1).
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Now, for the above-chosen numerical values of the parameters, the global existence and
boundedness condition (6.7) in Theorems 6.1.1 and 6.1.3 becomes

Ã−2(1− Ã) < γ η, where γ =
1

12
√

3
(|Ω|ψ)−1 =

125
√

3

21
≈ 10.31. (6.11)

This is equivalent to

Ã > Ã− :=
2

1 +
√

1 + 4γ η
.

The values of Ã− as a function of η are given in the following table :

η Ã−
0.01 0.91
0.05 0.73
0.1 0.61
0.2 0.49

Therefore, our global existence conditions are compatible with attractiveness values which
are up to about twice those of their static component in the range of η used by [24]. We note that
it is suggested in [19] that a ratio of order 10 (instead of 2) might be desirable, even for smaller
values of η that the ones we consider here. However, this is still beyond the range in which we
can rigorously prove global existence (and actually, global existence for such systems need not
be taken for granted – see next subsection).

6.1.3 Related results and comments

As noted in [24], problems (6.1) and (6.3) belong to the family of chemotaxis-type systems.
A more general class of such systems takes the form

∂A

∂t
= η∆A−A+ f(A,N),

∂N

∂t
= ∆N −∇(N∇h(A))− ωN + g(A,N).

(6.12)

The typical feature of chemotaxis-type systems is the presence of the anti-diffusion term, here
−∇(N∇h(A)), by which the population, of density N , tends to move towards higher concen-
trations of A. The best-known among this class of problems is the Keller-Segel model [15],
corresponding to f = N , h = A and g = 0.

In more general systems (6.12), the nonlinear sensitivity function h, or an even more general
anti-diffusion term of the form −∇(Nκ(A,N)∇A), is designed to incorporate additional features
such as the prevention of overcrowding, sometimes also called volume-filling effect. Other related
models involve nonlinear diffusion terms ∆φ(A) instead of ∆A. There is a very large literature
on such systems (see [12, 13] for recent surveys and, for instance, [9] and the references therein).

System (6.12) with a logarithmic sensitivity function h = χ log(A) was considered in [4, 25]
for f = N and g = ω = 0. Without any size restriction on the initial data, existence of a global
classical solution was proved in [4] under the restriction χ ≤ 1, whereas existence of a (possibly
singular) global weak solution was proved in [25] for any χ > 0. System (6.12) with a logarithmic
sensitivity function was also considered in [2] (see also [18]), in conjunction with a quadratic
absorption term, namely g = −cN2, and f = N . In this case, global classical existence was
proved for any χ > 0 without size restriction on the initial data, but the proof made crucial use
of the quadratic absorption term.
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Here, with only a linear absorption −ωN and the specific f under consideration, a size
condition on the initial data is required to prove existence of global classical solution, but we do
not need absolute restrictions on the parameter χ. Although we do not know what happens for
larger initial data, let us recall that in the case of the Keller-Segel model in two space dimensions,
global existence is true only for small initial mass and that blow-up may occur for large mass.
However proving blow-up for 2-dimensional parabolic chemotaxis models is a very challenging
task. The only known blow-up result for the 2d Keller-Segel system is that of Herrero and
Velázquez [11], and its proof, based on matched asymptotics, is highly technical. In simplified
parabolic-elliptic chemotaxis models, where the term ∂A/∂t in (6.12) is replaced by 0, blow-up
proofs are easier and there are more results available. In particular, when h = χ logA, f = N ,
g = ω = 0 and the space dimension n is at least 3, finite time blow-up is known [16] to occur
for χ > 2n/(n−2). For blow-up results concerning the parabolic-elliptic Keller-Segel system, see
e.g. the survey [6].

Our global existence proofs, as is customary in chemotaxis-type problems, rely on a priori
estimates obtained by energy and entropy arguments. However, in the case of Theorem 6.1.1,
some care is needed to properly take into account the size condition on the initial data. In
the case of the Keller-Segel system, an exact entropy functional was found and used to prove
global existence for suitably small mass in [17, 10, 4]. Although system (6.3) is not known to
possess an exact entropy functional, assuming condition (6.7) on the data of the problem, we can
nevertheless construct an approximate entropy functional (with the typical N logN growth – cf.
Lemma 6.3.1), which is the key to our a priori estimates. We also stress that, in spite of uniform
lower and upper bounds for A which easily follow from the maximum principle, the proof of the
estimates of N is far from being immediate. As for Theorem 6.1.2, under the assumptions χ ≤ 1,
Ã ≤ 1 and max

Ω
A0 ≤ 1, we can use a modified entropy functional from [5].

Remarks 6.1.1. By straightforward modifications of the method (see Remark 6.4.1 for more
details), one can show that a result similar to Theorem 6.1.1 remains true for the initial-boundary
value problem associated with the more general system (6.12) where f, g, h are (sufficiently
smooth) functions satisfying the following conditions

– (H1) g(A, 0) ≥ 0, ∀A ≥ 0.

– (H2) There exist two positive constants Amin < Amax such that

−Amin + f(Amin, N) ≥ 0, ∀N ≥ 0,

−Amax + f(Amax, N) ≤ 0, ∀N ≥ 0.

– (H3)
|g(A,N)| ≤ g1(A)N1−δ + g2(A),

where δ ∈ (0, 1) and g1, g2 are bounded in [Amin, Amax].
– (H4)

|f(A,N)| ≤ f1(A)N + f2(A),

where f1, f2 are bounded in [Amin, Amax].

– (H5)

sup
[Amin,Amax]

∣∣∣∣dih(A)

dAi

∣∣∣∣ <∞, i = 1, 2.

