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Résumé

Le A-coalescent est un processus stochastique utilisé pour modéliser 'arbre généa-
logique d’une population composée d’une infinité d’individus, admettant des collisions
multiples de lignages. Motivée par les applications en biologie, cette these étudie principa-
lement les longueurs des branches d’une sous-famille de coalescents associée a n individus
(les A n-coalescents ) qui est largement utilisée par les biologistes et les probabilistes.
Nous notons que les A-coalescents sont caractérisés par des mesures finies A définies sur
[0, 1].

Dans un premier temps, nous nous intéressons au cas particulier des A n-coalescents
avec A =Beta(2 — a, a), la mesure Beta lorsque 1 < a < 2. Pour simplifier les notations,
on les appelle Beta(2 — «, ) n-coalescents. Mohle a conjecturé dans une communication a
Marseille en 2008 que dans ce cas-la, la longueur d’une branche externe choisie au hasard
est de l'ordre de n'=® quand n tend vers oco. Nous montrons que cette longueur norma-
lisée par n®~! converge vers une loi limite que nous expliciterons. Nous présentons deux
méthodes pour montrer ce résultat. Ma contribution est d’introduire la construction récur-
sive du A n-coalescent qui nous permet d’établir 'une des méthodes. Cette construction
consiste a ajouter I'individu n au A (n — 1)-coalescent d’une certaine maniere pour consti-
tuer un A n-coalescent. L’avantage de cette construction est que, d’une part, on peut voir
directement comment la branche externe de l'individu n s’attache au coalescent, ce qui
facilite le calcul de cette longueur. D’autre part, cette construction donne un processus
d’auto-apprentissage des individus en fonction du coalescent construit par les précédents,
ce qui offre un autre point de vue qui peut étre utile pour d’autres problemes. L’article
(14) basé sur ce travail, en collaboration avec Jean-Stéphane Dhersin, Fabian Freund et
Arno Siri-Jégousse, est publié en 2013 dans le revue Stochastic Processes and their Appli-
cations. Dans cet article, les résultats sont prouvés pour une classe relativement générale
de coalescents qui incluent les Beta(2 — «, «)-coalescents avec 1 < o < 2.

Dans un deuxieme travail, toujours dans le cadre des Beta(2 — o, ) m-coalescents avec
1 < a < 2, nous étudions le comportement asymptotique du moment d’ordre 2 de la
longueur totale des branches externes en utilisant une méthode récursive. Le comporte-
ment est décrit d'une fagon explicite. On étudie les moments de la longueur d’une seule
branche externe ainsi que la covariance entre deux longueurs de branches externes. L’ar-
ticle correspondant est soumis a Journal of Applied Probability. 11 existe une version plus
générale (16) de cet article qui s’intéresse a une classe plus large de A-coalescents que les
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Beta(2 — «, ) n-coalescents avec 1 < o < 2.

Un troisieme travail cherche a cloturer le probleme de la longueur d'une branche ex-
terne en proposant une caractérisation pour beaucoup de A n-coalescents. Sous certaines
conditions sur la mesure A (satisfaites en particulier par le coalescent de Bolthausen-
Sznitman et les coalescents avec poussiere comme les Beta(2 — a, ) n-coalescents avec
0 < a < 1), nous obtenons un facteur de normalisation “universel” et nous proposons
une conjecture pour un résultat d’une classe plus générale de mesures A incluant les
Beta(2 — a, ) n-coalescents avec 1 < o < 2. L’outil principal est une nouvelle construc-
tion (measure division construction) du A n-coalescent. Pour cette construction, on divise
d’abord A en deux parties Ay, Ay telles que A = A; + Ay. On part alors d'un Ay n-
coalescent que I'on modifie selon la mesure Ay pour avoir finalement un A n-coalescent.
Si la masse totale de A; est petite, alors le A n-coalescent est proche du Ay coalescent.
En ce sens, on peut espérer que méme si les coalescents sont perturbés par une autre
mesure, certaines propriétés restent encore vraies. Cette méthodologie aboutit a montrer
le résultat principal de ce travail qui est dans l'article Y (2013) soumis & Markov Processes
and Related Fields.

Le dernier travail est une continuation de 'article de (6). Ce dernier étudie le compor-
tement asymptotique en temps petits du processus de fréquence asymptotique ordonnée
(Beta(2 — a, ) ranked coalescent process) dans le cas ou 1 < a < 2. Nous utilisons ce pro-
cessus de fréquence asymptotique ordonnée et la construction de la boite de peinture de
Kingman pour retrouver les Beta(2 — «, ) n-coalescents. Ceci nous permet de déduire la
loi limite jointe de plusieurs longueurs de branches externes dans le cas des Beta(2 — «, )
n-coalescents avec 1 < a < 2. Certaines quantités comme la taille du clade minimal et
la taille du bloc maximal en temps petits ont aussi été étudiées. Il s’agit d'un travail
en collaboration avec Arno Siri-Jégousse. L’article est soumis & ALEA (Latin American
Journal of Probability and Mathematical Statistics).

La these se compose d’une introduction des résultats, suivie des 4 articles parus ou
soumis dans leur version originale.
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Exp(r),r > 0 : la variable exponentielle de paramétre r.

Geo(r),r > 0 : la variable géométrique de paramétre r.
N:={1,2,---}.

N, :={1,2,--- ,n}.

|| : le nombre de blocs de 7 et m est une partition d’un ensemble.
P : 'ensemble de toutes les partitions de N.

P, : 'ensemble de toutes les partitions de N,,.

A : une measure finie sur [0, 1].

v(dz) = 72A(dx).

zj;lu dx

C Aok = fol 2 72(1 — 2)>*A(dx), 2 <k <b.

gn ‘= ZZ:Q (Z))\n,ka n Z 2.

g = fol z~ A(dz).
. ILL 9 = fol _2A dLU)

f/ r'A(dr).
f1/ x~?A(dz).

i
. I = (II(¢),t > 0) : le A-coalescent.
I = (TI™(¢),¢ > 0) : le A n-coalescent.
. (Kt,t > 0) : le processus de comptage de blocs de II.
- (K ) > 0) : le processus de comptage de blocs de T1(™.

CT™ longueur de la branche externe de ¢ pour 2 =1,2,--- ,n.

1

. T™ : la longueur d’une branche externe choisie uniformément.

7" . le nombre total de sauts de I,

. o™ : le nombre de sauts jusqu’a la coalescence de {1}.
. fr(B) : la fréquence asymptotique de B et B est un bloc de N.
. ||ml]; ¢ la fréquence asymptotique ordonnée d'une partition 7 de N.
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Chapitre 1

Introduction et résultats principaux

1.1 Quelques éléments d’Histoire de 1’évolution et de
la coalescence

Notre monde est rempli d'une diversité extraordinaire d’organismes vivants. Des tenta-
tives d’explication de ce phénomene se trouvent dans les écrits de nombreux philosophes.
Anaximandre (vers 610-514 av. J.-C. ), philosophe de la Greéce Antique, est considéré
comme étant le premier a expliquer 'origine des étres d’un point de vue « scientifique ».
Il affirme que tout animal vivant sur les terres a un ancétre lointain dans la mer. Par 'ac-
tion du soleil sur '’humidité, les terres sont apparues et certains animaux s’y sont adaptés
pour vivre en dehors de la mer. Presque a la méme époque, le philosophe Empedocle
(vers 610-514 av. J.-C.) dit que les premiers animaux et plantes sont des morceaux des
étres actuels. Lorsque deux animaux (ou plantes) se croisent par hasard, ils se connectent
pour créer une nouvelle espece. L’aléa joue donc un role important. Platon (vers 428-348
av.J.-C.) considere que la forme d’un objet quelconque est une version imparfaite de celle
idéale créée par le Démiurge. Aristote (384-322 av. J.-C.) développe cette théorie en disant
en particulier que tous les caracteres d'une espece sont congus pour une cause finale, ce
qui entraine beaucoup d’interprétations religieuses. Le point de vue de Platon et Aris-
tote est devenu dominant au Moyen—Age. Plusieurs autres théories de la Grece Antique
disparaissent a cette époque dans le monde occidental mais sont reprises dans le monde
islamique.

Au 17eéme siecle, le philosophe frangais René Descartes (1596-1650) a 'idée que 1'uni-
vers se développe d’une facon mécanique en incluant les étres vivants, sans aucune in-
tervention divine. Au contraire, Gottfried Wilhelm Leibniz (1646-1716) considere que
I'univers évolue de maniere perpétuelle et sans contrainte en accumulant la beauté et la
perfection des ceuvres de Dieu. Assez différemment, le taxinomiste britannique John Ray
(1627-1706) soutient que toute espece est caractérisée par une partie essentielle qui ne
change pas au cours du temps.
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L’étape suivante est sans doute due au philosophe francais, Georges-Louis Buffon
(1707-1788), qui présente sa théorie sur l'origine de la terre et les doutes sur la fixité
des especes (I'idée de John Ray) dans son livre [’Histoire naturelle . Selon lui, les an-
cétres des étres présents sont nés spontanément et les descendants ont hérité et aussi
dégradé les caracteres de leurs ancétres en raison du changement environnemental. La
dégénération mene les especes a converger vers leurs formes primitives. Mais un étre dé-
généré peut reprendre sa forme originale s’il est placé dans un environnement favorable.
Le philosophe francais Denis Diderot (1713-1784) a étendu 'idée de Buffon en ajoutant
que les nouvelles formes des especes apparaissent au travers d’un processus expérimental
en fonction des essais et des erreurs, ce qui est considéré comme une anticipation partielle
de la sélection naturelle.

Au 18eme siecle, certains naturalistes croient que les hommes et les primates ont les
mémes ancétres et que tout étre vivant a développé ses propres méthodes pour évoluer
sur une longue terme. Erasmus Darwin (1731-1802), le grand pere de Charles Darwin,
suggere que tout animal au sang chaud est descendu d’une espece minuscule.

Au 19eme siecle, Jean-Baptiste Lamarck (1744-1829), naturaliste francais, propose une
théorie qui consiste a dire que le développement des organes et leur force d’action sont
constamment liés a ’emploi de ces organes. Les individus transmettent ensuite leurs ca-
racteres acquis aux descendants. Mais la théorie de 'hérédité n’est pas fournie dans le La-
marckisme. En 1859, Charles Darwin (1809-1882) publie sa théorie de I’évolution dans son
fameux ouvrage On the Origin of Species. La principale différence entre le Lamarckisme
et le Darwinisme est que pour ce dernier, les changements des traits des organes sont dus
a la sélection naturelle, et non a 'emploi des organes. Plus précisément, les individus dans
une population ont des traits différents qui sont soumis au changement environnemental.
Seuls les individus les plus adaptés peuvent survivre. Ici un individu adapté est un indi-
vidu ayant des traits héréditaires qui aident a la reproductivité. Lorsque 1’environnement
change, certains traits sont choisis et seront plus tard partagés par toute la population.
Comme les changements géologiques et géographiques engendrent des environnements di-
versifiés et que les étres vivants se déplacent au cours des générations, les especes évoluent
suivant des directions différentes.

Le défaut de cette théorie est que la sélection naturelle s’effectue sur des variations
des traits dont 1’origine n’est pas précisée. Darwin écrit dans son livre que

Our ignorance of the laws of variation is profound. Not in one case out of a hundred can
we pretend to assign any reason why this or that part has varied.

Le point de vue accepté a I’époque a propos du mécanisme de 'hérédité est I’hérédité par
meélange. Cela consiste a dire que le phénotype d’un individu provient du mélange dans
certaines proportions des influences parentales. Mais on peut facilement en déduire que,
dans un environnement donné, la variance des traits d’une espece diminue au cours du
temps. Finalement, les individus de la méme espece sont identiques. A cause de ce défaut,
le Darwinisme a beaucoup de mal a se faire accepter a I’époque.
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C’est grace au moine silésien Gregor Mendel (1822-1884) que le mécanisme d’hérédité
est découvert. En 1865, Mendel publie 'article Ezperiments on Plant Hybridization basé
sur 'expérimentation sur des pois. Il montre que la variation génétique est a l'origine de
la variation des traits. Il y décrit ce qui deviendront les lois de Mendel. Ces dernieres
engendrent le principe de Hardy-Weinberg qui dit que la variation génétique est préservée
dans certaines populations isolées sans mutations et sans sélection naturelle. Par consé-
quent, les lois de Mendel remédient au défaut du Darwinisme sur le probleme de variation
des traits. Mais elles n’étaient malheureusement pas connues par Charles Darwin. En 1900,
elles sont retrouvées et rapidement acceptées par les scientifiques. Dans les années 1920-
1940, Ronald Fisher (1890-1962), John Burdon Sanderson Haldane (1892-1964) et Sewall
Wright (1889-1988) initient la recherche sur la génétique des populations, laquelle consiste
a étudier les phénomenes d’adaptation et de spéciation en utilisant la sélection naturelle
et les lois de Mendel qui s’appliquent a travers différents ingrédients : les mutations, les
recombinaisons, les immigrations et aussi les dérives génétiques.

Grace au développement de nouvelles technologies en Physique et en Informatique
au début du 20eme siecle, les observations peuvent s’effectuer au niveau moléculaire. En
1953, James Watson (1928-) et Francis Crick (1916-2004) relevent que les genes sont de
« petits morceaux d’ADN ». Une ADN est formée d'une double hélice ot une suite de
bases génétiques couple une autre suite complémentaire. Tres rapidement, les scientifiques
comprennent comment ’ADN code les protéines via les codes génétiques. On s’intéresse
ensuite aux variations génétiques au niveau moléculaire. Il est montré que la plupart
des différences entre les génomes des especes vivantes sont sélectivement neutres, i.e., ces
différences génomiques n’influencent pas les niveaux de fitness. Motoo Kimura (1924-1994)
soutient I'hypothese qu’il y a beaucoup de variations génétiques mais que seule une tres
petite fraction est soumise a la sélection naturelle, et que la plupart des changements
sont neutres en fitness. La théorie de Kimura, autrement appelée la théorie neutre de
I’évolution moléculaire, fournit un modele sur lequel les données peuvent étre testées. Plus
précisément, on étudie théoriquement la configuration génétique d’une espece lorsque les
changements génétiques sont supposés neutres. Des tests statistiques permettent alors
de tester la neutralité. Si le modele est neutre, I’évolution est tres peu influencée par la
sélection naturelle et beaucoup par les dérives génétiques sur les alleles neutres. Le débat
sur I'importance relative de la dérive génétique par rapport a la sélection naturelle est
toujours d’actualité.

Les premieres idées a propos de la coalescence apparaissent dans Robert C. (32), mais
c’est & Sir John Frank Charles Kingman (1939-) que 'on doit une théorie mathémathi-
quement élégante pour étudier I’arbre généalogique d’un échantillon d’une population qui
permet de mesurer les variations génétiques et tester la neutralité de la population. Dans
une série d’articles publiés en 1982, Kingman introduit le processus de coalescence, ap-
pelé plus tard le coalescent de Kingman, et qui peut étre associé a l'arbre généalogique
d’une population de grande taille. Nous invitons le lecteur a se référer a (34), (18), (41),
(42), (40), ou encore (47) pour plus d’informations. Un fait étonnant est que la classe
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FIGURE 1.1 — Gregor Mendel (1822-1884) FIGURE 1.2 — Charles Darwin (1809-1882)

des populations ou ce résultat s’applique est assez générale, et aussi que le mécanisme
précis de la reproduction n’est pas important. L’hypothese cruciale de la théorie neutre
est qu'indépendamment de I'arbre généalogique donné, les mutations arrivent a un taux
constant sur cet arbre. C’est sur cette hypothese que repose le test de Fu et Li introduit
par Yun-Xin Fu et Wen-Hsiung Li dans leur article de 1993. En pratique, on considere
que les mutations arrivent sur le coalescent de Kingman a un taux constant que 1’on veut
estimer. Le test de Fu et Li s’appuie alors sur les longueurs de certaines branches de I'arbre
généalogique. Ce sont ces quantités qui sont étudiées dans cette these.

FIGURE 1.3 — Motoo Kimura (1924-1994)

Le coalescent de Kingman est un processus qui n’admet que des collisions binaires. Des
études sur les especes marines montrent que certains individus peuvent avoir beaucoup
d’enfants, et que la probabilité pour que la plupart des individus de la génération suivante
proviennent d'un seul individu est assez grande. Cela est découvert par (33), (20), (12),
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(1). Dans ce cas-la, le coalescent de Kingman n’est plus adapté pour modéliser 1’arbre
généalogique. En 1999, Jim Pitman et Serik Sagitov introduisent indépendamment et en
méme temps le A-coalescent. Le « A » correspond a une mesure finie sur [0, 1] qui caracté-
rise ce processus. Ces processus a coalescences multiples incluent le coalescent de Kingman
pour lequel la mesure A est la mesure de Dirac au point {0}. Les A-coalescents ne sont
qu'une sous-classe des coalescents échangeables généraux appelés Z-coalescents introduits
par Martin Mohle, Serik Sagitov et Jason Schweinsberg en 2000-2001 et qui admet des
coalescences multiples et simultanées. Il est important de remarquer que le coalescent de
Kingman est un cas particulier de A-coalescent qui est encore un cas particulier de =-
coalescent. Il y a aussi d’autres extensions du processus de coalescence dont un excellent
exemple est de supposer que les individus sont localisés sur plusieurs endroits séparés avec
immigrations possibles et ensuite de sélectionner aléatoirement un échantillon parmi toute
la population pour étudier 'arbre généalogique (on peut se référer a (21) pour plus de
détails).

1.2 Le A-coalescent

1.2.1 Consistance et échangeabilité

Le coalescent de Kingman est apparu avant le A-coalescent. Mais ce dernier étant plus
général, on va l'introduire et voir le coalescent de Kingman comme un cas particulier.

Définition 1.1. Soit A une mesure finie sur [0,1]. Le A-coalescent est un processus de
Markov 11 = (I1(t),t > 0) a temps continu & valeurs dans P, l'ensemble des partitions de
N:={1,2,---}, tel que son état initial I11(0) = {{1},{2}, -}, la partition en singletons.
La loi de 11 est caractérisée par 1™ = {TI(M(t),t > 0} qui est la restriction de I sur
N, = {1,2,---,n}, et a valeurs dans P,, Uensemble des partitions de N,. II'"(0) =
{{1},{2},--- ,{n}} et si a Vinstant t > 0, TI"™(t) a b blocs (b > 2), alors chaque k-uplet
de blocs (2 < k < b) coalesce en un seul bloc indépendamment des autres au taux

Aok = /0 2" 2(1 — 2)"FA(dx) = /0 2*(1 — z)" v (da), (1.1)

oty v(dx) = 272A(dx). Ainsi II™ effectue sa prochaine coalescence au tauz

9o = Zb: <Z) Ab k- (1.2)

k=2

Le processus I est appelé le A n-coalescent. On note |II(t)| le nombre de blocs de
I1(¢), [TI™(t)| le nombre de blocs de T1™(t). On définit les processus de comptage de blocs
K = (K(t),t 2 0) et K™ = (K"(t),t > 0) ou K(t) = [II(t)|, K™ (t) = [II™(t)].
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Remarque 1.1. Si on munit P d’une topologie telle qu’une suite d’éléments {p1,p2, - , }
dans P converge vers p si et seulement si pour tout n > 1, il existe N tel que les restrictions
de p; et p sur N,, sont égaux pour i > N, alors Il est un processus cadlag par rapport a
cette topologie. Une telle topologie peut se trouver dans le Lemme 9 de (22).

Remarque 1.2. Le fait que la loi de I1 peut étre établie a partir de celles de {II™ n > 2}
est di au Théoreme d’extension de Kolmogrov. On invite le lecteur a consulter la page 33
du (7). On peut aussi le voir directement a partir d’une construction récursive qui sera
décrite plus tard.

Il y a deux propriétés essentielles pour le A-coalescent.

Propriété 1 : Consistance.

Soit 2 < n < m < oo et ¢ la restriction de N,, sur N,, (on note Ny, = N, I1(>) = TI).
Alors

goIIm @ 1o,

Remarque 1.3. La consistance découle en fait de la relation suivante :

Aok = Aot1k T Apst kt1- (1.3)

Celle-ci caractérise une mesure A\, et donne la formule (1.1) (voir (48)). On peut expliquer
(1.3) de la fagon suivante : supposons qu’un A n-coalescent a b+ 1 blocs numérotés de 1
ab+1 allinstant t. L’événement que k (2 < k < b) blocs soient impliqués a la prochaine
coalescence parmi les blocs de 1 a b peut étre décomposé en deux sous-événements : le
premier est d’avoir une coalescence de k + 1 concernant les k blocs précédents et aussi le
bloc b+ 1 et le deuxieme est d’avoir une coalescence ne concernant que les k blocs. Alors
la consistance implique que le tauzx de [’événement tout entier est la somme des taux des
deuz sous-événements, d’ot vient (1.3).

Propriété 2 : Echangeabilité.
Soit w une permutation de N,,, alors

wo 1w &y, (1.4)
Remarque 1.4. La propriété d’échangeabilité traduit la neutralité entre les individus.

Exemples importants de A-coalescents

— Le coalescent de Kingman.
Le coalescent de Kingman est le cas particulier de A-coalescent le plus utilisé dans
les applications ((38)). La mesure A du coalescent de Kingman est la mesure de
Dirac au point {0}. Dans ce cas-la, toutes les coalescences sont binaires.

Dans la simulation de la Figure 1.4, on voit que le nombre de blocs décroit tres ra-
pidement. Le temps pour aller de I'infini aux deux plus anciens ancétres communs
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FI1GURE 1.4 — Simulation du 300-coalescent de Kingman.

est comparable au temps pour aller de ces deux ancétres au MRCA (most recent
common ancestor).

— Les Beta(2 — «, a)-coalescents avec 0 < « < 2. Ces processus avec différentes
valeurs de « sont aussi beaucoup étudiés dans la littérature. La mesure A du
Beta(2 — a, a)-coalescent est comme suit :

. filfl_a(l — l’)a_l]_ogxgldl’

Alde) Beta(2 — a, «) ’

ou Beta(2 — «, ) est la fonction Beta avec parametres 2 — « et .

Pour simplifier les notations, on appelle le Beta(2 — «, «)-coalescent aussi le Beta-
coalescent. Le Beta-coalescent modélise I'arbre généalogique d’une population pour
laquelle un individu peut avoir beaucoup d’enfants. Plus « est petit, plus la proba-
bilité pour qu’un individu dans la population puisse avoir des enfants qui forment
une partie considérable de la génération suivante est élevée. On peut voir dans la
simulation des Figures 1.5 et 1.6 que lorsque « est petit, les coalescences impliquent
plus de blocs.

Si a = 1, le Beta-coalescent est appelé en particulier coalescent de Bolthausen-
Sznitman. Il fut pour la premiere fois appliqué en Physique pour modéliser un
phénomene de verres de spin, alors méme que la notion de A-coalescent n’avait pas
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FIGURE 1.5 — Simulation du Beta(0,2, 1,8) 300-coalescent
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FIGURE 1.6 — Simulation du Beta(1,8, 0,2) 300-coalescent
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été introduite ((11)).

Le Beta-coalescent apparait aussi dans le contexte des processus de branchements
((52)), des processus a valeurs mesures ((24), (17), (8), (25), (26)), des arbres
aléatoires ((3), (5)), etc.

1.2.2 Descente de ’'infini

Pour tout A-coalescent II, on part de la partition en singletons et les blocs coalescent
au fur et a mesure. Donc on voit que le processus de comptage de blocs est décroissant.
On remarque que si pour un temps ty > 0, K (to) est infini, par la propriété de Markov,
K(t) est infini pour tout ¢ > 0. Par conséquent, soit K (¢) est infini pour tout ¢ > 0, soit
IT descend de l'infini, i.e, K(t) < oo pour tout ¢ > 0 presque surement. Donc on souhaite
avoir un critere pour distinguer les deux cas. Ce critere est donné par (51).

Théoréme 1.1. Le A-coalescent I1 descend de Uinfini si et seulement siy -, ’yb_l < 00,
ou Y = Z?:Q(k —1) (Z) Ab k-

Pour comprendre ce théoreme intuitivement, on peut penser a la chose suivante. Re-
marquons que g, = ZZ:2 (Z) Api; est le taux de coalescence lorsque I'on a b blocs. Si une
coalescence de k blocs arrive, on en perd k — 1. L’idée est de décomposer une perte de
k en k — 1 pertes de 1. Imaginons un processus décroissant K™ & valeur dans N,, tel
que K (”)(O) = n et lorsqu’il a b blocs, la prochaine perte est 1 et aura lieu au taux -,
ainsi de suite. Soit K la limite de convergence fini-dimensionelle de (K™, n > 2) et donc
K(0) = co. Alors K descend de Dinfini si et seulement si la durée de vie de K™ tend
vers une limite finie lorsque n tend vers co. Soit {e;};>1 les variables i.i.d exponentielles
de parametre 1. Alors la durée de vie de K™ est égale en loi a

n
€;
I

i—g Vi

qui tend vers une limite finie si et seulement si > ,~, 7, < 0.
Ensuite on voit que |II| et K sont comparables en terme de la vitesse de la descente.
Supposons que les deux processus ont b blocs au temps t. Alors pour At tres petit,

k=2 9

b—E[|(t+ At)|] = g (i(k: - 1)(’2)—2"”’“> At + o(At)

b
= Z fo,kAt + O(At),

k=2

ou g,At 4+ o(At) est la probabilité d’avoir une seule coalescence.
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Pour K, on perd un bloc a chaque coalescence, donc

b—E[K(t+ At)[] = > wrlt + o(At),

k=2

ou le terme a droite est la probabilité d’avoir une seule coalescence. On voit clairement
que, au moins au sens de 'espérance, les vitesses de la descente sont comparables. Donc
il n’est pas étonnant d’apprendre que II descend de 'infini si et seulement si K descend
de l'infini.

Les A-coalescents qui descendent de l'infini incluent les Beta(2 — a, a)-coalescents
avec 1 < o < 2 ainsi que le coalescent de Kingman. Les Beta(2 — «, a)-coalescents avec
0 < a < 1 restent toujours infinis.

1.2.3 La boite de peinture et la fréquence asymptotique ordon-
née
On introduit d’abord la notion de partition échangeable de N,, et de N.

Définition 1.2. Soit w, une permutation quelconque de N,, et w, une partition aléatoire
de N,,. Alors m, est une partition échangeable de N,, si et seulement si

(d)
Wy O Ty = Ty

Soit ¢, la restriction de N vers N,, et m une partition aléatoire de N, alors w est une
partition échangeable de N si et seulement si pour tout n > 1
(d)
Wn 06, O = G, OT.

Il est évident que II(t) est une partition échangeable pour tout ¢ > 0. (38) prouve
qu'une partition aléatoire échangeable de N peut étre obtenue via la boite de peinture
(paintbox) a partir d’une partition de la masse 1.

Procédure de la boite de peinture :

Soit I'ensemble de partitions des masse 1 défini comme

o0
P :={s=1(s1,82,""):8 >8> 53---;Zsi <1}
i=1
On définit so := 1 — > 7, s; appelée la « poussiere ». Soit s € P,,, on divise I'intervalle
[0, 1] en sous-intervalles dont les longueurs sont respectivement g, s1, S, - - - . L’intervalle
correspondant a sy est appelé 'intervalle de poussiere. Chaque intervalle est dotée d’une
couleur différente des autres, sauf I'intervalle de poussiere. Soit {Uy, Uy, Us, - - - } une suite
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de variables uniformes indépendantes sur [0, 1] et aussi indépendantes de s. Si U; tombe
dans un intervalle autre que l'intervalle de poussiere, alors on donne la couleur de cet
intervalle a . Sinon, on ne donne aucune couleur a . Les 7s sans couleurs deviennent des
singletons et chaque couleur forme un bloc en regroupant certains is (la probabilité pour
que la taille du groupe d’une couleur soit finie est 0). On note cette partition 7 et sa loi
¢s. 11 est facile de voir que 7, est une partition échangeable.

Avant d’énoncer le Théoreme de la boite de peinture de Kingman, on introduit la
notion de la fréquence asymptotique ordonnée d’'une partition de N.

Définition 1.3 (Fréquence asymptotique ordonnée). Soit B un sous-ensemble de N. S’il
existe une valeur b non-negative telle que quand n tend vers oo

1
ﬁ#{B NN,} — b,

alors on dit que B admet une fréquence asymptotique notée fr(B) :=b.

Soit ™ une partition de N. On dit que ™ admet une fréquence asymptotique si tout
bloc de m admet une fréquence asymptotique. On ordonne les fréquences asymptotiques
des blocs de m en ordre décroissant et note cette suite ||m||,. Alors ||7||, est appelée la
fréquence asymptotique ordonnée de .

Théoréme 1.2 (Le Théoreme de la boite de peinture de Kingman). Soit m une partition
aléatoire échangeable de N. Alors m admet une fréquence asymptotique ordonnée presque
surement et la loi de m peut étre exprimée par

Pre) = [ Bl € (),
ot S est la loi de la partition induite par s via la procédure de la boite de peinture.

Remarque 1.5. L’avantage de ce théoréme est que la loi de m est caractérisée par ||x||,,
un élément de P,,. Sachant ||7||, on peut retrouver w en utilisant la procédure de la boite
de peinture. Lorsque ['on connait bien la loi de ||7||,, les études de m deviennent abordable,
sachant que la procédure de la boite de peinture est un probleme d’occupation de cases sur
[0,1] (finies ou dénombrablement infinies).

Définition 1.4. Soit IT un A-coalescent. 11 est sans poussiére si et seulement si pourt > 0
quelconque, ||IL(t)||; est sans poussiére presque surement. De méme, 11 est avec poussiére
si et seulement si pour t > 0 quelconque, ||IL(t)||; est avec poussiére presque sirement.

En effet, II est soit sans poussiere, soit avec poussiere. Il n’y a pas de troisieme possi-
bilité. Ce fait est montré par (48).

Théoréme 1.3. Un A-coalescent 11 est sans poussiére si et seulement si
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1
/ v A(dr) = co.
0
Sinon, 11 est avec poussiere.

D’apres ce résultat, le coalescent de Kingman et les Beta(2 — a, a)-coalescents avec
1 < o < 2 sont sans poussiere et les Beta(2 — «, a)-coalescents avec 0 < a < 1 sont avec
poussiere.

Remarque 1.6. Un A-coalescent qui descend de l'infini est un coalescent sans poussiere.
La réciproque est fausse. On peut prendre le coalescent de Bolthausen-Sznitman qui ne
descend pas de l'infini mais est sans poussiére.

Corollaire 1.1. Soit IT un A-coalescent. Il existe un processus © = (O(t),t > 0) a valeurs
dans P, tel que presque sturement I1(t) admet une fréquence asymptotique ordonnée ©(t)
pour tout t > 0. On appelle © le processus de fréquence asymptotique ordonnée de 11
(ranked A-coalescent).

Démonstration. On divise la discussion en deux parties.

1. [T est un processus sans poussiere. On peut se référer a la Proposition 30 de
(22) dans ce cadre-la. Ici, on donne une explication essentiellement identique mais plus
détaillée. Soit E, I’événement ou II(¢) admet une fréquence asymptotique ordonnée sans
poussiere pour toute valeur rationnelle non-negative ¢t. Alors d’apres le Théoreme 1.2, on
a

P(E,) = 1.

Soit s une valeur positive irrationnelle, on peut toujours trouver une valeur rationnelle
' telle que 0 < s’ < s. Supposons que II(s) = {Bg}i>1 et By = U2, Ag; ot Ay, est un
bloc vide ou bien un bloc ayant une fréquence asymptotique positive au temps s’. D’apres
le Lemme de Fatou, on a pour tout £ > 1

] S
hgrilogf E#{Bk NN, } > Z fr(Agq).

i=1

Sachant E,, Y77 >, fr(Ax;) = 1. De plus, > ;2 +#{B, NN, } = 1. Alors on a
pour tout k > 1

Tim (BN} = > ) (15)

Comme s est arbitraire, on peut conclure en notant © = {||II(¢)||;,¢ > 0}.
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2. II est un processus avec poussiére. Lorsque II est avec poussiére, on a une
autre construction via un processus de subordinateur. Cette construction se trouve a la
page 7 de (31) et son origine est dans (48).

Soit 7 la mesure image de v (rappelons que v(dx) = x72A(dz)) sous la transformation
z — —1In(1 — z). Soit (S, > 0) le subordinateur de la mesure de Lévy 7 et S; = e,
Alors (S;,t > 0) est un processus décroissant de sauts purs tendant vers 0 et Sp = 1.
Soit {U;}i>1 des variables uniformes indépendantes sur (0,1] et aussi indépendantes de
(S¢,t > 0). Pour tout ¢ > 1, on associe U; au singleton {i}. Fixons un n € N. Soit ¢; le
premier instant ot on a au moins un élément de {U;}1<i<, dans (Sy,, S;,_]. Alors 1™ (¢)
peut étre défini de la facon suivante : 1™ (s) = {{1},{2},---,{n}} pour 0 < s < t;;
A Tinstant t;, supposons que les {U;};cr, sont comprises entre (S, S, -] ou I; est un
sous-ensemble de N,,. On fusionne les singletons de I; pour avoir un grand bloc qui sera
envoyé uniformément sur (0,S;,]. On pose ensuite 1™ (t1) = {I, {i}igr, }. Soit to > t;
le prochain instant ot (S, Sy,—] contient au moins un bloc (les singletons de I{ ou le
nouveau bloc représentant I;), alors on pose I (s) = II™(¢) pour ¢; < s < ty. On
fusionne ensuite les blocs sur (St,, St,—| en un grand bloc qui sera envoyé uniformément
sur (0, S;,], et ainsi de suite. En résumé, II™(¢) est 'ensemble des blocs sur (0,.59;] et de
I'union des blocs localisés sur (S, S;—] pour tout t > 0.

