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Résumé

Dans cette thése, nous étudions les équations d’Einstein dans le vide en dimension 3 + 1, sur des
variétés de la forme ¥ x Ry, x R, olt ¥ est une variété de dimension 2, munies d’'une métrique de la
forme

g=e g+ e (da?),

ot 72 est la coordonnée selon R,,, v est une fonction scalaire, et g une métrique Lorentzienne sur
¥ x R, telles que 05, est un champ de vecteur de Killing. Pour ces métriques, les équations d’Einstein
dans le vide sont équivalentes au systéme en dimension 2 + 1

gy =10
{ R,uv = 28#781/73 (001)

ot R, est le tenseur de Ricci associé a g.

La partie principale de cette thése concerne le cas oit ¥ = R2. Dans ce cas, il existe une solution
triviale, donnée par v = 0, et ¢ la métrique de Minkowski sur R? x R. La question est alors d’étudier
la stabilité non linéaire de cette solution triviale.

Les données initiales pour les équations d’Einstein ne peuvent pas étre choisies de maniére arbi-
traire, elles doivent satisfaire des relations de compatibilité appelées équations de contraintes. Nous
étudions ces équations pour le systéme (0.0.1) dans la premiére partie de cette thése. Le but est de
trouver des solutions, (g, K), des équations de contraintes, qui soient asymptotiquement plates sur R2.
Cependant la notion d’asymptotiquement plat n’est pas canonique en dimension 2. Par exemple, les
ondes d’Einstein-Rosen, qui sont des solutions radiales du probléme en 2 + 1, possédent un angle de
défaut a l'infini spatial. En particulier, ces solutions ne convergent pas vers la métrique euclidienne
a Dinfini spatial. De plus, & cause du comportement de I'opérateur de Laplace sur R2, trouver des
solutions aux équations de contraintes demande une analyse trés particuliére.

Les solutions que 'on construit dans cette thése ont un comportement non trivial & U'infini. Leur
développement asymptotique fait apparaitre des quantités que 'on peut relier aux charges globales
(comme la masse ADM, le moment ADM...)

Dans la seconde partie, nous prouvons la stabilité en temps exponentiel de la solution triviale. En
s’inspirant de [40], nous aimerions travailler en coordonnées d’onde. Le systéme (0.0.1) s’écrit alors

sous la forme
Uyy=0
0.0.2
{ Dggp,y = 748//,781/7 + P;w(g)(397 ag)a ( )

out P, est une forme quadratique. En dimension 2, le taux de dispersion des ondes libres, qui est
seulement de ﬁ, rend Pétude du systéme (0.0.2) assez difficile. Si nous regardons le probléme modéle

Oy=0
Oh = (97)?,



le taux de décroissance de v ne donne aucune décroissance pour h. Pour avoir plus d’informations,
nous allons adapter ’analyse des ondes d’Einstein-Rosen. Cela nous améne a introduire la famille de
métriques suivante

gy = —dt* + dr® + (r + x(q)b(0)q)*d0> + J(0)x(q)dqdb,

ol ¢ = r —t et x est une fonction cut-off telle que x(¢) = 1 pour ¢ > 2 et x(¢) = 0 pour ¢ < 1.
Ces métriques sont Ricci plates pour ¢ > 2. Afin de converger vers la solution de Minkowski a l'infini
temporel, nous forgons la condition suivante & étre réalisée

b(0) ~ /O T (092t O)rdr,

quand t tend vers +oo.

Dans la derniére partie de cette thése, nous étudions les équations de contraintes avec un champ de
Killing de translation spatiale dans le cas hyperbolique compact, sans condition de courbure moyenne
constante. Nous montrons 1’existence d’une équation limite associée aux équations de contraintes, de
la méme maniére que dans [16]. Ceci est un travail en collaboration avec Romain Gicquaud.



Abstract

In this thesis, we study solutions of the 3 + 1 vacuum Einstein equations, on manifolds of the form
¥ xRy, x R, where X is a 2 dimensional manifold, equipped with a metric of the form

g=c g+ e (da?),

where 23 is the coordinate on R,,, v a scalar function, and g a Lorentzian metric on ¥ x R, such that
0Oz, is a Killing vector field. For these metrics, Einstein vacuum equations are equivalent to the 2 + 1

dimensional system
gy =10
{ Ry = 20,707, (0.0.3)

where R, is the Ricci tensor associated to g.

The main part of this thesis is concerned with the case where ¥ = R2. In that case, there is a
trivial solution, given by v = 0, and g the Minkowski metric on R? x R. The question is to study the
nonlinear stability of this trivial solution.

The initial data for Einstein equations can not be chosen arbitrarily, they have to satisfy compat-
ibility conditions known as the constraint equations. We study them for (0.0.3) in the first part of
this thesis. The aim is to find asymptotically flat solutions (g, K) to the constraint equations in R2.
However, the definition of an asymptotically flat manifold is not so clear in two dimensions. Einstein-
Rosen waves are radial solutions of the 2 + 1 dimensional problem with an angle at space-like infinity.
In particular, these solutions do not tend to the Euclidean metric at space-like infinity. Moreover,
the behaviour of the Laplace operator on R? makes the problem of finding solutions to the constraint
equations quite intricate.

The solutions we find have a non trivial behaviour at infinity. The asymptotic development of our
solutions let appear quantities which seem to be the two dimensional equivalents of the global charges
(ADM mass, ADM momentum,...).

In the second part, we prove the stability in exponential time of the trivial solution. Following [40],
we would like to work in wave coordinates. Then, our system (0.0.3) takes the form

gy =0
0.0.4
{ Ug9puw = —40,70,7 + P (9)(9g, dg), (0.04)

where P, is a quadratic form. In two dimensions, the decay of the free wave, which is only %, makes
the studying of (0.0.4) quite difficult. If we look at the model problem

Uy=0
Oh = (97)?,

the decay of v gives no decay at all for h. To obtain more informations, we will adapt the analysis of
the Einstein-Rosen waves. This leads us to introduce a non trivial family of background metrics

gy = —dt? + dr® + (r + x(q)b(0)q)*d6> + J(0)x(q)dqdb,



where ¢ = r — t and x a cut-off function such that x(q) =1 for ¢ > 2 and x(¢) = 0 for ¢ < 1. These
metrics are Ricci flat for ¢ > 2. To have convergence at time-like infinity to the Minkowski solution,
we have to enforce

b(O) ~ / (07)2(t, 7, O)rdr,
0
as ¢ tend to oo.

In the last part of this thesis we study the constraint equations with a space-like Killing field
without constant mean curvature assumption in the compact hyperbolic case. We show the existence
of a limit equation associated to the constraint equations, as in [16].This is a joint work with Romain
Gicquaud.
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Chapitre 1

Introduction

Dans la théorie de la relativité générale, ’espace-temps est décrit par un couple (M, g) ou M est une
variété, généralement de dimension 3 + 1, et g est une métrique lorentzienne, c’est & dire une métrique
de signature (—, +, +,+). Cette métrique doit satisfaire le systéme d’équations suivant, introduit par
Einstein en 1915, et qui relie la courbure de I'espace-temps aux sources de matiére et d’énergie présentes
dans 'univers :

1
Rap — iRgaﬁ = Tagp. (1.0.1)

Ici Ry désigne le tenseur de Ricci de g, R la courbure scalaire de g, et T le tenseur énergie-impulsion.
Les objets géométriques R, et R seront explicités dans la Section 1.1.1. Les distributions de matiére et
les champs autres que gravitationnels sont décrits par le tenseur énergie-impulsion T, 5. Voici quelques
exemples :

e dans le vide, T,3 = 0, en prenant la trace de (1.0.1), on a alors R = 0, et les équations (1.0.1)
sont équivalentes & Rqog = 0.

e en présence d'un champ électro-magnétique

1 1
TQBZE (F(QLFBM_LLQQBFNVF#V) 5
ot Figz est le tenseur électro-magnétique,

e en présence d’'un fluide parfait (par exemple pour modéliser I'intérieur d’une étoile)

Top = (p+p)uats + pgas,
ou u® est le quadri-vecteur vitesse, p est la pression, et p est la densité d’énergie du fluide.
Dans cette thése nous nous intéresserons au cas Tog = 0.

Remark 1.0.1. Les équations (1.0.1) relient des tenseurs, qui sont des objets indépendants d’un choix
de repére. Cela s’appuie sur le principe de covariance. Ce principe postule que les lois de la physique
ne dépendent pas du référentiel dans lequel on les exprime.

Le plan du reste de ce chapitre est le suivant. Dans la section 1.1 nous introduisons les objets
géomeétriques utiles a la compréhension de (1.0.1). Dans la section 1.2 nous présentons les équations de
contraintes, qui seront abordées aux chapitres 2 et 4. Dans la section 1.3, nous présentons le probléme
de Cauchy pour les équations d’Einstein. La section 1.4 est une introduction aux problémes d’existence
globale a petites données initiales pour les équations d’onde non linéaires, qui est un domaine dans
lequel s’inscrit le Chapitre 3. Dans la section 1.5, nous écrivons les équations d’Einstein dans le vide en
présence d’un champ de Killing conforme de translation spatiale, qui est la symétrie qui nous intéressera
tout au long de cette thése. Enfin, dans la section 1.6, nous présentons les résultats démontrés dans
cette thése.

13



14 CHAPITRE 1. INTRODUCTION

1.1 Préliminaires géométriques

Dans cette section nous rappelons quelques notions de géométrie riemannienne et lorentzienne bien
connues. Nous nous appuyons sur [20] et [47].

1.1.1 Variétés riemanniennes, variétés lorentziennes
1.1.1.1 Meétrique

En tout point  d’une variété M de dimension n, on peut définir 'espace tangent en x & M, noté T, M.
Le fibré tangent, noté T'M, est I'union disjointe des fibres T, M. Une section X du fibré tangent, aussi
appelée champ de vecteurs, est une application lisse qui & tout x dans M associe un élément de T, M.
On note alors X € I'(TM).

Pour z € M, on peut aussi considérer 'espace des formes linéaires sur T, M, (T,,M)*. L’union
des (T, M)* est appelé fibré cotangent et est noté T*M. A partir de TM et T*M on peut considérer
I’espace fibré

TM®.QTMT"M®..T*M

p fois q fois

pour p et g entiers naturels. Une section de ce fibré est un tenseur de type (p, q).

Définition 1.1.1. Une métrique riemannienne sur M est la donnée d’un tenseur de type (0,2) sy-
métrique défini positif. Une métrique lorentzienne sur M est la donnée d’une tenseur de type (0,2)
symétrique et de signature (1,n — 1).

1.1.1.2 Structure causale en géométrie lorentzienne

Soit M une variété munie d’une métrique lorentzienne g. On note
(X,Y) = gapXYP.
Définition 1.1.2. Soit X un champ de vecteur.

1. Si (X, < 0 on dit que X est de genre temps.

X)
2. Si(X,X)=0 on dit que X est nul.
X)

3. S (X, > 0 on dit que X est de genre espace.

On dira qu’une courbe est de genre temps si en tout point son vecteur tangent est de genre temps
et qu’elle est causale si en tout point son vecteur tangent est soit de genre temps soit nul. On dira
qu’une sous variété est de genre espace si tous ses vecteurs tangents sont de genre espace. Dans ce
cas 14, g restreinte a cette sous variété est riemannienne. On appelle cone de lumiére ’ensemble des
vecteurs nuls en un point.

1.1.1.3 Connexion

Soit M une variété différentielle et M — FE un fibré vectoriel (E peut étre par exemple le fibré tangent
TM ou le fibré cotangent T*M). Soit ¢ une section de M — E, notée o € I'(E). Etant donné un
champ de vecteur X sur M, une dérivée covariante ou connexion est une facon de définir la dérivée
de o dans la direction de X, de maniére tensorielle par rapport a X, c’est a dire C*° linéairement par
rapport a X.

Définition 1.1.3. Une dérivée covariante ou connexion V sur le fibré vectoriel M — E est une
application

V : I(TM) x I(E) — T(E)
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qui est C'™° linéaire par rapport a la premiére variable et R linéaire par rapport & la seconde, et qui
vérifie la régle de Leibniz suivante

VfeC®(M)Vo e(E), Vx(fo)=df(X)o+ fVxo.
Soit maintenant M une variété munie d’une métrique g riemannienne ou lorentzienne. Il existe
alors une unique connexion satisfaisant la définition suivante :
Définition 1.1.4. La connezion de Levi-Civita D est l'unique connexion sur T M telle que
1. D est métrique, c’est o dire VX,Y,Z e T(TM), X(g9(Y,Z)) =9(DxY,Z)+ g(Y,DxZ) ot on a
noté, pour une fonction scalaire f, X(f) = df (X),
2. D est sans torsion, c’est o dire VX,Y € I(TM), DxY — Dy X = [X,Y], ot [.,.] est le crochet
de Lie.

En coordonnées, la connexion de Levi-Civita D associée a g s’écrit
Yk p
DxY = X'o 0+ X1, Y*0;,
ott les T/, sont les symboles de Christoffel

. 1 .
Iy = §gﬂ(8igkl + kgt — N gin)- (1.1.1)

Une fois définie la connexion de Levi-Civita sur 7'M, on peut la définir sur tous les fibrés vectoriels
associés & T'M par compatibilité. Par exemple, pour ¢ € T*M, on a

X(o(Y)) = (Dxo)(Y) + o(DxY),

ce qui permet de définir Dxo.

1.1.2 Courbure
1.1.2.1 Définitions

Les dérivations usuelles satisfont la régle de Schwarz
o*f 0*f
0xi0xi  Oxidxt’
ou f est une fonction scalaire. Ceci est faux en général pour une connexion :

VoVoo#V. sVao,

a
oz oxJ ozl

pour ¢ un tenseur. Le tenseur de courbure est I'objet qui mesure ce défaut de commutativité.

Définition 1.1.5. Soit M une variété munie d’une métrique g. Le tenseur de courbure associé a la
connexion de Levi-Civita D est défini par

VX,Y,Z € T(TM), R(X,Y)Z = DxDyZ — DxDyZ — Dix y| Z.
En coordonées
R vt = (DoDg — DDy )v.

L’expression R(X,Y)Z est C* linéaire par rapport & X, Y et Z, et est antisymétrique en X et Y.
On appelle aussi ce tenseur le tenseur de Riemann. En coordonnées, il s’exprime de la maniére suivante

A A A A A
Rag™ s :8al"ﬁu—8gFaM+FQng#—I‘ﬁpI‘gu. (1.1.2)
Définition 1.1.6. Le tenseur de Ricci est donné par la trace du tenseur de Riemann
Rap = R’ 5.
Definition 1.1.7. La courbure scalaire est la trace du tenseur de Ricci dans la métrique g :

R=gRus.
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1.1.2.2 Propriétés du tenseur de Riemann

Proposition 1.1.8. Le tenseur de Riemann vérifie les propriétés suivantes :
1. Rijpi = —Rjsm,
2. Rijpi = Rruj,
3. Premiere identité de Bianchi : Rijkl + Rjk,;l + Rkijl =0,
4. Deuziéme identité de Bianchi : D;R;j™ + DjRii™ + DiRiji™.

Si on note Gy; le tenseur d’Einstein
Gij = Rij — %Rgijv
on obtient I’équation fondamentale suivante
D'Gy; =0, (1.1.3)

en contractant deux fois la deuxiéme identité de Bianchi.

1.1.3 Dérivée de Lie, champs de Killing et seconde forme fondamentale

1.1.3.1 Dérivée de Lie

La dérivée de Lie est une notion de dérivation différente de la connexion. Pour la définir, on a besoin
d’introduire la notion de tiré en arriére ou pull-back. A partir d’un difféeomorphisme ¢, on peut tirer
en arriére des tenseurs. Si ¢ : U — V est un difféeomorphisme entre deux ouverts d’une variété M, et
si w est une forme linéaire définie sur V, on peut définir sur U le tiré en arriére de w, noté p*w par

Ve e U, VX € T, M, ¢"w,(X) = we(a)(do(z)X)

ot dyp(x) est la différentielle de ¢ au point .
Le tiré en arriére d’'un champ de vecteur Y sur V est défini par

P (z) = (do(2)) 7Y ((2)).

Le tiré en arriére d’un tenseur quelconque se définit naturellement & partir des deux définitions précé-
dentes.

Soit X un champ de vecteur sur une variété M. On note ¢ : I x M — M, ou I est un intervalle de
R, le flot associé & X, c’est a dire la solution de ’équation différentielle

L) = X(pu(z)),

wo(x) = .
Pour tout ¢, ¢ est un difféomorphisme local 14 ot il est défini.

Définition 1.1.9. La dérivée de Lie d’un tenseur T dans la direction X est

d.
£xT = (0" Tli=o.

Remarque 1.1.10. 1. La dérivée de Lie ainsi définie satisfait la régle de Leibniz.

2. Contrairement a la dérivée covariante, Lx n’est pas C* linéaire par rapport a X.
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3. Les trois notions de dérivation coincident sur les fonctions scalaires :
Lxf=Dxf=df(X).
Proposition 1.1.11. La dérivée de Lie selon X d’un champ de vecteur Y correspond au crochet de
Lie
LxY =[X,Y].

De plus, si g est une métrique et D sa connexion de Levi-Civita associée, on a

(EXg)ab = DaXb + DbXa~

1.1.3.2 Champs de Killing

Définition 1.1.12. Soit M une variété munie d’une métrique g. Un champ de vecteur X est un champ
de Killing si son flot est un flot d’isométries, ou de maniére équivalente si

Lxg=0.
On dit que X est un champ de vecteurs Killing conforme si
Lxg=Qg,
ot € est une fonction scalaire.
Exemple 1.1.13. Dans l’espace-temps de Minkowski (R1T™ m), les champs de Killing sont

e Les translations : T, = a%v

o Les rotations : ;; = xia% - ‘Tjﬁ’
J 2

e Les rotations hyperboliques : g; = ta% + xi%.

Le changement d’échelle, correspond par contre a un champ de Killing conforme :

0 0
S = ta + l‘iaixi,
est tel que
Lsm = 2m.

1.1.3.3 Seconde forme fondamentale

Soit M une variété munie d’une métrique g, riemannienne ou lorentzienne. On notera g(X,Y) = (X,Y).
Soit ¥ une hypersurface et 7" un champ de vecteur orthogonal a ¥ tel que (T, T) vaille 1 ou —1. Soit
D la connexion de Levi-Civita associée a g et D la connexion induite sur .

Définition 1.1.14. La seconde forme fondamentale, K est définie par
DxY = DxY — K(X,Y)T.

On a alors si (T,T) =1,
K(X,Y) = (DxT,Y),

et si (T,T) = —1,
K(X,Y)=—(DxT,Y).

La propriété suivante donne une définition plus intuitive de la seconde forme fondamentale :

Proposition 1.1.15. Soit g la métrique induite sur . Alors K = %(ﬁTg) Tesxrry st (T, T) =1 et

K =—1(Lrg) lr-sxrex si (T,T) = —1.
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1.1.4 Feuilletage de ’espace temps, lapse et shift

Pour mieux comprendre I’équation (1.0.1), il est important d’avoir une décomposition un peu plus
explicite du tenseur de Ricci. Dans ce paragraphe, on suivra [8]. Soit (M, g) une variété lorentzienne
telle que M = ¥ x R ou les ¥; = ¥ x {¢} sont de genre espace. On choisit des coordonnées locales
(b, .., 2%, .., 2", t) adaptées a la structure produit. On prend ensuite une base de champs de vecteurs
(ei,e0) avec e; = O; tangent a X et ey orthogonal & ¥; & déterminer. Soit (0%,60°) la base duale. On
impose

0° = dt.

On peut alors écrire '
eg =0y — B’0;.

On notera par analogie eg = Jy méme si cela ne correspond pas a une coordonnée. Le champ de
vecteurs 37 est appelé le shift. §* s’écrit alors

0" = da' + Bldt.
Dans la base (6%, 6°) la métrique s’écrit
g = —N2(00)2 + gl-jﬂiaj.

otll g est la métrique riemannienne induite par g sur X; et

—N?% = g(eq, eg).
N est appelé le lapse. Notons
1
T = Neo.
On a alors
g(Ta T) =-1

et on peut définir la seconde forme fondamentale

1

1
Kij = ~(DeToe5) = =1 (Deyeos ) = — 5

N (‘Ceogij)7

o l'on a noté L., la dérivée de Lie dans la direction ey (voir la section 1.1.3).
Notons D la connexion associée a g et R son tenseur de courbure associé.