The outline of the rest of the article is as follows. Subsection 2.1 is devoted to local existence
and uniqueness, whereas Subsection 2.2 contains basic estimates, energy identities and functional
inequalities which will needed for proving global existence. Sections 3–5 are then devoted to the
proofs of Theorems 1.1, 1.3 and 1.2, respectively. Finally, our main conclusions are summarized
in Section 6.
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6.2 Preliminaries

6.2.1 Local existence and uniqueness

We have the following local existence and uniqueness result.

Proposition 6.2.1. Assume (6.2), (6.4)-(6.6) and fix any β ∈ (0, 1
2). Then problem (6.3) admits

a unique, classical, maximal in time solution (A,N) with A > 0. Moreover, if its maximal
existence time T ∗ is finite, then limt→T ∗ ‖A(t)‖H1+β + ‖N(t)‖L2 =∞.

Note that the solution given by Proposition 6.2.1 is of course independent of the choice of
β ∈ (0, 1

2) (due to local uniqueness and the fact that H1+β(Ω) ⊂ H1+γ(Ω) for β > γ). The
procedure for proving Proposition 6.2.1 is rather standard (see, e.g., [18, 2, 14] for more details
on similar problems). Although the function ϑ is singular at A = 0, this actually causes no
difficulty, because a positive lower bound for A can be deduced from the maximum principle
(first working with a smooth replacement of ϑ). We sketch the proof for completeness.

We first recall some properties of theory of abstract evolution equation. Let H,V be two
separable Hilbert spaces with dense and compact embedding V ⊂ H. Identifying H with its dual
H′ and denoting the dual space of V by V ′.

Consider the initial value problem
dU

dt
+AU = F (U), 0 < t <∞,

U(0) = U0.
(6.13)

Here, A is bounded linear operator from V to V ′ which is defined by a symmetric bilinear form
a(., .) on V satisfying

|a(U, V )| ≤M‖U‖V‖V ‖V , U, V ∈ V,
a(U,U) ≥ c‖U‖2V , U ∈ V, (6.14)

with some positive constants c,M . F : V → V ′ is a continuous mapping such that, for each θ > 0,
there exist nondecreasing functions φθ, ψθ such that

‖F (U)‖V ′ ≤ θ‖U‖V + φθ(‖U‖H), (6.15)
‖F (U)− F (V )‖V ′ ≤ θ‖U − V ‖V + (‖U‖V + ‖V ‖V + 1)ψθ(‖U‖H + ‖V ‖H)‖U − V ‖H, (6.16)

for U, V ∈ V. Then by standard argument (see [22]), the following holds :

Proposition 6.2.2. Assume (6.14)-(6.16) and let M > 0 and U0 ∈ H with ‖U0‖H ≤ M . Then
there exists T = T (M) > 0 and a unique local-in-time solution U to (6.13) such that

U ∈ C([0, T ];H) ∩ H1([0, T ];V ′) ∩ L2([0, T ];V). (6.17)

To deduce Proposition 6.2.1 from Proposition 6.2.2, we fix β in (0, 1
2) and we set

V := H2+β
N (Ω)×H1(Ω), H := H1+β(Ω)× L2(Ω).

Then

V ′ = Hβ(Ω)×(H1(Ω))′.

The linear operator A is defined by

A =

(
T1 0
0 T2

)
,
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where T1 = −∆ + 1 is regarded as an operator from H2+β
N (Ω) to Hβ(Ω) and T2 = −∆ +ω is the

Laplace operator equipped with the Neumann boundary condition in H1(Ω)′. Then the bilinear
form a(., .) is defined by

a(U, V ) =
(
T

(1+β)/2
1 A1, T

(1+β)/2
1 A2

)
L2

+

∫
Ω

(∇N1∇N2 + ωN1N2)dx,

where U = (A1, N1) and V = (A2, N2).
For any fixed α ∈ (0, Amin), we pick a function ϑα ∈ C∞(R) such that ϑα(s) = χ log s for

s ≥ Amin. Define Fα(U) by

Fα(U) =

(
ψNA(1−A) + Ã
−∇(N∇ϑα(A)) + ω

)
, U = (A,N).

and denote by (Pα) the modified problem (6.3).
As a consequence of Proposition 6.2.2, problem (Pα) admits a unique, maximal in time

solution (Â, N̂), defined in an interval [0, T ∗). Moreover, if T ∗ < ∞ then limt→T ∗ ‖Â(t)‖H1+β +
‖N̂(t)‖L2 = ∞. Furthermore, it is classical for t > 0. This follows from a standard bootstrap
argument based on parabolic regularity and imbedding theorems.

Observing that Amin is a subsolution of the equation for Â, we deduce that Â ≥ Amin in
(0, T ∗), so that (Â, N̂) actually solves the original problem (6.3).

As for local uniqueness for (6.3), the notion of solution to (6.3) implies that A is uniformly
positive on Ω × [0, T ] for any 0 < T < T ∗ (since A ∈ C([0, T ∗);H1+β(Ω)). Since α can be
arbitrary close to 0 in problem (Pα), the uniqueness for the original problem follows from the
uniqueness for (Pα).

6.2.2 Basic estimates, energy identities and functional inequalities

Our first lemma provides the primary L1 control of N and uniform lower and upper bounds
for A. The latter can be easily obtained from the maximum principle, owing to the special form
of the nonlinear term in the equation for A.