Cette construction est consistante. Etant donnés (S, ¢ > 0) et I, on peut envoyer le
singleton {n + 1} uniformément sur (0, 1] et ensuite suivre les regles de coalescence pour
obtenir II™*Y) sans modifier la structure de II™. Apreés une infinité d’ajouts de nouveaux
individus, on obtient le A-coalescent II.

Soit 0 < 51 < s9 < --- les instants de sauts de (S, ¢ > 0). Alors

(0, ].] — UzZl(SSN Ssi_]'

Notons que pour obtenir II, chaque singleton est envoyé uniformément sur (0,1]. On
fusionne les singletons qui tombent dans le méme intervalle. Ceci nous donne une partition
aléatoire de N notée 7. Il est clair que 7 est une partition échangeable. Si on note B; I'union
des singletons qui sont tombés sur (S;,, Ss,—], alors

mw = {32}221

Soit E,; I’événement ol m admet une fréquence asymptotique. Alors

P(E,) = 1.

On fixe t > 0 et soit Dy le sous-ensemble de N tel que si i € D, alors {i} € II(¢). Soit
II(t) = {Do, D1, D3, -- -} ou {D;};>1 sont des blocs contenant plusieurs entiers. D’apres
la construction de II, sachant FE,, il existe des sous-ensembles disjoints {I;};>0 tels que
N = UiZOIi et

Di — UjEIiBﬁ DO — UjEIij'
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D’apres le lemme de Fatou, pour tout ¢ > 1

o1
lim inf E#{Dz NN,} > Z fr(B;),

n—o00 .
JEl;

|
et llggfﬁ#{Do NN,} > Zfr(Bj).
Jj€lo
Sachant E ., on a

DD IrB) Y fr(By) =1.

i>1 jel; jelo

On en déduit que
fr(D;) = Z fr(Bj), Yi > 1; fr(Dy) = Z fr(B;); fr(Do) + Z fr(D;) =1.

JEL j€lp i>1

On peut conclure que sachant E,, I1(t) admet une fréquence asymptotique ordonnée pour
tout t. O

Remarque 1.7. Soit IT un A-processus avec poussiére. Presque stirement I1(t) admet une
fréquence asymptotique ordonnée O(t) pour toutt > 0. Supposons que O(t) = {s1, 2, - }.
Alors 1 — 2221 s; est la fréquence asymptotique de l'union des singletons au temps t.

L’inconvénient du processus © est que ’on ne voit pas d’une facon explicite comment
les blocs coalescent. Dans le cas Kingman, Aldous (1999) trouve une représentation gra-
phique telle que non seulement on voit I’évolution des coalescences mais aussi la masse
(ou fréquence asymptotique) de chaque bloc. Une autre représentation graphique de ce
genre pour les A-coalescents avec A({0}) = 0 est fournie par Bertoin et Le Gall (2003) en
utilisant les flots stochastiques de ponts.

1.3 Premiere application : ’arbre généalogique du
modele de Cannings

Introduisons tout d’abord un modele d’évolution général (Cannings (1974, 1975)) d'une
population de taille fixe N, haploide, évoluant en générations discretes (ne se chevauchant
pas). Etiquetons les individus au hasard de 1 a N. Soit r € Z et 1 <1 < N. Soit TETH) la
taille de la descendance a la génération r + 1 de 'individu 7 de la génération r. La taille
fixe de la population au cours du temps impose que

TYH) JFTgn+1) _{_”__FT%-H) _NreZ

Notons 1" = (TY), e ,T%)). Il y a deux propriétés essentielles de {Y},cz qui caracté-
risent le modele de Cannings.
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— Homogénéité : les {1}, oz sont ii.d de méme loi quune variable notée T =
(Ty,---,Tn).
— Echangeabilité : Soit w une permutation de Ny, alors (TSJT()D, e ,TM(N)) = 1),
pour tout r € Z.
Une version simplificatrice du modele de Cannings est le modele de Wright-Fisher qui
joue un grand role dans les travaux de Wright et Fisher dans les années 30. Dans ce modele,
T suit la loi binomiale multinomiale : soit 0 < 41,49, ,iny < N,i1 + 1o+ - +1iy = N,

N!

P(Tl :il,Tg :?:27"' 7TN :ZN> — ﬁ
212" 1IN

On considere la généalogie d'un échantillon de taille n (2 < n < N) choisie d'une maniere
uniforme a une génération donnée dans la population. On souhaite avoir une limite de
Iarbre généalogique de cet échantillon a n fixé lorsque N tend vers co sous une échelle
de temps appropriée. Numérotons les individus dans I’échantillon de 1 a n. Introduisons
la relation d’équivalence suivante : soient 1 < 4,5 < N. S’ils ont un ancétre commun r

générations auparavant, alors on note

. T .

i~ .
Nous pouvons alors définir la chaine de Markov décrite par les classes d’équivalence
correspondantes, a valeurs dans P,, 'ensemble des partitions de N,,. Nous la noterons
(mqu,n)’ r € N). %éN’n) est la partition triviale ne contenant que des singletons.

Définissons la probabilité cy de I’événement ol i et j ont un ancétre commun dans la

génération précédente.

Yo (%)

()
Cette formule montre que cy ne dépend pas de 7,7, en raison de 1’échangeabilité des
individus. On va donc considérer 1,2 au lieu de ¢, 7 quelconques. Imposons une hypothese
biologiquement naturelle

cN::P(iij):E N1

:E[Tl(rl_n}

cy — 0 lorsque N — oo. (1.6)
Nous avons alors
P(1~2)=cy
et
P1A2)=1—(1—cy) ~1—e ", (1.7)

Pour tout ¢ > 0, ce calcul meéne a une limite non-triviale lorsque r = [t/cy]. Ceci nous
donne une idée de la renormalisation en temps que nous allons devoir effectuer pour
obtenir un processus limite, lequel sera une chaine de Markov en temps continu a valeurs
dans P,. D’apres (1.7), il apparait que dans ce processus deux lignées fusionnent apres
un temps exponentiel (de parametre 1).
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FIGURE 1.7 — Le modele de Cannings avec N = 8. La taille de 1’échantillon est 5.

F1GURE 1.8 — Genéalogies des individus de I’échantillon dans la Figure 1.7.

Est-il possible que plus de deux lignées fusionnent au méme instant 7 Pour répondre a
cette question, introduisons dy, la probabilité que trois individus choisis au hasard aient
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le méme ancétre a la génération précédente :

XL E[G)] BN —1)(T - 2)]
(N) (N—-1)(N-2)

3

1 1

dy =P(1 ~ 2~ 3)

Nous allons nous placer dans le cas ou

d
2~ 5 0 lorsque N — oo. (1.8)
CN
Remarque 1.8. Un simple calcul montre que (1.8) implique (1.6) (on peut voir l'argu-
ment de Lemme 5.5 de (46) pour plus de détails).

En utilisant I’échangeabilité, il apparait que la probabilité que, a la génération ou deux
lignées fusionnent, une troisieme se joigne a I’événement de coalescence est

P{l1~2 N{33<k<n, k~1})<(n—2)P(1~2~3)=0oP(1~2).

Sous I’hypothese (1.8), il n'y aura donc pas de collisions multiples dans le processus limite.
Le lecteur ne sera donc pas surpris par le résultat suivant, qui se trouve dans (43).

Théoreme 1.4. (ER(LAQ?ZJJ > 0) converge au sens des lois fini-dimensionnelles vers le
N

n-coalescent de Kingman (H,En),t > 0) si et seulement si (1.8) est vérifiée.

Ce résultat généralise celui de (39) ot I'on a besoin que supy, E[(T1)*] < oo pour
tout £ > 1. (41) obtient une condition suffisante pour avoir une convergence étroite de

(ER(L]CV_?ZJ ,t > 0) vers le n-coalescent de Kingman dans I'espace D(R,, P").
N

Que se passe-t-il lorsque (1.8) n’est pas satisfaite 7 Dans ce cas, la probabilité d’avoir
une coalescence binaire n’est pas significativement plus grande que les probabilités de
coalescences multiples. On peut espérer avoir d’autres processus limites qui admettent les

coalescences multiples. (50) définit le processus de A-coalescent et propose trois conditions
(N)n)

len't)’
A n-coalescent. En particulier, le facteur de normalisation du temps est toujours cy. (45)
élargissent la classe des processus limites en incluant le Z-coalescent, dont 1’on ne parlera

pas ici.

suffisantes pour que (R t > 0) converge au sens des lois fini-dimensionnelles vers un

1.4 Deuxieme application : test de neutralité de Fu
et Li

L’information génétique est contenue dans le génome qui est ’ensemble du matériel
génétique d’un individu ou d’une espece codé dans son ADN (a I'exception de certains
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virus dont le génome est porté par des molécules d’ARN). Les éléments de base codants
sont des acides nucléiques ne contenant que quatre types représentés par quatre lettres
A, T, G, C. Un acide nucléique est un polymere dont I'unité de base est le nucléotide qui
s’occupe de l'information génétique.

Une mutation est une modification de l'information génétique dans le génome d’une
cellule ou d'un virus. Sans mutations, il ne peut y avoir de nouveaux traits dans la po-
pulation. Il y a plusieurs types de mutations mais, pour simplifier, nous ne considérerons
que des mutations ponctuelles, affectant une base de nucléotide.

La variation génétique est essentiellement agrandie par les mutations qui interviennent
dans la population (il faut aussi compter les recombinaisons, les immigrations, les dérives
génétiques). Les taux de mutations varient suivant les especes et ’emplacement des bases
touchées. Ils sont assez faibles. Les plus élevés sont de I'ordre de 10~* mutations par paire
de bases par génération dans I’ARN de certains virus et 1'on observe des taux de I'ordre
de 1071 chez les humains (nous invitons le lecteur & se reporter au Chapitre 12 de (2)
pour plus d’informations).

Pour ajouter des mutations dans un modele de Cannings a N individus, nous supposons
que la probabilité de muter pour chaque individu (ou chromosome, gene, nucléotide, etc) a
chaque génération est constante égale a . En remontant une lignée ancestrale, le nombre
de générations a attendre avant de voir une mutation est donc géométrique de parametre
1. Rappelons que ¢y désigne la probabilité que deux individus donnés aient un ancétre
commun a la génération précédente. En supposant que

ﬁ—>9,9>O, lorsque N — oo

CN
et en renormalisant le temps de maniere a obtenir un coalescent de Kingman, le temps
d’attente pour observer une mutation sur chaque lignée est exponentiel de parametre 6.
L’objet limite peut étre obtenu en considérant un processus ponctuel de Poisson d’intensité
Odl sur les branches de I’arbre de Kingman.

L’indépendance entre 'arbre de généalogie et les arrivées des mutations implique que
les mutations n’ont pas d’influences sur I’évolution de la population et 1’évolution des
mutés est soumise a la dérive génétique. Ce mécanisme de production de mutations est
remis en cause par ceux qui croient que 'effet de la sélection naturelle est plus important
que celui de la dérive génétique. Il existe beaucoup de tests de neutralité pour le coalescent
de Kingman. On peut citer le test de (23), de (55), de (54) et aussi de (29). En particulier,
le test de (29), qui s’appuie sur les longueurs des branches du n-coalescent de Kingman,
a beaucoup motivé cette these pour étudier ces longueurs des autres A n-coalescents.

Dans un A n-coalescent 1, I'individu i est attaché & II™™ par une branche externe
dont la longueur est notée par TZ-(") pour 1 < ¢ < n. Il existe donc n branches externes.
Les autres branches sont internes. Les mutations arrivées sur les branches externes sont
dites mutations externes et les mutations sur les branches internes sont dites mutations
internes. Supposons que les mutations arrivent sur les branches au taux 6. Soit
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: la longueur totale des branches externes.
— ne @ le nombre total de mutations externes.
— L™ 1a longueur totale des branches internes.
— n;  : le nombre total de mutations internes.
— Lﬁggal : la longueur totale des branches .
— n™ : le nombre total de mutations.

FIGURE 1.9 — les branches rouges sont des branches externes, sur lesquelles les points
ronds sont des mutations externes. Les branches noires horizontales sont des branches
internes, sur lesquelles les points ronds sont des mutations externes.

Fu et Li argumentent que la plupart des mutations externes sont récentes et la plupart
des mutations internes sont vieilles. Si les vieilles mutations sont principalement nuisibles,
alors on voit plus de mutations externes dans la généalogie, car les individus avec beau-
coup de vieilles mutations nuisibles ont tres peu de descendants. S’il y a une mutation
qui est fixée récemment, alors on voit encore plus de mutations externes, car la plupart
des mutations sont récentes (les vieilles mutations sont expulsées par la mutation fixée).
D’autre part, si la sélection qui favorise les hétérozygotes d’alleles que les homozygotes,
alors on pourrait avoir moins de mutations externes. Donc il est raisonnable de comparer
les nombres de mutations externes et internes pour détecter la neutralité du modele.

Un simple calcul sur le n-coalescent de Kingman donne (voir (29)) :
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i
L

n 1
B =2, B =231
k=1
On note a, = Z: % Le test statistique proposé par Fu et Li est :
n" — anny

tWNar{t — ez}
En pratique, il faut tout d’abord estimer le taux . La loi limite de D,, est simulée par Fu
et Li . Par exemple, on a

P(D,, < —1.87) = 0.01,n — .

Donc pour n assez grand, si D,, est inférieur a —1.87, alors on a qu’avec probabilité 0.99
le modele n’est pas neutre.
On constate que a, est un parametre important dans D et aussi que

IE[L(")]

E[L)]
Les généalogies de certaines populations n’entrent plus dans le cadre du coalescent de
Kingman. Elles sont mieux modélisées par les A-coalescents, voire les Z-coalescents. On
peut appliquer directement le test de Fu et Li sans aucune difficulté, a condition de
connaitre le comportement limite de L™ et de Lg% On remarque aussi que la loi de Lg;%
est étroitement liée a celle de la longueur d'une branche externe Ti("). Ma these a pour

but de caractériser les longueurs des branches de certains A n-coalescents.

1.5 Présentation des résultats

1.5.1 Premier article : sur la longueur d’une branche externe du
Beta-coalescent

On the length of an external branch in the beta-coalescent.

Cet article a été écrit en collaboration avec Jean-Stéphane Dhersin, Fabian Freund,
Arno Siri-Jégousse, et publié en 2013 dans Stochastic Processes and their Applications.

On s’intéresse & la loi limite de 7™, qui est la longueur d’une branche externe choisie
au hasard, pour certains A n-coalescents. Par I’échangeabilité des singletons, on a

7ML 7rM <4<

Donc il suffit de regarder Tl(n), appelée l'unicité de 'individu 1 ((49)), qui n’appartient
qu’a l'individu 1 dans ’arbre et qui sert a mesurer la variation génétique. La loi limite
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de Tl(n) est pour la premiere fois abordée par (10) dans le cas du coalescent de Kingman.
(13) montrent ensuite que

nT fn) @ Tiin, lorsque n — 0o,

ou T} est une variable de densité ﬁltzg. (31) trouvent la loi limite de Tl(") lorsque

fol z72A(dz) < oo. (48) et (44) étudient le cas plus général ol fol z~'A(dr) < oo, qui
correspondent aux A-coalescents avec poussiere. Plus précisément,

1 y
</ IlA(dI)) T “@ Ezxp(1), lorsque n — oo.
0

Remarquons que les Beta(2 — «, av)-coalescents avec 0 < o < 1 sont bien des coalescents
avec poussiére. (27) montrent que dans le cas ou o = 1, i.e., le coalescent de Bolthausen-
Sznitman, on a

(In n)Tl(n) “@ Exp(1), lorsque n — oo.

La contribution majeure de cet article est de résoudre ce probleme dans le cas des
Beta(2 — «, a)-coalescents avec 1 < a < 2. On se place en fait dans un cadre plus général.
Définissons

1
p(t) = / 2 2A(dx),0 < t < 1,
t
et supposons qu'il existe Cy > 0,1 < a <2, > 1 — 1/« tels que
p(t) = Cot ™ + o(t™*¢), lorsque ¢t — 0 4. (1.9)

Pour les Beta(2 — «, a)-coalescents avec 1 < a < 2, on a Cy = m et ( =1

Le théoreme principal est le suivant :

Théoreme 1.5. On a la convergence suivante :
no‘_lTl(") (iﬁ T, lorsque n — oo,

ou T est une variable a valeurs positives. La densité de T est donnée par

o OéCOF(Q — a)

1+C, (2 —a)) a1t t>0.
p— (1+Col'(2 — a)t) , t>

fr(t)

En particulier, dans le cas du Beta(2 — o, a)-coalescent avec 1 < o < 2, la densité est

(o — 11)P(a) 1+ oth(oz)Yaal_l’ =0 (110)

fr(t) =
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On présente deux méthodes dans cet article. La premiere est de considérer d’abord

UYL), le nombre de sauts jusqu’a la coalescence de {1}. Une fois a§”) connue, il suffit de

sommer les temps écoulés entre les sauts. En fait, o—§”> a sa propre importance en biologie.

Soit 7(™ le nombre total de sauts du processus. Alors la valeur % donne la position de
la coalescence de {1} parmi toutes les coalescences. Dans le cas de Kingman (voir (13)),
on a

SR Beta(1,2), lorsque n — 0.
n

Dans le cas du coalescent de Bolthausen-Sznitman, (27) montrent que

o™
(Inn)oy @ Beta(1,1), lorsque n — 0.
n

Définissons ji_; = fo A(dx), pi_g := fo A(dz) et supposons que ji_s < 00 , alors
(31) montrent que

ol @ Ge eo(—21), lorsque n — oo,
H—2
ot Geo(-) désigne une variable géométrique.
Dans notre cadre, on obtient

Proposition 1.1. Supposons que A satisfait (1.9), alors

(

—_ ~; Beta(1, «), lorsque n — oo.
n(a —

Ma contribution est d’introduire une construction du A n-coalescent et une méthode
reposant sur cette construction pour montrer le Théoreme 1.5. Cette construction est
appelée construction récursive du A n-coalescent. Le processus I1 est construit pour n
individus de 1 & n. La consistance du processus donne que la restriction de I & N,,_; est
(=Y Donc une question naturelle est de se demander comment construire II™ sachant
I1"=Y. Pour cela, il faut savoir oli la branche externe de {n} s’attache a IT"~1).

On va un peu modifier cette question. Soit II>™ le processus construit & partir des
individus de 2 & n. On va attacher {1} pour construire II™. La modification est due au
fait que l'on est intéressé par le comportement de {1}. L’avantage de cette construction
est que lorsque I'on attache {1} & II™ on obtient directement la longueur de la branche
externe de {1}. En adaptant cette construction, il s’avere que la longueur de la branche
externe de {1} suit la méme loi que I'instant du premier saut d’un processus de Cox qui
est caractérisé par 1™ Le résultat essentiel est le suivant :
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Proposition 1.2. Supposons que A satisfait (1.9), alors

P(n® 7™ > 41y L5 (14 CoL(2 — a)t) @V, lorsque n — oco.

Ce résultat est plus fort que le Théoreme 1.5, car ici on voit 'indépendance asymp-
totique entre n® 1T, 1(") et 1™, Un autre résultat intéressant concerne le comportement
asymptotique du processus de comptage de blocs K™ :

Proposition 1.3. Si A satisfait (1.9), alors pour tout € >0 , on a

P(sup [n LK™ (tn1=%) — (1 + CoT'(2 — a)t) Y@ V| > ¢) = 0, lorsque n — oo. (1.11)
>0

Remarquons que ce résultat est plus fort que celui contenu dans l'article. Il suffit
d'utiliser le fait que K™ est décroissante et la courbe limite est aussi décroissante et
tendant vers 0.

1.5.2 Deuxieme article : sur la longueur totale des branches ex-
ternes du Beta-coalescent

On the total length of external branches for Beta-coalescent.

Cet article a été écrit avec Jean-Stéphane Dhersin et soumis dans Journal of Applied
Probability. On étudie les moments de Lg;t%? la longueur totale de branches externes dans
le cas des Beta(2 — a, a)-coalescents avec 1 < a < 2. Une version pour une classe plus
générale de A-coalescents mais qui demande de beaucoup plus de calculs se trouve sur

Arxiv ((16)). Dans le cas Kingman, (35) montrent que

1 n n (d)
5\ H(Lgl«% —2) — N(0,1).

Pour le coalescent de Bolthausen-Sznitman, (36) prouvent que

L™ —Inn—Inlnn ﬂ Z —1,

ext

(Inn)?
n
ou Z est une variable stable d’indice 1. Plus précisément,
E[e"?] = exp(—gw +1i01nl6|),0 € R.
Dans le cas des Beta(2 — a, a)-coalescents avec 1 < o < 2, la convergence suivante est

prouvée par (4), (7) et (5) :

ne 2L P2 (0 — 1)D(a).
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La convergence presque siire est due au fait que les {II™ n > 2} sont des restrictions de
IT sur N,,. (37) ont beaucoup avancé sur ce probleme. Ils prouvent que

Liy — ola = DI(a)n*™ @ a(2—a)(a = )"/ (a)
nijotl-a — 02— o)/

ou ( est la variable stable d’indice « telle que E[¢] = 0, et pour z tendant vers oo,

P(¢>z)=o(x7%),P(C < —x) ~ 277

Cet article a aussi pour but d’établir un théoreme limite pour Lgi L’idée est d’étudier

¢, (1.12)

les comportements asymptotiques du moment d’ordre 2 de Lg% et de trouver le facteur
de normalisation qui pourrait étre utile dans le théoreme limite. Le résultat principal est

le suivant :

Théoreme 1.6. — Dans le cas des Beta(2 — a, a)-coalescents avec 1 < av < 2, on

lim n**E[(L") — a(a — 1) (a)n> )% = Ala)/2,

ext
n—00

o

((a = ) (a+1))* [ o
3_a /0((1—:v> — 1)*v(dx) (1.13)

_ (= D) (a+1))T(4 — «)
(3—a)T'(4 —2a) '

Ala) =

anL(”)

oy converge dans L?* vers a(a — 1)T'(«).

— Par conséquent, n

Le terme fol((l — x)?7® — 1)?v(dz) se retrouve aussi chez les processus plus généraux
(voir (16)). A partir de ce résultat, on pourrait espérer que le terme suivant

p(3a=5)/2 <L(n) —ala— 1)F(a)n2’a>

ext

converge en distribution vers une variable limite. Mais (1.12) montre que cela est faux.
Cela souligne la limite de la méthode des moments.
Le Théoreme 1.6 est fondé sur les deux résultats suivants.

Proposition 1.4. Dans le cas des Beta(2 — a, a)-coalescents avec 1 < a < 2, on a la
covariance asymptotique entre deux longueurs de branches externes :

lim n?1) C’ov(Tl(n), Tz(n)) = A(w).

n—oo

Proposition 1.5. Dans le cas des Beta(2 — o, v )-coalescents avec 1 < a < 2, on a
1. 810 < B < =%, alors lim E[(na_lTl(n))'B] = E[T"] < 0.
n—oo

a—1"’

2. i B> -2 alors lim E[(n® 'T\™)f] = oco.

—1’
a-1 —00
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1.5.3 Troisieme article : sur la construction par division de me-
sure de A-coalescents

On the measure division construction of A-coalescents.

Cet article est soumis a Markov Processes and Related Fields.

Le but de cet article est d’introduire une nouvelle construction de A n-coalescents
appelée construction par division de mesure (measure division construction) pour étudier
le cas ol une « bonne » mesure A est perturbée par un bruit. De nombreux résultats sont
connus pour certains A-coalescents tels que les Beta-coalescents, le coalescent de Kingman,
etc. Mais que se passe-t-il si I'on considere le cas d’une mesure A’ qui est proche d’une
bonne mesure A7

Supposons que A = Ay + Ay ot Ay et A sont deux mesures finies sur [0, 1]. Soit 1tn)
le Ay n-coalescent et II®™ le Ay n-coalescent. La construction par division de mesure
consiste & prendre une réalisation de II"™ et la modifier en utilisant Ay pour obtenir
finalement I1(™. Si A; est « petite », on peut montrer que II™ et IIZ™ sont proches, si
'on compare certaines quantités. Pour tout » > 0, on note Exp(r) la variable exponentielle
de parametre r. On a le théoreme suivant :

Théoréeme 1.7. Soit (™ = fll/n v~ 'A(dx). Si

lim —9 =, (1.14)

n—00 nﬂ(n)
alors ™T™ converge en loi vers Exp(1).

La classe des A n-coalescents satisfaisant (1.14) est assez large. Les exemples classiques
sont les suivants :

1. fol r7'A(dr) < oo : Les coalescents avec poussicre.
2. Le n-coalescent de Bolthausen-Sznitman.

3. A a une densité fj sur [0,7) ot 0 < r < 1 et il existe un nombre positif M tel que
fa < M sur [0,7).

4. A a une densité fr(z) = p(In %)q sur [0,7) ou 0 <7 < 1 et p,q sont des constantes
positives.

Rappelons que le résultat dans le premier exemple se trouve dans (44) et le deuxieme
exemple dans (27). Notre article recouvre ces résultats a 'aide d’une méthode unique.

Bien évidemment, (1.14) ne couvre pas tous les A n-coalescents classiques. Par exemple,
le n-coalescent de Kingman et les Beta(2 — a, a) n-coalescents avec 1 < a < 2 n'y sont
pas compris. Dans le cas Kingman, le terme % est non défini. Dans le cas Beta avec
l<a<?2,

gn

— (a—=DI'(2 - a)/a.
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Vue que l'on connait bien la loi limite de n® 7™ dans ce cas Beta, une conjecture peut
étre établie :
Conjecture (x) : Soit ¢ > 0. Si

1i n
im =c,
n—00 n,u('”)
m)p(m) Y ~ - ‘atoi it
alors p\™' T’ T., ou T, est une variable aléatoire avec la densité

*
e

(2 —a*)(14 cx) a1 1,5.
Ici o est la solution unique de l’équation suivante

(a—DI'(2— )

= C.

Remarque 1.9. Cette conjecture couvre plus généralement les A-coalescents satisfaisant

(1.9).

Remarque 1.10. Le Théoréme 1.7 et la conjecture (%) donnent l'idée que la longueur
d’une branche externe est de lordre 1/u™ pour tous les A-coalescents classiques sauf
le coalescent de Kingman. Mais on peut argumenter que le coalescent de Kingman suit
aussi cette regle. Le n-coalescent de Kingman est la limite au sens de convergence fini-
dimensionnelle des Beta(2 — «, ) n-coalescents lorsque o tend vers 2. La longueur d’une
branche externe dans le cas Beta quand 1 < o < 2 est de lordre n'~®. Donc il n'est
pas étonnant que la longueur d’une branche externe dans le Kingman soit de l'ordre n™!.
Par conséquent, i\ dans le cas Kingman peut étre considéré comme n, et ainsi que le

coalescent de Kingman satisfait cette regle universelle.
On est ensuite intéressé par la loi jointe des longueurs de plusieurs branches externes.

Théoréme 1.8. Si A satisfait la condition (1.14) et fol x 'A(dz) = oo, alors :

LT T ™ 0.0, D (61, en,- ), (1.15)
ot (e;)ien sont indépendants et de loi exponentielle de paramétre 1.

Remarque 1.11. Le méme résultat a été trouvé par (15) dans le cas du coalescent de
Bolthausen-Sznitman. Le condition fol z7'A(dr) = oo est indispensable pour que (1.15)
soit vraie (voir (44) pour le cas contraire).

Les trois corollaires suivants sont aussi vrais pour le coalescent de Bolthausen-Sznitman

(voir (15), (19), (30))
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Corollaire 1.2. Si A satisfait la condition (1.14), alors pour tout r € R,

lim E[(u™7T™)7] = E[ef],
n—oo

ou ey, suit une loi exponentielle de parametre 1. De plus, si fol x7'A(dx) = oo, alors pour
tout k € N et (ry,rg,-++ , 1) € {RT}* on a :

k k

lim E[J [ 7)) = E[[ ] ', (1.16)

i=1 i=1
ot (e;)ien sont indépendants et de loi exponentielle de paramétre 1.

Corollaire 1.3. Si A satisfait la condition (1.14) et fol r~'A(dx) = oo, alors la longueur

totale des branches externes Lgi satisfait : u(”)LEZ%/n converge dans L? vers 1.

Corollaire 1.4. Si A satisfait la condition (1.14) et fol x 'A(dz) = oo, alors la longueur

totale des branches ngt)al satisfait : u(”)LEZt)al/n converge en probabilité vers 1.

Remarque 1.12. Si fol r7'A(dx) < oo, alors (1.16) et les Corollaires 1.3, 1.4 ne sont
plus vrais (voir encore (44)).

En conclusion, cet article étudie les différentes longueurs du A n-coalescent satisfaisant
(1.14) et fol 27'A(dz) = oco. La forme du processus est a peu pres claire sachant les lois

limites de 7, Lg;% et Lﬁjt)a,. Ce qui est faisable par la suite est de vérifier la conjecture.
Si la conjecture est vraie, alors on a une classe bien plus générale que les Beta(2 — a, «)-

coalescents : il suffit de regarder les différentes limites de g,,/(nu™).

1.5.4 Quatrieme article : résultats asymptotiques sur la taille
du clade minimal et sur des fonctionelles liées au Beta-
coalescent

Asymptotics of the minimal clade size and related functionals of certain
Beta-coalescents.

Cet article est en collaboration avec Arno Siri-Jégousse. On peut considérer I'article
comme une extension au cas fini de (6).

Considérons les Beta(2 — «, av)-coalescents avec 1 < a < 2. (6) ont étudié le processus
de fréquence asymptotique ordonnée © qui pourrait générer la loi de II(¢) et I (¢) pour
tout t > 0 en utilisant la procédure de la boite de penture de Kingman. On se réfere a la
section 0.2.3 pour plus de détails.

Citons une version un peu modifiée du Théoreme 1.4 de (6) qui est essentiel dans notre
article.
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Théoréme 1.9. (Théoréme 1.4 de (6)) Soit pu la distribution de Slack (voir (53)) de

transformée de Laplace

L,(N) = /0 e Mu(dr) =1 — (1+ A7)~/ x> 0.

Soitt > 0,z > 0. On note F(x) = u((0,x]). Soit K(t,z) le nombre d’éléments de ©(t) qui
ont des fréquences asymptotiques au plus x. Alors dans le cas des Beta(2—a, a)-coalescents
avec 1 < a < 2,

ltif(ljl sup [tY @ VK (¢, /@ V) — (ol (o) VF((al(a)Y@ D) = 0, p.s.
x>0

Si on connait la valeur de K(¢,z) pour tout > 0, alors ©(t) est déterminée. Ce
théoreme caractérise donc bien le comportement asymptotique de ©. Pour donner une
application, si on veut savoir la loi limite de no‘_lTl(”), il suffit de calculer la limite de la
probabilité

P(T™ > n'=t), t > 0.

En utilisant la procédure de la boite de peinture, on jette les particules de 1 a n uni-
formément sur [0,1] qui est divisée en |©(n'~t)| cases dont les longueurs correspondent
bijectivement aux valeurs de tous les éléments de ©(n'~t). Alors I’événement ou la par-
ticule 1 se trouve toute seule dans une case est équivalent a {Tl(") > n'~%}. Mais la
limite de la probabilité du premier événement est plus facile a trouver en appliquant le
Théoreme 1.9. Plus généralement, on a

Théoréme 1.10. Pour tout k > 1

nafl(Tl(n)"H 7Tlgn)> ﬂ (11, -+, Ty), (1.17)

ot (11, -+ ,Ty) sont des copies i.i.d de T qui est une variable de densité donnée par (1.10).

On s’intéresse ensuite a la quantité Q™. le nombre de blocs impliqués dans la coales-
cence de {1}. Cette quantité mesure la fécondité de la population.

Théoréme 1.11. Q" converge en loi vers une variable aléatoire Q telle que pour tout
k>2
(a — DIk — «)

T(K)D(2 — )

G = P(Q = k) = (118)
La preuve de cette proposition est simple. Il suffit de savoir le nombre total de blocs
juste avant la coalescence de {1}. Ensuite on utilise la propriété de Markov fort de I1(™)
pour calculer le nombre de blocs qui serons impliqués immédiatement.
Remarquons que dans le coalescent de Kingman, Q™ = Q) = 2 presque surement. La
finitude de la loi limite n’est pas toujours vraie pour les A-coalescents.



1.5. Présentation des résultats 33

Proposition 1.6. Considérons un A n-coalescent dont la measure caractéristique A sa-

tisfait fol r7'A(dx) < oo. Alors Q) @ .

Ce résultat est méme vrai pour le n-coalescent Bolthausen-Sznitman (voir la Remarque
3.2 de larticle).