Proposition 1.1.16. On a la décomposition suivante du tenseur de Ricci associé a g :

R, = Ry + K;;K;' —2K,'Kj; — N~ (L, Ki; + D;9;N), (1.1.4)
Ro; = N(0;K"), — DLK")), (1.1.5)
Rgo = N(9o(K")) — NK;; K + AN), (1.1.6)

ainsi que la formule suivante pour la courbure scalaire :
R=R+ (trK)?> + K9K;; —2N"'9y(K";) —2N*AN. (1.1.7)

Démonstration. La preuve de la proposition est classique et nous la rappelons ci-dessous. Montrons
d’abord la décomposition suivante du tenseur de Riemann :
Riju = Rijr — K Ky + K Ky, (1.1.8)
Roiji = N(D;jKyi — DpKyj), (1.1.9)
Roioj = N(LeyKij + NKi, K*; + D;0;N). (1.1.10)
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Prouvons d’abord (1.1.8), qui n’est autre que le théoréme Egregium de Gauss. On utilise la commuta-
tion des e; et la définition de la seconde forme fondamentale pour obtenir :

Riji = (D;Dje; — D;Djey, ep)
= (Di(Dje; — Ki;T) — Dj(Die; — KyT), ex)
= Rijn — Kij (DT, e) + Ky (D;T, e)
= Riju + Kij Ko, — Ky Kjp.
Prouvons (1.1.9). On a
ROijk = _RjkiO = N<DjDkT - DijT, €i>
= — (Dj<D]§T7 61'> — <DkT, Dj€i> — Dk<DjT, 67;> + <DjT, Dkei>)
= 7N( — Dj(K(ek, 61)) + K(ek,Djei) + Dk(K(ej, 62)) — K(ej, Dkei))
= —N( — DJK]“ — K(ei, Djek) + DkKij + K(ei, Dkej)),
ol on a utilisé la définition de la dérivée covariante d’un tenseur. On a donc
Roijx = —N(DrKij — Dj Ky — K([ej,ex], ei))
= —N(DyKij — D;jKyi),
car les e; commutent. Montrons maintenant (1.1.10). On a :
ROin = 7N<D0DZT — DlD()T — D[eo,ei]Ta €j>.
Or
<D0Ta ei> = _<Tv DOei>
= —<T, Dieg —|— [60, 61]> = —<T, (8ZN)T + NDIT + (aiﬁj)€j> = 81N,
ou l'on a utilisé en particulier le fait que eg = NT et [0;,0;] = [0;,0¢] = 0. Donc DoT = VN et
Roioj = — N(0o(DiT, e;) — (DT, Doej) — (D;VN,ej) — (Diey.e T €5))
(90<DiT, €j> — <DZ‘T7 [607 ej]> + Kil<€l,Dj€()> — <DZVN, 6j> — <D[60,ei]T> €j>)
80(K(6i, 6j)) + K(ei, £€D€j) + K(Ee[)ei, ej) — NKilKlj — DzajN)

_—N( EeoKz'j —NKilKlj _DiajN)'

On peut maintenant prouver la décomposition de la proposition. En utilisant (1.1.8) et (1.1.10) on
obtient pour (1.1.4) :
Rij = g""Ryiv;
= g™ (Run; + Kij Ky, — K Ky;) + g N(Le, Kij + NK;'K;; + D;0;N)
= Rij + Kinll — KilKjl - Nﬁl(ﬁeOKij + NKilKlj + DZaJN)
En utilisant (1.1.9) on obtient la preuve de (1.1.5) :
Ro; = g"" Ry = —9""Roiji = N(D; (9" Kix) — Di(9" Kij)).
En utilisant (1.1.10) on obtient la preuve de (1.1.6) :
Roo = g"" R,000
= —9"Roio; = N(00(9" Kij) — (Leog”)Kij + Ng” K. K*j + " D;9;N)
= N(0o(K%;) —2NK"K;; + NKYK;; + AN).
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On a utilisé dans la derniére égalité le fait suivant
Le,97 =2NKY.
En effet N N N N N
0=200(9"9jk) = 9" LeoGjk + gjrLeog” = —2Ng“ Kji + gjiLeyg” .
En utilisant (1.1.4), (1.1.6) et L.,g" = 2N K% on obtient la formule pour la courbure scalaire :
R =g"'R,,
=¢"(Ri; + Kij K", — 2K, K*; — N7'L, K;; — N"'D;0;N)
+g"N(0o(K",) = NKi; KV + AN)
=R+ (tr K)* + K K;; — 2N"'9y(K";) —2N"'AN.

Ceci conclut la preuve de la proposition. O

1.2 Equations de contraintes

On considére les équations d’Einstein dans le vide
1
Gag = Rag - §g°‘ﬁR =0. (1.2.1)

On se donne comme données initiales un triplet (X, g, K) ou
e 3 est une variété de dimension 3,
e ¢ est une métrique riemannienne sur 3,
e K est un 2-tenseur symétrique sur X.

Résoudre les équations d’Einstein dans le vide avec données initiales (X, g, K) c’est trouver un couple
(M,g) ot M est une variété de dimension 3 4 1, g une métrique lorentzienne, tel que

e La métrique g satisfait les équations d’Einstein (1.2.1),
e Y s’injecte dans M, avec gly = g,
o K est la seconde forme fondamentale associée a 'inclusion ¥ C M.

Gracea (1.2.1), (1.1.5),(1.1.6) et (1.1.7) les composantes temporelles du tenseur d’Einstein s’écrivent

2

N ,
Goo = - (B — Ky K" + (K"1)%),

Go; = N(9;(K",) — DRK";).
Les composantes temporelles de (1.2.1) s’écrivent donc

9;(K"y) — DyK"; =0, (1.2.2)
R— Ki;KV + (K",)? = 0. (1.2.3)

Ces équations ne dépendent que de la donnée de g et K sur Y. Elles doivent donc étre vérifiées par les
données initiales. On les appelle équations de contraintes. Plus précisément, (1.2.2) est la contrainte
de moment et (1.2.3) la contrainte hamiltonienne.

Les équations de contrainte sont en fait une condition nécessaire et suffisante pour qu’'un triplet
(%, 9, K) puisse s'immerger dans un couple (M, g) solution des équations d’Einstein. Nous citons le
théoréme pionnier suivant du & Choquet-Bruhat et Geroch [9)
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Théoréme 1.2.1 ([9]). Tout triplet (¥, g, K) de données initiales suffisamment lisses satisfaisant les
équations de contraintes admet un unique développement mazximal globalement hyperbolique.

Les équations de contraintes sont sous-déterminées. La méthode la plus efficace a ’heure actuelle

pour les résoudre est la méthode conforme, que nous présentons dans la section suivante.

1.2.1 La méthode conforme
1.2.1.1 Transformation conforme
Dans ce paragraphe, nous montrons comment sont transformés les tenseurs de courbure sous l'action
d’une transformation conforme. Soit g une métrique riemannienne ou lorentzienne sur une variété de
dimension n.
Proposition 1.2.1. Ecrivons § = e2?g. Alors le tenseur de Ricci Eij dans la métrique g s’écrit
Rij = Rij — gi;D* 0o — (n — 2)Di0 0 + (n — 2)(0:00; — 9:;0" 00k p).-
L’expression pour la courbure scalaire est

®?R—R=—2(n—1)D*yp — (n — 2)(n — 1)8* 00 p.

Démonstration. Commencgons par calculer le symbole de Christoffel associé a g a partir de la relation
(1.1.1)

- T
;’k: = F;‘k + 56 2(’Dgll(gljak€2§(J + glkaje% — gjk(f?le%)

: _ (1.2.4)
=T% + S
ou 'on a noté
Sik = 00k + 0,050 — gjn0'p.
Le tenseur de Ricci peut ensuite se calculer & partir du symbole de Christoffel
Rij =0, — O;TF, + TE L), — TRTY,
=Ri; + 015}, — 0:S1; + TSt — T3Sk + SETl — SETL, + S5 Sh — SESH;
=Ri; — (n—2)0:0;¢ — 91(gi;0'¢) + nI'};0kp — 11,050 — T;000 + Thgr;0'¢
+ ngoFfi + 3i<prj — gij(?kgol“fk - 81'901“% - 6l<pF§j + gilakgpféj
+ (0500 + 05 0ip — 910" ) (nOhp)
— (07 0o + 67 O — 90" ) (850k 0 + 61,050 — gr; 0 0)
=Ri; — (n— 2)(0:0;0 — I'};000) — 9i5(0,0' ¢ + T}, %)
+ 2n0;00;0 — 1gi;O1pd' — (n + 2)0;00;p + 29i;01pd @
=Ri; — gi; Di0'0 — (n — 2)D;d;0 + (n — 2)(9ip0;p — 950" 00yp).
En prenant la trace on obtient ’expression pour la courbure scalaire. O

1.2.1.2 Ecriture des équations de contraintes

On se donne ¥ une variété de dimension 3. Pour lever I'indétermination des équations (1.2.2) et (1.2.3),
la méthode conforme, introduite par Lichnerowicz [37] et Choquet-Bruhat et York [10] consiste & fixer



22 CHAPITRE 1. INTRODUCTION

une métrique riemannienne g sur X, ainsi qu'un 2 tenseur symétrique o, sans trace et sans divergence,
et un champ scalaire 7, puis & chercher les solutions de (1.2.2) et (1.2.3) sous la forme

9 =¢"7, (1.2.5)
1,
K =9 2(c +LW) + ggp4g7', (1.2.6)
ou ¢ est un champ scalaire, W un champ de vecteurs et L 'opérateur Killing conforme

2
(LW)” = DzWJ + DJWZ — ggileWl. (127)

Grace a la Proposition 1.2.1, les inconnues ¢ et W sont solutions du systéme suivant (voir le chapitre
7 de [8])

divg LW = 2¢°%dr, (1.2.8a)
2 _
8Azp — Rzp = 572<p5 — o+ LW%QO [ (1.2.8b)

ot Ag est I'opérateur de Laplace-Beltrami
A§ = Do‘Dau.

Ce systéme est de type elliptique. La maniére la plus intuitive de le résoudre est de choisir la courbure
moyenne 7 constante sur . Le systéme (1.2.8) n’est alors plus couplé et la difficulté réside dans la
résolution de la deuxiéme équation, non linéaire, appelée équation de Lichnerowicz. Ce choix est appelé
CMC (pour "constant mean curvature"). Dans les sections suivantes, nous citerons quelques résultats,
pour ¥ compacte puis pour ¥ asymptotiquement plate, en suivant 'article de revue [14].

1.2.2 Le cas compact

On suppose ¥ compact. L’existence et l'unicité de solutions a (1.2.8) ont été étudiées de maniére
exhaustive par divers auteurs, et sont reliées trés fortement au probléme de Yamabe, qui consiste &
chercher des métriques de courbure scalaire constante dans la classe conforme d’une métrique donnée.
On introduit 'invariant de Yamabe

o Js(IVfI? + 5 R(9) f*)dug
V(b = fECC"}?EfJ),fifO 1£1136

Y([g]) est un invariant conforme, c’est & dire qu’il ne dépend que de la classe conforme de g. Le
théoréme suivant classifie les cas ot une solution existe (voir [30])

Théoréme 1.2.2 ([30]). Soient (g,0,7) des données C™, avec T constant. Alors il existe toujours une
solution W de (1.2.8a). De plus, il existe une unique solution ¢ > 0 de l’équation de Lichnerowicz, si
et seulement si on est dans l'un des cas suivants

e Y([9]) >0, LW +0 #0,

e V([3)) =0, LW +0 #0, 7#0,
e V([g]) <0, 7 #0,

e V() =0, LW +0=0,7=0.

Des résultats ont aussi été montrés pour dans le cas "presque CMC", c’est a dire avec d{ petit, par
divers auteurs. Plus récemment, des résultats loin de "CMC" ont été obtenus ([27], [42], [16]). Nous
donnons ici quelques détails sur le théoréme principal de [16]
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Théoréme 1.2.3 ([16]). Soit (X,9) une variété riemannienne compacte qui ne posséde pas de champs
de Killing conforme. On suppose que T ne s’annule nul part. Sous de bonnes conditions de régularité
sur g,T,0, au moins l'une des assertions swivantes est vraie

o [l existe une solution (o, W) de (1.2.8) avec ¢ > 0,

e [l existe une solution non triviale W de
2 d
div(LW) = ao\/;LW|T. (1.2.9)
T

L’équation (1.2.9) est appelée équation limite.
Un résultat similaire en présence d’'un champ de Killing de translation spatiale fait ’objet du
Chapitre 4.
1.2.3 Le cas asymptotiquement plat
Des données initiales (X, g, K) sont asymptotiquement plates si il existe C' compact, C' C X, tel que
¥\ C =UE,

ot Pensemble des E,, est fini, les FE,, sont disjoints deux a deux et diffeomorphes & R\ B(0,1). De
plus sur chaque F,, on suppose pour un certain p > 0

102 (9 = 0)| = O(lz|~*77), |95 K| = O(Jz| =~ 11).

Sur une variété asymptotiquement plate, la condition CMC correspond a 7 = 0. De plus, on a alors
W = 0. On introduit ’équivalent de I'invariant de Yamabe dans le cas asymptotiquement plat

- i Js (VP + 5R(9) f*)dpg
FEC(T), f£0 1 £1176

Yar([9))

Le théoréme suivant est du & Brill et Cantor.

Théoréme 1.2.4 ([7]). On suppose (M, q) asymptotiquement plate, avec g, o suffisamment réguliéres et
décroissantes. Il existe une solution p > 0 de [’équation de Lichnerowicz si et seulement si Yar([g]) > 0.

Des résultats dans le cas presque CMC ont été montrés dans [12].

1.3 Probléme de Cauchy en relativité générale

1.3.1 Les coordonnées d’onde

Soit g une métrique sur X x R. Si les équations de contraintes sont satisfaites sur ¥ x {0}, et si
les composantes spatiales de (1.2.1) sont satisfaites partout, i.e. G;; = 0, alors les contraintes sont
satisfaites partout. En effet, les identités de Bianchi contractées (1.1.3) et le fait que G;; = 0 impliquent

DG, =0, (1.3.1)
DG,y = 0. (1.3.2)
Comme g est connue, ceci est un systéme linéaire du premier ordre a quatre équations et quatre

inconnues (qui sont les Go;) dont la solution est unique. Si les Go; sont nuls a U'instant initial, ils sont
donc nuls partout.
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Plagons nous pour simplifier en dimension 3 + 1. Le systéme (1.2.1) est a priori un systéme de
10 équations & 10 inconnues (par symétrie). Cependant, parmi ces équations, il y a 4 équations de
contraintes. Le systéme est donc sous déterminé. Cela correspond au fait que les équations d’Einstein
sont invariantes par difféomorphisme et que deux espaces difféeomorphes représentent physiquement le
méme espace-temps. Le choix d’un difféomorphisme correspond & 4 paramétres. Ce choix est appelé
choix de jauge. Voici quelques exemples de choix de jauge :

e Les coordonnées d’ondes : ce sont des coordonnée z* telles que D, D%x* = 0,

e Les coordonnées d’ondes généralisées : ce sont des coordonnée x* telles que D, D%z = F*, oil
F* est une expression qui peut ou non dépendre de g,

e La jauge maximale : on impose 7 = 3 = 0.

Dans le paragraphe suivant, nous allons détailler la formulation des équations d’Einstein en coor-
données d’onde. On rappelle que les coordonnées d’onde sont des coordonnées z* telles que

H" =D,D" = 0. (1.3.3)

H*" peut s’exprimer en fonction de g :
1
H! = aagau igaugpaaagpcr

Dans les coordonnées d’onde, (1.2.1) s’écrit

1 (0%
R;I;Iy = _§g 5aaaﬁg;w + N;w(gyag) - 0, (134)

ou les N, sont des formes quadratiques en dg. (3.6.2) est une équation d’onde quasilinéaire que I’on
peut résoudre si on connait les données initiales g,,,(0) et 9;g,,,(0) sur £. On les construit ainsi :

1. On choisit des coordonnées z sur X.
2. On prend g;;(0) = ¢;;(0) et 0;g;;(0) = K;;.

3. On choisit arbitrairement gop = —1 et go; = 0 (cela correspond a choisir un systéme de coordon-
nées d’onde particulier).

4. On prend 0;gq; tel que H* = 0 sur X.

Une solution de (1.3.4) est une solution de (1.2.1) si et seulement si elle vérifie (1.3.3). Or si les équations
de contraintes et (1.3.3) sont vérifiées sur X, on a 9, H* = 0 sur X. Les identités de Bianchi et (1.3.4)
donnent une équation linéaire hyperbolique d’ordre 2 sur H, qui admet une unique solution. (1.3.3)
est donc vérifiée partout. On pourra consulter 'appendice 3.12.2 pour des détails sur les coordonnées
d’onde généralisées. Ce choix de coordonnées est celui utilisé par Choquet-Bruhat dans [19] pour
montrer I'existence locale pour les équations d’Einstein.

1.3.2 La stabilité de ’espace-temps de Minkowski

Le théoréme 1.2.1 ne dit rien sur le comportement en temps long des solutions des équations d’Einstein.
Les cas qui pourraient se présenter sont les suivants : formation de singularités, formation d’un horizon
de Cauchy (horizon au dela duquel la solution peut étre prolongée, mais de maniére non déterministe),
ou au contraire existence globale : on dit alors que ’espace-temps est géodésiquement complet. Les
équations d’Einstein étant d’une grande complexité, un premier probléme est d’étudier la stabilité de
solutions particuliéres bien connues, comme par exemple la solution de Minkowski.

La stabilité de Minkowski a été résolue par l'affirmative par Christodoulou et Klainerman dans
les années 1990 dans [13]. Leur résultat est le suivant : étant données des données initiales (%, g, K)
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asymptotiquement plates, suffisamment réguliéres et satisfaisant une condition de petitesse, il existe
un développement globalement hyperbolique, solution des équations d’Einstein dans le vide, géodési-
quement complet et feuilleté de maniére réguliére par des hypersurfaces maximales (7 = 0) et de shift
nul (8 =0).

La stabilité de Minkowski a ensuite été redémontrée par Lindblad et Rodnianski dans [40] en
utilisant les coordonnées d’onde. Leur résultat s’étend aux équations d’Einstein couplées a un champ
scalaire. Une intuition des difficultés rencontrées sera donnée dans la partie suivante.

1.4 Problémes d’existence globale a petite donnée initiale pour
les équations d’onde non linéaires

Prouver l'existence de solutions globales réguliéres pour des équations d’ondes nonlinéaires avec de
petites données initiales constitue un domaine de recherche important de ces trente derniéres années.
Cette étude s’appuie sur deux principes trés généraux :

e Les solutions des équations d’onde ont tendance & décroitre en fonction du temps, et ce d’autant
plus que la dimension est élevée (trés heuristiquement, plus il y a de dimensions, plus il y a de
directions ou décroitre). Par exemple, une solution u de ’équation des ondes Ou = 0, pour des
données initiales suffisamment réguliéres a le taux de décroissance

u ~

— quand ¢ — oo.
5

e On peut écrire le probléme comme une perturbation non linéaire d’une équation linéaire : si la
donnée initiale est petite, la perturbation est d’autant plus sous contréle que ’ordre de la non
linéarité est élevé.

Dans cette section, on va rappeler quelques méthodes et résultats dans le cas modéle d’équations

d’ondes semilinéaires du type Ou = (Ju)?.

1.4.1 Estimation d’énergie

On considére le systéme sur R*+!

(u, O [t=0 = (ug, u1).

{ Cu = f, (1.4.1)

On peut remarquer que 'opérateur d’Alembertien [J correspond a DD, ou D est la connexion de
Levi-Civita associée a la métrique de Minkowski m. On introduit le tenseur énergie impulsion de u

1
Qap = Oquipu — ima/@m””ﬁuu&,u.

On peut calculer
DaQa/j = fagu
On note T' = 9y, et on introduit le tenseur de déformation de T’

(T)Wag = DaTg + DﬁTa.

Comme T est un champ de Killing pour 'espace-temps de Minkowski (voir ’exemple 1.1.13), on a
(T)ﬂ'aﬁ = 0 et par conséquent

D*(QasT”) = foru. (1.4.2)
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En intégrant I’équation (1.4.2) sur [0,¢] x R™ on obtient

t
Qrrtaido = [ QrrOado+ [ [ (f0)(s,a)dsda, (1.43)
R™ R™ 0 n
ou .
Qrr = QapT"T" = 5 ((90)* + [Vul?) .

Remarque 1.4.1. En appliquant le méme procédé aux autres champs de Killing de ’espace temps de
Minkowski (voir Uezemple 1.1.18) on obtient d’autre lois de conservations. C’est une application du
théoréme de Noether qui associe & une symétrie une loi de conservation On suppose pour simplifier
f =0. On obtient par exemple

e La loi de conservation correspondant aux translations 0; est
/ (Orudiu) (t, z)dx = / (Orud;u) (0, z)dzx,
e La loi de conservation correspondant aux rotations §;; est
/ (Opuldiju) (t, x)de = / (Opufdiju) (0, z)da.

1.4.2 La méthode des champs de vecteurs de Klainerman

Les champs de Killing et Killing conformes de I’espace-temps de Minkowski permettent aussi d’obtenir
des informations importantes sur le taux de décroissance des solutions. On note

Z ={00,Nap = —2a03 + 2304, S =10, + 10, },
oll Ty = maggcf@ . Ces champs de vecteurs satisfont la propriété de commutation suivante
0,7) = C(2)0,
ou
C(Z)=0,Z#S5, C(S)=2.
Ainsi, si Ou = 0, OZu = 0 et P'estimation d’énergie (1.4.3) donne

/ ((izluf + VZIu|2> (t,x)dx = / ((jtzfu)z + |Vqu2> (0, z)dx (1.4.4)

ot Z'u dénote n’importe quelle combinaison de I champs de vecteurs de Z.