Lemma 6.2.1 (A priori estimates for A and N). For all t ∈ (0, T ∗), we have

A(x, t) ≥ min{1, Ã, inf A0(x)} := Amin, (6.18)

A(x, t) ≤ max{1, Ã, supA0(x)} := Amax, (6.19)
N(x, t) ≥ 1− e−ωt > 0, (6.20)
‖N(t)‖1 = e−ωt‖N0‖1 + |Ω|(1− e−ωt), (6.21)

hence in particular

‖N(t)‖1 ≤ max{‖N0‖1, |Ω|} := N1,max. (6.22)

Proof. To check (6.18) and (6.19), it suffices to observe that Amin, Amax are, respectively, sub-
/supersolution of the equation for A, with Neumann boundary conditions, and to apply the
maximum principle. The proof of (6.20) is similar, in view of the regularity of the solution. As
for (6.21), it follows by integrating the equation for N in space.

We next state the basic energy identities.
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Lemma 6.2.2 (Energy identities). For all t ∈ (0, T ∗), we have

1

2

d

dt
‖A(t)‖22 + ‖A(t)‖22 + η‖∇A(t)‖22 = ψ

∫
Ω
NA2(1−A)dx+

∫
Ω
ÃA dx, (6.23)

1

2

d

dt
‖∇A(t)‖22 + ‖∇A(t)‖22 + η‖∆A(t)‖22 = −ψ

∫
Ω
NA(1−A)∆Adx, (6.24)

d

dt

∫
Ω

(N logN −N + 1)dx+ ω

∫
Ω

(N logN −N + 1)dx+

∫
Ω

|∇N |2

N
dx−

∫
Ω
∇N.∇ϑ(A)dx

= ω

∫
Ω

(logN −N + 1)dx ≤ 0, (6.25)

1

2

d

dt
‖N(t)‖22 + ω‖N(t)‖22 + ‖∇N(t)‖22 =

∫
Ω
N∇N.∇ϑ(A)dx+ ω

∫
Ω
Ndx. (6.26)

Proof. Formulae (6.23)-(6.26) follow by integration by parts after multiplying, respectively, the
first equation in (6.3) by A and −∆A, and the second equation in (6.3) by logN − 1 and N .
Note that these manipulations are licit in view of (6.20), of the classical regularity of N and of
the higher parabolic regularity applied to the equation for A.

Lemma 6.2.3 (Poincaré’s inequality). For any uniformly positive function u ∈ H1(Ω), there
holds

‖u‖22 ≤ µ2‖u‖1
∫

Ω

|∇u|2

u
dx+ |Ω|−1‖u‖21, (6.27)

where µ is the best constant of the following Poincaré-Sobolev inequality :

‖u− |Ω|−1

∫
Ω
u dx‖2 ≤ µ‖∇u‖1, u ∈W 1,1(Ω). (6.28)

Proof. Denote u = |Ω|−1
∫

Ω u dx. Using the orthogonality of u − u and u in L2 and (6.28), we
have

‖u‖22 = ‖u− u‖22 + |Ω|u2

≤ µ2‖∇u‖21 + |Ω|u2. (6.29)

Since ‖∇u‖21 ≤ ‖u‖1
∫

Ω
|∇u|2
u dx by the Cauchy-Schwarz inequality, we deduce (6.27).

A key ingredient in the proof of our main result is the following interpolation estimate. We
recall that H2(Ω) ⊂ C(Ω), since we are in two space dimensions ; however Lemma 6.2.4 remains
true in any dimension if we assume u ∈ H2(Ω) ∩ C(Ω).

Lemma 6.2.4. Assume that u ∈ H2(Ω) satisfies ∂u/∂ν = 0 on ∂Ω (in the sense of traces).
Then ∫

Ω
|∇u|4dx ≤ K osc2(u)

∫
Ω
|∆u|2dx, (6.30)

where K = K(Ω) > 0.

Proof. Step 1.We first give a homogeneous version of the standard elliptic L2-estimate, namely :

‖D2u‖2 :=
(∑
ij

‖uxixj‖22
)1/2

≤ C(Ω)‖∆u‖2, (6.31)

for any u ∈ H2(Ω) with Neumann boundary condition.
To verify (6.31), we start from ‖D2u‖2 ≤ C(Ω)‖ −∆u + u‖2, which is well known (see e.g.

[7, Chapter 9]), hence

‖D2u‖2 ≤ C(Ω)(‖∆u‖2 + ‖u‖2). (6.32)
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Let (ek)k≥0 be a Hilbert basis of L2 made of eigenfunctions of −∆ with domain H2 equipped
with Neumann conditions. Denote the eigenvalues by λ0 = 0 < λ1 ≤ λ2 ≤ ... and observe that
e0 = C = Const. Set f = −∆u, decompose f =

∑
k≥0 ckek, and note that

c0 = (f, e0) = C

∫
Ω
f dx = −C

∫
∂Ω
∂νu dσ = 0.

Let v :=
∑

k≥1 λ
−1
k ckek. Then −∆v = f with ∂νv = 0 and v satisfies

‖v‖22 =
∑
k≥1

λ−2
k |ck|

2 ≤ λ−2
1 ‖∆u‖

2
2. (6.33)

Since the difference z = v − u satisfies ∆z = 0, ∂νz = 0, it follows that
∫

Ω |∇z|
2 dx = 0, so that

u = v + Const.

Combining this with (6.32) and (6.33), we obtain

‖D2u‖2 = ‖D2v‖2 ≤ C(Ω)(‖∆v‖2 + ‖v‖2),

and
‖D2u‖2 ≤ C(Ω)(1 + λ−1

1 )‖∆u‖2.
Hence (6.31).