Le résultat suivant concerne la taille du clade minimal notée Y. La définition de
Y (™ est tres lide & QM. Y (™ est la taille du bloc contenant 1 au moment de la coalescence
de {1}. Autrement dit, Y™ est la somme des tailles de Q™ blocs & la coalescence de {1}.
La notion du clade minimal est introduite par (10) dans le cas Kingman. Ils montrent que

4
(k+ Dk(k — 1)’

2

n) — 1) — =
P(Y™ = k) st

k=2 ,n—1 PY"=n)=

(28) étudient le cas du coalescent de Bolthausen-Sznitman. Ils trouvent le résultat suivant :

Iny ™ @,
Inn

(0,1]>
olt Ujp,1) est une variable uniforme sur [0, 1]. Dans notre cas, on a

Théoréme 1.12. Soient t > 0,k > 1. Définissons un processus stochastique (B(t),t > 0)
tel que

k—1

P(3(t) = k) := F(lk) (r( ! )M/OOO e—:’ﬂ(m)ﬁxm(dm).

(1.19)

Soient (B;(t),t > 0);>1 les copies i.i.d de (5(t),t > 0). Supposons que Q, T, (5;(t),t > 0);>1
sont indépendantes. Alors

Q-1
Yy Dy — 143 8. (1.20)
i=1
Done, Y est une variable aléatoire a valeurs dans {2,3,---} et pour tout | > 2,

t

PO =)= [T e X WERE = )0+ ) T

k=2  didetip_g=l—1

Au premier temps, remarquons que @ et (5(t),t > 0) sont impliqués dans le théoreme.
En effet, les deux objets sont étroitement liés, ce qui est révélé dans le corollaire suivant.
Notons aussi que lim,, ., P(6(f) = 1) = 1 et on va montrer que P(5(t) = k) pour k > 2
est proportionnelle a t quand t tends vers 04.
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Corollary 1.1. 1) Pour tout k > 2,

_ . P(B(t) = k)
e = (o= D) Jim —0 (1.21)
2) La transformée de Laplace de Q) est
—AB() 1
Ele9] = lim E[(a — 1)I'(a) 2022 = =31 — (1 — ¢)o 1) (1.22)

t—0+ t
pour tout X > 0.

Deuxiemement, la loi de Y semble tres compliquée, ce qui endommage 'applicabilité
du resultat. Mais la clarification donnée ci-dessous peut améliorer cette situation.

JoZ to fp(t)dt p—(a=1)%

Corollary 1.2. Lorsque k tend vers oo, on a P(Y > k) ~ (NI = =5

Si « tend vers 1, alors k—(@=D? converge vers 1. Ceci est consistant aver le cas de
Bolthausen-Sznitman ott Y = oo. Mais si a tend vers 2, k~(@D* converge vers kL.
Ceci n’est plus consistant avec le cas de Kingman. Ce corollaire montre une sorte de
« discontinuité » du Beta-coalescent vers le coalescent de Kingman.

Remarquons que Y™ est la taille du bloc qui contient 1 au moment ot {1} coalesce
avec d’autres blocs. Une question naturelle et ayant un sens en biologie est de se demander
la taille du plus grand bloc a cet instant-la. Tout d’abord, on considere la taille du plus
grand bloc au temps n'=%t pour t > 0.

Théoreme 1.13. Soit W (t) la taille du plus grand bloc de TI™ au temps t. Alors,
lorsque n tend vers oo,

W (o — 17)15(54 DR @Dy, (1.23)

ou W (t) est une variable aléatoire suivant la loi de Gumbel de type 2, de fonction de
répartition
P(W(t) < x) = e @ "(@-DY/TE=a) (1.24)

La preuve de ce théoreme utilise un résultat remarquable (voir (9)) qui met en relation
O et les processus de branchements stables. Cette preuve est tres proche de celle de la
proposition 1.6 de (6).

Corollaire 1.5. Soit W® = W™ (T™) la taille du plus grand bloc quand {1} est coa-
lescé. Alors , lorsque n tend vers oo,

W (1.25)

oty W est une variable aléatoire telle que pour tout x > 0,

]P)(W < $) _ / e—zfamfjv(t)dt-
0
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Remarque 1.13. Introduisons la quantité W™ (t) qui est la taille du plus grand bloc au
temps t de TI®™ . Alors a la limite, on aura le méme résultat que le Théoréme 1.13 :

W) (0 — 1T (o + 1)n' =t
(@ =M@+ )"0 0, (120

La raison est que la taille du bloc ne dépend pas des notations des individus. En comparant
(1.26) et (1.25), a la limite, la branche externe de {1}est comme connectée a TI>™) d’une
facon indépendante. Ce fait est en fait prouvé par la Proposition 1.2. Donc ce corollaire
est une conséquence directe du Théoréme 1.13 et de la Proposition 1.2.
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2.1 Introduction

2.1.1 Motivation and main results

In modern genetics, it is possible to sequence whole genomes of individuals. In order
to put these informations to maximal use, it is important to have well-fitting models for
the gene genealogies of a sample of individuals. The standard model for gene genealogies
of a sample of n individuals is Kingman’s n-coalescent (see (25), (26)). Kingman’s n-
coalescent is a continuous-time Markov process with state space P™, the set of partitions
of {1,...,n}. The process starts in the trivial partition ({1},...,{n}) and transitions
are only possible as mergers of exactly two blocks of the current state. Each such binary
merger occurs with rate 1. These mergers are also called collisions.

For many populations, Kingman’s n-coalescent describes the genealogy quite well. King-
man showed in (26) that the ancestral trees of a sample of size n in populations with
size N evolving by a Wright-Fisher model will converge weakly to Kingman’s n-coalescent
for N — oo (after a suitable time-change). This result is relatively robust if population
evolution deviates from the Wright-Fisher model (see (26) or (27)). However, there is evi-
dence that there are populations where the gene genealogies of a sample are not described
well by Kingman’s n-coalescent. Examples of such populations can be found in maritime
species, where one individual can have a huge number of offspring with non-negligible
probability (see (1), (10) (21), (19) and (15)).

A whole class of potential models for gene genealogies of a sample was introduced inde-
pendently by Pitman and Sagitov (see (30) and (31)): The class of n-coalescents with
multiple collisions. A n-coalescent with multiple collisions is a continuous-time Markov
process with state space P where all possible transitions are done by merging two or
more blocks of the current state into one new block. Every n-coalescent I1™ is exchange-

able, meaning 7 o I1(™ L™ for every permutation 7 of {1,...,n}. The transition rate
of a merger/collision of k of b present blocks is given by

Ao = /0 (1 — 2)"F2 2 A(dx) (2.1)

for a finite measure A on [0,1] (this definition is due to (30)). Since the process is
characterized by the measure A, it is also called a A-n-coalescent. Note that Kingman’s
n-coalescent is a A-n-coalescent with A being the Dirac measure dy in 0.

An important subclass of A-n-coalescents are Beta n-coalescents characterized by A being
a Beta distribution, especially for the choice of parameters 2 —« and « for a € (0,2). The
class of Beta(2 — «, a)-n-coalescents appears as ancestral trees in various settings. They
appear in the context of supercritical Galton-Watson processes (see (32)), of continuous-
state branching processes (see (7)) and of continuous random trees (see (2)). They also
seem to be a class where suitable models for the ancestral tree can be found for samples
from species who do not fit well with the Kingman-setting (see (6; 15)). Note that for
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a — 2, the rates of the Beta(2 — «, a)-n-coalescent converge to the rates of Kingman’s
n-coalescent. In this sense, Kingman’s n-coalescent can be seen as a border case of this
class of Beta n-coalescents.
For a = 1, Beta(2 — o, «) is the uniform distribution on [0,1]. The corresponding n-
coalescent is the Bolthausen-Sznitman n-coalescent. It appears in the field of spin glasses
(see (9), (11)) and is also connected to random recursive trees (see (20)). It is also seems
to be a suitable model for a gene genealogy if selection is acting on the genome (e.g. see
(3; 125 29)).
Let us denote by I1" = (Hﬁ”))tzo a n-coalescent. In this paper, we are interested in three
functionals of n-coalescents
— the length 7™ of a randomly chosen external branch :
— the number o™ of collisions which occur in the n-coalescent until the end of a
randomly chosen external branch ;
— the block counting process R™ = (Rtn))tzoi R = |H§n)| is the number of blocks
of TI{".
Note that 7™ can also be characterized as the waiting time for the first collision of a
randomly chosen individual and o™ as the number of collisions we have to wait to see
the randomly chosen individual merge. For i € {1,...,n} define

T .= inf {t| {i} ¢ H§">}
as the length of the ith external branch and
o™ = inf {k|{i} ¢ m}

as the number of collisions until the end of the ith external branch, where 7 is the state
of the n-coalescent after k jumps. Due to the exchangeability of the n-coalescent, we have

T £ Tl(n) and o™ <L U%n). Since we are only interested in distributional results, for the

remainder of the article we will identify 7 with 7\ and o™ with o\™.

If the n-coalescent is used as a model for an ancestral tree of a sample of individuals/genes,
the functionals 7™ and ¢™ can be interpreted biologically. The length of an external
branch measures the uniqueness of the individual linked to that branch compared to the
sample, since it gives the time this individual has to evolve by mutations that do not affect
the rest of the sample (see the introduction of (13) for more information). It was first
introduced by Fu and Li in (17), where they compare mutations on external and internal
branches of Kingman’s n-coalescent in order to test for the neutrality of mutations.

The functional ¢(™ was first introduced in (13), though n — ¢ was also analyzed in (8)
as the level of coalescence of the chosen individual with the rest of the sample. In both
articles, the functionals were defined for Kingman’s n-coalescent.

For the biological interpretation of o™, we see the n-coalescent as an ancestral tree of a
sample of size n. Each collision in the n-coalescent then resembles the emergence of an an-
cestor of the sample. o™ —1 is the number of ancestors of the sample which emerge before
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the most recent ancestor of the randomly chosen individual/gene emerges. In this line of
thought, o™ gives the temporal position of the first ancestor of the chosen individual /gene
among all ancestors of the sample, which are the 7(" collisions in the n-coalescent. Thus,
% gives the relative temporal position of the first ancestor of the chosen individual/gene
among all ancestors of the sample (until the most recent common ancestor). In this sense,
we interprete iEZ; as a measure of how ancient the chosen individual/gene is compared to
the rest of the sample.
In this article, we focus on the asymptotics of 70, ¢ and R™ for n — oco. The
asymptotics of these functionals are already known for some A-n-coalescents. For T
we have

— A = §y (Kingman coalescent): nT(™ % T, where T has density ¢ — ﬁ (see (8),

(13), (23)),

— A = Beta(1, 1) (Bolthausen-Sznitman coalescent): log(n)T™ < Exp(1) (see (16)),

— A with yu_, = fol I\ (dz) < oor T™ % Exp(u_y) (see (28), see also (18))
for n — oo. For 0™, we have

— A =6y: o™ /n % Beta(1,2) (see (13)),

— A = Beta(1,1): M5 & Beta(1,1) (see (16)),

— A with p_y = fol 27 2A(dz) < o0: o™ A Geo(£=") (see (18))
for n — oo, where Geo(p) is the geometric distribution on N with parameter p.
We will analyze the asymptotics for 70", ¢ and R™ for A-n-coalescents with A fulfilling

p(t) = Cot ™+ Ot %), t =0

for some Cy > 0, o € (1,2) and ¢ > 1 — 1/, where p(t) = [ 22A(dz). Note that this
class of n-coalescents includes all Beta(a, b)-n-coalescents with parameters a € (0,1) and
b > 0. In this class of n-coalescents, we have the following asymptotics for 7™, ¢ and

R™):.

o) d
 n(a—-1) — 0,
o— n d —Q
— N IT( )%m«l—a)l —1),
— for any to > 0,e > 0, P(sup |[n 'RY_, — (14 CoI'(2 — a)t) "D > ) 50,

0<t<to
for n — oo , where o < Beta(1,a). We also prove the following asymptotic result for
the block counting process of the Kingman coalescent:For any ¢y > 0, > 0 , we have
P( sup |n 'R™, — (1+¢/2)7"| >¢) — 0 when n — oo.

tn—1
0<t<to
Note that if we see the Bolthausen-Sznitman n-coalescent as a Beta(1, 1)-coalescent
and Kingman’s n-coalescent as the borderline case of a Beta distribution with parameter
a = 1, the convergence results for o™ shows a nice continuity in the parameters of
the limit distributions in the range of Beta(2 — a, a)-n-coalescents with « € [1,2]. Our
convergence result itself is even somewhat true in the border cases 1 and 2 (if one wages
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(a —1)7! — oo for @ — 1 against log(n) — oo for n — oo for the Bolthausen-Sznitman
n-coalescents). Also note that T obtained as the limit variable of nT( in Kingman’s case
has the same law as 2((1 — ¢)~! — 1), which gives again a nice continuity in results. The
continuity also appears for the block counting process: replacing a by 2 in the formula
for the Beta(2 — «, a)-n-coalescent gives the formula for Kingman.

Finally we can remark that together with the known asymptotics # % & —1 for this

class of n-coalescents (see (14), (19) and (22)), we have o™ /7(") 2.

To prove these results, we will exploit some techniques from (14). In (14), they were used
to analyze the asymptotics of a part of the height of a n-coalescent and the number of
collisions in a m-coalescent for the same class of n-coalescents as analyzed in the present
paper. For the convergence result for 7 | we present two proofs. One mimic the approach
in (13), using the convergence result for 0™ and T = Zf;) T;, where T; is the waiting
time between the ¢ — 1th and ith collision/jump of the n-coalescent. The other proof is
based on the representation of 7™ as the first jump time of a Cox process driven by a
random rate process which depends only on the block counting process associated with
the remaining individuals labelled {2,3,...,n}. We use a recursive construction suitable
for any A n-coalescent: This construction consists in adding individual ¢ to a coalescent
process constructed by individuals from 1 to n except ¢ such that consistence relationship
is fulfilled.

2.1.2 Organization of the paper

In section 2, we recall some known technical results which can all be found in (14). In
section 3, we obtain the asymptotic result about ¢(™ and also about the ratio between
o™ and 7. Section 4 studies the small time behavior of the block counting process
R™_ Depending on the property of R™, our first method taking 70 as the first jump
time of a Cox process gives the asymptotic behavior of 7, hence of T in section 5.
In section 6, another method is provided by taking into account the fact that 70 is the
sum of ¢(™ initial waiting times for the coalescent process II™ to jump from one state to
the following.

2.2 Preliminaries

In this Section, we recall some results from (14).

Consider a n-coalescent with multiple collisions characterized by a finite measure A
on [0,1]. Let v(dr) = 272A(dz) and p(t) = v[t,1]. When the process has k blocks, the
next coalescence event comes at rate g, given by

k—1

gk = Z (ei 1) ko1 = /(0 . (1 — (1 —2)" — ka(1 - @’“ﬂ%. (2.2)
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Forn > 1, x € (0,1), let B, , be a binomial r.v. with parameter (n,z). Recall that
for 1 < k < n, we have

n!

P(B. > k) = CESICE /Ox 1 — )"k dt. (2.3)

Use the first equality in 2.2 and 2.3 to get

g = /0 1 Zi: <Z> (1 — )" *u(dz)
_ / BB, > 2(d)

0

1
=n(n — 1)/ (1 —)"tp(t) dt.
0
All along this paper, the following hypothesis will be assumed
p(t) = Cot™™ + O(t~**¢). (2.4)

For some Cy > 0,a € (1,2) and ( > 1 — 1/a, Lemma 2.2 of (14) gives us that, for n > 2,

Gn = Col'(2 — a)n® 4 O(n* ™)y, (2.5)

Recall that we call 7" the number of coalescence events until reaching the common
ancestor of the initial population (of size n). For k > 0, denote by Yk(n) the number
of blocks remaining after k& jumps. Notice that Y™ is a decreasing Markov chain with
Yo(n) =n and Yk(n) =1for k> 7", Let X,gn) = Yk(f)l — Yk(n) be the number of blocks we
lose during the kth coalescence event. We write Xén) = 0.

The Markov property makes that the law of the first jump X 1(") will be of much interest.
We will look at some properties of X fn). Notice that

POX = k) = — /O P(By, = k + D)(dz) (2.6)
and thus
(n) C JyP(Bue > k+Dp(dz)  (n—2)l [y (L= )RR p(t) dt
P(X)" = k) = . “H R0 [0 ) dt (2.7)

Under the same assumptions on p(t), setting €9 > 0 and

n=¢ it (<a-—1,
op = ntt0if (=a-—1, (2.8)
ni-@ if (>a-—1,
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Lemma 2.3 of (14) tells us there exists a constant Cyg s.t. for all n > 2, we have

1
a—1

X - | < Cuan 29)

Moreover, from Lemma 2.4 of (14), there exists a constant Cy 19 s.t. for all n > 2, we have

2

E {(Xl(”)ﬂ < Coro. (2.10)

n

We consider ¢, the Laplace transform of X\": for u > 0, On(u) = E[e_“xyl)]. Assume

that p(t) = Cot™® + O(t=%¢) for some Cy > 0,0 € (1,2) and ¢ > 0. Let g9 > 0. Recall
¢, given by 2.8. Then we have (see (14), Lemma 2.5) , for n > 2,

On(u) =1— + + R(n,u), (2.11)

where R(n,u) = (uwp, + v*) h(n,u) with SUD,e (0. K],n>2 [R(1, w)| < oo for all K > 0.

Moreover, if we assume that ¢ > 1 —1/a and set 7 > %, then (from (14), Lemma 3.2)
there exist €1 > 0 and Cs12(K) a finite constant such that for all n > 1 and u € [0, K],
a.s. with a,, =n™",

Tn

2.

=1

R(Yz(_nfa uay)| < Coio(K)n™ . (2.12)

We will also use the following result : Let V = (V},¢ > 0) be a a-stable Lévy process
with no positive jumps (see chap. VII in (4)) with Laplace exponent ¢(u) = u®/(a — 1):
for all u > 0, E[e™"] = e*"/(@=D_ We assume that p(t) = Cot~ + O(t~**¢) for some
Cop > 0 and ¢ > 1 —1/a. Recall that 7™ is the number of coalescing events in the
n-coalescent until reaching its absorbing state. Let

[nt | AT(m) 1
VO =t 3 (X0 - )
a—1
k=1
for t € [0, — 1), and
AR 1 (n)
n —1/a n —1/« T
Voff)lzn 1/ Z(X,g)—a_l):n 1 (n—l—a_1>.
k=1
Then,
Vi tel0,a—1)) = (Vi,t€[0,a—1)) (2.13)

in the sense of convergence in law of the finite-dimensional marginals (see (14), Corollary
3.5, see also (19; 22)).
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2.3 The number of collisions before the time 7"

Consider a n-coalescent with multiple collisions characterized by a finite measure A on
[0,1]. Recall that v(dr) = z7?A(dz) and p(t) = v[t, 1] which is assumed to satisfy (2.4).
A n-coalescent takes its values in P, the set of partitions of {1,...,n}. For i > 0, let
™= Wf") be the state of the process after the ith coalescence event.

Pick at random an individual from the initial population and denote by T the length
of the external branch starting from it. Because of exchangeability, 7™ has the same law
as the length Tl(n) of the external branch starting from the initial individual labelled by
{1}. A quantity of interest will be 0™, the number of coalescence events happening before
time 7. Again because of exchangeability, ¢™ has the same law as

o™ = inf{i > 0,{1} ¢ m},

the number of collisions happening before individual 1 collides for the first time. We can
write

(n)
91
=% " (2.14)
i1 Iy
i—1

where the e;’s are i.i.d. exponential random variables with mean 1. Note that the formula
also holds true for 7™ and o™ (just omit the subscripts). For the remainder of the
chapter, we will identify o™ with a%n).

In this section, we will determinate the asymptotic law of (™ for a class of coalescents
containing the Beta-coalescent with « € (1,2).

Theorem 2.1. We assume that p(t) = Cot=*+ O(t=*T¢) for some Cy > 0, a € (1,2) and
¢(>1—1/a. Then

> 0, (2.15)

for n = oo, where o < Beta(1l,a).

Recall that in this class of n-coalescents, we also have 7 /n La—1 (from (14), see
also (19) and (22)) for n — oo. Slutsky’s theorem gives a convergence result for ¢(™ /7).,
which measures how ancient the chosen individual is compared to the rest of the sample

Corollary 2.1. We assume that p(t) = Cot= + O(t=*¢) for some Cy > 0, a € (1,2)
and ¢ >1—1/a. Then

for n = oo, where o < Beta(1l,a).
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proof of Theorem 2.1. For convenience, we set
1. (5)=0,if0<a<ba€ZybeZy,Zy ={0,1,2,..}.
2. log(0) = —o0.

Notice that ¢ < 7" Let Y = (Vk, k > 0) denotes the filtration generated by y ™),
For any t > 0, we have

P(c™ > nt|Y) = P(c™ > nt, 7™ > nt|Y)
[nt|AT(™)

- H P({1} € m|{1} € m_1,)

(n)

yr—1

Lnt| AT (™) ( i 1)
X+

-l s

nt| AT n n
) IRt
v
(n) (n)
Notice that % <1ifi#7™, and % =1ifi=rm.
i—1 i—1

A
We can hence write

Lntj/\T(”) X(n) + 1
(n) — s T
log (P(¢'™ > nt|Y)) = Z log (1 Y-(nl) )

and proceed to a power series expansion :

log (]P’(a(") > nt|Y)) = 14

nt »
with
[nt) Ar(™) 1
=Y () ()
=1
and o
[nt| AT (n) (n)
X +1 X7 +1
7= > (In(l-= )+ =5,
o v,
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)
can be —oo if X;(:)rl = 1. Let us look further at [,%). The idea is to replace

i—1

)

where [g
XZ.(") by the limit of its expectation.
L) = T+ T,

with

[nt|AT(m) 1 _1
J(l) — 1 <Y(n)>
nt Z a—1 + i—1 ’

=1

[nt| A7) 1 1
== 3 (XM= ) (v
nt % a—1 1—1

=1

and

We will use three lemmas whose proofs are given in the rest of the Section.
Lemma 2.1, with n = 1, tells us that, when 0 <t < a —1

t —1
1) P o x t
— 1— =al 1——. 2.1
S = a—1/0< a—l) dx aog( a—l) (2.16)

Lemma 2.2 gives, for 0 <t < a —1,

LntJAT(") 1 1
J& = _pte—tpi-te §° (X.(”)— )(}gi”f) 50, (2.17)

i=1
Finally, Lemma 2.3 gives, for t < a — 1,
19 5. (2.18)
Adding (2.16), (2.17) and (2.18), we get that for t <a —1

t
log (P(g(n) > nt|Y)) RN alog (1 — —1> :
a J—

and thus

P(c™ > nt|Y) 5 (1 _ ! ) :

a—1
While we know that P(¢(™ > nt|)) < 1,then
t (04
P(c™ > nt) = E[P(c™ > nt|Y)] — (1 — —1) .
a j—
We thus obtain that, for x € (0,1),
P(c™ > n(a —1)z) = (1 — )~

(n)

and then that ﬁ converges in distribution to a Beta(1, «) law. O
n(a —
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Lemma 2.1. We set Vn

t

0
O(t=2*¢) for some Cy > 0 a € (1,
we have

-1

Jo 1==2)"dz,n € R. We assume that p(t) = Cot = +
1,2) a dC>1—1/04. Forany0 <t<a—1andneR,

1. Lettg € [0, — 1) and § > 0. The following convergence in probability holds when

[nt | AT() .
nle—1/2-6 sup ’nnfl Z (Y;(_n1)> —Vn<t>’ 0.
0<t<to —

2. Lett € [0,a—1). The following convergence in distribution holds when n — oco:

[nt | AT(™)

ey <Y(”)>7n—n1_"1/ ) =0 [ (= Dy,
i—1 i n o r ~ r

=1

Proof. The case n = a—1 is given by Theorem 5.1 in (14). Following the same arguments,
it is easy to get the general result. O

Lemma 2.2. For anyt < a — 1, the following convergence in distribution holds :

[nt | AT() 1 _1
w3 (a0 - ) () (e

, a—1
=1

where (Vi)i>0 is an a-stable Lévy process with no positive jumps and v, (t fo ( afl) dx.

Proof. Let 6 € (0,a— 1), to=a—1—2¢ and t € [0, o).

Let e € (0,1 — -t5) and f =1 — L5 — ¢ > 0. We have

[nt|AT(M)

n 1 n !
nlfl/a Z (Xz( ) - o — 1) (Y;(_l)> = Ant + Bnt7

i=1

with
[nt] AT

_ 1-1/a (n) 1 )"
A=t S (0= ) ()

=1

and
[nt| Ar()

1
B, = pl—1/e Z (Xz(n) _ 1) <
a —

i=1

N,
H) 1{Yi(_"f<nﬁ}'

<

We will show that B,; converges to 0 in probability and that A,; weakly converges to
(Vo (1)) V) as n — oo0.

-1

Convergence of A,;. Let Zi(") =n (YZ(_HD Loy, We have that sup,, ;> Zz‘(n) <
i—-1Z T

Bt as..
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By using (2.11), it is enough to prove that

Elexp(—ud,;)] — ev=®u/a=l),

n—o0

@=1) is the Laplace transform of (v,(t))"/*V;.

Taking uZ; ™) as Z ™) we shall only consider the case u = 1.
—1 LntJ/\T(”) m\* _ a-1 LntJ/\T(") y (™ e
Let us consider n=' ) 2" Z =n > i Y.'] 1{Y(n>>nﬁ}. We have,
i—1Z

for any u positive. Where e»(®u"/(

1

because the process (Y;( ,i > 0) is decreasing, that

Lntj Ar(m) t|Ar(™)

(27)" # Z( ) ) =P Y < np)

(n)
< PUY ey artry—1 <70)
(Int ATy —1

<P(n”! (X"~

J

=1

1
a—1

‘ ) >e).

Use (2.13) to get that the right-hand side of the last inequality converges to 0 as n
goes to infinity. Using also Lemma 2.1 with n = «, we have that

[nt] AT()

et 3 (V) T S ),

i=1
as n — 0o. We can thus deduce that

|nt | AT(™)

Y (Zi(”)>a£>va(t), (2.19)

as n — 0o.
For a > 0, we set

(@) _ —1/a, 7(n) x(n) _ ~1/a, 7(n) )
M, = exp (Zl ( aZ;’ X, log (in(fl) (n™%az;"™) ) .
The process (Méa,z, k > 1) is a bounded martingale w.r.t. the filtration ). Notice that
E[M,(La,z] =1. As X =0 and Zi(”) =0 for i > 7™ we also have

EAT()

(@) _ ey, () yrn) 1/a gn>>
M, = exp Z < n~'%aZz;" X, logqﬁyffi(n aZ;")

i=1



2.3. The number of collisions before the time T™ 49

Using R(n,u) defined in 2.11, we get that :
(a)
Mn,LntJ
I_ntJAT(") 1 \_ntj/\T(") *1( Z(n)> |_ntj/\’r(")
_ —1/a, 7(n) ( y-(1) (n) —1/a  rz(n)
=exp | — Z nYeazM (XM - ) — — > Ry n ez

i=1 =1

a—1

|nt | AT() (aZ(n)>a [nt | AT(?)
= exp (—ad,)exp | —n~* Z - Z R(Y,ﬁ)l,n_l/aaZ;n))

: a—1 ;

i=1 1=1
Let N

| nt] AT (1) <Z(n)>
N i Vo (1)
An = - ! s
" ; a—1 * a—1

and write

E[exp (—An)] = A1 + Ay,

with 4, = E [e_A”t (1 — eA”)] and A, = E [e_A"t eA”}.
First of all, let us prove that A; converges to 0 when n tends to co. Recall that the
r.v Zi(”) are uniformly bounded by 37! a.s.. Thanks to (2.12), we have

LntJ/\T(") (2z(n)>a |_ntj/\’r<">
St D ROz | <,

i=1 =1

E[e 24 = E Mfﬁnﬂ exp | n7?

where M is a finite constant which does not depend on n. By Cauchy-Schwarz’” inequality,
we get that

(A1) < (B[ |1 - M) SE [ E [(1-e™)’| < ME[(1-e*)?]. (2:20)

The quantity A, is bounded and goes to 0 in probability when n goes to infinity (see
(2.19)). Therefore, the right-hand side of 2.20 converges to 0. This implies that lim,, o, A1 =
0.

Let us now consider the convergence of As. Remark that

[nt] Ar()

A2 — E Mé?ﬁn” exp ) Yk(nl, —l/aZ(’VZ))

Recall that E[M'")

ny)) = 1. Using (2.12), we get

o <_02‘12(ﬁ1)n€1 ™ Ua(t)l) < Ay <exp <C2.12<51)n51 + Yalt) )

a—1
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We get that lim,, ,,, Ay = % (t)/(e=1) " which achieves the proof.
Convergence of B,;. Here, we will use a similar approach as the one we used on the first
half of p.48. The process (Yi("),z’ > 0) is decreasing. So if for some i < |nt], Yl(_"]_) < np,

then we have YLEZ)J_I < nf. Thus we get B,; = Bntl{y(n) o <nB} Moreover,
(IntAr(T))—1
(lnt)Ar(M)—1 1
(n) - (n)
(TARREEET T USRS DENE LR Pt
j=1
and then for any & > 0
P(|But| > €) = P(l{y“’) <n5}|Bnt| > ')
(IntAr(n)y—1
(n)
< P({Y(Lntjm(m—l <nf)
(Int]Ar(m)—1 1
-1 (n)
<P(n z; (Xj _a_l)ZE)-
]:

Use (2.13) to get that the right-hand side of the last inequality converges to 0 as n goes
to infinity.
O

Now we deal with 12,

Lemma 2.3. We assume that p(t) = Cot >+ O(t=*¢) for some Cy >0 and { > 1—1/a.
Then, for anyt < a — 1, we have

[nt | A7) (n) (n)
X, 1 X, 1
I@]= Y (- Ty e S B,
=1 Yioi Yty

when n — 00.

Proof. Let 0 <t < a — 1. First of all, remark that:

(n)
YLntJ p a—1—1
— .
n a—1

(2.21)

Indeed,
Yol n—(nt)/(a—1) SR —1/(@—1)

- )

n n n

and we conclude using (2.13) and the convergence of P(7(™ > |nt|) to 1. Let us write

|‘[T(L%)| = An + Bm
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with
Ap =1 t|1{y<"> <(1—t/(a—1) n/z}

and

B _‘ nt ’1{%" >(1-t/(a—1)) n/2}

The convergence (2.21) implies that A,, tends to 0 in probability. To prove the convergence

of By, let us first notice that for a € (0,1), there exists a constant C'(a) such that, if B, ,
is a binomial r.v. with parameter (n, ), then

o<- | E [uzggn,ﬁgu_awmu -y g —’>] v(dz) < C(a). (2.22)
0

n n

Indeed, there exists a constant C’(a) such that for u € (0,1 —a), 0 < —In(l —u) —u <
C'(a)u®. Hence,

! Bna: an
0< —/ E |:1{2§Bn,x§(1—a)n}(ln(1 — : ) + : ):| V(d.%)
0

n n

Pyt (ae)

< C'(a) /OlE {1{2<Bm <(1-ayn) (
< C'(a) /0 E {(B”’“’)Z} v(dz)

n
1 JE—
< 2C(a) / E {BW(B’;”” 1)1 v(dz)
0 n
, fl n(n — 1)z%v(dr)
= 2C"(a)™ . =:C(a).
Let usset a = (1—t/(a—1))/2. Hence B,, = \ n ’1{}/(") San) Notice that if n is large

enough such that an > 2, then if YUZ | > an we have 7" > nt. Moreover, if YL(M | > an, for
i < nt, we have Y;(") > an > aY;-(_nl) and Xi(n) = Yl(_nl) —Y;(n) <(1 —a)Y;(_nl) <(1- a/Q)Yi(_nl)
Using (2.6), (2.22) and (2.5), we get that

E[B,]

i XMy x™ )
SZE[E[_(IHU Ty ™ )+ v ® )1{1<X<")<(1 a)y(">}1{y >an}|Y ol

=1 i—1 i—1

> E[-E| 1 L (n B“"“) BY‘"“)( )|y
< IE—]E/l 1,0 —(In(1 — Uk S U Vp(dx Yi_"
‘ 0 {2SBY.(" . (1- a/2)Y 1} {Y;{>an} gyl(fz Y;(jl) Y;(lzl) 1

\ N

— 0,
Gan

when n tends to co. This achieves the proof of the Lemma. m



52 Chapitre 2. Sur la longueur d’une branche externe du Beta-coalescent

2.4 A result on small-time behavior of the block pro-
cess

We now turn to the study of the length of an external branch picked at random,
denoted by T . For any integer k between 1 and 7, define A;") as the time when
the kth jump is achieved. This variable can be expressed as a sum of k independent
exponential random variables. More precisely,

EAT() e

(n) _ i
A= —,
i Iy

where the e;’s are independent standard exponential variables. Notice that 7 = ASZ’BL).

We will first study asymptotics of A,(C"). For this, we use a two-step approximation method
close to Section 4 of (14). Define first

kAT

A= 3

)
i=1 gYi(_"f

obtained replacing the e;’s by their mean,and

NGO ()y—a
Akz - COF(Q . O() ZZ (Y;—l) )

obtained replacing g, by its equivalent in (2.5).