L’estimation suivante, appelée estimation de Klainerman-Sobolev, permet d’obtenir une informa-
tion plus précise que l'injection de Sobolev H® C L pour s > % lorsque I'on controle les normes L?
de ZTu (ce qui résulte de (1.4.4)). Elle s’écrit

n—1

A +t+[a)) T A+t =zl ot o) <C Y 1127, (1.4.5)
[I|<%+1

1

. . L . _n . .
On retrouve ainsi le taux de décroissance u ~ t~ 2 pour une solution de CJu = 0. Par ailleurs, un
calcul simple nous donne.

S+ 3T T,

8,54—&:M,
t+r

S mQ,

at_ar: szlr 0'
t—r

Ainsi, les dérivées tangentes au cone de lumiére, que I'on note 9, ont un meilleur taux de décroissance
n+1

en temps, donné par Ou~t "2 .
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1.4.3 Application au cas non-linéaire

Nous allons terminer ce paragraphe en essayant de donner une intuition des résultats qu’il est possible
d’obtenir dans le cas non linéaire. On considére le probléme non linéaire

{ Ou = (0u)?, (1.4.6)

(u7 atu) |t:0 = (U07 u1)7

avec les données initiales (ug,u1) de taille € petites L’estimation d’énergie (1.4.3) nous donne

/n(au)2(t,x)d$§/n(au)z(t’o)dx+/Ot/(au)p+1(x’s)dzds'

En supposant les estimations a priori suivantes, compatibles avec le comportement de ’équation des

ondes linéaires :
Ce

n—1"7

/ (Ou)2(t, w)dz < Ce, |ou < —C°
(1+1t)=

on obtient

t
/ (Ou)2(t, )da < / (0u)?(t, 0)da + CPH1ePH / / s,
n n 0 (1 + 3)(17_1)T

ainsi, si (p — 1)”7_1 > 1, l'intégrale d’espace-temps au second membre converge, ce qui est le point de
départ pour permettre de montrer Pexistence globale (voir par exemple [33] pour le cas n > 3 et p = 2).
Dans le cas contraire, on peut trouver des contre exemples a l'existence globale (voir [31]). Cependant,
dans le cas ou la non linéarité présente de la structure, il est possible d’obtenir un meilleur résultat.
Supposons par exemple n = 3 et p = 2. On a alors (p — 1)”T’1 =1, et donc pas d’existence globale a
priori. Cependant, si la non linéarité peut se factoriser sous la forme dudu, 'estimation d’énergie ainsi
que l'estimation & priori pour les dérivées tangentielles

Ce

o
0 <

nous donne

/RS(C’M)?‘(t»w)dx < /R3(8U)2(t,0)dx+0252 /Ot/(l_i_ls)deds,

ce qui suggére qu’il y a existence globale dans ce cas. C’est le cas pour les systémes de la forme
Ou’ = P'(0u?, 0u®), (1.4.7)

ott les P satisfont la condition nulle, introduite par Klainerman dans [32]. Cette condition consiste &
choisir des P* combinaisons linéaires des formes suivantes

Qo(0u, dv) = Qudw — Vu.Vu, Qap(du,0v) = 0,udgv — duvdau.

Dans ce cas, on peut montrer qu’ il y a existence globale de solutions a (1.4.7) pour des petites données
initiales en dimension 3 + 1 (voir [32]).

Cependant, la condition nulle n’est pas une condition nécessaire pour avoir l'existence globale de
solutions. Un exemple est donnée par le systéme suivant.

Dng = 07
1.4.8
{ O = (drpr)*. (148)

Le découplage permet de résoudre (1.4.8). Cependant, @9 a le taux de décroissance o ~ t~11n(t), qui
est moins que le comportement en ¢t~ de I’équation linéaire correspondante. Il en est de méme pour
I’équation

O*u — ulu,
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étudiée dans [2] et [38]. Ces deux exemples possédent une structure appelée structure nulle faible et
introduite dans [39]. Lindblad et Rodnianski ont montré la stabilité de Minkowski en coordonnées
d’onde, en montrant que les équations d’Einstein dans ces coordonnées ont la structure nulle faible
(voir [40]). Ce type de structure nous permettra de montrer la stabilité de 'espace-temps de Minkowski
avec un champ de Killing de translation en temps exponentiellement grand dans le Chapitre 3.

1.5 Les équations d’Einstein avec un champ de Killing de trans-
lation spatiale

Dans cette section nous présentons les équations d’Einstein avec un champ de Killing de translation
spatiale, modéle qui fait 'objet de cette thése. Les variétés qui nous intéressent sont de la forme
M = ¥ x R;, x R;, munies d’une métrique g. On suppose que le champ de vecteur J,, est un
champ de Killing. La composante R, peut si on le souhaite, étre compactifiée en S'. Cette symétrie
a été introduite par Choquet-Bruhat et Moncrief. Dans [11], ils montrent la stabilité d’une solution
particuliére, quand X est une variété compacte de genre plus grand que 2, correspondant & un univers en
expansion. Dans cette thése, nous considérons dans les chapitres 2 et 3 le cas ot X est asymptotiquement
plate, et dans le chapitre 4 le cas ou ¥ est une variété compacte de genre plus grand que 2.

1.5.1 Reéduction des équations d’Einstein avec un champ de Killing de
translation

Dans cette section, nous allons montrer comment les équations d’Einstein dans le vide se transforment
en présence d’un champ de Killing de translation. Nous suivons la dérivation faite dans [8], chapitres
6 et 16 et appendice 7.

1.5.1.1 Le tenseur de Ricci dans un repére mobile

On se place sur une variété M de dimension n. Un repére mobile est donné par des champs de vecteurs
linéairement indépendants eg. Un corepére est donné par des 1-formes différentielles 6. On dit que le
corepere 0% est le corepére dual de eg si 6%(eg) = 0.

Par exemple, pour le repére donné par les vecteurs coordonnées %,
par les formes différentielles dx®. Dans ce cas on a df* = 0.

Dans le cas général on pose

le corepére dual est donné

Définition 1.5.1. )
™ = =5 Cg.07 N O

Cg., est appelé coefficient de structure.

Si eg est la base duale, on a [eq, es] = Oz,
On écrit

df = D f6°.

Une connexion est la donnée d’une 1-forme & valeur dans les matrices, wf = wgvea. La dérivée
covariante associée est alors donnée par

D,v? = 9,0° + wng"’.

On munit maintenant M d’une métrique g, on peut alors définir la connexion riemannienne. Elle
doit avoir les propriétés suivantes

e étre sans torsion : wgv — wj'{‘ﬁ = an{,
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e laisser g invariante : Onggy — wg,ygm — wgﬁg)\.y =0.
La connexion est alors donnée par
wﬁ'y = rg'y + gﬁ“a}a’)’lﬂ
ol on a noté
s _ L1 s
Fow = 59 (8agu'y + 8'ygua - augcw)a

~ 1 A A A
Wayp = §(gl~b>\ca'y - gAWCa;L - gaAC’w)-

On notera aussi

@8 = g G-

Proposition 1.5.2. Dans un repére mobile, le tenseur de Ricci est donné par la formule
Rop = Ohwhz — Oawis + wéﬂwg)\ — W), whg — whsChy
1.5.1.2 Réduction a la Kaluza Klein

On s’intéresse a une variété lorentzienne (‘7,’9\) de dimension 4 sur laquelle S' agit par isométries.
On écrit Vsous la forme sous la forme V x S'. On va considérer sur V le repére mobile (€qs€3), o1
€3 = %7 avec x> la coordonnée selon S'. €3 est alors un champ de Killing. On choisit ensuite les €,
orthogonaux a e3. Les €, s’écrivent donc

€o = €q — AuCs,
ol e, est un repére sur V. On considére 6° le corepére dual. On a alors 0o = 02 et
0> = 0% + A%,
ol 0% est la base duale de e, et #% = dz3. On peut donc écrire la métrique g sous la forme
G= 0480207 = go50°0° + ¥ (0% + A,0%)2,

ot on note A, B, C les indices sur ‘A/, et a, B, les indices sur V.
On note F' la 2-forme linéaire alternée définie par

Fop = 0aAg — 05A

Proposition 1.5.3. Les coefficients de Ricci s’écrivent, dans la base (5“,53)

~ 1

Rog = Rop — ieQ@FaAFBA — D,03¢p — 0ap0sp, (1.5.1)
~ 1

Ros = 5e*%f’Dg(é’%"ﬂf), (1.5.2)
~ 1

Ry = —e7 2% <—462“‘9Fa/@F0‘5 —I—g("ﬁaago@B(p —|—g°‘BDa8/3g0) . (1.5.3)

Démonstration. On va commencer par calculer les coefficients de structure. On suppose pour simplifier
que les e, sont des vecteurs coordonnées de V. On a alors 0~ = dz™ , et donc do> =0 et C2 5o = 0. Par
ailleurs

1
d0® = d(Aa0%) = dA, A O™ = 5 (OaAp — Op Aa)dz® daz®.

On a donc 6’35 =—F,pet 55’,4 =0.
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On calcule ensuite les coefficients de connexion & = ['ao + @ac. On calcule aisément les coeffi-
cients I' en remarquant que d3gap = 03¢ = 034, =0. On a

=3 “3 ~
F33 = Faﬁ = gﬁ =0,
Ta e} 3 1 —2¢p 2¢p Ta 1 o 2¢
Go =13, Tog= 3¢ 0qe°?, T'53= 758 e,
On a par ailleurs, au vu des coefficients de structure
~ ~A _ ~3 ~3
W/(io = W33 = Wyg = wzy =0,
- 1 - - 1
Dap = —5Fap, G5 =0fy = —5eF%.
On peut donc calculer les coefficients de Ricci
D ~3 | ~3 ~ ~p ~3  ~3 ~ ~\ ~3 ~3 ~3  ~\ A3
Rap = Rap — 0aldsg + Woplps + 0f 5003, — 0,055 — Waslys — Dass — D35C%,
1 _ 1 _ 1 1
=Rap — 56(1(6 2205e2%) + §Fgﬁe 29”8p62“’ - 162‘/’FQPF95 — ZeQSOF)‘aFAﬁ

1 1
— Ze_4¢8a62“’8g62“’ — §e2¢F’\5F>\a

1
=Ro3 — Do0gp — 0ap0gp — 562(‘0F>‘QF,\3,

R3q :6)\@?& + ai’?ozaglf? - a?)nga - ail;BCS(I
1 1 1 1 1
=— §8A(e2“’F’\Q) — 562‘/’Fﬁa <FZ/3 + 26_2“"8562“’> + 562¢F6¢1—‘ga + Zape%"F”a
1 2 1 2
— 18’86 wFaﬁ — iape ‘/’Fpa
1 2¢p A 3 A 2¢p
= — 56 D)\F a — ZF a@)ﬁ

1
= _ Ee_WD,\(eg“’F)‘a),

Rag = 0)033 + 05050 — D500f;
= —%3)\5’\629” — %8”6” (ng + 56_2“"@)62“’) + %G_Q‘P(?Bez‘/’age% - ie‘wFO‘gFﬁa
= —¢% <D’\5‘>\cp + P pdrp — ieQ“"FagFo‘ﬁ> .
Ceci conclut la preuve de la proposition. O

1.5.1.3 Potentiel twist

Définition 1.5.4. L’étoile de Hodge, notée x est l’application qui & une k-forme linéaire alternée
associe la n — k forme alternée xa telle que pour toute k-forme linéaire alternée 8 on ait

BAxa =< f,a > dvolg,

ot on a noté dvoly la forme volume et <,> le produit scalaire défini par g.
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Sur une variété lorentzienne de dimension 3, on obtient alors, en prenant 6°, #', 2 une base ortho-
normale de formes linéaires telles que g(6°,0°) = —1 :

w00 = —0' N 0%, «0' = —0° N6, «0% =0 A0
On suppose que g satisfait les équations d’Einstein R 4 = 0. L’équation }Alga = (0 peut s’écrire,
d’aprés (1.5.2)
d(e*? x F) = 0.

Par le théoréme de dualité de Poincaré, il existe donc une fonction w telle que e3? * F = dw, ce qui

s’écrit encore
F=—e%xdw.

Comme F' = dA, on a dF = 0 donc
D*0qw — 30,w0%p = 0. (1.5.4)
Pour les autres équations, on va avoir besoin du lemme suivant.

Lemme 1.5.5. On a [’égalité suivante
Fa)\FB)‘ = 676“"2(60@)85(.0 — galgaAwa)‘w).
Démonstration. On calcule les termes un par un dans la base 6°, 6, 62.
FFy, = FooFiz = ie_w[“)ow[“)lw,
F Py, = Fo1 Fyy = ie—ﬁv’aowagw,
PPy, = —FioFy = ie‘walwagw,

1 1
FO)\FO)\ Fo1For + FooFpa = 18_690((810))2 + (ang)) = 16_6@(8)\(418)\&0 + (80(4))2),

PPy = —FuoFio + FiaFia = ¢~ (0)? — (030%)) = 17(- 0300 + (1)),
Fy*Fox = —FyoFa + Fyr Fyy = 2676%(30“)2 — () = ie*&p(—&\wa)‘w + (90)?).

Ceci conclut la preuve du lemme. O

Les équations ﬁag =0et Egg = 0 s’écrivent alors

1
R — ge—‘**”(aawaﬁw - gagaxwa/\w) — Da0sp — Oapdpp =0, (1.5.5)
1
ge—4w3)\wa/\w + gaﬁaawgﬁw + g“ﬂDaagtp =0. (1.5.6)

1.5.1.4 Transformation conforme

Pour mettre les équations sous une forme plus agréable, on va faire la transformation conforme g =
e?#g. On a alors, grace a (1.2.4)

DPOyw = e**(DPpw + 22§75 (630, + 6505 — G3p0°¢)daw = €2 DPOpw — 228,00 w,
ot les indices sont montés avec g. L’équation (1.5.4) devient alors

DOpw — 404wd%p = 0. (1.5.7)
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L’équation (1.5.6) devient

1 - B = ~
ge_ﬁ“’(%wa’\w + e_zg’gaﬁaagoaggo + e_%g“B(Doﬁggo + 20,9080 — Ggap0,p0’p =0,
ce qui s’écrit
- 1
D?0,p + §6_4"°8>\w8Aw = 0. (1.5.8)

Grace a la proposition 1.2.1 I’équation (1.5.5) devient

0 =Rap + GasD Or¢ + Dadpp + (0apdsp — Gasd " 9ppdry)

1 -
— ge_w(@awﬁgw — ga/ga,\wa)‘w) — Do0sp — (2009089 — §ap0pp0” ) — 0apOpep.

En remplacant D25 par sa valeur obtenue dans (1.5.8) on obtient
~ 1
Ras — ge*“aawagw — 20,909 = 0. (1.5.9)

Les équations R 4B = 0 sont donc équivalentes, en présence d’un champ de Killing de translation
spatiale au systéme
Oy + s 4°0°wd,w = 0,
Ogw — 40°wd,p = 0, (1.5.10)
Rap = 200903¢p + e % 0,wpw.

C’est le systéme auquel on s’intéressera dans toute cette thése.

1.5.2 Les ondes d’Einstein Rosen

Terminons cette section en présentant ’exemple instructif des ondes d’Einstein-Rosen, qui sont des
solutions particuliéres des équations d’Einstein dans le vide avec deux champs de Killing orthogonaux :
05 et Jy. Elles ont été découvertes pour la premiére fois par Beck dans [5]. La métrique en dimension
3 4+ 1 peut s’écrire

g = ¥ (dz?)? + 62(“_“’)(—dt2 4 dr?) + r?e2?r2do>.

Les équations d’Einstein dans le vide réduites (1.5.10) s’écrivent alors

Ry = 0%a — 0%a + %&a = 2(0s0)?, (1.5.11)

R., = —0%a + 0%a + %ara =2(0,0)?,

Ry = %@a = 20100,
ot Ryp est le tenseur de Ricci de la métrique

g = > (—dt* 4 dr?*) + r2do>.

Comme ¢ est radiale, ’équation pour ¢ devient

Oy = =07 ¢ + O + %c’w =0.
Cette équation est découplée de celle pour la métrique. Par conséquent, on peut résoudre I’équation
d’onde plate homogéne Oy = 0, avec données initiales (¢, 9i¢)|t=0 = (0, ¥1) puis résoudre les équa-

tions d’Einstein, qui deviennent
dra=r((0,0)° + (Oe)?). (1.5.12)
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avec la condition au bord al,—o = 0 afin d’obtenir une solution réguliére. On a alors

R oo
o / r ((0r0)? + (B10)?) dr = E(p) — / r ((0v9)? + (Bep)?) dr,
0 R

E(p) = /OOo r ((0rp)? + (Opp)?) dr-

La quantité E(y), qui correspond a l’énergie de ¢, ne dépend pas du temps. En particulier, la métrique
e dr? + r?d6?

posséde un angle & l'infini spatial, c’est & dire que les cercles de rayon r ont un périmeétre qui croit
asymptotiquement comme e~ F(#)27r au lieu de 277 Ces solutions particuliéres vont nous donner une
intuition du comportement auquel d’attendre quand on étudiera le cas asymptotiquement plat dans
les chapitres 2 et 3.

1.6 Enoncé des résultats

1.6.1 Stabilité en temps exponentiel de ’espace-temps de Minkowski avec
un champ de Killing spatial de translation

On s’intéresse ici a des variétés de la forme (R? x R,, x Ry, g), ot 0., est un champ de Killing. La
question principale dans cette thése est la suivante : ’espace-temps de Minkowski étant une solution
des équations d’Einstein dans le vide avec un champ de Killing spatial de translation, a-t-on stabilité
de cette solution dans ce cadre 14?7 Cela revient a se demander si pour des données initiales pour (¢, w)
proches de (0,0) et des données initiales pour g proches des données initiales pour I'espace-temps de
Minkowski, solutions des équations de contraintes, on a existence globale pour le systéme (1.5.10).

Avant de s’intéresser au probléme de stabilité, il faut se demander quelles sont les données initiales
licites pour ce probléme, c’est a dire quelles sont les données initiales satisfaisant les équations de
contraintes. On veut considérer des perturbations asymptotiquement plate en dimension 2+ 1. Cepen-
dant, cette définition n’est pas totalement claire. Rappelons par exemple les ondes d’Einstein-Rosen
qui possédent un angle & 'infini spatial. Dans toute la suite x sera une fonction telle que telle que
x(g) = 0 pour g < 1 et x(g) = 1 pour ¢ > 2.

1.6.1.1 Les équations de contraintes

Nous décrivons dans cette partie le résultat du Chapitre 2. On note

u = (’Yaw)v (161)

muni du produit scalaire
1
Oau.0gu = 20,7087y + 56_478aw85w. (1.6.2)

Dans le chapitre 2, on résout les équations de contraintes pour (%, Vu) dans des espaces de Sobolev a

poids définis par la norme
+18]

S5
gy = 3 1A+ [2*) 72 DPul|Le,
[B]<m

ou d € R et m € N. La méthode utilisée s’inspire de la méthode conforme. On cherche les solutions
(g, K) des équations de contraintes sous la forme

1
g = e2s, K:H+§7'g,
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ou J est la métrique euclidienne et H un 2-tenseur symétrique et sans trace. La fonction 7 est la
courbure moyenne. Les équations de contraintes s’écrivent alors

{ 81H1] = 71.1,.8ju + %62)‘63'7', (1 6 3)

2 .0.
AN+ e (30 + $|H|?) — e® T 4 §|Vul? = 0.
Remarque 1.6.1. o Les solutions de Au = f sur R? divergeant logarithmiquement comme (f f) In(r),

on peut s’attendre a avoir A ~ —aln(r) quand r tend vers +o0o. Ceci correspond en fait a la pré-
sence d’un angle & linfini spatial, comme dans les ondes d’Finstein-Rosen.

e On ne peut pas se placer dans le cas CMC' en supposant T = 0, car la deuxiéme équation de
(1.6.3) pourrait dans ce cas ne pas avoir de solution.

e Pour résoudre (1.6.3), qui correspond a trois équations elliptiques scalaires, il faut satisfaire trois
conditions d’orthogonalité. On va donc choisir l’angle et le comportement asymptotique de T afin
de forcer ces trois conditions d’orthogonalité.

On introduit la notation

cos(20) sin(20) —sin(260) cos(26)
Mo = < sin(20)  — cos(26) ) Moo= < cos(20)  sin(26) > ’

Dans [29] nous avons prouvé le résultat suivant.

Théoréme 1.6.1 ([29]). Soit —1 < § < 0. On suppose e~ 2, |Vu|? € H§+2, TE H§+1 ethe L (SY)
tel que
b(60) cos(0)dd = | b(6)sin(6)do = 0.
st st

Si toutes ces quantités sont assez petites, il existe o, p,m € R? et e Hg une fonction, He H§+1 un
tenseur symétrique et sans trace tels que

H=- %ek (5(9) + pcos(d — 77)) My + e H,

A=—ax(r)In(r) + A,
est solution de (1.6.3) avec

r) [~ ~
T = e*)‘@ (b(&) + pcos(f — 77)) +e 7
r
Ce théoréme n’est pas prouvé dans cette thése, car le résultat et les techniques sont trés semblables
au résultat suivant, qui permet de préciser le développement asymptotique des solutions dans le cas
otll les données pour u ont plus de décroissance. Notons que pour avoir plus de décroissance sur les

solutions, il est nécessaire de forcer un plus grand nombre de conditions d’orthogonalité.

