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Résumé

Le Λ-coalescent est un processus stochastique utilisé pour modéliser l’arbre généa-
logique d’une population composée d’une infinité d’individus, admettant des collisions
multiples de lignages. Motivée par les applications en biologie, cette thèse étudie principa-
lement les longueurs des branches d’une sous-famille de coalescents associée à n individus
(les Λ n-coalescents ) qui est largement utilisée par les biologistes et les probabilistes.
Nous notons que les Λ-coalescents sont caractérisés par des mesures finies Λ définies sur
[0, 1].

Dans un premier temps, nous nous intéressons au cas particulier des Λ n-coalescents
avec Λ =Beta(2− α, α), la mesure Beta lorsque 1 < α < 2. Pour simplifier les notations,
on les appelle Beta(2−α, α) n-coalescents. Möhle a conjecturé dans une communication à
Marseille en 2008 que dans ce cas-là, la longueur d’une branche externe choisie au hasard
est de l’ordre de n1−α quand n tend vers ∞. Nous montrons que cette longueur norma-
lisée par nα−1 converge vers une loi limite que nous expliciterons. Nous présentons deux
méthodes pour montrer ce résultat. Ma contribution est d’introduire la construction récur-
sive du Λ n-coalescent qui nous permet d’établir l’une des méthodes. Cette construction
consiste à ajouter l’individu n au Λ (n−1)-coalescent d’une certaine manière pour consti-
tuer un Λ n-coalescent. L’avantage de cette construction est que, d’une part, on peut voir
directement comment la branche externe de l’individu n s’attache au coalescent, ce qui
facilite le calcul de cette longueur. D’autre part, cette construction donne un processus
d’auto-apprentissage des individus en fonction du coalescent construit par les précédents,
ce qui offre un autre point de vue qui peut être utile pour d’autres problèmes. L’article
(14) basé sur ce travail, en collaboration avec Jean-Stéphane Dhersin, Fabian Freund et
Arno Siri-Jégousse, est publié en 2013 dans le revue Stochastic Processes and their Appli-
cations. Dans cet article, les résultats sont prouvés pour une classe relativement générale
de coalescents qui incluent les Beta(2− α, α)-coalescents avec 1 < α < 2.

Dans un deuxième travail, toujours dans le cadre des Beta(2−α, α) n-coalescents avec
1 < α < 2, nous étudions le comportement asymptotique du moment d’ordre 2 de la
longueur totale des branches externes en utilisant une méthode récursive. Le comporte-
ment est décrit d’une façon explicite. On étudie les moments de la longueur d’une seule
branche externe ainsi que la covariance entre deux longueurs de branches externes. L’ar-
ticle correspondant est soumis à Journal of Applied Probability. Il existe une version plus
générale (16) de cet article qui s’intéresse à une classe plus large de Λ-coalescents que les
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Beta(2− α, α) n-coalescents avec 1 < α < 2.
Un troisième travail cherche à clôturer le problème de la longueur d’une branche ex-

terne en proposant une caractérisation pour beaucoup de Λ n-coalescents. Sous certaines
conditions sur la mesure Λ (satisfaites en particulier par le coalescent de Bolthausen-
Sznitman et les coalescents avec poussière comme les Beta(2 − α, α) n-coalescents avec
0 < α < 1), nous obtenons un facteur de normalisation “universel” et nous proposons
une conjecture pour un résultat d’une classe plus générale de mesures Λ incluant les
Beta(2− α, α) n-coalescents avec 1 < α < 2. L’outil principal est une nouvelle construc-
tion (measure division construction) du Λ n-coalescent. Pour cette construction, on divise
d’abord Λ en deux parties Λ1, Λ2 telles que Λ = Λ1 + Λ2. On part alors d’un Λ1 n-
coalescent que l’on modifie selon la mesure Λ2 pour avoir finalement un Λ n-coalescent.
Si la masse totale de Λ1 est petite, alors le Λ n-coalescent est proche du Λ2 coalescent.
En ce sens, on peut espérer que même si les coalescents sont perturbés par une autre
mesure, certaines propriétés restent encore vraies. Cette méthodologie aboutit à montrer
le résultat principal de ce travail qui est dans l’article Y (2013) soumis à Markov Processes
and Related Fields.

Le dernier travail est une continuation de l’article de (6). Ce dernier étudie le compor-
tement asymptotique en temps petits du processus de fréquence asymptotique ordonnée
(Beta(2−α, α) ranked coalescent process) dans le cas où 1 < α < 2. Nous utilisons ce pro-
cessus de fréquence asymptotique ordonnée et la construction de la bôıte de peinture de
Kingman pour retrouver les Beta(2−α, α) n-coalescents. Ceci nous permet de déduire la
loi limite jointe de plusieurs longueurs de branches externes dans le cas des Beta(2−α, α)
n-coalescents avec 1 < α < 2. Certaines quantités comme la taille du clade minimal et
la taille du bloc maximal en temps petits ont aussi été étudiées. Il s’agit d’un travail
en collaboration avec Arno Siri-Jégousse. L’article est soumis à ALEA (Latin American
Journal of Probability and Mathematical Statistics).

La thèse se compose d’une introduction des résultats, suivie des 4 articles parus ou
soumis dans leur version originale.



Notations

1. Exp(r), r > 0 : la variable exponentielle de paramêtre r.

2. Geo(r), r > 0 : la variable géométrique de paramêtre r.

3. N := {1, 2, · · · }.
4. Nn := {1, 2, · · · , n}.
5. |π| : le nombre de blocs de π et π est une partition d’un ensemble.

6. P : l’ensemble de toutes les partitions de N.
7. Pn : l’ensemble de toutes les partitions de Nn.

8. Λ : une measure finie sur [0, 1].

9. ν(dx) = x−2Λ(dx).

10. ρ(t) =
∫ 1

t
ν(dx).

11. λb,k :=
∫ 1

0
xk−2(1− x)b−kΛ(dx), 2 ≤ k ≤ b.

12. gn :=
∑n

k=2

(
n
k

)
λn,k, n ≥ 2.

13. µ−1 :=
∫ 1

0
x−1Λ(dx).

14. µ−2 :=
∫ 1

0
x−2Λ(dx).

15. µ(n) =
∫ 1

1/n
x−1Λ(dx).

16. µ̄(n) =
∫ 1

1/n
x−2Λ(dx).

17. Π = (Π(t), t ≥ 0) : le Λ-coalescent.

18. Π(n) = (Π(n)(t), t ≥ 0) : le Λ n-coalescent.

19. (Kt, t ≥ 0) : le processus de comptage de blocs de Π.

20. (K
(n)
t , t ≥ 0) : le processus de comptage de blocs de Π(n).

21. T
(n)
i : la longueur de la branche externe de i pour i = 1, 2, · · · , n.

22. T (n) : la longueur d’une branche externe choisie uniformément.

23. τ (n) : le nombre total de sauts de Π(n).

24. σ(n) : le nombre de sauts jusqu’à la coalescence de {1}.
25. fr(B) : la fréquence asymptotique de B et B est un bloc de N.

26. ||π||↓ : la fréquence asymptotique ordonnée d’une partition π de N.
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par le beau paysage de ce pays, je me suis ensuite plongé dans les études du cursus
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Faire une thèse sans être avec des amis est impossible et je suis très heureux et fier d’en
avoir de très bons. D’abord, j’aimerais remercier Arno et Fabian, qui sont non seulement
mes deux chers collaborateurs mais aussi sont de très bons amis. Arno m’a donné de
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Zhiping Rao, Zixian Jiang, Lingxuan Shao, pour sortir de temps en temps.
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Chapitre 1

Introduction et résultats principaux

1.1 Quelques éléments d’Histoire de l’évolution et de

la coalescence

Notre monde est rempli d’une diversité extraordinaire d’organismes vivants. Des tenta-
tives d’explication de ce phénomène se trouvent dans les écrits de nombreux philosophes.
Anaximandre (vers 610-514 av. J.-C. ), philosophe de la Grèce Antique, est considéré
comme étant le premier à expliquer l’origine des êtres d’un point de vue « scientifique ».
Il affirme que tout animal vivant sur les terres a un ancêtre lointain dans la mer. Par l’ac-
tion du soleil sur l’humidité, les terres sont apparues et certains animaux s’y sont adaptés
pour vivre en dehors de la mer. Presque à la même époque, le philosophe Empedocle
(vers 610-514 av. J.-C.) dit que les premiers animaux et plantes sont des morceaux des
êtres actuels. Lorsque deux animaux (ou plantes) se croisent par hasard, ils se connectent
pour créer une nouvelle espèce. L’aléa joue donc un rôle important. Platon (vers 428-348
av.J.-C.) considère que la forme d’un objet quelconque est une version imparfaite de celle
idéale créée par le Démiurge. Aristote (384-322 av. J.-C.) développe cette théorie en disant
en particulier que tous les caractères d’une espèce sont conçus pour une cause finale, ce
qui entrâıne beaucoup d’interprétations religieuses. Le point de vue de Platon et Aris-
tote est devenu dominant au Moyen-Âge. Plusieurs autres théories de la Grèce Antique
disparaissent à cette époque dans le monde occidental mais sont reprises dans le monde
islamique.

Au 17ème siècle, le philosophe français René Descartes (1596-1650) a l’idée que l’uni-
vers se développe d’une façon mécanique en incluant les êtres vivants, sans aucune in-
tervention divine. Au contraire, Gottfried Wilhelm Leibniz (1646-1716) considère que
l’univers évolue de manière perpétuelle et sans contrainte en accumulant la beauté et la
perfection des œuvres de Dieu. Assez différemment, le taxinomiste britannique John Ray
(1627-1706) soutient que toute espèce est caractérisée par une partie essentielle qui ne
change pas au cours du temps.
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6 Chapitre 1. Introduction et résultats principaux

L’étape suivante est sans doute due au philosophe français, Georges-Louis Buffon
(1707-1788), qui présente sa théorie sur l’origine de la terre et les doutes sur la fixité
des espèces (l’idée de John Ray) dans son livre l’Histoire naturelle . Selon lui, les an-
cêtres des êtres présents sont nés spontanément et les descendants ont hérité et aussi
dégradé les caractères de leurs ancêtres en raison du changement environnemental. La
dégénération mène les espèces à converger vers leurs formes primitives. Mais un être dé-
généré peut reprendre sa forme originale s’il est placé dans un environnement favorable.
Le philosophe français Denis Diderot (1713-1784) a étendu l’idée de Buffon en ajoutant
que les nouvelles formes des espèces apparaissent au travers d’un processus expérimental
en fonction des essais et des erreurs, ce qui est considéré comme une anticipation partielle
de la sélection naturelle.

Au 18ème siècle, certains naturalistes croient que les hommes et les primates ont les
mêmes ancêtres et que tout être vivant a développé ses propres méthodes pour évoluer
sur une longue terme. Erasmus Darwin (1731-1802), le grand père de Charles Darwin,
suggère que tout animal au sang chaud est descendu d’une espèce minuscule.

Au 19ème siècle, Jean-Baptiste Lamarck (1744-1829), naturaliste français, propose une
théorie qui consiste à dire que le développement des organes et leur force d’action sont
constamment liés à l’emploi de ces organes. Les individus transmettent ensuite leurs ca-
ractères acquis aux descendants. Mais la théorie de l’hérédité n’est pas fournie dans le La-
marckisme. En 1859, Charles Darwin (1809-1882) publie sa théorie de l’évolution dans son
fameux ouvrage On the Origin of Species. La principale différence entre le Lamarckisme
et le Darwinisme est que pour ce dernier, les changements des traits des organes sont dus
à la sélection naturelle, et non à l’emploi des organes. Plus précisément, les individus dans
une population ont des traits différents qui sont soumis au changement environnemental.
Seuls les individus les plus adaptés peuvent survivre. Ici un individu adapté est un indi-
vidu ayant des traits héréditaires qui aident à la reproductivité. Lorsque l’environnement
change, certains traits sont choisis et seront plus tard partagés par toute la population.
Comme les changements géologiques et géographiques engendrent des environnements di-
versifiés et que les êtres vivants se déplacent au cours des générations, les espèces évoluent
suivant des directions différentes.

Le défaut de cette théorie est que la sélection naturelle s’effectue sur des variations
des traits dont l’origine n’est pas précisée. Darwin écrit dans son livre que

Our ignorance of the laws of variation is profound. Not in one case out of a hundred can
we pretend to assign any reason why this or that part has varied.

Le point de vue accepté à l’époque à propos du mécanisme de l’hérédité est l’hérédité par
mélange. Cela consiste à dire que le phénotype d’un individu provient du mélange dans
certaines proportions des influences parentales. Mais on peut facilement en déduire que,
dans un environnement donné, la variance des traits d’une espèce diminue au cours du
temps. Finalement, les individus de la même espèce sont identiques. A cause de ce défaut,
le Darwinisme a beaucoup de mal à se faire accepter à l’époque.
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C’est grâce au moine silésien Gregor Mendel (1822-1884) que le mécanisme d’hérédité
est découvert. En 1865, Mendel publie l’article Experiments on Plant Hybridization basé
sur l’expérimentation sur des pois. Il montre que la variation génétique est à l’origine de
la variation des traits. Il y décrit ce qui deviendront les lois de Mendel. Ces dernières
engendrent le principe de Hardy-Weinberg qui dit que la variation génétique est préservée
dans certaines populations isolées sans mutations et sans sélection naturelle. Par consé-
quent, les lois de Mendel remédient au défaut du Darwinisme sur le problème de variation
des traits. Mais elles n’étaient malheureusement pas connues par Charles Darwin. En 1900,
elles sont retrouvées et rapidement acceptées par les scientifiques. Dans les années 1920-
1940, Ronald Fisher (1890-1962), John Burdon Sanderson Haldane (1892-1964) et Sewall
Wright (1889-1988) initient la recherche sur la génétique des populations, laquelle consiste
à étudier les phénomènes d’adaptation et de spéciation en utilisant la sélection naturelle
et les lois de Mendel qui s’appliquent à travers différents ingrédients : les mutations, les
recombinaisons, les immigrations et aussi les dérives génétiques.

Grâce au développement de nouvelles technologies en Physique et en Informatique
au début du 20ème siècle, les observations peuvent s’effectuer au niveau moléculaire. En
1953, James Watson (1928-) et Francis Crick (1916-2004) relèvent que les gènes sont de
« petits morceaux d’ADN ». Une ADN est formée d’une double hélice où une suite de
bases génétiques couple une autre suite complémentaire. Très rapidement, les scientifiques
comprennent comment l’ADN code les protéines via les codes génétiques. On s’intéresse
ensuite aux variations génétiques au niveau moléculaire. Il est montré que la plupart
des différences entre les génomes des espèces vivantes sont sélectivement neutres, i.e., ces
différences génomiques n’influencent pas les niveaux de fitness. Motoo Kimura (1924-1994)
soutient l’hypothèse qu’il y a beaucoup de variations génétiques mais que seule une très
petite fraction est soumise à la sélection naturelle, et que la plupart des changements
sont neutres en fitness. La théorie de Kimura, autrement appelée la théorie neutre de
l’évolution moléculaire, fournit un modèle sur lequel les données peuvent être testées. Plus
précisément, on étudie théoriquement la configuration génétique d’une espèce lorsque les
changements génétiques sont supposés neutres. Des tests statistiques permettent alors
de tester la neutralité. Si le modèle est neutre, l’évolution est très peu influencée par la
sélection naturelle et beaucoup par les dérives génétiques sur les allèles neutres. Le débat
sur l’importance relative de la dérive génétique par rapport à la sélection naturelle est
toujours d’actualité.

Les premières idées à propos de la coalescence apparaissent dans Robert C. (32), mais
c’est à Sir John Frank Charles Kingman (1939-) que l’on doit une théorie mathémathi-
quement élégante pour étudier l’arbre généalogique d’un échantillon d’une population qui
permet de mesurer les variations génétiques et tester la neutralité de la population. Dans
une série d’articles publiés en 1982, Kingman introduit le processus de coalescence, ap-
pelé plus tard le coalescent de Kingman, et qui peut être associé à l’arbre généalogique
d’une population de grande taille. Nous invitons le lecteur à se référer à (34), (18), (41),
(42), (40), ou encore (47) pour plus d’informations. Un fait étonnant est que la classe
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Figure 1.1 – Gregor Mendel (1822-1884) Figure 1.2 – Charles Darwin (1809-1882)

des populations où ce résultat s’applique est assez générale, et aussi que le mécanisme
précis de la reproduction n’est pas important. L’hypothèse cruciale de la théorie neutre
est qu’indépendamment de l’arbre généalogique donné, les mutations arrivent à un taux
constant sur cet arbre. C’est sur cette hypothèse que repose le test de Fu et Li introduit
par Yun-Xin Fu et Wen-Hsiung Li dans leur article de 1993. En pratique, on considère
que les mutations arrivent sur le coalescent de Kingman à un taux constant que l’on veut
estimer. Le test de Fu et Li s’appuie alors sur les longueurs de certaines branches de l’arbre
généalogique. Ce sont ces quantités qui sont étudiées dans cette thèse.

Figure 1.3 – Motoo Kimura (1924-1994)

Le coalescent de Kingman est un processus qui n’admet que des collisions binaires. Des
études sur les espèces marines montrent que certains individus peuvent avoir beaucoup
d’enfants, et que la probabilité pour que la plupart des individus de la génération suivante
proviennent d’un seul individu est assez grande. Cela est découvert par (33), (20), (12),
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(1). Dans ce cas-là, le coalescent de Kingman n’est plus adapté pour modéliser l’arbre
généalogique. En 1999, Jim Pitman et Serik Sagitov introduisent indépendamment et en
même temps le Λ-coalescent. Le « Λ » correspond à une mesure finie sur [0, 1] qui caracté-
rise ce processus. Ces processus à coalescences multiples incluent le coalescent de Kingman
pour lequel la mesure Λ est la mesure de Dirac au point {0}. Les Λ-coalescents ne sont
qu’une sous-classe des coalescents échangeables généraux appelés Ξ-coalescents introduits
par Martin Möhle, Serik Sagitov et Jason Schweinsberg en 2000-2001 et qui admet des
coalescences multiples et simultanées. Il est important de remarquer que le coalescent de
Kingman est un cas particulier de Λ-coalescent qui est encore un cas particulier de Ξ-
coalescent. Il y a aussi d’autres extensions du processus de coalescence dont un excellent
exemple est de supposer que les individus sont localisés sur plusieurs endroits séparés avec
immigrations possibles et ensuite de sélectionner aléatoirement un échantillon parmi toute
la population pour étudier l’arbre généalogique (on peut se référer à (21) pour plus de
détails).

1.2 Le Λ-coalescent

1.2.1 Consistance et échangeabilité

Le coalescent de Kingman est apparu avant le Λ-coalescent. Mais ce dernier étant plus
général, on va l’introduire et voir le coalescent de Kingman comme un cas particulier.

Définition 1.1. Soit Λ une mesure finie sur [0, 1]. Le Λ-coalescent est un processus de
Markov Π = (Π(t), t ≥ 0) à temps continu à valeurs dans P, l’ensemble des partitions de
N := {1, 2, · · · }, tel que son état initial Π(0) = {{1}, {2}, · · · }, la partition en singletons.
La loi de Π est caractérisée par Π(n) = {Π(n)(t), t ≥ 0} qui est la restriction de Π sur
Nn := {1, 2, · · · , n}, et à valeurs dans Pn, l’ensemble des partitions de Nn. Π(n)(0) =
{{1}, {2}, · · · , {n}} et si à l’instant t ≥ 0, Π(n)(t) a b blocs (b ≥ 2), alors chaque k-uplet
de blocs (2 ≤ k ≤ b) coalesce en un seul bloc indépendamment des autres au taux

λb,k :=

∫ 1

0

xk−2(1− x)b−kΛ(dx) =

∫ 1

0

xk(1− x)b−kν(dx), (1.1)

où ν(dx) = x−2Λ(dx). Ainsi Π(n) effectue sa prochaine coalescence au taux

gb :=
b∑

k=2

(
b

k

)
λb,k. (1.2)

Le processus Π(n) est appelé le Λ n-coalescent. On note |Π(t)| le nombre de blocs de
Π(t), |Π(n)(t)| le nombre de blocs de Π(n)(t). On définit les processus de comptage de blocs
K = (K(t), t ≥ 0) et K(n) = (K(n)(t), t ≥ 0) où K(t) = |Π(t)|, K(n)(t) = |Π(n)(t)|.
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Remarque 1.1. Si on munit P d’une topologie telle qu’une suite d’éléments {p1, p2, · · · , }
dans P converge vers p si et seulement si pour tout n ≥ 1, il existe N tel que les restrictions
de pi et p sur Nn sont égaux pour i ≥ N , alors Π est un processus càdlàg par rapport à
cette topologie. Une telle topologie peut se trouver dans le Lemme 9 de (22).

Remarque 1.2. Le fait que la loi de Π peut être établie à partir de celles de {Π(n), n ≥ 2}
est dû au Théorème d’extension de Kolmogrov. On invite le lecteur à consulter la page 33
du (7). On peut aussi le voir directement à partir d’une construction récursive qui sera
décrite plus tard.

Il y a deux propriétés essentielles pour le Λ-coalescent.
Propriété 1 : Consistance.
Soit 2 ≤ n < m ≤ ∞ et ς la restriction de Nm sur Nn (on note N∞ = N, Π(∞) = Π).

Alors

ς ◦ Π(m) (d)
= Π(n).

Remarque 1.3. La consistance découle en fait de la relation suivante :

λb,k = λb+1,k + λb+1,k+1. (1.3)

Celle-ci caractérise une mesure Λ, et donne la formule (1.1) (voir (48)). On peut expliquer
(1.3) de la façon suivante : supposons qu’un Λ n-coalescent a b+ 1 blocs numérotés de 1
à b+ 1 à l’instant t. L’événement que k (2 ≤ k ≤ b) blocs soient impliqués à la prochaine
coalescence parmi les blocs de 1 à b peut être décomposé en deux sous-événements : le
premier est d’avoir une coalescence de k + 1 concernant les k blocs précédents et aussi le
bloc b+ 1 et le deuxième est d’avoir une coalescence ne concernant que les k blocs. Alors
la consistance implique que le taux de l’événement tout entier est la somme des taux des
deux sous-événements, d’où vient (1.3).

Propriété 2 : Echangeabilité.
Soit ω une permutation de Nn, alors

ω ◦ Π(n) (d)
= Π(n). (1.4)

Remarque 1.4. La propriété d’échangeabilité traduit la neutralité entre les individus.

Exemples importants de Λ-coalescents
— Le coalescent de Kingman.

Le coalescent de Kingman est le cas particulier de Λ-coalescent le plus utilisé dans
les applications ((38)). La mesure Λ du coalescent de Kingman est la mesure de
Dirac au point {0}. Dans ce cas-là, toutes les coalescences sont binaires.

Dans la simulation de la Figure 1.4, on voit que le nombre de blocs décrôıt très ra-
pidement. Le temps pour aller de l’infini aux deux plus anciens ancêtres communs
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Figure 1.4 – Simulation du 300-coalescent de Kingman.

est comparable au temps pour aller de ces deux ancêtres au MRCA (most recent
common ancestor).

— Les Beta(2 − α, α)-coalescents avec 0 < α < 2. Ces processus avec différentes
valeurs de α sont aussi beaucoup étudiés dans la littérature. La mesure Λ du
Beta(2− α, α)-coalescent est comme suit :

Λ(dx) =

∫
x1−α(1− x)α−110≤x≤1dx

Beta(2− α, α)
,

où Beta(2− α, α) est la fonction Beta avec paramètres 2− α et α.
Pour simplifier les notations, on appelle le Beta(2− α, α)-coalescent aussi le Beta-
coalescent. Le Beta-coalescent modélise l’arbre généalogique d’une population pour
laquelle un individu peut avoir beaucoup d’enfants. Plus α est petit, plus la proba-
bilité pour qu’un individu dans la population puisse avoir des enfants qui forment
une partie considérable de la génération suivante est élevée. On peut voir dans la
simulation des Figures 1.5 et 1.6 que lorsque α est petit, les coalescences impliquent
plus de blocs.
Si α = 1, le Beta-coalescent est appelé en particulier coalescent de Bolthausen-
Sznitman. Il fut pour la première fois appliqué en Physique pour modéliser un
phénomène de verres de spin, alors même que la notion de Λ-coalescent n’avait pas
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Figure 1.5 – Simulation du Beta(0,2, 1,8) 300-coalescent

Figure 1.6 – Simulation du Beta(1,8, 0,2) 300-coalescent
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été introduite ((11)).

Le Beta-coalescent apparâıt aussi dans le contexte des processus de branchements
((52)), des processus à valeurs mesures ((24), (17), (8), (25), (26)), des arbres
aléatoires ((3), (5)), etc.

1.2.2 Descente de l’infini

Pour tout Λ-coalescent Π, on part de la partition en singletons et les blocs coalescent
au fur et à mesure. Donc on voit que le processus de comptage de blocs est décroissant.
On remarque que si pour un temps t0 > 0, K(t0) est infini, par la propriété de Markov,
K(t) est infini pour tout t ≥ 0. Par conséquent, soit K(t) est infini pour tout t ≥ 0, soit
Π descend de l’infini, i.e, K(t) <∞ pour tout t > 0 presque sûrement. Donc on souhaite
avoir un critère pour distinguer les deux cas. Ce critère est donné par (51).

Théorème 1.1. Le Λ-coalescent Π descend de l’infini si et seulement si
∑∞

b=2 γ
−1
b <∞,

où γb =
∑b

i=2(k − 1)
(
b
k

)
λb,k.

Pour comprendre ce théorème intuitivement, on peut penser à la chose suivante. Re-
marquons que gb =

∑b
k=2

(
b
k

)
λb,k est le taux de coalescence lorsque l’on a b blocs. Si une

coalescence de k blocs arrive, on en perd k − 1. L’idée est de décomposer une perte de
k en k − 1 pertes de 1. Imaginons un processus décroissant K̄(n) à valeur dans Nn tel
que K̄(n)(0) = n et lorsqu’il a b blocs, la prochaine perte est 1 et aura lieu au taux γb,
ainsi de suite. Soit K̄ la limite de convergence fini-dimensionelle de (K̄(n), n ≥ 2) et donc
K̄(0) = ∞. Alors K̄ descend de l’infini si et seulement si la durée de vie de K̄(n) tend
vers une limite finie lorsque n tend vers ∞. Soit {ei}i≥1 les variables i.i.d exponentielles
de paramètre 1. Alors la durée de vie de K̄(n) est égale en loi à

n∑
i=2

ei
γi
,

qui tend vers une limite finie si et seulement si
∑∞

b=2 γ
−1
b <∞.

Ensuite on voit que |Π| et K̄ sont comparables en terme de la vitesse de la descente.
Supposons que les deux processus ont b blocs au temps t. Alors pour ∆t très petit,

b− E[|Π(t+ ∆t)|] = gb

(
b∑

k=2

(k − 1)

(
b
k

)
λb,k

gb

)
∆t+ o(∆t)

=
b∑

k=2

γb,k∆t+ o(∆t),

où gb∆t+ o(∆t) est la probabilité d’avoir une seule coalescence.
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Pour K̄, on perd un bloc à chaque coalescence, donc

b− E[|K̄(t+ ∆t)|] =
b∑

k=2

γb,k∆t+ o(∆t),

où le terme à droite est la probabilité d’avoir une seule coalescence. On voit clairement
que, au moins au sens de l’espérance, les vitesses de la descente sont comparables. Donc
il n’est pas étonnant d’apprendre que Π descend de l’infini si et seulement si K̄ descend
de l’infini.

Les Λ-coalescents qui descendent de l’infini incluent les Beta(2 − α, α)-coalescents
avec 1 < α < 2 ainsi que le coalescent de Kingman. Les Beta(2 − α, α)-coalescents avec
0 < α ≤ 1 restent toujours infinis.

1.2.3 La bôıte de peinture et la fréquence asymptotique ordon-
née

On introduit d’abord la notion de partition échangeable de Nn et de N.

Définition 1.2. Soit ωn une permutation quelconque de Nn et πn une partition aléatoire
de Nn. Alors πn est une partition échangeable de Nn si et seulement si

ωn ◦ πn
(d)
= πn.

Soit ςn la restriction de N vers Nn et π une partition aléatoire de N, alors π est une
partition échangeable de N si et seulement si pour tout n ≥ 1

ωn ◦ ςn ◦ π
(d)
= ςn ◦ π.

Il est évident que Π(t) est une partition échangeable pour tout t ≥ 0. (38) prouve
qu’une partition aléatoire échangeable de N peut être obtenue via la bôıte de peinture
(paintbox ) à partir d’une partition de la masse 1.

Procédure de la bôıte de peinture :
Soit l’ensemble de partitions des masse 1 défini comme

Pm := {s = (s1, s2, · · · ) : s1 ≥ s2 ≥ s3 · · · ;
∞∑
i=1

si ≤ 1.}

On définit s0 := 1 −
∑∞

i=1 si appelée la « poussière ». Soit s ∈ Pm, on divise l’intervalle
[0, 1] en sous-intervalles dont les longueurs sont respectivement s0, s1, s2, · · · . L’intervalle
correspondant à s0 est appelé l’intervalle de poussière. Chaque intervalle est dotée d’une
couleur différente des autres, sauf l’intervalle de poussière. Soit {U1, U2, U3, · · · } une suite
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de variables uniformes indépendantes sur [0, 1] et aussi indépendantes de s. Si Ui tombe
dans un intervalle autre que l’intervalle de poussière, alors on donne la couleur de cet
intervalle à i. Sinon, on ne donne aucune couleur à i. Les is sans couleurs deviennent des
singletons et chaque couleur forme un bloc en regroupant certains is (la probabilité pour
que la taille du groupe d’une couleur soit finie est 0). On note cette partition πs et sa loi
ςs. Il est facile de voir que πs est une partition échangeable.

Avant d’énoncer le Théorème de la bôıte de peinture de Kingman, on introduit la
notion de la fréquence asymptotique ordonnée d’une partition de N.

Définition 1.3 (Fréquence asymptotique ordonnée). Soit B un sous-ensemble de N. S’il
existe une valeur b non-negative telle que quand n tend vers ∞

1

n
#{B ∩ Nn} −→ b,

alors on dit que B admet une fréquence asymptotique notée fr(B) := b.
Soit π une partition de N. On dit que π admet une fréquence asymptotique si tout

bloc de π admet une fréquence asymptotique. On ordonne les fréquences asymptotiques
des blocs de π en ordre décroissant et note cette suite ||π||↓. Alors ||π||↓ est appelée la
fréquence asymptotique ordonnée de π.

Théorème 1.2 (Le Théorème de la bôıte de peinture de Kingman). Soit π une partition
aléatoire échangeable de N. Alors π admet une fréquence asymptotique ordonnée presque
sûrement et la loi de π peut être exprimée par

P(π ∈ ·) =

∫
Pm

P(||π||↓ ∈ ds)ςs(·),

où ςs est la loi de la partition induite par s via la procédure de la bôıte de peinture.

Remarque 1.5. L’avantage de ce théorème est que la loi de π est caractérisée par ||π||↓,
un élément de Pm. Sachant ||π||↓, on peut retrouver π en utilisant la procédure de la bôıte
de peinture. Lorsque l’on connait bien la loi de ||π||↓, les études de π deviennent abordable,
sachant que la procédure de la bôıte de peinture est un problème d’occupation de cases sur
[0, 1] (finies ou dénombrablement infinies).

Définition 1.4. Soit Π un Λ-coalescent. Π est sans poussière si et seulement si pour t ≥ 0
quelconque, ||Π(t)||↓ est sans poussière presque sûrement. De même, Π est avec poussière
si et seulement si pour t ≥ 0 quelconque, ||Π(t)||↓ est avec poussière presque sûrement.

En effet, Π est soit sans poussière, soit avec poussière. Il n’y a pas de troisième possi-
bilité. Ce fait est montré par (48).

Théorème 1.3. Un Λ-coalescent Π est sans poussière si et seulement si
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∫ 1

0

x−1Λ(dx) =∞.

Sinon, Π est avec poussière.

D’après ce résultat, le coalescent de Kingman et les Beta(2 − α, α)-coalescents avec
1 ≤ α < 2 sont sans poussière et les Beta(2− α, α)-coalescents avec 0 < α < 1 sont avec
poussière.

Remarque 1.6. Un Λ-coalescent qui descend de l’infini est un coalescent sans poussière.
La réciproque est fausse. On peut prendre le coalescent de Bolthausen-Sznitman qui ne
descend pas de l’infini mais est sans poussière.

Corollaire 1.1. Soit Π un Λ-coalescent. Il existe un processus Θ = (Θ(t), t ≥ 0) à valeurs
dans Pm tel que presque sûrement Π(t) admet une fréquence asymptotique ordonnée Θ(t)
pour tout t ≥ 0. On appelle Θ le processus de fréquence asymptotique ordonnée de Π
(ranked Λ-coalescent).

Démonstration. On divise la discussion en deux parties.
1. Π est un processus sans poussière. On peut se référer à la Proposition 30 de

(22) dans ce cadre-là. Ici, on donne une explication essentiellement identique mais plus
détaillée. Soit Er l’événement où Π(t) admet une fréquence asymptotique ordonnée sans
poussière pour toute valeur rationnelle non-negative t. Alors d’après le Théorème 1.2, on
a

P(Er) = 1.

Soit s une valeur positive irrationnelle, on peut toujours trouver une valeur rationnelle
s′ telle que 0 < s′ < s. Supposons que Π(s) = {Bk}k≥1 et Bk = ∪∞i=1Ak,i où Ak,i est un
bloc vide ou bien un bloc ayant une fréquence asymptotique positive au temps s′. D’après
le Lemme de Fatou, on a pour tout k ≥ 1

lim inf
n→∞

1

n
#{Bk ∩ Nn} ≥

∞∑
i=1

fr(Ak,i).

Sachant Er,
∑∞

k=1

∑∞
i=1 fr(Ak,i) = 1. De plus,

∑∞
k=1

1
n
#{Bk ∩ Nn} = 1. Alors on a

pour tout k ≥ 1

lim
n→∞

1

n
#{Bk ∩ Nn} =

∞∑
i=1

fr(Ak,i). (1.5)

Comme s est arbitraire, on peut conclure en notant Θ = {||Π(t)||↓, t ≥ 0}.
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2. Π est un processus avec poussière. Lorsque Π est avec poussière, on a une
autre construction via un processus de subordinateur. Cette construction se trouve à la
page 7 de (31) et son origine est dans (48).

Soit ν̃ la mesure image de ν (rappelons que ν(dx) = x−2Λ(dx)) sous la transformation

x → − ln(1 − x). Soit (S̃t, t ≥ 0) le subordinateur de la mesure de Lévy ν̃ et St = e−S̃t .
Alors (St, t ≥ 0) est un processus décroissant de sauts purs tendant vers 0 et S0 = 1.
Soit {Ui}i≥1 des variables uniformes indépendantes sur (0, 1] et aussi indépendantes de
(St, t ≥ 0). Pour tout i ≥ 1, on associe Ui au singleton {i}. Fixons un n ∈ N. Soit t1 le
premier instant où on a au moins un élément de {Ui}1≤i≤n dans (St1 , St1−]. Alors Π(n)(t)
peut être défini de la façon suivante : Π(n)(s) = {{1}, {2}, · · · , {n}} pour 0 ≤ s < t1 ;
A l’instant t1, supposons que les {Ui}i∈I1 sont comprises entre (St1 , St1−] où I1 est un
sous-ensemble de Nn. On fusionne les singletons de I1 pour avoir un grand bloc qui sera
envoyé uniformément sur (0, St1 ]. On pose ensuite Π(n)(t1) = {I1, {i}i/∈I1}. Soit t2 > t1
le prochain instant où (St2 , St2−] contient au moins un bloc (les singletons de Ic1 ou le
nouveau bloc représentant I1), alors on pose Π(n)(s) = Π(n)(t1) pour t1 ≤ s < t2. On
fusionne ensuite les blocs sur (St2 , St2−] en un grand bloc qui sera envoyé uniformément
sur (0, St2 ], et ainsi de suite. En résumé, Π(n)(t) est l’ensemble des blocs sur (0, St] et de
l’union des blocs localisés sur (St, St−] pour tout t ≥ 0.

Cette construction est consistante. Etant donnés (St, t ≥ 0) et Π(n), on peut envoyer le
singleton {n+ 1} uniformément sur (0, 1] et ensuite suivre les règles de coalescence pour
obtenir Π(n+1) sans modifier la structure de Π(n). Après une infinité d’ajouts de nouveaux
individus, on obtient le Λ-coalescent Π.

Soit 0 < s1 < s2 < · · · les instants de sauts de (St, t ≥ 0). Alors

(0, 1] = ∪i≥1(Ssi , Ssi−].

Notons que pour obtenir Π, chaque singleton est envoyé uniformément sur (0, 1]. On
fusionne les singletons qui tombent dans le même intervalle. Ceci nous donne une partition
aléatoire de N notée π. Il est clair que π est une partition échangeable. Si on note Bi l’union
des singletons qui sont tombés sur (Ssi , Ssi−], alors

π = {Bi}i≥1.

Soit Eπ l’événement où π admet une fréquence asymptotique. Alors

P(Eπ) = 1.

On fixe t ≥ 0 et soit D0 le sous-ensemble de N tel que si i ∈ D, alors {i} ∈ Π(t). Soit
Π(t) = {D0, D1, D2, · · · } où {Di}i≥1 sont des blocs contenant plusieurs entiers. D’après
la construction de Π, sachant Eπ, il existe des sous-ensembles disjoints {Ii}i≥0 tels que
N = ∪i≥0Ii et

Di = ∪j∈IiBj, D0 = ∪j∈I0Bj.
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D’après le lemme de Fatou, pour tout i ≥ 1

lim inf
n→∞

1

n
#{Di ∩ Nn} ≥

∑
j∈Ii

fr(Bj),

et lim inf
n→∞

1

n
#{D0 ∩ Nn} ≥

∑
j∈I0

fr(Bj).

Sachant Eπ, on a ∑
i≥1

∑
j∈Ii

fr(Bj) +
∑
j∈I0

fr(Bj) = 1.

On en déduit que

fr(Di) =
∑
j∈Ii

fr(Bj), ∀i ≥ 1; fr(D0) =
∑
j∈I0

fr(Bj); fr(D0) +
∑
i≥1

fr(Di) = 1.

On peut conclure que sachant Eπ, Π(t) admet une fréquence asymptotique ordonnée pour
tout t.

Remarque 1.7. Soit Π un Λ-processus avec poussière. Presque sûrement Π(t) admet une
fréquence asymptotique ordonnée Θ(t) pour tout t ≥ 0. Supposons que Θ(t) = {s1, s2, · · · }.
Alors 1−

∑
i≥1 si est la fréquence asymptotique de l’union des singletons au temps t.

L’inconvénient du processus Θ est que l’on ne voit pas d’une façon explicite comment
les blocs coalescent. Dans le cas Kingman, Aldous (1999) trouve une représentation gra-
phique telle que non seulement on voit l’évolution des coalescences mais aussi la masse
(ou fréquence asymptotique) de chaque bloc. Une autre représentation graphique de ce
genre pour les Λ-coalescents avec Λ({0}) = 0 est fournie par Bertoin et Le Gall (2003) en
utilisant les flots stochastiques de ponts.

1.3 Première application : l’arbre généalogique du

modèle de Cannings

Introduisons tout d’abord un modèle d’évolution général (Cannings (1974, 1975)) d’une
population de taille fixe N , haplöıde, évoluant en générations discrètes (ne se chevauchant

pas). Étiquetons les individus au hasard de 1 à N . Soit r ∈ Z et 1 ≤ i ≤ N . Soit Υ
(r+1)
i la

taille de la descendance à la génération r + 1 de l’individu i de la génération r. La taille
fixe de la population au cours du temps impose que

Υ
(r+1)
1 + Υ

(r+1)
2 + · · ·+ Υ

(r+1)
N = N, r ∈ Z.

Notons Υr = (Υ
(r)
1 , · · · ,Υ(r)

N ). Il y a deux propriétés essentielles de {Υ(r)}r∈Z qui caracté-
risent le modèle de Cannings.
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— Homogénéité : les {Υ(r)}r∈Z sont i.i.d de même loi qu’une variable notée Υ =
(Υ1, · · · ,ΥN).

— Echangeabilité : Soit ω une permutation de NN , alors (Υ
(r)
ω(1), · · · ,Υ

(r)
ω(N))

(d)
= Υ(r),

pour tout r ∈ Z.
Une version simplificatrice du modèle de Cannings est le modèle de Wright-Fisher qui

joue un grand rôle dans les travaux de Wright et Fisher dans les années 30. Dans ce modèle,
Υ suit la loi binomiale multinomiale : soit 0 ≤ i1, i2, · · · , iN ≤ N, i1 + i2 + · · ·+ iN = N,

P(Υ1 = i1,Υ2 = i2, · · · ,ΥN = iN) =
N !

i1!i2! · · · iN !
.

On considère la généalogie d’un échantillon de taille n (2 ≤ n ≤ N) choisie d’une manière
uniforme à une génération donnée dans la population. On souhaite avoir une limite de
l’arbre généalogique de cet échantillon à n fixé lorsque N tend vers ∞ sous une échelle
de temps appropriée. Numérotons les individus dans l’échantillon de 1 à n. Introduisons
la relation d’équivalence suivante : soient 1 ≤ i, j ≤ N . S’ils ont un ancêtre commun r
générations auparavant, alors on note

i
r∼ j.