Proposition 2.1. We assume that p(t) = Cot= + O(t=>¢) for some Cy > 0 and ¢ >
1 —1/a. Then, for anyt < a — 1, we have
1 t

na—lA(n) P .

nt) m((l o D)=,

when n — 0.

The proof is a straight consequence of Lemma 2.1 with n» = « and the following
Lemmas 2.4 and 2.5.

Lemma 2.4. Under the assumptions of Proposition 2.1, we have

pe AT - A B

nt] ~ “int]

when n — 00.
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Proof. Use (2.5) to get

[nt | A7)

—a —min(¢,1)
§ : (n) (n)
Atntj Atntj - . <Y’i—l> O ((Yl—l) ) :

The result then follows from Lemma 2.1 with n = o 4+ min((, 1). O
Lemma 2.5. Under the assumptions of Proposition 2.1, we have
) 50,

w1y qm) i)
n® (Apy = Apy)

when n — 00.

Proof. Recall that Y = (Vy, k > 0) denotes the filtration generated by Y. Conditionally

e: —
on ), the random variables are independent with zero mean. We deduce that

Iy
|nt ] AT() e 2
E |sup(n® (4™ — y} n**~’E |su — Y
tzg( ( [nt] LntJ>) | tzg ZZI Gy |

i=1

|nt|AT(m) 1 2
< 4n2a—2 ,
i—1

where we used Doob’s inequality for the inequality. Thanks to 2.5 and Lemma 2.1 with
2

Yi(f %

n = 2o, we get the 4n?2—2 ZWJAT(M (%) converges to 0 in probability.
]

Heuristically, combining Theorem 2.1 and Proposition 2.1, we should get that n®~ 17" =
O‘_IA(?,)L) converges in law to zr5—5((1 —0)'™* — 1). This line of proof will be followed
in the last section. However, 1n t e next we will first present another way to prove this
result with a method based on exchangeable coalescents consistency property. As a first
step to this approach, we end this session with a result about small-time behavior of the
block-counting process.
Let R,E") denote the number of blocks of the n-coalescent II™ at time ¢. The initial

n)

value R(()n) is n. We show that the limit law of the process R™ is deterministic under a

certain time rescaling

Theorem 2.2. We assume that p(t) = Cot = *+O(t=>T¢) for some Coy > 0 and ¢ > 1—1/a.
For any ty > 0, > 0, we have

P( sup |n 'R

0<t<tg

—(1+Co'(2 = a)t) Ve > ) -0, (2.23)

tnl—«o

when n — 00.
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Proof. Let 0 < r < a— 1, we have the following relation :
[nr] Ar(m)

) _ oy _ o (n)
RAEZLJ =Y =n— > X
j=1

Let t € [0,t], and define
r(t) = (a—1)(1 — (1 + Cel'(2 — a)t) /ey, (2.24)
on [0, tp]. Notice that

1 r(t)

Col'(2 — a)((l Ca-— 1)1_a -h=t

Then thanks to Proposition 2.1, no"lA(Lzzq( ;) converges in probability to t.
Using the remark at the beginning of the proof in Lemma 2.3, we get the convergence

(n) il ® r(t)
n'RY), = (1 - D)= (1+Gol(2 - a)t) Ve,

Lnr(t)] n Q=

when n — oco. Moreover, since Ri”) is decreasing, then for any 0 < 0 < 1,

lim P(R"™). <Rr"™_ .., <R"™ = 1.
n—o0 ( A(Ln)r(tfat” o tnimett = <Ln)r(t+6t)J)
The constant § being arbitrary, we thus obtain the convergence in probability of
n R, to (14 Col'(2 — a)t) /@D,
We obtain (2.25) using again the fact that R™ is a decreasing process.
O

In fact, the symptotic result concerning block counting process of Kingman coalescent
is also valid. The method is almost identical to that emploied in the above Theorem. In
the context of Kingman coalescent, we use the same notations 11", Af."), R™.

Theorem 2.3. In the setting of the Kingman coalescent, for any to > 0, > 0 , we have

P(sup [n 'R, — (1+1/2)7' >¢) =0 (2.25)

T
0<t<to
when n — 0.

Remark that this Theorem shows a nice continuity from Beta coalescent(the process
that we consider is more general which contains Beta coalescent) to Kingman coalescent.
In Theorem 2.2, if we let @ = 2, the result is just we want to prove in this Corollary.
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Proof. Recall that AZ(-n) is the time when i-th jump is achieved. When I1 has b individuals
at some time ¢, then the process encounters the following coalescence at rate (g) where
two randomly chosen individuals will be coalesced. II™ remains 1 when all individuals
are coalesced.

For 0 <t < a —1, we have

n—|nt]+1

() _ Sk
ALntJ B Z (b)
k=n 2
where ¢;s are i.i.d unit exponential variables. Notice that
n—|nt]+1
1 1 1
EnA™ | = L o Oy s2(— 1

as n tends to oo. There exist a constant K > 0, such that,

n—|nt]+1

. 1 K
V(A = 3 ()<
k=n 2
So we deduce that
(n) L2 1 2
nAy = 20—~ =17 =)

as n converges to 0o.
We denote by f~1(t) :=t/(t + 2) the inverse function of f(t).
Similarly, R is decreasing, so

(n) < p) < pO)
P(RALnf'*l(t—S)(")J S Bypor < RALnf*1<t+«s><n>J -1
as n tends to oo for any 0 < § < t.
R
Yo Ry Al LY
Furthermore,
R™ (n)
Yo Ynwn _n= O] ey
n n n 1+1¢/2

R(”) 1 d 1
tn—
as n tends to co. So — = T

Using again the decreasing property of Rgn), we finish the proof. O]
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2.5 The length of an external branch picked at ran-
dom

Dynamics of any exchangeable coalescent with multiple mergers are characterized by
rates Ay which suit a consistent relationship (this is Pitman’s structure theorem, see (30),
Lemma 18):

Aok = Aot 1 + Ao k- (2.26)

This relationship comes from the fact that k& given merging blocks among b can coalesce
in two ways while revealing an extra block : either the coalescence event implies the extra
block (and then k + 1 blocks will merge) either not. Thus we get a recursive construction
of the n-coalescent process I1(™.

Let us define II™? as the coalescent process of individuals labelled from 2 to n. Now
we consider the individual labelled by 1. The lineage of this individual can be ’connected’
to I1(™2)

— either at any of its jump times, in which case block {1} participates to a mul-
tiple merger implying at least 3 blocks, and we call this collision “Type 17 (see
Figure 2.1),

— or at any other time to one of the present blocks and then participates to a binary
collision, and we call it “Type 2” (see Figure 2.2).

Figure 2.1: n = 5. Individual 1 is chosen. Type 1: individual 1 encounters a multiple
collision.

Figure 2.2: n = 5. Individual 1 is chosen. Type 2: individual 1 encounters a binary
collision

From now on, our analysis is conditional on 112, Between two jump times of 12

assuming that there are b blocks in 12 the extra block coalesces at rate bApt1,2. If the
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extra block remains unconnected just before a coalescence event implying k blocks among
b, then it will participate to this event with probability

(b)fol k+1 - b_kl/(dgc)/gb: _M
O ST Qo Bold) e e (227)

This equality comes from (2.26). Let us see how to get the law of 7™ the coalescence
time of individual 1. We deﬁne by R™?) the block counting process of I1™2). Notice that
it has the same law as R™~Y. We introduce
— T the first jump time of a Poisson process nc ) directed by the measure v,
Rtn 2))\R(n 24 th'

— T the time of the first appearance of "Head’ in the following coin flip, independent

(n) _

of nc ). at each jump time ¢ of Rt , we toss a coin, and get "Head’ with probability
(n 2) n,2)
see (2.27)).

LR () A< 2) 41, m("2) g >+1(

1— and "Tail” with probability —*

Rg’j 2>,R§:L 2)7R§” 2)

Then, conditionally on 12 T and T, A Tén) have the same law.

R(n 2)’R§:L ,2) En 2)+1

Remark 2.1. A more formal way to interpret T™ is as follow. Letf be Cox process di-

(n.2) ) p(n2)_ p(n.2)

(n) ,  (n) (n) R +1,R™M2) R

rected by random measure ve' vy, where vy =30 0 i ime t)
R /(D _p(n?)

and 6, is the Dirac measure in t (see (24, p.226)). Then T™ has the same law as the
first jumyp time of €™

Let us now give our main result

Theorem 2.4. The following convergence holds :

ﬁhﬁ“tﬁT:(%N;_a%u—afﬂ—ay
forn — oco. The density function of T is
ﬁﬁj:gggg%g&1+afﬁ—aﬁ)fla t>0.
In particular, in the Beta(2 — o, a) case, the density is
fr(t) = ! (14— )1, >0

(@ = DI(a)

Proof. For the sake of simplicity, we will make the proof only in the Beta(2 — «, «) case.
The proof can be extended to the more general case where (2.4) is satisfied with the details
omited here. In this special case, Cy = (al'(a)T'(2 — «))~! and dynamics are given by

) _ Bk—a,b—Fk+a)
T Bla,2—a)

al'(a)
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where B(a,b) is a Beta function of parameters a and b.

Define 7™ as the number of jumps of the process II™? up to time n'=¢. It is a
straightforward consequence of Proposition 2.1 that
(2,m)

DB ), n— oo (2.28)

n

for t — oo, where r(t) is defined in (2.24).
For i > 0, in the process I1™?) we denote by Yi(n’Z) the number of blocks remaining
after ¢ jumps which equals 1 from the time all individuals are coalesced to 1, and }/0("’2) =

n — 1. Let Xi("’2) = Y;(_"f) — Y™ be the number of blocks we lose during the ith

coalescent event. We write X{™ = 0. Notice that (Y™, X("2?) has the same law as
(Y=, X))
Using the description given above, we have

P(n®1T™ > t)

= E[P(n®'T™ AT > ¢I1)]
= E[P(n* 'T™ > ¢TI"2)P(no T4 > ¢112))]

(n)
A (n.2) (n,2)
(n,2) )
— eXp / / 1- aRsnl T ( )Rsnl_afly(dl’)ds) 1+Y, 0771+ X
i1 )\ n2) 1+X(n ,2)
B E[ ( /t 1—0{R(n72) B( — Q, Rinl o + o — 1)d )ﬁifl(_nlg) _ X( ) + o — 1]

We decompose the term in the expectation into two parts: the exponential on one side
and the product on the other.

Let us first look at the exponential term. Using Stirling’s formula we get that, for
0<s<t,

B(2 -, R " 2) « T a— 1) (R( ) R(n’Q,)

1 ey ,2) snl- snl—aya—1 (n,2)
R = + R
sn1=e B(2 — a,a) n ['(«) ( n ) sni )

where f = f(t){>0y is a deterministic function which converges to 0 as t converges to oo.

The sequence (R("’f)a, n > 2) is decreasing so, thanks to Theorem 2.2, we deduce that

(n,2)
SUPg< ey (=== ) f ( o )a) converges in probability to 0 as n tends to co. Consequently,

using again Theorem 2. 2 we get that

B(2 — Q, E (n2) +a — 1) P t
1— aR n2 spl—«a a
exX l—a d ? 1 5 > OQ. 229
p( /0 o B(2 «, Oé) 8) ( al (Oé)) " ( )
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Convergence of the product term is obtained by the same method as in proof of
Theorem 2.1, combined with the convergence in (2.28). To avoid showing almost the
same reasoning, we leave the details to readers. This way, we have

7'51%2) Y(n’Q) . X'(n,Z) + o — 1 t (2—a)
l | i—1 7 > B} (1 + T a1 , n — oo. (230)

The product of (2.29) and (2.30) then converges in probability to (1 + aFt(a))_a/ (a=1),
Since this product is bounded, we get that

P(no 7™ > ) — (1 +

We achieve the proof. n

As a consequence of Theorem 2.4, we can get an asymptotic result on the size of the
population at the moment of collision of individual 1.

Corollary 2.2. The following convergence holds :

Y S (14 G2 —a)) VeV =10

n)

for n — oo. Moreover, the density function of this limit is az® '1{g<y<1y.

Proof. In terms of block counting process, we have YU(ZL)) = R(T”(ZL). Notice that Rgf&) =
R(”)

i (na—17(m)" Using Theorem 2.4, we known that n® 7T converges in distribution to
T. Hence, if ty > 0, we deduce from Theorem 2.2 that

ROV,
nt—e(ne— T(”) d - a—
1{na—1T(’l’L)<t0} (TL ) — ]-{T<to}(1 -+ COF(2 — a)T) 1/( 1)_

This achieves the proof. m

2.6 An alternative proof for Theorem 2.4

In this section, we present an alternative proof for Theorem 2.4 using the convergence
results for 0™ from Theorem 2.1. First, we need a stronger version of Proposition 2.1
which gives weak convergence in the path space. Recall that

EAT()

(n) _ €i
Ak —_— P
i1 I v,

where the e;’s are independent standard exponential variables.
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Proposition 2.2. We assume that p(t) = Cot=® + O(t=*¢) for some Cy > 0 and ¢ >
1 —1/a. Then, for anyt < o — 1, we have

d 1 s

(AR s (= (- =)™~ Dl (231)

in the sense of convergence in the path space D|0,t] for n — oc.

Proof. Note that Theorem 2.1 states

1 s
aflA(n) P 1 — l-a 1

for 0 < s < a—1andn — oo. So for every fixed s € [0, t], we have pointwise convergence in
probability in (2.31). This implies weak convergence of all finite dimensional distributions
due to the subsequence criterion for weak convergence. In order to show weak convergence
in the path space, we will show tightness for the distributions from (2.31). Since the limit
process is continuous, it suffices to show that the condition (i) of (5, Theorem 7.3) and
condition (7.12) from (5, Corollary 7.4) are fulfilled (see (5, Corollary 13.4)). For the
present processes, these conditions translate to showing that for every e > 0 and 7 > 0,
(i) there exists a > 0 s.t. P(n® A"} > a) < 1 for n big enough and

0]
(ii) there exists a 0 < d < 1 so that

[n-min(t1+4,t) | [n-t1]

s-lp <na—1(A(n) — AW ) > 6) <,

for n big enough and any ¢, € [0, t].
Condition (7) is trivially fulfilled, for condition (ii) we can use Theorem 2.1 to show that
for n — oo,

P (0 AL sy — All)) = €) = P (min(t +6,8) = f(1) > €),
where f(s) := W((l — —2)'7* —1). Note that P(f(min(t, 4+ 6,t)) — f(t1) > €) <

P(fit)—f(t—=96) > ;) € {0,1}. Since f is continuous, you can now choose ¢ small enough
that f(t)— f(t—9J) < e and then n big enough to fulfill (ii). Thus, we have shown tightness
of the distributions in (2.31) which establishes the desired weak convergence ]

Now we come to the alternative proof of Theorem 2.4.
Alternative proof of Theorem 2.4. Fix t € [0,a — 1). We have

1 S

are oo " e,

n a— n d
(6" /(n(a = 1)), (0 AL osr) 5 (01
for n — oo. Due to Skorohod-coupling, we can assume that this convergence also holds

almost surely. Since s — (m((l — —£-)17* — 1)) is continuous on [0,¢], the almost
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sure convergence of (no‘*lA(LZ)t )s<t in D[0,7] is even almost sure uniform convergence on
[0,t] (see (5, p. 124)). For any series (x,)nen on [0,t] with z, — x, we thus have

no‘_lA(LZln | = ariamay (1= 3%5)' 7% — 1) almost surely for n — co. The only problem left

is that ¢, o may take values in [0, — 1) and not only in some subset [0,¢]. To remedy
this, note that if we restrict all random variables on {0 < a —1 — %} for k € N, we have
o (w)/n < a—1-1 for n = n(w) big enough for almost all w € {¢ < a—1—1}. Thus,
by using the Skorohod-coupling for the series (o™ /(n(a — 1)), (”a_lA(LZ)SJ)sga—l—%)? we
have

n 1
naflA( ) d o

- (1= ——— l-a 1
o) /n] — Col'(2 — @) (( o — 1) ),

almost surely on {o < a—1— 2} for the coupled versions of these random variables (note
that o™ < 7(™). Since o is Beta-distributed, we have, for & — oo,

a—1 4(n) 2 a—1 4(n)
P({n lALn-U(n)/nJ €ctnfo<a-1- E}) ~ P(n 1ALn-o‘(n)/nJ € ).
This shows
a—1mp(n) _ a—1 4(n) d 1 o 1-«
™" = - — ((1 — —1).
" " o Col(2 — ) (( o — 1) )

The only thing left to prove is that 7" has density fr. This is done by computing the
distribution function

1 o
- (1=
C’OF(Q—a)(( a—1 -
= Plo <1—(1+Col(2—a)t)a)
/1—(1+cor(2_a)t)ﬁ

P(

a(l —x)%x
0

= 1—-(1+C'(2—a)t) a1,

and finally by differentiating. O
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3.1 Introduction

3.1.1 Motivation

In a Wright-Fisher haploid population model with size N, we sample n individuals at
present from the total population, and look backward to see the ancestral tree until we
get the most recent common ancestor (MRCA). If time is well rescaled and the size N of
population becomes large, then the genealogy of the sample of size n converges weakly
to the Kingman n-coalescent (see (33),(34)). During the evolution of the population,
mutations may occur. We consider the infinite sites model introduced by (32). In this
model, each mutation is produced at a new site which is never seen before and will never
be seen in the future. The neutrality of mutations means that all mutants are equally
privileged by the environment. Under the infinite sites model, to detect or reject the
neutrality when the genealogy is given by the Kingman coalescent, (22) have proposed a
statistical test based on the total mutation numbers on the external branches and internal
branches. Mutations on external branches affect only single individuals, so in practice they
can be picked out according to the model setting. In this test, the ratio Léﬁ /L™ between
the total external branch length Lg@ and the total length L™ measures in some sense the
weight of mutations occurred on external branches among all. It then makes the study of
these quantities relevant.

For many populations, Kingman coalescent describes the genealogy quite well. But
for some others, when descendants of one individual can occupy a big ratio of the next
generation with non-negligible probability, it is no more relevant. It is for example the case
of some marine species (see (1), (9), (19), (24), (26)). In this case, if time is well rescaled
and the size of population becomes large, the ancestral tree converges weakly to the A-
coalescent which is associated with a finite measure A on [0,1]. This coalescent allows
multiple collisions. It has first been introduced by (38) and(39). Among A-coalescents, a
special and important subclass is called Beta(a, b)-coalescents characterized by A being a
Beta distribution Beta(a,b). The most popular ones are those with parameters 2 — o and
a where a € (0, 2).

Beta-coalescents arise not only in the context of biology. They also have connections
with supercritical Galton-Watson process (see (40)), with continuous-state branching pro-
cesses (see (6), (2), (20)), with continuous random trees (see (4)). If @ = 1, we recover
the Bolthausen-Sznitman coalescent which appears in the field of spin glasses (see (8),
(10)) and is also connected to random recursive trees (see (25)). The Kingman coalescent
is also obtained from the Beta(2 — «, a)-coalescent by letting « tend to 2.

For Beta(2 — a, a)-coalescents with 1 < o < 2, a central limit theorem of the total

external branch length L") is known (see (31)). The aim of this paper is to study its
moments. The results obtained can be extended to more general coalescent processes (see
(16) ). We should say that in this case, the moment method is not able to obtain the

right convergence speed in the central limit theorem, which illustrates some limitations of
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moment calculations.

3.1.2 Introduction and main results

Let £ be the set of partitions of N := {1,2,3,...} and, for n € N | &, be the set of
partitions of N,, := {1,2,---,n}. We denote by p™ the natural restriction on &,: if
1 <n<m< +ooand 7 = {A;}ics is a partition of N,,, then p™7 is the partition
of N,, defined by p™7r = {A;N,}ic;. For a finite measure A on [0, 1], we denote
by II = (II;);>o the A-coalescent process introduced independently by (38) and (39).
The process (Il;);>p is a cad-lag continuous time Markovian process taking values in €
with IIp = {{1}, {2}, {3}, ...}. It is characterized by the cad-lag A n-coalescent processes
(™20 := (p™11,)iz0,n € N. For n < m < +o0, we have (II")50 = (p™I1™)1
(where TI(+>°) = 1I).

Let v(dz) = x72A(dx). For 2 < a < b, we set

Moo — /O L2 (1 - o)A (dr) = /0 201 ) (d).

1™ is a Markovian process with values in &,, and its transition rates are given by:
for £,m € &, ¢y = Moo if 1) is obtained by merging a of the b = |£| blocks of £ and letting
the b — a others unchanged, and ¢, = 0 otherwise. We say that a individuals (or blocks)
of ¢ have been coalesced in one single individual of 7. Remark that the process I is an

exchangeable process, which means that, for any permutation 7 of N,,, 7 o I1(™ @ M,

The process I finally reaches one block. This final individual is called the most
recent common ancestor (MRCA). We denote by 7™ the number of collisions it takes for
the n individuals to be coalesced to the MRCA.

We define by R™ = (R{™),~ the block counting process of (II"),50: R™ = |1\,
which equals the number of blocks/individuals at time ¢. Then R™ is a continuous time
Markovian process taking values in N,,, decreasing from n to 1. At state b, for a = 2, ..., b,
each of the (2) groups with a individuals coalesces independently at rate A, ,. Hence, the

time the process (Rg"))tzo stays at state b is exponential with parameter:

I = ; (2) Aba = /01(1 — (1 —2)" = bz(l — 2)" H(dr) = b(b—1) /01 t(1 — )2 p(t)dt,
(3.1)

where p(t) = j;l v(dz). We denote by Y™ = (¥;);=0 the discrete time Markov chain

associated with R™. This is a decreasing process from Yb(") = n which reaches 1 at the
7(M_th jump. The probability transitions of the Markov chain Y™ are given by: for b > 2,
k>1land1<1<b-1,
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b
n n Abit1
popt =PV = b= 1Y) =b) = % (3.2)
b
and 1 is an absorbing state.
We introduce the discrete time process X ,En) = Yk(f)l — Yk("), k > 1 with X(()") = 0.
This process counts the number of blocks we lose at the k-th jump. For i € {1,... ,n},

we define
ﬂm:qum¢H@}

as the length of the i-th external branch and 7™ the length of a randomly chosen external

branch. By exchangeability, 7. @ 7. We denote by L™ = S T the total

ext
external branch length of II™ and by L™ the total branch length.
For several measures A, many asymptotic results on the external branches and their

total external lengths of the A n-coalescent are already known.
1. If A = &y, Dirac measure on 0, II™ is the Kingman n-coalescent. Then,

(a) nT™ converges in distribution to 7" which is a random variable with density
fr(@) = Giaplazo (See (7), (12), (27)).

(b) L™ converges in L? to 2 (see (22), (18)). A central limit theorem is also proved
in (27).

2. If A is the uniform probability measure on [0, 1], I is the Bolthausen-Sznitman

n-coalescent. Then (logn)T™ converges in distribution to an exponential variable

with parameter 1 (see (21), (41)). For moment results of L™ we refer to (14) and

for central limit theorem, we refer to (30).

3. If vy = fol r7'A(dr) < 400, which includes the case of the Beta(2 — «,a)-
coalescent with 0 < a < 1, then

(a) T™ converges in distribution to an exponential variable with parameter v_;
(see (23; 37)).

(b) L™ /n converges in distribution to a random variable L whose distribution
coincides with that of f0+°° e~Xtdt, where X, is a certain subordinator (see page

1405 in (17) and (36) ), and Lg%/L(") converges in probability to 1 (see (37)).
4. If A is the Beta(2 — a, @) measure with 1 < a < 2, then we get the Beta(2 — a, a)-

coalescents. Note that n® 1T converges in distribution to 7" which is a random
variable with density function (see(15))

1 T

fT<x> = (1 + OéF(Oé)

e ) a1, (3.3)

For central limit theorems of Lg;l and L™, we refer to (31; 29).
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In the rest of the paper, we only consider the Beta(2 — a, a) coalescents, 1 < a < 2 .
In that case, we have

1

0 = rare—a

(1 —2)* .

T denotes a random variable with density (3.3). If (a,)n,>1 and (b,),>1 are two real

sequences, we define a,, ~ b, when lim a,/b, =1 is true.
n—-+0o0o

Theorem 3.1. 1. The total external branch length Lg;)t satisfies

lim n?*PE[(L™) — n? °E[T])?] = A(w),

n——+oo ext

where E[T] = a(a — 1)I'(a) and A(a) = ((a*(lgfgo)‘;({i;;(f*a).

(n) (L?)

2. As a consequence, n® 2Ly = E[T].

Remark 3.1. — For the second part of the theorem, the convergence in probability
and almost surely can be found from (4), (5), (3).
— The first part of the theorem gives n®=3®/2 as the convergence speed for L
tending to n?*~°E[T] in the sense of second moment. But as shown in (31),

(n)

ext

L) — p2-oR[T] (@ 2= a)(a =1 (a)

ext
nl/atl-o 1"(2 _ Ck)l/a

¢,

where ¢ 1s a stable random variable with parameter a. Our moment method fails
to get the right speed of convergence in distribution.
To prove this result, the first idea is to write

E[(L&—n* E[T])*] = nVar(T{")+n(n—1)cov(T{", T;" ) +(nE[T}" | —n*"E[T))*.

(3.4)
Hence we have to get results on the moments of the external branches. This is
given by the next theorems. The first one gives the asymptotic behaviour for the
covariance of two external branch lengths.

Theorem 3.2. The asymptotic covariance of two external branch lengths is given by:

1 —Q
lim n3(0‘_1)cov(T(") T(n)) _ Jo (T =)= = 1)*v(dx)
n—-+o0o 1 )y =2 3 DN

(0 = D (a + 1))® = A(a).

Remark 3.2. A(«) is the limit only in the case of Beta(2 — a, a)-coalescents, but the
result can be extended to more general A-coalescent (see (16)).
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3a

Notice that A(«) is strictly positive implies that COV(Tl(n), TQ(n)) is of order n373* and

T 1("), TQ(n) are positively correlated in the limit which is similar to Boltausen-Sznitman co-
alescent and opposite of Kingman coalescent (negatively correlated) (see (14)). To prove
this theorem, we have to give the asymptotic behaviours of E[T\"TS™] and E[T{™] (The-
orem 3.4). We also get from Theorem 3.4 that the third term in (3.4) satisfies

(RE[TM] — n> °E[T])? = O(n**). (3.5)

The second one gives the asymptotic behaviour of moments of one external branch
length, hence we can estimate nVar(T\™). We then see that n(n — 1)cov(T\™”, Ts") is

dominant in E[(L") — n2=°E[T])?] (see (3.4)). Then we can conclude for Theorem 3.1,

ext

Theorem 3.3. For Beta(2 — a, a)-coalescent, we have

1 If0< B < -2 then lim E[(n®'T{™)%] = E[T7].

1’
n—-4o00

o ; a—1m(n) —
2. If B> =%, then nl_l)&l@E[('rL ') = +oo.

3.1.3 Organization of this paper

In sections 2 and 3, we give estimates of E[T\™] and E[T\"T{™] respectively. Both
E[T{™] and E[T{"T{"] satisfy the same kind of recurrence which allows to get their

estimates and they lead to an estimate of COV(Tl(n), TQ(n)) in section 3. The main tool is
Lemma 3.6 given in appendix A. In section 4, we deal with Theorem 3.3. Section 5 is the
appendix where are given some proofs omitted before.

3.2 First moment of Tl(n> by recursive method

3.2.1 Preliminaries
For s > —a, we define the measure

1

y(s)(d:c) = (1 —2)°v(dz) = m

o1 — 2) S da; (3.6)

The collision rates of the A-coalescent associated with the measure () is given by

(07

ggs) = /0 (1-—(1—-2)"—nz(l - x)”*l)y(S)(d@ N F(a”+ 3

when n tends to oo.
We introduce the quantity p®)(¢) := ftl v (dz).
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Lemma 3.1. For s > —a, we have when t tends to 0:

s _ @ (a—1+s)tt—e —a) .
1. p(t) = FaTe s — @ or@rea T ot )

1 (s _ tl—o 1$_a((1*x)a_1+5*1)d5’3 1 2—a) .
2. f, P (x)dr = @M= T T@re=a T oD@ (=a) +0@?) ;

3. limy o4 (ftl P (z)dx — (a—l)F(f;—::)F@—oa)) exists, and its value is

R (LR e VL 1
N ['(a)[(2 - «) (@ = HI(a)(2 — a)
In particular, if s > 1 — «, C® = %

Proof. The result for p*)(t) is straightforward since

PO (t) = /t m$_l_a(l — ) da.

For [ p®(x dx, using integration by parts, we have
¢ P g

b B . ftl (1 — x)* o dy
/t p( )(‘T)dm - _tp( )(t) + F(Q)F(Q _ a)

e tl (71 — 2)7 1+ — 1)dx tl vz -
T Talare—a) " . T(a)T(2 = a) + r(ﬁ)r(z —oy TOE)
_ o N fol (1 — ) — 1)dz
(a—=1DNa+1DI'(2 - a) MNa)'(2 — «)
- 1 +O0(t*"),

(a = DIN()T(2 — «)

which gives also the existence and the first definition of C®).
Ifs=1—a C® =_—_1_— _ Ifs>1—q, using again integration by parts
1-a)(a)I'(2—a)

; (s) Jo e~ ((A—z)* T Ho—1)da _ 1 _ T'(a+s)
obtains ¥ = T(a)T(2—a) DT (@) (2=a) ~ T+ (1—a)" [

1 1
We then define two values A := / (1-2)" =1~ (a— 1)33)V(1)(d1'): B = / (=
0 0

)27 — 1 — 2(ar — 1)2)v'? (dzx), which will be used many times later.

Lemma 3.2. If A, B are defined as above, then A = a(a® —a — 1)['(a — 1) and B =

I'(4d—a
(ail)(r((At—m)) + (& —a— 1) (a+2)).
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Proof. Using integration by parts two times,

A
= F(2a_ a) a(al_ 1) /0 pl-a (_a(a — 1)(1 — g:)a—z + 2a(a — 1)(1 _ CC)cv—l . a(a B 1)21:(1 B x)"‘_2> Jr
= T@o al)(a 9 (~T(a+ D2 —a)+2(a—Dl(a+ D02 —a) — (a = DI = a)T(a + 1))

In the same way, one gets B = (a£1) (FF(ZL__;;)) +(a® —a—1I'(a+2)).

3.2.2 The main result
Theorem 3.4.

(o — 1*(D(a + 1))
2—«

E[T\"] = (o — D)T(a + 1)n' = + (A+ (a—1)CW — CO) p21=0) 4 p(p21-).

The idea is to use the recurrence satisfied by E[Tl(n) |(see (14)):

E[TM). (3.7)

2—a

Let L = (a—1)['(a+1)and Q = W(A—l— (a—1)CH — CO). We transform
the recurrence (3.7) to

a—1

n—1
<]E[na71T1(”)] _ L> na*1 — Q = (TL — (1 - an,kk — 1(%)041)L) nail
k=2

In n

iy k—1n
—QU - Y p A e
k=2

Hence we get a recurrence
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with
a, — (E[na—le”)] _ L) nol —Q,
nt! S k=1 mn, a-1 « k=1 190
n k=2 k=2

N\ o k—1

dnk = (E)2(a l)pn,k n .
With this notations, the theorem can be written lir_"I_l a, = 0. It is then natural to
n—-—+0oo

study the behaviour of b,, when n tends to co. To this aim, we should get asymptotics of

1/gn, and 3775 Dk (k(;)ll)l ()", r>0and ! €N, where (n); is (the same for (k —1);):

(n)l:{ nn—1(n—2)(n—1+1) ifn>1>1,

0 ifl>n>1.

Asymptotics of 1/g,
For any ¢, d € R, we have
['(n+c)

+d—1
— — =p~i S TA 3.10
Rty = o= )T 0 (3.10)
This is a straightforward consequence of Stirling’s formula:
1 1
[(z) = V2rz*~ Y23 (1 + T2z TO(3),2>0. (3.11)

Then we can proceed to: For any real numbers a and b > —1,

/1(1_t)"+“tbd$ _T(n+a+1I(b+1)
0

T(n+a+b+2) 2
(3.12)
Using (3.12), we get the following lemma.
Lemma 3.3. For Beta(2 — «, «v)-coalescents, we have
— n® Oé(Oé — 1) 2—« a—1 a—1

= Taxn Grary T @ o)
and .

— =T(a+1)(1+(—a*/2+3a/2)n" " +o(n ")) n™", (3.13)

9n

Proof. Tt is straightforward using Lemma 3.1 and ¢ = n(n —1) fol t(1 — )" 2p0) (t)dt
for any s > —a.
[l

=T (b+1)n ' (1 + (-1- z))l“LQ—‘“LQn—1 + O(n—2)) :
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Calculus of >}~) pnyk%(%y

Lemma 3.4. Consider any A-coalescent process, associated with measure v. Let | €
{1,2,--- ,n — 2} fized. Then for any real function f:

n—1
S g
k=2

where E"" [¥] means that the A-coalescent is associated with the measure v,

(n—1-X{"),
(n);

flk) =E[ B [f(n— X"V,

Proof. Recall the definitions of g, and p, x(see (3.1), (3.2)). We have

nt (k — ) - )x”_k“(l — 2)* 1y (dw)

an,k Z n k+1 p

k=2 k=I+1
= Jo Gl - a) O (de)

:E: k+1

k=141 In
n—1-1 1 n—l n—k— k—1. (1 l
k=1 In Gn

S k=1, (S (k-1 §2k2pnk(n”f@»
an’k " f(k>_< o (”>’ ) Sk Pk,
E

k=2

_ [(n —1- ) ]Zk 1+1 Jo (nfk-lu)xn_kﬂ(l — )" f (k)W (dx)

(n)l gs)_l
B E[(n 1 X(n n 1— lfo (ni - 1)xn—k—l+1(1 o x)k_lf(k 4 l)l/(l)(dx)

(n) gfllzl

n—l—X(n) o0 n n—l—X(n)) o0 n—
= B I ) ) = S - X)L
This achieves the proof of the lemma. m

In consequence,
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1_x®™
We have to study E[(nl(n#] and E*" [(%)’"] The latter is given by Proposi-
n—ay

tion 3.2 in appendix A. The following lemma studies the former.