Step 2. By density, it suffices to prove the Lemma for u ∈ C2(Ω). We may assume without
loss of generality that minΩ u = 0 and osc(u) = ‖u‖∞. For a matrix M = (mij), we denote
|M |1 = maxi

{∑
j |mij |

}
. Observing that

∇ · (|∇u|2∇u) = |∇u|2∆u+ 2 t∇u(D2u)∇u = t∇u
(
2D2u+ (∆u)I

)
∇u,

where I is the identity matrix, we have∣∣∇ · (|∇u|2∇u)
∣∣ ≤ ∣∣2D2u+ (∆u)I

∣∣
1
|∇u|2.

Using the divergence theorem, it follows that∫
Ω
|∇u|4dx =

∫
Ω
∇u · |∇u|2∇u dx = −

∫
Ω
u∇(|∇u|2∇u)dx

≤
∫

Ω
u
∣∣2D2u+ (∆u)I

∣∣
1
|∇u|2dx ≤ 1

2

∫
Ω
|∇u|4dx+

1

2

∫
Ω
u2
∣∣2D2u+ (∆u)I

∣∣2
1
dx.

Consequently, ∫
Ω
|∇u|4dx ≤ ‖u‖2∞

∫
Ω

∣∣2D2u+ (∆u)I
∣∣2
1
dx. (6.34)

Since
∫

Ω

∣∣2D2u+ (∆u)I
∣∣2
1
dx ≤ C‖D2u‖22, it follows from (6.31) that∫

Ω

∣∣2D2u+ (∆u)I
∣∣2
1
dx ≤ K(Ω)‖∆u‖22 (6.35)

which, along with (6.34), implies the conclusion.

We shall also need the following classical smoothing properties of the Neumann heat semi-
group. For d, λ > 0, we define the operator A = Ad,λ = −d∆ + λ on L2(Ω), with domain
D(A) = {v ∈ H2(Ω); ∂A/∂ν = 0 on ∂Ω (in the sense of traces)}. We denote by T (t) = Td,λ(t)
the semigroup generated by A. It is well known that, for any 0 ≤ m ≤ 2, 1 ≤ p ≤ q ≤ ∞ and
any φ ∈ L2(Ω) ∩ Lp(Ω), we have

‖T (t)φ‖Wm,q(Ω) ≤ Ce−λt
(
1 + t

−m
2
− 1
p

+ 1
q
)
‖φ‖Lp(Ω), t ≥ 0, (6.36)

with C = C(Ω,m, p, q, η) > 0.
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6.3 Global existence and boundedness : Proof of Theorem 6.1.1

The following lemma is the key to the proof of our main result. It provides an approximate
entropy functional φ, which is available whenever condition (6.7) is satisfied. This function enables
us to get an H1-bound for A and a time-averaged H2-bound.

Lemma 6.3.1 (Approximate entropy functional). Assume (6.7) and let

c1 :=
η

2

(
1−Kχ4η−2µ4ψ2N2

1,maxA
−4
minA

4
max(Amax −Amin)2

)
> 0. (6.37)

(i) Then the function

φ(t) := σ

∫
Ω

(N logN −N + 1)dx+
1

2
‖∇A(t)‖22, with σ =

2ψ2

η
A4

maxµ
2N1,max,

satisfies the differential inequality

φ′ + ω̃φ+ c1‖∆A‖22 ≤ c2, 0 < t < T ∗, (6.38)

where ω̃ = min(ω, 2) and c2 = c2(K,χ,Amin, Amax, ψ,N1,max, η, |Ω|, µ) > 0.
(ii) We have

sup
t∈(0,T ∗)

‖∇A(t)‖22 ≤ c3, (6.39)

with c3 := 2 max(φ(0), c2ω̃
−1), and∫ t

s
‖∆A(τ)‖22 dτ ≤ c4(1 + t− s), 0 < s < t < T ∗, (6.40)

with c4 = c−1
1 max(c2, c3/2).

Proof. Set

φ1(t) := ‖∇A(t)‖22, φ2(t) :=

∫
Ω

(N logN −N + 1)dx ≥ 0 (6.41)

(due to s log s − s + 1 ≥ 0, s > 0). In this proof, C will denote a generic positive constant
depending only on K,χ,Amin, Amax, ψ, N1,max, η, |Ω|, µ and on ε1, ε2, ε3 below.

On the one hand, it follows from (6.24) that, for any ε1 > 0,

1

2
φ′1 + φ1 + η‖∆A‖22 ≤ ε1‖∆A‖22 +

ψ2

4ε1

∫
Ω
N2A2(1−A)2dx. (6.42)

Since

‖N‖22 ≤ µ2N1,max

∫
Ω

|∇N |2

N
dx+ C (6.43)

due to Lemma 6.2.3, we deduce from (6.42) that

1

2
φ′1 + φ1 ≤ a1

∫
Ω

|∇N |2

N
dx+ a2‖∆A‖22 + C (6.44)

where

a1 =
ψ2

4ε1
A4

maxµ
2N1,max > 0, a2 = ε1 − η. (6.45)

On the other hand, it follows from (6.25) that, for any ε2, ε3 > 0,

φ′2 + ωφ2 +

∫
Ω

|∇N |2

N
dx ≤

∫
Ω
∇N∇ϑ(A)dx ≤ ε2

∫
Ω

|∇N |2

N
dx+

1

4ε2

∫
Ω
N |∇ϑ(A)|2dx

≤ ε2

∫
Ω

|∇N |2

N
dx+

1

4ε2

(
ε3‖N‖22 +

1

4ε3

∫
Ω
|∇ϑ(A)|4dx

)
.
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Using ∫
Ω
|∇ϑ(A)|4dx ≤ Kχ4A−4

min(Amax −Amin)2‖∆A‖22

due to Lemma 6.2.4, and (6.43), we deduce that

φ′2 + ωφ2 ≤ a3

∫
Ω

|∇N |2

N
dx+ a4‖∆A‖22 + C, (6.46)

where

a3 = ε2 +
ε3µ

2N1,max

4ε2
− 1, a4 =

Kχ4

16ε2ε3
A−4

min(Amax −Amin)2 > 0. (6.47)