Théoréme 1.6.2. Soit —1 < § < 0. Soient e=2*i?, |Vul* € HY, , et b e WL2(S1) tels que

/ b(6) cos(6)df = / b(0) sin(#)d6 = 0.
Sl

Sl
Soit ¥ € H§+2 tel que f\Il = 2m. Si toutes ces données assez petites, il existe a, p,n, A, J,c1,co dans

R, une fonction scalaire A € H§+1 et un tenseur symétrique et sans trace H € H(15+2 tels que, si r,60
sont les coordonnées polaires centrées en ci,ca, et si on note

A= —ax(r)In(r) + X,

H = —c*(b(8) + pcos(d — n))%Mg + %JN@M@ + e H,
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alors A, H sont solutions de (1.6.3) avec
7 =eMb(0) + pcos(f — n))@ + Ae .

De plus, on a les estimations
o~ i/ (4 + |Vul?)
4 ’
1 /.
pcos(n) ~ f/uﬁlu,
T
. 1 /.
psin(n) ~ — /uagu,
T
1 -2 2
Clw—a/l‘l(u +|VU| ),
1 -2 2
C2N7E/x2(u +|V'LL| ),

1 . i
J ~ —5- /uagu + g(Cz cos(n) — c1sin(n)),

A~ —% /ﬂr@ru—i— % (/ x’(r)rdr) /b(@)d@.

Les quantités «, p, 7, ¢, J peuvent étre rapprochées des charges globales en dimension 3 (voir par
exemple l'article de revue [14]). Ces charges globales sont des quantités conservées par le flot, qui
correspondent au fait que sur une variété asymptotiquement plate, les champs de Killing de ’espace-
temps de Minkowski sont de bonnes symétries approchées a I'infini. Les quantités & droite, dépendant de
u correspondent elles aussi & des quantités conservées pour les solutions de Cu = 0 (voir la remarque
1.4.1), ces lois de conservations correspondant au méme champs de Killing dans 'espace-temps de
Minkowski.

1.6.1.2 Stabilité en temps exponentiel

Nous décrivons dans cette partie le résultat du Chapitre 3. Nous considérons le systéme 1.5.10 dans le
cas particulier w = 0 pour simplifier ’analyse, mais le résultat est sans doute vrai dans le cas général.
Le systéme devient alors
Ugp =0,
1.6.4

{ Raﬁ = aa‘paBLP' ( )
Nous nous plagons dans les coordonnées d’onde, en s’inspirant de [40]. De la méme maniére que dans
[40], nous exploitons la condition d’onde pour obtenir plus de décroissance sur le coefficient de métrique
grr ot L = 9, + 9,.. On note aussi L = 0; — 0,.. Ainsi les termes quasilinéaires gLLazgo et gLLﬁig, qui
ne font intervenir aucune dérivée tangentielle, deviennent contrdlables. Cependant, le fait de travailler
en dimension 2 4 1 induit de nouvelles difficultés par rapport a [40]. En particulier :

e Moins d’estimations sont disponibles pour étudier I’équation des ondes en dimension 2 + 1.

e Le taux de décroissance de la solution de I’équation des ondes [Ju = 0 en dimension 2 4 1 est
U~ % Ainsi non seulement les termes quadratiques, mais aussi les termes cubiques peuvent
faire obstruction a l'existence globale. Le probléme principal concerne le systéme suivant, qui
modélise le comportement du coeflicient de métrique g1,

Op=0
1.6.
{ Ogrr = —8(dLy)*. (1.6.5)

Le taux de décroissance ¢ ~ % ne permet d’obtenir aucun taux de décroissance sur grr.
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e Le comportement asymptotique des données initiales donné par le Théoréme 1.6.2 ne permet pas
de travailler dans les coordonnées d’onde. On va donc a la place travailler en coordonnées d’onde
généralisées.

On introduit la famille de métriques
go = —dt* +dr® + (r + x(q)b(0)q)*d6* + J(6)x(g)dqd,

ou on a noté ¢ = r — t. Ces métriques sont Ricci plates pour ¢ > 2 et sont égales & la métrique de
Minkowski pour ¢ < 1. Le terme principal du tenseur de Ricci est

_ 3§(qx(q))_

(Rb)qq r

L’idée principale du chapitre 3 est de s’inspirer de ’analyse des ondes d’Einstein-Rosen de la section
1.5.2 afin d’approcher ig@ par la solution hg de I’équation de transport

dgho = =21 (dgp) — 202 (qx(9))b(0).

Afin d’obtenir des solutions qui convergent vers Minkowski & 'infini temporel, condition qui est néces-
saire pour mener a bien notre analyse, on va chercher a avoir la propriété suivante

b(f) ~ — /Ow(ﬁqgof(T, r, 0)rdr. (1.6.6)

Le théoréme que I'on obtient est le suivant
Théoréme 1.6.3. Soit 0 < & < 1. Soient 3 <6 <1 et N > 40. Soit (¢o, 1) € oY TH(R?) x HN | (R?).
On suppose
Ieollgrer + llenllmy,, <e

Soit T < exp (ﬁ) Si e est assez petit, il existe b(6), J(0) € WN-2(S1) ainsi quun systéme global de

coordonnées (t,x1,x2) tels que, pour t < T, il existe une solution (¢, g) de (1.6.4) que l’on peut écrire
sous la forme

grLr -
g=gr+ quQ +3§

avec pour tout p > 0
Ce Ce

N g S - 1 -
(1+|q)2—" g (I+t+r 3P

De plus la condition (1.6.6) est vérifiée, avec une erreur de taille \5/—;

lgrr| <

Un énoncé précis de ce théoréme est donné dans le chapitre 3.

1.6.2 Solution des équations de contraintes dans le cas compact sans la
condition CMC

Le chapitre 4 est indépendant des chapitres 2 et 3 et présente un résultat obtenu en collaboration avec
Romain Gicquaud. On se place également en présence d’'un champ de vecteur de translation spatiale.
On s’intéresse & des variétés de la forme ¥ x S! x Ry, munie d’une métrique g, telle 9, est un champ
de Killing, ot 3 est la coordonnée selon S'. Ici ¥ sera une variété compacte de genre plus grand que
2. Avec la méthode conforme, le systéme devient

div(LW) = —i - du + %-dr, 167
A+ e (Sa2 + Lo+ W) = e = 1 (1+4[Vu?). >

Le théoréme suivant est 'analogue du résultat de [16], obtenu dansle cas d’une variété compacte en
dimension n > 3.
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Théoréme 1.6.4. On suppose i € L¥(X,R), u € WH® (X R), 7 € WLP(XR) et 0 € WP un
tenseur symétrique, sans trace et sans divergence, avec p > 2, et on suppose que T ne s’annule nul part
sur X3, alors au moins l'une des assertions suivantes est vraie

1. Le systéme (1.6.7) admet au moins une solution (A\, W) € W2P(£,R) x W2P(£,TY),

2. Il existe une solution non triviale V.€ WP (X, T*Y) de I’équation limite suivante
2 d
div(LW) = ag ILW| ﬁ
-

pour un certain « € [0, 1].
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Chapitre 2

The constraint equations in the
asymptotically flat case

2.1 Introduction

Einstein equations can be formulated as a Cauchy problem whose initial data must satisfy compatibility
conditions known as the constraint equations. In this paper, we will consider the constraint equations
for the vacuum Einstein equations, in the particular case where the space-time possesses a space-like
translational Killing field. It allows for a reduction of the 3 + 1 dimensional problem to a 2 + 1
dimensional one. This symmetry has been studied by Choquet-Bruhat and Moncrief in [11] (see also
[8]) in the case of a space-time of the form X x S! x R, where ¥ is a compact two dimensional manifold
of genus G > 2, and R is the time axis, with a space-time metric independent of the S' coordinate.
They prove the existence of global solutions corresponding to perturbation of particular expanding
initial data.

In this chapter we consider a space-time of the form R? x R,, x R;, symmetric with respect to
the third coordinate. Minkowski space-time is a particular solution of vacuum Einstein equations
which exhibits this symmetry. Since the celebrated work of Christodoulou and Klainerman (see [13]),
we know that Minkowski space-time is stable, that is to say asymptotically flat perturbations of the
trivial initial data lead to global solutions converging to Minkowski space-time. It is an interesting
problem to ask whether the stability also holds in the setting of perturbations of Minkowski space-
time with a space-like translational Killing field. Let’s note that it is not included in the work of
Christodoulou and Klainerman. However, it is crucial, before considering this problem, to ensure the
existence of compatible initial data. In [29], we proved the existence of solutions to the constraint
equations. The purpose of this chapter is to go further in the asymptotic development of the solutions
to the constraint equations.

In the compact case, if one looks for solutions with constant mean curvature, as it is done in [11],
the issue of solving the constraint equations is straightforward. Every metric on a compact manifold
of genus G > 2 is conformal to a metric of scalar curvature —1. As a consequence, it is possible to
decouple the system into elliptic scalar equations of the form Au = f(x,u) with 9, f > 0, for which
existence results are standard (see for example chapter 14 in [46]).

The asymptotically flat case is more challenging. First, the definition of an asymptotically flat
manifold is not so clear in two dimension. In [5], [3], [6] radial solutions of the 2 + 1 dimensional
problem with an angle at space-like infinity are constructed. In particular, these solutions do not tend
to the Euclidean metric at space-like infinity. Moreover, the behavior of the Laplace operator on R?
makes the issue of finding solutions to the constraint equations more intricate.

39
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2.1.1 Reduction of the Einstein equations

Before discussing the constraint equations, we first briefly recall the form of the Einstein equations in
the presence of a space-like translational Killing field. We follow here the exposition in [8] (see also
Section (1.5.1.1) for more details on the reduction). A metric “g on R? x R x R admitting d3 as a
Killing field can be written
W =g + ¥ (da® + Aqdz®)?,
where g is a Lorentzian metric on R!*2, v is a scalar function on R'*2, A4 is a 1-form on R**2 and
% o =0,1,2, are the coordinates on R!*2. Since 95 is a Killing field, g, v and A do not depend on
x3. We set F = dA, where d is the exterior differential. F' is then a 2-form. Let also (4)R,“, denote
the Ricci tensor associated to g. f{ag and D are respectively the Ricci tensor and the covariant
derivative associated to g.
With this metric, the vacuum Einstein equations

(4)R/1.1/ = Ov w, V= 07 17273

can be written in the basis (dz®,dz3 + A,dz®) (see [8] appendix VII)

~ 1 ~
0= Ras = Rap — 5627FQAF5,\ — Doy — Day9s, (2.1.1)
1 ~
0="R,; = ie_VD,@(eg'YFaﬁ), (2.1.2)
1 - - ~
0=% Rg3 = —e 2 <—4627FQ5F"’3 + go"@@a'y@gfy + go‘ﬂDaaﬂy) . (2.1.3)

The equation (2.1.2) is equivalent to
d(x*F) =0

where #e37F is the adjoint one form associated to e3YF. This is equivalent, on R'*2, to the existence
of a potential w such that
x>V F = dw.

Since F is a closed 2-form, we have dF = 0. By doing the conformal change of metric g = e~27g, this
equation, together with the equations (2.1.1) and (2.1.3), yield the following system,

Hegw — 40%y0,w = 0, (2.1.4)
1
Oev + 5674780%0(9@0.) =0, (2.1.5)
1
Rop = 20,7057 + 5@*4vaawaﬂw, a,f=0,1,2, (2.1.6)

where g is the d’Alembertian® in the metric g and R,s is the Ricci tensor associated to g. We
introduce the following notation
u = (y,w), (2.1.7)

together with the scalar product
1
Oaqu.0gu = 20,7037 + 56’478aw8ﬁw. (2.1.8)

We consider the Cauchy problem for the equations (2.1.4), (2.1.5) and (2.1.6). As it is in the case
for the 3 + 1 Einstein equation, the initial data for (2.1.4), (2.1.5) and (2.1.6) cannot be prescribed
arbitrarily. They have to satisfy constraint equations.

10, is the Lorentzian equivalent of the Laplace-Beltrami operator in Riemannian geometry. In a coordinate system,

we have Ogu = ﬁaa (&% /1gl0suw).
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2.1.2 Constraint equations

We can write the metric g under the form
g = —N2(dt)* + gi;(da’ + Bldt)(da? + Bdt), (2.1.9)

where the scalar function IV is called the lapse, the vector field 3 is called the shift and g is a Riemannian
metric on R2.
We consider the initial space-like surface R* = {t = 0}. Let T be the unit normal to R? = {t = 0}.
We set
eo = NT =0, — 0.
We will use the notation
9o = Ley = 0 — Lp,

where L is the Lie derivative. With this notation, we have the following expression for the second

fundamental form of R? )

Kij=——
2N

0o9ij-

We will use the notation N
T=g"Kij;

for the mean curvature. We also introduce the Einstein tensor

1
GaB = Raﬁ - iRga,B;

where R is the scalar curvature R = gaBRag. The constraint equations are given by

Goj = N(0j7 — D'K;j) = dou.0ju, j = 1,2, (2.1.10)
N? 1
Goo = (R~ |K|? +72) = dpu.Opu — 5googaﬁacmaﬁu, (2.1.11)

where D and R are respectively the covariant derivative and the scalar curvature associated to g (see
[8] chapter VI for a derivation of (2.1.10) and (2.1.11)). Equation (2.1.10) is called the momentum
constraint and (2.1.11) is called the Hamiltonian constraint. If we came back to the 3 + 1 problem,
there should be four constraint equations. However, since the fourth would be obtained by taking
a =0 in (2.1.2), it is trivially satisfied if we set *e37F = dw.

We will look for ¢ of the form ¢ = €2*¢ where § is the Euclidean metric on R?. There is no loss of
generality since, up to a diffeomorphism, all metrics on R? are conformal to the Euclidean metric. We

introduce the traceless part of K,
1

H;j = K;j — 3T Yiis
and following [11] we introduce the quantity
22
U= %6@1};
Then the equations (2.1.10) and (2.1.11) take the form
1
OiH;j = —.0ju + 5e”ajr, (2.1.12)
1 1 |
AN+ e 2 (2u2 + 2|H|2) - e”% + 5|vu|2 =0, (2.1.13)

where here and in the remaining of the paper, we use the convention for the Laplace operator

A =097+ 03



42 CHAPITRE 2. THE CONSTRAINT EQUATIONS

The aim of this chapter is to solve the coupled system of nonlinear elliptic equations (2.1.12) and
(2.1.13) on R? in the small data case, that is to say when @ and Vu are small. A similar system
can be obtained when studying the constraint equations in three dimensions by using the conformal
method, introduced by Lichnerowicz [37] and Choquet-Bruhat and York [12]. In the constant mean
curvature (CMC) case, that is to say when one sets 7 = 0, the constraint equations decouple and the
main difficulty that remains is the study of the scalar equation (2.1.13), also called the Lichnerowicz
equation?. The CMC solutions have been studied in [12] and [30] for the compact case, and in 7]
for the asymptotically flat case. There have been also some results concerning the coupled constraint
equations, i.e. without setting 7 constant The near CMC solutions in the asymptotically flat case have
been studied in [10]. The compact case has been studied in [27], [42] and [16]. See also [4] for a review
of these results.

In our case, the difficulty will arise from particular issues concerning the inversion of second order
elliptic operators on R?. In particular, without special assumptions on w, it is not possible to set 7 =0
in the case of R2. Indeed, equation (2.1.12) induces for H the asymptotic |H|? ~ 7% as r tends to
infinity. Now, it is known (see [45]) that an equation of the form

Au+ Re** + f =0,

with R, f <0and R < —%2 when r tends to infinity, admits no solution. Therefore, we will be forced
to carefully adjust the asymptotic behavior of 7 as r tends to infinity, to compensate the term |H|? in
equation (2.1.13), and to ensure that we remain in the range of the elliptic operators which come into
play.

Remark 2.1.1. The solution of equation (2.1.13) that we construct in this paper satisfies
A= —aln(r) 4+ o(1), (2.1.14)

as r — 0o, with a > 0. At first sight, this could seem to contradict the asymptotic flatness we are
looking for. However, we mentioned in the beginning of the introduction that it is not so clear what
to expect as a definition of asymptotic flatness in 2 + 1 dimension. The solutions of the evolution
problem (2.1.4), (2.1.5) and (2.1.6) with an additional rotational symmetry and w = 0, known as
FEinstein-Rosen waves, have been studied in [5] and [3]. These solutions exhibit a conical singularity
at space-like infinity, that is to say the perimeter of a circle of radius r asymptotically grows like 2mwer
with ¢ < 1, instead of 27r in the Euclidean metric.

Using a change of variable, we observe that the asymptotic behavior (2.1.14) is equivalent to the
presence of an asymptotic angle at space-like infinity. Indeed, if we make the change of coordinate

’ ri-e

r’ = S— forr large enough, then the metric

g~ r2(dr? +r?d?), r— o

takes the form
g ~dr'?+ (1 —a)*r"?dh*, ' —

which corresponds to a conical singularity at space-like infinity, with an angle given by
27(1 — «).

Note that, since the constraint equations (2.1.10) and (2.1.11) are independent of the choice of co-
ordinates, the metric g’ and the second fundamental form K’, obtained by performing the change of

Tlfa

variables v’ = for r large enough, are still solutions of the constraint equations.

-«

2The resolution of this equation is closely linked to the Yamabe problem
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We will do the following rescaling to avoid the e?* and e~2* factors

=e M, H=e¢  H, %=céer

) )

¢

Then the equations (2.1.12) and (2.1.13) become

. o 1 1
aZH” + Hw&)\ = —ﬂ.aju + 58]7% — 5’7'8])\7
7v_2

1 1 1, .
AN+ =2 + = |Vul]? + Z|H|? — — = 0.
+2u +2|Vu| +2\ | 1 0

To lighten the notations, we will omit the ~ in the rest of the paper. We consider therefore the system

{ 0iHij + Hij0i\ = —i.0ju + 50,7 — 579, (2.1.15)

AN+ La? + 1 Vul? + HHP? - 5 = 0.

Before stating the main result, we recall several properties of weighted Sobolev spaces.

2.2 Preliminaries

2.2.1 Weighted Sobolev spaces

In the rest of the paper, x(r) denotes a smooth non negative function such that
0<x<1, x(r)=0forr<1, x(r)=1forr>2.
We will also note f < h when there exists a universal constant C' such that f < Ch.

Definition 2.2.1. Let m € N and § € R. The weighted Sobolev space HJ*(R™) is the completion of

Cg° for the norm
5+18]

el = D I+ 1) 72 Dull .

1Bl<m

The weighted Hélder space C§* is the complete space of m-times continuously differentiable functions
with norm o

18]
lullcy = S N1+ |21%) "2 DPul| .

[Bl<m.

Let0 < a < 1. The Hélder space an+a is the the complete space of m-times continuously differentiable
functions with norm

s
2

0mu(x) — 0™u(y)|(1 + |z|?
fullopie = lullop + sup LD Ol E D
wty, lo—y|<1 |z —yl
The following lemma is an immediate consequence of the definition.
Lemma 2.2.2. Let m > 1 and § € R. Then u € Hf" implies Oju € Hg’_fll forji=1,..n.

We first recall the Sobolev embedding with weights (see for example [8], Appendix I). In the rest
of this section, we assume n = 2.

Proposition 2.2.3. Let s,m € N. We assume s > 1. Let 8 <d+1 and 0 < o < min(l,s—1). Then,
we have the continuous embedding
+ +
H™™ C O™

We will also need a product rule.
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Proposition 2.2.4. Let s, s1,s2 € N. We assume s < min(sy, s2) and s < s1+s2—1. Let d < §1+d2+1.
Then ¥(u,v) € Hi' x H;?,

lwvllzry S llull g 1ol g2 -
The following simple lemma will be useful as well.

Lemma 2.2.5. Let « € R and g € LS. be such that

loc
lg(2)] < (1+ [2*)*.
Then the multiplication by g maps HY to HY ..
We will also need the following modified version of Lemma (2.2.5).

Lemma 2.2.6. Let a € R and g1 € L7, be a function such that

loc
lg1(2)] < (1 + 2.
Let go € L%(S'). Then the multiplication by g1(x)g2(0) maps H} to HY .

Proof. Let u € H}. We estimate
o0 2
/ / (1 +72)722g, (x)%g2(0)>u(r, 0)rdrdd
o Jo

2 2
< H92||%2(§1)/0 (1+7‘2)52a< sup 91|(7",9)> ( sup |u|(7’»9)> rdr

0€[0,27] 0€[0,27]
[e'e) 27
< ol e, / (1477 ( / uf? + aaume) rdr
< N2 e, ( Joertars [a+ r2>6+1|vu|2dx>

S H92||i2(51)||“”§1;
where we have used the Sobolev embedding of L>°(S') in the Sobolev space W12(S1). O
We will use the following definition

Definition 2.2.7. Let 0 € R and s € N. We note H3 the set of symmetric traceless 2-tensors whose
components are in H§.