Lemma 3.5. Consider a Beta(2 — o, ) n-coalescent. Letl € {1,2,--- ,n—2} fized. We
have

(n_l_Xl(n))l =1- la N lle/ ) — COl | n=® + o(n™®
S O T VI (Z() P o) = €O ol

Jj=2

Proof. We have

n—1—xm =1 -(n) ! . (n) j
L B D S [ Aol

n n
( )l =0 J=2 i1, ,i; all different

()
For E[Zi;é X jl], we use Lemma 3.7 in appendix B. While using Lemma 3.8, we get

n—

: Y (X1 + 1)
E[; i1,---,ij%:different( 1) (7’L - Zl)(n o 22) e (TL - Z])]
l

=n""T(a +1) Z <;) (1) /01 wv(dz) + O(n~ mintitedd)

=2

Then we conclude.
O

Now we can give the estimate of 37”1 p nk(k(f)ll)’(%)’" using (3.15), Lemma 3.5 and

Proposition 3.2.

Proposition 3.1. Consider a Beta(2 — «, ) n-coalescent. Let | € {1,2,--- ,n— 2} and
r € [0,a+1) fired. We have

2 k—1 1N,
;pn’k( (n)l) (%)
(r—la)
n(a—1)

+ I(a+1) (/01((1 —2)" =1 —rx)rV(dz) + i (j) (—1)7 /01 v (dz) +rCV — zc<0>> n-

Jj=2

=1+

+o(n™?)
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3.2.3 Proof of Theorem 3.4.

Recall the transformation (3.8) and the associated recurrence (3.9). The aim is to
prove that lim a, = 0 for a, in (3.9). Using Proposition 3.1, we get

n—-+00
— k—1n 1
1-— an’kT(E)a_l == m - F(Oé + 1) (A + (OZ — 1)0(1) - O(O)) n-¢ + o(n_a),
k=2
and

1— nzlp k— 1(@)2(%1) - 2-a +0(n™®)
— "R Nk n(a—1) '

Hence we deduce that b, = o(n™1).
Let ¢ > 0 such that 2(a — 1) + € < a. We have 1 — 70, p,ot(2)2e-D+e =

O(n™1) > 0. The recurrence (3.9) satisfies the assumptions of Lemma 3.6 which leads to

lim a,, = 0. Then we can conclude.
n—-+00

3.3 Estimate of E[Tl(n)Tz(n)] and proof of Theorem 3.2

Using Theorem 1.1 in (14), we have

N " IR T(n) n—1 E—1
B 1) = 204 S ) .16)
n k=2

As a consequence of (3.13) and Theorem 3.4, we have

2B [T}")]
dn

(a—1)°T(a+1)
2 —«

=2(T(a +1))n' ™ (a -1+ (A+ (a—1)CW — C(O))nl_a> + o(n*73%).

Using the recurrence method described in the previous section, a direct calculation gives
that

BT
e ((a _ 1)1—*(& + 1))2,”/2(1701)
+ g__;«a —Dl(a+1))° (B +2(a =10 +1-200 + 5 E —(A+(a—1)C - C(O))) 3-a)

+ 0(n3(1_a)).
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Now together with Theorem 3.4, we can get the estimate of cov(Tl("), TQ(")).

(=D (a+1))3
3—a

cov(Ty, T3") = (B — 24+ 2(a — 1)(C® — CW) 4 1) n21-0) 4 p(n30-0)).

Then

(=D (a+1))3
33—«

Ala) = (B—2A+2(a—-1)(C? -CcW)+1). (3.17)

— ((a_(lgfg‘;;aiig =% py recalling the values of

! —o—1)?v(dx
A, B,C" and C®. We prove then that A(a) = I ((l_z)z_a DG )((a — DI« + 1))
Notice that

It is straightforward to see that A(«)

B —2A= /1 (1 -2 —2(1 —2)** + 1 — 2+ 2(a — 1)2*(1 — 2)) v(dz).

By definition,
1 1

c® - oW = lim (PP (x) — pV(2))dz =1lim | z(P(dz) — vV (dx)) = /01 —2*(1 — z)v(dx),

t——+o0 t t—0 ¢

and fol 2?v(dx) = 1. Then it allows to conclude.

3.4 Proof of Theorem 3.3

Notice that no= 17" D and if B > - one gets E[T”] = 400, hence E[(no=17{™)8]
converges to 400 (see Lemma 4.11 of (28)). If 0 < 8, < 2 < -%5 and (E[(no2T{™)%], n >
2) is bounded, then ((n®'T\™)% n > 2) is uniformly integrable (see Lemma 4.11 of (28)
and Problem 14 in section 8.3 (11)). Then we need only to prove that for any g € [2, -%7),
(E[(n® 78], n > 2) is bounded.

We will prove by induction on n that there exists a constant C' > 0 such that for all
n>2 (E[naflTl(n)])'B < C. We first assume that, forall2 < k < n—1, (E[k;aflTl(k)])'B <C
and then will prove that (if C' is large enough) (E[naflTl(n)])ﬁ <C.

Writing the decomposition of T’ l(n) at the first coalescence, we have

n—1
n €o =(k
T ==+ > L, 011",
L —

where:
— H,, is the event: {From n individuals, we have k individuals after the first coales-
cence, and individual 1 is not involved in this collision}, 2 < k <n — 1;
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. . . . = d .
— ¢p is a unit exponential random variable, Tl(k) N Tl(k), and all these random vari-

ables e, Tl(k), 1(y, ) are independent. One notices that P(H, ) = pn,k% (see

(3.7)).

Using Lemma 3.11 in Appendix D, we have the following inequality.

n—1
n 6 'R
Ewﬁszw§+zﬁﬁwﬂ%ﬂsmwwm+mwmA (3.18)
no k=2
where
e n—1
0 —(k
L =E[(=2)), s =E[> 1,1,
dn 2
n—1 n—1
(& - e _
Ly = B[22 (3 10, g T and £ = B[B2° (22713 1w, g TLY)
In k=2 Gn k=2
We first bound /,,;. Recall that g, ~ ﬁ Hence there exists a constant K; > 0
«Q

(which depends on ) such that for any n > 2,

K
ne-Vr < =L (3.19)
n
We now consider I, 5. Notice that (o« — 1) < o+ 1. Hence, using Proposition 3.1, we

have

n—1
n(a_1)51n’2 — p(e-Dp an,kk ; 1 (%)(Q—I)BEKka—lTl(k))ﬁ] (3.20)
k=2
n—1
k—1n
<CY pap—— () (3:21)
k=2
a—(a-DF a—(a—1)p
= e < -
CU-—amp o) = e )

for n > N, where N is a fixed positive integer.
We now proceed to I, 3. Notice that for 2 <k <n —1,

E[(k 7)) < @[T T < 07
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Hence we have

n—1
_ o _q€ = _
n g = PEBYTIE S 1, g (1))

" k=2
n—1
Bl g o k—1 /ny(e1(E-1)
R LY
k=2 n
Bl e a—(a—-1)(3-1) -
=C 7 a—1 2,3 1 1 1 — 1
w2 g1 - e o)
o K
< 2, (3.23)

where K5 is a positive constant. In the second equality, we have used Proposition 3.1.
While for any n > 2,

n—1
€ _
n(a—l)ﬁ]nA = n(a—l)ﬁEwQﬁ—l(_‘))ﬁ—l Z l{Hn,k:}Tl(k)]
" k=2
< 527 Eleg ' ](gn)! 0V E T YY)
< B ﬁ,
—nfl T o

(3.24)

where K3 is a positive constant. We have used Lemma 3.4 to bound E[na_lTl(")].
Using (3.18),(3.19),(3.20),(3.23),(3.24), we have proved that for any n,n > N, if there

B
exists C' > 0 such that for all 2 < k <n —1, E[(ko‘_lTl(k)) | < C, then

C+ <K1 _ Ca_(Oé—l)/B _'_ C%KQ + K3>

2(a—1)

E[(n*~'T{™)"] < p (3.25)
Let C' large enough such that
a—(a—=1)p B-1
Ki—C————+C7 Ky+ K3 <0 3.26

Then E[(n®~'T\™)#] < C, which allows to conclude.

3.5 Appendix

A) The main recurrence tool
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Lemma 3.6. We consider the recurrence a,, = b, + Zk 1 Gnxar. We assume that b,
o(n~1) and that there exist e > 0 and C' > 0 such that 1 — >}~ 1an( ) >Cnt for’ n

large enough. Then lim a, = 0.
n—+oo

Proof. Let (¢,)n>1 be an increasing sequence such that

lim ¢, = 4o0; lim nb,c, = 0.
n—-4o00 n—+oo

Define another sequence (c,)n,>1 by: ¢; = ¢é. Forn > 1,

) n+1._ _
Cpal = mm{cn(T)s, Cri1}s

Then we have lim ¢, = 400, c,b, = o(n™!) and for any 1 < k < n —1, o< (%)=,

n—+o00 -k
In consequence, 1 — Zk 1 qn ke > Cn” L for n large enough. Let n; > 0 such that for

n > nq, we have 1 — Zk 1 an—" > % and c,b, < % and pick a number C’ such that

C" > max{l,crar; 1 <k <ny}. We transform the original recurrence to

n—1 c
n
CnQp = Cnbn + E <Qn,kc_> CrQg.-
k=1 k

Then Cnqi4+10nq+1 < m + (1 - ™ +1
(€n@n)n>1 is bounded by C’. Since ¢, tends to the infinity, we get lim a, = 0. O

n—-+oo

)C" < '. By induction, we prove that the sequence

Remark 3.3. We refer to (35) for a rather detailed survey on this kind of recurrence
relationships.

B) Asymptotic behaviours of X fn)

Lemma 3.7. Consider the coalescent process with related measure v*) where s > —a.
Then

9 1 .
EV[x{"M] = 1+F(a+1)0() = 4 o(n!™®),

o —

Proof. We have (see (13)):

B [X( )] _ fol(l — t)”—Q(ftl p( )
fol(l — )"=2tp0) (¢)dt

Lemma 3.1 gives the developments of p(®)(t) and ft p®) (r)dr. Using (3.10), we get

/0 (1— /t PO ) )it = s + Cn o™,

noe— 2

and fol(l — )" 2tp) (t)dt = a+1) + O(n®=3). Then we can conclude. O
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Lemma 3.8. If s > —a and k > 2,

x

(s)
El/
(=

1
)k] =T'(a+1) / xkl/(s)(dm)n_o‘ +O0(n~ min{”""k}).
0

Proof. Let B, , denote a binomial random variable with parameter (n,z),n > 2,0 <
x < 1. Recall that for 2 < i<n, PXM™=i-1) fo (M)at(1 —a) v (dz) /gy =

fol P(B, . = i)v"®)(dx) / ¢ Here P means that X 1( ™ is related to the coalescent process

with measure (8.

(n) 1
() = / o) e P TR Y

+ Z ( ) V(Bi = Bua) + (-1 (1 = Buo) L, >0V (d) /9.

Using Lemma 3.9 in Appendix C, we get E[(B}; , — Bys)| = (nx)" + O(n*~")2*. Then

EV(S)[(Xl(n))k] B fol n= ((nz)k + O(nF1)a?) v (dz) n* fo F(1—nz — (1 —2)")v® (dr)
noo g gt

1
=T(a+1) / 20 (da)yn= + O(n~ minll+ak}),
0

In the second equality, we have used gff) MatD) +1) and also the fact that fo (I1—nzx—(1-

)™ (dz) < g fo (1 —nz(l —z)" " — (1 —2)")v¥(dz). This achieves the proof.
O

Proposition 3.2. For s € N|J{0} and 0 <r < a+ s, we have

E”(S)[<ﬁ> | = 1+n(+_1)—l—f‘(a+l) (/0 (1—2)"=1- TZB)I/(S)(dl‘) + rC(S)> n-“4o(n”?).

Proof. By Taylor expansion formula, for m > 2 and n > s + 2, we have,

r

(s) n ' (s) 1
E" N ——= | 1=E | —5 ] |
(n—Xf"_s)> 1o X

n

< (=9)

X STk 4r) XY Dm+147) [T g XY
——— 1— )7 (e )],
n - L(r)k! ( n S L(r)m! /0 ( ) ( )]

=" 1+r
k=2 "
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Using Lemma 3.7 and Lemma 3.8, we have for m > 2,

In consequence,

(n—s) 1
lim  lim n°E" [Z Lk +7) (Xl ¥ =T'(a+ 1)/0 (1—2)7" —1—rz)(dz).

m
m——+00 n—+o00 2 F(’l")]{," n

K (=)
: : D(mA1+r) () [ p—L— e X o
[t remains to estimate %E” s (1—t)~" ™1 (=—— —t)™dt], which is the

sum of two terms Py(m,n,s,y) and Py(m,n,s,y), with 0 < y < 1, defined by

(n—s)
X1 (n—s)
'm+14+7r () n e X m
Pi(m,n,s,y) = WI@ [/0 (1—1) 1(1T —t) dthYhs)Zny )
(n—s)
F(m +1+ T) v(s) Xl" —r—m—1 Xl(n_S) m
.PQ(TI’L,'I’L7 S, y) = WE [ (1 — t) (T - t) dt].an—s)<ny .
: 0

We first focus on Py(m,n, s,y). By Proposition 3.3 in Appendix C, we have

»(5) n
Py (m> n,s, y) <E [< n—s)) 1X{n75)2ny]

n— X{
(s) n—s
SEV [ ]_ (n—s) ]
(TL s Xl(ns)> X >(n—s)y
<n YKy *(1—y) ", (3.27)

where 7 € (r,a + s) and K, is a number depending only on # and v* (it is important
that it does not depend on y).
We now give an upper bound for Py(m,n,s,y). We have

Xgn—s)

r 1 . 0 X" i — ¢
o (’m’+ +T)Ey( )[/ (1 _t)—r—l( 1 /n )mdtl
L(r)m! 0 1—t

naP2(m7 n,s, y) =n X{n_s)<ny]'
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For t € [0,z) with 0 < 2 < 1, we have = < z. Then [ K (%/n_t)mdt <

(X{"*S) ymtt,
n .
Hence, using Lemma 3.8, for m > 2,

JIm+1+7)

nPa(min,s,) < n® = (1= ) NG )
=(1- y)_r_l% (F(a + 1)/0 ™) (dx) + O(n_1)> .

Using Lemma 3.10 in Appendix C, we have

1 1
/ 2" (dx) = / 21— ) T (de) < Ksm ™
0 0

where K is a positive real number depending only on 7 and (%),

. I'(m+r+1) ~ m"
Notice that Ty Ty Hence

Py(m,n,s,y) <n (1 —s5)""'m"(O(m™") +o(n™1)). (3.28)
Combining (3.27) and (3.28), we deduce that

lim limsupn®(Pi(m,n,s,y)+ Pa(m,n,s,y)) =0.

m—=+00 pn_4o00
This convergence together with Lemma 3.7 and 3.8 yield this proposition. [
C) Some necessary results for Appendix B

Lemma 3.9. Let B, , be a binomial random variable with parameter (n,x),n > 2,0 <
x < 1. Let k be an integer such that 2 < k <n. Then

k

Proof. Write B, , = Y1 + --- + Y, where Y3, -+ ,Y,, are independent Bernoulli random
variables. Let S := {{i1, -+ ,ix};1 <y, ,ix < n}. Then

E[ Y Y,V +E > Y, Y] <E[(B,.)"]
{i1, ik }EST {i1, ik }ES3

where
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1. Sy :={{ir, - ,i,} € A;iy =--- =1i;}. Then E[Z{i1,~~-,ik}esl Yi, - Y] = na.
2. Sy = {{in, -+ in} €A 31 <p<q<kiip=1ig}. ThenE[} S, o 1cg, Yi - Y] <
(k)nkfle
5 .
3. 83 = {{ir, i} € AVI<p<q<kiiy# i} ThenE[} S o heg Vi Y] =
nn—1)---(n—k+1)z*
Then we can conclude. O

Lemma 3.10. Consider any A-coalescent such that p(t) = Ct=*+o(t~*). Then for every
s>0,n>2, fol z"(1 —x)*v(dr) < Ke¢n™°, where Kg is a positive constant which depends
only on s and v.

Proof. 1t is clear that there exists K7 > 0 such that p(t) < K7t~ for all 0 < ¢ < 1. Then

/0 2"(1 —x)’v(dr) = /0 p(t)(n — (n+ )" (1 —t)* tdt

< /1 p(t)(n —nt)t" (1 —t)*at

I'(n—a)l'(s+1)

< K¢n™?°
'n—a+s+1) ~ 6

1
< nK7/ (1 —t)*dt = nK;
0

for some Kg which only depends on K7 and s. This achieves the proof of the lemma.
]

Proposition 3.3. Let s > —a and 0 < r < a+s, 7 € (r,a+s). Then there exists a
constant K11 depending only on 7 and s such that for ally € (0,1), n > 2,

(s) n _ _ F
EV | —— | 1y | <n *Kpy “(1—y)".
(n . Xl(n)) X, >ny

Proof. Define [z] = min{m € Z;m > z}. We have

r n—1 1
R _n 1. = / ( : )xkﬂ 1 — )kl L. ") (da gﬁf)'
[(n —Xl(”)) X 5] k%:m e (1—2) ()" v (dz)/

Using (3.10), there exist two positive constants Kg, Kg such that forall k € {1,2,...,n — 1},

Kgr F'n+1+7r) << n >( n I'(n+1+47)

(k+2)T(n—k+7r) — \k+1 n—k)TSKgF(k+2)F(n—k+r)'
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Moreover using integration by parts, for 1 <[/ <n —1and 0 <z < 1, we have:

n—1
(n+1+7) k+1 —k—1+
1_ n T
;Fk+2 n—k:+r)x (1-2)
F'n+1+7r) : . F(n+1+7)
= =)t "(1—a)
F(l+1)F(n—l+r)/0 (1-1) Tt 7Y
F'n+1+7)

_—F(n)F(1+T)/0 11— t)"dt. (3.29)

Lemma 3.1 says p(=™+9)(t) = m + o(t™®). Then there exists Kjp > 0, such that

p(—f—i-s) (t) S Klot_a for all ¢t € (0, ]_]

v(s) n
E [<n_ X(n)) L]

o ) (Z25) "t (1
Z Jo (L)

_ x)n—k—ly(s) (d:c)

nzﬂ gn

n k:+1(1 _ x)n—k—l—&-fy(—ﬁ‘rs) (d.ZC)

Z fO k+1) 5

=[ny] gn

[(n+147) T, ol o
fo T([ny]+ 1) (n—[ny]+7) fo Ml (1 — )=y l+7=1q (=7+9) (dgr)
()

gn

I'(n4-1+47 n 7o (—F+s
0 anr;r +1+7~ 2™(1 — 2) v (dr)
(s)

gn
fo T [nywi(gl—rl,j_?nm_,_r) P( o) (t)t[mﬂ(l — t)n_[ny]'w_ldt
g5
0 rfz(r;rltlr M1 @) T (d)
g’
F(n+1+r)1‘([ny‘\+1 a) I(n+147) nr
<K Kl(] ny]+1;((7;+1+r o) + K(;Kg n+1)g((i;rr)

— —
< K18 %n7°,

where for the first inequality, we use (3.29) with [ = [ny], in the second inequality,
we have used an argument of integration by parts and for the third inequality, we bound
P (2) by Kipr~® and we also use Lemma 3.10. For the last inequality, we use (3.10).
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Here K1, is a constant which depends only on 7 and v(*). Then we get
) n ) n -
E I —— | Lo, < Q=9) "B [| ——5 | 1ims,,) < Kuy *(1-y)" "™,
<n—X{”)> Kz W x) iz
which achieves the proof of the lemma. n

Remark 3.4. If r > a + s, this lemma s false. Assume that s = 0,7 > a and for any
fited0 <y <1, n> ﬁ, we have ny < n — 1 and it follows that

P1<m7n787y)
r n m (n)
n | 7°+Z) X
>E —_— 1o
() o B o
-1 & —1
:P(Xl(n):n—l)<nr—1—rn Z ’OT+Z n )k>
k=2 n
1 5 m k
:fox’/(dx) nr_l_r”_l_ZHz’:ol(T""Z)(”_l)k
n k! n
In k=2
m k-
—2a r n—1 Hz (T+Z) n_lk‘
~ Cn (n —1—r - —kz:; X ( - )

where C' is a positive number. Then

liminf n®Py(m, n,s,y) > C,V0 <y < 1.

n—-+o0o
Hence this remark justifies the constraint 0 < r < a + s.
D) Results that are used to prove Theorem 3.3.

Lemma 3.11. Leta > 0,6 >0, 3 > 1. Then 0 < (a +b)? < d® + 1P + 327 1ab’~! +
B2 1pal~1,

Proof. If 0 < m < 1, then
(14+m)’ <14 p2°7'm <14+ mP + p2°7Im + g2°~ ImP1,

We use that the function m ~ (1 + m)? is convex and that 82°~! is the derivative of
(14+m)% at m = 1.
If 1 < m, then

1 1
(1+m) =mP(1+ =) <(m)P(1+p2°1 =) <1+m’ + 27 m + g2 tmP L,
m m
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Hence for all m > 0,
(1+m)? <14 mP +B2°'m 4 p2°~tmA =1,

Then for all a > 0,b > 0,

(a+0b)° =ad’(1+ 9)5 <a’(1+ (9)5 + 625‘19 + 625‘1(9)‘“) = a® +b° + g2 LabP 1t 4 B25 haP
a a a a
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4.1 Introduction

4.1.1 Motivation and main results

Let N:={1,2,---}, Q be a subset of N and 7 a partition of {2 such that |r| < 400 (|7
denotes the number of blocks in 7). The A-coalescent process starting from 7, introduced
independently by (27) and (28), is denoted by 1™ := (I1(™ ()),50, where I1(™(0) = 7 and
A is a finite measure on [0, 1]. Here we specify that a finite measure on [0, 1] can be a null
measure and hence its total mass is a non-negative real value. If 7 = {{1},{2},--- ,{n}},
i.e., the set of first n singletons, then the process is simply denoted by 1. In this paper,
we will frequently use two other notations A;, Ay for finite measures. We define then
I as the Aj-coalescent and I12™ the A,-coalescent, both taking {{1}, {2}, --,{n}}
as initial value.

This process II™ is a continuous time Markov process with cadlag trajectories taking
values in the set of partitions of €. More precisely: Assume that at time ¢, II™ (¢) has b
blocks, then after a random exponential time with parameter g,

b

b 1
gy = Z (k) >\b,k7 where )\b,k = / l’k_z(l — l‘)b_kA(d.’ﬂ), (41)
0

k=2

1™ encounters a collision and the probability for a group of k(2 < k < b) blocks to be
merged into a bigger block with the other b — k blocks unchanged is

A
9
Then )
Abk
DPob—k+1 = () (4.2)
9b
is the probability to have b — k + 1 blocks right after the collision. This definition gives
the exchangeability of blocks. In particular, for any permutation p on {1,2,--- ,n},
ol @y,
Remark that if A({0}) = 0, we have the following formula:
1
o _/ (1= (1 —2) — ba(1 — 2)"1)a~2A(dx). (4.3)
0

The definition shows that the law of II(™) is determined by the initial value 7 and the
measure A which is hence called characteristic measure.

Notice that €2 can be an abstract set and the coalescing mechanism works all the
same. The reason why one takes () as a subset of N relies on its applications in the
genealogies of populations. We take II™ as an example where Q = {1,2,--- ,n}. At time
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0, we have I1(™(0) = {{1},{2},--- , {n}} which is interpreted as a sample of n individuals
labelled from 1 to n . If at time ¢, II(™ has its first coalescence where {1} and {2} are
merged together with the others unchanged, then I1™(¢) = {{1,2},{3},---, {n}} which
is interpreted as getting the MRCA (most recent common ancestor) {1, 2} of individuals
1 and 2 with the others unchanged at that time. Hence {1,2,--- n} is an absorption
state of II™ and is the MRCA of all individuals. For more details, we refer to (22; 24) or
(1; 6; 14; 19).

Let 1 < m < n and o the restriction from {1,2,--- n} to {1,2,---,m}. We have
the consistency property: o o I1(™ @ 1yem) (see (27)). According to this property and
exchangeability of blocks, if 7’ is a subset of 7, then the restriction of 1™ from 7 to 7’
has the same distribution as that of II(™). We can also define II™ when |7| = +oc0 by
using the consistency property and the deﬁmtlon in finite cases (see (27)).

Let [II™] be the block counting process associated to II™ such that |10 (¢)| is the
number of blocks of TI™ (t) for any ¢ > 0. Then it decreases from n at time 0. We denote
by Xl(n) the decrease of number of blocks at the first coalescence. For i € {1,...,n}, we

define
™ . 1nf{t > 0] {i} ¢ 1) }

the length of the ith external branch and 7 the length of a randomly chosen external

branch. By exchangeability, Ti(n) @ 7). We denote by Legclt =y 1T the total

external branch length of II™ and by ngt)al the total branch length.
The following four classes of A-coalescents have been largely studied. We give the
results concerning 7", which show a common regularity that we will discuss later.
— A = &y: Kingman coalescent ((22), (23)). Then nT™ is asymptotically distributed
with density function %5150 ((4), (8), (20)).
— A = A" Bolthausen-Sznitman coalescent ((5)). Here A“® denotes the Lebesgue
measure on [0,1]. Then (Inn)T™ converges in distribution to Ezp(1) (we denote
by Exp(r),r > 0, the exponential variable with parameter r)((16; 11)).

— A(dz)/dx = %109@,0 < a < 1,b > 0 : Beta(a,b)-coalescent. Here

Beta(-,-) denotes Euler’s beta function. Then n'~*T™ converges in distribution to
arandom variable T'(a, b) which has density function (1F_(Z;“If’()b) (1—1—( (“;”b()b) :v)_gli? 1,50
((12))

— fo A(dzr) < +oo: These processes are called coalescents without proper fre-
quencies ((27)) One example is Beta(a, b)-coalescents with a > 1,b > 0 (see (27),
(29)). Then <f0 “TA( da:)) T™ converges in distribution to Exp(1) ((18), (26)).

We see a common property for the last three cases Concernlng one external branch length
which is that the normalization factor for 70 is p(® f 27 *A(dz). More precisely,

— Bolthausen-Sznitman coalescent: Notice that ,u(”) = Inn. Hence directly we have
pmTm @ Exp(1).
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— Beta(a, b)-coalescent with 0 < a < 1,b > 0:

n) _ - _ 'Ta+d) . 1. _ I'(a +b) 1-a
,u()—/ix A(dx)—/i Ww (1—2)° dx_(l—a)l"(a)l"(b)n +0(1).

Hence u™T™ converges in distribution to T'(a,b)['(a + b)/(1 — a)T'(a)T'(b).

(n)
— If fol z7'A(dx) < 400, then lim a

—— = 1. Hence p™T™ converges in
n—+00 f I_IA dl’)

distribution to Exp(1).

Kingman coalescent can be viewed as the formal limit of Beta(a,b)-coalescent with

z¢ 1 (1—2) lda

0 <a <1,b> 0 when a tends to 0, since the measure 1p<.<1 tends weakly to

Beta(a,b)
the Dirac measure on {0}. The normalization factor in the case of Beta(a,b)-coalescent
is n'7%, and of Kingman coalescent is n. Then we see that these two factors show also

some kind of continuity as a tends to 0. We can formally take n as p(™ in the case of
Kingman coalescent.

Therefore 1™ is characteristic for the randomly chosen external branch length in those
processes considered. Notice that (™ concerns only the measure Al[ 1 45, 80 it is natural to
think about the influences of measures Al[ 1y and Al 1y on the external branch lengths.
More generally, if A = A; + As, how can we evaluate each influence on the construction
of the whole A-coalescent? If A; is “small” enough, we can imagine that I looks like
1™ (recall that TI3™ is the Ag-coalescent ). In this case, we call A; the noise measure
and Ay the main measure. To separate A; and Ay, we introduce in the next section the
"measure division construction” of a A-coalescent. The idea of this construction can be at
least tracked back to (2) where the authors consider also a coupling of two finite measures
on [0,1]. The difference relies on the block labelling.

The main results are as follows:

Theorem 4.1. If A satisfies:

gn
then p™T™ “@ Ezp(1).
Remark 4.1. — Condition (4.4) implies that A({0}) = 0. Indeed, if A({0}) > 0

then g, > (5)A({0}) and p™ < nA((0,1]). Then (4.4) is invalid.

— The class of coalescents satisfying condition (4.4) does not contain the Beta(a, b)-
coalescents with 0 < a <1 and b > 0. The following conjecture uses a description
similar to condition (4.4) to include them:

Conjgecture: Let c > 0. If

1i 9n
1m
n——+o0o n,u,(”)

:C’
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then p™T™ “@ T., where T, is a random variable with density I'(2 — o*)(1 +

c:v)_ﬁ_llng. Here o* is the unique solution of the equation

(a—1I'(2—«)
- =
This conjecture is true for Beta(a,b)-coalescents with 0 < a < 1,b > 0. In this
case, we have ¢ = a 2“) @ The coalescents, which are more general than but

similar to Beta(a,b)-coalescents with 0 < a < 1,b > 0, studied in (12) also satisfy
this conjecture.

Examples: We give a short list of typical examples satisfying condition (4.4) which
are processes without proper frequencies or similar to Bolthausen-Szitman coalescent.

Define ™ := fl r2A(dz).
Ex 1: fo r7'A(dz) < +oo: Tt suffices to prove that lim In — 0. Recalling the

n—+oo N
expression (4.3) of g,,, we have, for n > 2,
g Sy (1= (1—2)" —na(l — )" )2 2A(dx)
no n
1 n ne1y 1
L= =)t = (- 2)" D2 Ade) (1 - (1= 2)" = na(l — o)) 2A(de)
B n N n
=(n) % 2A(d
<ty g Al x). (4.5)
n n
The second term M = f nA(dr) < fo A(dz) — 0. For the first term, let

e>0and M =1/e, then

M/n _
™ _ fj\lﬂnxﬁ/\ dx . f%/ r?A(dz)

n n n

1 -1
" A(dx M/n
< Jutpn 7 ( )+/ 2 A(dx)

1 M/n
< e/ ' A(dr) +/ v A(d).
0 =

Notice that efo x 'A(dz) can be arbltrarlly small and f MIm x=1A(dz) tends to 0 as n

S|=

-

tends to +00. Then we get that £ tends to 0. Hence if fo “1A(dx) < 400, condition
(4.4) is satisfied.
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Ex 2: Bolthausen-Sznitman coalescent: In this case, it is straightforward to prove

that g, =n — 1 and u™ = Inn, then lim In_ _ fim n-l =0
n—-oo nu(”) n—+oo nlnn

Ex 3: A has a density function fa on [0,7) where 0 < r < 1 and there exists a positive
number M such that fy < M on [0,7): This kind of processes can be considered as being
dominated by the Bolthausen-Sznitman coalescent.

If fol r7'A(dx) < 400, we turn back to the first example. If fol z7'A(dx) = 400, then
we have g, < 2M(n—1) for n large enough, hence lim sup ( ) < lim M(_)l) = 0.

n—+oo MU n—r+0o0 nu"

It turns out that this kind of coalescent also satisfies condition (4.4).

Ex 4: A has a density function f(z) = p(In 2)? on [0,r) where 0 < r < 1 and p, g are
positive numbers: Using (4.5), we have

go _ B[y nPA(de

nﬂ(n) - nlu(") nlu(n)

),Vn>2.

For two real sequences (Z,)n>1, (Yn)n>1, We write =, < y,, if there exist two positive
constants ¢, C' such that cyp < z, < Cy, for n large enough. Then it is not difficult

to find out that u™ =< (Inn)™*!, g™ =< n(Inn)?, f n?A(dx) < n(lnn)?. Hence we get
In_
Theorem 4.2. If A satisfies condition (4.4) and fo A(dz) = 400, then we have:
n n n d
fO(T T 1 0,0, ) D (e e, ), (4.6)

where (e;)ien are independently distributed as Exp(1).

Remark 4.2. The same result has been proved for Bolthausen-Sznitman coalescent in
(11). The authors have used a moment method. We can apply this theorem to Ezample

4 and Example 3 when fo “'A(dz) = 4o0. If fo “1A(dz) < 400, then (4.6) is not true
and there is no more asymptotic independence (see (26)).

The following three corollaries have also been proved for Bolthausen-Sznitman coales-
cent (see (11), (13), (17)).