Now setting ω̃ = min(ω, 2) and combining (6.44) and (6.46), we see that φ = 1
2φ1 + σφ2

satisfies

φ′ + ω̃φ ≤ (a1 + σa3)

∫
Ω

|∇N |2

N
dx+

(
a2 + σa4

)
‖∆A‖22 + C. (6.48)

Assume a3 < 0 and choose σ = −a1/a3 > 0. Then we have a2 + σa4 < 0 provided a1a4 < a2a3,
that is

Kχ4A−4
minA

4
max(Amax −Amin)2ψ2µ2N1,max < 16ε1(η − ε1)

(
4(1− ε2)ε2 − ε3µ

2N1,max

)
ε3. (6.49)

The best condition, maximizing the RHS in (6.49), is obtained by choosing ε1 = η/2, ε2 = 1/2
and then ε3 = (2µ2N1,max)−1, which in turn implies a3 = −1/4 < 0. Inequality (6.49) is then
equivalent to

Kχ4A−4
minA

4
max(Amax −Amin)2ψ2µ2N1,max < 4η2(1− ε3µ

2N1,max)ε3 = η2(µ2N1,max)−1,

which is true, due to (6.37). Then we have a2 = −η/2,

a1 =
ψ2

2η
A4

maxµ
2N1,max, a4 =

Kχ4

4
µ2N1,maxA

−4
min(Amax −Amin)2, σ =

2ψ2

η
A4

maxµ
2N1,max.

We conclude from (6.48) that (6.38) holds with c1 = −a2 − σa4, which yields the value given in
(6.37).

(ii) Multiplying (6.38) with eω̃t and integrating between 0 and t, we obtain

φ(t) ≤ max(φ(0), c2ω̃
−1), 0 < t < T ∗. (6.50)

This guarantees (6.39), in view of (6.41). Inequality (6.40) then follows after integrating (6.38)
over (s, t), taking (6.50) into account.

Building on estimate (6.40) from the previous lemma, we shall now derive uniform estimates
for ‖N(t)‖2 and ‖A(t)‖Hm(Ω), which in turn will guarantee the global existence of the solution.

Lemma 6.3.2. Assume that (6.40) is satisfied for some c4 > 0. Then we have

sup
t∈(0,T ∗)

‖N(t)‖2 <∞ (6.51)

and, for each m ∈ (0, 2) and τ ∈ (0, T ∗),

sup
t∈(τ,T ∗)

‖A(t)‖Hm(Ω) <∞. (6.52)
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Proof. Let us first establish (6.51). It follows from (6.26) that

d

dt
‖N(t)‖22 + 2ω‖N‖22 + 2‖∇N(t)‖22 ≤ 2ωN1;max + 2

∫
Ω
N∇N.∇ϑ(A)dxdt

≤ 2ωN1;max +

∫
Ω
∇N2.∇ϑ(A)dx

≤ 2ωN1;max −
∫

Ω
N2.∆ϑ(A)dx

≤ 2ωN1;max + ‖N‖24‖∆ϑ(A)‖2.

By the Sobolev embedding of W 1,1(Ω) into L2(Ω) with constant CS , we have, for any ε1 > 0,

‖N‖24 = ‖N2‖2 ≤ CS(‖∇N2‖1 + ‖N2‖1) = CS(2‖N∇N‖1 + ‖N‖22)

≤ CS(2‖N‖2‖∇N‖2 + ‖N‖22) ≤ ε1‖∇N‖22 + (CS + C2
S/ε1)‖N‖22.

Choosing ε1 = ‖∆ϑ(A)‖−1
2 , we get

d

dt
‖N(t)‖22 + 2ω‖N‖22 + ‖∇N(t)‖22 ≤ 2ωN1;max +

(
CS‖∆ϑ(A)‖2 + C2

S‖∆ϑ(A)‖22
)
‖N‖22. (6.53)

Pick now ε > 0, and denote by C(ε) a generic positive constant depending on the solution and
on ε, but independent of t ∈ (0, T ∗). By the Gagliardo-Nirenberg inequality

‖N‖2 ≤ CG(‖∇N‖1/22 ‖N‖
1/2
1 + ‖N‖1),

we have
‖N‖22 ≤ 2C2

G(‖∇N‖2‖N‖1 + ‖N‖21) ≤ ε‖∇N‖22 + C(ε)N2
1;max.

Therefore, using (6.22), we have

‖∇N‖22 ≥
1

ε
‖N‖22 − C(ε).

Combining this with (6.53), we obtain

d

dt
‖N(t)‖22 +

1

ε
‖N‖22 ≤ C(ε) +

(
1 + 2C2

S‖∆ϑ(A)‖22
)
‖N‖22.

Now setting

ϕ(t) = ‖N(t)‖22, ρ(t) =

∫ t

0

(1

ε
− 1− 2C2

S‖∆ϑ(A)‖22
)
ds,

we are thus left with the differential inequality

ϕ′(t) + ρ′(t)ϕ(t) ≤ C(ε).