Nous pouvons alors définir la châıne de Markov décrite par les classes d’équivalence
correspondantes, à valeurs dans Pn, l’ensemble des partitions de Nn. Nous la noterons
(R

(N,n)
r , r ∈ N). R

(N,n)
0 est la partition triviale ne contenant que des singletons.

Définissons la probabilité cN de l’événement où i et j ont un ancêtre commun dans la
génération précédente.

cN := P(i
1∼ j) = E

[∑N
k=1

(
Υk
2

)(
N
2

)
)

]
= E

[
Υ1(Υ1 − 1)

N − 1

]
.

Cette formule montre que cN ne dépend pas de i, j, en raison de l’échangeabilité des
individus. On va donc considérer 1, 2 au lieu de i, j quelconques. Imposons une hypothèse
biologiquement naturelle

cN → 0 lorsque N →∞. (1.6)

Nous avons alors
P(1

1∼ 2) = cN

et
P(1

r∼ 2) = 1− (1− cN)r ∼ 1− e−rcN . (1.7)

Pour tout t ≥ 0, ce calcul mène à une limite non-triviale lorsque r = bt/cNc. Ceci nous
donne une idée de la renormalisation en temps que nous allons devoir effectuer pour
obtenir un processus limite, lequel sera une châıne de Markov en temps continu à valeurs
dans Pn. D’après (1.7), il apparâıt que dans ce processus deux lignées fusionnent après
un temps exponentiel (de paramètre 1).
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Figure 1.7 – Le modèle de Cannings avec N = 8. La taille de l’échantillon est 5.

Figure 1.8 – Genéalogies des individus de l’échantillon dans la Figure 1.7.

Est-il possible que plus de deux lignées fusionnent au même instant ? Pour répondre à
cette question, introduisons dN , la probabilité que trois individus choisis au hasard aient
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le même ancêtre à la génération précédente :

dN = P(1
1∼ 2

1∼ 3) =

∑N
i=1 E

[(
Υi
3

)](
N
3

) =
E[Υ1(Υ1 − 1)(Υ1 − 2)]

(N − 1)(N − 2)
.

Nous allons nous placer dans le cas où

dN
cN
→ 0 lorsque N →∞. (1.8)

Remarque 1.8. Un simple calcul montre que (1.8) implique (1.6) (on peut voir l’argu-
ment de Lemme 5.5 de (46) pour plus de détails).

En utilisant l’échangeabilité, il apparâıt que la probabilité que, à la génération où deux
lignées fusionnent, une troisième se joigne à l’événement de coalescence est

P({1 1∼ 2} ∩ {∃ 3 ≤ k ≤ n, k
1∼ 1}) ≤ (n− 2)P(1

1∼ 2
1∼ 3) = o(P(1

1∼ 2).

Sous l’hypothèse (1.8), il n’y aura donc pas de collisions multiples dans le processus limite.
Le lecteur ne sera donc pas surpris par le résultat suivant, qui se trouve dans (43).

Théorème 1.4. (R
(N,n)

bc−1
N tc, t ≥ 0) converge au sens des lois fini-dimensionnelles vers le

n-coalescent de Kingman (Π
(n)
t , t ≥ 0) si et seulement si (1.8) est vérifiée.

Ce résultat généralise celui de (39) où l’on a besoin que supN≥2 E[(Υ1)k] < ∞ pour
tout k ≥ 1. (41) obtient une condition suffisante pour avoir une convergence étroite de

(R
(N,n)

bc−1
N tc, t ≥ 0) vers le n-coalescent de Kingman dans l’espace D(R+,Pn).

Que se passe-t-il lorsque (1.8) n’est pas satisfaite ? Dans ce cas, la probabilité d’avoir
une coalescence binaire n’est pas significativement plus grande que les probabilités de
coalescences multiples. On peut espérer avoir d’autres processus limites qui admettent les
coalescences multiples. (50) définit le processus de Λ-coalescent et propose trois conditions

suffisantes pour que (R
(N,n)

bc−1
N tc, t ≥ 0) converge au sens des lois fini-dimensionnelles vers un

Λ n-coalescent. En particulier, le facteur de normalisation du temps est toujours cN . (45)
élargissent la classe des processus limites en incluant le Ξ-coalescent, dont l’on ne parlera
pas ici.

1.4 Deuxième application : test de neutralité de Fu

et Li

L’information génétique est contenue dans le génome qui est l’ensemble du matériel
génétique d’un individu ou d’une espèce codé dans son ADN (à l’exception de certains
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virus dont le génome est porté par des molécules d’ARN). Les éléments de base codants
sont des acides nucléiques ne contenant que quatre types représentés par quatre lettres
A, T, G, C. Un acide nucléique est un polymère dont l’unité de base est le nucléotide qui
s’occupe de l’information génétique.

Une mutation est une modification de l’information génétique dans le génome d’une
cellule ou d’un virus. Sans mutations, il ne peut y avoir de nouveaux traits dans la po-
pulation. Il y a plusieurs types de mutations mais, pour simplifier, nous ne considérerons
que des mutations ponctuelles, affectant une base de nucléotide.

La variation génétique est essentiellement agrandie par les mutations qui interviennent
dans la population (il faut aussi compter les recombinaisons, les immigrations, les dérives
génétiques). Les taux de mutations varient suivant les espèces et l’emplacement des bases
touchées. Ils sont assez faibles. Les plus élevés sont de l’ordre de 10−4 mutations par paire
de bases par génération dans l’ARN de certains virus et l’on observe des taux de l’ordre
de 10−10 chez les humains (nous invitons le lecteur à se reporter au Chapitre 12 de (2)
pour plus d’informations).

Pour ajouter des mutations dans un modèle de Cannings àN individus, nous supposons
que la probabilité de muter pour chaque individu (ou chromosome, gène, nucléotide, etc) à
chaque génération est constante égale à µ. En remontant une lignée ancestrale, le nombre
de générations à attendre avant de voir une mutation est donc géométrique de paramètre
µ. Rappelons que cN désigne la probabilité que deux individus donnés aient un ancêtre
commun à la génération précédente. En supposant que

µ

cN
→ θ, θ > 0, lorsque N →∞

et en renormalisant le temps de manière à obtenir un coalescent de Kingman, le temps
d’attente pour observer une mutation sur chaque lignée est exponentiel de paramètre θ.
L’objet limite peut être obtenu en considérant un processus ponctuel de Poisson d’intensité
θdl sur les branches de l’arbre de Kingman.

L’indépendance entre l’arbre de généalogie et les arrivées des mutations implique que
les mutations n’ont pas d’influences sur l’évolution de la population et l’évolution des
mutés est soumise à la dérive génétique. Ce mécanisme de production de mutations est
remis en cause par ceux qui croient que l’effet de la sélection naturelle est plus important
que celui de la dérive génétique. Il existe beaucoup de tests de neutralité pour le coalescent
de Kingman. On peut citer le test de (23), de (55), de (54) et aussi de (29). En particulier,
le test de (29), qui s’appuie sur les longueurs des branches du n-coalescent de Kingman,
a beaucoup motivé cette thèse pour étudier ces longueurs des autres Λ n-coalescents.

Dans un Λ n-coalescent Π(n), l’individu i est attaché à Π(n) par une branche externe
dont la longueur est notée par T

(n)
i pour 1 ≤ i ≤ n. Il existe donc n branches externes.

Les autres branches sont internes. Les mutations arrivées sur les branches externes sont
dites mutations externes et les mutations sur les branches internes sont dites mutations
internes. Supposons que les mutations arrivent sur les branches au taux θ. Soit
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— L
(n)
ext : la longueur totale des branches externes.

— η
(n)
e : le nombre total de mutations externes.

— L
(n)
i : la longueur totale des branches internes.

— η
(n)
i : le nombre total de mutations internes.

— L
(n)
total : la longueur totale des branches .

— η(n) : le nombre total de mutations.

Figure 1.9 – les branches rouges sont des branches externes, sur lesquelles les points
ronds sont des mutations externes. Les branches noires horizontales sont des branches
internes, sur lesquelles les points ronds sont des mutations externes.

Fu et Li argumentent que la plupart des mutations externes sont récentes et la plupart
des mutations internes sont vieilles. Si les vieilles mutations sont principalement nuisibles,
alors on voit plus de mutations externes dans la généalogie, car les individus avec beau-
coup de vieilles mutations nuisibles ont très peu de descendants. S’il y a une mutation
qui est fixée récemment, alors on voit encore plus de mutations externes, car la plupart
des mutations sont récentes (les vieilles mutations sont expulsées par la mutation fixée).
D’autre part, si la sélection qui favorise les hétérozygotes d’allèles que les homozygotes,
alors on pourrait avoir moins de mutations externes. Donc il est raisonnable de comparer
les nombres de mutations externes et internes pour détecter la neutralité du modèle.

Un simple calcul sur le n-coalescent de Kingman donne (voir (29)) :
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E[L
(n)
ext] = 2, E[L(n)] = 2

n−1∑
k=1

1

k
.

On note an =
∑n−1

k=1
1
k
. Le test statistique proposé par Fu et Li est :

Dn =
ηn − anηne√

Var{ηn − anηne }
.

En pratique, il faut tout d’abord estimer le taux θ. La loi limite de Dn est simulée par Fu
et Li . Par exemple, on a

P(Dn ≤ −1.87)→ 0.01, n→∞.

Donc pour n assez grand, si Dn est inférieur à −1.87, alors on a qu’avec probabilité 0.99
le modèle n’est pas neutre.

On constate que an est un paramètre important dans D et aussi que

an =
E[L(n)]

E[L
(n)
ext]

.

Les généalogies de certaines populations n’entrent plus dans le cadre du coalescent de
Kingman. Elles sont mieux modélisées par les Λ-coalescents, voire les Ξ-coalescents. On
peut appliquer directement le test de Fu et Li sans aucune difficulté, à condition de
connâıtre le comportement limite de L(n) et de L

(n)
ext. On remarque aussi que la loi de L

(n)
ext

est étroitement liée à celle de la longueur d’une branche externe T
(n)
i . Ma thèse a pour

but de caractériser les longueurs des branches de certains Λ n-coalescents.

1.5 Présentation des résultats

1.5.1 Premier article : sur la longueur d’une branche externe du
Beta-coalescent

On the length of an external branch in the beta-coalescent.

Cet article a été écrit en collaboration avec Jean-Stéphane Dhersin, Fabian Freund,
Arno Siri-Jégousse, et publié en 2013 dans Stochastic Processes and their Applications.

On s’intéresse à la loi limite de T (n), qui est la longueur d’une branche externe choisie
au hasard, pour certains Λ n-coalescents. Par l’échangeabilité des singletons, on a

T
(n)
i

(d)
= T (n), 1 ≤ i ≤ n.

Donc il suffit de regarder T
(n)
1 , appelée l’unicité de l’individu 1 ((49)), qui n’appartient

qu’à l’individu 1 dans l’arbre et qui sert à mesurer la variation génétique. La loi limite
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de T
(n)
1 est pour la première fois abordée par (10) dans le cas du coalescent de Kingman.

(13) montrent ensuite que

nT
(n)
1

(d)→ Tkin, lorsque n→∞,

où Tkin est une variable de densité 8
(2+t)3 1t≥0. (31) trouvent la loi limite de T

(n)
1 lorsque∫ 1

0
x−2Λ(dx) < ∞. (48) et (44) étudient le cas plus général où

∫ 1

0
x−1Λ(dx) < ∞, qui

correspondent aux Λ-coalescents avec poussière. Plus précisément,(∫ 1

0

x−1Λ(dx)

)
T

(n)
1

(d)→ Exp(1), lorsque n→∞.

Remarquons que les Beta(2 − α, α)-coalescents avec 0 < α < 1 sont bien des coalescents
avec poussière. (27) montrent que dans le cas où α = 1, i.e., le coalescent de Bolthausen-
Sznitman, on a

(lnn)T
(n)
1

(d)→ Exp(1), lorsque n→∞.

La contribution majeure de cet article est de résoudre ce problème dans le cas des
Beta(2−α, α)-coalescents avec 1 < α < 2. On se place en fait dans un cadre plus général.
Définissons

ρ(t) =

∫ 1

t

x−2Λ(dx), 0 < t ≤ 1,

et supposons qu’il existe C0 > 0, 1 < α < 2, ζ > 1− 1/α tels que

ρ(t) = C0t
−α + o(t−α+ζ), lorsque t→ 0 + . (1.9)

Pour les Beta(2− α, α)-coalescents avec 1 < α < 2, on a C0 = 1
Γ(α+1)Γ(2−α)

et ζ = 1.
Le théorème principal est le suivant :

Théorème 1.5. On a la convergence suivante :

nα−1T
(n)
1

(d)→ T, lorsque n→∞,

où T est une variable à valeurs positives. La densité de T est donnée par

fT (t) =
αC0Γ(2− α)

α− 1
(1 + C0Γ(2− α)t)−

α
α−1
−1, t ≥ 0.

En particulier, dans le cas du Beta(2− α, α)-coalescent avec 1 < α < 2, la densité est

fT (t) =
1

(α− 1)Γ(α)
(1 +

t

αΓ(α)
)−

α
α−1
−1, t ≥ 0. (1.10)
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On présente deux méthodes dans cet article. La première est de considérer d’abord
σ

(n)
1 , le nombre de sauts jusqu’à la coalescence de {1}. Une fois σ

(n)
1 connue, il suffit de

sommer les temps écoulés entre les sauts. En fait, σ
(n)
1 a sa propre importance en biologie.

Soit τ (n) le nombre total de sauts du processus. Alors la valeur
σ

(n)
1

τ (n) donne la position de
la coalescence de {1} parmi toutes les coalescences. Dans le cas de Kingman (voir (13)),
on a

σ
(n)
1

n

(d)→ Beta(1, 2), lorsque n→∞.

Dans le cas du coalescent de Bolthausen-Sznitman, (27) montrent que

(lnn)σ
(n)
1

n

(d)→ Beta(1, 1), lorsque n→∞.

Définissons µ−1 :=
∫ 1

0
x−1Λ(dx), µ−2 :=

∫ 1

0
x−2Λ(dx) et supposons que µ−2 <∞ , alors

(31) montrent que

σ
(n)
1

(d)→ Geo(
µ−1

µ−2

), lorsque n→∞,

où Geo(·) désigne une variable géométrique.

Dans notre cadre, on obtient

Proposition 1.1. Supposons que Λ satisfait (1.9), alors

σ
(n)
1

n(α− 1)

(d)→ Beta(1, α), lorsque n→∞.

Ma contribution est d’introduire une construction du Λ n-coalescent et une méthode
reposant sur cette construction pour montrer le Théorème 1.5. Cette construction est
appelée construction récursive du Λ n-coalescent. Le processus Π(n) est construit pour n
individus de 1 à n. La consistance du processus donne que la restriction de Π(n) à Nn−1 est
Π(n−1). Donc une question naturelle est de se demander comment construire Π(n) sachant
Π(n−1). Pour cela, il faut savoir où la branche externe de {n} s’attache à Π(n−1).

On va un peu modifier cette question. Soit Π(2,n) le processus construit à partir des
individus de 2 à n. On va attacher {1} pour construire Π(n). La modification est due au
fait que l’on est intéressé par le comportement de {1}. L’avantage de cette construction
est que lorsque l’on attache {1} à Π(2,n), on obtient directement la longueur de la branche
externe de {1}. En adaptant cette construction, il s’avère que la longueur de la branche
externe de {1} suit la même loi que l’instant du premier saut d’un processus de Cox qui
est caractérisé par Π(2,n). Le résultat essentiel est le suivant :
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Proposition 1.2. Supposons que Λ satisfait (1.9), alors

P(nα−1T
(n)
1 ≥ t|Π(2,n))

P−→ (1 + C0Γ(2− α)t)−α/(α−1), lorsque n→∞.

Ce résultat est plus fort que le Théorème 1.5, car ici on voit l’indépendance asymp-
totique entre nα−1T

(n)
1 et Π(2,n). Un autre résultat intéressant concerne le comportement

asymptotique du processus de comptage de blocs K(n) :

Proposition 1.3. Si Λ satisfait (1.9), alors pour tout ε > 0 , on a

P(sup
t≥0
|n−1K(n)(tn1−α)− (1 + C0Γ(2− α)t)−1/(α−1)| > ε)→ 0, lorsque n→∞. (1.11)

Remarquons que ce résultat est plus fort que celui contenu dans l’article. Il suffit
d’utiliser le fait que K(n) est décroissante et la courbe limite est aussi décroissante et
tendant vers 0.

1.5.2 Deuxième article : sur la longueur totale des branches ex-
ternes du Beta-coalescent

On the total length of external branches for Beta-coalescent.

Cet article a été écrit avec Jean-Stéphane Dhersin et soumis dans Journal of Applied
Probability. On étudie les moments de L

(n)
ext, la longueur totale de branches externes dans

le cas des Beta(2 − α, α)-coalescents avec 1 < α < 2. Une version pour une classe plus
générale de Λ-coalescents mais qui demande de beaucoup plus de calculs se trouve sur
Arxiv ((16)). Dans le cas Kingman, (35) montrent que

1

2

√
n

lnn
(L

(n)
ext − 2)

(d)−→ N(0, 1).

Pour le coalescent de Bolthausen-Sznitman, (36) prouvent que

(lnn)2

n
L

(n)
ext − lnn− ln lnn

(d)−→ Z − 1,

où Z est une variable stable d’indice 1. Plus précisément,

E[eiθZ ] = exp(−π
2
|θ|+ iθ ln |θ|), θ ∈ R.

Dans le cas des Beta(2 − α, α)-coalescents avec 1 < α < 2, la convergence suivante est
prouvée par (4), (7) et (5) :

nα−2L
(n)
ext

p.s,P−→ α(α− 1)Γ(α).
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La convergence presque sûre est due au fait que les {Π(n), n ≥ 2} sont des restrictions de
Π sur Nn. (37) ont beaucoup avancé sur ce problème. Ils prouvent que

L
(n)
ext − α(α− 1)Γ(α)n2−α

n1/α+1−α
(d)−→ α(2− α)(α− 1)1/α+1Γ(α)

Γ(2− α)1/α
ζ, (1.12)

où ζ est la variable stable d’indice α telle que E[ζ] = 0, et pour x tendant vers ∞,
P(ζ > x) = o(x−α),P(ζ < −x) ∼ x−α.

Cet article a aussi pour but d’établir un théorème limite pour L
(n)
ext. L’idée est d’étudier

les comportements asymptotiques du moment d’ordre 2 de L
(n)
ext et de trouver le facteur

de normalisation qui pourrait être utile dans le théorème limite. Le résultat principal est
le suivant :

Théorème 1.6. — Dans le cas des Beta(2− α, α)-coalescents avec 1 < α < 2, on
a

lim
n→∞

n3α−5E[(L
(n)
ext − α(α− 1)Γ(α)n2−α)2] = ∆(α)/2,

où

∆(α) =
((α− 1)Γ(α + 1))3

3− α

∫ 1

0

((1− x)2−α − 1)2ν(dx) (1.13)

=
((α− 1)Γ(α + 1))2Γ(4− α)

(3− α)Γ(4− 2α)
.

— Par conséquent, nα−2L
(n)
ext converge dans L2 vers α(α− 1)Γ(α).

Le terme
∫ 1

0
((1− x)2−α − 1)2ν(dx) se retrouve aussi chez les processus plus généraux

(voir (16)). A partir de ce résultat, on pourrait espérer que le terme suivant

n(3α−5)/2
(
L

(n)
ext − α(α− 1)Γ(α)n2−α

)
converge en distribution vers une variable limite. Mais (1.12) montre que cela est faux.
Cela souligne la limite de la méthode des moments.

Le Théorème 1.6 est fondé sur les deux résultats suivants.

Proposition 1.4. Dans le cas des Beta(2 − α, α)-coalescents avec 1 < α < 2, on a la
covariance asymptotique entre deux longueurs de branches externes :

lim
n→∞

n3(α−1)Cov(T
(n)
1 , T

(n)
2 ) = ∆(α).

Proposition 1.5. Dans le cas des Beta(2− α, α)-coalescents avec 1 < α < 2, on a

1. Si 0 ≤ β < α
α−1

, alors lim
n→∞

E[(nα−1T
(n)
1 )β] = E[T β] <∞.

2. Si β ≥ α
α−1

, alors lim
n→∞

E[(nα−1T
(n)
1 )β] =∞.
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1.5.3 Troisième article : sur la construction par division de me-
sure de Λ-coalescents

On the measure division construction of Λ-coalescents.

Cet article est soumis à Markov Processes and Related Fields.
Le but de cet article est d’introduire une nouvelle construction de Λ n-coalescents

appelée construction par division de mesure (measure division construction) pour étudier
le cas où une « bonne » mesure Λ est perturbée par un bruit. De nombreux résultats sont
connus pour certains Λ-coalescents tels que les Beta-coalescents, le coalescent de Kingman,
etc. Mais que se passe-t-il si l’on considère le cas d’une mesure Λ′ qui est proche d’une
bonne mesure Λ ?

Supposons que Λ = Λ1 + Λ2 où Λ1 et Λ2 sont deux mesures finies sur [0, 1]. Soit Π(1,n)

le Λ1 n-coalescent et Π(2,n) le Λ2 n-coalescent. La construction par division de mesure
consiste à prendre une réalisation de Π(1,n), et la modifier en utilisant Λ2 pour obtenir
finalement Π(n). Si Λ1 est « petite », on peut montrer que Π(n) et Π(2,n) sont proches, si
l’on compare certaines quantités. Pour tout r > 0, on note Exp(r) la variable exponentielle
de paramètre r. On a le théorème suivant :

Théorème 1.7. Soit µ(n) =
∫ 1

1/n
x−1Λ(dx). Si

lim
n→∞

gn
nµ(n)

= 0, (1.14)

alors µ(n)T (n) converge en loi vers Exp(1).

La classe des Λ n-coalescents satisfaisant (1.14) est assez large. Les exemples classiques
sont les suivants :

1.
∫ 1

0
x−1Λ(dx) <∞ : Les coalescents avec poussière.

2. Le n-coalescent de Bolthausen-Sznitman.

3. Λ a une densité fΛ sur [0, r) où 0 < r < 1 et il existe un nombre positif M tel que
fΛ < M sur [0, r).

4. Λ a une densité fΛ(x) = p(ln 1
x
)q sur [0, r) où 0 < r < 1 et p, q sont des constantes

positives.

Rappelons que le résultat dans le premier exemple se trouve dans (44) et le deuxième
exemple dans (27). Notre article recouvre ces résultats à l’aide d’une méthode unique.

Bien évidemment, (1.14) ne couvre pas tous les Λ n-coalescents classiques. Par exemple,
le n-coalescent de Kingman et les Beta(2 − α, α) n-coalescents avec 1 < α < 2 n’y sont
pas compris. Dans le cas Kingman, le terme gn

nµ(n) est non défini. Dans le cas Beta avec
1 < α < 2,

gn
nµ(n)

−→ (α− 1)Γ(2− α)/α.
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Vue que l’on connait bien la loi limite de nα−1T (n) dans ce cas Beta, une conjecture peut
être établie :

Conjecture (∗) : Soit c > 0. Si

lim
n→∞

gn
nµ(n)

= c,

alors µ(n)T (n) (d)→ Tc, où Tc est une variable aléatoire avec la densité

Γ(2− α∗)(1 + cx)−
α∗
α∗−1

−11x≥0.

Ici α∗ est la solution unique de l’équation suivante

(α− 1)Γ(2− α)

α
= c.

Remarque 1.9. Cette conjecture couvre plus généralement les Λ-coalescents satisfaisant
(1.9).

Remarque 1.10. Le Théorème 1.7 et la conjecture (∗) donnent l’idée que la longueur
d’une branche externe est de l’ordre 1/µ(n) pour tous les Λ-coalescents classiques sauf
le coalescent de Kingman. Mais on peut argumenter que le coalescent de Kingman suit
aussi cette règle. Le n-coalescent de Kingman est la limite au sens de convergence fini-
dimensionnelle des Beta(2−α, α) n-coalescents lorsque α tend vers 2. La longueur d’une
branche externe dans le cas Beta quand 1 < α < 2 est de l’ordre n1−α. Donc il n’est
pas étonnant que la longueur d’une branche externe dans le Kingman soit de l’ordre n−1.
Par conséquent, µ(n) dans le cas Kingman peut être considéré comme n, et ainsi que le
coalescent de Kingman satisfait cette règle universelle.

On est ensuite intéressé par la loi jointe des longueurs de plusieurs branches externes.

Théorème 1.8. Si Λ satisfait la condition (1.14) et
∫ 1

0
x−1Λ(dx) =∞, alors :

µ(n)(T
(n)
1 , T

(n)
2 , · · · , T (n)

n , 0, 0, · · · ) (d)→ (e1, e2, · · · ), (1.15)

où (ei)i∈N sont indépendants et de loi exponentielle de paramètre 1.

Remarque 1.11. Le même résultat a été trouvé par (15) dans le cas du coalescent de

Bolthausen-Sznitman. Le condition
∫ 1

0
x−1Λ(dx) = ∞ est indispensable pour que (1.15)

soit vraie (voir (44) pour le cas contraire).

Les trois corollaires suivants sont aussi vrais pour le coalescent de Bolthausen-Sznitman
(voir (15), (19), (30))
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Corollaire 1.2. Si Λ satisfait la condition (1.14), alors pour tout r ∈ R+,

lim
n→∞

E[(µ(n)T (n))r] = E[er1],

où e1 suit une loi exponentielle de paramètre 1. De plus, si
∫ 1

0
x−1Λ(dx) =∞, alors pour

tout k ∈ N et (r1, r2, · · · , rk) ∈ {R+}k, on a :

lim
n→∞

E[
k∏
i=1

(µ(n)T
(n)
i )ri ] = E[

k∏
i=1

erii ], (1.16)

où (ei)i∈N sont indépendants et de loi exponentielle de paramètre 1.

Corollaire 1.3. Si Λ satisfait la condition (1.14) et
∫ 1

0
x−1Λ(dx) =∞, alors la longueur

totale des branches externes L
(n)
ext satisfait : µ(n)L

(n)
ext/n converge dans L2 vers 1.

Corollaire 1.4. Si Λ satisfait la condition (1.14) et
∫ 1

0
x−1Λ(dx) =∞, alors la longueur

totale des branches L
(n)
total satisfait : µ(n)L

(n)
total/n converge en probabilité vers 1.

Remarque 1.12. Si
∫ 1

0
x−1Λ(dx) < ∞, alors (1.16) et les Corollaires 1.3, 1.4 ne sont

plus vrais (voir encore (44)).

En conclusion, cet article étudie les différentes longueurs du Λ n-coalescent satisfaisant
(1.14) et

∫ 1

0
x−1Λ(dx) = ∞. La forme du processus est à peu près claire sachant les lois

limites de T (n), L
(n)
ext et L

(n)
total. Ce qui est faisable par la suite est de vérifier la conjecture.

Si la conjecture est vraie, alors on a une classe bien plus générale que les Beta(2− α, α)-
coalescents : il suffit de regarder les différentes limites de gn/(nµ

(n)).

1.5.4 Quatrième article : résultats asymptotiques sur la taille
du clade minimal et sur des fonctionelles liées au Beta-
coalescent

Asymptotics of the minimal clade size and related functionals of certain
Beta-coalescents.

Cet article est en collaboration avec Arno Siri-Jégousse. On peut considérer l’article
comme une extension au cas fini de (6).

Considérons les Beta(2− α, α)-coalescents avec 1 < α < 2. (6) ont étudié le processus
de fréquence asymptotique ordonnée Θ qui pourrait générer la loi de Π(t) et Π(n)(t) pour
tout t ≥ 0 en utilisant la procédure de la bôıte de penture de Kingman. On se réfère à la
section 0.2.3 pour plus de détails.

Citons une version un peu modifiée du Théorème 1.4 de (6) qui est essentiel dans notre
article.
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Théorème 1.9. (Théorème 1.4 de (6)) Soit µ la distribution de Slack (voir (53)) de
transformée de Laplace

Lµ(λ) :=

∫ ∞
0

e−λxµ(dx) = 1− (1 + λ1−α)−α/(α−1), λ > 0.

Soit t ≥ 0, x ≥ 0. On note F (x) = µ((0, x]). Soit K(t, x) le nombre d’éléments de Θ(t) qui
ont des fréquences asymptotiques au plus x. Alors dans le cas des Beta(2−α, α)-coalescents
avec 1 < α < 2,

lim
t↓0

sup
x≥0
|t1/(α−1)K(t, t1/(α−1)x)− (αΓ(α))1/(α−1)F ((αΓ(α))1/(α−1)x)| = 0, p.s.

Si on connait la valeur de K(t, x) pour tout x ≥ 0, alors Θ(t) est déterminée. Ce
théorème caractérise donc bien le comportement asymptotique de Θ. Pour donner une
application, si on veut savoir la loi limite de nα−1T

(n)
1 , il suffit de calculer la limite de la

probabilité
P(T

(n)
1 > n1−αt), t ≥ 0.

En utilisant la procédure de la bôıte de peinture, on jette les particules de 1 à n uni-
formément sur [0, 1] qui est divisée en |Θ(n1−αt)| cases dont les longueurs correspondent
bijectivement aux valeurs de tous les éléments de Θ(n1−αt). Alors l’événement où la par-

ticule 1 se trouve toute seule dans une case est équivalent à {T (n)
1 > n1−αt}. Mais la

limite de la probabilité du premier événement est plus facile à trouver en appliquant le
Théorème 1.9. Plus généralement, on a

Théorème 1.10. Pour tout k ≥ 1

nα−1(T
(n)
1 , · · · , T (n)

k )
(d)−→ (T1, · · · , Tk), (1.17)

où (T1, · · · , Tk) sont des copies i.i.d de T qui est une variable de densité donnée par (1.10).

On s’intéresse ensuite à la quantité Q(n), le nombre de blocs impliqués dans la coales-
cence de {1}. Cette quantité mesure la fécondité de la population.

Théorème 1.11. Q(n) converge en loi vers une variable aléatoire Q telle que pour tout
k ≥ 2

qk := P(Q = k) =
(α− 1)Γ(k − α)

Γ(k)Γ(2− α)
. (1.18)

La preuve de cette proposition est simple. Il suffit de savoir le nombre total de blocs
juste avant la coalescence de {1}. Ensuite on utilise la propriété de Markov fort de Π(n)

pour calculer le nombre de blocs qui serons impliqués immédiatement.
Remarquons que dans le coalescent de Kingman, Q(n) = Q = 2 presque surement. La

finitude de la loi limite n’est pas toujours vraie pour les Λ-coalescents.
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Proposition 1.6. Considérons un Λ n-coalescent dont la measure caractéristique Λ sa-

tisfait
∫ 1

0
x−1Λ(dx) <∞. Alors Q(n) (d)→∞.

Ce résultat est même vrai pour le n-coalescent Bolthausen-Sznitman (voir la Remarque
3.2 de l’article).

Le résultat suivant concerne la taille du clade minimal notée Y (n). La définition de
Y (n) est très liée à Q(n). Y (n) est la taille du bloc contenant 1 au moment de la coalescence
de {1}. Autrement dit, Y (n) est la somme des tailles de Q(n) blocs à la coalescence de {1}.
La notion du clade minimal est introduite par (10) dans le cas Kingman. Ils montrent que

P(Y (n) = k) =
4

(k + 1)k(k − 1)
, k = 2, · · · , n− 1; P(Y (n) = n) =

2

n(n− 1)
.

(28) étudient le cas du coalescent de Bolthausen-Sznitman. Ils trouvent le résultat suivant :

lnY (n)

lnn

(d)−→ U[0,1],

où U[0,1] est une variable uniforme sur [0, 1]. Dans notre cas, on a

Théorème 1.12. Soient t ≥ 0, k ≥ 1. Définissons un processus stochastique (β(t), t ≥ 0)
tel que

P(β(t) = k) :=
1

Γ(k)

(
t

Γ(α + 1)

) k−1
α−1
∫ ∞

0

e−x(
t

Γ(α+1))
1

α−1

xkµ(dx).

(1.19)

Soient (βi(t), t ≥ 0)i≥1 les copies i.i.d de (β(t), t ≥ 0). Supposons que Q, T, (βi(t), t ≥ 0)i≥1

sont indépendantes. Alors

Y (n) (d)−→ Y = 1 +

Q−1∑
i=1

βi(T ). (1.20)

Donc, Y est une variable aléatoire à valeurs dans {2, 3, · · · } et pour tout l ≥ 2,

P(Y = l) =

∫ ∞
0

l∑
k=2

qk
∑

i1+···+ik−1=l−1

Πk−1
j=1P(β(t) = ij)(1 +

t

Γ(α + 1)
)−

α
α−1
−1dt,

Au premier temps, remarquons que Q et (β(t), t ≥ 0) sont impliqués dans le théorème.
En effet, les deux objets sont étroitement liés, ce qui est révélé dans le corollaire suivant.
Notons aussi que limn→∞ P(β(t) = 1) = 1 et on va montrer que P(β(t) = k) pour k ≥ 2
est proportionnelle à t quand t tends vers 0+.
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Corollary 1.1. 1) Pour tout k ≥ 2,

qk = (α− 1)Γ(α) lim
t→0+

P(β(t) = k)

t
. (1.21)

2) La transformée de Laplace de Q est

E[e−λQ] = lim
t→0+

E[(α− 1)Γ(α)
e−λβ(t)1β(t)≥2

t
] = e−λ(1− (1− e−λ)α−1) (1.22)

pour tout λ ≥ 0.

Deuxièmement, la loi de Y semble très compliquée, ce qui endommage l’applicabilité
du resultat. Mais la clarification donnée ci-dessous peut améliorer cette situation.

Corollary 1.2. Lorsque k tend vers ∞, on a P(Y > k) ∼
∫∞
0 tα−1fT (t)dt

((α−1)Γ(α))α−1Γ(1−(α−1)2)
k−(α−1)2

.

Si α tend vers 1, alors k−(α−1)2
converge vers 1. Ceci est consistant aver le cas de

Bolthausen-Sznitman où Y = ∞. Mais si α tend vers 2, k−(α−1)2
converge vers k−1.

Ceci n’est plus consistant avec le cas de Kingman. Ce corollaire montre une sorte de
« discontinuité » du Beta-coalescent vers le coalescent de Kingman.

Remarquons que Y (n) est la taille du bloc qui contient 1 au moment où {1} coalesce
avec d’autres blocs. Une question naturelle et ayant un sens en biologie est de se demander
la taille du plus grand bloc à cet instant-là. Tout d’abord, on considère la taille du plus
grand bloc au temps n1−αt pour t > 0.

Théorème 1.13. Soit W (n)(t) la taille du plus grand bloc de Π(n) au temps t. Alors,
lorsque n tend vers ∞,

W (n)((α− 1)Γ(α + 1)n1−αt)

n1/α

(d)−→ W (t), (1.23)

où W (t) est une variable aléatoire suivant la loi de Gumbel de type 2, de fonction de
répartition

P(W (t) ≤ x) = e−x
−α(α−1)t/Γ(2−α). (1.24)

La preuve de ce théorème utilise un résultat remarquable (voir (9)) qui met en relation
Θ et les processus de branchements stables. Cette preuve est très proche de celle de la
proposition 1.6 de (6).

Corollaire 1.5. Soit W̃ (n) = W (n)(T
(n)
1 ) la taille du plus grand bloc quand {1} est coa-

lescé. Alors , lorsque n tend vers ∞,

W̃ (n)

n1/α

(d)−→ W̃ , (1.25)

où W̃ est une variable aléatoire telle que pour tout x ≥ 0,

P(W̃ ≤ x) =

∫ ∞
0

e−x
−α t

Γ(α+1)Γ(2−α)fT (t)dt.
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Remarque 1.13. Introduisons la quantité W (2,n)(t) qui est la taille du plus grand bloc au
temps t de Π(2,n). Alors à la limite, on aura le même résultat que le Théorème 1.13 :

W (2,n)((α− 1)Γ(α + 1)n1−αt)

n1/α

(d)−→ W (t), (1.26)

La raison est que la taille du bloc ne dépend pas des notations des individus. En comparant
(1.26) et (1.25), à la limite, la branche externe de {1}est comme connectée à Π(2,n) d’une
façon indépendante. Ce fait est en fait prouvé par la Proposition 1.2. Donc ce corollaire
est une conséquence directe du Théorème 1.13 et de la Proposition 1.2.
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2.1 Introduction

2.1.1 Motivation and main results

In modern genetics, it is possible to sequence whole genomes of individuals. In order
to put these informations to maximal use, it is important to have well-fitting models for
the gene genealogies of a sample of individuals. The standard model for gene genealogies
of a sample of n individuals is Kingman’s n-coalescent (see (25), (26)). Kingman’s n-
coalescent is a continuous-time Markov process with state space P(n), the set of partitions
of {1, . . . , n}. The process starts in the trivial partition ({1}, . . . , {n}) and transitions
are only possible as mergers of exactly two blocks of the current state. Each such binary
merger occurs with rate 1. These mergers are also called collisions.
For many populations, Kingman’s n-coalescent describes the genealogy quite well. King-
man showed in (26) that the ancestral trees of a sample of size n in populations with
size N evolving by a Wright-Fisher model will converge weakly to Kingman’s n-coalescent
for N → ∞ (after a suitable time-change). This result is relatively robust if population
evolution deviates from the Wright-Fisher model (see (26) or (27)). However, there is evi-
dence that there are populations where the gene genealogies of a sample are not described
well by Kingman’s n-coalescent. Examples of such populations can be found in maritime
species, where one individual can have a huge number of offspring with non-negligible
probability (see (1), (10) (21), (19) and (15)).
A whole class of potential models for gene genealogies of a sample was introduced inde-
pendently by Pitman and Sagitov (see (30) and (31)): The class of n-coalescents with
multiple collisions. A n-coalescent with multiple collisions is a continuous-time Markov
process with state space P(n), where all possible transitions are done by merging two or
more blocks of the current state into one new block. Every n-coalescent Π(n) is exchange-

able, meaning τ ◦ Π(n) d
= Π(n) for every permutation τ of {1, . . . , n}. The transition rate

of a merger/collision of k of b present blocks is given by

λb,k =

∫ 1

0

xk(1− x)b−kx−2Λ(dx) (2.1)

for a finite measure Λ on [0, 1] (this definition is due to (30)). Since the process is
characterized by the measure Λ, it is also called a Λ-n-coalescent. Note that Kingman’s
n-coalescent is a Λ-n-coalescent with Λ being the Dirac measure δ0 in 0.
An important subclass of Λ-n-coalescents are Beta n-coalescents characterized by Λ being
a Beta distribution, especially for the choice of parameters 2−α and α for α ∈ (0, 2). The
class of Beta(2− α, α)-n-coalescents appears as ancestral trees in various settings. They
appear in the context of supercritical Galton-Watson processes (see (32)), of continuous-
state branching processes (see (7)) and of continuous random trees (see (2)). They also
seem to be a class where suitable models for the ancestral tree can be found for samples
from species who do not fit well with the Kingman-setting (see (6; 15)). Note that for
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α → 2, the rates of the Beta(2 − α, α)-n-coalescent converge to the rates of Kingman’s
n-coalescent. In this sense, Kingman’s n-coalescent can be seen as a border case of this
class of Beta n-coalescents.
For α = 1, Beta(2 − α, α) is the uniform distribution on [0, 1]. The corresponding n-
coalescent is the Bolthausen-Sznitman n-coalescent. It appears in the field of spin glasses
(see (9), (11)) and is also connected to random recursive trees (see (20)). It is also seems
to be a suitable model for a gene genealogy if selection is acting on the genome (e.g. see
(3; 12; 29)).

Let us denote by Π(n) = (Π
(n)
t )t≥0 a n-coalescent. In this paper, we are interested in three

functionals of n-coalescents
— the length T (n) of a randomly chosen external branch ;
— the number σ(n) of collisions which occur in the n-coalescent until the end of a

randomly chosen external branch ;
— the block counting process R(n) = (R

(n)
t )t≥0: R

(n)
t = |Π(n)

t | is the number of blocks

of Π
(n)
t .

Note that T (n) can also be characterized as the waiting time for the first collision of a
randomly chosen individual and σ(n) as the number of collisions we have to wait to see
the randomly chosen individual merge. For i ∈ {1, . . . , n} define

T
(n)
i := inf

{
t| {i} /∈ Π

(n)
t

}
as the length of the ith external branch and

σ
(n)
i := inf {k|{i} /∈ πk}

as the number of collisions until the end of the ith external branch, where πk is the state
of the n-coalescent after k jumps. Due to the exchangeability of the n-coalescent, we have

T (n) d
= T

(n)
1 and σ(n) d

= σ
(n)
1 . Since we are only interested in distributional results, for the

remainder of the article we will identify T (n) with T
(n)
1 and σ(n) with σ

(n)
1 .