Corollary 4.1. If A satisfies condition (4.4), then for any r € R,
lim E[(u™T™)"] = E[ef],

n—-+0oo
where ey is distributed as Exp(1). Moreover, if fo A(dx) = 400, then for any k € N
and any (r1,79, -+ 1) € {RT}*, we have:
k k
; (n)p(n)yri] _ i
i E[(uO7) = B[] e (4.7)

i=1 i=1

where (e;)1<i<k are independently distributed as Fxp(1).
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Corollary 4.2. If A satisﬁes condition (4.4) and fol r 'A(dx) = +oo, then the total

external branch length Lext satisfies: Lg%/n converges in L? to 1.

Corollary 4.3. ]f A satisfies condition (4.4) and fo “'A(dz) = +oo, then the total

branch length L oml satisfies: p™ Ltoml/n converges in probability to 1.

Remark 4.3. — In fact, we will prove that lirf ]E[u(” 1%,

total

/n] = 1. Notice that

Corollary 4.1 gives liril E[p™ Lgxt/n] = 1. Hence we deduce this corollary using
n—-+0o0

Corollary 4.2.
— If fol r7'A(dx) < 400, then (4.7) and Corollaries (4.2) and (4.3) are not true
(see again (26)).

4.1.2 Organization

In section 2, we introduce the main object of this paper: the measure division con-
struction. At first, one needs to define the restriction by the smallest element which serves
as a preliminary step of measure division construction. In the same section, we then intro-
duce the two-type A-coalescent which is defined using the measure division construction.
This process gives a label primary or secondary to every block and its every element of
a normal A-coalescent. Using this process, we can see more clearly the coalescent times
of some singletons. For a technical use, we then give a tripling to estimate the number of
blocks at small times of II("™ which is related to the noise measure A;.

In section 3, we at first give a characterization of the condition (4.4). Then we apply
the general results obtained in section 2 to those processes satisfying (4.4). Finally, we
give all the proofs for the results presented in the section 1.

4.2 Measure division construction

4.2.1 Restriction by the smallest element.

Let & = {A1, -+, A}, xn = {B1, -+, Bly,|} be two partitions of {1,2,--- ,n}. We
define s (resp. sP) as the smallest number in the block A; (resp. B;). We define also the
notation &, = xn, if |xn| <[] and for any 1 <@ < |xn|, Bi = Ujer, A, where {I; }1<icpy,|
is a partition of {1,2,-- ,|¢,|}. Roughly speaking, &, is finer than x,.

If & = Xn, we define the stochastic process IIx») which is the restriction by the
smallest element of I1¢") from &, to yu:

— For any ¢ > 0, if TI®)(t) = {D;},<;<men sy, Where D; denotes a block, then

() =A{ U Bih<i<imen o)

Sy-BEDi
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{lte— {12te
{2}o———
Gle {234} | {12345} - {345} | {12345}
{4}0——— {4} ¢———
sle |
(a) TI®) (b) A restriction by the smallest element of II()

from {{1}7 U ’{5}} to {{la 2}5 {Sv 5}v {4}}

Figure 4.1: Restriction by the smallest element

where the empty sets in [1x")(#) are removed.

Notice that the restriction by the smallest element is defined from path to path (see Figure
4.1).

Lemma 4.1. TI&") has the same distribution as TTxn)

Proof. Every block in Yy, is identified by its smallest element which belongs to a unique
block in &,. Hence for any B; in x,,, there exists a unique A,, such that A,, € ¢, A,, C B;
and s2 = sP with 7; € {1,2,---,|&|}. Let x}, = {A;, }1<i<|x,| and define a new process
100 as follows:

_ ﬂ(x%)(o) = ..

— For any ¢ > 0, if 11 () = {D;},<icjmem (s))> then

H(X%)(t) = { U ATj}lgiS‘H(ﬁn)(t)‘7

Sfj eD;

where the empty sets in IIXn)(¢) are removed.
It is easy to see that [I) is a natural restriction of I1¢") from &n to X, By the

consistency property, one gets 10 @ [0, In the construction of I1X») and ),
what is determinant is the smallest element in each block. Hence to obtain 1) from
[0 at time 0, one needs to complete every A, by some other numbers larger than s;‘:
to get B; and then follow the evolution of [I0¢). It turns out that II0) is a coalescent
process with initial value y,,. Hence we can conclude. O]
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4.2.2 Measure division construction

Let A, Ay, Ay be three finite measures such that A = Ay + A,. We denote by HYQ =

(HYLQ) (t))e>0 the stochastic process constructed by the measure division construction using
A1 and As. Here the index (1,2) is for A = Ay + Ay with A; called noise measure and A,
main measure. Recall that [T is the A;-coalescent with T4 (0) = {{1},{2},---, {n}}.

— Step 0: Given a realization or a path II of I we set H§”2) (t) = TI(t), for any
t > 0. We set also t5 = 0.

— Step 1: Let ¢1,ts, - - - be the coalescent times after ¢, of HY‘Q) (if there is no collision
after o, we set t; = +o00,4 > 1). Within [ty, ), Hgnz) is constant. Then we run an
independent As-coalescent with initial value Hﬁ’i} (to) from time t,.

— If the As-coalescent has no collision on [tg,?;), we pass to [t1,t2). Similarly,
we construct another independent As-coalescent with initial value Hg"z) (t1) from
time 1, and so on.

— Otherwise, we go to the next step.

— Step 2: If finally within [¢;_1,;), the related independent Aj-coalescent has its first
collision at time ¢, and its value at ¢, is £&. We then modify (Hg?z)(t))tzo in the
following way:

— We change nothing for 0 <t < t,.

— Let II" = (IT'(¢), t > t.) be the restriction by the smallest element of (HYLQ) (t))e>t.

from H§”2) (t.) to & Then let (HgnQ) ())e>e. = (ITU(¢))¢>¢. and go to the step 1 by

taking t, as a new starting point. Notice that, due to Lemma 4.1, (H§”§ (t))e>t,
has the same distribution as a Aj-coalescent from time ¢, with initial value &.

Remark 4.4. — The measure division construction works path by path.

— If we take Ay = 0 as noise measure and Ay = A as main measure, then TIH™ (t) =

{{1},{2},--- ,{n}} for any t > 0 and H&’Q @ ),

Theorem 4.3. Let A, Ay and Ay be three finite measures and A = Ay + Ay, Then we

have H§”2) @ o),

Proof. Let t be a coalescent time of H&’Q We consider the time of the next coalescence

and the value at that moment. In the measure division construction of Hgig, we can see
appearing two independent processes with one being a Aj-coalescent with initial value
H§"§ (t) and the other one being a Ay-coalescent with initial value H§"§ (t) from time . The
process HYLQ) gets the next coalescence whenever one of them first encounters a coalescence
and picks up the value of the process at that moment. Then we follow the same procedure
from the new coalescent time of HS"Q) . It is easy to see that Hﬁ”,j behaves in the same way

as TI™ . Hence we can conclude. O
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Remark 4.5. The theorem shows that if we exchange the noise measure and the main
measure, the distribution of the process is not changed and is uniquely determined by their
sum.

Remark 4.6. The measure division construction also works for more than two measures.
If there are k(k > 2) finite measures {A\;}1<ick and A = 3F_ A, one can get a stochastic
process by first giving a realization of TI&™ which will be modified by Ao in the way
described in the measure division construction, and then we apply As on the modified
process, etc. The equivalence in distribution can be obtained in a recursive way.

We give a corollary to show an immediate application of the measure division con-
struction. The following corollary is essentially the same as Lemma 3.2 in (2). But we
prove it again in our way.

Corollary 4.4. Let Ay, Ay be two finite measures such that Ay < Mg, then one can
construct TIH™ and TI?™ such that [TIZ™ (¢)| < [T ()| for all t > 0.

Proof. TI®*™ can be regarded as the measure constructed process by imposing the measure
Ay — A; on the paths of II(™. Then we can deduce this corollary. O

4.2.3 Two-type A-coalescents.
Definitions

Let A, A1, Ay be three finite measures and A = A; + A, and A, satisfies fol 172Ny (dz) <

+00. A two-type A-coalescent, denoted by fl§”2), is to give a label primary or secondary

to every block and also to its every element at any time ¢ of a normal A-coalescent. A
block is secondary if and only if every element in this block is secondary. The construction
is via the measure division construction. Let (779)1-21 be independent random variables

following the distribution of 2 PAaldr) (6(2))121 1.i.d copies of Exp(fol x7*Ag(dx)) and

4 fol x=2Mo(dx)’ ?
(S)iz1 = (X0, €)is1.
Construction of a two-type A-coalescent:
— Step 0: We pick a realization or a path II of II™™. Every element and every
block of IT at any time is labeled primary. We also fix independent realizations of
(1?)iz1 and (87);51. Let TI1") be the path IT with labels.

— Step 1: At time SP, every block of IZI%)(S?)) is independently marked "Head”

with probability 7752) and "Tail” with probability 1 — 7752). Every element in a

"Head” block is then labelled secondary. All blocks marked "Head” are merged into
a bigger block, provided that there are at least two "Head”s. In this case, we use
the restriction by the smallest element to modify ﬁg’;) at time SfQ)in the same way
as in the measure division construction in section 2.2. We still call the modified
path ﬁ@ and then forward to the time 552) and do the same operations. This
procedure can be continued until MRCA.
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It is easy to verify that without labels, ﬁ§”§ has the same distribution as 1. We call

(S@))izl the marking times. We define ngn) as the first marking time of {i} when {i} is

1

marked "Head ” for the first time. Let ng’n) = 400, if {i} is never marked as "Head” .

Remark 4.7. If 11 = {{1},--- ,{n}}, then we get a coupling between Ay-coalescent and
its related annihilator process (see (13)). In this case, the whole process without labels
s the Ag-coalescent and the restriction to primary elements and blocks is the annihilator
process.

Coalescent times and first marking times

The above construction of two-type coalescents shows that coalescences happen only
at the marking times. This property will help us to understand the coalescent times of
singletons in terms of their first marking times.

Lemma 4.2. Let I be the path of 1™ chosen at the Step 0 of the construction of
two-type A coalescent. Assume that at some time t > 0, {1} € II(¢), |II(t)] = m with

2<m<n. Let Pl(g’m)(t) be the probability for {1} to be coalesced at its first marking
time within [0,t). Then we have

Pty > PR = ZIE s AP (1= (1= aPy1)), (4.8)

where A?) = 77?):' Al@) = 77i(2) HJ 1(1 - 17] ) for i > 1. Notice that the parameter n is
hidden in Pt(2’m).

Proof. Let il, -, 1, be the m smallest elements respectively in each block at time t with
leiy <iy<---<i,<n.

Conditional on (SZ( ), ni( ))Z->1, Agz) is the probability for {1} to have its first marking
time at 5(2) (assume that S; @ < t). To let {1} be coalesced at SZ.(Q), one needs also at

least one other block marked ”Head at that time. To get a lower bound of Pl(g’m) (t), one
can consider the probability to have at least one primary block containing one element of
{i2,+ -+ ,im} to be marked "Head” at that time and this probability is 1—(1 —AEQ))m_l. O

Lemma 4.3. In addition to the assumptions in the previous lemma, we assume further
that for every fized k such that 1 < k < m, {i} € II(t) for 1 < i < k. Define the

probability Pl(g’m’k) (t) for every {i} to be coalesced at its first marking time within [0,1).
Then we have

PO () > 1 — k(1 — PP™). (4.9)
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Proof. Let E = {V1 <i < k,{i} € II(¢); |II(t)| = m}, which denotes the assumptions of
[1(¢) in this Lemma. Then

Pl(g’m’k)(t) =P({1},--,{k} coalesce at their first marking timeswithin [0,¢)|E)

=1—P(one of {{1},---,{k}} does not coalesce at its first marking timeswithin|0,t)|E)
k

>1-— Z P({i} does not coalesce at its first marking time within|0,t)|E)
i=1
=1— k(1 — P({1} coalesces at its first marking timewithin[0,t)|E))

>1— k(1—P®™).
The last inequality is due to the fact that
P({1} coalesces at its first marking timewithin|0,t)|E)) > pE™.

which is true due to the same arguments used in the proof of the last Lemma.
O

If m,t are large enough such that under some assumptions, we could prove that Pt(z’m)

is very close to 1. Then the coalescent times are almost the first marking times which are
easier to deal with. In section 3.3, we will see such a situation for A satisfying condition
(4.4) and Ay = ALy, Ay = Al[l 1 The following corollary studies the first marking
times in this partlcular case.

Corollary 4.5. Lett > 0 and 1 < k < n. Assume that A satisfies condition (4.4) and
A=Al 1y, Ao = ALy LetIl be a path of I"™) . Recall that Ll@’n) is the first marking
time of {i} for 1 <i <n.
— If{1} e I1I( (tn)) then for any 0 < ¢, < t, P(LP*™ > t—l\H) =eh
— Fiz k such that 1 < k < n. Assume fo 27 A(dx) = 400 and {i} € H(<—) for

any 1 <1< k. Let 0 <t; <ty <--- <t <t, we then have
lim IP’(L(2 R Vl <i<Ek|ll)=e —Xhat (4.10)
n——+o00 M
(2,n)

Proof. The first case is easy to see, due to the definition of L;”"’. For the second case, we

only consider k& = 2. For k£ > 2, the proof is similar. Assume that within [0, (n)] there

are N1 marking times and for ( t@l) , W] there are Ny marking times. Ny and Ny are

1ndependently Poisson distributed with parameters respectively £ (7)1) nd 27 fi) ) (here

we have (" f r2A(dx) f 172\ (dz)). Then we get
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t t
( 1 M(") 2 Iu(")

= E[IY (1 — 0 2w (1 - )]
= E[(1 - 2E[n{"] + E[(n”)?)™ME[(1 — E[n”])™]

i(n) () (4, —
= oxp (2 2B+ B0 ) exp (P ) )

where the last equality is due to the probability generating function of Poisson distribution.

n 1 A(dz)
Recall that E[n\?] = % and ]E[(n?))z] _h

. Therefore,

1
ﬁ )27 _ f% A(dz)

a(m)

1 -1

—E[m = 1,and —0.

Then we can conclude (4.10).

4.2.4 A tripling

We often have some results on the coalescent related to a special measure, for example,
the Beta-coalescent. When the process is perturbed by a noise measure, we would wonder
whether this damage is negligible. One example is to estimate the number of blocks of
the coalescent related to the noise measure. To this aim, we use a tool of tripling.

Tripling: Notice that II™ encounters its first collision after time eﬁ”), which is a
random variable. At this collision, the number of blocks is reduced to n — Wl("), where
Wl(") is a positive integer valued random variable. Then we add Wl(") new blocks (these
blocks can contain any number belonging to {n + 1,n + 2,---}) and consider the whole
new n ones. By the consistency property, the evolution of the original n — Wl(") blocks
can be embedded into that of the new n blocks, i.e. after time egn), we have the collision
in the new n blocks whose total number is reduced to n — W;n) and we can calculate the
distribution of the number of blocks coalesced among the original n — Wl(n) blocks (we
call any block containing at least one of {1,2,--- n} as "original block” and it is very
possible that nothing happens for the n — Wl(") blocks). Then we add again new blocks
containing different elements to have another n ones. This procedure is stopped when
every element of {1,2,--- ,n} is contained in one block. By the definition of A-coalescent,
(egn))izl are independent exponential random variables with parameter g, and (I/Vi("))izl
are i.i.d copies of X}n).

The above procedure gives a tripling of (€)1, (W™);>1 and II™ . We define V™ :=

23:1 e§~n),z’ € N. Then we have the following:



108 Chapitre 4. Sur la construction par division de mesure de A-coalescents

Proposition 4.1. Suppose that (€(n))i21, (W-(n))izl and TI™ are tripled, then at any time

(A 1
t >0, we have
N(An,t)

n— Y W <), (4.11)
=0
where N(A,n,t) := card{iﬂ/;(n) < t}, which is Poisson distributed with parameter g,t and
independent of (W("))izl. Meanwhile,

)

_ n (1 —(1—2)" Yz ' Addz) 1. and E[(W™M)] = n(n —1) f; A(dz)

E [W-(n)]
gn g

)

(4.12)

Proof. The number of is within [0, ] follows the Poisson distribution with parameter g,t.
Due to the tripling, at any time Vi(n) with 0 < V;(") < t, the decrease of number of blocks
(ie. [T (V™) — [I® (V")) of original blocks is less than or equal to W,.™. Hence
we get (4.11). Notice that Wi(n) @ Xl(n), then (4.12) is a consequence of two equalities in
(9) with Eq (17) for the first one and p.1007 for the second one. O

4.3 Applications to coalescents satisfying condition
(4.4)

4.3.1 Characterization of condition (4.4).

Some notations for this section: Let A be a finite measure on [0,1] and A; = Al 1),
A = ALy 5 ) = [Me I A(da), gijy = fo (L= (L= 2)'% = La(L = 2)V/o—)z~2A(dz)
with 0 < y < 1. Notice that the definitions of x(*/¥) and ¢, /y are consistent with that of
p™ and g, when A({0}) = 0. For any real number =, let || = max{y;y € Z,y < z}
and [x] = min{y;y € Z,y > x}.

Here we are going to prove Theorem 4.1, Theorem 4.2, Corollary 4.1, Corollary 4.2
and Corollary 4.3. Under condition (4.4), we decompose A into Ay and A;. The idea is
to construct I1™ using measure division construction with noise measure A; and main
measure Ay. At first, we need to show more details implied by condition (4.4).

Proposition 4.2. The following two assertions are equivalent:

(x): A satisfies condition (4.4);

(xx): A({0}) = 0 and there exists a caglad (limit from right, continuous from left)
function f: [0,1] = [0,1], continuous at 0 with f(0) = 0 such that [ p/*)dz < +oo and

p) = (/01 ,u(l/””)dx) exp (/yl /) dt) (1— f(y),0 <y <1 (4.13)

t

~E[W™].
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Proof. Part 1:We first assume that (x) is true. If A satisfies (4.4), then A({0}) = 0 due
to Remark 4.1. For u(™ # 0, we have

g Ji (=1 =2)" —nz(l — )" )z 2A(dx)

=141,

np™ nu()
N J10-(-2)"—nz(1-z)" z~2A(dz) . F (1 (1—2)" —na(1—z)"~ 1z —2 A (da )
where [f ) = PO ) 12( ) = L0z nlf(ln) " e AU - Notice
9 1 z72A(dz) fl 72 A(dx)
that for n large, using monotone property, we have %W < ] W an
1 1
%W <M< W. Hence condition (4.4) is equivalent to
1 _9 1
J1 a7 A(dw) n [» A(dx
lim *————— =0,and lim Js ) =0,A({0}) = 0. (4.14)
n—+00 nu(”) n—+o0 ,u,(”)
Then we deduce that ”n
lim Jo Aldz) =0,A({0}) = 0. (4.15)

y—0+ ylu(l/y)
Indeed, for 1/y > 2 and p(l'/v)) £ 0, we have

JyAdn)  JyAdn) AWy () MY A g
yu oy [ ) T g [y e ) B[, e A )

One thing to notice is that 11155r yu/Y) = 0 is true for any finite A. In fact, for any positive
Y—>

number M and yM < 1, we have

1 1 yM "A(d yM
ypY) = y/ v A(dz) = y/ r ' A(dx) + y/ r ' A(dr) < % +/ A(dz),
y y y y

M

where both terms can be made as small as We Want by taking M large enough and y

f i)

close enough to 0. Looking into details o we / ) ) when p/¥) £ 0, we have the following

equality, using integration by parts and 111r(r)1Jr yy( 19) — =0,
Yy—

JUAdz)  [YaaA(de) [P D de — /)
ypty) oy Y (79)

, (4.16)

where (/v = /%) — y=1A({y}). Due to (4.15), we get that 1 > “f{j‘;) =1- Aoh >
1— & /(\1(;2&;) — 1. Therefore, (4.15) and (4.16) give

p
y—0+ f()y Iu(l/x)dx '
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Notice that foy p®dy > yu/ and p/¥) is a caglad function. Hence there exists a
caglad function f : [0, 1] — [0, 1], continuous at 0 with f(0) = 0 such that

yu(l/y)

T de =1-f(y). (4.17)

Now let G(t) = fot pM/?) dr and any derivative is considered as left derivative. Then (4.17)
becomes

(I G (1)) = Cg;((tt)) -1

Using the fundamental theorem of Newton and Leibniz which also works for caglad func-
tions whose primitive functions take left derivatives, one gets that for 0 <y <1,

G -6 = [ nctoyar= [ =10

Therefore,

Gly) = G(1) exp ( - /yl ! _tf<t>dt>.

By taking the left derivatives on the both sides and noticing that G(1 f p®)dx, one
can conclude.

Part 2: We now assume that (xx) is true. In the first part, we proved implicitly that
(4.15) is equivalent to the (xx). Hence we will use (4.15) to prove (4.14) which is equivalent
to condition (4.4) and only the first convergence in (4.14) is needed to be proved. Let M
be a positive number and % <1, u™ 0, then

JraAdz) [y, a2 A(dr) M =27\ (d)

n

The first term can be made as small as we want by taking M large, and the third term
prD exp(— fiw/n 1) 45y =LA/ 10t € > 0 and n large enough such that f(z) < € on

p(m) x 1-£(3)
[0, M/n]. Then % > exp(—eln M)(1 — €), which can be made as close as possible to
1 with € small enough Hence we can conclude. O]

The next corollary is immediate.

Corollary 4.6. If A satisfies (4.4), then
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(n)\k
—im T vk s o
n—-+oo n
Iu(”)
—im A —1vM >0
n—+oo M(”_M)
(n)
— lim =1,V0<e<l.

n—-+oo M(ne)

4.3.2 Properties of I,

We should next estimate the coalescent process related to the noise measure A; which
serves as a perturbation to the main measure Ay. At first, one needs a technical result.

Lemma 4.4. We assume that A({0}) = 0. Let gtV = fol(l—(l—x)”—nm(l—x)”*l)m*ZAl(dx)
in the spirit of (4.3). Then there exists a positive constant Cy such that for n large enough

g > Cn? /n Ay (dx). (4.18)
0
Proof. Let M > 2. We write
1
g = / (1—(1—2)"—nz(l —2)" Ha ?A(dr)
0

— /On(l — (1 —2)" —na(l —2)" Yo 2A(dr)
=1 + I,

0
nx(l —x)" )~ 2A;(dz). Tt is easy to see that for n > 2,

where I} = ﬁ(l — (1 —2)" —nz(l —2)" Hr2A(dz) and I, = fi(l —(1—a)"—

n

L > /O"M(n(n 1) = —1)(n— 2)3:)%A1(dx)

1
nM

/O(n(n )= (= 1)(n— 2)/M)%A1(d:z:)
1 [ww
1/0 n“A;(dx).

Vv
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Notice that for n large, there exists a positive constant C(M) such that
1 o (1— )t

nM M

Hence I, > C(M) [% n?Ai(dz). It suffices to take C} = min{3, C(M)} to conclude. [J

nM

1—(1— >C(M)>0

The following lemma estimates the coalescent process related to the noise measure A;.
Recall that TI1™) is the Aj-coalescent process with IT4™(0) = {{1},{2},--- , {n}}.

Lemma 4.5. Assume that A satisfy (4.4). Then for any M >0, 0 < e <1 and n large
enough, we have

P (]H(l’”)(%)] <n-— ne> =o(n™ ). (4.19)

Proof. If fO"O (dx) = 0 with some ng > 1, then for any n > ng, Ay is the null measure
and hence |TI(% ” )(t )| = n for any t > 0, Wthh proves this lemma. In consequence, one

needs only to consider the case where fO% A(dz) # 0 for any n > 1. We recall gﬁl) defined
in Lemma 4.4. Let X fl’n) be the decrease of the number of blocks at the first coalescence

of II®™ . Thanks to Proposition 4.1 where we pick up the notations,

N(A1,n, (n))

i Y W S
=1

(1)
where N(Aq,n, %) is Poisson distributed with parameter 22 (n) independent of (I/VZ( ))121

which are i.i.d copies of Xl(l’n)

. Then we have, for n large,

N(A1,n, (n))
M
(|H(1”)( )|<n ne) <P n— Z Wi(n)gn—ne
ut i=1
N(A1,n, (n)) ) 1
—P Z W —E[Wf )] > ne — e E[W™]
NALn—5) (n) Mgt
Var(z W oN E[(W1 )]

oy 3 = Ty — (4.20)
(ne — 22 ON e EW))? (ne — £ D) E[W1 ])2

(1)
where the second inequality needs ne— (,LZVE[WI” | > 0 which is justified by the following
calculations: Notice that due to Proposmon 4.1 and Lemma 4.4, for n large enough,

n(n —1) foﬁ Al(dx 1 E[(W ))2] < n(n —1) foﬁ Ay (dx) < i (4.21)

E[W ] +1 < < <
[ 1 ] gg) 01 g7(11) cy’
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where (] is the positive constant in Lemma 4.4.

)
Notice that (4.4) gives (n) < nu<” — 0. Then together with (4.21), we have
R, OBy,

E[W{"] = o(n), E[(W")? = o(n).

() 117

(1) n : : e
Hence ne — 9"1(”])\/[ IE[Wl( )} = ne. So the inequality (4.20) is justified and one deduces that
o

M
B(I (o) < n - ne) = o(n™).
ILLn

Then we conclude (4.19). O

4.3.3 Asymptotics of P Pl (1), Py (1),2 < m < n,t > 0.

These terms are probabilities defined in section 2.3.1, which measure the possibility
to make one or several singletons coalesced in their first marking times within [0,1).

In fact, we will study P(2 ™) Pl(" ™ (tn) ), Pl(gmk)(%) since we want to prove that the
Pl

normalization factor of the external branch length is £ . We denote by "< the stochastic
dominance between two real random variables. The followmg corollary together with
the remark at the end play an important role in getting the asymptotics of the three
probabilities.

Proposition 4.3. Suppose that A satisfies (4.4) and define

pen) . hm P (2,m) ZE A(Q) ( _ Az@))n_l>]~
Then
lim P®™ =1. (4.22)
n—-4o0o

T )is1s {A?)}izl which are associated to Ay and defined in sec-

tion 2.3. At first, we remark that > E[A?)] = 1. One only needs to prove that
+oo
lim E[A @) (1 A @) )” ] = 0. Tt is easy to see that E[A @) (1 A (2) ) = E[AZ@)(l_

n—-4o0o
=1

A1) where A®) = 7)52)1_[;:2(1 77]( )). Tt is obvious that (A{?);5 is a Markov chain.

Proof. Recall (m(z))izh (e@)
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For s > 0, we define a stopping time

Ty = min{i]A(.Q) <1/s}

= min{i| —Zln >ln5771)}

= min{i + 1| - Zln(l —n2)) > nsni”}.

j=1
Then we get
+00
>_EIAT(-AY) ZA2 APy
i=1
Tn—1
=E[Y_ AP(1-AP)- 1+ZA2 AP)n=1 - (4.23)
=1 1=Tn

Notice that z(1 — z)" ! < % , if % <z<landz(l-2)" ! <z if0< 2 < % Then
(4.23) gives

] + S (4.24)

+o00
S EAP (1 - APy < B[
=1

To calculate E[r,], we use renewal theory. Let p = E[—In(1 — n{”)]. Depending on
whether p is finite or not, we separate the discussion into two parts.

Part 1: Assume that u < +00. We denote by F(t) the distribution function and f(t)
the density function of —In(1 — 77?)) and X an independent random variable with density
function =+ (1 — F(t))14>0. Notice that X depends on n. Let € > 0, then using integration

by parts,

‘1-F(t) g e(1— F(e)) N Jo tf(t)dt . Jo tf(t)dt (4.25)
1t [t T '

Po<x<o- [

One can write [ tf(t)dt in another way

¢ f%_e —In(1 — )z 2A(dz)
/0 tf(t)dt = e .
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fi —In(1—x)z~2A(dx)
fi x=2A(dx)
large number ¢y > 0 such that for any € > ¢,

Notice that p = < 400, then for n large enough, there must exist a

) “ (1 — 2)a2A(d
/tf<t>t>1f )
0 2 flx—QA dx) 2

Now together with (4.25), one gets that for n large enough
PO< X <€) >1/2, Ve> e. (4.26)

We fix € > ¢y and define a new Markov chain (X — Z;’:Q In(1 — U§2)>)i21 and a stopping

time 7/ = min{i|X — Zé’:l In(1 - U§2+)1) > Ins} for s > 0. It is clear from the definitions
of 75 and 7} that
]E[T'n<2> | X = €] = E[rge-— — 1].
S

Then

E[T;nm] = E[T;n@) Locx<d| + E[T;n(z) 1xsd]
2P0 < X < )E[re- — 1] + E[Tflz,,<2>1x>s]7

which implies that
Elfnexp(—e] € =——2—— + 1. (4.27)
Due to (4.4) and (4.6) in [(15), p.369], we have

1
E[r]] = =2 vs> 1.
0

S

Notice that 7752) > 1 hence nn?) > 1. Therefore, (4.27) gives

Elr . @] E[l en(2)
nes n(nen)]
Elr,|<—D0 4+ 1= 1. 4.28

WS pocx<at T po<x<o (4.28)
For any 0 < 2 < 1, we have —In(1 — x) > x, hence p > ]E[ngz)]. Then (4.28) implies

B[] E[lnnn®] + e 1
T Emn?JPO< X <e)

(4.29)
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Using (4.26) and (4.24), it suffices to prove that:

(2)

El[ln(nn;”
lim E[nn™] = +oo,and  lim L@))] = 0.
n—+o0 n—-+oo E[mh ]

It is easy to see that, using (4.3), there exists a positive constant Cy such that E[nn?)] =

n[1 a1 A(dz) 0
’11 = > O, ”‘g‘i L for any n > 3. Hence ]E[nniz)] tends to +o0o since A satisfies (4.4).

For the second convergence, we fix M > e. Then,

2 2
E(ln(nn'?)] _ E [In(nn} ))1m7§2>2M] + E[ln(nn} ))1nn§2><M]
E[nn}”)] E[nn}”)
2
_ Bln(n™)t, 0.y
E[nni”] E[nn”]
2
E[In(nn ))1m7§2>2 vl WM
2 2
Efnn?1,, 0., Eln”]
In M N In M
- M Em?)
The last inequality is due to the fact that for any x > M > e, we have h‘Tx < h}\%. Since

Ell (2)
M can be chosen as large as we want, lim M = (. Hence we can conclude.

nr+oe Ky
Part 2: If yu = +o00. We define (7752))122 = (%171(25% + n§2)1n§2)<%)i22 and for s > 0,
T, := min{i+ 1| 22:1 —In(1-— ﬁj(i)l) > Insn'”}. Notice that E[— In(1 — 77,-(2))] < +00, then
we return to the first case and get (4.29) by replacing 7,, by 7,, and keeping the same 779
but with different X (depending on 7752),2' > 2). In this setting, P(0 < X <In2)=1. We
see that the closer 771-(2) is to 1, the larger the —In(1 — ﬁ§2)) and hence 7,, < 7,,. Then we
can conclude. ]

Remark 4.8. For 0 < e < 1, we also have

+oo
lim > E[AP (1 - AP)0-9] = ¢, (4.30)

n—-4o00
=1

The proof is all the same. The only thing different is that in place of (4.24), we have
e E[AP (1 — APn(-9] < CE[==L 4+ 3 AP with C larger than 1 and depends
on €.
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Now we can start to study at first P( ",

( )

Corollary 4.7.
lim liminf P& =1, (4.31)

t—+o00 n—+oo #(n)
Proof. Recall that {652)}@” are 1.i.d exponential variables with parameter fol 172Ny (dz) =
7i™ as defined in section 2.3. Let 7,,(¢) = max{j : 37, e!? < (n)} Then

zlz

n(t) Tn ()
Pg) =ED AP -3 AP - a@). (4.32)
i i=1 i=1

Due to Proposition 4.3, we have

Tn(t) +o0
! (1= Ay < 1 (1 = APy —
Jim B[y AT = A7) ] H;TME[;& (1=A7)"]=0

Then it suffices to prove that

lim liminfE[S AP = 1. (4.33)

t—+o00 n—-+4o00
=1

Let & = A Zle 652), which is the sum of j i.i.d unit exponential variables. Let I, =
2 /™. Then

7,(t) = max{j : & < tI,}.

For any fixed 0 < 8 < 1,
P (Tn(t) € (0. 5t1,) | J(t1./5. +oo))
= P(Erpur,) = th) +P(Epur, sy < ta) = o((tL) ™), (4.34)

where the last equality is a large deviation result (for example, see Theorem 1.4 of (10)).
Notice that 7,(t) is independent of {Al@)}izl, S0

EY AP =E[1 - (1-1/1,)"O]

=E[1 - (1= 1/L)™ """ Ly, p<r 9y <erny6) + 0o((t1) )
>E[l—-(1-1/1,) ”Blﬂnﬁgm(wﬁm/ﬁ]+0((ﬂn) h.
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Notice that I, > 1 and the term at the right of the above inequality satisfies

lim liminf E[1 — (1 — 1/5,)" L1 s<ry<innys] + o((t1) ™) =1

t——+o00 n——+oo

Then we can conclude (4.33).

Remark 4.9. For 0 < e < 1, we also have

lim liminf P%MD = 1, (4.35)

t—+00 n—+oo Pl

To prove this, in the proof of this corollary, one should replace (4.32) by

Tn(t Tn(t

ZA ZA2) 2))[71 ne]— 1].