2.2.2 Behavior of the Laplace operator in weighted Sobolev spaces.

Theorem 2.2.8. (Theorem 0 in [43]) Let m € N and —1 4+ m < § < m. The Laplace operator
A:H? — HgJr2 s an injection with closed range

{feH§+2 | /fsz VUEUZZOHi}7
where H; is the set of harmonic polynomials of degree i. Moreover, u obeys the estimate
lull 2 < CO)l|Aulls,,-

where C(0) is a constant such that C(6) — +oo when 6 — m_ and § — (=1 +m)4.

We will prove three corollaries of Theorem (2.2.8) which will be fundamental in our work.
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Corollary 2.2.9. Let s,m € N and —1+m < d < m. The Laplace operator A : H§+s — H§ 5 is an
injection with closed range

{f€H§+2| /fv:O vveuﬁom}.

Moreover, u obeys the estimate

[ull o+ < C(s, 0)[[Aullmy,,

Proof. We will proceed by induction. Note that Theorem (2.2.8) corresponds to the case s = 0. We
assume that the statement of the corollary holds true for some s € N and all m € N, and we will prove
that it holds true for s + 1. Let m € Nand —1+m < § < m. Let f € Hgi%, such that f belongs to
the set

{f€H§+2| /fsz VUEU{ZOHZ}.
Then Theorem (2.2.8) provides a unique u € HZ such that Au = f. In particular for i = 1,2 we have
ABiu = Bzf

Since f € H:T! we have that d;f € H;, ;. Moreover, for all v, harmonic polynomial of degree

5427
[@sw== [ 00 =0,

7 < m+1, we have
because O;v is an harmonic polynomial of degree j — 1 < m. Therefore, by induction, we have
dyu € Hif} and

Hu||H§+1+2 < lullzz + 10vull o + 19u] gz

COfllug,, +Cls.0+1) (101 lluz,, + 102f1mz..,)
SC(5+1a5)||fHH§jr'2l'

This concludes the proof of Corollary (2.2.9). O

Corollary 2.2.10. Let —1 < < 0. Let f € Hg+3. Then there exists a solution u of
Au = f,

which can be written uniquely in the form

([ )omr- o 1 1)

where U € H, . Moreover, we have the estimate

COISf N g

1] g2

541 ’\‘ 5+3°

Proof. Let F be a radial function, smooth, compactly supported, such that f F =2m, and G a radial
function, smooth, compactly supported, which is 0 in a neighborhood of 0 and such that [ Gr = 4.
We note

G1(x) = G(r) cos(0) and G2(x) = G(r) sin(h).

Let
1

uo(e) = o= [ F(o)tn(le — ydy
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be a solution of Aug = F', and

wle) = 5= [ Gity)Inlle — ydy

be a solution of Au; = G;. We may calculate

uo = x(r) In(r) + wg,
up = —x( )coi(Q) + uy,
g — ( )sinr(e) e,

where g, u; € HZ, ;.
Thanks to Theorem (2.2.8), we can solve the equation

Av:ffi

1 1
L) k(e ([
which satisfies

since the right-hand side is orthogonal to the polynomials of degree 0 and 1, and we have v € H§ 1

[ollmz,, S 111l

14 p2)5+3
5+3—|—/|f|+/7"|f§||f|H§+3+/|f|((1j_r2)g

1
<
) 41~ \/m||fHHg+3
Therefore we can solve the equation Au = f, and u can be written

u:vl—l—;ﬂ(/f)-&-;ﬂ(/fm)ul-i-;?r(/fwg)uz

- </ f> x(r)In(r) — % (cos(a)/fx1 +Sin(9)/fx2> @ n

where 4 € H§, | with

U,

il , < g

5+3°
This concludes the proof of Corollary 2.2.10.

We introduce the notation.

M, = ( cos(20) sin(26)

sin(20)  — cos(26) ) No = ( &21(3(92)0) Zﬁfgg)) )

Corollary 2.2.11. Let —1 < § < 0. Let f; € Hg+3 with [ f; =0, j = 1,2. Then, there exists a
symmetric and traceless 2-tensor K solution of

0iKij = fj,
which can be written uniquely in the form
K= A&QMG + J&;")Ng +K,
r r

with K € Hs, o and

1 1 ~
A= %/Imﬁ +azfe, J= %/ﬂﬂlfz —zofi, Ky, S IAllkg,, + 1f1llag

5+3°
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Proof. We can look for K of the form
Kij = &Yj + 631/1 — 6ij8kYk,

then Y; satisfies
AY; = f;.

We apply Corollary (2.2.10) which allows us to find a solution in the form3
Y, = X0 (0, cos(0) + b, sin(6)) + T,
with Y; € H?_, and
1 1 ~
aj=—o_ [o1fy bj=—o_ [@afy Willaz,, S Wfillag,,-
We calculate

K1 =01Y1 — 02Ys

*% (al(* cos?(0) + sin?(#)) — 2b; cos(8) sin(6) + 2as cos(#) sin(8)
+ by(sin?(0) — Cos2(0))) +Kn
:Q (—(a1 + by) cos(20) + (az — by) sin(26)) + K1,

Ko =01Ys + 0211
:%;ﬂ) (ag(— cos®(6) 4 sin?(0)) — 2by cos(6) sin() — 2a; cos(f) sin(6)
+ by (= sin?(8) + cos?(0)) ) + Koz

:% (—(az — by) cos(20) — (ay + by) sin(26)) + K1z,

with I~(11 and 1?12 in H§+2 and

1Kl

642

+ I f2ll o

543"

+ [ Krellmr,, S I fillmo

42 ™~ 543

Therefore we can write

o x(r) [ cos(20) sin(20) x(r) ( —sin(20) cos(20) ~
K= ATT ( sin(20)  — cos(26) > + JTT < cos(20) sin(20) > + K,

with

1
A= —(a1+b2) = %/$1f1 + 2 fo,

1
J=b1—a2=?/$1f2—$2f17
Y5

1K 2, S Wfallag,,

+ || f2ll mo

s5+2°

This concludes the proof of Corollary 2.2.11.

3Recall that [ f; = 0.

47



48 CHAPITRE 2. THE CONSTRAINT EQUATIONS

2.3 Main result and outline of the proof

In [29], we solved the system (2.1.15) for 2, |[Vu|? € HY , with —1 < § < 0. The solutions we found
were of the form

A= —ax(r)In(r) + X,

H = —(pcos(6 —n) +5(6))X—MM9 +H,

(
2r
T = (pcos(d —n) +5(0))@ +7,

where \ € HZ, H e 7-[(1”1. By looking for H as H;; = 0;Y; + 0;Y; — §;;0"Y},, the system (2.1.15)
corresponds to three Laplace-like equations. The quantities b € W12(S') and 7 € H g 4, are free param-
eters, while the three parameters «, p and 7 are determined by the three corresponding orthogonality
conditions, namely that the integrals of the right-hand sides of (2.1.15) vanish.

In this chapter, assuming that 42, |Vu|? € Hg+3 (i.e. assuming more decay on u and @ than in
[29]), we want to go further in the asymptotic expension of our solution. This will require to enforce
additional orthogonality conditions.

2.3.1 Main result

Theorem 2.3.1. Let —1 < § < 0. Let 4*,|Vul* € HY,, and b € WY2(SY) such that

b(0) cos(0)dd = | b(6)sin(6)do = 0. (2.3.1)
st st
We note
€= /ﬂQ + |Vul?.
We assume
@] g0, + IIVulPllmo, . + [Blwre Se.

543 5+3

Let B € W12(S1). We assume

HBHle S 62.

Let U € H5+2 be such that [V = 2. Ife > 0 is small enough there exist o, p,n, A, J,c1,c0 in R, a

scalar functions Xe Hé+1 and a symmetric traceless tensor He 7-[5+2 such that, if r,0 are the polar
coordinates centered in (c1,c¢2), and if we note

A= —ay(r)In(r) + A,
B'0)

H = —(b(6) + pcos(f — 1)) ()M teo M((J—(l—a)B(ﬁ))Ng— :

r2 M@)"‘ﬁ»

then A\, H are solutions of (2.1.15) with

") Aw.

T = (3(9) + pcos( — n))@ + 67)\3/(6))671(72
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Moreover we have the estimates
o= % / (i + [Vul?) + O(2),
pcos(n) = %/u.@lu + 0(e?),
psin(n) = %/uﬁgu + 0(e?),
= % /331 (@ + [Vul?) + O(e?),
e = ﬁ /x2 (i + |Vul?) + O(2),

7= 5 [[wonu+ Lfersina) - ezcos(n) + O,
A= —% /Tﬂ.aru + % (/ x’(r)rdr) /E(H)de +0(e%),

Mz, + 17y, +11Hlg,, Se

S41 542 s+2 ™

and

Remark 2.3.2. There is a natural rapprochement between the quantities o, p,n,c1,co,J, A and the
global charges in 3+ 1 dimensions (such as the ADM mass, ADM momentum...). See for example [15]
for a definition.

The following corollary is a straightforward consequence of Theorem (2.3.1) and Corollary (2.2.9).

Corollary 2.3.3. Let 5,a,Vu,5,5,B and ¥ _be as in the assumptions of Theorem 2.3.1. Moreover
let s € N and assume 0%, |Vu|? € H 45, B,b € WsT12(S') and U € Hjt). Then the conclusion of
Theorem (2.3.1) holds and we have furthermore NG Hgilz, He 'H‘;i%, with the estimates

Rl g2+ Wy < WPl + 1190z, + [Bllweso + [ Bllwasse.

2.3.2 Outline of the proof

We will prove the theorem using a fixed point argument.

Construction of the map F  We consider the map

F:RxRxRxHj , »RxRxRx Hj

(0[7017 C2, >‘) = (O[/7C/17C/27X/)

where if we note
(c1,ca) = re(cos(fe),sin(f.)), (¢}, ch) = re(cos(6y), sin(6;,))

and

A =—ax(r)In(r) 4+ r.cos(d — 90)@ +A

N =—a'x(r)In(r) 4+ 7. cos(d — 9(’:)—X(T) +X,
r

then )\ is the solution of

2

1 1 1
/ -2 2 2
AN + -4 + - |Vul|* + - |H| 0, (2.3.2)
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with
H=e?*HY + H® 4 ¢ *HO), (2.3.3)
where
H® = —b(e)@Me — T (b(6) sin(0 — 0..))’ <7") X 0ty — e b(6) sin(0 — 0 )@Na (2.3.4)
2r 2a¢ r2 o 2 ’
B'(0
HO® = % (—(1 — a)B(@)Ng — 2( )Mg) , (2.3.5)
and H satisfies ) )
aZH” + Hw&)\ = —ﬂ.aju + 58]-7 — 57'8]')\7 (236)
with
r=7® LB LAY, (2.3.7)
where
2@ — ()X 4 e 0) sin(6 — 6.y X0 (2.3.8)
r o g2
x(r
3 = B'(6) ;2). (2.3.9)
‘We have noted N
b(0) = pcos(0 —n) + b(6). (2.3.10)

The parameters p,n and A are suitably chosen during the process.

Solving (236) We will show that H(l) satisfies
1) f(l)
—

with f;l) 5+3 We will prove that we may choose p,n and A such that

[0 =[50 = [arfl s marf? =0

Then we will show that H) can be written

gL — JX( )N +H(1)
with HV € H},,.
Solving (2.3.2) We will show that

YHp-Teny,

Then, it will be straightforward to solve (2.3.2) using Corollary (2.2.10). The solution we obtain is of
the form

N = —a'x(r)In(r) + .. cos(6 — Hé)@ TN,
r

with X € HZ, ;.
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The fixed point Proving that F is a contracting map easily follows from the estimates for X' and
H. The Picard fixed point theorem then implies that F' has a fixed point. To obtain the result stated
in Theorem (2.3.1) then easily folows after performing the following change of variables

Te Te

! c / c .

2y =x1 — —cos(b.), w5 =x2+ —sin(f.),
@ @

which corresponds to work in a frame centered in the center of mass.

The rest of the paper is as follows. In section (2.4), we explain how to solve the momentum
constraint (2.3.6). We also explain how to choose A, p,n. In section (2.5), we explain how to solve
(2.3.2). Finally, the map F' is shown to have a fixed point in section (2.6).

2.4 The momentum constraint

The goal of this section is to solve equation (2.3.6). We will note

A= lad +re + [IAll 22

S5+1°

(2.4.1)

We assume a priori
Al S e,

o> 8% (/u2 + |Vu|2> . (2.4.2)

E<M<1,
a™ e~

This yields

Proposition 2.4.1. Ife > 0 is small enough, there exists p,n, A € R, such that for
r=7@ 4270 4 AP,

with 72, 7G) defined by (2.3.8) and (2.3.9), there exists a solution of (2.3.6) which may be uniquely
written under the form
H=e*HY £ FO 4 c~2gG)

where H?) and H®) are defined by (2.3.4) and (2.3.5) and

HY = J&;‘)Na +f](1),
T

with e *H®) € Hj, o such that
le B D, < NaVullug, + [bllwsa + [Bllwre + 4] S e.

Moreover we have the estimates

1
pcos(n) = = /d.@lu +0(e?),

psin(n) = 1 /u.agu +0(e?),

—% /m.&u+ % (/ x’(r)rdr) /E(e)de +0(e?),

1 . pre . 2
J= o /u.agqu 70 sin(n — 0.) + O(e7).

A:
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Proof. We introduce the notation
() = —%T@)ajx ~HP o\, (2.4.3)
h® = %aj (7)) - %e—AT@mjA —9i(e P H®)y; — e HD 9 (2.4.4)
In view of (2.3.3), (2.3.6) and (2.3.7) an easy calculation yields
aHY = (24.5)
where
J

1 1 1
= e’\( — ddput 50;(AV) = JAVIA+ WP+ hP + S0 ang)). (2.4.6)

The three following propositions, proved respectively in Sections (2.4.1), (2.4.2) and (2.4.3) allow us
to estimate the different contributions to f;l).

Proposition 2.4.2. We have

/ /

%aﬂ@) —0,HY :%’")b(e) cos(f) + Xr(;) % (b(0) sin(6 — 6,) cos(0))",
/ /

%327(2) — a1 =Xy 9) sino) + X (;) "< (b(6) sin(8 — 0,) sin(9))’.
T T o

Proposition 2.4.3. We have h§-2) € H§+3, with

2
1P ks, < IABlwr.

Proposition 2.4.4. We have hg-g) € H§+3, with

3
1957 g, S 1Bllwr -

We have e*)‘f]m € H§+3 :
e For h;z) and h;g) this follows from Propositions (2.4.3) and (2.4.4).

e For %ajT(Z)—aiH@)

2’ this is a consequence of Proposition (2.4.2). Since x' is compactly supported,
we have

1

S bllwz2sn)-
HY s

e Since ¥ € Hj_ ,, we have in view of Lemma 2.2.2

[A0; W |y, , < Al

e We have

Ao\ = <04XEAT) —recos(f — 60% —ax'(r)In(r) 4+ r. cos(d — 6.) Xli”) AWO;r

— resin(0 — 6,) ng) AVD;0 + AT, X,
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and since x’ is compactly supported we have

et T ~
: < _°¢ )
||A\Il(’)j)\||Hg+3 < HA\IJ1 e + HAllll ||y + ||A1118J)\||Hg+3. + |AJ.
5+3 5+3
For the terms of the form AW % and AV 7<;, we use Lemma (2.2.5) which yields
a T
AV —— < |Allal, [|[A¥Y—~ < |A]lrel.
H HTHH&SJ ol vt o, 1l

e For the term A\IJBJ-X we use Proposition (2.2.4) which yields

1A N o < AN 2

543 ™ S41°
Consequently we have

— 1 .
le™ £ Nl ao,, < iVl o,

+ [bllwr> + [ Bllw2 + [A]-

We have

recos(0 —0.)x(r) ~

A= —ax(r)In(r) + + A,

r

with X € H3 , C L* thanks to Proposition (2.2.3). Therefore
e < (1+12)7F,
and Lemma (2.2.5) yields f;l) € HY, 5, with

1 .
1 mg, .. S iVl

+ [[llwr2 + [ Bllw2 + Al

We want to solve (2.4.5) with Corollary (2.2.11). To this end, we need

/fl(” :/fé” —0. (2.4.7)

The following proposition, proven in Section (2.4.4), allows us to carefully choose the parameters p,n, A
in order to enforce the orthogonality condition (2.4.7).

Proposition 2.4.5. Ife > 0 is small enough, there exist p,n, A € R such that

[0 = [ 1= [auf +arf? 0

pcos(n) = %/e*ualu + 0(£?),

Moreover we have

psin(n) = %/GA’L.L82U +0(£?),

A= —% eMirdpu + % (/ X'(T)rdr) /b(e)de +0(e?).
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We choose p, 1, A according to Proposition (2.4.5). Since |a| < e, if € > 0 is small enough, we have

-1 < é+a < 0. Since ffl(l) = ffz(l) = 0, we can apply Corollary (2.2.11). Since fxlfl(l)—I—foQ(l) =0,
we obtain
HW = J&?Ng +HWD,
r

with H®) ¢ H§+2+a such that

|7 + A, S Naullag,, + [blwr + [ Bllwe + 4],

< A2

1 0 0
H6+2+a H5+3+cy H6+3+a

and
1 1 1
1

_L / e (—adou — AVA+ 21 (hS + 1Y) — o (0P + 1) ) + 2
2w R2

2

sin(n — 0.)
(2.4.8)

2 [ =) Xy sin0 - 0,

SRS Y Te Gn(o — 2
=5 R2€ uagu—l—ansm(ﬂ 0c) +O(e7)

where we have used the definition (2.4.6) of f§1)7 2102 — 2207 = Oy, Proposition 2.4.2 and the following

calculations ) )
§/€AA39\IJ: —Q/GAAql@a/\,

r r

/e’\ x1 X(r) b(9) sin(0) — @Mb(@ cos(@))
/

e*x/ (r)b(6)(cos(8) sin(8) — cos(0) sin(8))rdrdd

1 (b() sin(f — 6,) sin(h)) — x5 (b(A) sin(d — 6,) COS(H))/>

\
®
>
=
3=
NG
SR
/N

—_ e [ X'(r) b() sin(h — 6,)(—sin®(A) — cos?(h))

(0% r

- % / a(,AeA@b(a) sin(6 — 0.)(cos(0) sin(6) — sin(0) cos(6))
_Te ( / X’(r)dr) ( / b(6) sin(6 — ec)de) 4 e / (e — 1)X/7E’")b(9) sin(0 — 0)

(07

:wptzc sin(n — 6.) + % /(e’\ -1) X'ir) b(0) sin(f — 6.),

where we have used in the last equality the definition of b (2.3.10) and the orthogonality condition
(2.3.1) for b. It remains to estimate e *H®) in H},,. First, we note that since

-\ —ax(r)In(r)
is bounded, thanks to Lemma (2.2.5) and the fact that H1) € Hj 9, q We have eHO ¢ HY ., We

now calculate V(e=*H®)). The contributions are
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e the term e *VH® : since VH® ¢ HY .\ 05, We have e AVHOD € HY, 5 thanks to Lemma
(2.2.5),

e the term X =21 : it also belongs to HY, 5 thanks to Lemma (2.2.5).

T

e The term e HMV\ : thanks to Proposition (2.2.4), HOWA belong to 7—12+3+a, and therefore,
thanks to Lemma (2.2.5), we have e *H(DVX € HY. 5.

Consequently, we have V(e’APNI(l)) € Hg+3 and therefore e *HD) € ’H%H with

le P AO s, < Vs,

+[bllwrz + [ Bllwz + Al S e.

This concludes the proof of Proposition (2.4.1). O

2.4.1 Proof of Proposition (2.4.2)

We calculate

0; <b(9) X(T)M.g) = @ <X,(T) — X(;)) (cos(0) cos(260) + sin(0) sin(26))
i1 r r

b(0)x(r) (sin(6) sin(26) + cos(6) cos(26))

_ b’(02)7r)§(r)(_ sin(0) cos(26) + cos(0) sin(26))

_ b(92)72<2(7") cos(6) — % sin(6) — % cos(0),
Hherefore Loy (00222~ (b)) U)o
2 MO ) o PO, e ) = o

For j = 2 we obtain

d; (b(e)_;?y)M@) - @ (X/y) - qu,:)) (cos(8) sin(20) — sin(6) cos(20))

b(e)X(T) (_ Sin(Q) cos(29) + COS(@) sin(29))

r2

_ w(— sin(#) sin(26) — cos(#) cos(26))

2r2
== b(92)5<2 ) sin(6) + 71)/(92);;(7“) cos(0) — 71)(9)2):0’@) sin(6),
%82 (b(@)@) :%b(e) <Xlir) - X:;n)) sin(f) + %U(@)% cos(0).

Therefore

%aQ <b(9)X§dT)> — o (b(a) _gﬁr) M9>i2 — w sin(6).

We now calculate the other contributions. We note that 25 My and -5 Ny satisfy

ij

1 1
0; (2M9> =0, (2N0> =0, forr>0. (2.4.9)
r i r



56

CHAPITRE 2. THE CONSTRAINT EQUATIONS
This yields

N <_;;(b(9) in(6 95))/%]\/[9 _ %b(e) sin(f — 9,;)X(7")Ne>i1

r2

~

%(b(e) sin(0 — 6.))' (cos(8) cos(26) + sin(0) sin(26)) X (r)

- %b(&) sin(0 — 6.)(— cos(0) sin(26) + sin(f) cos(20)) X(r

Tc

~

r2
2

— —=(b(0) sin(0 — 6.))" (— sin(6) cos(20) + cos(f) sin(20)) x(r

~

Tc

r3

— Z2(b(8) sin(6 — 6.)) (sin(9) sin(20) + cos(6) cos(20)) x(r)

=
e (b(e) sin(@ — 6 sin(6) — 5 (b(6) sin(6 — 6.)) cos(9)> )
+ % (—(b(@) sin(f — 6.))’ cos(0) — %(b(@) sin(f — 6.))"” Siﬂ(9)> %

We now calculate the term involving 7.