On the other hand, we have ∆ϑ(A) = χ(A−1∆A−A−2|∇A|2), hence

‖∆ϑ(A)‖22 ≤ 2χ2
(
A−2‖∆A‖22 +A−4‖∇A‖44

)
.

It then follows from (6.40), (6.18) and Lemma 6.2.4 that∫ t

s
‖∆ϑ(A)‖22 ≤ c5(1 + t− s), 0 < s < t < T ∗.

By choosing ε = (2 + 2C2
Sc5)−1 and letting c6 = 2C2

Sc5, we have

ρ(t)− ρ(s) ≥ t− s− c6, 0 < s < t < T ∗.
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By integration, we get

ϕ(t) ≤ ϕ(0)e−ρ(t) + C

∫ t

0
eρ(s)−ρ(t)ds ≤ ϕ(0)ec6−t + C

∫ t

0
ec6+s−tds ≤ ec6(ϕ(0) + C)

and (6.51) follows.

To prove (6.52), we rewrite the first equation via the variation-of-constants formula

A(t) = Tη,1(t)A0 +

∫ t

0
Tη,1(t− s)(ψNA(1−A) + Ã)(s)ds

(where Tη,1 is defined at the end of Section 2). By (6.51), we have

M := sup
t∈(0,T ∗)

‖
(
ψNA(1−A) + Ã

)
(t)‖2 <∞.

Fix m ∈ (0, 2). It follows from (6.36) that, for any 0 < τ ≤ t < T ∗,

‖A(t)‖Hm(Ω) ≤ Ce−t(1 + t−m/2)‖A0‖2

+ C

∫ t

0
e−(t−s)(1 + (t− s)−m/2)‖

(
ψNA(1−A) + Ã

)
(s)‖2ds

≤ C(1 + τ−m/2)‖A0‖2 + CM

∫ ∞
0

e−s(1 + s−m/2)ds =: C(τ),

which proves (6.52).

Proof of Theorem 6.1.1.
Step 1. Global existence. In view of the local theory stated in Section 2, this is a direct

consequence of estimates (6.51) and (6.52) in Lemma 6.3.2.

Step 2. Boundedness. Estimate (6.8) was already obtained in Lemma 6.3.2. Starting from
the global estimates obtained in Lemma 6.3.2, we shall use a standard bootstrap argument (see
e.g., [17]) to prove (6.9).

As a consequence of (6.52) and Sobolev imbeddings, we have, for each τ > 0,

sup
t∈(τ,∞)

‖∇A(t)‖p <∞, 1 ≤ p <∞. (6.54)

Using (6.18) and (6.51), it follows that

Mq := sup
t∈(τ,∞)

‖(NA−1∇A)(t)‖q <∞, 1 ≤ q < 2. (6.55)

Set T (t) = T1,ω(t). From the second equation, using T (t)1 = e−ωt, we have

N(t) = T (t)N0 +

∫ t

0
T (t− s)

(
−∇(N∇ϑ(A))

)
ds+

∫ t

0
T (t− s)ωds

= T (t)N0 + 1− e−ωt +

∫ t

0
∇T (t− s) ·NA−1∇Ads.

After a time-shift, combining this with (6.36), (6.51) and (6.55), we obtain, for any q ∈ [1, 2),
m ∈ [0, 1) and t ≥ τ/2,

‖N( τ2 + t)‖Wm,q(Ω) ≤ Ce−t(1 + t−m/2)‖N( τ2 )‖q + C

+ C

∫ t

0
e−(t−s)(1 + (t− s)−

m+1
2
)
‖
(
NA−1∇A

)
( τ2 + s)‖qds (6.56)

≤ C(1 + τ−m/2) + CMq

∫ ∞
0

e−s
(
1 + s−(m+1)/2

)
ds =: C̃(τ).
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Using Sobolev’s imbedding again, taking q close to 2− and m close to 1−, we deduce

sup
t∈(τ,∞)

‖N(t)‖p <∞, 1 ≤ p <∞.

Due to (6.54), this implies that (6.55) is true for any q ∈ [1,∞). The argument in (6.56) then
yields

sup
t∈(τ,∞)

‖N(t)‖Wm,q(Ω) <∞, 0 < m < 1, 1 ≤ q <∞

and (6.9) follows by a further application of Sobolev imbeddings. 2

6.4 The case of a square domain : Proof of Theorem 6.1.3

Let us consider the square Ω = (0, L)2. Theorem 6.1.3 is a consequence of Theorem 6.1.1 and
of the following two lemmas, where we estimate the constants K and µ in inequalities (6.30) and
(6.28)

Lemma 6.4.1. For Ω = (0, L)2, the constant K in estimate (6.30) satisfies K ≤ 12.

Proof. Recall that the constant K = K(Ω) is determined from inequality (6.35) in the proof of
Lemma 6.2.4. Repeatedly using the Cauchy-Schwarz inequality, we first compute∣∣2D2u+ (∆u)I

∣∣
1

= max
{
|3uxx + uyy|+ 2|uxy|, |uxx + 3uyy|+ 2|uxy|

}
= 2|uxy|+ max

{
|3uxx + uyy|, |uxx + 3uyy||

}
≤ 2|uxy|+

(
10(u2

xx + u2
yy)
)1/2

and then ∣∣2D2u+ (∆u)I
∣∣2
1
≤ 12

(
u2
xx + u2

yy + 2u2
xy

)
.