The first term satisfies (4.33). For the second term, using (4.50), we get
Tn(t)

lim ]E A(Q) (2))[71 ne|— 1] 0.

n—-+oo

Then (4.35) is proved.
The next corollary is straightforward using (4.8), (4.9) and (4.35).

Corollary 4.8. For any 0 < e <1,

e t n—nel),
lim hmmfP ol ]’k)( )=1, lim hmmfPlQ( D(_) =1,

t—+00 n—+oo 1,2 lu(”) t—>+oo n——+o0o /L(n)

4.3.4 Proofs of main results.

Proof of Theorem 4.1

Proof. Fix t > 0 and 0 < € < 1. Considering the measure division construction for
two-type A-coalescents, let II be the path of II"™ chosen at the step 0 and define the
event

B = ()| = m = ne} ({1} € 1)),

Recall that {|H(1’")(ﬁ)] > n — ne} implies that there are at least n — [2ne] singletons

at time ﬁ For n large enough, using the exchangeability property, we have P(E’) >

%(1 — Kn(t)), where k,(t) = P(|H(1’")(ﬁ)| < n —mne) and K,(t) = o(n™!) due to
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(4.19) . For € small enough and n large enough, we have P(E’) as close as we want to 1.
We define another event

E" :={{1} is coalesced at its first marking time within [0,¢).}

Then due to (4.8) and Pt@’m is increasing on m, we get

P(E"|E') > P&l (4.36)
M)
Let 0 < t; < t,
n 1 n t n 131 c
P 2 —5) = B0 2 - B (B + BT 2 o (B () BY)°)
2,n 131 n 1431 c
:p@§>2JWETMM+P@PEMm4EﬂEﬁy (4.37)

Corollary 4.5 tells that P(Lf’") > ;%|E/) = exp(—t;) and it has been proved that P(E'N
E") =P(E")P(E"|E") can be made as close as possible to 1 by taking e small enough and
t large enough and n tending to +o00. Hence the first term of (4.37) can be made as close

as we want to exp(—t;) and the second term is close to 0. Then we can conclude.

O
Proof of Theorem 4.2
Proof. We prove instead for k£ € N:
n n n d
,u(”)(Tl( ),TQ( ), e ,T,f, )) 9 (e1,€2, -+ ,ex), (4.38)

which is equivalent to (4.6) (see [(3), p.19]). We will give the proof for k = 2 and leave
the easy extension to readers. The proof is similar to that of Theorem 4.1. Let II be the
path of TI"™™) chosen at step 0. Let t > 0,0 < € < 1 and define the event

t

t

F = {1 o

)| = n—ney ({1}, {2} € II(

)}-

n—[2ne]
Using the same arguments, we get P(F") > (% )(1 — Kp(t)). We then define the event

(3)
F":={{1},{2} are both coalesced at their first marking times within [0,¢).}
Then due to (4.9) and Pt@’m is increasing on m, we get

Y

P(F'|F') > 1—2(1 — P& )

M)
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which is as close as possible to 1 for ¢ large and n tending to +o0.
Let 0 < ty,t5 <t. Then

1 o

(n) (n)
(") t (n) / // ( ) t (n to y e
n t n n t n t
=L > #<i>7L52’ > Msz’F’ﬂF”) +P(T" > —#(i),Té "> S (F)F))

(4.39)

As shown that P((F"NF")) can be made as close as possible to 1 by taking ¢ large enough
and e small enough, tending n to +00. Then the second term in (4.39) is close to 0. Using
Corollary 4.5, the first term is as close as possible to e~ 72 by tending n to 4+o0o with ¢
large enough. Then we can conclude. O]

Proof of Corollary 4.1

Proof. We prove at first the case of one external branch length. We seek to prove the
uniform integrability of { (s T(n)) n > 2} for any & > 0. One needs only to show
that for any fixed k € N, sup{E[(u™T")]|n > 2} < +oo (see Lemma 4.11 of (21)
and Problem 14 in section 8.3 of (7)). Let M > 0,0 < € < 1, 8, = |1 (n))] and

ng = min{i|u® > 0}. To avoid invalid calculations, we set u™ = 1 if n < ng. Usmg the
Markov property, we have

M
Tl(n) < ) + Tl(ﬂn)l
% N CO)

where Tl(n) @ Tl( " n > 2 and conditional on 5, T’ ﬁ (Bn) g independent of 1T<n)> v . Then
)

for ne > ng,

E[(u"T{")"] < E[(M + 1T 000, 0) ] < @M+ EIUTL 0000 0,)")

n Bn
< @M)* + (ERu T 15,2))"] + BTV 0 r00 - g e cns)']
+E[(2p™ 1( )lu(n)T<7L)>M,8n<ne)k]

< (M) + exp(— 219 g (2T

BT > M)@/fjf")) - mas (B[O T V1 € fne,n 1]}
£ B(B < B[R 2L (BTN 8, < ], (4.40)
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where exp(—%) in the second term at right of the last inequality is the probability for
no coalescence within [0, MM ]. The third term is due to the fact that 4™ is an increasing
function of n when n > ng. The fourth term is due to exchangeability which says that
the probablhty for {1} not to have coalesced at <% when there exist only 3, blocks
is less than 2 22 One needs the following three estlmates to prove the boundedness of
BT M) 2.

— Estimation of exp(—]\f(ﬂ’; )2k : Notice that for n > ny,

g Jo(l— (1 —2)" —nz(l —2)" )z 2A(dx)

pm j%l r~1A(dz)
fi(l —(1—2)"—nz(l—z)" o 2Adz) ,_9
> T > .
f% r~1A(dz) e

M—>+oo

And if 2 < n < ng, we have exp(— Z/\fg”) = exp(—Mg,) 0. Hence if M is

large enough, we have, for any n > 2,

Mgy s
exp(— 2% <

1
—. 4.41
: (4.41)
(n) (n) pulm
— Estimation of P(u™T\"™ > M)(2 “(m)) : Due to Corollary 4.6, we get hrf g =
n—+oo [I\"€
1, and Theorem 4.1 gives lirf IP’(/L(")T( RIS M) = exp(—M). Hence by taking M
n—-+0oo

large enough, we have for any n > 2,

(n) 1
P(u™MT™ > ML F<g

e (4.42)

— Estimation of 2= (2 “&) )k, B, < ne : Using the notations in Proposition 4.2, for
Bn > ng, we have

(n) n 1— f(
e = exp IB f(x)dx) = ]{éi)) (4.43)
Bn

Let ny > ng such that for any n > n;, we have f(%) < i Hence for any a,b > ny,

f(“)) < 2. This ny can be found since f(2) tends to 0 as n tends to +oo. Thus

1-
1-f(b
(4.43) implies, for 5, > nq,

(n)
,u
< 2

w"“

5.
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Hence if ny < B, < ne and € < 47262,
(n)
Bn(Qﬂ ) < 4k(&)1/2 < 4k(€)1/2 < 1

If 8, < ny, due to Corollary 4.6, one could find a large number ns such that no > n;
and for any n > ns

LACEIGRS

In total, if n > ny and (5, < ne, then

<

e

(n)
&(2 Pk <

£ (4.44)

e

Using (4.40), (4.41), (4.42) and (4.44), we get

n 4 1 i
Bl(pT)] < SOM) + 5 max(EIEOT) € lnen — 1} + SEW T8, < nd
4 2
g(zM) + 5 max{E[(y DTINK|j < n — 1} (4.45)
The above inequality is valid for a large M, ¢ = 47272 and n > n,. Let O3 >

max{E[(uD TNk 4(2M)*|2 < j < ny}, then for any n > 2, C5 > E[(u™T ™) us-
ing (4.45). Then we can conclude.

The case of multiple external branch lengths is merely a consequence of the case of one
external branch length, the Cauchy-Schwarz inequality and also a uniform integrability
argument. 0

Proof of Corollary 4.2

Proof. Notice that {Ti(n)}lgign are exchangeable. Hence Corollary 4.1 shows that

lim E[p™L™/n] = lim E[p™(T™ + 7 + oo+ T /] = lim E[p™T™] =1,

n—-400 n—+400 n—-4o0o

and

E (n)T‘(”) 2 —1DE (n) 2T(n)T(”) — n2(E (n)T(”) 2
lim Var(u™ L(em/n) lim [n(p™ 1) + n(n — DE[(u™) Ty T, ] — n?(E[p™T7 7))

n—-+0o s n2
gy YT + (0= Deov(uM Ty 1Y)
n——+o00 n

Hence p™ L™ /n converges in L? to 1. O
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Before provm% Corollary 4.3, we study at first a problem of sensibility of a recurrence
satisfied by (E n) Jn>2. More precisely, if a,, = E[T(n) |, then a,, satisfies a recurrence
(see (11)): a5 = O, and for n > 2, we have

n—1 k—
ap = Cp + an,k
k=1

where (¢,)n>2 = (g—ln)nzg and p, is defined in (4.2). Due to Corollary 4.1, we have

1
ag, (446)

hr+n 1™a, = 1. The question is as follows: what is the limit behavior of a, if we set
n—-+0oo

initially the values of (a;)i<i<n, With ng > 1 without using (4.46) and replace ¢, by

¢ =L 4 0o(L1)? It is answered in the next lemma.
n 9n 9gn

Lemma 4.6. Let ng > 1 and (a})1<i<n, be ng real numbers. For n > ng, let

n—1
E—1
a/;L = Ciz + an,k—a;w (447>
k=1 n
where (¢))nsn, 18 @ sequence which satisfies ¢, gin + O(g%)' Then
(n )

Proof. We fix ¢ > 0 and let n. > ng such that ¢, < 1;’6 for n > n.. We set M =
max{|ai|, a;|]1 <i < n.}.

Let us at first look at (4.46) which has the following interpretation using random
walk: A walker stands initially at point n, then after time c,, he jumps to point k; with

probability p,, x,, then after time k= 1ck.1, he jumps to k, with probability py, x,, and then
(k1—1)(k2—1)
%

after time Ck,, he jumps to the next point, etc. If he falls at point 1, then this
walk is finished. It is easy to see that a, is the expectation of the total walking time. One
notices that there is a scaling effect on the walking time. More precisely, let [ > 1 and
n=ky >k >--->k >1such that the walker jumps from k; to k;,; for 0 < <[ — 1.

Then conditional on this walking history, the remaining walking time is (Hi;é k”klfl) ag, .
The recurrence (4.47) has the same interpretation. The difference is that one should
stop the walker when he arrives at a point ¢ within [1, n] and one adds a scaled value of
a;; to the walking time (notice that a, can be negative). To estimate a/,, we use a Markov
chain (W;);>o to couple the jumping structures of (4.46) and (4.47) : Wy =n,
— It W; = k with & > n,, then W;;; = k' with probability py s, where 1 < k' <
k—1;
— If W; < ng, then we set W; = W, for any j > ¢+ 1.
Notice that the jumping dynamics of both recurrences is characterized by (W;);>o until
arriving at a point within [1, n]. And we also see that (W;);>¢ is the discrete time Markov
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chain related to the block counting process |H(”)| stopped at the first time arriving within
1, n.

Let ¢, = min{i|W; = W1}, = I, ! W’;} L and T., is set to be the time to ¢, of
the random walk related to (4. 46) and T’ be the correspondmg time related to (4.47).

By the scaling effect of C on the Walkmg time, we get
a, = E[T,, + Cqaw,,],a, = E[T, + Cg ay,_ |.
Due to the definitions of M, n., we obtain

—ME[C,,] <E[T,,] < an;  a,—ME[C,,] <E[T] | < a,+ME[C];  E[T7] < (1+€)E[T,].

Sn

Mp™

Notice that E[C, ] < % and due to Corollary 4.6, we have lim = 0. Hence

n—-+4oo n

lim ME[C,, ™ = 0. Then we can conclude that for n large, a, < (1 + 2¢)a,. In the

n—-+0o
same way, we can prove also a/, > (1 — 2¢’)a,, for another small positive number ¢ with n

large enough. Then we can deduce the lemma. O]

Proof of Corollary 4.3

Proof. Let b, = E[u! ngtaz /n]. Then looking at the first coalescence of the process 1™,
we have,

(n) nzl k()
M H
= + kgl pn’k—nu(k) bp,n > 2. (448)

n

If for some k, u® = 0, then we set u*) = 1 to avoid invalid calculations. To use Lemma
4.6, we write (4.48) as

(™

by = bk + Z Pn, Rl (4.49)

We at first prove that Y ,—; pnk;’;j% = 0(’%). Indeed, due to (4.12), let a = fol(l —(1-

)" Nz A(dz) and M > 0, then

EX(™ _ n
< . 4.50
Ma — Mg, ( )
s

1
7 (n — 1)A(dx) + p™
Using Corollary 4.6, we have lim sup % < lim Jy'( JA(de) + p =0, lim =
notoo M~ n—4oo n " n—too M(” Ma)

P(X™ > Ma) <
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1. Then for n large enough,

an k™ 1y Z Dn, k Z pn,km
k=|n—Ma|+1
<P(x" > Ma)E[L\X(”) > Ma] + —- (n)
> 1 = n,u("‘X{")) 1 = /L(”_M“)n
(n) 1 (n)
Iz [
< g, mem it s ksnd e

where the first term at the right of the the last inequality is due to (4.50) and can be
made as small as we want w.r.t % when M is large enough. Notice that n™! = 0(’&)

n gn
n (n)
due to (4.4). Then the second term % = 0(“; )) using also lim A _ 1. Then

n—+4o00 ,u(" Ma)
. (n)
We now only need to prove that (bx)x>2 are bounded, since in this case, >, _, pn & ;Zj) by,

(“( ) and we apply Lemma 4.6 to (4.49). We construct another recurrence:

—1
b;:o;b;: “ b’

where C'is a positive number. If C' = 1, this is exactly a transformation of the recurrence
(4.46). Let M'(C) = sup{bl,|n > 1}. Then it is easy to see that M'(C') = CM’'(1). Let

no > 1, such that for n > ng, we have > )~ 1pnk (n))M (1) <3 1“< " Then for C >2,n >

Nno,
(n) nt (n) O™
H H ' H
+ g mk——M'(C) < . 4.52

For 2 < mn < ny, we set C' large enough such that

Cpu™

n

max{b 11 <i<ng}< (4.53)

Comparing the coefficients and initial values of recurrences (4.49) and (4.51) using
(4.52) and (4.53), we deduce that b, < b, < M'(C'). Hence we can conclude.
[l
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5.1 Introduction and main results

Coalescent theory was initiated by Kingman ((24; 25; 26)) to model the genealogi-
cal tree of a sample of n individuals of a certain population. The so-called Kingman
n-coalescent is a continuous-time Markov chain taking values in P,, the set of parti-
tions of N,, = {1,2,---,n}. It starts from n singletons {1}, {2}, --,{n} representing
n individuals (or lineages) and at any time, each couple of blocks merges (or coalesces)
independently into one block at rate 1. The process reaches almost surely in finite time
the absorbing state {1,2,--- n} which is called MRCA (most recent common ancestor).
Kingman showed that the genealogy of a sample of size n in a population evolving accord-
ing to the Cannings population model of size /N converges in the sense of finite dimensional
distribution to the Kingman n-coalescent when N goes to oo, under some assumptions
over the reproduction law in the Cannings model. Roughly speaking, it is required that
one individual in the population should not have a lot of progenies so that its children oc-
cupy a large ratio of the next generation. This assumption happens to fail in some marine
species (see (20), (16), (9), (1)). To model this phenomenon, Pitman ((28)) and Sagitov
((30)) introduced at the same time the A n-coalescent, denoted by I1(™ = (I1™)(¢),¢ > 0).
It is characterized by a finite measure A on [0, 1].

The process I1(™ is still a continuous-time Markov chain starting from {1}, {2},--- , {n},
but with the following dynamics: at any time ¢ > 0, if II™(¢) has b blocks (b > 2), then
each k-tuple (2 < k < b) of blocks coalesces together into one at rate

Aok 1= /01 "2 (1 — 2)"FA(dx). (5.1)

As a consequence, the rate to the next coalescence is

gp = zb: (Z) Ab k- (5.2)

k=2

In particular, the Kingman n-coalescent is a special A n-coalescent with A being the Dirac
measure at 0.

Definition (5.1) is a reformulation of two properties of the process I1™ (see (28)). The
first one is exchangeability. Let p, be a permutation of N,,. The map p,, induces naturally
a map p, on P,. Then we have

—~
ISH
=

P © 1™ =

The second one is consistency. For any 2 < m < n, let g, ,, be the natural restriction
from N,, to N,,, and 9, ,,, the induced map from P,, to P,,. Then

R (RS (CO)
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These two properties also imply that one can build a projective limit process, the so-called
A-coalescent, denoted by IT = (I1(¢),t > 0), taking values in the set P of partitions of N.
For any restriction g, from N to N,, and its induced map g,, from P to P,

(d)

o, 0 IT = 11,

The Beta(2 — a, a)-coalescent with 0 < o < 2 is a special and important example of
A-coalescents. In this case, A is the Beta measure with parameters 2 —a and «. If a tends
to 2, then the limit process obtained is the Kingman coalescent. If o = 1, the process
obtained is the celebrated Bolthausen-Sznitman coalescent ((8)). This article deals with
the case 1 < a < 2 and, for the sake of simplicity, we will refer to Beta(2— «, «)-coalescent
as Beta-coalescent. This class of coalescent processes was introduced by Schweinsberg
((32)) and deeply studied in (2),(3). In particular, in (3), many results on the small-time
behavior of various functionals of the Beta-coalescent are discovered. Meanwhile, many
asymptotic studies, motivated by biology, have been developed for the Beta n-coalescent
(see for example (12), (22), (13), (11)) , when n goes to oco.

In this paper, we aim to study more asymptotic results on some functionals of the
Beta n-coalescent with 1 < o < 2 when n grows to co. We denote

A~ B,

if % tends deterministically or randomly to 1 in the limit, depending on different contexts.
Here A, B can be functions, sequences of real values, random variables. Denote by “3 the

P . .
almost sure convergence and by — the convergence in probability.
The length of the external branch of individual ¢, also called unicity of individual i by
biologists ((29)), is denoted by Ti("). It is the coalescence time of {i}, defined as follows

T = sup{t : {i} € I (1)},

(2
The length of a randomly chosen external branch provides a measure of the genetic vari-
ation of the population since it gives some information on the “distance” of an individual
to the rest of the sample. Exchangeability of the coalescent implies that
T QT 1 <i<n
, 1 <i<n.

7

The law of Tl(”) has interested many people since the first article (7) dealing with the
Kingman coalescent case. We give a short survey of results already discovered.
— Kingman: nTl(n)

((7),(10)).
(n)

— Beta-coalescent with 1 < a < 2: n® 1T}
with density function fr:

converges in distribution to a random variable with density ﬁ 1;>0

ﬂ T, where T is a random variable

1 t
o) = o= T ar@

(see (13) where the result is stated in a more general case).

)"a T sy (5.3)
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— = 0 where g, is defined in (5.2) and p” fl/ 7 A(dz) : p™T™ s

asymptotically distributed as an exponential random variable with mean 1 ((34)).
This class of processes contains Beta-coalescents with 0 < o < 1 (see also (28),
(27), (19) for other proofs) and the Bolthausen-Sznitman coalescent (see also (14),
(17) for other proofs).

In this paper, we prove the following

Theorem 5.1. Consider a Beta n-coalescent with 1 < o < 2. For any fixred k € N, as

n — 0o,

1 rn(n d
n® 1(T1( )7 JTIE )> @ (Th 7Tk)7 (54)

where (T;,1 € N) are i.i.d. copies of T with density (5.3).

A similar result has been proved for Bolthausen-Sznitman coalescent ((14)), but the
asymptotic independence is not true for coalescents satisfying fol x_lA(dx) oo ((27)).

Let K = (K™(t),t > 0) denote the block—counting process of IIM, ie., KM(t)
stands for the number of blocks of the partition 1™ (t) for ¢ > 0. Define

QM = KW (1)) = KO(T{) + 1,

where (Tl(n))_ is the time just prior to Tl(") . In other words, Q™ is the number of blocks
involved in the coalescence event of {1} in I1.

Theorem 5.2. Consider a Beta n-coalescent with 1 < oo < 2. Q™ converges in law to a
random variable Q) taking values in {2,3,---} such that for any k > 2
(a— DIk — )

[(k)T(2 - «)

g = P(Q = k) = (5.5)

Furthermore, Q™ and Tl(n) are asymptotically independent.

It is interesting to relate this result with the asymptotlcs of the size of the first jump
of the block-counting process of the n-coalescent. Let 7'1 ) be the time of the first j jump
of the process. The limit law of n — K®)( 1( )) = KM(0) — K )(7'1( )) is given by (11)
n (12), see also (22) and (23). It is worth noting that the random variable @ is the
size-biased version of this limit variable. This phenomenon is not surprising though. It
can be coarsely explained by the fact that big jumps are more likely to involve the block
{1} than small ones.

In the Kingman coalescent, Q™ = @Q = 2 almost surely. The following proposition
shows that, for A-coalescents satisfying f[U,ll v~ A(dr) < 0o, Q™ converges in probability
to infinity.

Proposition 5.1. Consider a A n-coalescent with the characteristic measure satisfying
fol v A(dz) < oo, then Q™ converges in probability to infinity.
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The above proposition is even true in the Bolthausen-Sznitman coalescent case (see
Remark 5.4).

A quantity of interest in biology is the minimal clade size. 1t is the size of the minimal
clade of a randomly chosen individual (or of the individual 1, considered in this paper).
The minimal clade is the block that contains 1 at the time {1} is coalesced. The size of
the minimal clade tells how many individuals share the genealogy with individual 1 after
time Tl("). Let us denote the minimal clade size by Y. In the Kingman case, Blum and
Frangois ((7)) showed that

4
(k+ Dk(k— 1)’

2

() _ ) — s
P(Y™ = k) =T

k=2, ,n—1; PY™ =n) =

Freund and Siri-Jégousse (18) studied the case of the Bolthausen-Sznitman coalescent. In

this case
InY® (g

Inn

[0,1]5

where Ul 1) is a uniform variable over [0, 1]. Asymptotics of moments were also found.
We state out our result by at first giving some notations.
— Let p be Slack’s probability distribution on [0, 00) (see (33)) characterized by its
Laplace transform

L,(\) = /OOO e Mpuldr) =1— (1+ A7) "1, A>0. (5.6)

— Define a 1-parameter family of laws (not a process) (5(t),t > 0) such that for any
k>1

P(3() = k) = ﬁ (%M)) o /OOO (@) T ulde).  (57)

The following result could be regarded as a consequence of Theorem 5.2.

Theorem 5.3. Consider a Beta n-coalescent with 1 < o < 2. Let (8;(t),t > 0);>1 be
i.i.d. copies of (B(t),t > 0) and Q,T be random variables defined respectively in (5.5)
and (5.3). Assume that (5;(t),t > 0);>1,Q, T are all independent. Then

Q-1
Yo Dy — 143 5(7). (5.8)
=1

The independence among (5;(t),t > 0);>1,Q, T allows to express the law of Y as follows:
for any | > 2,

l

P =0= [ Yo X (MRG0 - )

k=2  iitetip_i=l—1
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Next, we establish a close relation between the random variable ) and the family
(B(t),t > 0). Notice that tlir&P(ﬁ(t) =1)=1
H

Proposition 5.2. 1) For any k > 2,

a0 = (o= D) figy ZAD = 59
2) The Laplace transform of Q is
—AB()
Ele™) = Jim E[(a - 1)r(a)€wtw] - e_’\(l —(1- e_A)O‘_1> (5.10)

for any A > 0.

The law of Y looks quite complicated, which may harm the applicability of the result.
However the clarification given below could at some point improve the situation.

Corollary 5.1. If k tends to oo, one has P(Y > k) ~ ((a_l)‘lfoz)t;:{;((ﬁifa_1)2)k*(‘kl)z.

If a goes to 1, k=@ Y goes to 1. This is consistent with the Bolthausen-Sznitman
case where Y = oo almost surely. If a tends to 2, f(a-1)? goes to k~!. This is in fact
not consistent with the law of Y in the Kingman case. The corollary reveals some kind
of “discontinuity” between the Beta-coalescent and the Kingman coalescent.

The size of the block containing one sgemﬁc integer evolves in an increasing way at
different speed. It is clear that at time ( the block containing 1 is still of size 1 while
other blocks could have grown quite a lot One way to measure this speed 1S to consider
the size of the largest block at time T . We denote this Varlable by W™ . The bigger
W™ is, the more inhomogeneous the speed is. To study W™ we first consider the size
of the largest block at any time ¢, denoted by W) (¢). In this way, we have

Theorem 5.4. Consider a Beta n-coalescent with 1 < a < 2,

W(”)((a — 1)?F(Oé)nl_at> ﬂ W(t), (5.11)

na

where W (t) is a positive random variable with a type-2 Gumbel law, i.e., for any x > 0,
(a—1)t

P(W(t) <z)=e * "TEa,

The methodology employed to prove the above theorem is similar to that used in the
proof of Proposition 1.6 in (3), although there are some small differences.

The following result about W ) happens to be a straightforward consequence of the
above theorem.



5.2. External branch lengths 137

Corollary 5.2. Asn tends to oo,

TN
W@,y (5.12)

1
na

where W is a positive random variable such that for any x > 0,
POV <) = [ i e
0

This paper is organized as follows. In Section 2, we study external branch lengths
and the block-counting process in small time and prove Theorem 5.1. In Section 3, we
focus on the way of coalescing an external branch and prove Theorem 5.2, Proposition
5.1, Theorem 5.3, Proposition 5.2 and Corollary 5.1. Section 4 is devoted to the size of
the largest block and Theorem 5.4 and Corollary 5.2 are proved.

5.2 External branch lengths

5.2.1 Ranked A-coalescent

Assume from now on that 1 < o < 2. Let IT = (II(¢),¢ > 0) be the Beta-coalescent
and denote by K = (K (t),t > 0) the block-counting process of II, i.e., K (¢) stands for the
number of blocks of TI(¢). It is known that IT is coming down from infinity: for any ¢ > 0,
K(t) is finite almost surely ((31)). Recall that for any ¢ > 0, II(¢) is an exchangeable
random partition of N. Applying Kingman’s paintbox theorem on exchangeable random
partitions ((24)), almost surely, for every block B € II(t), there exists the following limit
which is called the asymptotic frequency of B:

m
) 1
lim — E | P
m—00 1, 4 >
1=

Furthermore, when ¢ > 0, the sum of all asymptotic frequencies equals 1 ((28)).When
t = 0, every block is a singleton and hence has the asymptotic frequency 0. Pitman ((28))
shows that almost surely for all ¢ > 0, every block in II(¢) has the asymptotic frequency.
Hence if ¢ > 0, one can reorder all the asymptotic frequencies in a non-increasing way
to define a sequence O(t) = {0:(t),02(t), -+ , O ) (t)} where 01(t) > 02(t) > -+ > Ox)(t)
and Zfi(lt) 0;(t) = 1. At time t = 0, since every block has asymptotic frequency 0, one can
naturally set ©(0) = {0,0,---}. Then the process © = (O(t),t > 0) is well defined and
called the ranked A-coalescent.

Given O(t) with ¢t > 0, one can recover the distribution of II(¢) using again Kingman’s
paintbox theorem. Let us at first divide [0, 1] into K (¢) intervals such that the lengths
of intervals correspond one to one to the elements of ©(¢). Then we throw individuals
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1,2, -+ - uniformly and independently into [0, 1]. Finally, all individuals within one interval
form a block and this procedure provides a random exchangeable partition which has the
same law as I1(t). It is of course possible, thanks to the consistency property, to build the
restricted partition I1(™ (¢) using the same procedure but throwing nothing but n particles
instead of an infinity.This construction will be the key point of our proofs.

5.2.2 Properties of the ranked A-coalescent

Let K(t,z) := #{i: 0;(t) < x} for any = € [0, 1]. Let ¢(t) be a size-biased picking of
O(t), i.e., <(t) is a discrete random variable such that

P((t) = 0,(1)|O(t)) = 0:(t) x #{j : 0,(t) = 0,(1), 1 < j < K(B)}, 1 <i < K(t). (5.13)

One can construct or regard ¢(¢) in the following way: Suppose that [0, 1] is divided into
K(t) intervals whose lengths are in one-to-one correspondence to the elements of O(t).
We throw a particle uniformly and independently over [0, 1] and ¢(¢) is the length of the
interval containing this particle.

Recall the measure p defined in (5.6). It is easy to check that

o dLl, (A
/ yu(dy) = ;;\ )|/\:0 =L (5.14)
0
Proposition 5.3. We have
L z(al(a))a=T
i < to-1 — = .S. .
iy sup |B(s(0) < t7af0(t) — [ yuldy)| = 0,as.  (5.15)

Proof. In order to simplify the notations, let us denote f(t,z) = P(¢(t) < tﬁaﬂ@(t)) and
1
z(al'(a))a—T
fa) = f7N T yp(dy). Tet
S, = sup |to1 K (t,tﬁm) - (od“(a))ﬁ w ([O,x(af(a))ﬁ))‘ :
x>0

It is shown in Theorem 1.4 of (3) that

lim S; =0, a.s. (5.16)
t—0+
Observe that
K(t)
fit,2) = Zei(t)l{ei(t>3tﬁx}
n—1 K(t)

- Z Z 91(t>1{tﬁ %<9i(t)§tﬁ (Jtll)z} (517>

§=0 i=0
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Then

n—1 K(t)

(n) P
ft,z) > I zgzgt i 7 L i <o, <ot 0t0ey

Vi KA

and (t)
n—1 K(t .
(n) _ LUt
flt,x) <17V = 2 t lTl{tﬁ%<9i(t)§tﬁw}.

j
For n fixed and applying (5.16), one gets for ¢t — 0+

and
s 2 S st (2 gy, U2 oyt

The above two limit values converge to f(x) as n goes to co. Then we can conclude. [
It is straightforward to see that
Corollary 5.3. For any f € CP[0,00) and ¢ >0, M € R, U {0},

E |f(ct = 1¢(t))1

{0<ct™ T o(t)<M}

o] = [ T (a5 it

when t — 0+.

5.2.3 External branches

We start the proof of Theorem 5.1 with a simpler version.

Proposition 5.4. Let {Ti(n),l <i<k} and T be as in Theorem 5.1. The following
almost sure convergence holds as n goes to co:

P T > 6,0 T > ¢ n0 T > 10! 0) L5 P(T > ) (5.18)
for anyt > 0. As a consequence,

(d)

ne it 19 (5.19)

Remark 5.1. The convergence (5.19) has already been obtained in (13) using two different
methods.
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Proof. For the sake of simplicity in notations, let ¢, = n'=®t. Let us build I (¢) from
©(t) and the paintbox construction (using n particles). We now prove (5.18) for k = 2.
The proof for £ > 2 and k = 1 follows similarly. Let ¢(¢,) be an independent copy of
§(tn), conditionally on ©(¢,). Then,

P ' T > ¢ n® T > 1|0(t,))

K(tn) n=2
= 3 Ot (t) (1= Oi(ta) — B5())

z‘j—l i
no Kt n—2
B Z (1 —0,(t,) — ej(tn)) - Z Gi(tn)2<1 - 29i(tn))

:Eml—d%)—d%DWQWUHP—Hdhml—%“O)_KX%»

Using Corollary 5.3, the second term converges almost surely to 0. Let M be a real
positive number and write the first term as

E[(1—s(ta) —s(t2) " 10(t)] = 1+ B,

where o 2
I, = ]E[(l —(t ) §(tn)<Mn-1 c(tn)<Mn—1’@( ),

n—2
hzﬁml—qmwfuw) Licttm) <01 st a1 O(E)]
By Proposition 5.3,

oo

b < 1= Plc(ta) < Mn 0D 5 1= (1= [ yuldy))”.

MtT=a
The limit value goes to 0 as M tends to co. For I}, notice that x — (1—n"'z)" "2 converges
uniformly to z + e for 0 < x < 2M as n tends to oo. Then

a.s

Iy = Elexp (—n<(tn) — n<(tn)) Lo, <am=1gtn)<mn-1 [O(tn)] = 0.
Now, thanks to Corollary 5.3, we get
Elexp (—=n<(tn) — n<(tn)) Lo, <mrn—1 s(tn)<mn—1|O(tn)]
=Elexp (=nc(tn)) Lo, <am—1 X exp (—n<(tn)) ety <amn—1[O(tn)]

2
Mfl(L(a))ﬁ

a.s. t _(al(x) ’a%
- / e T vy (dy)
0

Maoo t _9_a_
- 1+ aF(a))

Then we can conclude. O
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5.2.4 The block-counting process in small time
Recall that K™ = (K™(¢),t > 0) and K = (K(t),t > 0) are respectively the block-
counting processes of 11 and II.