If the n-coalescent is used as a model for an ancestral tree of a sample of individuals/genes,
the functionals T (n) and σ(n) can be interpreted biologically. The length of an external
branch measures the uniqueness of the individual linked to that branch compared to the
sample, since it gives the time this individual has to evolve by mutations that do not affect
the rest of the sample (see the introduction of (13) for more information). It was first
introduced by Fu and Li in (17), where they compare mutations on external and internal
branches of Kingman’s n-coalescent in order to test for the neutrality of mutations.
The functional σ(n) was first introduced in (13), though n− σ(n) was also analyzed in (8)
as the level of coalescence of the chosen individual with the rest of the sample. In both
articles, the functionals were defined for Kingman’s n-coalescent.
For the biological interpretation of σ(n), we see the n-coalescent as an ancestral tree of a
sample of size n. Each collision in the n-coalescent then resembles the emergence of an an-
cestor of the sample. σ(n)−1 is the number of ancestors of the sample which emerge before
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the most recent ancestor of the randomly chosen individual/gene emerges. In this line of
thought, σ(n) gives the temporal position of the first ancestor of the chosen individual/gene
among all ancestors of the sample, which are the τ (n) collisions in the n-coalescent. Thus,
σ(n)

τ (n) gives the relative temporal position of the first ancestor of the chosen individual/gene
among all ancestors of the sample (until the most recent common ancestor). In this sense,

we interprete σ(n)

τ (n) as a measure of how ancient the chosen individual/gene is compared to
the rest of the sample.
In this article, we focus on the asymptotics of T (n), σ(n) and R(n) for n → ∞. The
asymptotics of these functionals are already known for some Λ-n-coalescents. For T (n),
we have

— Λ = δ0 (Kingman coalescent): nT (n) d→ T , where T has density t 7→ 8
(2+t)3 (see (8),

(13), (23)),

— Λ = Beta(1, 1) (Bolthausen-Sznitman coalescent): log(n)T (n) d→ Exp(1) (see (16)),

— Λ with µ−1 =
∫ 1

0
x−1Λ(dx) <∞: T (n) d→ Exp(µ−1) (see (28), see also (18))

for n→∞. For σ(n), we have

— Λ = δ0: σ(n)/n
d→ Beta(1, 2) (see (13)),

— Λ = Beta(1, 1): log(n)
n
σ(n) d→ Beta(1, 1) (see (16)),

— Λ with µ−2 =
∫ 1

0
x−2Λ(dx) <∞: σ(n) d→ Geo(µ−1

µ−2
) (see (18))

for n→∞, where Geo(p) is the geometric distribution on N with parameter p.
We will analyze the asymptotics for T (n), σ(n) and R(n) for Λ-n-coalescents with Λ fulfilling

ρ(t) = C0t
−α +O(t−α+ζ), t→ 0

for some C0 > 0, α ∈ (1, 2) and ζ > 1 − 1/α, where ρ(t) =
∫ 1

t
x−2Λ(dx). Note that this

class of n-coalescents includes all Beta(a, b)-n-coalescents with parameters a ∈ (0, 1) and
b > 0. In this class of n-coalescents, we have the following asymptotics for T (n), σ(n) and
R(n):

— σ(n)

n(α−1)

d−→ σ,

— nα−1T (n) d→ 1
C0Γ(2−α)

((1− σ)1−α − 1),

— for any t0 > 0, ε > 0, P( sup
0≤t≤t0

|n−1R
(n)

tn1−α − (1 + C0Γ(2− α)t)−1/(α−1)| > ε)→ 0,

for n → ∞ , where σ
d
= Beta(1, α). We also prove the following asymptotic result for

the block counting process of the Kingman coalescent:For any t0 > 0, ε > 0 , we have
P( sup

0≤t≤t0
|n−1R

(n)

tn−1 − (1 + t/2)−1| > ε)→ 0 when n→∞.

Note that if we see the Bolthausen-Sznitman n-coalescent as a Beta(1, 1)-coalescent
and Kingman’s n-coalescent as the borderline case of a Beta distribution with parameter
α = 1, the convergence results for σ(n) shows a nice continuity in the parameters of
the limit distributions in the range of Beta(2 − α, α)-n-coalescents with α ∈ [1, 2]. Our
convergence result itself is even somewhat true in the border cases 1 and 2 (if one wages
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(α − 1)−1 → ∞ for α → 1 against log(n) → ∞ for n → ∞ for the Bolthausen-Sznitman
n-coalescents). Also note that T obtained as the limit variable of nT (n) in Kingman’s case
has the same law as 2((1− σ)−1 − 1), which gives again a nice continuity in results. The
continuity also appears for the block counting process: replacing α by 2 in the formula
for the Beta(2− α, α)-n-coalescent gives the formula for Kingman.

Finally we can remark that together with the known asymptotics τ (n)

n

d→ α−1 for this

class of n-coalescents (see (14), (19) and (22)), we have σ(n)/τ (n) d→ σ.
To prove these results, we will exploit some techniques from (14). In (14), they were used
to analyze the asymptotics of a part of the height of a n-coalescent and the number of
collisions in a n-coalescent for the same class of n-coalescents as analyzed in the present
paper. For the convergence result for T (n), we present two proofs. One mimic the approach

in (13), using the convergence result for σ(n) and T (n) =
∑σ(n)

i=1 Ti, where Ti is the waiting
time between the i − 1th and ith collision/jump of the n-coalescent. The other proof is
based on the representation of T (n) as the first jump time of a Cox process driven by a
random rate process which depends only on the block counting process associated with
the remaining individuals labelled {2, 3, . . . , n}. We use a recursive construction suitable
for any λ n-coalescent: This construction consists in adding individual i to a coalescent
process constructed by individuals from 1 to n except i such that consistence relationship
is fulfilled.

2.1.2 Organization of the paper

In section 2, we recall some known technical results which can all be found in (14). In
section 3, we obtain the asymptotic result about σ(n) and also about the ratio between
σ(n) and τ (n). Section 4 studies the small time behavior of the block counting process
R(n). Depending on the property of R(n), our first method taking T (n) as the first jump
time of a Cox process gives the asymptotic behavior of T (n), hence of T (n) in section 5.
In section 6, another method is provided by taking into account the fact that T (n) is the
sum of σ(n) initial waiting times for the coalescent process Π(n) to jump from one state to
the following.

2.2 Preliminaries

In this Section, we recall some results from (14).
Consider a n-coalescent with multiple collisions characterized by a finite measure Λ

on [0, 1]. Let ν(dx) = x−2Λ(dx) and ρ(t) = ν[t, 1]. When the process has k blocks, the
next coalescence event comes at rate gk given by

gk =
k−1∑
`=1

(
k

`+ 1

)
λk,`+1 =

∫
(0,1)

(
1− (1− x)k − kx(1− x)k−1

)Λ(dx)

x2
. (2.2)
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For n ≥ 1, x ∈ (0, 1), let Bn,x be a binomial r.v. with parameter (n, x). Recall that
for 1 ≤ k ≤ n, we have

P(Bn,x ≥ k) =
n!

(k − 1)!(n− k)!

∫ x

0

tk−1(1− t)n−k dt. (2.3)

Use the first equality in 2.2 and 2.3 to get

gn =

∫ 1

0

n∑
k=2

(
n

k

)
xk(1− x)n−kν(dx)

=

∫ 1

0

P(Bn,x ≥ 2)ν(dx)

= n(n− 1)

∫ 1

0

(1− t)n−2tρ(t) dt.

All along this paper, the following hypothesis will be assumed

ρ(t) = C0t
−α +O(t−α+ζ). (2.4)

For some C0 > 0,α ∈ (1, 2) and ζ > 1− 1/α, Lemma 2.2 of (14) gives us that, for n ≥ 2,

gn = C0Γ(2− α)nα +O(nα−min(ζ,1)). (2.5)

Recall that we call τ (n) the number of coalescence events until reaching the common
ancestor of the initial population (of size n). For k ≥ 0, denote by Y

(n)
k the number

of blocks remaining after k jumps. Notice that Y (n) is a decreasing Markov chain with
Y

(n)
0 = n and Y

(n)
k = 1 for k ≥ τ (n). Let X

(n)
k = Y

(n)
k−1 − Y

(n)
k be the number of blocks we

lose during the kth coalescence event. We write X
(n)
0 = 0.

The Markov property makes that the law of the first jump X
(n)
1 will be of much interest.

We will look at some properties of X
(n)
1 . Notice that

P(X
(n)
1 = k) =

1

gn

∫ 1

0

P(Bn,x = k + 1)ν(dx) (2.6)

and thus

P(X
(n)
1 ≥ k) =

∫ 1

0
P(Bn,x ≥ k + 1)ν(dx)

gn
=

(n− 2)!

k!(n− k − 1)!

∫ 1

0
(1− t)n−k−1tkρ(t) dt∫ 1

0
(1− t)n−2tρ(t) dt

. (2.7)

Under the same assumptions on ρ(t), setting ε0 > 0 and

ϕn =


n−ζ if ζ < α− 1,

n1−α+ε0 if ζ = α− 1,

n1−α if ζ > α− 1,

(2.8)
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Lemma 2.3 of (14) tells us there exists a constant C2.9 s.t. for all n ≥ 2, we have∣∣∣∣E[X
(n)
1 ]− 1

α− 1

∣∣∣∣ ≤ C2.9ϕn. (2.9)

Moreover, from Lemma 2.4 of (14), there exists a constant C2.10 s.t. for all n ≥ 2, we have

E
[(
X

(n)
1

)2
]
≤ C2.10

n2

gn
. (2.10)

We consider φn the Laplace transform of X
(n)
1 : for u ≥ 0, φn(u) = E[e−uX

(n)
1 ]. Assume

that ρ(t) = C0t
−α + O(t−α+ζ) for some C0 > 0,α ∈ (1, 2) and ζ > 0. Let ε0 > 0. Recall

ϕn given by 2.8. Then we have (see (14), Lemma 2.5) , for n ≥ 2,

φn(u) = 1− u

α− 1
+

uα

α− 1
+R(n, u), (2.11)

where R(n, u) =
(
uϕn + u2

)
h(n, u) with supu∈[0,K],n≥2 |h(n, u)| <∞ for all K > 0.

Moreover, if we assume that ζ > 1− 1/α and set η ≥ 1
α

, then (from (14), Lemma 3.2)
there exist ε1 > 0 and C2.12(K) a finite constant such that for all n ≥ 1 and u ∈ [0, K],
a.s. with an = n−η,

τn∑
i=1

∣∣∣R(Y
(n)
i−1 , uan)

∣∣∣ ≤ C2.12(K)n−ε1 . (2.12)

We will also use the following result : Let V = (Vt, t ≥ 0) be a α-stable Lévy process
with no positive jumps (see chap. VII in (4)) with Laplace exponent ψ(u) = uα/(α− 1):
for all u ≥ 0, E[e−uVt ] = etu

α/(α−1). We assume that ρ(t) = C0t
−α + O(t−α+ζ) for some

C0 > 0 and ζ > 1 − 1/α. Recall that τ (n) is the number of coalescing events in the
n-coalescent until reaching its absorbing state. Let

V
(n)
t = n−1/α

bntc∧τ (n)∑
k=1

(X
(n)
k −

1

α− 1
)

for t ∈ [0, α− 1), and

V
(n)
α−1 = n−1/α

τ (n)∑
k=1

(X
(n)
k −

1

α− 1
) = n−1/α

(
n− 1− τ (n)

α− 1

)
.

Then,
(V

(n)
t , t ∈ [0, α− 1])→ (Vt, t ∈ [0, α− 1]) (2.13)

in the sense of convergence in law of the finite-dimensional marginals (see (14), Corollary
3.5, see also (19; 22)).
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2.3 The number of collisions before the time T (n)

Consider a n-coalescent with multiple collisions characterized by a finite measure Λ on
[0, 1]. Recall that ν(dx) = x−2Λ(dx) and ρ(t) = ν[t, 1] which is assumed to satisfy (2.4).
A n-coalescent takes its values in P(n), the set of partitions of {1, . . . , n}. For i ≥ 0, let

πi = π
(n)
i be the state of the process after the ith coalescence event.

Pick at random an individual from the initial population and denote by T (n) the length
of the external branch starting from it. Because of exchangeability, T (n) has the same law
as the length T

(n)
1 of the external branch starting from the initial individual labelled by

{1}. A quantity of interest will be σ(n), the number of coalescence events happening before
time T (n). Again because of exchangeability, σ(n) has the same law as

σ
(n)
1 = inf{i > 0, {1} /∈ πi},

the number of collisions happening before individual 1 collides for the first time. We can
write

T
(n)
1 =

σ
(n)
1∑
i=1

ei
g
Y

(n)
i−1

(2.14)

where the ei’s are i.i.d. exponential random variables with mean 1. Note that the formula
also holds true for T (n) and σ(n) (just omit the subscripts). For the remainder of the

chapter, we will identify σ(n) with σ
(n)
1 .

In this section, we will determinate the asymptotic law of σ(n) for a class of coalescents
containing the Beta-coalescent with α ∈ (1, 2).

Theorem 2.1. We assume that ρ(t) = C0t
−α+O(t−α+ζ) for some C0 > 0, α ∈ (1, 2) and

ζ > 1− 1/α. Then
σ(n)

n(α− 1)

d−−−→
n→∞

σ, (2.15)

for n→∞, where σ
d
= Beta(1, α).

Recall that in this class of n-coalescents, we also have τ (n)/n
d→ α− 1 (from (14), see

also (19) and (22)) for n→∞. Slutsky’s theorem gives a convergence result for σ(n)/τ (n),
which measures how ancient the chosen individual is compared to the rest of the sample

Corollary 2.1. We assume that ρ(t) = C0t
−α + O(t−α+ζ) for some C0 > 0, α ∈ (1, 2)

and ζ > 1− 1/α. Then
σ(n)

τ (n)

d→ σ,

for n→∞, where σ
d
= Beta(1, α).
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proof of Theorem 2.1. For convenience, we set

1.
(
a
b

)
= 0, if 0 ≤ a < b, a ∈ Z+, b ∈ Z+,Z+ = {0, 1, 2, ...}.

2. log(0) = −∞.

Notice that σ(n) ≤ τ (n). Let Y = (Yk, k ≥ 0) denotes the filtration generated by Y (n).
For any t ≥ 0, we have

P(σ(n) > nt|Y) = P(σ(n) > nt, τ (n) > nt|Y)

=

bntc∧τ (n)∏
i=1

P({1} ∈ πi|{1} ∈ πi−1,Y)

=

bntc∧τ (n)∏
i=1

(Y (n)
i−1−1

X
(n)
i +1

)
( Y

(n)
i−1

X
(n)
i +1

)
=

bntc∧τ (n)∏
i=1

Y
(n)
i−1 − (X

(n)
i + 1)

Y
(n)
i−1

.

Notice that
X

(n)
i +1

Y
(n)
i−1

< 1 if i 6= τ (n), and
X

(n)
i +1

Y
(n)
i−1

= 1 if i = τ (n).

We can hence write

log
(
P(σ(n) > nt|Y)

)
=

bntc∧τ (n)∑
i=1

log

(
1− X

(n)
i + 1

Y
(n)
i−1

)

and proceed to a power series expansion :

log
(
P(σ(n) > nt|Y)

)
= I

(1)
nt + I

(2)
nt ,

with

I
(1)
nt = −

bntc∧τ (n)∑
i=1

(
X

(n)
i + 1

)(
Y

(n)
i−1

)−1

,

and

I
(2)
nt =

bntc∧τ (n)∑
i=1

(ln(1− X
(n)
i + 1

Y
(n)
i−1

) +
X

(n)
i + 1

Y
(n)
i−1

),
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where I
(2)
nt can be −∞ if

X
(n)
i +1

Y
(n)
i−1

= 1. Let us look further at I
(1)
nt . The idea is to replace

X
(n)
i by the limit of its expectation.

I
(1)
nt = J

(1)
nt + J

(2)
nt ,

with

J
(1)
nt = −

bntc∧τ (n)∑
i=1

(
1

α− 1
+1

)(
Y

(n)
i−1

)−1

,

and

J
(2)
nt = −

bntc∧τ (n)∑
i=1

(
X

(n)
i −

1

α− 1

)(
Y

(n)
i−1

)−1

.

We will use three lemmas whose proofs are given in the rest of the Section.
Lemma 2.1, with η = 1, tells us that, when 0 < t < α− 1

J
(1)
nt

P→ − α

α− 1

∫ t

0

(
1− x

α− 1

)−1

dx = α log

(
1− t

α− 1

)
. (2.16)

Lemma 2.2 gives, for 0 < t < α− 1,

J
(2)
nt = −n1/α−1n1−1/α

bntc∧τ (n)∑
i=1

(
X

(n)
i −

1

α− 1

)(
Y

(n)
i−1

)−1 P−→ 0. (2.17)

Finally, Lemma 2.3 gives, for t < α− 1,

I
(2)
nt

P−→ 0. (2.18)

Adding (2.16), (2.17) and (2.18), we get that for t < α− 1

log
(
P(σ(n) > nt|Y)

) P→ α log

(
1− t

α− 1

)
,

and thus

P(σ(n) > nt|Y)
P→
(

1− t

α− 1

)α
.

While we know that P(σ(n) > nt|Y) ≤ 1,then

P(σ(n) > nt) = E[P(σ(n) > nt|Y)]→
(

1− t

α− 1

)α
.

We thus obtain that, for x ∈ (0, 1),

P(σ(n) > n(α− 1)x)→ (1− x)α.

and then that
σ(n)

n(α− 1)
converges in distribution to a Beta(1, α) law.
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Lemma 2.1. We set νη(t) =
∫ t

0

(
1− x

α−1

)−η
dx,η ∈ R. We assume that ρ(t) = C0t

−α +

O(t−α+ζ) for some C0 > 0, α ∈ (1, 2) and ζ > 1− 1/α. For any 0 < t < α− 1 and η ∈ R,
we have

1. Let t0 ∈ [0, α− 1) and δ > 0. The following convergence in probability holds when
n→∞:

n(α−1)/2−δ sup
0≤t≤t0

|nη−1

bntc∧τ (n)∑
i=1

(
Y

(n)
i−1

)−η
− νη(t)| −→ 0.

2. Let t ∈ [0, α− 1). The following convergence in distribution holds when n→∞:

nη−1/α(

bntc∧τ (n)∑
i=1

(
Y

(n)
i−1

)−η
− n1−ηνη(t)) −→ η

∫ t

0

dr(1− r

γ
)−η−1Vr.

Proof. The case η = α−1 is given by Theorem 5.1 in (14). Following the same arguments,
it is easy to get the general result.

Lemma 2.2. For any t < α− 1, the following convergence in distribution holds :

n1−1/α

bntc∧τ (n)∑
i=1

(
X

(n)
i −

1

α− 1

)(
Y

(n)
i−1

)−1 d−→ (vα(t))1/αV1,

where (Vt)t≥0 is an α-stable Lévy process with no positive jumps and vα(t) =
∫ t

0

(
1− x

α−1

)−α
dx.

Proof. Let δ ∈ (0, α− 1), t0 = α− 1− δ and t ∈ [0, t0].
Let ε ∈ (0, 1− t

α−1
) and β = 1− t

α−1
− ε > 0. We have

n1−1/α

bntc∧τ (n)∑
i=1

(
X

(n)
i −

1

α− 1

)(
Y

(n)
i−1

)−1

= Ant +Bnt,

with

Ant = n1−1/α

bntc∧τ (n)∑
i=1

(
X

(n)
i −

1

α− 1

)(
Y

(n)
i−1

)−1

1{Y (n)
i−1≥nβ}

,

and

Bnt = n1−1/α

bntc∧τ (n)∑
i=1

(
X

(n)
i −

1

α− 1

)(
Y

(n)
i−1

)−1

1{Y (n)
i−1<nβ}

.

We will show that Bnt converges to 0 in probability and that Ant weakly converges to
(vα(t))1/αV1 as n→∞.

Convergence of Ant. Let Z
(n)
i = n

(
Y

(n)
i−1

)−1

1{Y (n)
i−1≥nβ}

. We have that supn,i≥1 Z
(n)
i ≤

β−1 a.s..
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By using (2.11), it is enough to prove that

E[exp(−uAnt)] −−−→
n→∞

evα(t)uα/(α−1),

for any u positive. Where evα(t)uα/(α−1) is the Laplace transform of (vα(t))1/αV1.

Taking uZ
(n)
i as Z

(n)
i , we shall only consider the case u = 1.

Let us consider n−1
∑bntc∧τ (n)

i=1

(
Z

(n)
i

)α
= nα−1

∑bntc∧τ (n)

i=1

(
Y

(n)
i−1

)−α
1{Y (n)

i−1≥nβ}
.We have,

because the process (Y
(n)
i , i ≥ 0) is decreasing, that

P(n−1

bntc∧τ (n)∑
i=1

(
Z

(n)
i

)α
6= nα−1

bntc∧τ (n)∑
i=1

(
Y

(n)
i−1

)−α
) = P(∃i;Y (n)

i−1 < nβ)

≤ P({Y (n)

(bntc∧τ (n))−1
< nβ)

≤ P(n−1

(bntc∧τ (n))−1∑
j=1

(X
(n)
j −

1

α− 1
) ≥ ε).

Use (2.13) to get that the right-hand side of the last inequality converges to 0 as n
goes to infinity. Using also Lemma 2.1 with η = α, we have that

nα−1

bntc∧τ (n)∑
i=1

(
Y

(n)
i−1

)−α P−→ vα(t),

as n→∞. We can thus deduce that

n−1

bntc∧τ (n)∑
i=1

(
Z

(n)
i

)α P−→ vα(t), (2.19)

as n→∞.
For a > 0, we set

M
(a)
n,k = exp

(
k∑
i=1

(
−n−1/αaZ

(n)
i X

(n)
i − log φ

Y
(n)
i−1

(n−1/αaZ
(n)
i )
))

.

The process (M
(a)
n,k, k ≥ 1) is a bounded martingale w.r.t. the filtration Y . Notice that

E[M
(a)
n,k] = 1. As Xn

i = 0 and Z
(n)
i = 0 for i > τ (n), we also have

M
(a)
n,k = exp

k∧τ (n)∑
i=1

(
−n−1/αaZ

(n)
i X

(n)
i − log φ

Y
(n)
i−1

(n−1/αaZ
(n)
i )
) .
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Using R(n, u) defined in 2.11, we get that :

M
(a)
n,bntc

= exp

− bntc∧τ (n)∑
i=1

n−1/αaZ
(n)
i (X

(n)
i −

1

α− 1
)−

bntc∧τ (n)∑
i=1

n−1
(
aZ

(n)
i

)α
α− 1

−
bntc∧τ (n)∑

i=1

R(Y
(n)
k−1, n

−1/αaZ
(n)
i )


= exp (−aAnt) exp

−n−1

bntc∧τ (n)∑
i=1

(
aZ

(n)
i

)α
α− 1

−
bntc∧τ (n)∑

i=1

R(Y
(n)
k−1, n

−1/αaZ
(n)
i )

 .

Let

Λn = −n−1

bntc∧τ (n)∑
i=1

(
Z

(n)
i

)α
α− 1

+
vα(t)

α− 1
,

and write
E [exp (−Ant)] = A1 + A2,

with A1 = E
[
e−Ant

(
1− eΛn

)]
and A2 = E

[
e−Ant eΛn

]
.

First of all, let us prove that A1 converges to 0 when n tends to ∞. Recall that the
r.v Z

(n)
i are uniformly bounded by β−1 a.s.. Thanks to (2.12), we have

E[e−2Ant ] = E

M (2)
n,bntc exp

n−1

bntc∧τ (n)∑
i=1

(
2Z

(n)
i

)α
α− 1

+

bntc∧τ (n)∑
i=1

R(Y
(n)
k−1, 2n

−1/αZ
(n)
i )

 ≤M,

where M is a finite constant which does not depend on n. By Cauchy-Schwarz’ inequality,
we get that

(A1)2 ≤
(
E
[
e−Ant

∣∣1− eΛn
∣∣])2 ≤ E

[
e−2Ant

]
E
[(

1− eΛn
)2
]
≤ME

[(
1− eΛn

)2
]
. (2.20)

The quantity Λn is bounded and goes to 0 in probability when n goes to infinity (see
(2.19)). Therefore, the right-hand side of 2.20 converges to 0. This implies that limn→∞A1 =
0.

Let us now consider the convergence of A2. Remark that

A2 = E

M (1)
n,bntc exp

 vα(t)

α− 1
+

bntc∧τ (n)∑
k=1

R(Y
(n)
k−1, n

−1/αZ
(n)
i )

 .
Recall that E[M

(1)
n,bntc] = 1. Using (2.12), we get

exp

(
−C2.12(β−1)n−ε1 +

vα(t)

α− 1

)
≤ A2 ≤ exp

(
C2.12(β−1)n−ε1 +

vα(t)

α− 1

)
.
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We get that limn→∞A2 = evα(t)/(α−1), which achieves the proof.
Convergence of Bnt. Here, we will use a similar approach as the one we used on the first
half of p.48. The process (Y

(n)
i , i ≥ 0) is decreasing. So if for some i ≤ bntc, Y (n)

i−1 < nβ,

then we have Y
(n)
bntc−1 < nβ. Thus we get Bnt = Bnt1{Y (n)

(bntc∧τ(n))−1
<nβ}. Moreover,

{Y (n)

(bntc∧τ (n))−1
< nβ} ⊂ {n−1

(bntc∧τ (n))−1∑
j=1

(X
(n)
j −

1

α− 1
) ≥ ε},

and then for any ε′ > 0

P(|Bnt| ≥ ε′) = P(1{Y (n)

(bntc∧τ(n))−1
<nβ}|Bnt| ≥ ε′)

≤ P({Y (n)

(bntc∧τ (n))−1
< nβ)

≤ P(n−1

(bntc∧τ (n))−1∑
j=1

(X
(n)
j −

1

α− 1
) ≥ ε).

Use (2.13) to get that the right-hand side of the last inequality converges to 0 as n goes
to infinity.

Now we deal with I
(2)
nt .

Lemma 2.3. We assume that ρ(t) = C0t
−α+O(t−α+ζ) for some C0 > 0 and ζ > 1−1/α.

Then, for any t < α− 1, we have

|I(2)
nt | =

bntc∧τ (n)∑
i=1

−(ln(1− X
(n)
i + 1

Y
(n)
i−1

) +
X

(n)
i + 1

Y
(n)
i−1

)
P−→ 0,

when n→∞.

Proof. Let 0 ≤ t < α− 1. First of all, remark that:

Y
(n)
bntc

n

P−→ α− 1− t
α− 1

. (2.21)

Indeed,

Y
(n)
bntc

n
=
n− (bntc)/(α− 1)

n
−
∑bntc

k=1(X
(n)
k − 1/(α− 1))

n
,

and we conclude using (2.13) and the convergence of P(τ (n) > bntc) to 1. Let us write

|I(2)
nt | = An +Bn,
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with
An = |I(2)

nt |1{
Y

(n)
bntc<(1−t/(α−1))n/2

}
and

Bn = |I(2)
nt |1{

Y
(n)
bntc≥(1−t/(α−1))n/2

}.
The convergence (2.21) implies that An tends to 0 in probability. To prove the convergence
of Bn, let us first notice that for a ∈ (0, 1), there exists a constant C(a) such that, if Bn,x

is a binomial r.v. with parameter (n, x), then

0 < −
∫ 1

0

E
[
1{2≤Bn,x≤(1−a)n}(ln(1− Bn,x

n
) +

Bn,x

n
)

]
ν(dx) ≤ C(a). (2.22)

Indeed, there exists a constant C ′(a) such that for u ∈ (0, 1 − a), 0 < − ln(1 − u) − u ≤
C ′(a)u2. Hence,

0 < −
∫ 1

0

E
[
1{2≤Bn,x≤(1−a)n}(ln(1− Bn,x

n
) +

Bn,x

n
)

]
ν(dx)

≤ C ′(a)

∫ 1

0

E
[
1{2≤Bn,x≤(1−a)n}(

Bn,x

n
)2

]
ν(dx)

≤ C ′(a)

∫ 1

0

E
[
(
Bn,x

n
)2

]
ν(dx)

≤ 2C ′(a)

∫ 1

0

E
[
Bn,x(Bn,x − 1)

n2

]
ν(dx)

= 2C ′(a)

∫ 1

0
n(n− 1)x2ν(dx)

n2
=: C(a).

Let us set a = (1− t/(α−1))/2. Hence Bn = |I(2)
nt |1{

Y
(n)
bntc≥an

}. Notice that if n is large

enough such that an ≥ 2, then if Y
(n)
bntc ≥ an we have τ (n) > nt. Moreover, if Y

(n)
bntc ≥ an, for

i ≤ nt, we have Y
(n)
i ≥ an ≥ aY

(n)
i−1 and X

(n)
i = Y

(n)
i−1 −Y

(n)
i ≤ (1−a)Y

(n)
i−1 < (1−a/2)Y

(n)
i−1 .

Using (2.6), (2.22) and (2.5), we get that

E[Bn]

≤
bntc∑
i=1

E[E[−(ln(1− X
(n)
i + 1

Y
(n)
i−1

) +
X

(n)
i + 1

Y
(n)
i−1

)1{1≤X(n)
i ≤(1−a)Y

(n)
i−1}

1{Y (n)
i−1≥an}

|Y (n)
i−1 ]]

≤
bntc∑
i=1

E[−E[

∫ 1

0

1{2≤B
Y

(n)
i−1

,x
≤(1−a/2)Y

(n)
i−1}

1{Y (n)
i−1≥an}

1

g
Y

(n)
i−1

(ln(1−
B
Y

(n)
i−1,x

Y
(n)
i−1

) +
B
Y

(n)
i−1,x

Y
(n)
i−1

)ν(dx)|Y (n)
i−1 ]]

≤C(a/2)nt

gan
→ 0,

when n tends to ∞. This achieves the proof of the Lemma.
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2.4 A result on small-time behavior of the block pro-

cess

We now turn to the study of the length of an external branch picked at random,
denoted by T (n). For any integer k between 1 and τ (n), define A

(n)
k as the time when

the kth jump is achieved. This variable can be expressed as a sum of k independent
exponential random variables. More precisely,

A
(n)
k =

k∧τ (n)∑
i=1

ei
g
Y

(n)
i−1

,

where the ei’s are independent standard exponential variables. Notice that T (n) = A
(n)

σ(n) .

We will first study asymptotics of A
(n)
k . For this, we use a two-step approximation method

close to Section 4 of (14). Define first

Ã
(n)
k =

k∧τ (n)∑
i=1

1

g
Y

(n)
i−1

,

obtained replacing the ei’s by their mean,and

Â
(n)
k =

1

C0Γ(2− α)

k∧τ (n)∑
i=1

(Y
(n)
i−1)−α,

obtained replacing gb by its equivalent in (2.5).

Proposition 2.1. We assume that ρ(t) = C0t
−α + O(t−α+ζ) for some C0 > 0 and ζ >

1− 1/α. Then, for any t < α− 1, we have

nα−1A
(n)
bntc

P→ 1

C0Γ(2− α)
((1− t

α− 1
)1−α − 1),

when n→∞.

The proof is a straight consequence of Lemma 2.1 with η = α and the following
Lemmas 2.4 and 2.5.

Lemma 2.4. Under the assumptions of Proposition 2.1, we have

nα−1(Ã
(n)
bntc − Â

(n)
bntc)

P→ 0,

when n→∞.
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Proof. Use (2.5) to get

Ã
(n)
bntc − Â

(n)
bntc =

bntc∧τ (n)∑
i=1

(
Y

(n)
i−1

)−α
O

((
Y

(n)
i−1

)−min(ζ,1)
)
.

The result then follows from Lemma 2.1 with η = α + min(ζ, 1).

Lemma 2.5. Under the assumptions of Proposition 2.1, we have

nα−1(A
(n)
bntc − Ã

(n)
bntc))

P→ 0,

when n→∞.

Proof. Recall that Y = (Yk, k ≥ 0) denotes the filtration generated by Y . Conditionally

on Y , the random variables
ei − 1

g
Y

(n)
i−1

are independent with zero mean. We deduce that

E
[
sup
t≥0

(nα−1(A
(n)
bntc − Ã

(n)
bntc))

2|Y
]

= n2α−2E

sup
t≥0

bntc∧τ (n)∑
i=1

ei − 1

g
Y

(n)
i−1

2

|Y


≤ 4n2α−2

bntc∧τ (n)∑
i=1

(
1

g
Y

(n)
i−1

)2

,

where we used Doob’s inequality for the inequality. Thanks to 2.5 and Lemma 2.1 with

η = 2α, we get the 4n2α−2
∑bntc∧τ (n)

i=1

(
1

g
Y

(n)
i−1

)2

converges to 0 in probability.

Heuristically, combining Theorem 2.1 and Proposition 2.1, we should get that nα−1T (n) =
nα−1A

(n)

σ(n) converges in law to 1
C0Γ(2−α)

((1− σ)1−α − 1). This line of proof will be followed
in the last section. However, in the next we will first present another way to prove this
result with a method based on exchangeable coalescents consistency property. As a first
step to this approach, we end this session with a result about small-time behavior of the
block-counting process.

Let R
(n)
t denote the number of blocks of the n-coalescent Π(n) at time t. The initial

value R
(n)
0 is n. We show that the limit law of the process R(n) is deterministic under a

certain time rescaling

Theorem 2.2. We assume that ρ(t) = C0t
−α+O(t−α+ζ) for some C0 > 0 and ζ > 1−1/α.

For any t0 > 0, ε > 0 , we have

P( sup
0≤t≤t0

|n−1R
(n)

tn1−α − (1 + C0Γ(2− α)t)−1/(α−1)| > ε)→ 0, (2.23)

when n→∞.
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Proof. Let 0 < r < α− 1, we have the following relation :

R
(n)

A
(n)
bnrc

= Y
(n)
bnrc = n−

bnrc∧τ (n)∑
j=1

X
(n)
j

Let t ∈ [0, t0], and define

r(t) = (α− 1)(1− (1 + C0Γ(2− α)t)−1/(α−1)), (2.24)

on [0, t0]. Notice that

1

C0Γ(2− α)
((1− r(t)

α− 1
)1−α − 1) = t.

Then thanks to Proposition 2.1, nα−1A
(n)
bnr(t)c converges in probability to t.

Using the remark at the beginning of the proof in Lemma 2.3, we get the convergence

n−1R
(n)

A
(n)
bnr(t)c

=
Y

(n)
bnr(t)c

n

P→ (1− r(t)

α− 1
) = (1 + C0Γ(2− α)t)−1/(α−1),

when n→∞. Moreover, since R
(n)
t is decreasing, then for any 0 < δ < 1,

lim
n→∞

P(R
(n)

A
(n)
bnr(t−δt)c

≤ R
(n)

tn1−α+1 ≤ R
(n)

A
(n)
bnr(t+δt)c

) = 1.

The constant δ being arbitrary, we thus obtain the convergence in probability of
n−1R

(n)

tn1−α to (1 + C0Γ(2− α)t)−1/(α−1).
We obtain (2.25) using again the fact that R(n) is a decreasing process.

In fact, the symptotic result concerning block counting process of Kingman coalescent
is also valid. The method is almost identical to that emploied in the above Theorem. In
the context of Kingman coalescent, we use the same notations Π(n), A

(n)
i , R(n).

Theorem 2.3. In the setting of the Kingman coalescent, for any t0 > 0, ε > 0 , we have

P( sup
0≤t≤t0

|n−1R
(n)

tn−1 − (1 + t/2)−1| > ε)→ 0 (2.25)

when n→∞.

Remark that this Theorem shows a nice continuity from Beta coalescent(the process
that we consider is more general which contains Beta coalescent) to Kingman coalescent.
In Theorem 2.2, if we let α = 2, the result is just we want to prove in this Corollary.
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Proof. Recall thatA
(n)
i is the time when i-th jump is achieved. When Π(n) has b individuals

at some time t, then the process encounters the following coalescence at rate
(
b
2

)
where

two randomly chosen individuals will be coalesced. Π(n) remains 1 when all individuals
are coalesced.

For 0 < t < α− 1, we have

A
(n)
bntc =

n−bntc+1∑
k=n

ek(
b
2

)
where eis are i.i.d unit exponential variables. Notice that

E[nA
(n)
bntc] =

n−bntc+1∑
k=n

n(
k
2

) = 2(
1

n− bntc
− 1

n
)n→ 2(

1

1− t
− 1),

as n tends to ∞. There exist a constant K > 0, such that,

Var(nA
(n)
bntc) =

n−bntc+1∑
k=n

n2(
1(
k
2

))2 ≤ K

n
.

So we deduce that

nA
(n)
bntc

L2

→ 2(
1

1− t
− 1) =

2t

1− t
:= f(t)

as n converges to ∞.
We denote by f−1(t) := t/(t+ 2) the inverse function of f(t).
Similarly, R(n) is decreasing, so

P(R
(n)
Abnf−1(t−δ)(n)c

≤ R
(n)

tn−1 ≤ R
(n)
Abnf−1(t+δ)(n)c

)→ 1,

as n tends to ∞ for any 0 < δ < t.

So
R

(n)

tn−1

n
−

R
(n)

A
(n)

bnf−1(t)c
n

d→ 0.
Furthermore,

R
(n)

A
(n)

nf−1(t)

n
=
Y

(n)

bnf−1(t)c

n
=
n− bnf−1(t)c

n
→ 1− f−1(t) =

1

1 + t/2
,

as n tends to ∞. So
R

(n)

tn−1

n

d→ 1
1+t/2

.

Using again the decreasing property of R
(n)
t , we finish the proof.
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2.5 The length of an external branch picked at ran-

dom

Dynamics of any exchangeable coalescent with multiple mergers are characterized by
rates λb,k which suit a consistent relationship (this is Pitman’s structure theorem, see (30),
Lemma 18):

λb,k = λb+1,k+1 + λb+1,k. (2.26)

This relationship comes from the fact that k given merging blocks among b can coalesce
in two ways while revealing an extra block : either the coalescence event implies the extra
block (and then k+ 1 blocks will merge) either not. Thus we get a recursive construction
of the n-coalescent process Π(n).

Let us define Π(n,2) as the coalescent process of individuals labelled from 2 to n. Now
we consider the individual labelled by 1. The lineage of this individual can be ’connected’
to Π(n,2)

— either at any of its jump times, in which case block {1} participates to a mul-
tiple merger implying at least 3 blocks, and we call this collision “Type 1” (see
Figure 2.1),

— or at any other time to one of the present blocks and then participates to a binary
collision, and we call it “Type 2” (see Figure 2.2).

1

2

3

4

5

Figure 2.1: n = 5. Individual 1 is chosen. Type 1: individual 1 encounters a multiple
collision.

1

2

3

4

5

Figure 2.2: n = 5. Individual 1 is chosen. Type 2: individual 1 encounters a binary
collision

From now on, our analysis is conditional on Π(n,2). Between two jump times of Π(n,2),
assuming that there are b blocks in Π(n,2), the extra block coalesces at rate bλb+1,2. If the
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extra block remains unconnected just before a coalescence event implying k blocks among
b, then it will participate to this event with probability(

b
k

) ∫ 1

0
xk+1(1− x)b−kν(dx)/gb(

b
k

) ∫ 1

0
xk(1− x)b−kν(dx)/gb

= 1− λb+1,k

λb,k
. (2.27)

This equality comes from (2.26). Let us see how to get the law of T (n), the coalescence
time of individual 1. We define by R(n,2) the block counting process of Π(n,2). Notice that
it has the same law as R(n−1). We introduce

— T
(n)
c the first jump time of a Poisson process η

(n)
c directed by the measure ν

(n)
c =

R
(n,2)
t λ

R
(n,2)
t +1,2

dt;

— T
(n)
d the time of the first appearance of ’Head’ in the following coin flip, independent

of η
(n)
c : at each jump time t of R

(n,2)
t , we toss a coin, and get ’Head’ with probability

1−
λ
R

(n,2)
t− +1,R

(n,2)
t− −R(n,2)

t +1

λ
R

(n,2)
t− ,R

(n,2)
t− −R(n,2)

t +1

and ’Tail’ with probability
λ
R

(n,2)
t− +1,R

(n,2)
t− −R(n,2)

t +1

λ
R

(n,2)
t− ,R

(n,2)
t− −R(n,2)

t +1

(see (2.27)).

Then, conditionally on Π(n,2), T (n) and T
(n)
c ∧ T (n)

d have the same law.

Remark 2.1. A more formal way to interpret T (n) is as follow. Let ξ(n) be Cox process di-

rected by random measure ν
(n)
c +ν

(n)
d , where ν

(n)
d =

∑
{t is a jump time}

λ
R

(n,2)
t− +1,R

(n,2)
t− −R(n,2)

t +1

λ
R

(n,2)
t− ,R

(n,2)
t− −R(n,2)

t +1

δt,

and δt is the Dirac measure in t (see (24, p.226)). Then T (n) has the same law as the
first jump time of ξ(n)

Let us now give our main result

Theorem 2.4. The following convergence holds :

nα−1T (n) d→ T =
1

C0Γ(2− α)
((1− σ)1−α − 1),

for n→∞. The density function of T is

fT (t) =
αC0Γ(2− α)

α− 1
(1 + C0Γ(2− α)t)−

α
α−1
−1, t ≥ 0.

In particular, in the Beta(2− α, α) case, the density is

fT (t) =
1

(α− 1)Γ(α)
(1 +

t

αΓ(α)
)−

α
α−1
−1, t ≥ 0.

Proof. For the sake of simplicity, we will make the proof only in the Beta(2− α, α) case.
The proof can be extended to the more general case where (2.4) is satisfied with the details
omited here. In this special case, C0 = (αΓ(α)Γ(2− α))−1 and dynamics are given by

λb,k =
B(k − α, b− k + α)

B(α, 2− α)
,
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where B(a, b) is a Beta function of parameters a and b.