Consequently, ∫
Ω

∣∣2D2u+ (∆u)I
∣∣2
1
dx ≤ 12

(
‖uxx‖22 + ‖uyy‖22 + 2‖uxy‖22

)
. (6.57)

We next claim that
‖uxx‖22 + ‖uyy‖22 + 2‖uxy‖22 = ‖∆u‖22. (6.58)

Indeed, using the Fourier expansion u =
∑

j,k≥0 ajk cos jπxL cos kπyL , we have

‖uxx‖22 + ‖uyy‖22 =
π4

2L2

∑
j≥1

j4a2
j0 +

π4

2L2

∑
k≥1

k4a2
0k +

π4

4L2

∑
j,k≥1

(j4 + k4)a2
jk,

‖uxy‖22 =
π4

4L2

∑
j,k≥1

j2k2a2
jk,

‖uxx + uyy‖22 =
π4

2L2

∑
j≥1

j4a2
j0 +

π4

2L2

∑
k≥1

k4a2
0k +

π4

4L2

∑
j,k≥1

(j2 + k2)2a2
jk,

which implies (6.58).
The conclusion follows by combining (6.35), (6.57) and (6.58).

Lemma 6.4.2. For Ω = (0, L)2, the constant µ in estimate (6.28) satisfies µ ≤
√

3
2 .
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Proof. Let u be a smooth function with zero average. There exist mean values ζ(x), ξ(y) in [0, L]
such that

1

L

∫ L

0
u(s, y)ds = u(ξ(y), y),

1

L

∫ L

0
u(x, t)dt = u(x, ζ(x)).

It follows that

u(x, y) =
1

L

∫ L

0
u(s, y)ds+

∫ x

ξ(y)
ux(s, y)ds

=
1

L

∫ L

0
u(x, t)dt+

∫ y

ζ(x)
uy(x, t)dt.

Consequently, ∫
Ω
u2(x, y)dxdy =

1

L2

(∫
Ω
u(x, y)dxdy

)2

+

∫
Ω

(
1

L

∫ L

0
u(s, y)ds

∫ y

ζ(x)
uy(x, t)dt

)
dxdy

+

∫
Ω

(
1

L

∫ L

0
u(x, t)dt

∫ x

ξ(y)
ux(s, y)ds

)
dxdy

+

∫
Ω

(∫ x

ξ(y)
ux(s, y)ds

∫ y

ζ(x)
uy(x, t)dt

)
dxdy.

Since u has zero average, it follows that

‖u‖22 ≤
1

L
‖u‖1(‖ux‖1 + ‖uy‖1) + ‖ux‖1‖uy‖1.

Moreover, by [1, Theorem 3.2], we have ‖u‖1 ≤ (L/
√

2)‖∇u‖1, hence

‖u‖22 ≤
1√
2
‖∇u‖1(‖ux‖1 + ‖uy‖1) +

1

4
(‖ux‖1 + ‖uy‖1)2.

Using the elementary inequality ‖ux‖1 + ‖uy‖1 ≤
√

2‖∇u‖1, we deduce that

‖u‖2 ≤
√

3

2
‖∇u‖1.

Since C1(Ω̄) is dense inW 1,1(Ω), Lemma 6.4.2 follows by letting u = N− 1
|Ω|
∫

ΩN(x, y)dxdy.

Remarks 6.4.1. Let us briefly justify the generalization in Remark 1.2. Conditions (H1), (H2), (H5)
are natural. By condition (H3) and N1−δ ≤ εN +C(ε), one can show that ‖N(t)‖1 is uniformly
bounded. And then, one has following estimates

|g(A,N) logN | ≤ C1(A)N + C2(A) (a)

|g(A,N)|N ≤ εN2 + C3(ε,A) (b)

Inequality (a) and boundedness of ‖N(t)‖1 imply (6.46). Inequality (b) implies (6.53). By condi-
tion (H4), one has

|f(A,N)|2 ≤ C4(A)N2 + C5(A)

which implies inequality (6.44)
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6.5 The case χ ≤ 1 : Proof of Theorem 6.1.2

For χ ≤ 1, a basic entropy estimate is given by the following.

Lemma 6.5.1. Assume 0 < χ ≤ 1 and Amax = 1. Then

sup
0<t<T ∗

∫
Ω
N | logN | dx <∞. (6.59)

Proof. Following [5, Section 4], we define

Y (t) =

∫
Ω
N(logN − c logA) dx.

Letting F = ψNA(1−A) + Ã−A and G = ω(1−N), we have

Y ′(t) =

∫
Ω
Nt(logN − c logA) dx+

∫
Ω

(Nt − cNA−1At) dx

= Q+

∫
Ω

(logN − c logA)Gdx+

∫
Ω
Gdx− c

∫
Ω
NA−1F dx, (6.60)

where

Q =

∫
Ω

[
∆N −∇ · (N∇ϑ(A))

]
(logN − c logA) dx− cη

∫
Ω
NA−1∆Adx

= −
∫

Ω
N−1|∇N |2 dx+ (χ+ c(1 + η))

∫
Ω
A−1∇N · ∇A− c(χ+ η)

∫
Ω
NA−2|∇A|2 dx

= −
∫

Ω
N−1A−2

[
A2|∇N |2 + c(χ+ η)N2|∇A|2 − (χ+ c(1 + η))NA∇N · ∇A

]
dx.

We see that Q ≤ 0 provided the discriminant δ := (χ + c(1 + η))2 − 4c(χ + η) is nonpositive,
that is

(1 + η)2c2 − 2c(χ+ 2η − χη) + χ2 ≤ 0. (6.61)

There exists a constant c satisfying (6.61) if and only if

|χ+ 2η − χη| ≥ (1 + η)χ,

which is equivalent to χ ≤ 1.
On the other hand, we have G ≤ ω and, since A ≤ 1 due to (6.19), F ≥ −A. Using (6.18),

(6.22) and the inequality log s ≤ s (s > 0), we deduce from (6.60) that

Y ′(t) ≤ −ωY + ω

∫
Ω

(logN − c logA) dx+ ω|Ω|+ c

∫
Ω
N dx ≤ −ωY + C.