Lemma 5.1. Lett > 0 and t,, = n'=%t. We have
K(tn)

E[K™(8,)0(t)] = 31— (1 - ei(tn))". (5.20)
and i
K(tn)
Var(K™( Z (1 —0,(t, ) (1 (- Hi(tn))">
K(tn) . . .
Y (1= 6t = 05(80) " = (1=6:(t)) (1= 05t)) "
e (5.21)
Furthermore, .
E[K™(t,)|0(t,)] LN (1+ t )*ﬁ’ n — 0o. (5.22)
n al'(a)
and
VCLT( ( )|®( )) a.s. -« t f% t fﬁ
" e S A af(a)) a1 — (14 aF(a)) ,n—o00. (5.23)
Remark 5.2. It can be deduced from (5.22) and (5.23) that
K(“)(tn) p

— 1,

_1
(1 + al"(a)) ot
whereas, interestingly, due to Proposition 5.3 or Theorem 1.1 of (3),

K tn a.s.
n(af(a)) ot

Proof. The equalities (5.20) and (5.21) come directly from (4.1) and (4.2) in (21). The
arguments to prove (5.22) and (5.23) include (5.24) and those used in the proof of Propo-
sition 5.3. To be more clear, we just show the proof of (5.22) and leave the other to the
readers.

E[K™ (1)) _ Kt) N~ -
< Bl S - D (e, 5L e, )
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In the same way,

BRCOU] 5 Klb) i~ D (1, 220 ke, )

While (5.16) shows that

ot J+1 J 1 al(a), 1+ j al(a), 1 j+1
t;i‘ 1 K tm— - K tm < —all a—1 (( a1, a—1
s (< ) <n>)“<0‘>“<t>n<t> '
— sup |n Mt <K(tn,i)—K(tn,l)) _ap(a)ﬁu«(a <O‘))ﬁl’(o‘ (a))ﬁ]-i-
0<j<n—1 n t n t
<25, *%0.

Notice also that

n—1 . n—1 . oo
Jim ) (1= =l ) (1= =) e <o
J= J= J=

Hence using (5.24), almost surely,

E[K™(t,)|O(t,)] N (aF(a))all (1 B "z_i(l B Z)nu<<(ar(a))(;1i (aF(a))ﬁj - 1]>>
n t n n' ot
nosgo (oth(oz))“—l(

1

- <” artm))al‘

We are now able to prove our first result.

—_
|
o\_»
8
CB‘
<
—~
Q
pe! N
3‘
SN—
0
—
=
—~
QL
<
N~—
N~—

Proof of Theorem 5.1. We will prove only the version for £ = 2. For any 0 < t; < to,
write

P(n® ' T > t1,n® T > t,)
=P '™ > ¢, 0 T > PO > to|n® T > 4,0 T > ).

Proposition 5.4 gives that the first term of the above product has limit value

P(T > t,)*= (1 + a;za))al .
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Lemma 5.1 implies that conditional on {n®'T{™ > t;,n® 1T > t;}, the random Vari—
(n)(pl—a
able K %)

converges in probability to (1 + alf%a))_ﬁ. For any 7 > 2, let T be

independent of II™ and have the same law as T . Using the Markov property of I1(®
one obtains

]P’(no‘*lT( > tz‘na 1T( n) > 11, n n“" 1T( n) > tl)

= ]P(no‘* Tl(K( M=) >ty — tllna lTl( n) > t17na71T2(n) > tl)

Ei ]P’(T>(t2 t)<1+a1f( ))_1>
- (vat) ()

when n tends to co. Then we can conclude. O

5.3 The way of coalescing an external branch

5.3.1 The size of the jump

Let us look at the random variable Q™

Proof of Theorem 5.2. Assume that at some time t, K™ (¢) = b and {1} € 11" (¢). The
coalescence of {1} with some other k£ — 1 blocks happens at rate

M b=1N bk o B I'lk—a)l'(b—Ek+a)
A bk .—/0 (k—l)x (1—z) "z A(dx)_F(a)l“(2—a)l“(k)l“(b—k+1)'

The total rate at which the singleton {1} participates in a coalescence event is

/0 (b - 1) (1 — 1) F 22 (da)

_/0 (1— (1 =) A(dr)
— /1(5 —1)(1 =) 2py(t)dt, (5.25)

where
tlfa

p(t) = /t x—lA(dﬁ) ~ (a — DI(a)T(2 — )
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when ¢ tends to 0+. We get, thanks to Stirling’s formula,

bafl
CERINEY
when b tends to oo. If the next coalescence after ¢ involves {1}, then using the strong
Markov property of II™ | the probability for {1} to coalesce with some other k — 1 blocks
is

Al,b,k . F(k — Oé)(Oé — 1)
g, BT TTWN2—a)

(5.26)

when b tends to co. In this way, if we know the value K™ ((T{™)_), then we can obtain
n (n)
the probability for {1} to coalesce with k& — 1 blocks. Notice that w converges

in distribution to (1 + arrfa))_ﬁ (see Corollary 5.3 of (13) or implicitly from Theorem

5.1 and Lemma 5.1), one can get the following, due to (5.26),

A

1,K<n>((Tf”>>_>,k]

P(Q™ =k) =E — Gk (5.27)

91, k(1))

when n tends to oo.

Notice that P(Q™ = k|K™((T™)_)) converges to gy if K™ ((TI™)_) tends to oc.
However, we know that K (”)((Tl("))_) tends to oo in probability when n goes to oo.
Therefore, T; 1(") and Q™ are asymptotically independent. Then we can conclude. O

Remark 5.3. Following the same arguments, Theorem 5.2 is still valid for the more
general class of coalescents satisfying the following condition when t tends to 0:

1
/ 2 2A(dz) ~ Ct™*,C > 0.
t

Remark 5.4. We can use similar arguments in the Bolthausen-Sznitman case to get that
P(Q™ = k) — 0 for any k € N. The result actually remains true for the more general
class where

1
/ v 2A(dz) ~ Ct™,C > 0.
t

Proof of Proposition 5.2. 1) Recall that ¢, = ML);OL_)

1
T (2—ay - 1t then suffices to prove that

L PBO =k T-—a)

e T(k)D(a)T(2 - o)
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1

To simplify the notations, let ¢, = (a - )ﬁ and p, = p([r,00)). Recall (5.7) and let
0<77<2’To‘,thenforanyk'22,

k—1 [e%s)
P(A(t) = k) = 1o / e "to g (de)

I'(k) Jo
tlgz_l /OO Tto .k 1<k, t )d
= pee Tex — xty)dx
I'(k) Jo
=1+ I,
where
tk: 1 ta
I, = Foék) / pee "ok — aty)dw,
I ti ! /OO —xt k_l(]{; ¢ )d
= - * — xt,)ax.
2 = F(k:) Pz€
For ¢ small enough, it is easy to get [} < (k)ta(l M=l o(t). To deal with I, recall from
Equation (33) of (3) that
x_OC

pa = p([z,00)) ~ T2—a) (5.28)

when = goes to co. Notice that ¢ goes to oo when ¢ tends to 0+. Let 0 < ¢ < 1, then
for ¢t small enough, we have

Px

Lmes = /T(2 — «)

<1l+e¢, foralz >t "

Since € can be arbitrarily small, using a change of variable y = xt,, one gets

11—« 1 > —y, k—1—a . OZF(]{J—O_/)
TR e, T

when ¢t — 0+. Then we can obtain (5.9).

P(B(1)>2)
t

2) A simple calculation shows that converges to W when ¢ tends to 0+.

Hence the first equality of (5.10) holds, using the dominated convergence theorem. For
the second equality, the formulas (5.7) and (5.6) imply that

(0] = 37 M3 (1) = )

k>1

:e_’\/ e(e%_l)xtazu(dx)
0

(1 (ta(1 — e )T (5.29)
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Meanwhile, using the same arguments

Then we can obtain (5.10). O
Let us consider the case of coalescents satisfying fol r7'A(dr) < oo,

Proof of Proposition 5.1. In this case, the process II™ can be constructed using a sub-
ordinator. This construction can be found on page 7 of (19) and the original idea is
in (28). Let v(dr) = z72A(dr) and © be the push-forward of v by the transformation
z — —1In(1 — ). Let (S;,t > 0) be a subordinator with Lévy measure 7 and S, = e~
Then (S;,t > 0) is a non-increasing positive pure-jump process with So= 1. Put indi-
viduals 1,2, --- ,n uniformly and independently over (0, 1]. Let ¢; be the first time when
(Sy,, S, ] contains at least one individual, then we set 11" (s) = {{1}, {2}, ,{n}} for
0 < s < t;. Weregroup the individuals located in (Sy,, S;, -] into one block and let TI™ ()
be the set of this block and the rest singletons. The block is then put uniformly and in-
dependently into (0, S,]. Find the next time ¢, such that (S;,, Si,—] contains at least one
block (singleton or not) and we regroup all blocks in this interval into one bigger block
which will be again put independently into (0, S;,]. In general, at each time ¢, II™ () is
the set of the blocks located in (0,.5;] and also the union of blocks located in (S, Si—].
This operation can be iterated until reaching the MRCA and the process resulted has the
same law as I1(".

Notice that this construction is consistent, i.e., if we add a n 4 1-th individual to get
I+ the structure of II™ is conserved. To see how many blocks will merge with {1}
in the limit, we assume that {1} is put into (S;,, Sy, ] at a certain time. As n goes to oo,
the number of singletons put into the same interval also goes to oo with probability 1.
According to the construction, all singletons put for the first time into the same interval
will be coalesced together. Hence Q™ converges in probability to infinity. O]

5.3.2 Minimal clade size

Let (sl(»") (t),1 <i < K™(t)) be the increasing sequence of the smallest elements of
blocks of I1(™ (t). We have the following lemma.

Lemma 5.2. For any t > 0 and k € N, let t,, = n'~*t and define the event E, ) =
{sgn) (tn) =1, 7S](€n)(tn) — k}. Then

P(E,:O(t,)) <51

as n tends to oo.



5.3. The way of coalescing an external branch 147

Proof. We only need to prove that the probability for individuals 1 and 2 to be in the
same block of TT(™ (t,) tends to 0. The case of k > 3 follows in the same way. Let us write

this event {1 ~ 2}. Then

K(tn)
tn
P(122(0(t,) = Y O;(ta)?
i=1

= E[<(t,)|O(ta)] == 0,
where the convergence is due to Corollary 5.3. [
Theorem 5.5. Lett > 0 and t, = n'~*t. For 1 <i < KM(t), let Ki(n)(t) be the size of
the block containing SE") (t). Then for any k € N and (ry,...,r) € N¥, as n — oo,

P(K"M (tn) =1, K (8) = milO(t) = [ (A1)

) (5.30)

where B(t) is defined in (5.7).

Proof. Let t, = n'~“t. Define the event F,,, = {Kfn)(tn) =7y, ,K,g")(tn) = ry} and
recall B, defined in Lemma 5.2. Let (¢;(¢,),1 < i < k) be k independent copies of ¢(t,)
which is defined in (5.13), conditional on O(¢,). For 1 <i <k, ¢(¢,) denotes the size of
the subinterval into which 4 is thrown in the paintbox construction of I1™(t,) with n > k.
Due to Lemma 5.2, for n large enough we can almost surely approach P(E, .|0(t,)) by

P(En | En g, O(tn)) = E[( nek )Hle(ﬁ(tn))”l(l—z ()" Z01 79 By, O(t)]:

=1, g —1

The Lemma 5.2 implies again that the difference

k
n—k k A ri—=l(1 _ , n—Y4_i 7
B, ) masear e D) EH e O]

S| SRR L SEC IS >t Eeet)

converges almost surely to 0. We then obtain

k
B,y s - >t Fet)
B, (1)) eSO O(0)] + 00 (1),

(rj —1)
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where 0,5 (1) is a term converging almost surely to 0 when n tends to co. The result thus
follows from Corollary 5.3. O]

We next show how the external branch of 1 is connected to the whole process. Let I1(?™
be the restriction of I from N, to {2,3,--- ,n}. By consistency and exchangeability
of 1™ 1™ has the same law as II™~Y) except for the integer notations. Given I1(™)
one can attach {1} to I13™ following the recursive construction introduced in (13). One
thing important is that n®=17{™ and II®™ are asymptotically independent. The following
lemma is given in the proof of Theorem 5.2 of (13).

Lemma 5.3. Lett > 0. Asn tends to oo,

P(no 7™ > 42y L5 (1 + = (5.31)
(e

Now we are able to deal with the minimal clade size.

Proof of Theorem 5.3. Recall that Q™ is the number of blocks involved in the coalescence
of {1}. Then Y is just the sum of the Q™ block sizes (one of these blocks is {1}).
It suffices to determine the size of each block involved in the coalescence event. By
exchangeability of the coalescent, the Q™ —1 blocks not being {1} will be chosen randomly

at time (Tl("))_. Hence by the strong Markov property of I, the joint distribution of

the sizes of the randomly chosen Q™ — 1 blocks has the same law as the distribution of

(157 (1)), -+ Ko ((T1")-)). Hence

(n)
) Dy Z K™ (1™

Let K2m = (K@m(¢),t > 0) be the block-counting process of II®™ and (K™ (t), KS*™(t), - - KI(?(’ZL)@) (
be the vector of the block sizes of II®™(t), increasingly ordered by their least elements.
Notice that if ¢ < T, K™ (t) = KM (t) for 1 < i < K™ (t). Therefore

QM —1

Dy Z K& (1)), (5.32)

The formula (5.27) shows that the law of Q™ is uniquely determined by K™ ((T{™)_),
As long as K (2’”)((T1(")),) goes to 0o, Q™ converges in law to a distribution which de-
pends only on «.. While (5.22) and (5.19) imply that the variable K™ ((T\™)_) goes to
oo with probability 1. Hence Q™ is asymptotically independent of (71", K™ ((T{™)_)).
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Furthermore, Lemma 5.3 gives that 7" and K™ ((T™)_) are asymptotically indepen-
dent. In total, Q@ , T\ and (K™ ((T™)_)) are all asymptotically independent. In the
limit, using Theorem 5.5,

Q-1
Yy Dy @y N (),
i=1
where Q, T, (Bi(t))sen are all independent and follow respectively the limit laws of Q™) Tl(n), (K i(z’") (t))ien
for fixed ¢ > 0. Then we can conclude. O]

Proof of Corollary 5.1. Consider the Laplace transform of Y. For any A > 0, using (5.29)

]E[e—)\y] — e—AE[(E[e—/\ﬁ(T)DQ_l]
= eﬂE[ (e”\ (14 (To(1 - e/\))al)laa>Q_1:|

1

where T, = ( A )ﬁ Denote A = e M1 + (T,(1 —e™))*7h)

o
1—

«. Using (5.10), one

Ele™] =E[e™(1 - (1-4)*)

= Il + 127
where [} = E[e*)‘leaM,%], I, = E[e*Aleag)\,%]. The density (5.3) of 7" implies, when
A — 0+
I = O(\?) = o(A@~V7), (5.33)

Notice that there exists C534 > 0 such that for any 0 < € < 1, if A is small enough, we
have

o a— a—
|A1 L+ —— (TN 1| < e(Tu)) 11Ta9,% + Csza.  (5.34)

To<A™Z ( 1— o TW<A"2
Letting A — 0+ and using (5.33), (5.34), one obtains

Ele™] = 1 - (——=)" "X EIL ] 4 o(AC).
-

Thanks to Lemma 5.4 of (3) or Theorem 8.1.6 of (5), we get
2

(<2 ya [TV

P(Y > k) ~ &=
V>~ F a1 (@ = DT(a)" T = (a =17

when k — oo. ]

k:—(a—l)2 _ f()oo ta_lfT(t)dt k,—(oc—l)2
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5.4 The largest block

In this section, we aim to prove Theorem 5.4 and Corollary 5.2. We start with a
technical lemma.

Lemma 5.4. Let k > 0 and X be a random variable distributed according to p. Define
X such that conditional on X, X is a Poisson variable with parameter % Then for any

x>0,
: 1 (kx)~
| P(X > a) = —F——.
am nP(X 2 one) = 55705

Proof. First of all, let us consider two technical results. Let M = anij
1) Using Stirling’s formula for M! and a change of variable, we get that for any
0<p<l,

M ttM Mo Mt [t o 1 1
/0 e Mdt = /0 e (M) 2rM)2(1+O0O(M"))dt
M

e

ﬁ 1
_ / eM(lftJrlnt)(_)i(l + O(Mfl))dt
0
= O(eMU=F+B) pr3)y (5.35)

The last equality is due to the fact that 1 —¢+1Int is negative and increasing for t € (0, 1).
2) If B > 1, then

/Oo —ttht/oo M(l—t—&—lnt)(M)%(l+O<M—1))dt
M/Be M‘ N B ¢ 2T ’

Notice that 1 — ¢ + Int is strictly decreasing and concave over [, oc], then there exists a
positive number € such that 1 —¢ + Int < —et for any ¢t > . Therefore,

00 ZfM o) M
/ et—dt < / e MY NY2(1 4+ O(M~1))dt = O(e =M M—1/2), (5.36)
Now we can turn to the study of X'. Thanks to successive integrations by parts,

X tM

P(X >M+1)= ]E[/ Sty (5.37)
AR Vi
Let 0 < 8y <1 and (B > 1, then we have
P(X > M+1)=1 + I, + I,

where

X M

I = E[/k e l—dt1 ]

1 X<kMPBi}ls
7\[[ { < 1}
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X

o, tM

I, = E[/ e Mdtl{kMgngngﬂz}L
0 !

X M
3 X>kMp: .
0 7\{| { > 2}

Now let n tend to infinity. By (5.35), we get

M

MBIy
0§nh§nMX<%WMQ/ e ' rdt — 0. (5.38)
0 .

It is easy to verify that fooo e*”ﬁMldt = 1 for any integer M > 0. Then using together
(5.28) and (5.36), we obtain

. : kafy) "
71113010 nl3 = nhj& nP(X > kMpB,y) = %.

(5.39)

In the same way, we have

(k&?ﬁl)_a (/Cillﬁz)_a
0<nly <nP(kMpB; < X <kMpBy) — T2 —a) — T2—a)’ n — 0o. (5.40)

If B; and (B are close enough to 1, nls can be bounded by an arbitrarily small positive
number for n large enough. Combining (5.38), (5.39) and (5.40), we conclude this lemma.
[

To prove Theorem 5.4, we will use classical relations between Beta-coalescents and
continuous-state branching processes (CSBPs) developed in (6) (see also Section 2 of
(3)). We give a short summary to provide a minimal set of tools. A continuous-state
branching process (Z(t),t > 0) is a [0, 0o]-valued Markov process (in continuous time)
whose transition functions p;(x,-) satisfy the branching property

pe(z +y,-) = pelx, ) xply, ), for all 2,y > 0.
For each t > 0, there exists a function u, : [0,00) — R such that
E[e *?®|Z(0) = a] = e~ *= W), (5.41)

If almost surely, the process has no instantaneous jump to infinity, the function u, satisfies
the following differential equation

Dy ()
ot

where U : [0,00) — R is a function of the form

= —V(u(N)),

U(u) =yu + pu? + / (e =1+ sulp<ny)n(de),
0
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where v € R, 3 > 0 and 7 is a Lévy measure on (0, 00) satisfying [;~(1 A 2?)m(dz) < oco.
The function ¥ is called the branching mechanism of the CSBP.

As explained in (4), a CSBP can be extended to a two-parameter random process
(Z(t,a),t > 0,a > 0) with Z(0,a) = a. For fixed t, (Z(t,a),a > 0) turns out to be a
subordinator with Laplace exponent A — u;(A) thanks to (5.41).

There exists a measure-valued process (M;,t > 0) taking values in the set of fi-
nite measures on [0,1] which characterizes (Z(t,a),t > 0,0 < a < 1). More pre-
cisely, (M,([0,a]),t > 0,0 < a < 1) has the same finite-dimensional distributions as
(Z(t,a),t > 0,0 < a <1). Hence (M([0,a]),0 < a < 1) is a subordinator with Laplace
exponent A — u¢(A) and Z(t) = M,([0,1]) is a CSBP with branching mechanism ¥ started
at Mo([0,1]) = 1. In particular, if the branching mechanism is W(\) = A\* and hence Lévy
measure is given by 7(dz) = ?Eg:igx’l’adx, for all t > 0, M, consists only of finite number
of atoms. For the construction of (M([0,a]),t > 0,0 < a < 1), we refer to (2; 6; 15).

A deep relation has been revealed in (6) between the Beta-coalescent and the CSBP
with branching mechanism ¥(\) = A\* and Lévy measure mw(dz) = ?Egjj{%x_l_o‘dw. The
relationship is described by the following two lemmas which are respectively Lemma 2.1
and 2.2 of (3) and will be important in the sequel.

To save notations, from now on, (Z(t),t > 0) always denotes a continuous state
branching process (Z(t,1),t > 0).

Lemma 5.5. Assume (Z(t),t > 0) is a CSBP with branching mechanism W(\) = A\* and
let (My,t > 0) be its associated measure-valued process. If (11(t),t > 0) is a Beta-coalescent
and (O(t),t > 0) is the associated ranked coalescent, then for all t > 0, the distribution

Mp—1(
Z(R~1(t))’

ranked in decreasing order. Here R(t) = (a — 1)al'(«) f(f Z(s)'"*ds and R7'(t) = inf{s :
R(s) > t}.

of ©(t) is the same as the distribution of the sizes of the atoms of the measure

Lemma 5.6. Assume W(\) = \*. For anyt >0, let D(t) be the number of atoms of M,
and let J(t) = (Ji(t), -, JJpw(t)) be the sizes of the atoms of My, ranked in decreasing

order. Then D(t) is Poisson with mean v = ((a — 1)t)7ﬁ. Moreover, conditional on
D(t) = k, the distribution of J(t) is the same as the distribution of (v; ' X1, -+, v ' Xx)
where X1, -+, Xg are obtained by picking k i.1.d. random variables with distribution p
and then ranking them in decreasing order.

Remark 5.5. From the relation between (M;,t > 0) and (Z(t,a),t > 0,0 < a < 1)
and also the fact that for all t > 0, M consists only of finite number of atoms (the
number is actually D(t)), for a given t > 0, there exist 0 < ay,--- ,apw < 1 such that
{Z(t,a) = Z(t,a1—), -+ , Z(t,apw)) — Z(t,apwy—)} are exactly the values of the atoms of
M,. By the strong Markov property of (Z(t,a),t > 0,0 < a < 1), for s > t, the jumping
at s can only happen at the points {(s,a1),---,(s,apw)}. Therefore, D(t) decreases on
t.
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The idea of the proof of Theorem 5.4 is as follows: Let ¢, = n'~®¢. Lemma 5.5 shows

that ©(t,,) has the same law as %. Moreover it is proved in Lemma 4.2 of (3) that
R '(tn) R 1

7 (a=Dal(a)’

to those at time R7!((a — 1)al(a)t,). To this, we use the paintbox construction and the

as n goes to oo. Hence one can compare the block sizes at time %,

R=I((a=1)al(a)tn)
R=((a—1)al(a)tn)

closeness between the measures
through two steps.

1) Analysis of the largest block size at time ¢, with the measure Z]\?tt:): If

D(t,) # 0, let Ji(t,) = JZl((::)) for 1 <i < D(t,). Let {di(tn), -+ ,dp,)(tn)} be an interval

partition of [0, 1] such that the Lebesgue measure of d;(t,) is J;(t,). Build a partition
of N,, from a paintbox associated with {d,(¢,),--- ,dpq,)(tn)}. Let N; be the number of
integers in d;(t,) and N = max{N; : 1 <i < D(t,)}.

and 7 7 This idea can be executed

My,
Z(tn)

Lemma 5.7. Let x > 0. Then
1)
— itz™«
lim P(N < an'/?) = exp<—%)-

2) Let 0 <y < z. Then

lim P(3i: Jy(t,) <n'a y,N; > zna) = 0. (5.42)
n—oo
Proof. 1) It is well known that if we throw a Poisson number of parameter nZ(t,) on
[0, 1], the number of integers in d;(t,), denoted by N, is a Poisson variable of parameter
nJ;(t,). Conditional on all J;(t,)’s, all N;’s are independent. Let A be the maximum of
all N;’s. Then, using Lemmas 5.4 and 5.6,

x= (v — 1)tz

) =P T )

PV < an!/®) = EIZPOVG < ant/™)] — exp(—2 " (5= 5
—

), m— 0.
Lemma 5.6 implies that Z(t,) tends in probability to 1 as n goes to infinity. Hence N
and N are close in the limit and standard comparison techniques allows to conclude.
2) As Z(t,) converges to 1, (5.42) is equivalent to
lim P(3Fi: Ji(t,) < ney, N > amé) = 0.

n—oo

Let N = max{\; : J;(t,) < n'a y}. It is necessary and sufficient to show that lim P(N >

n—oo
xné) = 0. Notice that conditional on J;(t,), N; is a Posson variable with paprameter
nJi(t,). Let {Pi(yn=), Py(yna),---} be a sequence of i.i.d. Poisson variables with pa-
rameter yns and also independent of D(t,). Then

P(N > xné) <P (max{Pi(yné) 1 <i<D(t,)} > xné> = 1—E[(P(P1(yné) < xné))D(t”)].
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Using (5.37) and (5.35), one gets

P(P,(yn=) < zn=) =1— 0(%).

Meanwhile, Lemma 5.6 tells that % converges in robability to v; as n goes to infinity.

Hence we can conclude. O

Remark 5.6. The key point to prove (5.42) is that Z(t,) converges to 1 in probabil-
ity, % 15 asymptotically bounded by a positive value from above. The distribution of
{Ji(tn) }1<i<pD(t,) s not necessary to know. One can still find (5.42) true if we replace t,,

by a random time and conditions for Z(t,) and D(t,) are satisfied at the same time.

2) A tool lemma for the transfer from % to Z?;ﬁtéfj;g?((‘z)t%) : Let
(A, -+, Ag) and (By,- -+, Bg) be two partitions of [0,1] with & > 1. We throw away
n particles uniformly and independently on [0, 1] and regroup those within the same in-
tervals of (By,- -, Bg), which gives a sequence of k numbers (Np,,---, Np,) such that
Np, is the number of particles located in B;. We can obtain the law of this sequence in
another way using (Ay,---, Ax): We throw n particles uniformly and independently on
0,1). Let I :={i:1<1i<mn,l(A) <I(B;)}, where [(-) denotes the Lebesgue measure.
If a particle falls in A; where ¢ € I, then move this particle to B;. If a particle falls in A;
where @ € I¢, then do the following: we attach to this particle an independent Bernoulli
variable with parameter %. If the Bernoulli variable gives 1, then the particle is put
into B;. Otherwise, this particle will be put into B; for j € I with probability

[(B)) = 1(A))
> jer(U(By) = 1(Ay)

(5.43)

We denote by N fi the new amount of particles in B;. We have the the following result.

Lemma 5.8. The following identity in law holds.

(d)
(N£17..' 7ka) = (NBlﬂ 7NBk)

Proof. Notice that only the measure of each element of (Ay,---,Ag) and (By,---, By)
matters, one can always assume that [0, 1] is divided in a way that A; is contained in B;
for 1 € I and B; is contained in A; for ¢ € I¢. So if a particle is located in A; for 7 € I,
it is also located in B;. But if a particle is located in A; for ¢ € I¢, with probability %
it is located in B;. Assume that this particle is not located in B;, then it must be in
UjerB;j/A;. Using the uniformity of the throw, this particle falls in B; with probability

(5.43). O
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The above two steps allow to start the proof of Theorem 5.4. But before that, let us just
recall some technical results from (3). Let € > 0,¢ > 0 and ¢, = n'~*t. Let t_ = (1 —¢)t,,
t. = (1+e)t, and t, = (o — 1)al'(a)t,. Define the event By, := {t_ < R7'(t,) < t,}. It
can be found in Lemma 4.2 of (3) that there exists a constant Cj 44 such that

]P)(Bl,t) 2 1-— 05.4475*8_&. (544)

Also from Lemma 5.1 of (3), there exists a constant Cj45 such that for all a > 0, ¢t > 0
and n > 0,

qa;t,n) = B(sup |Z(s,a) —af >n) < Cs.a5(a +n)tn~". (5.45)

0<s<t

Thus, if we define By, := {1 — nm < Z(s) < 1l+nm=, Vs € [t_,t4]}, we can obtain
that

P(Byt) > 1 — Csust(1 +)(1+ HIQ_TQ)TLI_TQ (5.46)

Proof of Theorem &5.4. Lemma 5.5 tells us that for any s > 0, we have

Mgy
L ONRC) O(s).
Z(R~1(s))
Let m be the partition of N,, obtained from a paintbox associated with % Then

n @ ™ (s). If R7Y(s) > t_, we can as well at first build a partition from a paintbox

associated with % and then use Lemma 5.8 to get 7. This kind of construction is the

key of this proof.

For s > t_, one builds a partition of N,, from a paintbox associated with (";((;’)) 1 <i < D(t)).

We denote this partition by V™ (s) = (Vi(s), Va(s),- -+, Voe_y(s)) . Let I (s) be the
number of particles in V" (s).
For s > t_, let M™(s) = sup{IZ-(n)(s), 1 <i < D(t_)} be the size of the largest block of

V)(s). Letw > 0and By, = {3k : IM(t_) > ans, Jy(t) > n" o, sup  |mu(s) — Jp(t)| <
t_<s<ty
SJk (t,)}
On the event Bs, we have that M ™ (¢t_) > zn«. Conditional on B, ; we can build the
partition V™ (R~1(t,)) from a paintbox associated to the partition Z(¢t_ )~ (Ji(t-), ..., Jpu_(t-))
and Lemma 5.8. Let B(m, p) be a binomial variable with parameters m > 2and 0 < p < 1.
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Lemma 5.8 implies

P <M(")(R_1(t*)) > (1= 2¢)an=|B1¢ N By N B&t)

>P <B ((mni}, (1-— s)ﬂ) > (1- 25)3:71;)

l4+nz=

= <(a§n;)_lB ((mni}, (1-— 5);%) >(1—¢)— 5) .

A law of large numbers argument implies that
P (M(”)(R‘l(t*)) > (1 — 2¢)an®|Biy N By, N B3,t> >1-¢ (5.47)

for n large enough. Now observe that

2(1—a)

P(Bs,) =P(3k : IM(t_) > ana, Jy(t_) >n =)
X P( sup  |mu(s) — Ju(t_)| < edn(t )3k : IN(t2) > ans, Ju(t_) > n"a )

t7§SSt+

=Pk IM(t_) > ane, Ji(t_) > n' )
x (1= Blg(Ju(t_), ty —t_ e Ju(t )3k : IP(E2) > ama Jy(t_) > n" o)

2(1—a) 1-a)(2-a)

2 ]P)(Hk’ . Ig(t_) Z xné, Jk(t_) Z n o )(1 — 2t6’5_45n( o (1 + E)El_a).

Using Lemma 5.7,

2(1—a)

P(3k: IM(t) > ana, Jy(t_)>n ) ~PEk: II(t.) > ana) = P(M™(t_) > nax)

(v — D)tz
exp(—(1 —¢) T2—a) )
In consequence,
o o— Dtz
hrrlrigolf P(Bs;) > 1 —exp(—(1 — S)ﬁ)

when n tends to oco. Then, thanks to (5.44) and (5.46), we deduce that

o a— 1)t
liminf P(B1; N By N Byg) > 1 —exp(—(1 — 6)( ['(2 _) @)

).

Combining the latter with (5.47), we obtain
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lim inf P <M(”)(R_1(t*)) > (1 - 2€)mné> >1—exp(—(1—¢) (o — Dt

min Teta ) 64

Next, we seek to find an upper bound for P <M(”)(R_1(t*)) > xn§>. Conditional on
By 4, we construct V(™ (¢,) from V™ (R~1(t,)) using the method in Lemma 5.8. Let
201-0) [ (s) — ma(R™1(L.))]

B,; =B ﬂEIk:I(")Rflt* >xné,m RY(t)>n = su <e}.
4.t 1,t { k ( ( ))— k( ( ))— R—l(t*)gs§t+ mk(R—l(t*)) — }

Similarly as for the lower bound,

P (M(")(t+) >(1—- 2€)$n%|32,t N B4,t>

>P (B ([ ana], iéi_);i*<)l)ffg:)§ A 1) > (1 — 2)an=|Byy N BM)
>P (B ((mi}, (1- s)%) > (1-— Qg)ami> — 1. (5.49)

Using the strong Markov property of the CSBP and (5.45), we have

2(1—a)

P(Bi;) = (B, N {3k : I (R7N(t,)) = ane,mp(RN(t)) > n = }) (5.50)
(1= 2tCya5n a2 (1 + £)el™2) (5.51)
Notice that using (5.45), in the sense of convergence of probability

lim sup Z(s)= lim inf Z(s)=1

N—00 ¢ Lg<t, n—oot_<s<ty
Together with (5.44), we get the following convergence in probability
. -1 .
nh_}rgo Z(R(t.) = 1.
Remark 5.5 tells that D(t) is decreasing on t. Under By, D(t_) < D(R™(t.)) < D(t4).

It is then easy to deduce that D(R_Tl(t*)) is asymptotically bounded from above by a certain
positive number. Now we can apply Remark 5.6 and get

P(By,) =Pk : I (R7Y(t,)) > ane) + o(1) = P(M™(R7N(L,)) > an=) + o(1). (5.52)
Using (5.49), (5.46) and (5.52)
lim sup P(M ™ (R7(t,)) > xné)

n—aoo
< lim P(M™(t,) > (1 — 2¢)an=)
n—-a:o0
(a—=1)t(1+¢)
['2—a)
Since e can be arbitrarily small, (5.48) and (5.53) allow to conclude. O

=1 —exp(—(z(1 —2¢))™“ ). (5.53)
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Finally, observe that Corollary 5.2 is obtained from a combination of Lemma 5.3 and
Theorem 5.4.
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