Define r
(n,2)
t as the number of jumps of the process Π(n,2) up to time n1−αt. It is a

straightforward consequence of Proposition 2.1 that

r
(2,n)
t

n

P→ r(t), n→∞ (2.28)

for t→∞, where r(t) is defined in (2.24).

For i ≥ 0, in the process Π(n,2), we denote by Y
(n,2)
i the number of blocks remaining

after i jumps which equals 1 from the time all individuals are coalesced to 1, and Y
(n,2)

0 =

n − 1. Let X
(n,2)
i = Y

(n,2)
i−1 − Y

(n,2)
i be the number of blocks we lose during the ith

coalescent event. We write X
(n)
0 = 0. Notice that (Y (n,2), X(n,2)) has the same law as

((Y (n−1), X(n−1))) .
Using the description given above, we have

P(nα−1T (n) > t)

= E[P(nα−1T (n)
c ∧ T (n)

d > t|Π(n,2))]

= E[P(nα−1T (n)
c > t|Π(n,2))P(nα−1T

(n)
d > t|Π(n,2))]

= E[exp(−
∫ t

0

∫ 1

0

n1−αR
(n,2)

sn1−αx
2(1− x)R

(n,2)

sn1−α−1ν(dx)ds)

r
(n)
t∏
i=1

λ
1+Y

(n,2)
i−1 ,1+X

(n,2)
i

λ
Y

(n,2)
i−1 ,1+X

(n,2)
i

]

= E[exp(−
∫ t

0

n1−αR
(n,2)

sn1−α

B(2− α,R(n,2)

sn1−α + α− 1)

B(2− α, α)
ds)

r
(n)
t∏
i=1

Y
(n,2)
i−1 −X

(n,2)
i + α− 1

Y
(n,2)
i−1

].

We decompose the term in the expectation into two parts: the exponential on one side
and the product on the other.

Let us first look at the exponential term. Using Stirling’s formula we get that, for
0 ≤ s ≤ t,

n1−αR
(n,2)

sn1−α

B(2− α,R(n,2)

sn1−α + α− 1)

B(2− α, α)
= n1−α (R

(n,2)

sn1−α)α−1

Γ(α)
+ (

R
(n,2)

sn1−α

n
)α−1f(R

(n,2)

sn1−α),

where f = f(t){t≥0} is a deterministic function which converges to 0 as t converges to ∞.

The sequence (R
(n,2)

sn1−α , n ≥ 2) is decreasing so, thanks to Theorem 2.2, we deduce that

sup0≤s≤t(
R

(n,2)

sn1−α
n

)α−1f(R
(n,2)

sn1−α) converges in probability to 0 as n tends to∞. Consequently,
using again Theorem 2.2, we get that

exp(−
∫ t

0

n1−αR
(n,2)

sn1−α

B(2− α,R(n,2)

sn1−α + α− 1)

B(2− α, α)
ds)

P→ (1 +
t

αΓ(α)
)−α, n→∞. (2.29)
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Convergence of the product term is obtained by the same method as in proof of
Theorem 2.1, combined with the convergence in (2.28). To avoid showing almost the
same reasoning, we leave the details to readers. This way, we have

r
(n,2)
t∏
i=1

Y
(n,2)
i−1 −X

(n,2)
i + α− 1

Y
(n,2)
i−1

P→ (1 +
t

αΓ(α)
)−

α(2−α)
α−1 , n→∞. (2.30)

The product of (2.29) and (2.30) then converges in probability to (1 + t
αΓ(α)

)−α/(α−1).
Since this product is bounded, we get that

P(nα−1T (n) > t)→ (1 +
t

αΓ(α)
)−

α
α−1 , n→∞.

We achieve the proof.

As a consequence of Theorem 2.4, we can get an asymptotic result on the size of the
population at the moment of collision of individual 1.

Corollary 2.2. The following convergence holds :

n−1Y
(n)

σ(n)

d→ (1 + C0Γ(2− α)T )−1/(α−1) = 1− σ

for n→∞. Moreover, the density function of this limit is αxα−11{0≤x≤1}.

Proof. In terms of block counting process, we have Y
(n)

σ(n) = R
(n)

T (n) . Notice that R
(n)

T (n) =

R
(n)

n1−α(nα−1T (n))
. Using Theorem 2.4, we known that nα−1T (n) converges in distribution to

T . Hence, if t0 > 0, we deduce from Theorem 2.2 that

1{nα−1T (n)<t0}

R
(n)

n1−α(nα−1T (n))

n

d→ 1{T<t0}(1 + C0Γ(2− α)T )−1/(α−1).

This achieves the proof.

2.6 An alternative proof for Theorem 2.4

In this section, we present an alternative proof for Theorem 2.4 using the convergence
results for σ(n) from Theorem 2.1. First, we need a stronger version of Proposition 2.1
which gives weak convergence in the path space. Recall that

A
(n)
k =

k∧τ (n)∑
i=1

ei
g
Y

(n)
i−1

,

where the ei’s are independent standard exponential variables.
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Proposition 2.2. We assume that ρ(t) = C0t
−α + O(t−α+ζ) for some C0 > 0 and ζ >

1− 1/α. Then, for any t < α− 1, we have

(nα−1A
(n)
bnsc)s≤t

d→ (
1

C0Γ(2− α)
((1− s

α− 1
)1−α − 1))s≤t, (2.31)

in the sense of convergence in the path space D[0, t] for n→∞.

Proof. Note that Theorem 2.1 states

nα−1A
(n)
bnsc

P→ (
1

C0Γ(2− α)
((1− s

α− 1
)1−α − 1)),

for 0 < s < α−1 and n→∞. So for every fixed s ∈ [0, t], we have pointwise convergence in
probability in (2.31). This implies weak convergence of all finite dimensional distributions
due to the subsequence criterion for weak convergence. In order to show weak convergence
in the path space, we will show tightness for the distributions from (2.31). Since the limit
process is continuous, it suffices to show that the condition (i) of (5, Theorem 7.3) and
condition (7.12) from (5, Corollary 7.4) are fulfilled (see (5, Corollary 13.4)). For the
present processes, these conditions translate to showing that for every ε > 0 and η > 0,

(i) there exists a > 0 s.t. P (nα−1A
(n)
b0c ≥ a) ≤ η for n big enough and

(ii) there exists a 0 < δ < 1 so that

δ−1P
(
nα−1(A

(n)
bn·min(t1+δ,t)c − A

(n)
bn·t1c) ≥ ε

)
≤ η,

for n big enough and any t1 ∈ [0, t].
Condition (i) is trivially fulfilled, for condition (ii) we can use Theorem 2.1 to show that
for n→∞,

P
(
nα−1(A

(n)
bn·min(t1+δ,t)c − A

(n)
bn·t1c) ≥ ε

)
→ P (f(min(t1 + δ, t))− f(t1) ≥ ε),

where f(s) := 1
C0Γ(2−α)

((1 − s
α−1

)1−α − 1). Note that P (f(min(t1 + δ, t)) − f(t1) ≥ ε) ≤
P (f(t)−f(t− δ) ≥ ε) ∈ {0, 1}. Since f is continuous, you can now choose δ small enough
that f(t)−f(t−δ) < ε and then n big enough to fulfill (ii). Thus, we have shown tightness
of the distributions in (2.31) which establishes the desired weak convergence

Now we come to the alternative proof of Theorem 2.4.

Alternative proof of Theorem 2.4. Fix t ∈ [0, α− 1). We have

(σ(n)/(n(α− 1)), (nα−1A
(n)
bnsc)s≤t)

d→ (σ, (
1

C0Γ(2− α)
((1− s

α− 1
)1−α − 1))s≤t),

for n → ∞. Due to Skorohod-coupling, we can assume that this convergence also holds
almost surely. Since s 7→ ( 1

C0Γ(2−α)
((1 − s

α−1
)1−α − 1)) is continuous on [0, t], the almost
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sure convergence of (nα−1A
(n)
bntc)s≤t in D[0, t] is even almost sure uniform convergence on

[0, t] (see (5, p. 124)). For any series (xn)n∈N on [0,t] with xn → x, we thus have

nα−1A
(n)
bnxnc →

1
C0Γ(2−α)

((1− x
α−1

)1−α−1) almost surely for n→∞. The only problem left

is that σ(n), σ may take values in [0, α− 1) and not only in some subset [0, t]. To remedy
this, note that if we restrict all random variables on {σ ≤ α− 1− 2

k
} for k ∈ N, we have

σ(n)(ω)/n ≤ α− 1− 1
k

for n = n(ω) big enough for almost all ω ∈ {σ ≤ α− 1− 1
k
}. Thus,

by using the Skorohod-coupling for the series (σ(n)/(n(α − 1)), (nα−1A
(n)
bnsc)s≤α−1− 1

k
), we

have

nα−1A
(n)

bn·σ(n)/nc
d→ 1

C0Γ(2− α)
((1− σ

α− 1
)1−α − 1),

almost surely on {σ ≤ α−1− 2
k
} for the coupled versions of these random variables (note

that σ(n) ≤ τ (n)). Since σ is Beta-distributed, we have, for k →∞,

P ({nα−1A
(n)

bn·σ(n)/nc ∈ ·} ∩ {σ ≤ α− 1− 2

k
}) ∼ P (nα−1A

(n)

bn·σ(n)/nc ∈ ·).

This shows

nα−1T (n) = nα−1A
(n)

σ(n)

d→ 1

C0Γ(2− α)
((1− σ

α− 1
)1−α − 1).

The only thing left to prove is that T has density fT . This is done by computing the
distribution function

P(
1

C0Γ(2− α)
((1− σ

α− 1
)1−α − 1) ≤ t)

= P(σ ≤ 1− (1 + C0Γ(2− α)t)
1

α−1 )

=

∫ 1−(1+C0Γ(2−α)t)
1

α−1

0

α(1− x)αdx

= 1− (1 + C0Γ(2− α)t)−
α
α−1 .

and finally by differentiating.
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3.1 Introduction

3.1.1 Motivation

In a Wright-Fisher haploid population model with size N , we sample n individuals at
present from the total population, and look backward to see the ancestral tree until we
get the most recent common ancestor (MRCA). If time is well rescaled and the size N of
population becomes large, then the genealogy of the sample of size n converges weakly
to the Kingman n-coalescent (see (33),(34)). During the evolution of the population,
mutations may occur. We consider the infinite sites model introduced by (32). In this
model, each mutation is produced at a new site which is never seen before and will never
be seen in the future. The neutrality of mutations means that all mutants are equally
privileged by the environment. Under the infinite sites model, to detect or reject the
neutrality when the genealogy is given by the Kingman coalescent, (22) have proposed a
statistical test based on the total mutation numbers on the external branches and internal
branches. Mutations on external branches affect only single individuals, so in practice they
can be picked out according to the model setting. In this test, the ratio L

(n)
ext/L

(n) between

the total external branch length L
(n)
ext and the total length L(n) measures in some sense the

weight of mutations occurred on external branches among all. It then makes the study of
these quantities relevant.

For many populations, Kingman coalescent describes the genealogy quite well. But
for some others, when descendants of one individual can occupy a big ratio of the next
generation with non-negligible probability, it is no more relevant. It is for example the case
of some marine species (see (1), (9), (19), (24), (26)). In this case, if time is well rescaled
and the size of population becomes large, the ancestral tree converges weakly to the Λ-
coalescent which is associated with a finite measure Λ on [0, 1]. This coalescent allows
multiple collisions. It has first been introduced by (38) and(39). Among Λ-coalescents, a
special and important subclass is called Beta(a, b)-coalescents characterized by Λ being a
Beta distribution Beta(a, b). The most popular ones are those with parameters 2−α and
α where α ∈ (0, 2).

Beta-coalescents arise not only in the context of biology. They also have connections
with supercritical Galton-Watson process (see (40)), with continuous-state branching pro-
cesses (see (6), (2), (20)), with continuous random trees (see (4)). If α = 1, we recover
the Bolthausen-Sznitman coalescent which appears in the field of spin glasses (see (8),
(10)) and is also connected to random recursive trees (see (25)). The Kingman coalescent
is also obtained from the Beta(2− α, α)-coalescent by letting α tend to 2.

For Beta(2 − α, α)-coalescents with 1 < α < 2, a central limit theorem of the total

external branch length L
(n)
ext is known (see (31)). The aim of this paper is to study its

moments. The results obtained can be extended to more general coalescent processes (see
(16) ). We should say that in this case, the moment method is not able to obtain the
right convergence speed in the central limit theorem, which illustrates some limitations of
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moment calculations.

3.1.2 Introduction and main results

Let E be the set of partitions of N := {1, 2, 3, ...} and, for n ∈ N , En be the set of
partitions of Nn := {1, 2, · · · , n}. We denote by ρ(n) the natural restriction on En: if
1 ≤ n ≤ m ≤ +∞ and π = {Ai}i∈I is a partition of Nm, then ρ(n)π is the partition
of Nn defined by ρ(n)π = {Ai

⋂
Nn}i∈I . For a finite measure Λ on [0, 1], we denote

by Π = (Πt)t≥0 the Λ-coalescent process introduced independently by (38) and (39).
The process (Πt)t≥0 is a càd-làg continuous time Markovian process taking values in E
with Π0 = {{1}, {2}, {3}, ...}. It is characterized by the càd-làg Λ n-coalescent processes

(Π
(n)
t )t≥0 := (ρ(n)Πt)t≥0, n ∈ N. For n ≤ m ≤ +∞, we have (Π

(n)
t )t≥0 = (ρ(n)Π

(m)
t )t≥0

(where Π(+∞) = Π).
Let ν(dx) = x−2Λ(dx). For 2 ≤ a ≤ b, we set

λb,a =

∫ 1

0

xa−2(1− x)b−aΛ(dx) =

∫ 1

0

xa(1− x)b−aν(dx).

Π(n) is a Markovian process with values in En, and its transition rates are given by:
for ξ, η ∈ En, qξ,η = λb,a if η is obtained by merging a of the b = |ξ| blocks of ξ and letting
the b− a others unchanged, and qξ,η = 0 otherwise. We say that a individuals (or blocks)
of ξ have been coalesced in one single individual of η. Remark that the process Π(n) is an

exchangeable process, which means that, for any permutation τ of Nn, τ ◦ Π(n) (d)
= Π(n).

The process Π(n) finally reaches one block. This final individual is called the most
recent common ancestor (MRCA). We denote by τ (n) the number of collisions it takes for
the n individuals to be coalesced to the MRCA.

We define by R(n) = (R
(n)
t )t≥0 the block counting process of (Π

(n)
t )t≥0: R

(n)
t = |Π(n)

t |,
which equals the number of blocks/individuals at time t. Then R(n) is a continuous time
Markovian process taking values in Nn, decreasing from n to 1. At state b, for a = 2, ..., b,
each of the

(
b
a

)
groups with a individuals coalesces independently at rate λb,a. Hence, the

time the process (R
(n)
t )t≥0 stays at state b is exponential with parameter:

gb =
b∑

a=2

(
b

a

)
λb,a =

∫ 1

0

(1− (1− x)b − bx(1− x)b−1)ν(dx) = b(b− 1)

∫ 1

0

t(1− t)b−2ρ(t)dt,

(3.1)

where ρ(t) =
∫ 1

t
ν(dx). We denote by Y (n) = (Y

(n)
k )k≥0 the discrete time Markov chain

associated with R(n). This is a decreasing process from Y
(n)

0 = n which reaches 1 at the
τ (n)-th jump. The probability transitions of the Markov chain Y (n) are given by: for b ≥ 2,
k ≥ 1 and 1 ≤ l ≤ b− 1,
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pb,b−l := P(Y
(n)
k = b− l|Y (n)

k−1 = b) =

(
b
l+1

)
λb,l+1

gb
, (3.2)

and 1 is an absorbing state.
We introduce the discrete time process X

(n)
k := Y

(n)
k−1 − Y

(n)
k , k ≥ 1 with X

(n)
0 = 0.

This process counts the number of blocks we lose at the k-th jump. For i ∈ {1, . . . , n},
we define

T
(n)
i := inf

{
t| {i} /∈ Π

(n)
t

}
as the length of the i-th external branch and T (n) the length of a randomly chosen external

branch. By exchangeability, T
(n)
i

(d)
= T (n). We denote by L

(n)
ext :=

∑n
i=1 T

(n)
i the total

external branch length of Π(n), and by L(n) the total branch length.
For several measures Λ, many asymptotic results on the external branches and their

total external lengths of the Λ n-coalescent are already known.

1. If Λ = δ0, Dirac measure on 0, Π(n) is the Kingman n-coalescent. Then,

(a) nT (n) converges in distribution to T which is a random variable with density
fT (x) = 8

(2+x)3 1x≥0 (See (7), (12), (27)).

(b) L
(n)
ext converges in L2 to 2 (see (22), (18)). A central limit theorem is also proved

in (27).

2. If Λ is the uniform probability measure on [0, 1], Π(n) is the Bolthausen-Sznitman
n-coalescent. Then (log n)T (n) converges in distribution to an exponential variable

with parameter 1 (see (21), (41)). For moment results of L
(n)
ext, we refer to (14) and

for central limit theorem, we refer to (30).

3. If ν−1 =
∫ 1

0
x−1Λ(dx) < +∞, which includes the case of the Beta(2 − α, α)-

coalescent with 0 < α < 1, then

(a) T (n) converges in distribution to an exponential variable with parameter ν−1

(see (23; 37)).

(b) L(n)/n converges in distribution to a random variable L whose distribution
coincides with that of

∫ +∞
0

e−Xtdt, where Xt is a certain subordinator (see page

1405 in (17) and (36) ), and L
(n)
ext/L

(n) converges in probability to 1 (see (37)).

4. If Λ is the Beta(2−α, α) measure with 1 < α < 2, then we get the Beta(2−α, α)-
coalescents. Note that nα−1T (n) converges in distribution to T which is a random
variable with density function (see(15))

fT (x) =
1

(α− 1)Γ(α)
(1 +

x

αΓ(α)
)−

α
α−1
−11x≥0. (3.3)

For central limit theorems of L
(n)
ext and L(n), we refer to (31; 29).
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In the rest of the paper, we only consider the Beta(2− α, α) coalescents, 1 < α < 2 .
In that case, we have

ν(dx) =
1

Γ(α)Γ(2− α)
x−1−α(1− x)α−1 dx.

T denotes a random variable with density (3.3). If (an)n≥1 and (bn)n≥1 are two real
sequences, we define an ∼ bn when lim

n→+∞
an/bn = 1 is true.

Theorem 3.1. 1. The total external branch length L
(n)
ext satisfies

lim
n→+∞

n3α−5E[(L
(n)
ext − n2−αE[T ])2] = ∆(α),

where E[T ] = α(α− 1)Γ(α) and ∆(α) = ((α−1)Γ(α+1))2Γ(4−α)
(3−α)Γ(4−2α)

.

2. As a consequence, nα−2L
(n)
ext

(L2)→ E[T ].

Remark 3.1. — For the second part of the theorem, the convergence in probability
and almost surely can be found from (4), (5), (3).

— The first part of the theorem gives n(5−3α)/2 as the convergence speed for L
(n)
ext

tending to n2−αE[T ] in the sense of second moment. But as shown in (31),

L
(n)
ext − n2−αE[T ]

n1/α+1−α
(d)→ α(2− α)(α− 1)1/α+1Γ(α)

Γ(2− α)1/α
ζ,

where ζ is a stable random variable with parameter α. Our moment method fails
to get the right speed of convergence in distribution.
To prove this result, the first idea is to write

E[(L
(n)
ext−n2−αE[T ])2] = nVar(T

(n)
1 )+n(n−1)cov(T

(n)
1 , T

(n)
2 )+(nE[T

(n)
1 ]−n2−αE[T ])2.

(3.4)
Hence we have to get results on the moments of the external branches. This is
given by the next theorems. The first one gives the asymptotic behaviour for the
covariance of two external branch lengths.

Theorem 3.2. The asymptotic covariance of two external branch lengths is given by:

lim
n→+∞

n3(α−1)cov(T
(n)
1 , T

(n)
2 ) =

∫ 1

0
((1− x)2−α − 1)2ν(dx)

3− α
((α− 1)Γ(α + 1))3 = ∆(α).

Remark 3.2. ∆(α) is the limit only in the case of Beta(2 − α, α)-coalescents, but the
result can be extended to more general Λ-coalescent (see (16)).
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Notice that ∆(α) is strictly positive implies that cov(T
(n)
1 , T

(n)
2 ) is of order n3−3α and

T
(n)
1 , T

(n)
2 are positively correlated in the limit which is similar to Boltausen-Sznitman co-

alescent and opposite of Kingman coalescent (negatively correlated) (see (14)). To prove

this theorem, we have to give the asymptotic behaviours of E[T
(n)
1 T

(n)
2 ] and E[T

(n)
1 ] (The-

orem 3.4). We also get from Theorem 3.4 that the third term in (3.4) satisfies

(nE[T
(n)
1 ]− n2−αE[T ])2 = O(n6−4α). (3.5)

The second one gives the asymptotic behaviour of moments of one external branch
length, hence we can estimate nV ar(T

(n)
1 ). We then see that n(n − 1)cov(T

(n)
1 , T

(n)
2 ) is

dominant in E[(L
(n)
ext − n2−αE[T ])2] (see (3.4)). Then we can conclude for Theorem 3.1.

Theorem 3.3. For Beta(2− α, α)-coalescent, we have

1. If 0 ≤ β < α
α−1

, then lim
n→+∞

E[(nα−1T
(n)
1 )β] = E[T β].

2. If β ≥ α
α−1

, then lim
n→+∞

E[(nα−1T
(n)
1 )β] = +∞.

3.1.3 Organization of this paper

In sections 2 and 3, we give estimates of E[T
(n)
1 ] and E[T

(n)
1 T

(n)
2 ] respectively. Both

E[T
(n)
1 ] and E[T

(n)
1 T

(n)
2 ] satisfy the same kind of recurrence which allows to get their

estimates and they lead to an estimate of cov(T
(n)
1 , T

(n)
2 ) in section 3. The main tool is

Lemma 3.6 given in appendix A. In section 4, we deal with Theorem 3.3. Section 5 is the
appendix where are given some proofs omitted before.

3.2 First moment of T
(n)
1 by recursive method

3.2.1 Preliminaries

For s > −α, we define the measure

ν(s)(dx) := (1− x)sν(dx) =
1

Γ(α)Γ(2− α)
x−1−α(1− x)α−1+s dx; (3.6)

The collision rates of the Λ-coalescent associated with the measure ν(s) is given by

g(s)
n :=

∫ 1

0

(1− (1− x)n − nx(1− x)n−1)ν(s)(dx) ∼ nα

Γ(α + 1)

when n tends to ∞.
We introduce the quantity ρ(s)(t) :=

∫ 1

t
ν(s)(dx).
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Lemma 3.1. For s > −α, we have when t tends to 0:

1. ρ(s)(t) = t−α

Γ(α+1)Γ(2−α)
− (α−1+s)t1−α

(α−1)Γ(α)Γ(2−α)
+ o(t1−α) ;

2.
∫ 1

t
ρ(s)(x)dx = t1−α

(α−1)Γ(α+1)Γ(2−α)
+

∫ 1
0 x
−α((1−x)α−1+s−1)dx

Γ(α)Γ(2−α)
− 1

(α−1)Γ(α)Γ(2−α)
+O(t2−α) ;

3. limt→0+

(∫ 1

t
ρ(s)(x)dx− t1−α

(α−1)Γ(α+1)Γ(2−α)

)
exists, and its value is

C(s) =

∫ 1

0
x−α((1− x)α−1+s − 1)dx

Γ(α)Γ(2− α)
− 1

(α− 1)Γ(α)Γ(2− α)
·

In particular, if s ≥ 1− α, C(s) = Γ(α+s)
Γ(s+1)Γ(α)(1−α)

.

Proof. The result for ρ(s)(t) is straightforward since

ρ(s)(t) =

∫ 1

t

1

Γ(α)Γ(2− α)
x−1−α(1− x)α−1 dx.

For
∫ 1

t
ρ(s)(x)dx, using integration by parts, we have

∫ 1

t

ρ(s)(x)dx = −tρ(s)(t) +

∫ 1

t
x−α(1− x)α−1+sdx

Γ(α)Γ(2− α)

= − t1−α

αΓ(α)Γ(2− α)
+

∫ 1

t
(x−α(1− x)α−1+s − 1)dx

Γ(α)Γ(2− α)
+

∫ 1

t
x−αdx

Γ(α)Γ(2− α)
+O(t2−α)

=
t1−α

(α− 1)Γ(α + 1)Γ(2− α)
+

∫ 1

0
x−α((1− x)α−1+s − 1)dx

Γ(α)Γ(2− α)

− 1

(α− 1)Γ(α)Γ(2− α)
+O(t2−α),

which gives also the existence and the first definition of C(s).
If s = 1 − α, C(s) = 1

(1−α)Γ(α)Γ(2−α)
. If s > 1 − α, using again integration by parts

obtains C(s) =
∫ 1
0 x
−α((1−x)α−1+s−1)dx

Γ(α)Γ(2−α)
− 1

(α−1)Γ(α)Γ(2−α)
= Γ(α+s)

Γ(s+1)Γ(α)(1−α)
.

We then define two values A :=

∫ 1

0

((1− x)1−α − 1− (α− 1)x)ν(1)(dx), B :=

∫ 1

0

((1−

x)2(1−α) − 1− 2(α− 1)x)ν(2)(dx), which will be used many times later.

Lemma 3.2. If A,B are defined as above, then A = α(α2 − α − 1)Γ(α − 1) and B =
1

(α−1)
( Γ(4−α)

Γ(4−2α)
+ (α2 − α− 1)Γ(α + 2)).
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Proof. Using integration by parts two times,

A

=
α

Γ(2− α)

1

α(α− 1)

∫ 1

0

x1−α (−α(α− 1)(1− x)α−2 + 2α(α− 1)(1− x)α−1 − α(α− 1)2x(1− x)α−2
)
dx

=
1

Γ(2− α)(α− 1)
(−Γ(α + 1)Γ(2− α) + 2(α− 1)Γ(α + 1)Γ(2− α)− (α− 1)Γ(3− α)Γ(α + 1))

= α(α2 − α− 1)Γ(α− 1).

In the same way, one gets B = 1
(α−1)

( Γ(4−α)
Γ(4−2α)

+ (α2 − α− 1)Γ(α + 2)).

3.2.2 The main result

Theorem 3.4.

E[T
(n)
1 ] = (α− 1)Γ(α + 1)n1−α +

(α− 1)2(Γ(α + 1))2

2− α
(
A+ (α− 1)C(1) − C(0)

)
n2(1−α) + o(n2(1−α)).

The idea is to use the recurrence satisfied by E[T
(n)
1 ](see (14)):

E[T
(n)
1 ] =

1

gn
+

n−1∑
k=2

pn,k
k − 1

n
E[T

(k)
1 ]. (3.7)

Let L = (α−1)Γ(α+ 1) and Q = (α−1)2(Γ(α+1))2

2−α (A+ (α−1)C(1)−C(0)). We transform
the recurrence (3.7) to

(
E[nα−1T

(n)
1 ]− L

)
nα−1 −Q =

(
nα−1

gn
− (1−

n−1∑
k=2

pn,k
k − 1

n
(
n

k
)α−1)L

)
nα−1

−Q(1−
n−1∑
k=2

pn,k
k − 1

n
(
n

k
)2(α−1))

+
n−1∑
k=2

(
n

k
)2(α−1)pn,k

k − 1

n

(
kα−1(E[kα−1T

(k)
1 ]− L)−Q

)
.

(3.8)

Hence we get a recurrence

an = bn +
n−1∑
k=2

qn,kak, (3.9)



3.2. First moment of T
(n)
1 by recursive method 75

with
an =

(
E[nα−1T

(n)
1 ]− L

)
nα−1 −Q,

bn =

(
nα−1

gn
− (1−

n−1∑
k=2

pn,k
k − 1

n
(
n

k
)α−1)L

)
nα−1 −Q(1−

n−1∑
k=2

pn,k
k − 1

n
(
n

k
)2(α−1)),

qn,k = (
n

k
)2(α−1)pn,k

k − 1

n
.

With this notations, the theorem can be written lim
n→+∞

an = 0. It is then natural to

study the behaviour of bn when n tends to ∞. To this aim, we should get asymptotics of
1/gn, and

∑n−1
k=2 pn,k

(k−1)l
(n)l

(n
k
)r, r ≥ 0 and l ∈ N, where (n)l is (the same for (k − 1)l):

(n)l =

{
n(n− 1)(n− 2) · · · (n− l + 1) if n ≥ l ≥ 1,
0 if l > n ≥ 1.

Asymptotics of 1/gn

For any c, d ∈ R, we have

Γ(n+ c)

Γ(n+ d)
= nc−d(1 + (c− d)

c+ d− 1

2
n−1 +O(n−2)). (3.10)

This is a straightforward consequence of Stirling’s formula:

Γ(z) =
√

2πzz−1/2e−z(1 +
1

12z
+O(

1

z2
)), z > 0. (3.11)

Then we can proceed to: For any real numbers a and b > −1,∫ 1

0

(1−t)n+atbdx =
Γ(n+ a+ 1)Γ(b+ 1)

Γ(n+ a+ b+ 2)
= Γ(b+1)n−1−b

(
1 + (−1− b)b+ 2a+ 2

2
n−1 +O(n−2)

)
.

(3.12)
Using (3.12), we get the following lemma.

Lemma 3.3. For Beta(2− α, α)-coalescents, we have

gn =
nα

Γ(α + 1)
− (

α(α− 1)

2Γ(α + 1)
+

2− α
Γ(α)

)nα−1 + o(nα−1),

and
1

gn
= Γ(α + 1)

(
1 + (−α2/2 + 3α/2)n−1 + o(n−1)

)
n−α. (3.13)

Proof. It is straightforward using Lemma 3.1 and g
(s)
n = n(n − 1)

∫ 1

0
t(1 − t)n−2ρ(s)(t)dt

for any s > −α.
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Calculus of
∑n−1

k=2 pn,k
(k−1)l

(n)l
(n
k
)r

Lemma 3.4. Consider any Λ-coalescent process, associated with measure ν. Let l ∈
{1, 2, · · · , n− 2} fixed. Then for any real function f :

n−1∑
k=2

pn,k
(k − 1)l

(n)l
f(k) = E[

(n− 1−X(n)
1 )l

(n)l
]Eν(l)

[f(n−X(n−l)
1 )],

where Eν(l)
[∗] means that the Λ-coalescent is associated with the measure ν(l).

Proof. Recall the definitions of gn and pn,k(see (3.1), (3.2)). We have

n−1∑
k=2

pn,k
(k − 1)l

(n)l
=

n−1∑
k=l+1

∫ 1

0

(
n−l

n−k+1

)
xn−k+1(1− x)k−1ν(dx)

gn

=
n−1∑
k=l+1

∫ 1

0

(
n−l

n−k+1

)
xn−k+1(1− x)k−1−lν(l)(dx)

gn

=
n−1−l∑
k=1

∫ 1

0

(
n−l

n−k−l+1

)
xn−k−l+1(1− x)k−1ν(l)(dx)

gn
=
g

(l)
n−l

gn
. (3.14)

Then,

n−1∑
k=2

pn,k
(k − 1)l

(n)l
f(k) =

(
n−1∑
k=2

pn,k
(k − 1)l

(n)l

)∑n−1
k=2 pn,k

(k−1)l
(n)l

f(k)∑n−1
k=2 pn,k

(k−1)l
(n)l

= E[
(n− 1−X(n)

1 )l
(n)l

]

∑n−1
k=l+1

∫ 1

0

(
n−l

n−k+1

)
xn−k+1(1− x)k−1−lf(k)ν(l)(dx)

g
(l)
n−l

= E[
(n− 1−X(n)

1 )l
(n)l

]

∑n−1−l
k=1

∫ 1

0

(
n−l

n−k−l+1

)
xn−k−l+1(1− x)k−1f(k + l)ν(l)(dx)

g
(l)
n−l

= E[
(n− 1−X(n)

1 )l
(n)l

]Eν(l)

[f(Y
(n−l)

1 + l)] = E[
(n− 1−X(n)

1 )l
(n)l

]Eν(l)

[f(n−X(n−l)
1 )].

This achieves the proof of the lemma.

In consequence,

n−1∑
k=2

pn,k
(k − 1)l

(n)l
(
n

k
)r = E[

(n− 1−X(n)
1 )l

(n)l
]Eν(l)

[(
n

n−X(n−l)
1

)r]. (3.15)
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We have to study E[
(n−1−X(n)

1 )l
(n)l

] and Eν(l)
[( n

n−X(n−l)
1

)r]. The latter is given by Proposi-

tion 3.2 in appendix A. The following lemma studies the former.

Lemma 3.5. Consider a Beta(2−α, α) n-coalescent. Let l ∈ {1, 2, · · · , n− 2} fixed. We
have

E[
(n− 1−X(n)

1 )l
(n)l

] = 1− lα

n(α− 1)
+ Γ(α + 1)

(
l∑

j=2

(
l

j

)
(−1)j

∫ 1

0

xjν(dx)− C(0)l

)
n−α + o(n−α),

Proof. We have

E[
(n− 1−X(n)

1 )l
(n)l

] = E[1−
l−1∑
i=0

X
(n)
1 + 1

n− i
+

l∑
j=2

∑
i1,··· ,ij all different

(−1)j
(X

(n)
1 + 1)j

(n− i1)(n− i2) · · · (n− ij)
].

For E[
∑l−1

i=0
X

(n)
1 +1

n−i ], we use Lemma 3.7 in appendix B. While using Lemma 3.8, we get

E[
l∑

j=2

∑
i1,··· ,ij all different

(−1)j
(X

(n)
1 + 1)j

(n− i1)(n− i2) · · · (n− ij)
]

=n−αΓ(α + 1)
l∑

j=2

(
l

j

)
(−1)j

∫ 1

0

xjν(dx) +O(n−min{1+α,j}).

Then we conclude.

Now we can give the estimate of
∑n−1

k=2 pn,k
(k−1)l

(n)l
(n
k
)r using (3.15), Lemma 3.5 and

Proposition 3.2.

Proposition 3.1. Consider a Beta(2− α, α) n-coalescent. Let l ∈ {1, 2, · · · , n− 2} and
r ∈ [0, α + l) fixed. We have

n−1∑
k=2

pn,k
(k − 1)l

(n)l
(
n

k
)r

=1 +
(r − lα)

n(α− 1)
+ o(n−α)

+ Γ(α + 1)

(∫ 1

0

((1− x)−r − 1− rx)ν(l)(dx) +
l∑

j=2

(
l

j

)
(−1)j

∫ 1

0

xjν(dx) + rC(l) − lC(0)

)
n−α.
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3.2.3 Proof of Theorem 3.4.

Recall the transformation (3.8) and the associated recurrence (3.9). The aim is to
prove that lim

n→+∞
an = 0 for an in (3.9). Using Proposition 3.1, we get

1−
n−1∑
k=2

pn,k
k − 1

n
(
n

k
)α−1 =

1

n(α− 1)
− Γ(α + 1)

(
A+ (α− 1)C(1) − C(0)

)
n−α + o(n−α),

and

1−
n−1∑
k=2

pn,k
k − 1

n
(
n

k
)2(α−1) =

2− α
n(α− 1)

+O(n−α).

Hence we deduce that bn = o(n−1).
Let ε > 0 such that 2(α − 1) + ε < α. We have 1 −

∑n−1
k=2 pn,k

k−1
n

(n
k
)2(α−1)+ε =

O(n−1) > 0. The recurrence (3.9) satisfies the assumptions of Lemma 3.6 which leads to
lim

n→+∞
an = 0. Then we can conclude.

3.3 Estimate of E[T
(n)
1 T

(n)
2 ] and proof of Theorem 3.2

Using Theorem 1.1 in (14), we have

E[T
(n)
1 T

(n)
2 ] =

2E[T
(n)
1 ]

gn
+

n−1∑
k=2

pn,k
(k − 1)2

(n)2

E[T
(k)
1 T

(k)
2 ]. (3.16)

As a consequence of (3.13) and Theorem 3.4, we have

2E[T
(n)
1 ]

gn
= 2(Γ(α + 1))2n1−2α

(
α− 1 +

(α− 1)2Γ(α + 1)

2− α
(A+ (α− 1)C(1) − C(0))n1−α

)
+ o(n2−3α).

Using the recurrence method described in the previous section, a direct calculation gives
that

E[T
(n)
1 T

(n)
2 ]

= ((α− 1)Γ(α + 1))2n2(1−α)

+
α− 1

3− α
((α− 1)Γ(α + 1))3

(
B + 2(α− 1)C(2) + 1− 2C(0) +

2

2− α
(A+ (α− 1)C(1) − C(0))

)
n3(1−α)

+ o(n3(1−α)).
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Now together with Theorem 3.4, we can get the estimate of cov(T
(n)
1 , T

(n)
2 ).

cov(T
(n)
1 , T

(n)
2 ) =

((α− 1)Γ(α + 1))3

3− α
(
B − 2A+ 2(α− 1)(C(2) − C(1)) + 1

)
n3(1−α)+o(n3(1−α)).

Then

∆(α) =
((α− 1)Γ(α + 1))3

3− α
(
B − 2A+ 2(α− 1)(C(2) − C(1)) + 1

)
. (3.17)

It is straightforward to see that ∆(α) = ((α−1)Γ(α+1))2Γ(4−α)
(3−α)Γ(4−2α)

by recalling the values of

A,B,C(1) and C(2). We prove then that ∆(α) =
∫ 1
0 ((1−x)2−α−1)2ν(dx)

3−α ((α − 1)Γ(α + 1))3.
Notice that

B − 2A =

∫ 1

0

(
(1− x)2(2−α) − 2(1− x)2−α + 1− x2 + 2(α− 1)x2(1− x)

)
ν(dx).

By definition,

C(2) − C(1) = lim
t→+∞

∫ 1

t

(ρ(2)(x)− ρ(1)(x))dx = lim
t→0

∫ 1

t

x(ν(2)(dx)− ν(1)(dx)) =

∫ 1

0

−x2(1− x)ν(dx),

and
∫ 1

0
x2ν(dx) = 1. Then it allows to conclude.

3.4 Proof of Theorem 3.3

Notice that nα−1T
(n)
1

(d)→ T and if β ≥ α
α−1

, one gets E[T β] = +∞, hence E[(nα−1T
(n)
1 )β]

converges to +∞ (see Lemma 4.11 of (28)). If 0 ≤ β1 < β2 <
α
α−1

and (E[(nα−1T
(n)
1 )β2 ], n ≥

2) is bounded, then ((nα−1T
(n)
1 )β1 , n ≥ 2) is uniformly integrable (see Lemma 4.11 of (28)

and Problem 14 in section 8.3 (11)). Then we need only to prove that for any β ∈ [2, α
α−1

),

(E[(nα−1T
(n)
1 )β], n ≥ 2) is bounded.

We will prove by induction on n that there exists a constant C > 0 such that for all
n ≥ 2, (E[nα−1T

(n)
1 ])β ≤ C. We first assume that, for all 2 ≤ k ≤ n−1, (E[kα−1T

(k)
1 ])β ≤ C

and then will prove that (if C is large enough) (E[nα−1T
(n)
1 ])β ≤ C.

Writing the decomposition of T
(n)
1 at the first coalescence, we have

T
(n)
1 =

e0

gn
+

n−1∑
k=2

1{Hn,k}T̄
(k)
1 ,

where:
— Hn,k is the event: {From n individuals, we have k individuals after the first coales-

cence, and individual 1 is not involved in this collision}, 2 ≤ k ≤ n− 1;
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— e0 is a unit exponential random variable, T̄
(k)
1

(d)
= T

(k)
1 , and all these random vari-

ables e0, T̄
(k)
1 , 1{Hn,k} are independent. One notices that P(Hn,k) = pn,k

k−1
n

(see
(3.7)).

Using Lemma 3.11 in Appendix D, we have the following inequality.

E[(T
(n)
1 )β] = E[((

e0

gn
+

n−1∑
k=2

1{Hn,k}T̄
(k)
1 ))β] ≤ In,1 + In,2 + In,3 + In,4 (3.18)

where

In,1 = E[(
e0

gn
)β], In,2 = E[(

n−1∑
k=2

1{Hn,k}T̄
(k)
1 )β],

In,3 = E[β2β−1 e0

gn
(
n−1∑
k=2

1{Hn,k}T̄
(k)
1 )β−1] and In,4 = E[β2β−1(

e0

gn
)β−1

n−1∑
k=2

1{Hn,k}T̄
(k)
1 ].