%al (E(b(@) sin(f) — 9&)’9)
:% (X;(Q’f") _ QX’,E;')) cos(8)(b(0) sin(6 — 96))/ + E(_ sin(6))(b(6) sin(6 — 6,))

nX(r)
2c 3
:g—; cos(6)(b(0) sin(0 — 6..))’ X;(QT)
+ % <_(b(9) sin(0 — 6.))" cos(0) — %(b(@) sin(6 — 6,))" Sin(@)) %

Therefore we have

T’TMG — —b(e) sin(9 — 90)><7§§)N9>
EC (cos(0)(b(0) sin(6 — 6,.)) — sin(#)b(0) sin(6 — 6,.))

X'(r)
; (cos(8)b(8) sin(6 — 6,)) XU

r2
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For j = 2 we obtain

3 T°b(9)sm(9 9) x(r )N9>
r a r2 i

( 0)sin(0 — 0.))’ X

5 = (b(0) sin(f — 6..)) (cos(8) sin(20) — sin(8) cos(29))x

/(7'

— éb(&) sin(6 — 0.)(cos(6) cos(260) + sin(f) sin(20)) Xr2

— L (b(6) sn(6 — 0.))" (~ sin(6) sin(26) — cos(9) cos(26)) 1

r

— E(b(@) sin(0 — 6.))’ (- sin(8) cos(26) + cos(6) sin(2¢9))XT(—3

~—

~— W

:% (b(e) sin(0 — 6,) cos(8) — %(b(é)) sin(6 — 6..))’ sin(o)) X;(;)
+ % (—(b(a) sin(f — 0,))' sin(6) + %(b(&) sin(6 — 6,))" cos(9)> Xg ).
We now calculate the term involving 7.
%az (’;(b(e) sin(0 — 6,)
L <X;(2’”)2X( )> w(O)((8) sin0 — 6.)) + 1 cos(9) (b(8) sin(6 — .))" 1)
:% sin(6)(b(0) sin(0 — 6,))' X (
+ % (—(b(e) sin(6 —90))/sm(9) + =(b(0) sin(6 — 6,)) cos(e)) Xg).
Therefore we have
1 Te . ,x(7)
502 <a(b(6) sin(0 — 0.)) 742)

X' (r)

T (sn(8) (b6) sin(6 — 6.)) + cos(8)b(6) in(6 — 0,)

=" (sin(0)b(6) sin(0 — 6.))’ X/(;") .

« r

In view of (2.3.4) and (2.3.8), this concludes the proof of Proposition (2.4.2).

2.4.2 Proof of Proposition (2.4.3)

Since [V € H}, ,, Lemma (2.2.5) implies that the terms of the form ‘bl |V)\| belong to HY , and
satisfy

|b\
|V)\\ S 1Bl oo 1) [V A g

5+2
0
HY 5

and consequently, with the Sobolev injection W12(S!) c L*°(S?!),

‘b| (2.4.10)

V| S bl IRy,
H6+3
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Moreover, thanks to Lemma (2.2.6), the terms of the form Ze [bl+1b ] 1|V belong to HY , and satisfy

o 1+r
Te |b] + |b’

o (0472 S Hb||vvlv2(sl)||>\||H§+1 (2.4.11)
where we have used, that thanks to (2.4. 2) 7= < 1. The terms of the form = |(bl‘_tlg;‘ (1_’;_;)2 are also in
Hg+3 and satisfy

re D]+ V] 7
EC (1 +7")2 (1 +Cr)2 5 ||bHW112(Sl)‘rC|' (2412)
Finally, since x’ is compactly supported, we also have
10| / b] rex'(r)
——ax'(r) In(r < o]l o, < ||bllw. re|, .. 2.4.13
e o, S weeiel | LR S ik - @419

Consequently, the terms which remain to calculate are the ones decaying like 7% and 7% We obtain

Hi(lz)ai/\ =— M1?(9) < - (ff + rcCOb(G_GL)) (cos(26) cos(0) + sin(20) sin(A))

2r r2

resin(f — 6.)
-

(—sin(@) cos(260) + cos(8) sin(29))>

- T;zg) (cos(8 — 0)b(6) + sin(6 — 6.)(6)) — 2 (cos(26) cos(6) + sin(26) sin(6))

Tiiﬂ() (0 = 6.)b(6) — (— cos(6) sin(26) + sin(9) cos(26)) + hy

2

_ (2)2 x(r) cos(6) + %&X(T) <COS(9) cos(f —0.) — %Sin(e) sin(f — 96)>
+ % cos(0) sin(6 — 6,.) + hq,

where, thanks to (2.4.10), (2.4.11) and (2.4.12), hy € HY, , satisfies
1Pallarg, , S IAIHIDlw .2

We calculate

—57'(2)81)\ =— 7b(0)2X(T) (—i cos(f) — T OBV — Ye) cos(0 — be) cos(d) + ToBION — %) sin(0 = 0c) sin(H))

r 72 72

_ ;—;(6(9) cos(f — 0.) + b'(0) sin(6 — 9&)% (—Ta cos(&)) + ho
= OHON) gy 4 PO (Cos(a) cos( ) — 5 sin(#) sin(6 ~ ec)>
reb(9)x(r)

53 cos(8) sin(6 — 0.) + ho,

where thanks to (2.4.10), (2.4.11) and (2.4.12), hy € HJ, 4 satisfies
1h2llng, , S IIANBIwr 2.

Therefore )
757'(2)81)\ — HZ(12)81)\ =hyg —hy € H((5)+3.
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For j = 2 we obtain

HP o\ = - @b(e) ( - (O‘ + TCOS(M) (— cos(20) sin(6) + sin(26) cos(6))

r r 72

_ resin(d —6.)

2

" (— cos(6) cos(26) — sin(0) sin(?@)))

_ rex(r) (cos(f — 6.)b(0) + sin(f — HC)b'(H)_Ta(— cos(20) sin(6) + sin(26) cos(6))

2ar?
_ ";‘(” sin(6 — 0)b(6) — (sin(6) sin(20) + cos(9) cos(26)) + hy

:ab(gizc(r) sin(6) + ch(i)gx(T)
N 7' (0)x(r)

273

(sin(@) cos(f —0.) + % cos(f) sin(6 — 00)>
sin(f) sin(0 — 6..) + hs,

where thanks to (2.4.10), (2.4.11) and (2.4.12), hg € HJ, 4 satisfies

1]l g, , < IAIHIBlw .2

+3 ™

We calculate

—%T@)w __ HOx(r) (-“ sin(9) — 1280 = 0c) gy Tesn(0 = 6c) cos(9)>

2r r r? r?
— ;—;(b(@) cos(f — 6.) + b'(0) sin(6 — 90))Xg) (_TO‘ sin(G)) +ha
_ab(g;;((r) S n(e) + %@X(T) (Sin(ﬁ) cos(@ — 96) + %COS(@) Sin(9 - 95)>
reb'(0)x(r)

sin(f) sin(0 — 0..) + hq,

where thanks to (2.4.10), (2.4.11) and (2.4.12), hy € H, , satisfies

1Pallmg, , S TANDl e

Therefore
1
fgq-(?)aQ)\ - Hi(;)&'i)\ = hy — h3 € H 5.

This concludes the proof of Proposition (2.4.3).

2.4.3 Proof of Proposition (2.4.4)

We first note
@(e"\H(?’))ij + e_’\Hl-(;’)(?j)\ = 6_)\81'H-(3)

ij
Lo (e=27®) _ L2 o L2573 _ o2,
5@-(6 T )—ie T 8j)\:§e ;7 —e MO,
Since \ € H? 1, Proposition (2.2.3) implies that X is bounded and consequently

le™ < (147r?)%.
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Therefore Lemma (2.2.6) imply that the terms of the form e “(Bl‘jif)/‘ VA belong to Hg+4_a, with

H B+ 1B

X
A+ V‘

< Bl Az,
H9
S+4—«

Since « is of size ¢, for € small enough we have v < 1 and

BB A -
He WVA o ~ ||B||W172(S1)||)\||H§+1 (2414)
543
The terms of the form e |B1‘-t7|~123" 1_7_;2 satisfy
AMBIHIB| e | re(|B]+|B))
1+7r2 1472~ (1472)273 7
so, for € > 0 small enough so that § + o < 0 they belong to H§+3 and satisfy
INVENE §
—_— B , cl- 2.4.15
He T+r2 1472 ~ [Bllws.aenrel ( )

543
Since x’ is smooth and compactly supported, the term of the form e_)‘%‘f,lx’(r) belong to Hy, 4
and satisfy
B B’
e—A' |+‘ |X/<r)
14172

S IBllwr s (2.4.16)
HO
5+3

Consequently the terms which remain to calculate are the one which decay like :—: We calculate

e 0HY) = — 7 (1 — a) B(6)(sin(6) sin(20) + cos(6) C°S<29>>%

N e-x%(_ sin(0) cos(260) + cos(0) Sin(29))¥§) t9

—X ((1 —a)B'(0) cos(0) — %BH(Q) sin(@)) % 9

where we have used (2.4.9) and where, thanks to the estimate (2.4.16), g, € HJ, ; satisfies

lorlls,, S 1Blwe.

We now calculate

1
§e_>‘817'(3) — T(S)e_)‘al)\

r e Mx(r ) —«
= —2%6_)‘3’(0)% cos(0) — %B”(Q)%() sin(0) — BI(Q)C_A%T cos(0) + g2

= (a — 1)67)‘B’(t9)M cos(f) —

3 L0 in(0) + g,

2 73
where thanks to the estimates (2.4.14), (2.4.15) and (2.4.16), g2 € H{, ; satisfies
lgzllag,, S 1Blwas.

Therefore 1 )
5317(3) _ 5T(i%)al,\ — (e H®)y; — e AHP 9N = go — g1 € HY. 5.
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For j = 2 we have

e 20, HE) = — e (1 — a)B'(6)(— sin(8) cos(26) + cos(0) sin(20)) X7

T3
- e-*@(— sin(6) sin(20) — cos(0) COS@@))% s

S ((1 —a)B'(0)sin(d) + %B”(G) COS(9)> % * 9

where thanks to the estimate (2.4.16), g3 € Hj, 4 satisfies

lgsllue,, < I1Bllw .

1
56_)\627(3) — 6_)\7'(3)82)\

_ 7267%3’(9)% sin(6) + %B"(&) e’j};“ cos(0) — B’(e)ﬁ%%‘l sin(6) + g4
x(r)e

r)e
= (a— 1)B’(9)% sin(6) + %BN(G)T cos(8) + g4

where thanks to the estimates (2.4.14), (2.4.15) and (2.4.16), g4 € Hj. , satisfies

I9allmg, , S IBllwre

+3

Therefore 1

2
This conclude the proof of Proposition (2.4.4).

1
627'(3) - 57'(3)82)\ - ai(e_/\H(?’))ig - G_AHZ(S)(C)Z)\ =34 — g3 S Hg+3.

2.4.4 Proof of Proposition (2.4.5)

Recall that f;l) has been defined in (2.4.6). We calculate

/R2 f1(1) = /R2 e (—u.alu — AUO N+ h§2) + h§3))

Tc

+ /(6’\ - 1)@1)(9) cos(0)dx — - /eAgb(a) sin(d — 6,) cos(6)Op\ (24.17)
+ mpcos(n),

where we have used Proposition 2.4.2 and the calculations

%/&A@lxp = —%/&Aww

/ ekxlff) b(0) cos(6) = / (e — 1)X/£T)b(9) cos(0) + ( / x'(r)dr) ( / b(60) cos(a)d9>
_ /(6,\ _ l)X/(T)

. b(0) cos(8) + mp cos(n),

where we have used the definition of b (2.3.10) and the orthogonality condition 2.3.1,

fe / X 40V sin(0 — 0,) cos(9)) = — 1< / A X0 10y in(0 — 0,) cos(8) 9.

o 72 o 72



62 CHAPITRE 2. THE CONSTRAINT EQUATIONS

Similarly, we have

/W iD= /R e (—uarzu — AU+ B + h§3))

+ /(e’\ - 1)X/7ET) b(0) sin(0)dx — % /eA X;(;) b(8) sin(0 — 6..) sin(6)9p A (2.4.18)
+ wpsin(n).
We calculate also
/ a1 f 4o f@ :/ et (u(raru) — AUro.\ + :Cl(h§2) + h(13)) + m(hé” + hé:s)))
R2 R2
+ / (e* — 1)x'(r)b(8) — / 0y /\X( ) b(0) sin(0 — 6,) (2.4.19)

+(/X’(r)rdr>/ 0)d6 — A/ e

where we used x10; + x202 = r0, and the following calculations

1 1
i/eA(mlﬁlA\IJ—FxgagA\D) = —5/6>\A\IJ(I161/\—|—1‘262/\)—/EAA\I/,

[ X'<%<9>cos<e>+m’<',€”b<9>sin<9>)

= / 6)(cos?(6) + sin?(0))

- ( / rdr) ( / b(9)d9> + / (e* = 1)x'(r)b(0)

( )sin(f — 6,.) cos(#))" + 2 (b(#) sin(h — 6,.) sin(a))’)

«

== / . b(0) sin(f — 6..) (— cos(6) sin(6) + cos(6) sin(6))
- / e*agA@b(e) sin(0 — 0.)(cos?(6) + sin(6))
= % /&aw@b(e) sin(6 — 6,).
Therefore, in view of (2.4.17), (2.4.18) and (2.4.19), we have

[0 =[5 = [arfl? 4 a0

if and only if the quantities p cos(n), psin(n) and A are solutions of a linear system of the form

1+0() O(e) O(e) pcos(n) ax
O(e) 14+0() O(e) psin(n) | = a2 |,
O(e) O(e) 14+ 0(e) A as
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where, since [ ¥ = 2,

a; = l /u@m—i— 0(62),
7T

a9 = l /u82u+ 0(62),
7T

a5 = —% /maru + % (/ X’(r)rdr) /E(e)de +O(2).

In the last equation we have used [ b(0)d0 = [ b(0)d6 to point out that this quantity does not depend
on p,7n. For e > 0 small enough, this system is invertible, therefore we can find a unique triplet (p,n, A)
in R x S' x R such that the three integrals are zero, and we have

1

pecos(n) = f/e*ualu +0(e?),
7r
1

psin(n) = f/e*uaw + 0(e?),
™

A=— 217T/e ardyu + 02(;“) /’5(9)d9+0(52>.

This concludes the proof of Proposition (2.4.5)

2.5 The Lichnerowicz equation
Let H and 7 be given by

H=e¢*HY + H® 4 ¢ *HO),
=73 4270 4 AP,
with p,n, A and H®) given by Proposition (2.4.1). We recall H(1) = J%Ng +H®D, and
AL+ 1]+ ol + e AD  S e

~

Proposition 2.5.1. There ezists a solution X' of (2.3.2) which can be written uniquely under the form
N = —a'x(r)In(r) + . cos(§ — 02)@ + N,
with ' € H3  and we have
/ W+ |Vul?) + O(e?),
7! cos(0..) / W+ |Vul?) + O(e?),

rl.sin(0.) = 477/“ (@? + |Vul®) + O(e?),

and
N0z, S [[82 + V0] y +22
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Proof. In order to apply Corollary (2.2.10) we have to check whether the right-hand side of (2.3.2) is
in HY . To estimate |e~ AHM|2, we use Proposition (2.2.4), which yields [e " *H® |2 € HY 5 with

~ 2
le = HW|? <lle*HW <2 (2.5.1)
Hl
6+3 5+2

To estimate terms of the form %e*)ﬂﬁ(l” we use Lemma (2.2.5). It yields
o

To estimate terms of the form IB Le=*|H®| and Le |b;!2 e M H®W| we use Lemma (2.2.6), which yields

|b| —2X| 7(1 2
|| < oo <2 (252)

0
H5+3

B B’ ~
‘ | + |2 | —/\|H(1)| 5 ||B||W1,2(Sl) ’e—/\H(l)‘ S €2
1+7r HY, Hgy,
(2.5.3)
o 0] + b ~
7;' ‘ + | |e—)\|H(1)| S ||bHW1~2(Sl) ‘ )\H(l)‘ 82.
a 1+r2 Hl,,
5+3
In the same way, thanks to Proposition 2.2.4 and Lemma 2.2.6 we estimate
]
AD)? <o || 4 <é? 2.5.4
%Py, 522 | ian] se (25.4)
543
We can also estimate
2 /1\2 !
RO o[BI 255
a2 1471t || 1474 I
§+3 543

We now calculate

b et (o2 (- T 0 o,
— b(6) Xé:) (—Zjb(@) sin(6 — 9C)X(§) teMNJ—(1 a)B(H))X:§)> My Np;

where thanks to the estimates (2.5.1), (2.5.2), (2.5.3), (2.5.4), and (2.5.5), we have hy € HY, . with
Foallmg | S <2
Since Mgingij =2 and M@ijNgij = 0 we obtain
‘H|2 1T = Iy € Hi, ;.
Consequently, we can solve (2.3.2) with Corollary (2.2.10), and the solution A’ can be written

x(r)

N = —ad'x(r)In(r) + recos(6 — 6,)
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with
of i/ f|v 24 |H|2 s i/(u2+|vu|2)+0(52)
2 4 47 ’
7 cos(f i/ 2+ f\Vu\Q + 7|H\2 T -1 /xl (@ +|Vul?) + O(e?)
2 2 2 4 47 ’
1 s 1 2 7 1 2 2 2
e sin(f +§\Vu\ +§|H\ ) T | (@® + |Vul?) + O(e?),

and N € HZ, | such that

1 72
< || Zg2 _

1 o 10
2 ZIHI? -
+2|Vu| +2| |

Vs, < S+ 1Vul| g |+

543

This concludes the proof of Proposition (2.5.1).

2.6 Proof of Theorem (2.3.1)

65

We find it more convenient to perform the fixed point with the quantities (¢1, ¢2) instead of 7., 0.. We

recall the relation
(c1,¢2) = re(cos(f,),sin(f.)).

We note X the Banach space
X=RxRxRxHj,,

equipped with the norm
IMx = [l ex, 0, Mlx = lal + lex| + leal + [Nz

6+1

We have constructed, for € > 0 small enough, a map
F: X—>X
which maps (a,cl,CQ,X) satisfying
(s er, 2, M x = lo] + lex| + [ea] + [Nz, Se

and o > %ao where

1
a0 = - (/u2 + |Vu|2> , (2.6.1)

to (¢, ¢, c’Q,X/) such that, for p,n, A, H) given by Proposition (2.4.1), if we note

A= —ax(r)In(r) 4+ r.cos(f — Qc)w + A,
T

H=e?*HY + H® 2 HO)

=73 4270 4 AV,

then H satisfies

1 1
8,H7] =+ HIJ&)\ = —uﬁju + iajT — 57’6]')\,
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and
N = —a/x(r)In(r) + r.. cos(§ — GQ)X(T) + N
r
is the solution of )
1 1 1 T
rpo o L 2 Y2 T
AX +5u +2|Vu| +2|H| 1 0,

given by Proposition (2.5.1). Proposition (2.4.1) implies

ol + 171+ AL+ [ H O s, Se,

5+2+4a
and Proposition (2.5.1) implies
rel + 1o/l + [N lmz,, Se

s+1

In particular there exist Cy such that
IF (e, 0,0,0)||x = Coe.
Next we show that I is a contracting map in
Bx (0,2C0¢) N {a > %} .
We consider, for i = 1,2 (a, (c1);, (¢2)s, Ai) such that

~ «
(v, (e1)s, (€2)is Ni) || x < 2Che, o > 70-

‘We note _ N
(o, (c))is (¢5)i, Ny) = Flas, (¢1)s, (c2)i, Ni),
(re)i(cos(Be)i,sin(0e)i) = ((e1)i, (ca)i),  (r2)icos(8)i,sin(0e):) = ((¢})i, (¢)i)-
Since o/, = ap + O(g?) we have for € small enough

al > %o,

2

We note p;, n;, Ai, J;, ﬁi(l) the corresponding quantities given by Proposition (2.4.1). The proof of the
following lemma is postponed to the end of this section.

Lemma 2.6.1. We have the estimate

1 — a5 + ()1 — (ch)2] +1(cr)1 = (ca)2] + M1 = Aollmz, | S el — Aallx.
We are now in position to prove Theorem (2.3.1). Thanks to Lemma (2.6.1) there exists C such
that
[1E (A1) = F(Ao)llx < Cel|Adr = Aaflx-

Consequently, by taking Ay = (g, 0,0,0) we have
(e 7)) 2
YA € By (0,2C0¢) N {a > ?} . IEO) = F(ap,0,0,0)] < 20Coe2.