We infer that sup0<t<T ∗ Y (t) <∞, so that (6.59) follows from (6.19), (6.22).

With the bound (6.5.1) at hand, we can now use the following better Sobolev type inequality
in place of Lemma 6.2.3.

Lemma 6.5.2. For any ε > 0, there holds

‖u‖22 ≤ ε
∫

Ω
u| log u| dx

∫
Ω

|∇u|2

u
dx+ C(Ω, ‖u‖1, ε) (6.62)

for any uniformly positive function u ∈ H1(Ω).
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Proof. Fix k > 1. Since ∇[u− k]+ = χ{u>k}∇u, we deduce from (6.29) that∫
Ω

[u− k]2+dx ≤ µ2

(∫
u>k
|∇u|dx

)2

+ |Ω|−1

(∫
Ω

[u− k]+dx

)2

.

On the other hand, we have u2 ≤ [u− k]2+ + 2ku (just consider separately the cases u ≤ or > k).
Therefore, by integration, we obtain∫

Ω
u2dx ≤ µ2

(∫
u>k
|∇u|dx

)2

+ |Ω|−1‖u‖21 + 2k‖u‖1

≤ µ2

∫
u>k

|∇u|2

u
dx ·

∫
u>k

udx+ |Ω|−1‖u‖21 + 2k‖u‖1

≤ µ2

∫
Ω

|∇u|2

u
dx ·

∫
Ω
u| log u|dx

log k
+ |Ω|−1‖u‖21 + 2k‖u‖1

(6.63)

and the Lemma follows by taking k = exp(µ2/ε).

Proof of Theorem 6.1.2. We claim that

sup
t∈(0,T ∗)

‖∇A(t)‖22 <∞ (6.64)

and ∫ t

s
‖∆A(τ)‖22 dτ ≤ C(1 + t− s), 0 < s < t < T ∗. (6.65)

Fix ε > 0. By Lemmas 6.5.1 and 6.5.2, we have

‖N‖22 ≤ ε
∫

Ω

|∇N |2

N
dx+ C(ε), 0 < t < T ∗. (6.66)

Using estimate (6.66) instead of (6.27) in the proof of Lemma 6.3.1(i), we obtain the differential
inequality (6.48) where the constants ai are defined by formulae (6.45) and (6.47) with µ2N1,max

replaced by ε. Like before, we assume a2, a3 < 0 and choose σ = −a1/a3 > 0. Then we have
a2 + σa4 < 0 provided a1a4 < a2a3, which is now equivalent to

Kχ4A−4
minA

4
max(Amax −Amin)2ψ2ε < 16ε1(η − ε1)

(
4(1− ε2)ε2 − ε3ε

)
ε3.

Choosing ε1 = η/2, ε2 = 1/2, ε3 = 1/(2ε), the condition becomes Kχ4A−4
minA

4
max(Amax −

Amin)2ψ2ε < η2ε−1 which is verified for ε suitably small. Estimates (6.64)-(6.65) then follow
as in the proof of Lemma 6.3.1(ii).

The rest of the proof of the theorem then relies on Lemma 6.3.2 similarly as in the proof of
Theorem 6.1.1. 2

6.6 Conclusion

In this article, we have considered a nonlinear, strongly coupled, parabolic system arising
in the modelling of burglary in residential areas. The system involves two spatio-temporal unk-
nowns : the attractiveness value of the property and the criminal density. The system is of
chemotaxis-type and involves a logarithmic sensitivity function and specific interaction and re-
laxation terms.

This model appeared in [19], as a modification of the model of Short et al. [24]. In this last
paper an important hypothesis is that burglars are generated at a constant rate and leave the
lattice immediately after they have committed a burglary. This is modify in [19] by adding a
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new condition referred as burglar fatigue that models the effect that if burglars are sufficiently
deterred, they will eventually get tired and will stop looking for houses. Some additional changes
to the original equations come in by considering that if too many burglaries occur at some
location, then burglars are likely to assume that most of the high-value is gone or that the
owners of the place have implemented more strict security measures.

In [19] some results about linearized stability/instability of the homogeneous steady-states
and some numerical simulations suggesting the existence of hotspots were given. However, the
(local and) global existence of solutions was left open.

In this article, under suitable assumptions on the data of the problem, we have given a rigorous
proof of the existence of a global and bounded, classical solution, thereby solving the problem
left open in [19]. In the range of anti-diffusion parameter χ relevant for the criminological model,
our sufficient condition for global existence roughly says that, at the initial time, the product
of the oscillation of the attractiveness value and of the total criminal population should not be
two large. Our proofs are based on the construction of approximate entropies and on the use of
various functional inequalities.

We have also provided explicit numerical conditions for global existence when the domain is
a square, including concrete cases involving values of the parameters which are expected to be
physically relevant. In such cases, in the range of diffusion parameter η used by [24], our global
existence conditions are compatible with magnitudes of attractivity which are up to about twice
those of their static component. It is suggested in [19] that a ratio of order 10 (instead of 2)
might be desirable, even for smaller values of η that the ones we consider here. However, this
is still beyond the range in which we can rigorously prove global existence (and actually, global
existence for such systems need not be taken for granted, as shown by the existing chemotaxis
literature).
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