We first bound In,1. Recall that gn ∼
nα

Γ(α + 1)
. Hence there exists a constant K1 > 0

(which depends on β) such that for any n ≥ 2,

n(α−1)βIn,1 ≤
K1

n
. (3.19)

We now consider In,2. Notice that (α− 1)β < α+ 1. Hence, using Proposition 3.1, we
have

n(α−1)βIn,2 = n−(α−1)β

n−1∑
k=2

pn,k
k − 1

n
(
n

k
)(α−1)βE[(kα−1T

(k)
1 )β] (3.20)

≤ C
n−1∑
k=2

pn,k
k − 1

n
(
n

k
)(α−1)β (3.21)

= C(1− α− (α− 1)β

n(α− 1)
+ o(n−1)) ≤ C(1− α− (α− 1)β

2n(α− 1)
),

(3.22)

for n ≥ N, where N is a fixed positive integer.
We now proceed to In,3. Notice that for 2 ≤ k ≤ n− 1,

E[(kα−1T
(k)
1 )β−1] ≤ (E[(kα−1T

(k)
1 )β])

β−1
β ≤ C

β−1
β .
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Hence we have

n(α−1)βIn,3 = n(α−1)βE[β2β−1 e0

gn

n−1∑
k=2

1{Hn,k}(T̄
(k)
1 )β−1]

≤ C
β−1
β β2β−1nα−1g−1

n

n−1∑
k=2

pn,k
k − 1

n

(n
k

)(α−1)(β−1)

= C
β−1
β nα−1β2β−1g−1

n (1− α− (α− 1)(β − 1)

n(α− 1)
+ o(n−1))

≤ C
β−1
β K2

n
, (3.23)

where K2 is a positive constant. In the second equality, we have used Proposition 3.1.
While for any n ≥ 2,

n(α−1)βIn,4 = n(α−1)βE[β2β−1(
e0

gn
)β−1

n−1∑
k=2

1{Hn,k}T̄
(k)
1 ]

≤ β2β−1E[eβ−1
0 ](gn)1−βn(α−1)(β−1)E[nα−1T

(n)
1 ]

≤ K3

nβ−1
≤ K3

n
, (3.24)

where K3 is a positive constant. We have used Lemma 3.4 to bound E[nα−1T
(n)
1 ].

Using (3.18),(3.19),(3.20),(3.23),(3.24), we have proved that for any n, n ≥ N , if there

exists C > 0 such that for all 2 ≤ k ≤ n− 1, E[
(
kα−1T

(k)
1

)β
] ≤ C, then

E[(nα−1T
(n)
1 )β] ≤

C +
(
K1 − C α−(α−1)β

2(α−1)
+ C

β−1
β K2 +K3

)
n

. (3.25)

Let C large enough such that

K1 − C
α− (α− 1)β

2(α− 1)
+ C

β−1
β K2 +K3 < 0, (3.26)

Then E[(nα−1T
(n)
1 )β] ≤ C, which allows to conclude.

3.5 Appendix

A) The main recurrence tool
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Lemma 3.6. We consider the recurrence an = bn +
∑n−1

k=1 qn,kak. We assume that bn =
o(n−1) and that there exist ε > 0 and C > 0 such that 1 −

∑n−1
k=1 qn,k(

n
k
)ε ≥ Cn−1 for n

large enough. Then lim
n→+∞

an = 0.

Proof. Let (c̄n)n≥1 be an increasing sequence such that

lim
n→+∞

c̄n = +∞; lim
n→+∞

nbnc̄n = 0.

Define another sequence (cn)n≥1 by: c1 = c̄1. For n ≥ 1,

cn+1 = min{cn(
n+ 1

n
)ε, c̄n+1},

Then we have lim
n→+∞

cn = +∞, cnbn = o(n−1) and for any 1 ≤ k ≤ n − 1, cn
ck
≤ (n

k
)ε.

In consequence, 1 −
∑n−1

k=1 qn,k
cn
ck
≥ Cn−1 for n large enough. Let n1 > 0 such that for

n > n1, we have 1 −
∑n−1

k=1 qn,k
cn
ck
> C

n
and cnbn <

C
2n

and pick a number C ′ such that

C ′ > max{1, ckak; 1 ≤ k ≤ n1}. We transform the original recurrence to

cnan = cnbn +
n−1∑
k=1

(
qn,k

cn
ck

)
ckak.

Then cn1+1an1+1 ≤ C
2(n1+1)

+ (1− C
n1+1

)C ′ ≤ C ′. By induction, we prove that the sequence

(cnan)n≥1 is bounded by C ′. Since cn tends to the infinity, we get lim
n→+∞

an = 0.

Remark 3.3. We refer to (35) for a rather detailed survey on this kind of recurrence
relationships.

B) Asymptotic behaviours of X
(n)
1

Lemma 3.7. Consider the coalescent process with related measure ν(s) where s > −α.
Then

Eν(s)

[X
(n)
1 ] =

1

α− 1
+ Γ(α + 1)C(s)n1−α + o(n1−α),

Proof. We have (see (13)):

Eν(s)

[X
(n)
1 ] =

∫ 1

0
(1− t)n−2(

∫ 1

t
ρ(s)(r)dr)dt∫ 1

0
(1− t)n−2tρ(s)(t)dt

Lemma 3.1 gives the developments of ρ(s)(t) and
∫ 1

t
ρ(s)(r)dr. Using (3.10), we get∫ 1

0

(1− t)n−2(

∫ 1

t

ρ(s)(r)dr)dt =
nα−2

(α− 1)Γ(α + 1)
+ C(s)n−1 + o(n−1),

and
∫ 1

0
(1− t)n−2tρ(s)(t)dt = nα−2

Γ(α+1)
+O(nα−3). Then we can conclude.
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Lemma 3.8. If s > −α and k ≥ 2,

Eν(s)

[(
X

(n)
1

n
)k] = Γ(α + 1)

∫ 1

0

xkν(s)(dx)n−α +O(n−min{1+α,k}).

Proof. Let Bn,x denote a binomial random variable with parameter (n, x), n ≥ 2, 0 ≤
x ≤ 1. Recall that for 2 ≤ i ≤ n, Pν(s)

(X
(n)
1 = i− 1) =

∫ 1

0

(
n
i

)
xi(1− x)n−iν(s)(dx)/g

(s)
n =∫ 1

0
P(Bn,x = i)ν(s)(dx)/g

(s)
n . Here Pν(s)

means that X
(n)
1 is related to the coalescent process

with measure ν(s).

Eν(s)

[(
X

(n)
1

n
)k] =

∫ 1

0

E[(
Bn,x − 1

n
)k1Bn,x≥1])ν(s)(dx)/g(s)

n

=

∫ 1

0

n−kE[(Bk
n,x −Bn,x)

+
k−1∑
i=1

(
k

i

)
(−1)i(Bk−i

n,x −Bn,x) + (−1)k(1−Bn,x)1Bn,x≥1)]ν(s)(dx)/g(s)
n .

Using Lemma 3.9 in Appendix C, we get E[(Bk
n,x −Bn,x)] = (nx)k +O(nk−1)x2. Then

Eν(s)

[(
X

(n)
1

n
)k] =

∫ 1

0
n−k

(
(nx)k +O(nk−1)x2

)
ν(s)(dx)

g
(s)
n

+
n−k

∫ 1

0
(−1)k(1− nx− (1− x)n)ν(s)(dx)

g
(s)
n

= Γ(α + 1)

∫ 1

0

xkν(s)(dx)n−α +O(n−min{1+α,k}).

In the second equality, we have used g
(s)
n ∼ nα

Γ(α+1)
and also the fact that

∫ 1

0
(1−nx− (1−

x)n)ν(s)(dx) ≤ g
(s)
n =

∫ 1

0
(1− nx(1− x)n−1 − (1− x)n)ν(s)(dx). This achieves the proof.

Proposition 3.2. For s ∈ N
⋃
{0} and 0 ≤ r < α + s, we have

Eν(s)

[

(
n

n−X(n−s)
1

)r

] = 1+
r

n(α− 1)
+Γ(α+1)

(∫ 1

0

((1− x)−r − 1− rx)ν(s)(dx) + rC(s)

)
n−α+o(n−α).

Proof. By Taylor expansion formula, for m ≥ 2 and n ≥ s+ 2, we have,

Eν(s)

[

(
n

n−X(n−s)
1

)r

] = Eν(s)

[

 1

1− X
(n−s)
1

n

r

]

= Eν(s)

[1 + r
X

(n−s)
1

n
+

m∑
k=2

Γ(k + r)

Γ(r)k!
(
X

(n−s)
1

n
)k +

Γ(m+ 1 + r)

Γ(r)m!

∫ X
(n−s)
1
n

0

(1− t)−r−m−1(
X

(n−s)
1

n
− t)mdt].
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Using Lemma 3.7 and Lemma 3.8, we have for m ≥ 2,

lim
n→+∞

nαEν(s)

[
m∑
k=2

Γ(k + r)

Γ(r)k!
(
X

(n−s)
1

n
)k] = Γ(α + 1)

m∑
k=2

Γ(k + r)

Γ(r)k!

∫ 1

0

xkν(s)(x).

In consequence,

lim
m→+∞

lim
n→+∞

nαEν(s)

[
m∑
k=2

Γ(k + r)

Γ(r)k!
(
X

(n−s)
1

n
)k] = Γ(α + 1)

∫ 1

0

((1− x)−r − 1− rx)ν(s)(dx).

It remains to estimate Γ(m+1+r)
Γ(r)m!

Eν(s)
[
∫ X

(n−s)
1
n

0
(1− t)−r−m−1(

X
(n−s)
1

n
− t)mdt], which is the

sum of two terms P1(m,n, s, y) and P2(m,n, s, y), with 0 < y < 1, defined by

P1(m,n, s, y) =
Γ(m+ 1 + r)

Γ(r)m!
Eν(s)

[

∫ X
(n−s)
1
n

0

(1− t)−r−m−1(
X

(n−s)
1

n
− t)mdt1

X
(n−s)
1 ≥ny],

P2(m,n, s, y) =
Γ(m+ 1 + r)

Γ(r)m!
Eν(s)

[

∫ X
(n−s)
1
n

0

(1− t)−r−m−1(
X

(n−s)
1

n
− t)mdt1

X
(n−s)
1 <ny

].

We first focus on P1(m,n, s, y). By Proposition 3.3 in Appendix C, we have

P1(m,n, s, y) ≤Eν(s)

[

(
n

n−X(n−s)
1

)r

1
X

(n−s)
1 ≥ny]

≤Eν(s)

[

(
n− s

n− s−X(n−s)
1

)r

1
X

(n−s)
1 ≥(n−s)y]

≤n−αK4y
−α(1− y)r̄−r, (3.27)

where r̄ ∈ (r, α+ s) and K4 is a number depending only on r̄ and ν(s) (it is important
that it does not depend on y).

We now give an upper bound for P2(m,n, s, y). We have

nαP2(m,n, s, y) = nα
Γ(m+ 1 + r)

Γ(r)m!
Eν(s)

[

∫ X
(n−s)
1
n

0

(1− t)−r−1(
X

(n−s)
1 /n− t

1− t
)mdt1

X
(n−s)
1 <ny

].
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For t ∈ [0, x) with 0 < x ≤ 1, we have x−t
1−t ≤ x. Then

∫ X
(n−s)
1
n

0
(
X

(n−s)
1 /n−t

1−t )mdt ≤

(
X

(n−s)
1

n
)m+1.

Hence, using Lemma 3.8, for m > 2,

nαP2(m,n, s, y) ≤ nα
Γ(m+ 1 + r)

Γ(r)m!
(1− y)−r−1E[(X

(n−s)
1 /n)m+1]

= (1− y)−r−1 Γ(m+ 1 + r)

Γ(r)m!

(
Γ(α + 1)

∫ 1

0

xm+1ν(s)(dx) +O(n−1)

)
.

Using Lemma 3.10 in Appendix C, we have

∫ 1

0

xm+1ν(s)(dx) =

∫ 1

0

xm+1(1− x)r̄ν(−r̄+s)(dx) ≤ K5m
−r̄,

where K5 is a positive real number depending only on r̄ and ν(s).
Notice that Γ(m+r+1)

Γ(r)m!
∼ mr

Γ(r)
. Hence

P2(m,n, s, y) ≤ n−α(1− s)−r−1mr(O(m−r̄) + o(n−1)). (3.28)

Combining (3.27) and (3.28), we deduce that

lim
m→+∞

lim sup
n→+∞

nα(P1(m,n, s, y) + P2(m,n, s, y)) = 0.

This convergence together with Lemma 3.7 and 3.8 yield this proposition.

C) Some necessary results for Appendix B

Lemma 3.9. Let Bn,x be a binomial random variable with parameter (n, x), n ≥ 2, 0 ≤
x ≤ 1. Let k be an integer such that 2 ≤ k ≤ n. Then

nx+ n(n− 1) · · · (n− k + 1)xk ≤ E[Bk
n,x] ≤ (nx)k +

(
k

2

)
nk−1x2,

Proof. Write Bn,x = Y1 + · · · + Yn, where Y1, · · · , Yn are independent Bernoulli random
variables. Let S := {{i1, · · · , ik}; 1 ≤ i1, · · · , ik ≤ n}. Then

E[
∑

{i1,··· ,ik}∈S1

Yi1 · · ·Yik ] + E[
∑

{i1,··· ,ik}∈S3

Yi1 · · ·Yik ] ≤ E[(Bn,x)
k]

≤ E[
∑

{i1,··· ,ik}∈S2

Yi1 · · ·Yik ] + E[
∑

{i1,··· ,ik}∈S3

Yi1 · · ·Yik ],

where
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1. S1 := {{i1, · · · , in} ∈ A; i1 = · · · = ik}. Then E[
∑
{i1,··· ,ik}∈S1

Yi1 · · ·Yik ] = nx.

2. S2 := {{i1, · · · , in} ∈ A;∃1 ≤ p < q ≤ k, ip = iq}. Then E[
∑
{i1,··· ,ik}∈S2

Yi1 · · ·Yik ] ≤(
k
2

)
nk−1x2.

3. S3 := {{i1, · · · , in} ∈ A;∀1 ≤ p < q ≤ k, ip 6= iq}. Then E[
∑
{i1,··· ,ik}∈S3

Yi1 · · ·Yik ] =

n(n− 1) · · · (n− k + 1)xk.

Then we can conclude.

Lemma 3.10. Consider any Λ-coalescent such that ρ(t) = Ct−α+o(t−α). Then for every

s ≥ 0, n ≥ 2,
∫ 1

0
xn(1−x)sν(dx) ≤ K6n

−s, where K6 is a positive constant which depends
only on s and ν.

Proof. It is clear that there exists K7 > 0 such that ρ(t) ≤ K7t
−α, for all 0 < t ≤ 1. Then∫ 1

0

xn(1− x)sν(dx) =

∫ 1

0

ρ(t)(n− (n+ s)t)tn−1(1− t)s−1dt

≤
∫ 1

0

ρ(t)(n− nt)tn−1(1− t)s−1dt

≤ nK7

∫ 1

0

tn−1−α(1− t)sdt = nK7
Γ(n− α)Γ(s+ 1)

Γ(n− α + s+ 1)
≤ K6n

−s,

for some K6 which only depends on K7 and s. This achieves the proof of the lemma.

Proposition 3.3. Let s > −α and 0 ≤ r < α + s, r̄ ∈ (r, α + s). Then there exists a
constant K11 depending only on r̄ and s such that for all y ∈ (0, 1), n ≥ 2,

Eν(s)

[

(
n

n−X(n)
1

)r

1
X

(n)
1 ≥ny] ≤ n−αK11y

−α(1− y)r̄−r.

Proof. Define dxe = min{m ∈ Z;m ≥ x}. We have

Eν(s)

[

(
n

n−X(n)
1

)r

1
X

(n)
1 ≥ny] =

n−1∑
k=dnye

∫ 1

0

(
n

k + 1

)
xk+1(1− x)n−k−1(

n

n− k
)rν(s)(dx)/g(s)

n .

Using (3.10), there exist two positive constantsK8, K9 such that for all k ∈ {1, 2, . . . , n− 1},

K8
Γ(n+ 1 + r)

Γ(k + 2)Γ(n− k + r)
≤
(

n

k + 1

)
(

n

n− k
)r ≤ K9

Γ(n+ 1 + r)

Γ(k + 2)Γ(n− k + r)
.



3.5. Appendix 87

Moreover using integration by parts, for 1 ≤ l ≤ n− 1 and 0 ≤ x ≤ 1, we have:

n−1∑
k=l

Γ(n+ 1 + r)

Γ(k + 2)Γ(n− k + r)
xk+1(1− x)n−k−1+r

=
Γ(n+ 1 + r)

Γ(l + 1)Γ(n− l + r)

∫ x

0

tl(1− t)n−l+r−1dt+
Γ(n+ 1 + r)

Γ(n+ 1)Γ(1 + r)
xn(1− x)r

− Γ(n+ 1 + r)

Γ(n)Γ(1 + r)

∫ x

0

tn−1(1− t)rdt. (3.29)

Lemma 3.1 says ρ(−r̄+s)(t) = t−α

Γ(2−α)Γ(α+1)
+ o(t−α). Then there exists K10 > 0, such that

ρ(−r̄+s)(t) ≤ K10t
−α for all t ∈ (0, 1].

Eν(s)

[

(
n

n−X(n)
1

)r̄

1
X

(n)
1 ≥ny]

=
n−1∑

k=dnye

∫ 1

0

(
n
k+1

)
( n
n−k )r̄xk+1(1− x)n−k−1ν(s)(dx)

g
(s)
n

=
n−1∑

k=dnye

∫ 1

0

(
n
k+1

)
( n
n−k )r̄xk+1(1− x)n−k−1+r̄ν(−r̄+s)(dx)

g
(s)
n

≤ K9

∫ 1

0
Γ(n+1+r̄)

Γ(dnye+1)Γ(n−dnye+r̄)

∫ x
0
tdnye(1− t)n−dnye+r̄−1dtν(−r̄+s)(dx)

g
(s)
n

+K9

∫ 1

0
Γ(n+1+r̄)

Γ(n+1)Γ(1+r̄)
xn(1− x)r̄ν(−r̄+s)(dx)

g
(s)
n

≤ K9

∫ 1

0
Γ(n+1+r̄)

Γ(dnye+1)Γ(n−dnye+r̄)ρ
(−r̄+s)(t)tdnye(1− t)n−dnye+r̄−1dt

g
(s)
n

+K9

∫ 1

0
Γ(n+1+r̄)

Γ(n+1)Γ(1+r̄)
xn(1− x)r̄ν(−r̄+s)(dx)

g
(s)
n

≤ K9K10

Γ(n+1+r̄)Γ(dnye+1−α)
Γ(dnye+1)Γ(n+1+r̄−α)

g
(s)
n

+K6K9

Γ(n+1+r̄)
Γ(n+1)Γ(1+r̄)

n−r̄

g
(s)
n

≤ K11s
−αn−α,

where for the first inequality, we use (3.29) with l = dnye, in the second inequality,
we have used an argument of integration by parts and for the third inequality, we bound
ρ(−r̄+s)(x) by K10x

−α and we also use Lemma 3.10. For the last inequality, we use (3.10).
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Here K11 is a constant which depends only on r̄ and ν(s). Then we get

Eν(s)

[

(
n

n−X(n)
1

)r

1
X

(n)
1 ≥ny] ≤ (1−y)r̄−rEν(s)

[

(
n

n−X(n)
1

)r̄

1
X

(n)
1 ≥ny] ≤ K11y

−α(1−y)r̄−rn−α,

which achieves the proof of the lemma.

Remark 3.4. If r ≥ α + s, this lemma is false. Assume that s = 0, r ≥ α and for any
fixed 0 < y < 1, n ≥ 1

1−y , we have ny ≤ n− 1 and it follows that

P1(m,n, s, y)

≥ E[

((
n

n−X(n)
1

)r

− 1− rX
(n)
1

n
−

m∑
k=2

∏k−1
i=0 (r + i)

k!
(
X

(n)
1

n
)k

)
1
X

(n)
1 =n−1

]

= P(X
(n)
1 = n− 1)

(
nr − 1− rn− 1

n
−

m∑
k=2

∏k−1
i=0 (r + i)

k!
(
n− 1

n
)k

)

=

∫ 1

0
xnν(dx)

gn

(
nr − 1− rn− 1

n
−

m∑
k=2

∏k−1
i=0 (r + i)

k!
(
n− 1

n
)k

)

∼ Cn−2α

(
nr − 1− rn− 1

n
−

m∑
k=2

∏k−1
i=0 (r + i)

k!
(
n− 1

n
)k

)

where C is a positive number. Then

lim inf
n→+∞

nαP1(m,n, s, y) ≥ C, ∀0 < y < 1.

Hence this remark justifies the constraint 0 ≤ r < α + s.

D) Results that are used to prove Theorem 3.3.

Lemma 3.11. Let a > 0, b > 0, β ≥ 1. Then 0 < (a + b)β ≤ aβ + bβ + β2β−1abβ−1 +
β2β−1baβ−1.

Proof. If 0 ≤ m ≤ 1, then

(1 +m)β ≤ 1 + β2β−1m ≤ 1 +mβ + β2β−1m+ β2β−1mβ−1.

We use that the function m 7→ (1 + m)β is convex and that β2β−1 is the derivative of
(1 +m)β at m = 1.

If 1 < m, then

(1 +m)β = mβ(1 +
1

m
)β ≤ (m)β(1 + β2β−1 1

m
) ≤ 1 +mβ + β2β−1m+ β2β−1mβ−1.
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Hence for all m ≥ 0,

(1 +m)β ≤ 1 +mβ + β2β−1m+ β2β−1mβ−1.

Then for all a > 0, b > 0,

(a+ b)β = aβ(1 +
b

a
)β ≤ aβ(1 + (

b

a
)β + β2β−1 b

a
+ β2β−1(

b

a
)β−1) = aβ + bβ + β2β−1abβ−1 + β2β−1baβ−1.
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4.1 Introduction

4.1.1 Motivation and main results

Let N := {1, 2, · · · }, Ω be a subset of N and π a partition of Ω such that |π| < +∞ (|π|
denotes the number of blocks in π). The Λ-coalescent process starting from π, introduced
independently by (27) and (28), is denoted by Π(π) := (Π(π)(t))t≥0, where Π(π)(0) = π and
Λ is a finite measure on [0, 1]. Here we specify that a finite measure on [0, 1] can be a null
measure and hence its total mass is a non-negative real value. If π = {{1}, {2}, · · · , {n}},
i.e., the set of first n singletons, then the process is simply denoted by Π(n). In this paper,
we will frequently use two other notations Λ1,Λ2 for finite measures. We define then
Π(1,n) as the Λ1-coalescent and Π(2,n) the Λ2-coalescent, both taking {{1}, {2}, · · · , {n}}
as initial value.

This process Π(π) is a continuous time Markov process with càdlàg trajectories taking
values in the set of partitions of Ω. More precisely: Assume that at time t, Π(π)(t) has b
blocks, then after a random exponential time with parameter gb

gb =
b∑

k=2

(
b

k

)
λb,k, where λb,k =

∫ 1

0

xk−2(1− x)b−kΛ(dx), (4.1)

Π(π) encounters a collision and the probability for a group of k(2 ≤ k ≤ b) blocks to be
merged into a bigger block with the other b− k blocks unchanged is

λb,k
gb
.

Then

pb,b−k+1 :=

(
b
k

)
λb,k

gb
(4.2)

is the probability to have b − k + 1 blocks right after the collision. This definition gives
the exchangeability of blocks. In particular, for any permutation ρ on {1, 2, · · · , n},
ρ ◦ Π(n) (d)

= Π(n).
Remark that if Λ({0}) = 0, we have the following formula:

gb =

∫ 1

0

(1− (1− x)b − bx(1− x)b−1)x−2Λ(dx). (4.3)

The definition shows that the law of Π(π) is determined by the initial value π and the
measure Λ which is hence called characteristic measure.

Notice that Ω can be an abstract set and the coalescing mechanism works all the
same. The reason why one takes Ω as a subset of N relies on its applications in the
genealogies of populations. We take Π(n) as an example where Ω = {1, 2, · · · , n}. At time
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0, we have Π(n)(0) = {{1}, {2}, · · · , {n}} which is interpreted as a sample of n individuals
labelled from 1 to n . If at time t, Π(n) has its first coalescence where {1} and {2} are
merged together with the others unchanged, then Π(n)(t) = {{1, 2}, {3}, · · · , {n}} which
is interpreted as getting the MRCA (most recent common ancestor) {1, 2} of individuals
1 and 2 with the others unchanged at that time. Hence {1, 2, · · · , n} is an absorption
state of Π(n) and is the MRCA of all individuals. For more details, we refer to (22; 24) or
(1; 6; 14; 19).

Let 1 ≤ m ≤ n and σ the restriction from {1, 2, · · · , n} to {1, 2, · · · ,m}. We have

the consistency property: σ ◦ Π(n) (d)
= Π(m) (see (27)). According to this property and

exchangeability of blocks, if π′ is a subset of π, then the restriction of Π(π) from π to π′

has the same distribution as that of Π(π′). We can also define Π(π) when |π| = +∞ by
using the consistency property and the definition in finite cases (see (27)).

Let |Π(n)| be the block counting process associated to Π(n) such that |Π(n)(t)| is the
number of blocks of Π(n)(t) for any t ≥ 0. Then it decreases from n at time 0. We denote

by X
(n)
1 the decrease of number of blocks at the first coalescence. For i ∈ {1, . . . , n}, we

define
T

(n)
i := inf

{
t ≥ 0| {i} /∈ Π

(n)
t

}
the length of the ith external branch and T (n) the length of a randomly chosen external

branch. By exchangeability, T
(n)
i

(d)
= T (n). We denote by L

(n)
ext :=

∑n
i=1 T

(n)
i the total

external branch length of Π(n), and by L
(n)
total the total branch length.

The following four classes of Λ-coalescents have been largely studied. We give the
results concerning T (n), which show a common regularity that we will discuss later.

— Λ = δ0: Kingman coalescent ((22), (23)). Then nT (n) is asymptotically distributed
with density function 8

(2+x)3 1x≥0 ((4), (8), (20)).

— Λ = Λleb: Bolthausen-Sznitman coalescent ((5)). Here Λleb denotes the Lebesgue
measure on [0, 1]. Then (lnn)T (n) converges in distribution to Exp(1) (we denote
by Exp(r), r > 0, the exponential variable with parameter r)((16; 11)).

— Λ(dx)/dx = xa−1(1−x)b−1

Beta(a,b)
10≤x≤1, 0 < a < 1, b > 0 : Beta(a, b)-coalescent. Here

Beta(·, ·) denotes Euler’s beta function. Then n1−aT (n) converges in distribution to

a random variable T (a, b) which has density function Γ(a+b)
(1−a)Γ(b)

(1+ Γ(a+b)
(2−a)Γ(b)

x)−
3−2a
1−a 1x≥0

((12)).

—
∫ 1

0
x−1Λ(dx) < +∞: These processes are called coalescents without proper fre-

quencies ((27)). One example is Beta(a, b)-coalescents with a > 1, b > 0 (see (27),

(29)). Then
(∫ 1

0
x−1Λ(dx)

)
T (n) converges in distribution to Exp(1) ((18), (26)).

We see a common property for the last three cases concerning one external branch length
which is that the normalization factor for T (n) is µ(n) :=

∫ 1
1
n
x−1Λ(dx). More precisely,

— Bolthausen-Sznitman coalescent: Notice that µ(n) = lnn. Hence directly we have

µ(n)T (n) (d)→ Exp(1).
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— Beta(a, b)-coalescent with 0 < a < 1, b > 0:

µ(n) =

∫ 1

1
n

x−1Λ(dx) =

∫ 1

1
n

Γ(a+ b)

Γ(a)Γ(b)
xa−2(1−x)b−1dx =

Γ(a+ b)

(1− a)Γ(a)Γ(b)
n1−a+O(1).

Hence µ(n)T (n) converges in distribution to T (a, b)Γ(a+ b)/(1− a)Γ(a)Γ(b).

— If
∫ 1

0
x−1Λ(dx) < +∞, then lim

n→+∞

µ(n)∫ 1

0
x−1Λ(dx)

= 1. Hence µ(n)T (n) converges in

distribution to Exp(1).

Kingman coalescent can be viewed as the formal limit of Beta(a, b)-coalescent with

0 < a < 1, b > 0 when a tends to 0, since the measure xa−1(1−x)b−1dx
Beta(a,b)

10≤x≤1 tends weakly to

the Dirac measure on {0}. The normalization factor in the case of Beta(a, b)-coalescent
is n1−a, and of Kingman coalescent is n. Then we see that these two factors show also
some kind of continuity as a tends to 0. We can formally take n as µ(n) in the case of
Kingman coalescent.

Therefore µ(n) is characteristic for the randomly chosen external branch length in those
processes considered. Notice that µ(n) concerns only the measure Λ1[ 1

n
,1], so it is natural to

think about the influences of measures Λ1[ 1
n
,1] and Λ1[0, 1

n
) on the external branch lengths.

More generally, if Λ = Λ1 + Λ2, how can we evaluate each influence on the construction
of the whole Λ-coalescent? If Λ1 is ”small” enough, we can imagine that Π(n) looks like
Π(2,n) (recall that Π(2,n) is the Λ2-coalescent ). In this case, we call Λ1 the noise measure
and Λ2 the main measure. To separate Λ1 and Λ2, we introduce in the next section the
”measure division construction” of a Λ-coalescent. The idea of this construction can be at
least tracked back to (2) where the authors consider also a coupling of two finite measures
on [0, 1]. The difference relies on the block labelling.

The main results are as follows:

Theorem 4.1. If Λ satisfies:

lim
n→+∞

gn
nµ(n)

= 0, (4.4)

then µ(n)T (n) (d)→ Exp(1).

Remark 4.1. — Condition (4.4) implies that Λ({0}) = 0. Indeed, if Λ({0}) > 0,
then gn ≥

(
n
2

)
Λ({0}) and µ(n) ≤ nΛ((0, 1]). Then (4.4) is invalid.

— The class of coalescents satisfying condition (4.4) does not contain the Beta(a, b)-
coalescents with 0 < a < 1 and b > 0. The following conjecture uses a description
similar to condition (4.4) to include them:
Conjecture: Let c > 0. If

lim
n→+∞

gn
nµ(n)

= c,
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then µ(n)T (n) (d)→ Tc, where Tc is a random variable with density Γ(2 − α∗)(1 +

cx)−
α∗
α∗−1

−11x≥0. Here α∗ is the unique solution of the equation

(α− 1)Γ(2− α)

α
= c.

This conjecture is true for Beta(a, b)-coalescents with 0 < a < 1, b > 0. In this

case, we have c = (1−a)Γ(a)
2−a . The coalescents, which are more general than but

similar to Beta(a, b)-coalescents with 0 < a < 1, b > 0, studied in (12) also satisfy
this conjecture.

Examples: We give a short list of typical examples satisfying condition (4.4) which
are processes without proper frequencies or similar to Bolthausen-Szitman coalescent.
Define µ̄(n) :=

∫ 1
1
n
x−2Λ(dx).

Ex 1:
∫ 1

0
x−1Λ(dx) < +∞: It suffices to prove that lim

n→+∞

gn
n

= 0. Recalling the

expression (4.3) of gn, we have, for n ≥ 2,

gn
n

=

∫ 1

0
(1− (1− x)n − nx(1− x)n−1)x−2Λ(dx)

n

=

∫ 1
1
n
(1− (1− x)n − nx(1− x)n−1)x−2Λ(dx)

n
+

∫ 1
n

0
(1− (1− x)n − nx(1− x)n−1)x−2Λ(dx)

n

≤ µ̄(n)

n
+

∫ 1
n

0
n2Λ(dx)

n
. (4.5)

The second term
∫ 1
n

0 n2Λ(dx)

n
=
∫ 1
n

0
nΛ(dx) ≤

∫ 1
n

0
x−1Λ(dx) → 0. For the first term, let

ε > 0 and M = 1/ε , then

µ̄(n)

n
=

∫ 1

M/n
x−2Λ(dx)

n
+

∫M/n
1
n

x−2Λ(dx)

n

≤

∫ 1

M/n
x−1Λ(dx)

M
+

∫ M/n

1
n

x−1Λ(dx)

≤ ε

∫ 1

0

x−1Λ(dx) +

∫ M/n

1
n

x−1Λ(dx).

Notice that ε
∫ 1

0
x−1Λ(dx) can be arbitrarily small and

∫M/n
1
n

x−1Λ(dx) tends to 0 as n

tends to +∞. Then we get that µ̄(n)

n
tends to 0. Hence if

∫ 1

0
x−1Λ(dx) < +∞, condition

(4.4) is satisfied.
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Ex 2: Bolthausen-Sznitman coalescent: In this case, it is straightforward to prove

that gn = n− 1 and µ(n) = lnn, then lim
n→+∞

gn
nµ(n)

= lim
n→+∞

n− 1

n lnn
= 0.

Ex 3: Λ has a density function fΛ on [0, r) where 0 < r < 1 and there exists a positive
number M such that fΛ < M on [0, r): This kind of processes can be considered as being
dominated by the Bolthausen-Sznitman coalescent.

If
∫ 1

0
x−1Λ(dx) < +∞, we turn back to the first example. If

∫ 1

0
x−1Λ(dx) = +∞, then

we have gn ≤ 2M(n−1) for n large enough, hence lim sup
n→+∞

gn
nµ(n)

≤ lim
n→+∞

2M(n− 1)

nµ(n)
= 0.

It turns out that this kind of coalescent also satisfies condition (4.4).
Ex 4: Λ has a density function fΛ(x) = p(ln 1

x
)q on [0, r) where 0 < r < 1 and p, q are

positive numbers: Using (4.5), we have

gn
nµ(n)

≤ µ̄(n)

nµ(n)
+

∫ 1
n

0
n2Λ(dx)

nµ(n)
,∀n ≥ 2.

For two real sequences (xn)n≥1, (yn)n≥1, we write xn � yn, if there exist two positive
constants c, C such that cyn ≤ xn ≤ Cyn for n large enough. Then it is not difficult

to find out that µ(n) � (lnn)q+1, µ̄(n) � n(lnn)q,
∫ 1
n

0
n2Λ(dx) � n(lnn)q. Hence we get

gn
nµ(n)

→ 0.

Theorem 4.2. If Λ satisfies condition (4.4) and
∫ 1

0
x−1Λ(dx) = +∞, then we have:

µ(n)(T
(n)
1 , T

(n)
2 , · · · , T (n)

n , 0, 0, · · · ) (d)→ (e1, e2, · · · ), (4.6)

where (ei)i∈N are independently distributed as Exp(1).

Remark 4.2. The same result has been proved for Bolthausen-Sznitman coalescent in
(11). The authors have used a moment method. We can apply this theorem to Example

4 and Example 3 when
∫ 1

0
x−1Λ(dx) = +∞. If

∫ 1

0
x−1Λ(dx) < +∞, then (4.6) is not true

and there is no more asymptotic independence (see (26)).

The following three corollaries have also been proved for Bolthausen-Sznitman coales-
cent (see (11), (13), (17)).

Corollary 4.1. If Λ satisfies condition (4.4), then for any r ∈ R+,

lim
n→+∞

E[(µ(n)T (n))r] = E[er1],

where e1 is distributed as Exp(1). Moreover, if
∫ 1

0
x−1Λ(dx) = +∞, then for any k ∈ N

and any (r1, r2, · · · , rk) ∈ {R+}k, we have:

lim
n→+∞

E[
k∏
i=1

(µ(n)T
(n)
i )ri ] = E[

k∏
i=1

erii ], (4.7)

where (ei)1≤i≤k are independently distributed as Exp(1).
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Corollary 4.2. If Λ satisfies condition (4.4) and
∫ 1

0
x−1Λ(dx) = +∞, then the total

external branch length L
(n)
ext satisfies: µ(n)L

(n)
ext/n converges in L2 to 1.

Corollary 4.3. If Λ satisfies condition (4.4) and
∫ 1

0
x−1Λ(dx) = +∞, then the total

branch length L
(n)
total satisfies: µ(n)L

(n)
total/n converges in probability to 1.

Remark 4.3. — In fact, we will prove that lim
n→+∞

E[µ(n)L
(n)
total/n] = 1. Notice that

Corollary 4.1 gives lim
n→+∞

E[µ(n)L
(n)
ext/n] = 1. Hence we deduce this corollary using

Corollary 4.2.
— If

∫ 1

0
x−1Λ(dx) < +∞, then (4.7) and Corollaries (4.2) and (4.3) are not true

(see again (26)).

4.1.2 Organization

In section 2, we introduce the main object of this paper: the measure division con-
struction. At first, one needs to define the restriction by the smallest element which serves
as a preliminary step of measure division construction. In the same section, we then intro-
duce the two-type Λ-coalescent which is defined using the measure division construction.
This process gives a label primary or secondary to every block and its every element of
a normal Λ-coalescent. Using this process, we can see more clearly the coalescent times
of some singletons. For a technical use, we then give a tripling to estimate the number of
blocks at small times of Π(1,n) which is related to the noise measure Λ1.

In section 3, we at first give a characterization of the condition (4.4). Then we apply
the general results obtained in section 2 to those processes satisfying (4.4). Finally, we
give all the proofs for the results presented in the section 1.

4.2 Measure division construction

4.2.1 Restriction by the smallest element.

Let ξn = {A1, · · · , A|ξn|}, χn = {B1, · · · , B|χn|} be two partitions of {1, 2, · · · , n}. We
define sAi (resp. sBi ) as the smallest number in the block Ai (resp. Bi). We define also the
notation ξn � χn, if |χn| ≤ |ξn| and for any 1 ≤ i ≤ |χn|, Bi = ∪j∈IiAj, where {Ii}1≤i≤|χn|
is a partition of {1, 2, · · · , |ξn|}. Roughly speaking, ξn is finer than χn.

If ξn � χn, we define the stochastic process Π̄(χn) which is the restriction by the
smallest element of Π(ξn) from ξn to χn:

— Π̄(χn)(0) = χn;
— For any t ≥ 0, if Π(ξn)(t) = {Di}1≤i≤|Π(ξn)(t)|, where Di denotes a block, then

Π̄(χn)(t) = {
⋃

sBj ∈Di

Bj}1≤i≤|Π(ξn)(t)|,
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(a) Π(5) (b) A restriction by the smallest element of Π(5)

from {{1}, · · · , {5}} to {{1, 2}, {3, 5}, {4}}

Figure 4.1: Restriction by the smallest element

where the empty sets in Π̄(χn)(t) are removed.

Notice that the restriction by the smallest element is defined from path to path (see Figure
4.1).

Lemma 4.1. Π̄(χn) has the same distribution as Π(χn).

Proof. Every block in χn is identified by its smallest element which belongs to a unique
block in ξn. Hence for any Bi in χn, there exists a unique Aτi such that Aτi ∈ ξn, Aτi ⊂ Bi

and sAτi = sBi with τi ∈ {1, 2, · · · , |ξn|}. Let χ′n = {Aτi}1≤i≤|χn| and define a new process

Π̂(χ′n) as follows:

— Π̂(χ′n)(0) = χ′n.
— For any t ≥ 0, if Π(ξn)(t) = {Di}1≤i≤|Π(ξn)(t)|, then

Π̂(χ′n)(t) = {
⋃

sAτj∈Di

Aτj}1≤i≤|Π(ξn)(t)|,

where the empty sets in Π̂(χ′n)(t) are removed.

It is easy to see that Π̂(χ′n) is a natural restriction of Π(ξn) from ξn to χ′n. By the

consistency property, one gets Π̂(χ′n) (d)
= Π(χ′n). In the construction of Π̂(χ′n) and Π̄(χn),

what is determinant is the smallest element in each block. Hence to obtain Π̄(χn) from
Π̂(χ′n), at time 0, one needs to complete every Aτi by some other numbers larger than sAτi
to get Bi and then follow the evolution of Π̂(χ′n). It turns out that Π̄(χn) is a coalescent
process with initial value χn. Hence we can conclude.
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4.2.2 Measure division construction

Let Λ,Λ1,Λ2 be three finite measures such that Λ = Λ1 + Λ2. We denote by Π
(n)
1,2 :=

(Π
(n)
1,2 (t))t≥0 the stochastic process constructed by the measure division construction using

Λ1 and Λ2. Here the index (1, 2) is for Λ = Λ1 + Λ2 with Λ1 called noise measure and Λ2

main measure. Recall that Π(1,n) is the Λ1-coalescent with Π(1,n)(0) = {{1}, {2}, · · · , {n}}.
— Step 0: Given a realization or a path Π of Π(1,n), we set Π

(n)
1,2 (t) = Π(t), for any

t ≥ 0. We set also t0 = 0.
— Step 1: Let t1, t2, · · · be the coalescent times after t0 of Π

(n)
1,2 (if there is no collision

after t0, we set ti = +∞, i ≥ 1). Within [t0, t1), Π
(n)
1,2 is constant. Then we run an

independent Λ2-coalescent with initial value Π
(n)
1,2 (t0) from time t0.

— If the Λ2-coalescent has no collision on [t0, t1), we pass to [t1, t2). Similarly,

we construct another independent Λ2-coalescent with initial value Π
(n)
1,2 (t1) from

time t1, and so on.
— Otherwise, we go to the next step.

— Step 2: If finally within [ti−1, ti), the related independent Λ2-coalescent has its first

collision at time t∗ and its value at t∗ is ξ. We then modify (Π
(n)
1,2 (t))t≥0 in the

following way:
— We change nothing for 0 ≤ t < t∗.
— Let Π′ = (Π′(t), t ≥ t∗) be the restriction by the smallest element of (Π

(n)
1,2 (t))t≥t∗

from Π
(n)
1,2 (t∗) to ξ. Then let (Π

(n)
1,2 (t))t≥t∗ = (Π′(t))t≥t∗ and go to the step 1 by

taking t∗ as a new starting point. Notice that, due to Lemma 4.1, (Π
(n)
1,2 (t))t≥t∗

has the same distribution as a Λ1-coalescent from time t∗ with initial value ξ.