Therefore, if € is small enough such that Ce < 1, the map F sends Bx (0,2Cye) into itself. Moreover
we already have noted that the condition o > % is preserved by F' for ¢ small enough. Finally, for
Ce < 1 the map F is contracting, and the Picard fixed point Theorem yields the existence of a fixed

point.
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We now choose coordinates centered in the center of mass (c1,¢z). For these coordinates, we have
r. = 0 and consequently

A= —ay(r)In(r) + A,

H = —(b(8) + pcos(d — n)) 2( ) +€_>\>(<7E;2) ((J —(1—a)B(8))Ny — B/2(0) Mg) +H,
7 = (b(6) + peos(d — n) 2 ( )1 e po) Xg )

The estimates of Propositions (2.4.1) and (2.5.1) complete the proof of Theorem (2.3.1).
To prove Lemma 2.6.1, we first prove the following two lemmas.

Lemma 2.6.2. We have the estimate
lp1cos(m) — pacos(nz)| + [p1sin(m) — p2sin(nz)] + [Ar — A2| S e[ A1 — Aalx.
Lemma 2.6.3. We have the estimate
lem B — e gy, + 110 = Jol Sellh = Aollx-

Proof of Lemma (2.6.2). The quantities p; cos(6;), p; sin(6;), A; are given by the expressions (2.4.17),
(2.4.18), (2.4.19). Therefore we have

m(p1 cos(m) — p2 cos(n2))
:/ (6>‘1 — 6>\2) ualu + 6)\1A1\Ifa1>\1 — 6)\2A2\I’81/\2
R2

- / A1 (A1 — 2 (hP)s + M (WD) — 2 (0P,

- / (e —e™) X/Y) by (6) cos(6)dx + (X2 — 1) X'ff) (p1 cos(0 — m1) — pa cos(0 — na))

+ / %&1@(’1(9) sin(0 — (6.)1) cos(0)9p A1 — (052)26)\2@172(9) sin(6 — (6.)2) cos(6)9p Az,
(2.6.2)

and a similar expression for p; sin(n;) — p2sin(n2) and A; — As.
We estimate first (h(»z))l - (hgg))g, where the quantities (h§2))i are defined by (2.4.3). We have

1
(W)= (02)s =~ 720,00 -2) 5 (7D =700~ (HD 0w —2)+ (HD )1~ (HD):) 002,

(
J 2 ij ij
We calculate

7'1(2) - 7'2(2) = (p1 cos(d — 01) — pacos(f — b))

+ <(7;1)1((P1 cos(0 = m) + b(6)) cos(8 — (0:)1))' — )

2((p2 cos(0 — 1) + b(6)) cos(6 — (90)2))’> x(r )

r2

(rc)

Qo
We have a similar expression for (Hi(;))l - (Hi(f))z. Therefore we have

|00 = e | S elpr cos(m) — pa cos(ne)| + elpr sin(m) — pasin(m)| + £l h — sllx. (2.6.3)

(
J

2’
0
Hy, 5

We now estimate (h;B))l - (h§3))2, where the quantities (h;‘”), are defined by (2.4.4). The function

7(3) does not depend on the index i = 1,2. We calculate

|
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Therefore we obtain

H(hf’))l - (h§3))2‘ Selld = Ao x. (2.6.4)

0
5+3

The estimates for the other terms of (2.6.2) are similar. Therefore (2.6.2), together with the estimates
(2.6.3) and (2.6.4) yields

lp1 cos(n1)—pz cos(n2)| S € (|p1 cos(ni) — p2 cos(nz)| + |p1sin(n) — pasin(nz)] + [A1 — Az|)+el|Adr—Az| x.
Similarly we obtain
lp1sin(ni)—pz sin(nz)| S € (|p1 cos(n1) — p2 cos(nz)| + |p1sin(n1) — pasin(nz)] + [A1 — Az|)+el|Adr— Azl x

| A1 — Aa| S e (lp1cos(m) — pa cos(nz)| + |p1sin(n) — pasin(nz)| + [A1 — Az]) + e[| A1 — Xa|lx

and consequently
lp1 cos(01) — p2 cos(b2)| + [prsin(61) — p2sin(B2)| + [A1 — Az| S el A — Azl x,
which concludes the proof of Lemma (2.6.2). O

Proof of Lemma (2.6.3). We compare first J; and Jy thanks to the formula (2.4.8). We obtain

Jl — JQ = i — (6/\1 - 6/\2) ﬂagu — (BAlAl - e)‘2A2)\I!6'9>\1 - Age/\Q\I}ag()\l - /\2)
2T R2
42T G 000) = 222 G — (0.)9) + st
(05] (6%

where the notation s.t. stands for similar terms. Therefore, we obtain
|J1 = Jao| S €lld = Aellx + |p1 cos(m) — p2 cos(nz)] + [prsin(ny) — p2sin(nz)| + [A1 — Ag|
and thanks to Lemma (2.6.2) we infer
|1 = Jaf S ellh = Al x. (2.6.5)

We now write the equation satisfied by e_>‘1f~11(1) —e M2 ffél)

)

=M (H}Y)i0 M — e (Hy) 500

0; (ef)‘lflfl) — efAQIA-jQ(l))

+ (e M Ty — M )0, (Xi':)NG) + MO (HY)y; — 20 (HSY);
= (e M M)y = e ()i ) 050 + e (HE)05 (0 = da)
(e — 2 05)0, (X()N) (A1 = A28 + ()1 = (o + 5.
Consequently, Corollary (2.2.11) yields
He”‘%‘?{” - 67A2IA{12(1)HH%+2 < 6||e*)‘1f~1£1) - 67)\2?[51)”9.[(1”_2 + |J1 = J2| +el|A — Ao|lx,

and thanks to (2.6.5)
le M B — e H |3y S ellh = dallx,

which concludes the proof of Lemma (2.6.3). O
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Proof of Lemma (2.6.1). In view of (2.3.2) we have

1 1 1 1
AN = Xy) = —§|H1|2 + 1712 + §\H2|2 - 1722'

The right-hand side is in Hg 5 and satisfies

1 1
SRR AT,

1
—|Hy|? -
H2| 1 1

1
4 HY,,

Se (e B = e B |y, + 11 = Jal ) +€lh = Al
Selld = Aellx,

where we have used Lemma 2.6.3 in the last inequality. Therefore Corollary (2.2.10) allows us to write

X, X = (0 — ab)x(r) In(r) + () cos(t— (02)n) — (o cos(d — (020X 1+ X 3,
with

o1 — abl + ()1 = (a2 + [(e9)1 = (5)2] + 11X = Xollmz,, S elld — Aallx.

s+1 Y

This concludes the proof of Lemma (2.6.1). O



70

CHAPITRE 2. THE CONSTRAINT EQUATIONS



Chapitre 3

Stability in exponential time in the
asymptotically flat case

3.1 Introduction

In this chapter, we address the quasi stability of the Minkowski solution to the Einstein vacuum
equations with a translation space-like Killing field. In the presence of a translation space-like Killing
field, the 3 4+ 1 Einstein vacuum equations reduces to the following system

Dg@ = Oa
3.1.1
{ Ry = 00y 0. (8.1

This system has been studied by Choquet-Bruhat and Moncrief in [11] (see also [8]) in the case of
a space-time of the form ¥ x S! x R, where ¥ is a compact two dimensional manifold of genus G > 2,
and R is the time axis, with a space-time metric independent of the coordinate on S'. They prove
the existence of global solutions corresponding to the perturbation of a particular expanding universe.
This symmetry has also been studied in [3], with an additional rotation symmetry.

In this paper, we consider a space-time of the form R? x R,s x R;, for which 0 is a Killing vector
field. Minkowski space-times can be seen as a trivial solution of Einstein vacuum equations with this
symmetry. The question we address in this paper is the stability of the Minkowski solution in this
framework.

In the 3 + 1 vacuum case, the stability of Minkowski space-time has been proven in the celebrated
work of Christodoulou and Klainerman in [13] in the maximal foliation. It has then been proven by
Lindblad and Rodnianski using harmonic gauge in [40]. Their proof extends also to Einstein equations
coupled to a scalar field. In this work we will use wave coordinates.

3.1.1 Einstein equations in wave coordinates

Wave coordinates (z®) are required to satisfy Ogz® = 0. In these coordinates (3.1.1) reduces to the
following system of quasilinear wave equations

Ugp =0,
3.1.2
{ Dgguu = _a,u@au@ + P,uu(agv ag)a ( )

where P, is a quadratic form. To understand the difficulty, let us first recall known results in 3 + 1
dimensions. In 3 + 1 dimensions, a semi linear system of wave equations of the form

Ou' = PY(0u?, 0ul)

71
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is critical in the sense that if there isn’t enough structure, the solutions might blow up in finite time
(see the counter examples by John [31]). However, if the right-hand side satisfies the null condition,
introduced by Klainerman in [32], the system admits global solutions. This condition requires that P°
be linear combinations of the following forms

Qo(u,v) = dudw — Vu.Vu,  Qup(u,v) = 9,udsv — Jvdau.

In three dimensions, Einstein equations written in wave coordinates do not satisfy the null condition.
However, this is not a necessary condition to obtain global existence. An example is provided by the

system
Upr =0,
{ Oga = (Orp1)*. (3.1.3)

The non-linearity does not have the null structure, but thanks to the decoupling there is nevertheless
global existence. In [39], Lindblad and Rodnianski showed that the non linear terms in Einstein
equations in wave coordinates consists of a linear combination of null forms with an underlying structure
of the form (3.1.3). They used the wave condition to obtain better decay for some coefficients of the
metric. However the decay is slower than for the solution of the wave equation. An example of a
quasilinear scalar wave equation admitting global existence without the null condition, but with a
slower decay is also studied by Alinhac in [2] and Lindblad in [38]. In [39], Lindblad and Rodnianski
introduced the notion of weak-null structure, which gather all these examples.

In 2 4+ 1 dimensions, to show global existence, one has to be careful with both quadratic and cubic
terms. Quasilinear scalar wave equations in 3 4+ 1 dimensions have been studied by Alinhac in [1]. He
shows global existence for a quasilinear equation of the form

Ou = g*% (0u)da0su,

if the quadratic and cubic terms in the right-hand side satisfy the null condition. Global existence for
a semi-linear wave equation with the quadratic and cubic terms satisfying the null condition has been
shown by Godin in [26] using an algebraic trick to remove the quadratic terms, which does however
not extend to systems. The global existence in the case of systems of semi-linear wave equations with
the null structure has been shown by Hoshiga in [28]. It requires the use of L™ — L™ estimates for
the inhomogeneous wave equations, introduced in [35].

To show the quasi global existence for our system in wave coordinates, it will therefore be necessary
to exhibit structure in quadratic and cubic terms. However, as for the vacuum Einstein equations in
3+1 dimension in wave coordinates, our system does not satisfy the null structure. It will in particular
be important to understand what happens for a system of the form (3.1.3) in 2 + 1 dimensions. For
such a system, standard estimates only give an L> bound for ¢, without decay. Moreover, the growth
of the energy of s is like v/%.

One can easily imagine that with more intricate a coupling than for (3.1.3), it will be very difficult
to prove stability without decay for ¢o. To obtain a more useful estimate, the idea will be to exploit
more precisely the fact that ¢; also satisfies a wave equation. To understand how this might help, we
will look at special solutions of vacuum Einstein equations with a translation space-like Killing field :
Einstein-Rosen waves. These solutions have been discovered by Beck (see [5], and also [3] and [6] for
a mathematical description).

3.1.2 Einstein-Rosen waves

Einstein-Rosen waves are solutions of vacuum Einstein equations with two space-like orthogonal Killing
fields : 93 and 9y. The 3 + 1 metric can be written
g = ¥ (dz?)? + ez(a_go)(—dt2 + dr2) +r2e72¢r2462.

The reduced equations

Ry = 000y,
Ly =0,
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can be written in this setting
Ry = 0%a — 0%a + %&a = 2(0s0)?, (3.1.4)
R, = —0%a + 0%a + %&a =2(0,0)?,
Ry = %&ta = 2000y p.
The equation for ¢ can be written, since ¢ is radial
e Ogp = 0+ 2 + %c’w =0,

where g is the metric

g = > (—dt* + dr?) + r*do>.
The equation for ¢ decouples from the equations for the metric. Therefore we can solve the flat wave
equation Oy = 0, with initial data (¢, 9:¢)|i=0 = (®0, ¢1) and then solve the Einstein equations, which

reduces to
Ora=r1((0:9)* + (0p)?), (3.1.5)

with the boundary condition ¢|,—¢ = 0 in order to have a smooth solution. Since Oy = 0, if (¢o, 1)
have enough decay, we have the following decay estimate for ¢

1
Ap(r,t)] < .
9¢(r,) T+t+r(l+[t—r))3

Therefore since

R
o= / r (0r0)? + (0up)?) dr

we have
| |<71 forr <t
a orr
ST e |
1
- F < > t,
‘a’ (@)'N (1+|7’7t|)2 fOTT'

where the energy
E(p) = / 7 ((0r)? + (0ep)?) dr
0

does not depend on t. For r > t, we have a ~ E(y) and hence is only bounded. In particular, the

metric
e2edr? 4+ r2dp?

exhibits an angle at space-like infinity, that is to say the circles of radius r have a perimeter growth
of e~ E(@)27r instead of 27r. However, in the interior, the decay we get is far better than the one we
could have found with standard estimates, if we had used (3.1.4) instead of (3.1.5).

3.1.3 The background metric

We would like to adapt the analysis of Section 3.1.2 in the case where we only assume one Killing field
(i.e. in the case where 95 is Killing but not dp). Assume that

R
o= / r (0r0)? + (O1p)?) dr
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is still an approximate solution of (3.1.3), which will appear to be true in Section 3.7. As in this case
o also depends on 6, we will have

R—o0

lim a(t, R,0) = / r ((8r9)? + (9pp)?) dr = b(t,0).
0

Note that we have to be careful with the dependence on #. The metric

) (—dt® + dr®) + r*d6?

is no longer a Ricci flat metric when b depends on 6. Consequently it is not a good guess for the
behavior at infinity of our metric solution g. A good candidate should be Ricci flat in the region r > t.
Indeed if we considered compactly supported initial data for ¢, by finite speed propagation, ¢ should
intuitively be supported in the region r < t. Consequently, the equation

Ry = 0,90y

implies that g should be Ricci flat for » > ¢. Consequently, we are yield to consider the following
family of space-time metrics

gp = —dt* +dr? + (r + x(q)b(0)q)?d6? + J(0)x(q)dqdb, (3.1.6)

where (r,0) are polar coordinates, ¢ = r — ¢ and x is a cut-off function such that x(¢) =0 for ¢ < 1
and x(q) = 1 for ¢ > 2. In the coordinates s = r +t,q, 8, a tedious calculation yield that all the Ricei
coefficients are zero except

(Ry)or = — () 7 (ax(q)) L X (@I 0)b - TO)x(@)x'(a) __ X'(2)3eI(6)
“ ( Jax(q) — (r+b(0)gx(q)® Al +06(0)ax(q))®  (r+b(0)gx(q))?’ (3.17)
__ ( ) (QX(Q)) ( (b,b/7J7J/)]ll<q<2>
_ JOx' (@) L (Cb,J)licg<
(Rb)qe = _m =0 (7”12) . (3.1.8)

Therefore, the metrics g, are Ricci flat in the region r > t 4+ 2. We will see in the next section that
they are compatible with the initial data for g given by the constraint equations.

This choice of background metric will force us to work in generalized wave coordinates, instead of
usual wave coordinates. Indeed, for the metric g, defined by (3.1.6), the coordinates (¢, z1,x2) are not
wave coordinates, not even asymptotically. The generalized wave coordinate condition reads, for g of
the form g =g, + g

Qkﬁrgﬁ = Hl?
where H* is defined by
HY = HY + F°, (3.1.9)
where H is defined by
Hy =, ()35 (3.1.10)

and F'® is defined by the sum of the crossed terms of the form §%gb in g)‘ﬁfi‘ﬂ — H*. The reason of
this choice for F'* will be explained in next section, in the proof of Theorem 3.1.3.
The form of (3.1.1) in generalized wave coordinates is given by (3.2.1) .
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3.1.4 The initial data

In this section, we will explain how to choose the initial data for ¢ and g. We will note 4, j the space-like
indices and «, 8 the space-time indices.
We will work in weighted Sobolev spaces.

Definition 3.1.1. Let m € N and § € R. The weighted Sobolev space H*(R™) is the completion of

Cg° for the norm
5+18]

el = D I +12f*) 72 Dull .

[B]<m

The weighted Hélder space C§* is the complete space of m-times continuously differentiable functions

with norm
54181

cp = 3 1+ [2?) " DPu .
[B|<m

lul

Let0 < a < 1. The Hélder space CJ** is the the complete space of m-times continuously differentiable
functions with norm

s
2

0" u(x) — 0™ u(y)|(1 + [=[*)
lullepse = lulley +  sup )
’ ay, [o—y|<1 |z -yl

We recall the Sobolev embedding with weights (see for example [8], Appendix I).

Proposition 3.1.2. Let s,m € N. We assume s > 1. Let 8 <d+1 and 0 < o < min(l,s—1). Then,
we have the continuous embedding

HT™(R?) C CpHe(R?).
N+1

Let 0 < 6 < 1. The initial data (¢o, 1) for (¢, dip)li—o are freely given in Hy * x HJY | with
0 < ¢ < 1. However the initial data for (.., 0¢g,,) cannot be chosen arbitrarily.

e The induced metric and second fundamental form (g, K') must satisfy the constraint equations.
e The generalized wave coordinates condition must be satisfied at ¢t = 0.

Moreover, we want to prescribe the asymptotic behaviour for g : we want it to be asymptotic to gp,
where b(0) is arbitrarily prescribed, except for its components in 1, cos(6) and sin(9).
We recall the constraint equations. First we write the metric g in the form

g =—N?(dt)? + gi;(da’ + B'dt)(da? + B dt),

where the scalar function NV is called the lapse, the vector field 3 is called the shift and g is a Riemannian
metric on R2.
We consider the initial space-like surface R? = {t = 0}. We will use the notation

9o = 0 — L,

where L is the Lie derivative associated to the vector field 8. With this notation, we have the following
expression for the second fundamental form of R?

1

Kij=——
2N

009ij-

We will use the notation
T = g”K”
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for the mean curvature. We also introduce the Einstein tensor
1
Gaﬁ == Raﬂ - iRgaﬁa

where R is the scalar curvature R = g8 R.p. The constraint equations are given by

Goj = N(0;7 — D'K;;) = 0op0;p, j = 1,2, (3.1.11)
N? _ 1
Goo = 7(R —|KP+7%) = (8pp)? — §g00ga68a<paﬁ(p, (3.1.12)

where D and R are respectively the covariant derivative and the scalar curvature associated to g. The
following result, proven in Appendix 3.12.1, gives us the initial data we need.

Theorem 3.1.3. Let 0 < & < 1. Let (o, p1) € Hy TH(R?) x HY (R?) and b(0) € WN-2(SY) such that
/ng = /gcos(e)dﬁ = /gsin(ﬂ)de =0.

We assume

lpoll gz +llerllmy, Se Nbllwwe S e

If ¢ > 0 is small enough, there exists by, by, by € R x R x St, J € WN-2(S) and
(9a8)0s (gas)1 € Hy' ™ x HyYy
such that the initial data for g given by
9=9b+ 9o, Org = Ogp + g1,
where gy is defined by (3.1.6) with
b(h) = by + by cos(6) + by sin(6) + b(h),
are such that
o gij, Kij = Lpg;; satisfy the constraint equations (3.1.11) and (3.1.12).
e the following generalized wave coordinates condition is satisfied at t =0
P05 = 0 (D)3 + P,
where F'* is the sum of all the crossed term of the form go%gb n g)‘BFﬁﬁ - g;‘ﬁ(Fb)‘;\‘ﬁ.
Moreover, we have the estimates

[Tl 2ty + lgoll gaver + lgnllmy,, < €

1 .
b =3 [ (¢ + 96l%) + O,
1 .
b= /<p31<p+ O(eh),
1 .
bo = — /<p02<p +O0(e"),
Let us make a remark on the choice of F

Remark 3.1.4. The initial data O;goo and Oygo; are constructed so the generalized wave coordinate
condition is satisfied at t = 0. The choice of F is here to prevent terms of the form goy(gs) in this
condition, and therefore allow us to have

9:Goo, Orgoi € Hy'y.

Before stating our main result, we will recall some notations and basic tools in the study of wave
equations.
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3.1.5 Some basic tools

Coordinates and frames

e We note z¢ the standard space-time coordinates, with ¢t = 2. We note (r, §) the polar space-like
coordinates, and s =t + r, ¢ = r — t the null coordinates. The associated one-forms are

ds =dt +dr, dq=dr—dt,
and the associated vector fields are

1 1
0s = §(at +0), 0= 5(& — ).
e We note O the space-time derivatives, V the space-like derivatives, and by 0 the derivatives
tangent to the future directed light-cone in Minkowski, that is to say d; + 0, and %.

e We introduce the null frame L = 9, + 9,, L = 9; — 9,,, U = %. In this frame, the Minkowski
metric takes the form

mrrL = —2, muyu = ]., mrrL =mrLrL =MLy = MLu = 0.

The collection T = {U, L} denotes the vector fields of the frame tangent to the light-cone, and
the collection V = {U, L, L} denotes the full null frame.