Remark 4.4. — The measure division construction works path by path.
— If we take Λ1 = 0 as noise measure and Λ2 = Λ as main measure, then Π(1,n)(t) =

{{1}, {2}, · · · , {n}} for any t ≥ 0 and Π
(n)
1,2

(d)
= Π(n).

Theorem 4.3. Let Λ, Λ1 and Λ2 be three finite measures and Λ = Λ1 + Λ2. Then we

have Π
(n)
1,2

(d)
= Π(n).

Proof. Let t be a coalescent time of Π
(n)
1,2 . We consider the time of the next coalescence

and the value at that moment. In the measure division construction of Π
(n)
1,2 , we can see

appearing two independent processes with one being a Λ1-coalescent with initial value
Π

(n)
1,2 (t) and the other one being a Λ2-coalescent with initial value Π

(n)
1,2 (t) from time t. The

process Π
(n)
1,2 gets the next coalescence whenever one of them first encounters a coalescence

and picks up the value of the process at that moment. Then we follow the same procedure
from the new coalescent time of Π

(n)
1,2 . It is easy to see that Π

(n)
1,2 behaves in the same way

as Π(n). Hence we can conclude.
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Remark 4.5. The theorem shows that if we exchange the noise measure and the main
measure, the distribution of the process is not changed and is uniquely determined by their
sum.

Remark 4.6. The measure division construction also works for more than two measures.
If there are k(k ≥ 2) finite measures {Λi}1≤i≤k and Λ =

∑k
i=1 Λi, one can get a stochastic

process by first giving a realization of Π(1,n) which will be modified by Λ2 in the way
described in the measure division construction, and then we apply Λ3 on the modified
process, etc. The equivalence in distribution can be obtained in a recursive way.

We give a corollary to show an immediate application of the measure division con-
struction. The following corollary is essentially the same as Lemma 3.2 in (2). But we
prove it again in our way.

Corollary 4.4. Let Λ1, Λ2 be two finite measures such that Λ1 ≤ Λ2, then one can
construct Π(1,n) and Π(2,n) such that |Π(2,n)(t)| ≤ |Π(1,n)(t)| for all t ≥ 0.

Proof. Π(2,n) can be regarded as the measure constructed process by imposing the measure
Λ2 − Λ1 on the paths of Π(1,n). Then we can deduce this corollary.

4.2.3 Two-type Λ-coalescents.

Definitions

Let Λ,Λ1, Λ2 be three finite measures and Λ = Λ1+Λ2 and Λ2 satisfies
∫ 1

0
x−2Λ2(dx) <

+∞. A two-type Λ-coalescent, denoted by Π̃
(n)
1,2 , is to give a label primary or secondary

to every block and also to its every element at any time t of a normal Λ-coalescent. A
block is secondary if and only if every element in this block is secondary. The construction
is via the measure division construction. Let (η

(2)
i )i≥1 be independent random variables

following the distribution of x−2Λ2(dx)∫ 1
0 x
−2Λ2(dx)

, (e
(2)
i )i≥1 i.i.d copies of Exp(

∫ 1

0
x−2Λ2(dx)) and

(S
(2)
i )i≥1 = (

∑i
j=1 e

(2)
j )i≥1.

Construction of a two-type Λ-coalescent:
— Step 0: We pick a realization or a path Π of Π(1,n). Every element and every

block of Π at any time is labeled primary. We also fix independent realizations of
(η

(2)
i )i≥1 and (S

(2)
i )i≥1. Let Π̃

(n)
1,2 be the path Π with labels.

— Step 1: At time S
(2)
1 , every block of Π̃

(n)
1,2 (S

(2)
1 ) is independently marked ”Head”

with probability η
(2)
1 and ”Tail” with probability 1 − η

(2)
1 . Every element in a

”Head” block is then labelled secondary. All blocks marked ”Head” are merged into
a bigger block, provided that there are at least two ”Head”s. In this case, we use
the restriction by the smallest element to modify Π̃

(n)
1,2 at time S

(2)
1 in the same way

as in the measure division construction in section 2.2. We still call the modified
path Π̃

(n)
1,2 and then forward to the time S

(2)
2 and do the same operations. This

procedure can be continued until MRCA.
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It is easy to verify that without labels, Π̃
(n)
1,2 has the same distribution as Π(n). We call

(S
(2)
i )i≥1 the marking times. We define L

(2,n)
i as the first marking time of {i} when {i} is

marked ”Head ” for the first time. Let L
(2,n)
i = +∞, if {i} is never marked as ”Head” .

Remark 4.7. If Π = {{1}, · · · , {n}}, then we get a coupling between Λ2-coalescent and
its related annihilator process (see (13)). In this case, the whole process without labels
is the Λ2-coalescent and the restriction to primary elements and blocks is the annihilator
process.

Coalescent times and first marking times

The above construction of two-type coalescents shows that coalescences happen only
at the marking times. This property will help us to understand the coalescent times of
singletons in terms of their first marking times.

Lemma 4.2. Let Π be the path of Π(1,n) chosen at the Step 0 of the construction of
two-type Λ coalescent. Assume that at some time t > 0, {1} ∈ Π(t), |Π(t)| = m with

2 ≤ m ≤ n. Let P
(n,m)
1,2 (t) be the probability for {1} to be coalesced at its first marking

time within [0, t). Then we have

P
(n,m)
1,2 (t) ≥ P

(2,m)
t :=

+∞∑
i=1

E[1
S

(2)
i <t

∆
(2)
i

(
1− (1−∆

(2)
i )m−1

)
], (4.8)

where ∆
(2)
1 = η

(2)
1 ; ∆

(2)
i = η

(2)
i

∏i−1
j=1(1 − η(2)

j ) for i > 1. Notice that the parameter n is

hidden in P
(2,m)
t .

Proof. Let i1, · · · , im be the m smallest elements respectively in each block at time t with
1 = i1 ≤ i2 ≤ · · · ≤ im ≤ n.

Conditional on (S
(2)
i , η

(2)
i )i≥1, ∆

(2)
i is the probability for {1} to have its first marking

time at S
(2)
i (assume that S

(2)
i ≤ t). To let {1} be coalesced at S

(2)
i , one needs also at

least one other block marked ”Head” at that time. To get a lower bound of P
(n,m)
1,2 (t), one

can consider the probability to have at least one primary block containing one element of
{i2, · · · , im} to be marked ”Head”at that time and this probability is 1−(1−∆

(2)
i )m−1.

Lemma 4.3. In addition to the assumptions in the previous lemma, we assume further
that for every fixed k such that 1 ≤ k ≤ m, {i} ∈ Π(t) for 1 ≤ i ≤ k. Define the

probability P
(n,m,k)
1,2 (t) for every {i} to be coalesced at its first marking time within [0, t).

Then we have

P
(n,m,k)
1,2 (t) ≥ 1− k(1− P (2,m)

t ). (4.9)
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Proof. Let E = {∀1 ≤ i ≤ k, {i} ∈ Π(t); |Π(t)| = m}, which denotes the assumptions of
Π(t) in this Lemma. Then

P
(n,m,k)
1,2 (t) = P({1}, · · · , {k} coalesce at their first marking times within [0, t)|E)

= 1− P(one of {{1}, · · · , {k}} does not coalesce at its first marking times within[0, t)|E)

≥ 1−
k∑
i=1

P({i} does not coalesce at its first marking time within[0, t)|E)

= 1− k(1− P({1} coalesces at its first marking time within[0, t)|E))

≥ 1− k(1− P (2,m)
t ).

The last inequality is due to the fact that

P({1} coalesces at its first marking time within[0, t)|E)) ≥ P
(2,m)
t ,

which is true due to the same arguments used in the proof of the last Lemma.

If m, t are large enough such that under some assumptions, we could prove that P
(2,m)
t

is very close to 1. Then the coalescent times are almost the first marking times which are
easier to deal with. In section 3.3, we will see such a situation for Λ satisfying condition
(4.4) and Λ1 = Λ1[0, 1

n
),Λ2 = Λ1[ 1

n
,1]. The following corollary studies the first marking

times in this particular case.

Corollary 4.5. Let t > 0 and 1 ≤ k ≤ n. Assume that Λ satisfies condition (4.4) and

Λ1 = Λ1[0, 1
n

), Λ2 = Λ1[ 1
n
,1]. Let Π be a path of Π(1,n). Recall that L

(2,n)
i is the first marking

time of {i} for 1 ≤ i ≤ n.

— If {1} ∈ Π( t
µ(n) ), then for any 0 ≤ t1 ≤ t, P(L

(2,n)
1 ≥ t1

µ(n) |Π) = e−t1

— Fix k such that 1 ≤ k ≤ n. Assume
∫ 1

0
x−1Λ(dx) = +∞ and {i} ∈ Π( t

µ(n) ) for
any 1 ≤ i ≤ k. Let 0 ≤ t1 ≤ t2 ≤ · · · ≤ tk ≤ t, we then have

lim
n→+∞

P(L
(2,n)
i ≥ ti

µ(n)
,∀1 ≤ i ≤ k|Π) = e−

∑k
i=1 ti . (4.10)

Proof. The first case is easy to see, due to the definition of L
(2,n)
1 . For the second case, we

only consider k = 2. For k > 2, the proof is similar. Assume that within [0, t1
µ(n) ], there

are N1 marking times and for ( t1
µ(n) ,

t2
µ(n) ], there are N2 marking times. N1 and N2 are

independently Poisson distributed with parameters respectively µ̄(n)t1
µ(n) and µ̄(n)(t2−t1)

µ(n) (here

we have µ̄(n) =
∫ 1

1
n
x−2Λ(dx) =

∫ 1
1
n
x−2Λ2(dx)). Then we get
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P(L
(2,n)
1 ≥ t1

µ(n)
, L

(2,n)
2 ≥ t2

µ(n)
|Π)

= E[ΠN1
i=1(1− η(2)

i )2ΠN1+N2
i=N1+1(1− η(2)

i )]

= E[(1− 2E[η
(2)
1 ] + E[(η

(2)
1 )2])N1 ]E[(1− E[η

(2)
1 ])N2 ]

= exp

(
µ̄(n)t1
µ(n)

(−2E[η
(2)
1 ] + E[(η

(2)
1 )2])

)
exp

(
µ̄(n)(t2 − t1)

µ(n)
(−E[η

(2)
1 ])

)
,

where the last equality is due to the probability generating function of Poisson distribution.

Recall that E[η
(2)
1 ] = µ(n)

µ̄(n) and E[(η
(2)
1 )2] =

∫ 1
1
n

Λ(dx)

µ̄(n) . Therefore,

µ̄(n)

µ(n)
E[η

(2)
1 ] =

∫ 1
1
n
x−1Λ(dx)

µ(n)
= 1, and

µ̄(n)

µ(n)
E[(η

(2)
1 )2] =

∫ 1
1
n

Λ(dx)

µ(n)
→ 0 .

Then we can conclude (4.10).

4.2.4 A tripling

We often have some results on the coalescent related to a special measure, for example,
the Beta-coalescent. When the process is perturbed by a noise measure, we would wonder
whether this damage is negligible. One example is to estimate the number of blocks of
the coalescent related to the noise measure. To this aim, we use a tool of tripling.

Tripling: Notice that Π(n) encounters its first collision after time e
(n)
1 , which is a

random variable. At this collision, the number of blocks is reduced to n −W (n)
1 , where

W
(n)
1 is a positive integer valued random variable. Then we add W

(n)
1 new blocks (these

blocks can contain any number belonging to {n + 1, n + 2, · · · }) and consider the whole

new n ones. By the consistency property, the evolution of the original n −W (n)
1 blocks

can be embedded into that of the new n blocks, i.e. after time e
(n)
2 , we have the collision

in the new n blocks whose total number is reduced to n−W (n)
2 and we can calculate the

distribution of the number of blocks coalesced among the original n −W (n)
1 blocks (we

call any block containing at least one of {1, 2, · · · , n} as ”original block” and it is very

possible that nothing happens for the n −W (n)
1 blocks). Then we add again new blocks

containing different elements to have another n ones. This procedure is stopped when
every element of {1, 2, · · · , n} is contained in one block. By the definition of Λ-coalescent,

(e
(n)
i )i≥1 are independent exponential random variables with parameter gn and (W

(n)
i )i≥1

are i.i.d copies of X
(n)
1 .

The above procedure gives a tripling of (e
(n)
i )i≥1, (W

(n)
i )i≥1 and Π(n). We define V

(n)
i :=∑i

j=1 e
(n)
j , i ∈ N. Then we have the following:
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Proposition 4.1. Suppose that (e
(n)
i )i≥1, (W

(n)
i )i≥1 and Π(n) are tripled, then at any time

t ≥ 0, we have

n−
N(Λ,n,t)∑
i=0

W
(n)
i ≤ |Π(n)(t)|, (4.11)

where N(Λ, n, t) := card{i|V (n)
i ≤ t}, which is Poisson distributed with parameter gnt and

independent of (W
(n)
i )i≥1. Meanwhile,

E[W
(n)
i ] =

n
∫ 1

0
(1− (1− x)n−1)x−1Λ(dx)

gn
−1, and E[(W

(n)
i )2] =

n(n− 1)
∫ 1

0
Λ(dx)

gn
−E[W

(n)
i ].

(4.12)

Proof. The number of is within [0, t] follows the Poisson distribution with parameter gnt.

Due to the tripling, at any time V
(n)
i with 0 ≤ V

(n)
i ≤ t, the decrease of number of blocks

(i.e. |Π(n)(V
(n)
i −)| − |Π(n)(V

(n)
i )|) of original blocks is less than or equal to W

(n)
i . Hence

we get (4.11). Notice that W
(n)
i

(d)
= X

(n)
1 , then (4.12) is a consequence of two equalities in

(9) with Eq (17) for the first one and p.1007 for the second one.

4.3 Applications to coalescents satisfying condition

(4.4)

4.3.1 Characterization of condition (4.4).

Some notations for this section: Let Λ be a finite measure on [0, 1] and Λ1 = Λ1[0, 1
n

),

Λ2 = Λ1[ 1
n
,1] ; µ(1/y) =

∫ 1

y
x−1Λ(dx), g1/y =

∫ 1

0
(1 − (1 − x)1/y − 1

y
x(1 − x)1/y−1)x−2Λ(dx)

with 0 < y ≤ 1. Notice that the definitions of µ(1/y) and g1/y are consistent with that of
µ(n) and gn when Λ({0}) = 0. For any real number x, let bxc = max{y; y ∈ Z, y ≤ x}
and dxe = min{y; y ∈ Z, y ≥ x}.

Here we are going to prove Theorem 4.1, Theorem 4.2, Corollary 4.1, Corollary 4.2
and Corollary 4.3. Under condition (4.4), we decompose Λ into Λ2 and Λ1. The idea is
to construct Π(n) using measure division construction with noise measure Λ1 and main
measure Λ2. At first, we need to show more details implied by condition (4.4).

Proposition 4.2. The following two assertions are equivalent:
(∗): Λ satisfies condition (4.4);
(∗∗): Λ({0}) = 0 and there exists a càglàd (limit from right, continuous from left)

function f : [0, 1]→ [0, 1], continuous at 0 with f(0) = 0 such that
∫ 1

0
µ(1/x)dx < +∞ and

µ(1/y) =

(∫ 1

0

µ(1/x)dx

)
exp

(∫ 1

y

f(t)

t
dt

)
(1− f(y)), 0 < y ≤ 1. (4.13)
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Proof. Part 1:We first assume that (∗) is true. If Λ satisfies (4.4), then Λ({0}) = 0 due
to Remark 4.1. For µ(n) 6= 0, we have

gn
nµ(n)

=

∫ 1

0
(1− (1− x)n − nx(1− x)n−1)x−2Λ(dx)

nµ(n)
= I

(n)
1 + I

(n)
2 ,

where I
(n)
1 =

∫ 1
1
n

(1−(1−x)n−nx(1−x)n−1)x−2Λ(dx)

nµ(n) , I
(n)
2 =

∫ 1
n

0 (1−(1−x)n−nx(1−x)n−1)x−2Λ(dx)

nµ(n) . Notice

that for n large, using monotone property, we have e−2
2e

∫ 1
1
n
x−2Λ(dx)

nµ(n) ≤ I
(n)
1 ≤

∫ 1
1
n
x−2Λ(dx)

nµ(n) and

1
3

n
∫ 1
n

0 Λ(dx)

µ(n) ≤ I
(n)
2 ≤ n

∫ 1
n

0 Λ(dx)

µ(n) . Hence condition (4.4) is equivalent to

lim
n→+∞

∫ 1
1
n
x−2Λ(dx)

nµ(n)
= 0, and lim

n→+∞

n
∫ 1
n

0
Λ(dx)

µ(n)
= 0,Λ({0}) = 0. (4.14)

Then we deduce that

lim
y→0+

∫ y
0

Λ(dx)

yµ(1/y)
= 0,Λ({0}) = 0. (4.15)

Indeed, for 1/y > 2 and µ(b1/yc) 6= 0, we have∫ y
0

Λ(dx)

yµ(1/y)
=

∫ y
0

Λ(dx)

y
∫ 1

y
x−1Λ(dx)

≤
∫ 1/b1/yc

0
Λ(dx)

1
d1/ye

∫ 1

1/b1/yc x
−1Λ(dx)

=
d1/ye
b1/yc

b1/yc
∫ 1/b1/yc

0
Λ(dx)∫ 1

1/b1/yc x
−1Λ(dx)

y→0+→ 0.

One thing to notice is that lim
y→0+

yµ(1/y) = 0 is true for any finite Λ. In fact, for any positive

number M and yM < 1, we have

yµ(1/y) = y

∫ 1

y

x−1Λ(dx) = y

∫ 1

yM

x−1Λ(dx) + y

∫ yM

y

x−1Λ(dx) ≤
∫ 1

0
Λ(dx)

M
+

∫ yM

y

Λ(dx),

where both terms can be made as small as we want by taking M large enough and y

close enough to 0. Looking into details of
∫ y
0 Λ(dx)

yµ(1/y) when µ(1/y) 6= 0, we have the following

equality, using integration by parts and lim
y→0+

yµ(1/y) = 0,∫ y
0

Λ(dx)

yµ(1/y)
=

∫ y
0
xx−1Λ(dx)

yµ(1/y)
=

∫ y
0
µ(1/x)dx− yµ(1/y+)

yµ(1/y)
, (4.16)

where µ(1/y+) = µ(1/y) − y−1Λ({y}). Due to (4.15), we get that 1 ≥ µ(1/y+)

µ(1/y) = 1− Λ({y})
yµ(1/y) ≥

1−
∫ y
0 Λ(dx)

yµ(1/y) → 1. Therefore, (4.15) and (4.16) give

lim
y→0+

yµ(1/y)∫ y
0
µ(1/x)dx

= 1.
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Notice that
∫ y

0
µ(1/x)dx ≥ yµ(1/y) and µ(1/y) is a càglàd function. Hence there exists a

càglàd function f : [0, 1]→ [0, 1], continuous at 0 with f(0) = 0 such that

yµ(1/y)∫ y
0
µ(1/x)dx

= 1− f(y). (4.17)

Now let G(t) =
∫ t

0
µ(1/x)dx and any derivative is considered as left derivative. Then (4.17)

becomes

(lnG(t))′ =
G(t)′

G(t)
=

1− f(t)

t
.

Using the fundamental theorem of Newton and Leibniz which also works for càglàd func-
tions whose primitive functions take left derivatives, one gets that for 0 < y ≤ 1,

lnG(1)− lnG(y) =

∫ 1

y

(lnG(t))′dt =

∫ 1

y

1− f(t)

t
dt.

Therefore,

G(y) = G(1) exp

(
−
∫ 1

y

1− f(t)

t
dt

)
.

By taking the left derivatives on the both sides and noticing that G(1) =
∫ 1

0
µ(1/x)dx, one

can conclude.
Part 2: We now assume that (∗∗) is true. In the first part, we proved implicitly that

(4.15) is equivalent to the (∗∗). Hence we will use (4.15) to prove (4.14) which is equivalent
to condition (4.4) and only the first convergence in (4.14) is needed to be proved. Let M
be a positive number and M

n
≤ 1, µ(n) 6= 0, then∫ 1

1
n
x−2Λ(dx)

nµ(n)
=

∫ 1

M/n
x−2Λ(dx)

nµ(n)
+

∫M/n
1
n

x−2Λ(dx)

nµ(n)

≤ 1

M
+ 1− µ(n/M)

µ(n)
.

The first term can be made as small as we want by taking M large, and the third term
µ(n/M)

µ(n) = exp(−
∫M/n

1
n

f(x)
x
ds)1−f(M/n)

1−f( 1
n

)
. Let ε > 0 and n large enough such that f(x) ≤ ε on

[0,M/n]. Then µ(n/M)

µ(n) ≥ exp(−ε lnM)(1 − ε), which can be made as close as possible to
1 with ε small enough. Hence we can conclude.

The next corollary is immediate.

Corollary 4.6. If Λ satisfies (4.4), then
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— lim
n→+∞

(µ(n))k

n
= 0,∀k > 0;

— lim
n→+∞

µ(n)

µ(n−M)
= 1, ∀M > 0;

— lim
n→+∞

µ(n)

µ(nε)
= 1,∀0 < ε < 1.

4.3.2 Properties of Π(1,n).

We should next estimate the coalescent process related to the noise measure Λ1 which
serves as a perturbation to the main measure Λ2. At first, one needs a technical result.

Lemma 4.4. We assume that Λ({0}) = 0. Let g
(1)
n =

∫ 1

0
(1−(1−x)n−nx(1−x)n−1)x−2Λ1(dx)

in the spirit of (4.3). Then there exists a positive constant C1 such that for n large enough

g(1)
n ≥ C1n

2

∫ 1
n

0

Λ1(dx). (4.18)

Proof. Let M > 2. We write

g(1)
n =

∫ 1

0

(1− (1− x)n − nx(1− x)n−1)x−2Λ1(dx)

=

∫ 1
n

0

(1− (1− x)n − nx(1− x)n−1)x−2Λ1(dx)

= I1 + I2,

where I1 =
∫ 1
nM

0
(1 − (1 − x)n − nx(1 − x)n−1)x−2Λ1(dx) and I2 =

∫ 1
n
1
nM

(1 − (1 − x)n −
nx(1− x)n−1)x−2Λ1(dx). It is easy to see that for n ≥ 2,

I1 ≥
∫ 1

nM

0

(n(n− 1)− n(n− 1)(n− 2)x)
1

2
Λ1(dx)

≥
∫ 1

nM

0

(n(n− 1)− (n− 1)(n− 2)/M)
1

2
Λ1(dx)

≥ 1

4

∫ 1
nM

0

n2Λ1(dx).

For the second term,

I2 ≥
∫ 1

n

1
nM

(1− (1− 1

nM
)n −

(1− 1
nM

)n−1

M
)n2Λ1(dx).
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Notice that for n large, there exists a positive constant C(M) such that

1− (1− 1

nM
)n −

(1− 1
nM

)n−1

M
≥ C(M) > 0.

Hence I2 ≥ C(M)
∫ 1
n
1
nM

n2Λ1(dx). It suffices to take C1 = min{1
4
, C(M)} to conclude.

The following lemma estimates the coalescent process related to the noise measure Λ1.
Recall that Π(1,n) is the Λ1-coalescent process with Π(1,n)(0) = {{1}, {2}, · · · , {n}}.
Lemma 4.5. Assume that Λ satisfy (4.4). Then for any M > 0, 0 < ε ≤ 1 and n large
enough, we have

P
(
|Π(1,n)(

M

µ(n)
)| ≤ n− nε

)
= o(n−1). (4.19)

Proof. If
∫ 1
n0

0 Λ(dx) = 0 with some n0 > 1, then for any n > n0, Λ1 is the null measure
and hence |Π(1,n)(t)| = n for any t ≥ 0, which proves this lemma. In consequence, one

needs only to consider the case where
∫ 1
n

0
Λ(dx) 6= 0 for any n ≥ 1. We recall g

(1)
n defined

in Lemma 4.4. Let X
(1,n)
1 be the decrease of the number of blocks at the first coalescence

of Π(1,n). Thanks to Proposition 4.1 where we pick up the notations,

n−
N(Λ1,n,

M

µ(n)
)∑

i=1

W
(n)
i ≤ |Π(1,n)(

M

µ(n)
)|,

where N(Λ1, n,
M
µ(n) ) is Poisson distributed with parameter Mg

(1)
n

µ(n) independent of (W
(n)
i )i≥1

which are i.i.d copies of X
(1,n)
1 . Then we have, for n large,

P(|Π(1,n)(
M

µ(n)
)| ≤ n− nε) ≤ P

n− N(Λ1,n,
M

µ(n)
)∑

i=1

W
(n)
i ≤ n− nε


= P

N(Λ1,n,
M

µ(n)
)∑

i=1

W
(n)
i − g

(1)
n M

µ(n)
E[W

(n)
1 ] ≥ nε− g

(1)
n M

µ(n)
E[W

(n)
1 ]


≤ Var(

∑N(Λ1,n,
M

µ(n)
)

i=1 W
(n)
i )

(nε− g
(1)
n M
µ(n) E[W

(n)
1 ])2

=

Mg
(1)
n

µ(n) E[(W
(n)
1 )2]

(nε− g
(1)
n M
µ(n) E[W

(n)
1 ])2

, (4.20)

where the second inequality needs nε− g
(1)
n M
µ(n) E[W

(n)
1 ] > 0 which is justified by the following

calculations: Notice that due to Proposition 4.1 and Lemma 4.4, for n large enough,

E[W
(n)
1 ]+1 ≤

n(n− 1)
∫ 1
n

0
Λ1(dx)

g
(1)
n

≤ 1

C1

;E[(W
(n)
1 )2] ≤

n(n− 1)
∫ 1
n

0
Λ1(dx)

g
(1)
n

≤ 1

C1

, (4.21)
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where C1 is the positive constant in Lemma 4.4.

Notice that (4.4) gives g
(1)
n

nµ(n) ≤ gn
nµ(n) → 0. Then together with (4.21), we have

g
(1)
n M

µ(n)
E[W

(n)
1 ] = o(n),

g
(1)
n M

µ(n)
E[(W

(n)
1 )2] = o(n).

Hence nε− g
(1)
n M
µ(n) E[W

(n)
1 ] � nε. So the inequality (4.20) is justified and one deduces that

P(|Π(Λ1,n)(
M

µ(n)
)| ≤ n− nε) = o(n−1).

Then we conclude (4.19).

4.3.3 Asymptotics of P
(2,m)
t , P

(n,m)
1,2 (t), P

(n,m,k)
1,2 (t), 2 ≤ m ≤ n, t ≥ 0.

These terms are probabilities defined in section 2.3.1, which measure the possibility
to make one or several singletons coalesced in their first marking times within [0, t).

In fact, we will study P
(2,m)
t

µ(n)

, P
(n,m)
1,2 ( t

µ(n) ), P
(n,m,k)
1,2 ( t

µ(n) ), since we want to prove that the

normalization factor of the external branch length is µ(n). We denote by ”�”the stochastic
dominance between two real random variables. The following corollary together with
the remark at the end play an important role in getting the asymptotics of the three
probabilities.

Proposition 4.3. Suppose that Λ satisfies (4.4) and define

P (2,n) := lim
t→∞

P
(2,n)
t =

+∞∑
i=1

E[∆
(2)
i

(
1− (1−∆

(2)
i )n−1

)
].

Then

lim
n→+∞

P (2,n) = 1. (4.22)

Proof. Recall (η
(2)
i )i≥1, (e

(2)
i )i≥1, {∆(2)

i }i≥1 which are associated to Λ2 and defined in sec-

tion 2.3. At first, we remark that
∑+∞

i=1 E[∆
(2)
i ] = 1. One only needs to prove that

lim
n→+∞

+∞∑
i=1

E[∆
(2)
i (1−∆

(2)
i )n−1] = 0. It is easy to see that E[∆

(2)
i (1−∆

(2)
i )n−1] = E[∆̄

(2)
i (1−

∆̄
(2)
i )n−1], where ∆̄

(2)
i = η

(2)
1 Πi

j=2(1− η(2)
j ). It is obvious that (∆̄

(2)
i )i≥1 is a Markov chain.
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For s > 0, we define a stopping time

τs = min{i|∆̄(2)
i ≤ 1/s}

= min{i| −
i∑

j=2

ln(1− η(2)
j ) ≥ ln sη

(2)
1 }

= min{i+ 1| −
i∑

j=1

ln(1− η(2)
j+1) ≥ ln sη

(2)
1 }.

Then we get

+∞∑
i=1

E[∆
(2)
i (1−∆

(2)
i )n−1] = E[

+∞∑
i=1

∆̄
(2)
i (1− ∆̄

(2)
i )n−1]

= E[
τn−1∑
i=1

∆̄
(2)
i (1− ∆̄

(2)
i )n−1 +

+∞∑
i=τn

∆̄
(2)
i (1− ∆̄

(2)
i )n−1]. (4.23)

Notice that x(1 − x)n−1 ≤ 1
n

, if 1
n
≤ x ≤ 1 and x(1 − x)n−1 ≤ x, if 0 ≤ x ≤ 1

n
. Then

(4.23) gives

+∞∑
i=1

E[∆
(2)
i (1−∆

(2)
i )n−1] ≤ E[

τn − 1

n
+

+∞∑
i=τn

∆̄
(2)
i ] ≤ E[

τn − 1

n
] +

1

E[nη
(2)
1 ]

. (4.24)

To calculate E[τn], we use renewal theory. Let µ = E[− ln(1 − η
(2)
1 )]. Depending on

whether µ is finite or not, we separate the discussion into two parts.
Part 1: Assume that µ < +∞. We denote by F (t) the distribution function and f(t)

the density function of − ln(1−η(2)
1 ) and X an independent random variable with density

function 1
µ
(1− F (t))1t≥0. Notice that X depends on n. Let ε > 0, then using integration

by parts,

P(0 ≤ X ≤ ε) =

∫ ε

0

1− F (t)

µ
dt =

ε(1− F (ε))

µ
+

∫ ε
0
tf(t)dt

µ
≥
∫ ε

0
tf(t)dt

µ
. (4.25)

One can write
∫ ε

0
tf(t)dt in another way

∫ ε

0

tf(t)dt =

∫ 1−e−ε
1
n

− ln(1− x)x−2Λ(dx)∫ 1
1
n
x−2Λ(dx)

.



4.3. Applications to coalescents satisfying condition (4.4) 115

Notice that µ =

∫ 1
1
n
− ln(1−x)x−2Λ(dx)∫ 1

1
n
x−2Λ(dx)

< +∞, then for n large enough, there must exist a

large number ε0 > 0 such that for any ε ≥ ε0,

∫ ε

0

tf(t)dt ≥ 1

2

∫ 1
1
n
− ln(1− x)x−2Λ(dx)∫ 1

1
n
x−2Λ(dx)

=
µ

2
.

Now together with (4.25), one gets that for n large enough

P(0 ≤ X ≤ ε) ≥ 1/2, ∀ε ≥ ε0. (4.26)

We fix ε ≥ ε0 and define a new Markov chain (X −
∑i

j=2 ln(1 − η(2)
j ))i≥1 and a stopping

time τ ′s = min{i|X −
∑i

j=1 ln(1− η(2)
j+1) ≥ ln s} for s > 0. It is clear from the definitions

of τs and τ ′s that

E[τ ′
sη

(2)
1

|X = ε] = E[τse−ε − 1].

Then

E[τ ′
nη

(2)
1

] = E[τ ′
nη

(2)
1

10≤X≤ε] + E[τ ′
nη

(2)
1

1X>ε]

≥ P(0 ≤ X ≤ ε)E[τne−ε − 1] + E[τ ′
nη

(2)
1

1X>ε],

which implies that

E[τn exp(−ε)] ≤
E[τ ′

nη
(2)
1

]

P(0 ≤ X ≤ ε)
+ 1. (4.27)

Due to (4.4) and (4.6) in [(15), p.369], we have

E[τ ′s] =
ln s

µ
,∀s ≥ 1.

Notice that η
(2)
1 ≥ 1

n
, hence nη

(2)
1 ≥ 1. Therefore, (4.27) gives

E[τn] ≤
E[τ ′

neεη
(2)
1

]

P(0 ≤ X ≤ ε)
+ 1 =

E[ln(neεη(2))]

µP(0 ≤ X ≤ ε)
+ 1. (4.28)

For any 0 ≤ x < 1, we have − ln(1− x) ≥ x, hence µ ≥ E[η
(2)
1 ]. Then (4.28) implies

E[τn]

n
≤ E[lnnη

(2)
1 ] + ε

E[nη
(2)
1 ]P(0 ≤ X ≤ ε)

+
1

n
. (4.29)
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Using (4.26) and (4.24), it suffices to prove that:

lim
n→+∞

E[nη
(2)
1 ] = +∞, and lim

n→+∞

E[ln(nη
(2)
1 )]

E[nη
(2)
1 ]

= 0.

It is easy to see that, using (4.3), there exists a positive constant C2 such that E[nη
(2)
1 ] =

n
∫ 1

1
n
x−1Λ(dx)

µ̄(n) ≥ C2
nµ(n)

gn
, for any n ≥ 3. Hence E[nη

(2)
1 ] tends to +∞ since Λ satisfies (4.4).

For the second convergence, we fix M > e. Then,

E[ln(nη
(2)
1 )]

E[nη
(2)
1 ]

=
E[ln(nη

(2)
1 )1

nη
(2)
1 ≥M

] + E[ln(nη
(2)
1 )1

nη
(2)
1 <M

]

E[nη
(2)
1 ]

≤
E[ln(nη

(2)
1 )1

nη
(2)
1 ≥M

]

E[nη
(2)
1 ]

+
lnM

E[nη
(2)
1 ]

≤
E[ln(nη

(2)
1 )1

nη
(2)
1 ≥M

]

E[nη
(2)
1 1

nη
(2)
1 ≥M

]
+

lnM

E[nη
(2)
1 ]

≤ lnM

M
+

lnM

E[nη
(2)
1 ]

.

The last inequality is due to the fact that for any x ≥ M > e, we have lnx
x
≤ lnM

M
. Since

M can be chosen as large as we want, lim
n→+∞

E[ln(nη
(2)
1 )]

E[nη
(2)
1 ]

= 0. Hence we can conclude.

Part 2: If µ = +∞. We define (η̄
(2)
i )i≥2 := (1

2
1
η

(2)
i ≥

1
2

+ η
(2)
i 1

η
(2)
i < 1

2

)i≥2 and for s > 0,

τ̄s := min{i+1|
∑i

j=1− ln(1− η̄(2)
j+1) ≥ ln sη

(2)
1 }. Notice that E[− ln(1− η̄(2)

i )] < +∞, then

we return to the first case and get (4.29) by replacing τn by τ̄n and keeping the same η
(2)
1

but with different X (depending on η̄
(2)
i , i ≥ 2). In this setting, P(0 ≤ X ≤ ln 2) = 1. We

see that the closer η̄
(2)
i is to 1, the larger the − ln(1 − η̄(2)

i ) and hence τn � τ̄n. Then we
can conclude.

Remark 4.8. For 0 < ε < 1, we also have

lim
n→+∞

+∞∑
i=1

E[∆
(2)
i (1−∆

(2)
i )n(1−ε)] = 0. (4.30)

The proof is all the same. The only thing different is that in place of (4.24), we have∑+∞
i=1 E[∆

(2)
i (1−∆

(2)
i )n(1−ε)] ≤ CE[ τn−1

n
+
∑+∞

i=τn
∆̄

(2)
i ], with C larger than 1 and depends

on ε.
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Now we can start to study at first P
(2,n)
t

µ(n)

.

Corollary 4.7.
lim
t→+∞

lim inf
n→+∞

P
(2,n)
t

µ(n)

= 1. (4.31)

Proof. Recall that {e(2)
i }i≥n are i.i.d exponential variables with parameter

∫ 1

0
x−2Λ2(dx) =

µ̄(n), as defined in section 2.3. Let τn(t) = max{j :
∑j

i=1 e
(2)
i ≤ t

µ(n)}. Then

P
(2,n)
t

µ(n)

= E[

τn(t)∑
i=1

∆
(2)
i −

τn(t)∑
i=1

∆
(2)
i (1−∆

(2)
i )n−1]. (4.32)

Due to Proposition 4.3, we have

lim
n→+∞

E[

τn(t)∑
i=1

∆
(2)
i (1−∆

(2)
i )n−1] ≤ lim

n→+∞
E[

+∞∑
i=1

∆
(2)
i (1−∆

(2)
i )n−1] = 0.

Then it suffices to prove that

lim
t→+∞

lim inf
n→+∞

E[

τn(t)∑
i=1

∆
(2)
i ] = 1. (4.33)

Let Ej = µ̄(n)
∑j

i=1 e
(2)
i , which is the sum of j i.i.d unit exponential variables. Let In =

µ̄(n)/µ(n). Then

τn(t) = max{j : Ej ≤ tIn}.

For any fixed 0 < β < 1,

P
(
τn(t) ∈ [0, βtIn)

⋃
(tIn/β,+∞)

)
= P(EdβtIne ≥ tIn) + P(EbtIn/βc ≤ tIn) = o((tIn)−1), (4.34)

where the last equality is a large deviation result (for example, see Theorem 1.4 of (10)).

Notice that τn(t) is independent of {∆(2)
i }i≥1, so

E[

τn(t)∑
i=1

∆
(2)
i ] = E[1− (1− 1/In)τn(t)+1]

= E[1− (1− 1/In)τn(t)+11tInβ≤τn(t)≤tIn/β] + o((tIn)−1)

≥ E[1− (1− 1/In)tInβ1tInβ≤τn(t)≤tIn/β] + o((tIn)−1).
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Notice that In ≥ 1 and the term at the right of the above inequality satisfies

lim
t→+∞

lim inf
n→+∞

E[1− (1− 1/In)tInβ1tInβ≤τn(t)≤tIn/β] + o((tIn)−1) = 1

Then we can conclude (4.33).

Remark 4.9. For 0 < ε < 1, we also have

lim
t→+∞

lim inf
n→+∞

P
(2,dn−nεe)
t

µ(n)

= 1. (4.35)

To prove this, in the proof of this corollary, one should replace (4.32) by

P
(2,n)
t

µ(n)

= E[

τn(t)∑
i=1

∆
(2)
i −

τn(t)∑
i=1

∆
(2)
i (1−∆

(2)
i )dn−nεe−1].

The first term satisfies (4.33). For the second term, using (4.30), we get

lim
n→+∞

E[

τn(t)∑
i=1

∆
(2)
i (1−∆

(2)
i )dn−nεe−1] = 0.

Then (4.35) is proved.

The next corollary is straightforward using (4.8), (4.9) and (4.35).

Corollary 4.8. For any 0 < ε < 1,

lim
t→+∞

lim inf
n→+∞

P
(n,dn−nεe,k)
1,2 (

t

µ(n)
) = 1, lim

t→+∞
lim inf
n→+∞

P
(n,dn−nεe)
1,2 (

t

µ(n)
) = 1,

4.3.4 Proofs of main results.

Proof of Theorem 4.1

Proof. Fix t > 0 and 0 < ε < 1. Considering the measure division construction for
two-type Λ-coalescents, let Π be the path of Π(1,n) chosen at the step 0 and define the
event

E ′ := {|Π(
t

µ(n)
)| ≥ n− nε}

⋂
{{1} ∈ Π(

t

µ(n)
)}.

Recall that {|Π(1,n)( t
µ(n) )| ≥ n − nε} implies that there are at least n − d2nεe singletons

at time t
µ(n) . For n large enough, using the exchangeability property, we have P(E ′) ≥

n−d2nεe
n

(1 − κn(t)), where κn(t) = P(|Π(1,n)( t
µ(n) )| < n − nε) and κn(t) = o(n−1) due to
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(4.19) . For ε small enough and n large enough, we have P(E ′) as close as we want to 1.
We define another event

E ′′ := {{1} is coalesced at its first marking time within [0, t).}

Then due to (4.8) and P
(2,m)
t is increasing on m, we get

P(E ′′|E ′) ≥ P
(2,dn−nεe)
t

µ(n)

. (4.36)

Let 0 < t1 < t,

P(T
(n)
1 ≥ t1

µ(n)
) = P(T

(n)
1 ≥ t1

µ(n)
, E ′

⋂
E ′′) + P(T

(n)
1 ≥ t1

µ(n)
, (E ′

⋂
E ′′)c)

= P(L
(2,n)
1 ≥ t1

µ(n)
, E ′

⋂
E ′′) + P(T

(n)
1 ≥ t1

µ(n)
, (E ′

⋂
E ′′)c). (4.37)

Corollary 4.5 tells that P(L
(2,n)
1 ≥ t1

µ(n) |E ′) = exp(−t1) and it has been proved that P(E ′∩
E ′′) = P(E ′)P(E ′′|E ′) can be made as close as possible to 1 by taking ε small enough and
t large enough and n tending to +∞. Hence the first term of (4.37) can be made as close
as we want to exp(−t1) and the second term is close to 0. Then we can conclude.

Proof of Theorem 4.2

Proof. We prove instead for k ∈ N:

µ(n)(T
(n)
1 , T

(n)
2 , · · · , T (n)

k )
(d)→ (e1, e2, · · · , ek), (4.38)

which is equivalent to (4.6) (see [(3), p.19]). We will give the proof for k = 2 and leave
the easy extension to readers. The proof is similar to that of Theorem 4.1. Let Π be the
path of Π(1,n) chosen at step 0. Let t > 0, 0 < ε < 1 and define the event

F ′ := {|Π(
t

µ(n)
)| ≥ n− nε}

⋂
{{1}, {2} ∈ Π(

t

µ(n)
)}.

Using the same arguments, we get P(F ′) ≥ (n−d2nεe2 )
(n2)

(1− κn(t)). We then define the event

F ′′ := {{1}, {2} are both coalesced at their first marking times within [0, t).}

Then due to (4.9) and P
(2,m)
t is increasing on m, we get

P (F ′′|F ′) ≥ 1− 2(1− P (2,dn−nεe)
t

µ(n)

),
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which is as close as possible to 1 for t large and n tending to +∞.
Let 0 ≤ t1, t2 ≤ t. Then

P(T
(n)
1 ≥ t1

µ(n)
, T

(n)
2 ≥ t2

µ(n)
)

= P(T
(n)
1 ≥ t1

µ(n)
, T

(n)
2 ≥ t2

µ(n)
, F ′

⋂
F ′′) + P(T

(n)
1 ≥ t1

µ(n)
, T

(n)
2 ≥ t2

µ(n)
, (F ′

⋂
F ′′)c)

= P(L
(2,n)
1 ≥ t1

µ(n)
, L

(2,n)
2 ≥ t2

µ(n)
, F ′

⋂
F ′′) + P(T

(n)
1 ≥ t1

µ(n)
, T

(n)
2 ≥ t2

µ(n)
, (F ′

⋂
F ′′)c).

(4.39)

As shown that P((F ′∩F ′′)) can be made as close as possible to 1 by taking t large enough
and ε small enough, tending n to +∞. Then the second term in (4.39) is close to 0. Using
Corollary 4.5, the first term is as close as possible to e−t1−t2 by tending n to +∞ with t
large enough. Then we can conclude.

Proof of Corollary 4.1

Proof. We prove at first the case of one external branch length. We seek to prove the
uniform integrability of {(µ(n)T

(n)
1 )k, n ≥ 2} for any k ≥ 0. One needs only to show

that for any fixed k ∈ N, sup{E[(µ(n)T
(n)
1 )k]|n ≥ 2} < +∞ (see Lemma 4.11 of (21)

and Problem 14 in section 8.3 of (7)). Let M > 0, 0 < ε < 1, βn = |Π(n)( M
µ(n) )| and

n0 = min{i|µ(i) > 0}. To avoid invalid calculations, we set µ(n) = 1 if n < n0. Using the
Markov property, we have

T
(n)
1 � M

µ(n)
+ T̄

(βn)
1 1

T
(n)
1 ≥ M

µ(n)

,

where T̄
(n)
1

(d)
= T

(n)
1 , n ≥ 2 and conditional on βn, T̄

(βn)
1 is independent of 1

T
(n)
1 ≥ M

µ(n)

. Then

for nε ≥ n0,

E[(µ(n)T
(n)
1 )k] ≤ E[(M + µ(n)T̄

(βn)
1 1

µ(n)T
(n)
1 >M

)k] ≤ (2M)k + E[(2µ(n)T̄
(βn)
1 1

µ(n)T
(n)
1 >M

)k]

≤ (2M)k + (E[2µ(n)T̄
(n)
1 1βn=n])k] + E[(2µ(n)T̄

(βn)
1 1

µ(n)T
(n)
1 >M,nε≤βn≤n−1

)k]

+ E[(2µ(n)T̄
(βn)
1 1

µ(n)T
(n)
1 >M,βn<nε

)k]

≤ (2M)k + exp(−Mgn
µ(n)

)E[(2µ(n)T̄
(n)
1 )k]

+ P(µ(n)T
(n)
1 > M)(2

µ(n)

µ(nε)
)k max{E[(µ(j)T̄

(j)
1 )k]|j ∈ [nε, n− 1]}

+ P(βn < nε)E[
βn
n

(2
µ(n)

µ(βn)
)k(µ(βn)T̄

(βn)
1 )k|βn < nε], (4.40)
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where exp(−Mgn
µ(n) ) in the second term at right of the last inequality is the probability for

no coalescence within [0, M
µ(n) ]. The third term is due to the fact that µ(n) is an increasing

function of n when n ≥ n0. The fourth term is due to exchangeability which says that
the probability for {1} not to have coalesced at M

µ(n) when there exist only βn blocks

is less than βn
n
. One needs the following three estimates to prove the boundedness of

(E[(µ(n)T
(n)
1 )k])n≥2.

— Estimation of exp(−Mgn
µ(n) )2k : Notice that for n ≥ n0,

gn
µ(n)

=

∫ 1

0
(1− (1− x)n − nx(1− x)n−1)x−2Λ(dx)∫ 1

1
n
x−1Λ(dx)

≥

∫ 1
1
n
(1− (1− x)n − nx(1− x)n−1)x−2Λ(dx)∫ 1

1
n
x−1Λ(dx)

≥ e− 2

e
.

And if 2 ≤ n < n0, we have exp(−Mgn
µ(n) ) = exp(−Mgn)

M→+∞→ 0. Hence if M is
large enough, we have, for any n ≥ 2,

exp(−Mgn
µ(n)

)2k ≤ 1

4
. (4.41)

— Estimation of P(µ(n)T
(n)
1 > M)(2 µ(n)

µ(nε) )
k : Due to Corollary 4.6, we get lim

n→+∞

µ(n)

µ(nε)
=

1, and Theorem 4.1 gives lim
n→+∞

P(µ(n)T
(n)
1 > M) = exp(−M). Hence by taking M

large enough, we have for any n ≥ 2,

P(µ(n)T
(n)
1 > M)(2

µ(n)

µ(nε)
)k ≤ 1

4
. (4.42)

— Estimation of βn
n

(2 µ(n)

µ(βn) )
k, βn < nε : Using the notations in Proposition 4.2, for

βn ≥ n0, we have

µ(n)

µ(βn)
= exp(

∫ 1
βn

1
n

f(x)

x
dx)

1− f( 1
n
)

1− f( 1
βn

)
. (4.43)

Let n1 > n0 such that for any n ≥ n1, we have f( 1
n
) ≤ 1

2k
. Hence for any a, b ≥ n1,

1−f(a)
1−f(b)

≤ 2. This n1 can be found since f( 1
n
) tends to 0 as n tends to +∞. Thus

(4.43) implies, for βn ≥ n1,

µ(n)

µ(βn)
≤ 2(

n

βn
)

1
2k .
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Hence if n1 ≤ βn < nε and ε ≤ 4−2k−2,

βn
n

(2
µ(n)

µ(βn)
)k ≤ 4k(

βn
n

)1/2 < 4k(ε)1/2 ≤ 1

4
.

If βn < n1, due to Corollary 4.6, one could find a large number n2 such that n2 > n1

and for any n ≥ n2

βn
n

(2
µ(n)

µ(βn)
)k ≤ 1

4
.

In total, if n ≥ n2 and βn < nε, then

βn
n

(2
µ(n)

µ(βn)
)k ≤ 1

4
. (4.44)

Using (4.40), (4.41), (4.42) and (4.44), we get

E[(µ(n)T
(n)
1 )k] ≤ 4

3
(2M)k +

1

3
max{E[(µ(j)T̄

(j)
1 )k]|j ∈ [nε, n− 1]}+

1

3
E[(µ(βn)T̄

(βn)
1 )k|βn < nε]

≤ 4

3
(2M)k +

2

3
max{E[(µ(j)T̄

(j)
1 )k]|j ≤ n− 1}. (4.45)

The above inequality is valid for a large M , ε = 4−2k−2 and n ≥ n2. Let C3 ≥
max{E[(µ(j)T

(j)
1 )k], 4(2M)k|2 ≤ j < n2}, then for any n ≥ 2, C3 ≥ E[(µ(n)T

(n)
1 )k] us-

ing (4.45). Then we can conclude.
The case of multiple external branch lengths is merely a consequence of the case of one

external branch length, the Cauchy-Schwarz inequality and also a uniform integrability
argument.

Proof of Corollary 4.2

Proof. Notice that {T (n)
i }1≤i≤n are exchangeable. Hence Corollary 4.1 shows that

lim
n→+∞

E[µ(n)L
(n)
ext/n] = lim

n→+∞
E[µ(n)(T

(n)
1 + T

(n)
2 + · · ·+ T (n)

n )/n] = lim
n→+∞

E[µ(n)T
(n)
1 ] = 1,

and

lim
n→+∞

Var(µ(n)L
(n)
ext/n) = lim

n→+∞

E[n(µ(n)T
(n)
i )2] + n(n− 1)E[(µ(n))2T

(n)
1 T

(n)
2 ]− n2(E[µ(n)T

(n)
1 ])2

n2

= lim
n→+∞

Var(µ(n)T
(n)
1 ) + (n− 1)cov(µ(n)T

(n)
1 , µ(n)T

(n)
2 )

n
= 0.

Hence µ(n)L
(n)
ext/n converges in L2 to 1.
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Before proving Corollary 4.3, we study at first a problem of sensibility of a recurrence
satisfied by (E[T

(n)
1 ])n≥2. More precisely, if an = E[T

(n)
1 ], then an satisfies a recurrence

(see (11)): a1 = 0, and for n ≥ 2, we have

an = cn +
n−1∑
k=1

pn,k
k − 1

n
ak, (4.46)

where (cn)n≥2 = ( 1
gn

)n≥2 and pn,k is defined in (4.2). Due to Corollary 4.1, we have

lim
n→+∞

µ(n)an = 1. The question is as follows: what is the limit behavior of an if we set

initially the values of (ai)1≤i≤n0 with n0 ≥ 1 without using (4.46) and replace cn by
c′n = 1

gn
+ o( 1

gn
)? It is answered in the next lemma.

Lemma 4.6. Let n0 ≥ 1 and (a′i)1≤i≤n0 be n0 real numbers. For n > n0, let

a′n = c′n +
n−1∑
k=1

pn,k
k − 1

n
a′k, (4.47)

where (c′n)n>n0 is a sequence which satisfies c′n = 1
gn

+ o( 1
gn

). Then

lim
n→+∞

µ(n)a′n = 1.

Proof. We fix ε > 0 and let nε > n0 such that c′n ≤ 1+ε
gn

for n > nε. We set M =

max{|a′i|, ai|1 ≤ i ≤ nε}.
Let us at first look at (4.46) which has the following interpretation using random

walk: A walker stands initially at point n, then after time cn, he jumps to point k1 with
probability pn,k1 , then after time k1−1

n
ck1 , he jumps to k2 with probability pk1,k2 , and then

after time (k1−1)(k2−1)
nk1

ck2 , he jumps to the next point, etc. If he falls at point 1, then this
walk is finished. It is easy to see that an is the expectation of the total walking time. One
notices that there is a scaling effect on the walking time. More precisely, let l ≥ 1 and
n = k0 > k1 > · · · > kl ≥ 1 such that the walker jumps from ki to ki+1 for 0 ≤ i ≤ l − 1.

Then conditional on this walking history, the remaining walking time is
(

Πl−1
i=0

ki+1−1
ki

)
akl .

The recurrence (4.47) has the same interpretation. The difference is that one should
stop the walker when he arrives at a point i within [1, n0] and one adds a scaled value of
a′i to the walking time (notice that a′i can be negative). To estimate a′n, we use a Markov
chain (Wi)i≥0 to couple the jumping structures of (4.46) and (4.47) : W0 = n,

— If Wi = k with k ≥ nε, then Wi+1 = k′ with probability pk,k′ , where 1 ≤ k′ ≤
k − 1;

— If Wi < nε, then we set Wj = Wi for any j ≥ i+ 1.
Notice that the jumping dynamics of both recurrences is characterized by (Wi)i≥0 until
arriving at a point within [1, nε]. And we also see that (Wi)i≥0 is the discrete time Markov
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chain related to the block counting process |Π(n)| stopped at the first time arriving within
[1, nε].

Let ςn = min{i|Wi = Wi+1} , Cςn = Πςn−1
i=0

Wi+1−1
Wi

and Tςn is set to be the time to ςn of
the random walk related to (4.46) and T ′ςn be the corresponding time related to (4.47).

By the scaling effect of Cςn on the walking time, we get

an = E[Tςn + CςnaWςn
], a′n = E[T ′ςn + Cςna

′
Wςn

].

Due to the definitions of M,nε, we obtain

an−ME[Cςn ] ≤ E[Tςn ] ≤ an; a′n−ME[Cςn ] ≤ E[T ′ςn ] ≤ a′n+ME[Cςn ]; E[T ′ςn ] ≤ (1+ε)E[Tςn ].

Notice that E[Cςn ] ≤ nε
n

and due to Corollary 4.6, we have lim
n→+∞

Mµ(n)

n
= 0. Hence

lim
n→+∞

ME[Cςn ]µ(n) = 0. Then we can conclude that for n large, a′n ≤ (1 + 2ε)an. In the

same way, we can prove also a′n ≥ (1− 2ε′)an for another small positive number ε′ with n
large enough. Then we can deduce the lemma.

Proof of Corollary 4.3

Proof. Let bn = E[µ(n)L
(n)
total/n]. Then looking at the first coalescence of the process Π(n),

we have,

b1 = 0; bn =
µ(n)

gn
+

n−1∑
k=1

pn,k
kµ(n)

nµ(k)
bk, n ≥ 2. (4.48)

If for some k, µ(k) = 0, then we set µ(k) = 1 to avoid invalid calculations. To use Lemma
4.6, we write (4.48) as:

b1 = 0; bn =
µ(n)

gn
+

n−1∑
k=1

pn,k
µ(n)

nµ(k)
bk +

n−1∑
k=1

pn,k
(k − 1)µ(n)

nµ(k)
bk, n ≥ 2. (4.49)

We at first prove that
∑n−1

k=1 pn,k
µ(n)

nµ(k) = o(µ
(n)

gn
). Indeed, due to (4.12), let a =

∫ 1

0
(1− (1−

x)n−1)x−1Λ(dx) and M > 0, then

P(X
(n)
1 ≥Ma) ≤ E[X

(n)
1 ]

Ma
≤ n

Mgn
. (4.50)

Using Corollary 4.6, we have lim sup
n→+∞

a

n
≤ lim

n→+∞

∫ 1
n

0
(n− 1)Λ(dx) + µ(n)

n
= 0, lim

n→+∞

µ(n)

µ(n−Ma)
=
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1. Then for n large enough,

n−1∑
k=1

pn,k
µ(n)

nµ(k)
=

bn−Mac∑
k=1

pn,k
µ(n)

nµ(k)
+

n−1∑
k=bn−Mac+1

pn,k
µ(n)

nµ(k)

≤ P(X
(n)
1 ≥Ma)E[

µ(n)

nµ(n−X(n)
1 )
|X(n)

1 ≥Ma] +
µ(n)

µ(n−Ma)n

≤ µ(n)

Mgn
max{ 1

µ(k)
|1 ≤ k ≤ n}+

µ(n)

µ(n−Ma)n
,

where the first term at the right of the the last inequality is due to (4.50) and can be

made as small as we want w.r.t µ(n)

gn
when M is large enough. Notice that n−1 = o(µ

(n)

gn
)

due to (4.4). Then the second term µ(n)

µ(n−Ma)n
= o(µ

(n)

gn
) using also lim

n→+∞

µ(n)

µ(n−Ma)
= 1. Then∑n−1

k=1 pn,k
µ(n)

nµ(k) = o(µ
(n)

gn
).

We now only need to prove that (bk)k≥2 are bounded, since in this case,
∑n−1

k=1 pn,k
µ(n)

nµ(k) bk =

o(µ
(n)

gn
) and we apply Lemma 4.6 to (4.49). We construct another recurrence:

b′1 = 0; b′n =
Cµ(n)

gn
+

n−1∑
k=1

pn,k
(k − 1)µ(n)

nµ(k)
b′k, n ≥ 2. (4.51)

where C is a positive number. If C = 1, this is exactly a transformation of the recurrence
(4.46). Let M ′(C) = sup{b′n|n ≥ 1}. Then it is easy to see that M ′(C) = CM ′(1). Let

n0 ≥ 1, such that for n ≥ n0, we have
∑n−1

k=1 pn,k
µ(n)

nµ(k)M
′(1) ≤ 1

2
µ(n)

gn
. Then for C ≥ 2, n ≥

n0,

µ(n)

gn
+

n−1∑
k=1

pn,k
µ(n)

nµ(k)
M ′(C) ≤ Cµ(n)

gn
. (4.52)

For 2 ≤ n < n0, we set C large enough such that

µ(n)

gn
+

n−1∑
k=1

pn,k
µ(n)

nµ(k)
max{bi|1 ≤ i < n0} ≤

Cµ(n)

gn
. (4.53)

Comparing the coefficients and initial values of recurrences (4.49) and (4.51) using
(4.52) and (4.53), we deduce that bn ≤ b′n ≤M ′(C). Hence we can conclude.
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5.1 Introduction and main results

Coalescent theory was initiated by Kingman ((24; 25; 26)) to model the genealogi-
cal tree of a sample of n individuals of a certain population. The so-called Kingman
n-coalescent is a continuous-time Markov chain taking values in Pn, the set of parti-
tions of Nn = {1, 2, · · · , n}. It starts from n singletons {1}, {2}, · · · , {n} representing
n individuals (or lineages) and at any time, each couple of blocks merges (or coalesces)
independently into one block at rate 1. The process reaches almost surely in finite time
the absorbing state {1, 2, · · · , n} which is called MRCA (most recent common ancestor).
Kingman showed that the genealogy of a sample of size n in a population evolving accord-
ing to the Cannings population model of size N converges in the sense of finite dimensional
distribution to the Kingman n-coalescent when N goes to ∞, under some assumptions
over the reproduction law in the Cannings model. Roughly speaking, it is required that
one individual in the population should not have a lot of progenies so that its children oc-
cupy a large ratio of the next generation. This assumption happens to fail in some marine
species (see (20), (16), (9), (1)). To model this phenomenon, Pitman ((28)) and Sagitov
((30)) introduced at the same time the Λ n-coalescent, denoted by Π(n) = (Π(n)(t), t ≥ 0).
It is characterized by a finite measure Λ on [0, 1].

The process Π(n) is still a continuous-time Markov chain starting from {1}, {2}, · · · , {n},
but with the following dynamics: at any time t ≥ 0, if Π(n)(t) has b blocks (b ≥ 2), then
each k-tuple (2 ≤ k ≤ b) of blocks coalesces together into one at rate

λb,k :=

∫ 1

0

xk−2(1− x)b−kΛ(dx). (5.1)

As a consequence, the rate to the next coalescence is

gb :=
b∑

k=2

(
b

k

)
λb,k. (5.2)

In particular, the Kingman n-coalescent is a special Λ n-coalescent with Λ being the Dirac
measure at 0.

Definition (5.1) is a reformulation of two properties of the process Π(n) (see (28)). The
first one is exchangeability. Let ρn be a permutation of Nn. The map ρn induces naturally
a map ρ̄n on Pn. Then we have

ρ̄n ◦ Π(n) (d)
= Π(n).

The second one is consistency. For any 2 ≤ m ≤ n, let %n,m be the natural restriction
from Nn to Nm and %̄n,m the induced map from Pn to Pm. Then

%̄n,m ◦ Π(n) (d)
= Π(m).
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These two properties also imply that one can build a projective limit process, the so-called
Λ-coalescent, denoted by Π = (Π(t), t ≥ 0), taking values in the set P of partitions of N.
For any restriction %n from N to Nn and its induced map %̄n from P to Pn,

%̄n ◦ Π
(d)
= Π(n).

The Beta(2 − α, α)-coalescent with 0 < α < 2 is a special and important example of
Λ-coalescents. In this case, Λ is the Beta measure with parameters 2−α and α. If α tends
to 2, then the limit process obtained is the Kingman coalescent. If α = 1, the process
obtained is the celebrated Bolthausen-Sznitman coalescent ((8)). This article deals with
the case 1 < α < 2 and, for the sake of simplicity, we will refer to Beta(2−α, α)-coalescent
as Beta-coalescent. This class of coalescent processes was introduced by Schweinsberg
((32)) and deeply studied in (2),(3). In particular, in (3), many results on the small-time
behavior of various functionals of the Beta-coalescent are discovered. Meanwhile, many
asymptotic studies, motivated by biology, have been developed for the Beta n-coalescent
(see for example (12), (22), (13), (11)) , when n goes to ∞.

In this paper, we aim to study more asymptotic results on some functionals of the
Beta n-coalescent with 1 < α < 2 when n grows to ∞. We denote

A ∼ B,

if A
B

tends deterministically or randomly to 1 in the limit, depending on different contexts.

Here A,B can be functions, sequences of real values, random variables. Denote by
a.s.→ the

almost sure convergence and by
P→ the convergence in probability.

The length of the external branch of individual i, also called unicity of individual i by
biologists ((29)), is denoted by T

(n)
i . It is the coalescence time of {i}, defined as follows

T
(n)
i := sup{t : {i} ∈ Π(n)(t)}.

The length of a randomly chosen external branch provides a measure of the genetic vari-
ation of the population since it gives some information on the “distance” of an individual
to the rest of the sample. Exchangeability of the coalescent implies that

T
(n)
i

(d)
= T

(n)
1 , 1 ≤ i ≤ n.

The law of T
(n)
1 has interested many people since the first article (7) dealing with the

Kingman coalescent case. We give a short survey of results already discovered.
— Kingman: nT

(n)
1 converges in distribution to a random variable with density 8

(2+t)3 1t≥0

((7),(10)).

— Beta-coalescent with 1 < α < 2: nα−1T
(n)
1

(d)−→ T , where T is a random variable
with density function fT :

fT (t) =
1

(α− 1)Γ(α)
(1 +

t

αΓ(α)
)−

α
α−1
−11t≥0. (5.3)

(see (13) where the result is stated in a more general case).
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— lim
n→∞

gn
nµ(n)

= 0 where gn is defined in (5.2) and µ(n) =
∫ 1

1/n
x−1Λ(dx) : µ(n)T

(n)
1 is

asymptotically distributed as an exponential random variable with mean 1 ((34)).
This class of processes contains Beta-coalescents with 0 < α < 1 (see also (28),
(27), (19) for other proofs) and the Bolthausen-Sznitman coalescent (see also (14),
(17) for other proofs).

In this paper, we prove the following

Theorem 5.1. Consider a Beta n-coalescent with 1 < α < 2. For any fixed k ∈ N, as
n→∞,

nα−1(T
(n)
1 , · · · , T (n)

k )
(d)−→ (T1, · · · , Tk), (5.4)

where (Ti, i ∈ N) are i.i.d. copies of T with density (5.3).

A similar result has been proved for Bolthausen-Sznitman coalescent ((14)), but the

asymptotic independence is not true for coalescents satisfying
∫ 1

0
x−1Λ(dx) <∞ ((27)).

Let K(n) = (K(n)(t), t ≥ 0) denote the block-counting process of Π(n), i.e., K(n)(t)
stands for the number of blocks of the partition Π(n)(t) for t ≥ 0. Define

Q(n) := K(n)((T
(n)
1 )−)−K(n)(T

(n)
1 ) + 1,

where (T
(n)
1 )− is the time just prior to T

(n)
1 . In other words, Q(n) is the number of blocks

involved in the coalescence event of {1} in Π(n).

Theorem 5.2. Consider a Beta n-coalescent with 1 < α < 2. Q(n) converges in law to a
random variable Q taking values in {2, 3, · · · } such that for any k ≥ 2

qk := P(Q = k) =
(α− 1)Γ(k − α)

Γ(k)Γ(2− α)
. (5.5)

Furthermore, Q(n) and T
(n)
1 are asymptotically independent.

It is interesting to relate this result with the asymptotics of the size of the first jump
of the block-counting process of the n-coalescent. Let τ

(n)
1 be the time of the first jump

of the process. The limit law of n − K(n)(τ
(n)
1 ) = K(n)(0) − K(n)(τ

(n)
1 ) is given by (11)

in (12), see also (22) and (23). It is worth noting that the random variable Q is the
size-biased version of this limit variable. This phenomenon is not surprising though. It
can be coarsely explained by the fact that big jumps are more likely to involve the block
{1} than small ones.

In the Kingman coalescent, Q(n) = Q = 2 almost surely. The following proposition
shows that, for Λ-coalescents satisfying

∫
[0,1]

x−1Λ(dx) <∞, Q(n) converges in probability
to infinity.

Proposition 5.1. Consider a Λ n-coalescent with the characteristic measure satisfying∫ 1

0
x−1Λ(dx) <∞, then Q(n) converges in probability to infinity.
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The above proposition is even true in the Bolthausen-Sznitman coalescent case (see
Remark 5.4).

A quantity of interest in biology is the minimal clade size. It is the size of the minimal
clade of a randomly chosen individual (or of the individual 1, considered in this paper).
The minimal clade is the block that contains 1 at the time {1} is coalesced. The size of
the minimal clade tells how many individuals share the genealogy with individual 1 after
time T

(n)
1 . Let us denote the minimal clade size by Y (n). In the Kingman case, Blum and

François ((7)) showed that

P(Y (n) = k) =
4

(k + 1)k(k − 1)
, k = 2, · · · , n− 1; P(Y (n) = n) =

2

n(n− 1)
.

Freund and Siri-Jégousse (18) studied the case of the Bolthausen-Sznitman coalescent. In
this case

lnY (n)

lnn

(d)−→ U[0,1],

where U[0,1] is a uniform variable over [0, 1]. Asymptotics of moments were also found.
We state out our result by at first giving some notations.
— Let µ be Slack’s probability distribution on [0,∞) (see (33)) characterized by its

Laplace transform

Lµ(λ) =

∫ ∞
0

e−λxµ(dx) = 1− (1 + λ1−α)−
1

α−1 , λ ≥ 0. (5.6)

— Define a 1-parameter family of laws (not a process) (β(t), t ≥ 0) such that for any
k ≥ 1

P(β(t) = k) =
1

Γ(k)

(
t

αΓ(α)

) k−1
α−1
∫ ∞

0

e−x(
t

αΓ(α))
1

α−1

xkµ(dx). (5.7)

The following result could be regarded as a consequence of Theorem 5.2.

Theorem 5.3. Consider a Beta n-coalescent with 1 < α < 2. Let (βi(t), t ≥ 0)i≥1 be
i.i.d. copies of (β(t), t ≥ 0) and Q, T be random variables defined respectively in (5.5)
and (5.3). Assume that (βi(t), t ≥ 0)i≥1, Q, T are all independent. Then

Y (n) (d)−→ Y = 1 +

Q−1∑
i=1

βi(T ). (5.8)

The independence among (βi(t), t ≥ 0)i≥1, Q, T allows to express the law of Y as follows:
for any l ≥ 2,

P(Y = l) =

∫ ∞
0

l∑
k=2

qk
∑

i1+···+ik−1=l−1

(
Πk−1
j=1P(β(t) = ij)

)
fT (t)dt.
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Next, we establish a close relation between the random variable Q and the family
(β(t), t ≥ 0). Notice that lim

t→0+
P(β(t) = 1) = 1.

Proposition 5.2. 1) For any k ≥ 2,

qk = (α− 1)Γ(α) lim
t→0+

P(β(t) = k)

t
. (5.9)

2) The Laplace transform of Q is

E[e−λQ] = lim
t→0+

E[(α− 1)Γ(α)
e−λβ(t)1β(t)≥2

t
] = e−λ

(
1− (1− e−λ)α−1

)
(5.10)

for any λ ≥ 0.

The law of Y looks quite complicated, which may harm the applicability of the result.
However the clarification given below could at some point improve the situation.

Corollary 5.1. If k tends to ∞, one has P(Y > k) ∼
∫∞
0 tα−1fT (t)dt

((α−1)Γ(α))α−1Γ(1−(α−1)2)
k−(α−1)2

.

If α goes to 1, k−(α−1)2
goes to 1. This is consistent with the Bolthausen-Sznitman

case where Y = ∞ almost surely. If α tends to 2, k−(α−1)2
goes to k−1. This is in fact

not consistent with the law of Y in the Kingman case. The corollary reveals some kind
of “discontinuity” between the Beta-coalescent and the Kingman coalescent.

The size of the block containing one specific integer evolves in an increasing way at
different speed. It is clear that at time (T

(n)
1 )− the block containing 1 is still of size 1 while

other blocks could have grown quite a lot. One way to measure this speed is to consider
the size of the largest block at time T

(n)
1 . We denote this variable by W̃ (n). The bigger

W̃ (n) is, the more inhomogeneous the speed is. To study W̃ (n), we first consider the size
of the largest block at any time t, denoted by W (n)(t). In this way, we have

W̃ (n) = W (n)(T
(n)
1 ).

Theorem 5.4. Consider a Beta n-coalescent with 1 < α < 2,

W (n)((α− 1)αΓ(α)n1−αt)

n
1
α

(d)−→ W (t), (5.11)

where W (t) is a positive random variable with a type-2 Gumbel law, i.e., for any x ≥ 0,

P(W (t) ≤ x) = e−x
−α (α−1)t

Γ(2−α) .

The methodology employed to prove the above theorem is similar to that used in the
proof of Proposition 1.6 in (3), although there are some small differences.

The following result about W̃ (n) happens to be a straightforward consequence of the
above theorem.
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Corollary 5.2. As n tends to ∞,

W̃ (n)

n
1
α

(d)−→ W̃ , (5.12)

where W̃ is a positive random variable such that for any x ≥ 0,

P(W̃ ≤ x) =

∫ ∞
0

e−x
−α t

αΓ(α)Γ(2−α)fT (t)dt.

This paper is organized as follows. In Section 2, we study external branch lengths
and the block-counting process in small time and prove Theorem 5.1. In Section 3, we
focus on the way of coalescing an external branch and prove Theorem 5.2, Proposition
5.1, Theorem 5.3, Proposition 5.2 and Corollary 5.1. Section 4 is devoted to the size of
the largest block and Theorem 5.4 and Corollary 5.2 are proved.

5.2 External branch lengths

5.2.1 Ranked Λ-coalescent

Assume from now on that 1 < α < 2. Let Π = (Π(t), t ≥ 0) be the Beta-coalescent
and denote by K = (K(t), t > 0) the block-counting process of Π, i.e., K(t) stands for the
number of blocks of Π(t). It is known that Π is coming down from infinity: for any t > 0,
K(t) is finite almost surely ((31)). Recall that for any t ≥ 0, Π(t) is an exchangeable
random partition of N. Applying Kingman’s paintbox theorem on exchangeable random
partitions ((24)), almost surely, for every block B ∈ Π(t), there exists the following limit
which is called the asymptotic frequency of B:

lim
m→∞

1

m

m∑
i=1

1i∈B.

Furthermore, when t > 0, the sum of all asymptotic frequencies equals 1 ((28)).When
t = 0, every block is a singleton and hence has the asymptotic frequency 0. Pitman ((28))
shows that almost surely for all t ≥ 0, every block in Π(t) has the asymptotic frequency.
Hence if t > 0, one can reorder all the asymptotic frequencies in a non-increasing way
to define a sequence Θ(t) = {θ1(t), θ2(t), · · · , θK(t)(t)} where θ1(t) ≥ θ2(t) ≥ · · · ≥ θK(t)(t)

and
∑K(t)

i=1 θi(t) = 1. At time t = 0, since every block has asymptotic frequency 0, one can
naturally set Θ(0) = {0, 0, · · · }. Then the process Θ = (Θ(t), t ≥ 0) is well defined and
called the ranked Λ-coalescent.

Given Θ(t) with t > 0, one can recover the distribution of Π(t) using again Kingman’s
paintbox theorem. Let us at first divide [0, 1] into K(t) intervals such that the lengths
of intervals correspond one to one to the elements of Θ(t). Then we throw individuals
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1, 2, · · · uniformly and independently into [0, 1]. Finally, all individuals within one interval
form a block and this procedure provides a random exchangeable partition which has the
same law as Π(t). It is of course possible, thanks to the consistency property, to build the
restricted partition Π(n)(t) using the same procedure but throwing nothing but n particles
instead of an infinity.This construction will be the key point of our proofs.

5.2.2 Properties of the ranked Λ-coalescent

Let K(t, x) := #{i : θi(t) ≤ x} for any x ∈ [0, 1]. Let ς(t) be a size-biased picking of
Θ(t), i.e., ς(t) is a discrete random variable such that

P(ς(t) = θi(t)|Θ(t)) = θi(t)×#{j : θj(t) = θi(t), 1 ≤ j ≤ K(t)}, 1 ≤ i ≤ K(t). (5.13)

One can construct or regard ς(t) in the following way: Suppose that [0, 1] is divided into
K(t) intervals whose lengths are in one-to-one correspondence to the elements of Θ(t).
We throw a particle uniformly and independently over [0, 1] and ς(t) is the length of the
interval containing this particle.

Recall the measure µ defined in (5.6). It is easy to check that∫ ∞
0

yµ(dy) =
dLµ(λ)

dλ
|λ=0 = 1. (5.14)

Proposition 5.3. We have

lim
t−→0+

sup
x≥0

∣∣∣∣∣∣P(ς(t) ≤ t
1

α−1x|Θ(t))−
∫ x(αΓ(α))

1
α−1

0

yµ(dy)

∣∣∣∣∣∣ = 0, a.s. (5.15)

Proof. In order to simplify the notations, let us denote f(t, x) = P(ς(t) ≤ t
1

α−1x|Θ(t)) and

f(x) =
∫ x(αΓ(α))

1
α−1

0
yµ(dy). Let

St = sup
x≥0

∣∣∣t 1
α−1K

(
t, t

1
α−1x

)
− (αΓ(α))

1
α−1 µ

(
[0, x(αΓ(α))

1
α−1 )

)∣∣∣ .
It is shown in Theorem 1.4 of (3) that

lim
t−→0+

St = 0, a.s. (5.16)

Observe that

f(t, x) =

K(t)∑
i=0

θi(t)1{θi(t)≤t
1

α−1 x}

=
n−1∑
j=0

K(t)∑
i=0

θi(t)1{t
1

α−1 jx
n
<θi(t)≤t

1
α−1 (j+1)x

n
}
. (5.17)
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Then

f(t, x) ≥ I
(n)
1 :=

n−1∑
j=0

K(t)∑
i=0

t
1

α−1
jx

n
1
{t

1
α−1 jx

n
<θi(t)≤t

1
α−1 (j+1)x

n
}

and

f(t, x) ≤ I
(n)
2 :=

n−1∑
j=0

K(t)∑
i=0

t
1

α−1
(j + 1)x

n
1
{t

1
α−1 jx

n
<θi(t)≤t

1
α−1 (j+1)x

n
}
.

For n fixed and applying (5.16), one gets for t→ 0+

I
(n)
1

a.s.−→
n−1∑
j=0

jx

n
(αΓ(α))

1
α−1 µ

((jx
n

(αΓ(α))
1

α−1 ,
(j + 1)x

n
(αΓ(α))

1
α−1 )

])
,

and

I
(n)
2

a.s.−→
n−1∑
j=0

(j + 1)x

n
(αΓ(α))

1
α−1 µ

((jx
n

(αΓ(α))
1

α−1 ,
(j + 1)x

n
(αΓ(α))

1
α−1 )

])
.

The above two limit values converge to f(x) as n goes to ∞. Then we can conclude.

It is straightforward to see that

Corollary 5.3. For any f ∈ C0
b [0,∞) and c ≥ 0, M ∈ R+ ∪ {∞},

E
[
f(ct−

1
α−1 ς(t))1

{0≤ct−
1

α−1 ς(t)≤M}
|Θ(t)

]
a.s.−→

∫ Mc−1(αΓ(α))
1

α−1

0

f
(
c(αΓ(α))−

1
α−1y

)
yµ(dy)

when t→ 0+.

5.2.3 External branches

We start the proof of Theorem 5.1 with a simpler version.

Proposition 5.4. Let {T (n)
i , 1 ≤ i ≤ k} and T be as in Theorem 5.1. The following

almost sure convergence holds as n goes to ∞:

P(nα−1T
(n)
1 > t, nα−1T

(n)
2 > t, · · · , nα−1T

(n)
k > t|Θ(n1−αt))

a.s.−→ P(T > t)k (5.18)

for any t ≥ 0. As a consequence,

nα−1T
(n)
1

(d)−→ T. (5.19)

Remark 5.1. The convergence (5.19) has already been obtained in (13) using two different
methods.
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Proof. For the sake of simplicity in notations, let tn = n1−αt. Let us build Π(n)(t) from
Θ(t) and the paintbox construction (using n particles). We now prove (5.18) for k = 2.
The proof for k > 2 and k = 1 follows similarly. Let ς̄(tn) be an independent copy of
ς(tn), conditionally on Θ(tn). Then,

P(nα−1T
(n)
1 > t, nα−1T

(n)
2 > t|Θ(tn))

=

K(tn)∑
i,j=1,i 6=j

θi(tn)θj(tn)
(

1− θi(tn)− θj(tn)
)n−2

=

K(tn)∑
i,j=1

θi(tn)θj(tn)
(

1− θi(tn)− θj(tn)
)n−2

−
K(tn)∑
i=1

θi(tn)2
(

1− 2θi(tn)
)n−2

=E[
(

1− ς(tn)− ς̄(tn)
)n−2

|Θ(tn)]− E[ς(tn)
(

1− 2ς(tn)
)n−2

|Θ(tn)],

Using Corollary 5.3, the second term converges almost surely to 0. Let M be a real
positive number and write the first term as

E[
(

1− ς(tn)− ς̄(tn)
)n−2

|Θ(tn)] = I1 + I2,

where

I1 = E[
(

1− ς(tn)− ς̄(tn)
)n−2

1ς(tn)≤Mn−1,ς̄(tn)≤Mn−1 |Θ(tn)],

I2 = E[
(

1− ς(tn)− ς̄(tn)
)n−2

1{ς(tn)≤Mn−1,ς̄(tn)≤Mn−1}c|Θ(tn)].

By Proposition 5.3,

I2 ≤ 1− P(ς̄(tn) ≤Mn−1|Θ(tn)])2 a.s.→ 1− (1−
∫ ∞
Mt

1
1−α

yµ(dy))2.

The limit value goes to 0 as M tends to∞. For I1, notice that x 7→ (1−n−1x)n−2 converges
uniformly to x 7→ e−x for 0 ≤ x ≤ 2M as n tends to ∞. Then

I1 − E[exp (−nς(tn)− nς̄(tn)) 1ς(tn)≤Mn−1,ς̄(tn)≤Mn−1|Θ(tn)]
a.s.→ 0.

Now, thanks to Corollary 5.3, we get

E[exp (−nς(tn)− nς̄(tn)) 1ς(tn)≤Mn−1,ς̄(tn)≤Mn−1|Θ(tn)]

=E[exp (−nς(tn)) 1ς(tn)≤Mn−1 × exp (−nς̄(tn)) 1ς̄(tn)≤Mn−1|Θ(tn)]

a.s.→

∫ M−1(
αΓ(α)
t

)
1

α−1

0

e−(
αΓ(α)
t

)
− 1
α−1 yyµ(dy)

2

M→∞→ (1 +
t

αΓ(α)
)−2 α

α−1 .

Then we can conclude.
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5.2.4 The block-counting process in small time

Recall that K(n) = (K(n)(t), t > 0) and K = (K(t), t > 0) are respectively the block-
counting processes of Π(n) and Π.

Lemma 5.1. Let t > 0 and tn = n1−αt. We have

E[K(n)(tn)|Θ(tn)] =

K(tn)∑
i=1

1−
(

1− θi(tn)
)n
. (5.20)

and

Var(K(n)(tn)|Θ(tn)) =

K(tn)∑
i=1

(
1− θi(tn)

)n(
1− (1− θi(tn))n

)
+

K(tn)∑
i,j=1,i 6=j

(
1− θi(tn)− θj(tn)

)n
−
(

1− θi(tn)
)n(

1− θj(tn)
)n
.

(5.21)

Furthermore,
E[K(n)(tn)|Θ(tn)]

n

a.s.−→ (1 +
t

αΓ(α)
)−

1
α−1 , n→∞. (5.22)

and

V ar(K(n)(tn)|Θ(tn))

n

a.s.−→ (21−α +
t

αΓ(α)
)−

1
α−1 − (1 +

t

αΓ(α)
)−

1
α−1 , n→∞. (5.23)

Remark 5.2. It can be deduced from (5.22) and (5.23) that

K(n)(tn)

n(1 + t
αΓ(α)

)−
1

α−1

P→ 1,

whereas, interestingly, due to Proposition 5.3 or Theorem 1.1 of (3),

K(tn)

n( t
αΓ(α)

)−
1

α−1

a.s.→ 1. (5.24)

Proof. The equalities (5.20) and (5.21) come directly from (4.1) and (4.2) in (21). The
arguments to prove (5.22) and (5.23) include (5.24) and those used in the proof of Propo-
sition 5.3. To be more clear, we just show the proof of (5.22) and leave the other to the
readers.

E[K(n)(tn)|Θ(tn)]

n
=
K(tn)

n
−

K(tn)∑
i=0

n−1(1− θi)n

≤ K(tn)

n
−

n−1∑
j=0

n−1(1− j + 1

n
)n
(
K(tn,

j + 1

n
)−K(tn,

j

n
)
)
.
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In the same way,

E[K(n)(tn)|Θ(tn)]

n
≥ K(tn)

n
−

n−1∑
j=0

n−1(1− j

n
)n
(
K(tn,

j + 1

n
)−K(tn,

j

n
)
)

While (5.16) shows that

sup
0≤j≤n−1

∣∣∣∣t 1
α−1
n

(
K(tn,

j + 1

n
)−K(tn,

j

n
)

)
− αΓ(α)

1
α−1µ

((
(
αΓ(α)

t
)

1
α−1

j

n
, (
αΓ(α)

t
)

1
α−1

j + 1

n

])∣∣∣∣
= sup

0≤j≤n−1

∣∣∣∣n−1t
1

α−1

(
K(tn,

j + 1

n
)−K(tn,

j

n
)

)
− αΓ(α)

1
α−1µ

((
(
αΓ(α)

t
)

1
α−1

j

n
, (
αΓ(α)

t
)

1
α−1

j + 1

n

])∣∣∣∣
≤2Stn

a.s.−→ 0.

Notice also that

lim
n→∞

n−1∑
j=0

(1− j

n
)n = lim

n→∞

n−1∑
j=0

(1− j + 1

n
)n =

∞∑
j=1

e−j <∞.

Hence using (5.24), almost surely,

E[K(n)(tn)|Θ(tn)]

n
∼
(
αΓ(α)

t

) 1
α−1

(
1−

n−1∑
j=0

(1− j

n
)nµ
((

(
αΓ(α)

t
)

1
α−1

j

n
, (
αΓ(α)

t
)

1
α−1

j + 1

n

]))
n→∞→

(
αΓ(α)

t

) 1
α−1

(1−
∫ ∞

0

e−y(
t

αΓ(α))
1

α−1

µ(dy))

=

(
1 +

t

αΓ(α)

)− 1
α−1

.

We are now able to prove our first result.

Proof of Theorem 5.1. We will prove only the version for k = 2. For any 0 ≤ t1 ≤ t2,
write

P(nα−1T
(n)
1 > t1, n

α−1T
(n)
2 > t2)

= P(nα−1T
(n)
1 > t1, n

α−1T
(n)
2 > t1)P(nα−1T

(n)
2 > t2|nα−1T

(n)
1 > t1, n

α−1T
(n)
2 > t1).

Proposition 5.4 gives that the first term of the above product has limit value

P(T > t1)2=

(
1 +

t1
αΓ(α)

)− 2
α−1

.



5.3. The way of coalescing an external branch 143

Lemma 5.1 implies that conditional on {nα−1T
(n)
1 > t1, n

α−1T
(n)
2 > t1}, the random vari-

able K(n)(n1−αt1)
n

converges in probability to (1 + t1
αΓ(α)

)−
1

α−1 . For any j ≥ 2, let T̃
(j)
1 be

independent of Π(n) and have the same law as T
(j)
1 . Using the Markov property of Π(n),

one obtains

P(nα−1T
(n)
2 > t2|nα−1T

(n)
1 > t1, n

α−1T
(n)
2 > t1)

= P(nα−1T̃
(K(n)(n1−αt1))
1 > t2 − t1|nα−1T

(n)
1 > t1, n

α−1T
(n)
2 > t1)

P→ P

(
T > (t2 − t1)

(
1 +

t1
αΓ(α)

)−1
)

=

(
1 +

t1
αΓ(α)

) 1
α−1
(

1 +
t2

αΓ(α)

)− 1
α−1

when n tends to ∞. Then we can conclude.

5.3 The way of coalescing an external branch

5.3.1 The size of the jump

Let us look at the random variable Q(n).

Proof of Theorem 5.2. Assume that at some time t, K(n)(t) = b and {1} ∈ Π(n)(t). The
coalescence of {1} with some other k − 1 blocks happens at rate

λ1,b,k :=

∫ 1

0

(
b− 1

k − 1

)
xk(1− x)b−kx−2Λ(dx) =

Γ(k − α)Γ(b− k + α)

Γ(α)Γ(2− α)Γ(k)Γ(b− k + 1)
.

The total rate at which the singleton {1} participates in a coalescence event is

g1,b : =

∫ 1

0

b∑
k=2

(
b− 1

k − 1

)
xk(1− x)b−kx−2Λ(dx)

=

∫ 1

0

(1− (1− x)b−1)x−1Λ(dx)

=

∫ 1

0

(b− 1)(1− t)b−2ρ1(t)dt, (5.25)

where

ρ1(t) =

∫ 1

t

x−1Λ(dx) ∼ t1−α

(α− 1)Γ(α)Γ(2− α)
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when t tends to 0+. We get, thanks to Stirling’s formula,

g1,b ∼
bα−1

(α− 1)Γ(α)

when b tends to ∞. If the next coalescence after t involves {1}, then using the strong
Markov property of Π(n), the probability for {1} to coalesce with some other k− 1 blocks
is

λ1,b,k

g1,b

∼ qk =
Γ(k − α)(α− 1)

Γ(k)Γ(2− α)
(5.26)

when b tends to ∞. In this way, if we know the value K(n)((T
(n)
1 )−), then we can obtain

the probability for {1} to coalesce with k − 1 blocks. Notice that
K(n)((T

(n)
1 )−)

n
converges

in distribution to (1 + T
αΓ(α)

)−
1

α−1 (see Corollary 5.3 of (13) or implicitly from Theorem

5.1 and Lemma 5.1), one can get the following, due to (5.26),

P(Q(n) = k) = E[
λ

1,K(n)((T
(n)
1 )−),k

g
1,K(n)((T

(n)
1 )−)

] −→ qk (5.27)

when n tends to ∞.
Notice that P(Q(n) = k|K(n)((T

(n)
1 )−)) converges to qk if K(n)((T

(n)
1 )−) tends to ∞.

However, we know that K(n)((T
(n)
1 )−) tends to ∞ in probability when n goes to ∞.

Therefore, T
(n)
1 and Q(n) are asymptotically independent. Then we can conclude.

Remark 5.3. Following the same arguments, Theorem 5.2 is still valid for the more
general class of coalescents satisfying the following condition when t tends to 0:∫ 1

t

x−2Λ(dx) ∼ Ct−α, C > 0.

Remark 5.4. We can use similar arguments in the Bolthausen-Sznitman case to get that
P(Q(n) = k) → 0 for any k ∈ N. The result actually remains true for the more general
class where ∫ 1

t

x−2Λ(dx) ∼ Ct−1, C > 0.

Proof of Proposition 5.2. 1) Recall that qk = Γ(k−α)(α−1)
Γ(k)Γ(2−α)

. It then suffices to prove that

lim
t→0+

P(β(t) = k)

t
=

Γ(k − α)

Γ(k)Γ(α)Γ(2− α)
.
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To simplify the notations, let tα =
(

t
αΓ(α)

) 1
α−1

and ρx = µ([x,∞)). Recall (5.7) and let

0 < η < 2−α
2

, then for any k ≥ 2,

P(β(t) = k) =
tk−1
α

Γ(k)

∫ ∞
0

e−xtαxkµ(dx)

=
tk−1
α

Γ(k)

∫ ∞
0

ρxe
−xtαxk−1(k − xtα)dx

= I1 + I2,

where

I1 =
tk−1
α

Γ(k)

∫ t−ηα

0

ρxe
−xtαxk−1(k − xtα)dx,

I2 =
tk−1
α

Γ(k)

∫ ∞
t−ηα

ρxe
−xtαxk−1(k − xtα)dx.

For t small enough, it is easy to get I1 ≤ k
Γ(k)

t
k(1−η)−1
α = o(t). To deal with I2, recall from

Equation (33) of (3) that

ρx = µ([x,∞)) ∼ x−α

Γ(2− α)
(5.28)

when x goes to ∞. Notice that t−ηα goes to ∞ when t tends to 0+. Let 0 < ε < 1, then
for t small enough, we have

1− ε < ρx
x−α/Γ(2− α)

≤ 1 + ε, for allx ≥ t−ηα .

Since ε can be arbitrarily small, using a change of variable y = xtα, one gets

t1−αα I2 →
1

Γ(k)Γ(2− α)

∫ ∞
0

e−yyk−1−α(k − y)dy =
αΓ(k − α)

Γ(k)Γ(2− α)

when t→ 0+. Then we can obtain (5.9).

2) A simple calculation shows that P(β(t)≥2)
t

converges to 1
(α−1)Γ(α)

when t tends to 0+.

Hence the first equality of (5.10) holds, using the dominated convergence theorem. For
the second equality, the formulas (5.7) and (5.6) imply that

E[e−λβ(t)] =
∑
k≥1

e−λkP(β(t) = k)

= e−λ
∫ ∞

0

e(e−λ−1)xtαxµ(dx)

= e−λ
(
1 + (tα(1− e−λ))α−1

) α
1−α . (5.29)
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Meanwhile, using the same arguments

P(β(t) = 1) = (1 + tα−1
α )

α
1−α .

Then we can obtain (5.10).

Let us consider the case of coalescents satisfying
∫ 1

0
x−1Λ(dx) <∞.

Proof of Proposition 5.1. In this case, the process Π(n) can be constructed using a sub-
ordinator. This construction can be found on page 7 of (19) and the original idea is
in (28). Let ν(dx) = x−2Λ(dx) and ν̃ be the push-forward of ν by the transformation

x → − ln(1 − x). Let (S̃t, t ≥ 0) be a subordinator with Lévy measure ν̃ and St = e−S̃t .
Then (St, t ≥ 0) is a non-increasing positive pure-jump process with S0= 1. Put indi-
viduals 1, 2, · · · , n uniformly and independently over (0, 1]. Let t1 be the first time when
(St1 , St1−] contains at least one individual, then we set Π(n)(s) = {{1}, {2}, · · · , {n}} for
0 ≤ s < t1. We regroup the individuals located in (St1 , St1−] into one block and let Π(n)(t1)
be the set of this block and the rest singletons. The block is then put uniformly and in-
dependently into (0, St1 ]. Find the next time t2, such that (St2 , St2−] contains at least one
block (singleton or not) and we regroup all blocks in this interval into one bigger block
which will be again put independently into (0, St2 ]. In general, at each time t, Π(n)(t) is
the set of the blocks located in (0, St] and also the union of blocks located in (St, St−].
This operation can be iterated until reaching the MRCA and the process resulted has the
same law as Π(n).

Notice that this construction is consistent, i.e., if we add a n + 1-th individual to get
Π(n+1), the structure of Π(n) is conserved. To see how many blocks will merge with {1}
in the limit, we assume that {1} is put into (St1 , St1−] at a certain time. As n goes to ∞,
the number of singletons put into the same interval also goes to ∞ with probability 1.
According to the construction, all singletons put for the first time into the same interval
will be coalesced together. Hence Q(n) converges in probability to infinity.

5.3.2 Minimal clade size

Let (s
(n)
i (t), 1 ≤ i ≤ K(n)(t)) be the increasing sequence of the smallest elements of

blocks of Π(n)(t). We have the following lemma.

Lemma 5.2. For any t > 0 and k ∈ N, let tn = n1−αt and define the event En,k =

{s(n)
1 (tn) = 1, · · · , s(n)

k (tn) = k}. Then

P(En,k|Θ(tn))
a.s.−→ 1

as n tends to ∞.
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Proof. We only need to prove that the probability for individuals 1 and 2 to be in the
same block of Π(n)(tn) tends to 0. The case of k ≥ 3 follows in the same way. Let us write

this event {1 tn∼ 2}. Then

P(1
tn∼ 2|Θ(tn)) =

K(tn)∑
i=1

θi(tn)2

= E[ς(tn)|Θ(tn)]
a.s.−→ 0,

where the convergence is due to Corollary 5.3.

Theorem 5.5. Let t > 0 and tn = n1−αt. For 1 ≤ i ≤ K(n)(t), let K
(n)
i (t) be the size of

the block containing s
(n)
i (t). Then for any k ∈ N and (r1, . . . , rk) ∈ Nk, as n→∞,

P(K
(n)
1 (tn) = r1, · · · , K(n)

k (tn) = rk|Θ(tn))
a.s.−→

k∏
i=1

P(β(t) = ri) (5.30)

where β(t) is defined in (5.7).

Proof. Let tn = n1−αt. Define the event En,r = {K(n)
1 (tn) = r1, · · · , K(n)

k (tn) = rk} and
recall En,k defined in Lemma 5.2. Let (ςi(tn), 1 ≤ i ≤ k) be k independent copies of ς(tn)
which is defined in (5.13), conditional on Θ(tn). For 1 ≤ i ≤ k, ςi(tn) denotes the size of
the subinterval into which i is thrown in the paintbox construction of Π(n)(tn) with n ≥ k.
Due to Lemma 5.2, for n large enough we can almost surely approach P(En,r|Θ(tn)) by

P(En,r|En,k,Θ(tn)) = E[

(
n− k

r1 − 1, · · · , rk − 1

)
Πk
j=1(ςj(tn))rj−1(1−

k∑
j=1

ςj(tn))n−
∑k
j=1 rj |En,k,Θ(tn)].

The Lemma 5.2 implies again that the difference

E[

(
n− k

r1 − 1, · · · , rk − 1

)
Πk
j=1(ςj(tn))rj−1(1−

k∑
j=1

ςj(tn))n−
∑k
j=1 rj |En,k,Θ(tn)]

− E[

(
n− k

r1 − 1, · · · , rk − 1

)
Πk
j=1(ςj(tn))rj−1(1−

k∑
j=1

ςj(tn))n−
∑k
j=1 rj |Θ(tn)]

converges almost surely to 0. We then obtain

E[

(
n− k

r1 − 1, · · · , rk − 1

)
Πk
j=1(ςj(tn))rj−1(1−

k∑
j=1

ςj(tn))n−
∑k
j=1 rj |Θ(tn)]

=E[Πk
j=1

1

(rj − 1)!
(nςj(tn))rj−1e−nςj(tn)|Θ(tn)] + oa.s.(1),
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where oa.s.(1) is a term converging almost surely to 0 when n tends to∞. The result thus
follows from Corollary 5.3.

We next show how the external branch of 1 is connected to the whole process. Let Π(2,n)

be the restriction of Π(n) from Nn to {2, 3, · · · , n}. By consistency and exchangeability
of Π(n), Π(2,n) has the same law as Π(n−1) except for the integer notations. Given Π(2,n),
one can attach {1} to Π(2,n) following the recursive construction introduced in (13). One

thing important is that nα−1T
(n)
1 and Π(2,n) are asymptotically independent. The following

lemma is given in the proof of Theorem 5.2 of (13).

Lemma 5.3. Let t ≥ 0. As n tends to ∞,

P(nα−1T
(n)
1 ≥ t|Π(n,2))

P−→ (1 +
t

αΓ(α)
)−

α
α−1 . (5.31)

Now we are able to deal with the minimal clade size.

Proof of Theorem 5.3. Recall that Q(n) is the number of blocks involved in the coalescence
of {1}. Then Y (n) is just the sum of the Q(n) block sizes (one of these blocks is {1}).
It suffices to determine the size of each block involved in the coalescence event. By
exchangeability of the coalescent, the Q(n)−1 blocks not being {1} will be chosen randomly

at time (T
(n)
1 )−. Hence by the strong Markov property of Π(n), the joint distribution of

the sizes of the randomly chosen Q(n) − 1 blocks has the same law as the distribution of
(K

(n)
2 ((T

(n)
1 )−), · · · , K(n)

Q(n)((T
(n)
1 )−)). Hence

Y (n) (d)
= 1 +

Q(n)∑
i=2

K
(n)
i ((T

(n)
1 )−).

LetK(2,n) = (K(2,n)(t), t ≥ 0) be the block-counting process of Π(2,n) and (K
(2,n)
1 (t), K

(2,n)
2 (t), · · · , K(2,n)

K(2,n)(t)
(t))

be the vector of the block sizes of Π(2,n)(t), increasingly ordered by their least elements.

Notice that if t < T
(n)
1 , K

(n)
i (t) = K

(2,n)
i−1 (t) for 1 ≤ i ≤ K(n)(t). Therefore

Y (n) (d)
= 1 +

Q(n)−1∑
i=1

K
(2,n)
i ((T

(n)
1 )−). (5.32)

The formula (5.27) shows that the law of Q(n) is uniquely determined by K(2,n)((T
(n)
1 )−).

As long as K(2,n)((T
(n)
1 )−) goes to ∞, Q(n) converges in law to a distribution which de-

pends only on α. While (5.22) and (5.19) imply that the variable K(2,n)((T
(n)
1 )−) goes to

∞ with probability 1. Hence Q(n) is asymptotically independent of (T
(n)
1 , K(2,n)((T

(n)
1 )−)).
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Furthermore, Lemma 5.3 gives that T
(n)
1 and K(2,n)((T

(n)
1 )−) are asymptotically indepen-

dent. In total, Q(n), T
(n)
1 and (K(2,n)((T

(n)
1 )−)) are all asymptotically independent. In the

limit, using Theorem 5.5,

Y (n) (d)−→ Y
(d)
= 1 +

Q−1∑
i=1

βi(T ),

whereQ, T, (βi(t))i∈N are all independent and follow respectively the limit laws ofQ(n), T
(n)
1 , (K

(2,n)
i (t))i∈N

for fixed t ≥ 0. Then we can conclude.

Proof of Corollary 5.1. Consider the Laplace transform of Y . For any λ > 0, using (5.29)

E[e−λY ] = e−λE[(E[e−λβ(T )])Q−1]

= e−λE
[ (
e−λ

(
1 + (Tα(1− e−λ))α−1

) α
1−α
)Q−1 ]

where Tα =
(

T
αΓ(α)

) 1
α−1

. Denote ∆ := e−λ(1 + (Tα(1 − e−λ))α−1)
α

1−α . Using (5.10), one

gets

E[e−λY ] = E[e−λ(1− (1−∆)α−1)]

= I1 + I2,

where I1 = E[e−λY 1
Tα>λ

− 1
2
], I2 = E[e−λY 1

Tα≤λ−
1
2
]. The density (5.3) of T implies, when

λ→ 0+

I1 = O(λ
α
2 ) = o(λ(α−1)2

). (5.33)

Notice that there exists C5.34 > 0 such that for any 0 < ε < 1, if λ is small enough, we
have

|∆1
Tα≤λ−

1
2
− (1 +

α

1− α
(Tαλ)α−1)1

Tα≤λ−
1
2
| ≤ ε(Tαλ)α−11

Tα≤λ−
1
2

+ C5.34λ. (5.34)

Letting λ→ 0+ and using (5.33), (5.34), one obtains

E[e−λY ] = 1− (
α

α− 1
)α−1λ(α−1)2E[T (α−1)2

α ] + o(λ(α−1)2

).

Thanks to Lemma 5.4 of (3) or Theorem 8.1.6 of (5), we get

P(Y > k) ∼
( α
α−1

)α−1E[T
(α−1)2

α ]

Γ(1− (α− 1)2)
k−(α−1)2

=

∫∞
0
tα−1fT (t)dt

((α− 1)Γ(α))α−1Γ(1− (α− 1)2)
k−(α−1)2

when k →∞.
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5.4 The largest block

In this section, we aim to prove Theorem 5.4 and Corollary 5.2. We start with a
technical lemma.

Lemma 5.4. Let k > 0 and X be a random variable distributed according to µ. Define
X such that conditional on X, X is a Poisson variable with parameter X

k
. Then for any

x > 0,

lim
n→∞

nP(X ≥ xn
1
α ) =

(kx)−α

Γ(2− α)
.

Proof. First of all, let us consider two technical results. Let M = bxn 1
α c.

1) Using Stirling’s formula for M ! and a change of variable, we get that for any
0 < β < 1, ∫ Mβ

0

e−t
tM

M !
dt =

∫ Mβ

0

eM−t
(
t

M

)M
(2πM)−

1
2 (1 +O(M−1))dt

=

∫ β

0

eM(1−t+ln t)(
M

2π
)

1
2 (1 +O(M−1))dt

= O(eM(1−β+lnβ)M
1
2 ). (5.35)

The last equality is due to the fact that 1− t+ln t is negative and increasing for t ∈ (0, 1).
2) If β > 1, then∫ ∞

Mβ

e−t
tM

M !
dt =

∫ ∞
β

eM(1−t+ln t)(
M

2π
)

1
2 (1 +O(M−1))dt.

Notice that 1− t+ ln t is strictly decreasing and concave over [β,∞], then there exists a
positive number ε such that 1− t+ ln t ≤ −εt for any t ≥ β. Therefore,∫ ∞

Mβ

e−t
tM

M !
dt ≤

∫ ∞
β

e−εMt(
M

2π
)1/2(1 +O(M−1))dt = O(e−εMβM−1/2). (5.36)

Now we can turn to the study of X . Thanks to successive integrations by parts,

P(X ≥M + 1) = E[

∫ X
k

0

e−t
tM

M !
dt]. (5.37)

Let 0 < β1 < 1 and β2 > 1, then we have

P(X ≥M + 1) = I1 + I2 + I3,

where

I1 = E[

∫ X
k

0

e−t
tM

M !
dt1{X<kMβ1}],
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I2 = E[

∫ X
k

0

e−t
tM

M !
dt1{kMβ1≤X≤kMβ2}],

I3 = E[

∫ X
k

0

e−t
tM

M !
dt1{X>kMβ2}].

Now let n tend to infinity. By (5.35), we get

0 ≤ nI1 ≤ nP(X < kMβ1)

∫ Mβ1

0

e−t
tM

M !
dt −→ 0. (5.38)

It is easy to verify that
∫∞

0
e−t t

M

M !
dt = 1 for any integer M ≥ 0. Then using together

(5.28) and (5.36), we obtain

lim
n→∞

nI3 = lim
n→∞

nP(X > kMβ2) =
(kxβ2)−α

Γ(2− α)
. (5.39)

In the same way, we have

0 ≤ nI2 ≤ nP(kMβ1 ≤ X ≤ kMβ2) −→ (kxβ1)−α

Γ(2− α)
− (kxβ2)−α

Γ(2− α)
, n→∞. (5.40)

If β1 and β2 are close enough to 1, nI2 can be bounded by an arbitrarily small positive
number for n large enough. Combining (5.38), (5.39) and (5.40), we conclude this lemma.

To prove Theorem 5.4, we will use classical relations between Beta-coalescents and
continuous-state branching processes (CSBPs) developed in (6) (see also Section 2 of
(3)). We give a short summary to provide a minimal set of tools. A continuous-state
branching process (Z(t), t ≥ 0) is a [0,∞]-valued Markov process (in continuous time)
whose transition functions pt(x, ·) satisfy the branching property

pt(x+ y, ·) = pt(x, ·) ∗ pt(y, ·), for all x, y ≥ 0.

For each t ≥ 0, there exists a function ut : [0,∞)→ R such that

E[e−λZ(t)|Z(0) = a] = e−aut(λ). (5.41)

If almost surely, the process has no instantaneous jump to infinity, the function ut satisfies
the following differential equation

∂ut(λ)

∂t
= −Ψ(ut(λ)),

where Ψ : [0,∞) −→ R is a function of the form

Ψ(u) = γu+ βu2 +

∫ ∞
0

(e−xu − 1 + xu1{x≤1})π(dx),
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where γ ∈ R, β ≥ 0 and π is a Lévy measure on (0,∞) satisfying
∫∞

0
(1 ∧ x2)π(dx) <∞.

The function Ψ is called the branching mechanism of the CSBP.
As explained in (4), a CSBP can be extended to a two-parameter random process

(Z(t, a), t ≥ 0, a ≥ 0) with Z(0, a) = a. For fixed t, (Z(t, a), a ≥ 0) turns out to be a
subordinator with Laplace exponent λ 7→ ut(λ) thanks to (5.41).

There exists a measure-valued process (Mt, t ≥ 0) taking values in the set of fi-
nite measures on [0, 1] which characterizes (Z(t, a), t ≥ 0, 0 ≤ a ≤ 1). More pre-
cisely, (Mt([0, a]), t ≥ 0, 0 ≤ a ≤ 1) has the same finite-dimensional distributions as
(Z(t, a), t ≥ 0, 0 ≤ a ≤ 1). Hence (Mt([0, a]), 0 ≤ a ≤ 1) is a subordinator with Laplace
exponent λ 7→ ut(λ) and Z(t) = Mt([0, 1]) is a CSBP with branching mechanism Ψ started
at M0([0, 1]) = 1. In particular, if the branching mechanism is Ψ(λ) = λα and hence Lévy

measure is given by π(dx) = α(α−1)
Γ(2−α)

x−1−αdx, for all t > 0, Mt consists only of finite number

of atoms. For the construction of (Mt([0, a]), t ≥ 0, 0 ≤ a ≤ 1), we refer to (2; 6; 15).
A deep relation has been revealed in (6) between the Beta-coalescent and the CSBP

with branching mechanism Ψ(λ) = λα and Lévy measure π(dx) = α(α−1)
Γ(2−α)

x−1−αdx. The
relationship is described by the following two lemmas which are respectively Lemma 2.1
and 2.2 of (3) and will be important in the sequel.

To save notations, from now on, (Z(t), t ≥ 0) always denotes a continuous state
branching process (Z(t, 1), t ≥ 0).

Lemma 5.5. Assume (Z(t), t ≥ 0) is a CSBP with branching mechanism Ψ(λ) = λα and
let (Mt, t ≥ 0) be its associated measure-valued process. If (Π(t), t ≥ 0) is a Beta-coalescent
and (Θ(t), t ≥ 0) is the associated ranked coalescent, then for all t > 0, the distribution

of Θ(t) is the same as the distribution of the sizes of the atoms of the measure
MR−1(t)

Z(R−1(t))
,

ranked in decreasing order. Here R(t) = (α− 1)αΓ(α)
∫ t

0
Z(s)1−αds and R−1(t) = inf{s :

R(s) > t}.

Lemma 5.6. Assume Ψ(λ) = λα. For any t ≥ 0, let D(t) be the number of atoms of Mt,
and let J(t) = (J1(t), · · · , JD(t)(t)) be the sizes of the atoms of Mt, ranked in decreasing

order. Then D(t) is Poisson with mean γt = ((α− 1)t)−
1

α−1 . Moreover, conditional on
D(t) = k, the distribution of J(t) is the same as the distribution of (γ−1

t X1, · · · , γ−1
t Xk)

where X1, · · · , Xk are obtained by picking k i.i.d. random variables with distribution µ
and then ranking them in decreasing order.

Remark 5.5. From the relation between (Mt, t ≥ 0) and (Z(t, a), t ≥ 0, 0 ≤ a ≤ 1)
and also the fact that for all t > 0, Mt consists only of finite number of atoms (the
number is actually D(t)), for a given t > 0, there exist 0 ≤ a1, · · · , aD(t) ≤ 1 such that
{Z(t, a1)−Z(t, a1−), · · · , Z(t, aD(t))−Z(t, aD(t)−)} are exactly the values of the atoms of
Mt. By the strong Markov property of (Z(t, a), t ≥ 0, 0 ≤ a ≤ 1), for s ≥ t, the jumping
at s can only happen at the points {(s, a1), · · · , (s, aD(t))}. Therefore, D(t) decreases on
t.
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The idea of the proof of Theorem 5.4 is as follows: Let tn = n1−αt. Lemma 5.5 shows

that Θ(tn) has the same law as
MR−1(tn)

Z(R−1(tn))
. Moreover it is proved in Lemma 4.2 of (3) that

R−1(tn)
tn

P→ 1
(α−1)αΓ(α)

, as n goes to ∞. Hence one can compare the block sizes at time tn
to those at time R−1((α− 1)αΓ(α)tn). To this, we use the paintbox construction and the

closeness between the measures Mtn

Z(tn)
and

MR−1((α−1)αΓ(α)tn)

Z(R−1((α−1)αΓ(α)tn))
. This idea can be executed

through two steps.
1) Analysis of the largest block size at time tn with the measure Mtn

Z(tn)
: If

D(tn) 6= 0, let J̄i(tn) = Ji(tn)
Z(tn)

for 1 ≤ i ≤ D(tn). Let {d1(tn), · · · , dD(tn)(tn)} be an interval

partition of [0, 1] such that the Lebesgue measure of di(tn) is J̄i(tn). Build a partition
of Nn from a paintbox associated with {d1(tn), · · · , dD(tn)(tn)}. Let Ni be the number of
integers in di(tn) and N = max{Ni : 1 ≤ i ≤ D(tn)}.

Lemma 5.7. Let x > 0. Then
1)

lim
n→∞

P(N ≤ xn1/α) = exp(−(α− 1)tx−α

Γ(2− α)
).

2) Let 0 < y < x. Then

lim
n→∞

P(∃i : Ji(tn) < n
1−α
α y,Ni ≥ xn

1
α ) = 0. (5.42)

Proof. 1) It is well known that if we throw a Poisson number of parameter nZ(tn) on
[0, 1], the number of integers in di(tn), denoted by Ni, is a Poisson variable of parameter
nJi(tn). Conditional on all Ji(tn)’s, all Ni’s are independent. Let N be the maximum of
all Ni’s. Then, using Lemmas 5.4 and 5.6,

P(N ≤ xn1/α) = E[Π
D(tn)
i=1 P(Ni ≤ xn1/α)] −→ exp(−γ1−α

t

x−α

Γ(2− α)
) = exp(−(α− 1)tx−α

Γ(2− α)
), n→∞.

Lemma 5.6 implies that Z(tn) tends in probability to 1 as n goes to infinity. Hence N
and N are close in the limit and standard comparison techniques allows to conclude.

2) As Z(tn) converges to 1, (5.42) is equivalent to

lim
n→∞

P(∃i : Ji(tn) < n
1−α
α y,Ni ≥ xn

1
α ) = 0.

Let Ñ = max{Ni : Ji(tn) < n
1−α
α y}. It is necessary and sufficient to show that lim

n→∞
P(Ñ ≥

xn
1
α ) = 0. Notice that conditional on Ji(tn), Ni is a Posson variable with paprameter

nJi(tn). Let {P1(yn
1
α ), P2(yn

1
α ), · · · } be a sequence of i.i.d. Poisson variables with pa-

rameter yn
1
α and also independent of D(tn). Then

P(Ñ ≥ xn
1
α ) ≤ P

(
max{Pi(yn

1
α ) : 1 ≤ i ≤ D(tn)} ≥ xn

1
α

)
= 1−E[(P(P1(yn

1
α ) < xn

1
α ))D(tn)].
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Using (5.37) and (5.35), one gets

P(P1(yn
1
α ) < xn

1
α ) = 1− o( 1

n
).

Meanwhile, Lemma 5.6 tells that D(tn)
n

converges in robability to γt as n goes to infinity.
Hence we can conclude.

Remark 5.6. The key point to prove (5.42) is that Z(tn) converges to 1 in probabil-

ity, D(tn)
n

is asymptotically bounded by a positive value from above. The distribution of
{Ji(tn)}1≤i≤D(tn) is not necessary to know. One can still find (5.42) true if we replace tn
by a random time and conditions for Z(tn) and D(tn) are satisfied at the same time.

2) A tool lemma for the transfer from Mtn

Z(tn)
to

MR−1((α−1)αΓ(α)tn)

Z(R−1((α−1)αΓ(α)tn))
: Let

(A1, · · · , Ak) and (B1, · · · , Bk) be two partitions of [0, 1] with k ≥ 1. We throw away
n particles uniformly and independently on [0, 1] and regroup those within the same in-
tervals of (B1, · · · , Bk), which gives a sequence of k numbers (NB1 , · · · , NBk) such that
NBi is the number of particles located in Bi. We can obtain the law of this sequence in
another way using (A1, · · · , Ak): We throw n particles uniformly and independently on
[0, 1]. Let I := {i : 1 ≤ i ≤ n, l(Ai) ≤ l(Bi)}, where l(·) denotes the Lebesgue measure.
If a particle falls in Ai where i ∈ I, then move this particle to Bi. If a particle falls in Ai
where i ∈ Ic, then do the following: we attach to this particle an independent Bernoulli
variable with parameter l(Bi)

l(Ai)
. If the Bernoulli variable gives 1, then the particle is put

into Bi. Otherwise, this particle will be put into Bj for j ∈ I with probability

l(Bj)− l(Aj)∑
j∈I(l(Bj)− l(Aj))

. (5.43)

We denote by NB
Ai

the new amount of particles in Bi. We have the the following result.

Lemma 5.8. The following identity in law holds.

(NB
A1
, · · · , NB

Ak
)

(d)
= (NB1 , · · · , NBk).

Proof. Notice that only the measure of each element of (A1, · · · , Ak) and (B1, · · · , Bk)
matters, one can always assume that [0, 1] is divided in a way that Ai is contained in Bi

for i ∈ I and Bi is contained in Ai for i ∈ Ic. So if a particle is located in Ai for i ∈ I,
it is also located in Bi. But if a particle is located in Ai for i ∈ Ic, with probability l(Bi)

l(Ai)

it is located in Bi. Assume that this particle is not located in Bi, then it must be in
∪j∈IBj/Aj. Using the uniformity of the throw, this particle falls in Bj with probability
(5.43).
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The above two steps allow to start the proof of Theorem 5.4. But before that, let us just
recall some technical results from (3). Let ε > 0, t > 0 and tn = n1−αt. Let t− = (1−ε)tn,
t+ = (1 + ε)tn and t∗ = (α− 1)αΓ(α)tn. Define the event B1,t := {t− ≤ R−1(t∗) ≤ t+}. It
can be found in Lemma 4.2 of (3) that there exists a constant C5.44 such that

P(B1,t) ≥ 1− C5.44t∗ε
−α. (5.44)

Also from Lemma 5.1 of (3), there exists a constant C5.45 such that for all a > 0, t > 0
and η > 0,

q(a, t, η) = P( sup
0≤s≤t

|Z(s, a)− a| > η) ≤ C5.45(a+ η)tη−α. (5.45)

Thus, if we define B2,t := {1 − n 1−α
2α ≤ Z(s) ≤ 1 + n

1−α
2α , ∀s ∈ [t−, t+]}, we can obtain

that

P(B2,t) ≥ 1− C5.45t(1 + ε)(1 + n
1−α
2α )n

1−α
2 . (5.46)

Proof of Theorem 5.4. Lemma 5.5 tells us that for any s ≥ 0, we have

MR−1(s)

Z(R−1(s))

(d)
= Θ(s).

Let π be the partition of Nn obtained from a paintbox associated with
MR−1(s)

Z(R−1(s))
. Then

π
(d)
= Π(n)(s). If R−1(s) ≥ t−, we can as well at first build a partition from a paintbox

associated with
Mt−
Z(t−)

and then use Lemma 5.8 to get π. This kind of construction is the
key of this proof.

For s ≥ t−, one builds a partition of Nn from a paintbox associated with (mi(s)
Z(s)

, 1 ≤ i ≤ D(t−)).

We denote this partition by V (n)(s) = (V1(s), V2(s), · · · , VD(t−)(s)) . Let I
(n)
i (s) be the

number of particles in V
(n)
i (s).

For s ≥ t−, let M (n)(s) = sup{I(n)
i (s), 1 ≤ i ≤ D(t−)} be the size of the largest block of

V (n)(s). Let x > 0 andB3,t = {∃k : Ink (t−) ≥ xn
1
α , Jk(t−) ≥ n

2(1−α)
α , sup

t−≤s≤t+
|mk(s)− Jk(t−)| ≤

εJk(t−)}.
On the event B3,t, we have that M (n)(t−) ≥ xn

1
α . Conditional on B1,t we can build the

partition V (n)(R−1(t∗)) from a paintbox associated to the partition Z(t−)−1(J1(t−), . . . , JD(t−)(t−))
and Lemma 5.8. Let B(m, p) be a binomial variable with parametersm ≥ 2 and 0 ≤ p ≤ 1.
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Lemma 5.8 implies

P
(
M (n)(R−1(t∗)) ≥ (1− 2ε)xn

1
α |B1,t ∩B2,t ∩B3,t

)
≥P
(
B

(
dxn

1
α e, mk(R

−1(t∗))Z(t−)

Jk(t−)Z(R−1(t∗))
∧ 1

)
≥ (1− 2ε)xn

1
α |B1,t ∩B2,t ∩B3,t

)
≥P

(
B

(
dxn

1
α e, (1− ε)1− n 1−α

2α

1 + n
1−α
2α

)
≥ (1− 2ε)xn

1
α

)

=P

(
(xn

1
α )−1B

(
dxn

1
α e, (1− ε)1− n 1−α

2α

1 + n
1−α
2α

)
≥ (1− ε)− ε

)
.

A law of large numbers argument implies that

P
(
M (n)(R−1(t∗)) ≥ (1− 2ε)xn

1
α |B1,t ∩B2,t ∩B3,t

)
≥ 1− ε (5.47)

for n large enough. Now observe that

P(B3,t) = P(∃k : Ink (t−) ≥ xn
1
α , Jk(t−) ≥ n

2(1−α)
α )

× P( sup
t−≤s≤t+

|mk(s)− Jk(t−)| ≤ εJk(t−)|{∃k : Ink (t−) ≥ xn
1
α , Jk(t−) ≥ n

2(1−α)
α )

= P(∃k : Ink (t−) ≥ xn
1
α , Jk(t−) ≥ n

2(1−α)
α )

× (1− E[q(Jk(t−), t+ − t−, εJk(t−))|∃k : Ink (t−) ≥ xn
1
α , Jk(t−) ≥ n

2(1−α)
α )

≥ P(∃k : Ink (t−) ≥ xn
1
α , Jk(t−) ≥ n

2(1−α)
α )(1− 2tC5.45n

(1−α)(2−α)
α (1 + ε)ε1−α).

Using Lemma 5.7,

P(∃k : Ink (t−) ≥ xn
1
α , Jk(t−) ≥ n

2(1−α)
α ) ∼ P(∃k : Ink (t−) ≥ xn

1
α ) = P(M (n)(t−) ≥ n

1
αx)

∼ 1− exp(−(1− ε)(α− 1)tx−α

Γ(2− α)
).

In consequence,

lim inf
n→∞

P(B3,t) ≥ 1− exp(−(1− ε)(α− 1)tx−α

Γ(2− α)
)

when n tends to ∞. Then, thanks to (5.44) and (5.46), we deduce that

lim inf
n→∞

P(B1,t ∩B2,t ∩B3,t) ≥ 1− exp(−(1− ε)(α− 1)tx−α

Γ(2− α)
).

Combining the latter with (5.47), we obtain
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lim inf
n→∞

P
(
M (n)(R−1(t∗)) ≥ (1− 2ε)xn

1
α

)
≥ 1− exp(−(1− ε)(α− 1)tx−α

Γ(2− α)
). (5.48)

Next, we seek to find an upper bound for P
(
M (n)(R−1(t∗)) ≥ xn

1
α

)
. Conditional on

B1,t, we construct V (n)(t+) from V (n)(R−1(t∗)) using the method in Lemma 5.8. Let

B4,t = B1,t∩{∃k : I
(n)
k (R−1(t∗)) ≥ xn

1
α ,mk(R

−1(t∗)) ≥ n
2(1−α)
α , sup

R−1(t∗)≤s≤t+

|mk(s)−mk(R
−1(t∗))|

mk(R−1(t∗))
≤ ε}.

Similarly as for the lower bound,

P
(
M (n)(t+) ≥ (1− 2ε)xn

1
α |B2,t ∩B4,t

)
≥P
(
B

(
dxn

1
α e, Z(R−1(t∗))mk(t+)

Z(t+)mk(R−1(t∗))
∧ 1

)
≥ (1− 2ε)xn

1
α |B2,t ∩B4,t

)
≥P
(
B

(
dxn

1
α e, (1− ε)1− n(1−α)/α

1 + n(1−α)/α

)
≥ (1− 2ε)xn

1
α

)
−→ 1. (5.49)

Using the strong Markov property of the CSBP and (5.45), we have

P(B4,t) = P(B1,t ∩ {∃k : I
(n)
k (R−1(t∗)) ≥ xn

1
α ,mk(R

−1(t∗)) ≥ n
2(1−α)
α }) (5.50)

× (1− 2tC5.45n
(1−α)(2−α)

α (1 + ε)ε1−α) (5.51)

Notice that using (5.45), in the sense of convergence of probability

lim
n→∞

sup
t−≤s≤t+

Z(s) = lim
n→∞

inf
t−≤s≤t+

Z(s) = 1

Together with (5.44), we get the following convergence in probability

lim
n→∞

Z(R−1(t∗)) = 1.

Remark 5.5 tells that D(t) is decreasing on t. Under B1,t, D(t−) ≤ D(R−1(t∗)) ≤ D(t+).

It is then easy to deduce that D(R−1(t∗))
n

is asymptotically bounded from above by a certain
positive number. Now we can apply Remark 5.6 and get

P(B4,t) = P(∃k : I
(n)
k (R−1(t∗)) ≥ xn

1
α ) + o(1) = P(M (n)(R−1(t∗)) ≥ xn

1
α ) + o(1). (5.52)

Using (5.49), (5.46) and (5.52)

lim sup
n−→∞

P(M (n)(R−1(t∗)) ≥ xn
1
α )

≤ lim
n−→∞

P(M (n)(t+) ≥ (1− 2ε)xn
1
α )

=1− exp(−(x(1− 2ε))−α
(α− 1)t(1 + ε)

Γ(2− α)
). (5.53)

Since ε can be arbitrarily small, (5.48) and (5.53) allow to conclude.
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Finally, observe that Corollary 5.2 is obtained from a combination of Lemma 5.3 and
Theorem 5.4.
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[45] Möhle, M. et Sagitov, S. (2001). A classification of coalescent processes for haploid
exchangeable population models. Ann. Probab., 29(4):1547–1562.
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