The flat wave equation Let ¢ be a solution of

e =0,
{ (©,0:9)t=0 = (¥0, ¥1)- (3.1.13)

The following proposition establishes decay for the solutions of 2 + 1 dimensional flat wave equation.
Proposition 3.1.5 (Proposition 2.1 in [36]). Let > 1. We have the estimate

O ) s
VItt+ryT+[t—r]

|§0(CU, t)' 5 MM(SDOa Qol)

where

M, (20, 1) = sup (1 + [y])*eo(y)| + (1 + [y)* T (1) + [Veeo(y)])

yeR?

and where we used the notation All+ = Amax(@:0) 4t o £ 0 and A+ = In(A).

Minkowski vector fields We will rely in a crucial way on the Klainerman vector field method. We
introduce the following family of vector fields

Z = {aa, Qop = =008 + 230,, S = t0: + Tar} ,
where z, = maﬁ:cﬁ . These vector field satisfy the commutation property
O, 7] =C(2)0,

where

C(Z)=0,Z#8, C(S)=2.

Moreover some easy calculations give
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S + COS(@)QOJ + Sin(e)ﬂo,g

Oy + 0, =
et t+r
18 - QLQ o COS(Q)QO’Q — SiH(Q)QOJ
r 0= ro t ’
8t . ar _ S — COS(@)QOJ — Sin(a)ﬂo,g .
t—r
With this calculations, and the commutations properties in the region —% <r<2t
[Z,0] ~ 0, [Z,0] ~ 0,
we obtain )
|0%0lu| < o ZF ), (3.1.14)

(1 +1gh*(1 + )

where here and in the rest of the paper, Z'u denotes any product of I of the vector fields of Z.
Estimates (3.1.14) and Proposition 3.1.5 yield

Corollary 3.1.6. Let ¢ be a solution of (3.1.13). We have the estimate

(1+ [t —rl-r+
(L4t +7)3 (14 [t — r|)k+s

070" p(x,1)] < MEF (o, 1)

where

M (0, 1) = suﬂg(l + D Vo ()] + (L + [y (V21 ()] + [V oo ()
ye

Weighted energy estimate We consider a weight function w(g), where ¢ = r — ¢, such that
w'(¢q) > 0 and

w(q) ’ w(q)
@+ [g)t+n Sw'(e) 3

for some 0 < p < %
Proposition 3.1.7. We assume that Op = f. Then we have

%at/w(q) ((e0)? + [Vel?) + %/w'(Q) ((Bssa)Q + <59“>2>

’
< / w(q)| fOrgl.

For the proof of Proposition 3.1.7, we refer to the proof of Proposition 3.9.1 which is the quasilinear
equivalent of Proposition 3.1.7.

Weighted Klainerman-Sobolev inequality The following proposition allows us to obtain L
estimates from the energy estimates. It is proved in Appendix 3.12.5. The proof is inspired from the
corresponding 3 4+ 1 dimensional proposition (Proposition 14.1 in [40]).

Proposition 3.1.8. We denote by v any of our weight functions. We have the inequality

E 1
VIt t+laly/T+ ][] -t

|f(t2)v? (2] — 1) S vt (=827 f e

11<2
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Weighted Hardy inequality If u is solution of (lu = f, the energy estimate allows us to estimate
the L? norm of du. To estimate the L? norm of u, we will use a weighted Hardy inequality.

Proposition 3.1.9. Let a <1 and 8 > 1. We have, with g =1r —t

v(g)2 f

DZpll < flolg) 20l

L2

where

v(g) = (1 +1q|)*, for g <0,
v(g) =1+ IqI)ﬂ, for q > 0.

This is proven in Appendix 3.12.4. The proof is inspired from the 3 + 1 dimensional analogue
(Lemma 13.1 in [40]).

L> — L estimate With the condition w’(g) > 0 for the energy inequality, we are not allowed to
take weights of the form (1 + |¢|)®, with @ > 0 in the region ¢ < 0. Therefore, Klainerman-Sobolev
inequality cannot give us more than the estimate

1
VI+ldvits

in the region ¢ < 0, for a solution of Ju = f. However, we know that for suitable initial data, the
solution of the wave equation Clu = 0 satisfies

|0ul <

1 1
ul § === 10ul S

~M V1t dvits Y (1+]g)EVIts
To recover some of this decay we will use the following proposition

Proposition 3.1.10. Let u be a solution of

{ Uu = F,
(u, 6tu)|t=0 = (0,0)

For pp > %, v > 1 we have the following L> — L*> estimate

lu(t, z)|(1+t + |2])7 < O, V)M, (F)(1+ [t — |a|||)~ 2+

where
My, (F) = sup(1 + [y| + s)" (1 + [s — |yl)" F(y, s),

and where we used the convention All+ = Amax(@:0) if o £ 0 and A+ =1n(A).
This is proven in Appendix 3.12.3. This inequality has been introduced by Kubo and Kubota in
[35].

An integration lemma The following lemma will be used many times in the proof of Theorem
3.1.12, to obtain estimates for u when we only have estimates for du.
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Lemma 3.1.11. Let o, 3,7 € R with B < —1. We assume that the function u : R**! — R satisfies
|Oul S (1+5)7(1+ g))*, for g <0, [0ul S (1+8)(1+q))’ forgq>0,

and fort =20
lul < (1 +7r)7+P.

Then we have the following estimates
jul S (1+ 5) max(1, (1 +|g))*), for g <0, [|ul S (1+5)7(1+|q))*"" forg>0.
Proof. We assume first ¢ > 0. We integrate the estimate
|Oqul S (1+5)7(1+a])’,
from ¢ = 0. We obtain, since § < —1, for ¢ > 0
ul S (14 )7 (1 +[q)"".
Consequently, we have, for ¢ =0, |u| < (1 + s)?. We now assume ¢ < 0. We integrate
|0qul < (14 5)7(1+[q])*,

from ¢ = 0. We obtain
ul S (1+ )7 max(1, (1 4 [g[)**H).

This concludes the proof of Lemma 3.1.11. O

3.1.6 Main Result

We introduce an other cut-off function T : Ry — Ry such that T(p) = 0 for p < % and p > 2 and
T =1 for % <p< % Theorem 3.1.12 is our main result, in which we prove stability of Minkowski

space-time with a translational symmetry in exponential time 7' < exp (%) where € > 0 is the size
of the small initial data.

Theorem 3.1.12. Let 0 <e < 1. Let 3 <6 <1 and N > 40. Let (o, 1) € HNTHR?) x H{ | (R?).
We assume

oll s + el <.

Let T < exp(ﬁ). Let 0 < p < 0 < pu < §. If € is small enough, there exists b(0),J(0) € WN-2(St)
and there exists a global coordinate chart (t,x1,x3) such that, for t < T, there exists a solution (p,g)
of (3.1.1) that we can write

9=+ 7 (3) (Edg* + TErdgao) + g

such that we have the estimates

1 1 1 1 1
()07 ¢l L2 + ——= | aqw3 (q)0Z" + —— |lagw3 (q)0 2"
5 (lazud @027 ¢lus + s laawd 002 gusllie + oz} (0092 g1

II<N

+ flazw} (q)aZI'g“an) <e(1 480V,

with
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{ wa(g) = (14 )%, ¢ >0
w2(q) = gy 4 <0,

w3(g) = (L +1]g))**, ¢>0
w3(q) = 1+ gz ¢ <0,

{ a(q) = (1+1qg))727, ¢>0
as(g) =1, ¢ <0,

Moreover, for all p > 0, we have the L estimate, for |I]| < % +2andr <t

eC(p)
(L+t+r)z(L+[t—r)z—’
eC(p)
(L[t —r)z=r
eC(p)
Q+t+r)z=r

|12 p(x, )| <

AR

)

Z gLul +12"9] <

and we have the estimate for b

2
< &

~ \/T}

b(6) —&—/E (Ogp)*rdr

where we have used the notation

/ (aqcp)zrdr:/oo (8y0(T,,0))? rdr. (3.1.15)
YT0 0

Comments on Theorem 3.1.12

e We consider perturbations of 3+ 1 dimensional Minkowski space-time with a translational space-
like Killing field. These perturbations are not asymptotically flat in 3 + 1 dimensions, therefore
the result of Theorem 3.1.12 does not follow from the stability of Minkowski space-time by
Christodoulou and Klainerman [13].

e As our gauge, we choose the generalized wave coordinates, which are picked such that the gen-
eralized wave coordinates condition is satisfied by g,. Therefore, the method we use has a lot in
common with the method of Lindblad and Rodnianski in [40] where they proved the stability of
Minkowski space-time in harmonic gauge. It is an interesting problem to investigate the stability
of Minkowski with a translation symmetry using a strategy in the spirit of [13] or [34].

e The function J(#), and the quantities

/ b(6)do, / b(6) cos(6)do, / b(0) sin(6)do

are imposed by the constraint equations for the initial data (see Theorem 3.1.3). The quantity
J b(8)d8 is called angle, and the vector ([ b(6)cos(6)dl, [ b(8)sin(#)dh) is called linear momen-
tum. We can make a rapprochement of these quantities with the ADM mass and linear momen-
tum. The remaining Fourier coefficients of b are chosen to ensure the convergence to Minkowski
in the direction of time-like infinity, and is an essential element in the proof of the quasi stability.
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e The logarithmic growth of ||wz (q)8Z~ ¢|| 2, and the condition
b(0) ~ / (Byp)” rdr, (3.1.16)
XT0

give the estimate |0Vb| < e2(1+T)°c. To avoid factors of the form (1+7)°¢ in all our estimate,
we are forced to assume (1+7)¢ < 1. This is the only place where we need (1+7)9¢ < 1, and
this is what prevents us to prove the stability.

e The condition (3.1.16) is not necessary to control the metric in the exterior region r > t. For
this reason we believe that the stability holds in the exterir region, without the condition T <

exp ().
As we said in the second comment, we use a method similar than Lindblad and Rodnianski method
in [40]. Let us list some of the similarities and differences with their method.

Similarities with [40]

e We use the vector field method. The vector fields we use are Klainerman vector fields of
Minkowski space-time.

e We use the wave coordinate condition to obtain more decay on the coefficients g7 of the metric.

e We exhibit the structure corresponding to the model problem (3.1.3).

Differences with [40]

e The asymptotic behaviour given by the solutions of the constraint equations prevent us to work
in wave coordinates. Instead we work in generalised wave coordinates.

e In the exterior region, our solution do not converge to Minkowski, but to a family of Ricci flat
metrics gp.

e The decay of the free wave is weaker in 2+ 1 dimension. Consequently, the coefficient gr;, of the
metric does not have any decay near the light cone. We have to rely on the null decomposition
at all steps in our proof to isolate this behaviour, even in the L? estimates.

e We have to fit b() so that the condition (3.1.16) is satisfied. This lead to regularity issues for b,
which prevent us from proving the global existence.

The structure of the paper is as followed. In Section 3.2 we describe the structure of the equations
(3.1.1) in generalized wave coordinates. We exhibit the structure of our system in Section 3.2. We also
describe the interactions between g, and g. In Section 3.1.3 we outline the main issues of the proof
by discussing some model problems. In section 3.4 we give our bootstrap assumption. In section 3.5
we derive preliminaries estimates thanks to the wave coordinate condition. In section 3.6 we derive
preliminaries estimate for the angle and the linear momentum. In section 3.7, we will exploit the
analysis begun in section 3.1.2. In section 3.8.4 we will improve the L*° estimate. In section 3.9 we
will derive the weighted energy estimate. In section 3.10 we will improve the L? estimates and in
section 3.11 we will adjust the parameter b(0).

3.2 Structure of the equations

In this section, we provide a discussion of the specific features of the structure of the equations, which
will be relevant for the proof of Theorem 3.1.12.
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3.2.1 The generalized wave coordinates

Wave coordinates allow to recast Einstein equations as a system of non-linear wave equations. The wave
coordinates condition, which consists in choosing coordinates such that [,z® = 0 can be rewritten as

However, for the metric g, defined by (3.1.6), the coordinates (¢, z1, z2) are not wave coordinates, not
even asymptotically. We will therefore work with generalized wave coordinates. We will impose that
our metric satisfies

gwrfﬁ = Hy
where Hf is defined by (3.1.9)
Hy' = (g5) (T) %5 + F,
with F'* of the form

- Opb
gqx(gg b

The role of F™ was explained in section 3.1.4. In generalized wave coordinates, the expression (3.12.11)
of Appendix 3.12.2 allow us to write the system (3.1.1) under the form

Hep =0 (3.2.1)
Dgguu = *Za,u@aycp + P/LV (697 ag) + gupava + gupaqu7 o

where
1 ap Bo 1
Puu(g)(agvag) 259 g augpaaag,@u + al/gpaaagb’u - aﬁgupaagua - §8ugaﬂaugpa ( )
3.2.2
1 (0%
+ 59 ﬁgkpaagwaﬂgup-
Remark 3.2.1. In generalized wave coordinates, the wave operator can be expressed as
Oy = 9°P0,0, — H)0,.
The expression (3.12.11) yields also
1 1 1 7P 7P
(Ro)uw = _§ng(9b)uv + §P;w(9b)<agba dgy) + ) ((gb)upaVHb + (gb)upaqu) . (3.2.3)

Therefore, subtracting twice the equation (3.2.3) to the second equation of (3.2.1) we obtain
OgGuw = —20,00u% + 2(Rb) uv + Puv(9)(09,99) + P (g, 9), o

where P,,(g)(9g,09) is defined by (3.2.2) and

Pp,u(gv gb) = (gl?ﬁ - ga6> aaaﬁ(gb),uu + Fpap(gb),uu

+ P (9)(39,0y) — P (9)(37,03) — P (gv)(Dgp, Dgp) (3.2.5)
+(96) 00 F? + (96)0p0u F* + GupOu HY + Gup0, HE.

Let us note that lgm, (g, g») contains only crossed terms between g, and g.
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3.2.2 The weak null structure

To exhibit the main terms in the structure of (3.2.4), let us neglect for a moment P,,,, ﬁuw H,. We

will see in the next section that this approximation is relevant. Let us also neglect the nonlinear terms
involving 0 derivatives. Then we obtain the following approximate system

O + gLL8§<p =0,
Ogrv + 90L0;97v =0,
93 (x(q)q)
Ogrr + 90007 gpL =4 <—2(3q80)2 - 25(9)%

where we also have used the approximation

b(0)07 (ax(q)) 0 (C(b, v, J, J’)111<q<2>

(Rb)qq ~ = r2

as shown in (3.1.7). In 2 4+ 1 dimensions, a term of the form gr;92¢ is impossible to handle if one
only relies on the decay for gy provided by the fact of being a solution of a wave equation. However,
as in [40], we can exploit the wave condition to obtain better decay for some coefficients of the metric.
More precisely, we have roughly

dgrT ~ 0g.

This is done properly in Proposition 3.5.1 for the coefficient gr; and in Proposition 3.5.2 for the
coefficients gy, and gyy. Therefore, the g7 coefficients have a better decay in ¢ than the solutions of
the wave equation (the challenges of the quasilinear terms of the form gy, Lag% gL Lag g7y are presented
in Section 3.3.4).

Remark 3.2.2. The other quasilinear terms are of the form

gTvOordve, grvordvg.

Consequently, they involved at least one "good derivative” of ¢, g. Thus, they are easier to estimate,
and we can always focus on the terms

911950, 911043.
Assuming that we can also neglect the terms involving g1, we are reduced to the following system
e =0,
% 3.2.6
Hgrr =4 (—2(8qgo)2 - 21)(9)M> 7 (3.2.6)

which is a system of the form (3.1.3) and displays the weak null structure.

The second component of the solution of (3.1.3) do not have any decay near the light cone in 2+ 1
dimensions (see Section 3.1.2 for the radial case). Therefore, the coeflicient gr will not display any
decay at all near the light cone (see the estimates of Theorem 3.1.12). To obtain decay for gpr, in the
q variable, we will approximate HLTL by the solution hg of the following transport equation

Ogho = —2r(94¢)* — 20(0)9; (ax(q))-

The ideas of this approximation are presented in Section 3.3.2, and are exploited in Section 3.7.
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3.2.3 Non-commutation of the wave operator with the null frame

The structure of Einstein equations can only be seen in the null frame. However it is well known that
the wave operator does not commute with the null frame. In Theorem 3.1.12 we have decomposed our
metric in the following way

g=g++T (%) (ng—quQ + gUTerqu) .

The problems of non-commutation induced by grr and gy are totally similar. Consequently, we can
neglect the second one. We expressed the 2-forms dg? in the coordinate (¢, 1, x2)

dg?® = (dr — dt)* = (cos(0)dz" + sin(0)dz? — dt)?

Therefore, we will have, in the coordinates x1, o

O(7 (7) oeede?)  =O(x () gs) @ =7 (5) 75 (s (Ohgns + s (O)0h0ns)  (3:27)

where u! , and uiy are some trigonometric functions. The challenges of the terms involving u}w and

u?,,, are explained in Section 3.3.3.

3.2.4 The semi linear term P,,(g)(Jg,09).
Recall the form of the term P,,(g)(09, 09).

I B U U
Pp,u(g) (89789) :ig pgﬁ (augpaaozgﬁu + augpaaagﬁp - 869#/)6&91/0 - 28ugaﬂaugpa>

1 ~ -
+ igaﬁgkpaagupaﬂgup-
The quadratic terms In the null frame (L, L,U) the only non zero coefficients of the Minkowski

metric are m™E = —% and mYY = 1. Thanks to this remark, we can describe the terms appearing in
the different components of P,, .

e In Pr7(9)(0g,07), there can not be strictly more than 2 occurrences of the vector field L.
Therefore, the quadratic terms are of one of these form

NyTOTITT, OTGNVOTYITT, (3.2.8)
where we have used the fact, proved in Section 3.5 that
NGTT ~ OTGVV-

These terms all have the classical null structure. How this structure can be used to show global
existence is explained in Section 3.3.1. Since they are by far easier to handle than the one we
will describe in the following, they will be neglected in the proof of Theorem 3.1.12.

e In Pry(g)(99,09), there can not be strictly more than 3 occurrences of the vector field L.
Therefore, the quadratic terms are of one of these form

NgTvOTgTY, MNWgWOoTgTT, OT9wWOVITT, OTgTVOTVY

where we have used the fact, proved in Section 3.5 that

NgTT ~ OTgVY-
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These terms all have the null structure. However, since gr1 does not decay at all in ¢ (see the
estimates of Theorem 3.1.12), one has to be more careful with the terms of the form

Or9T7OL9LL

These terms have a good structure since drgr7 is a "good derivative" of a "good component".
However, one needs two steps to exploit this structure, which can be difficult to achieve if there
is no regularity left. Thankfully, these terms have three occurrences of L, therefore they can only
intervene in Pr,.

— In Pp;, we will have to be careful with
OL9rLLoLgLL-
This term can be converted in 01¢r,10rgrr with the help of the algebraic trick
O(uwv) = uOv +v0u + Opudpv + dpvdru + dyudyv.

This fact will be used only in the proof of Lemma 3.10.6.

— In Ppy we will have to be careful with

OugrrOLgLr-

This term can not be removed with the previous trick. We will have to single out its
influence thanks to the decomposition

g=g+X (%) hdg? + x (g) krdqd + G,

where k satisfies
ng = 8U§LL8L§Q-

This will also be used only in the proof of Lemma 3.10.6.

e The terms in Pp; which are not of the previous form can be written
OL9rrOLgLL, OL9rLOLgLL. (3.2.9)

We note the crucial cancellation of terms of the form (9gr1)? in Prr. The contributions (3.2.9)
will be single out in (3.2.12).

The cubic terms In two dimensions, cubic terms could be troublesome. However, in the form Py,
if there are 4 occurrences of the vector field L, or in Ppy, if there are 5 occurrences of the vector field
L, then we have a factor ¢&&, which has a decay equivalent to grr,. Therefore we can neglect the cubic
terms in this nonlinearity.

3.2.5 The crossed terms

In this section, we discuss the structure of the crossed terms between b and (g, ¢).

The crossed terms involving two derivatives of b are absent In the expression
Dggp,l/ - (gupaquf + nga}LHl)p) 3

there could be terms involving two derivatives of b(6), which would be troublesome since they would
lead to a loss of a derivative (recall that we only have the regularity b € W¥:2). However, the terms
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involving two derivatives of b in this expression, are the same than the terms involving two derivatives
of bin R,,(g). Thus, these terms cancel in the expression

(936 - gaﬁ) 9005(9b) v + (96) 1pOu F + (90)vpOu F* + Gup0 Hy + up0, HY

which appears in ]Sm,(ﬁ, gp) defined by (3.2.5). These cancellations can be checked for example with
Mathematica.

The crossed terms in ISW We recall from (3.1.6) that
v = dsdq + (r + x(q)qb(6))*d6” + J (0)x(q)dgdo.
Therefore in ﬁw, we can find terms involving

2

(go)vv = (1 + X(q)zb(9)> and  (gy)ur = —27J(9)TX(q>7

Since (gp)vr decays faster than (gy)yu let us focus on the crossed terms between (gp)yy and g. The
problem with the term (gp)yp is that far from the light cone, it does not decay at all. This is one of
the causes of the logarithmic growth of the energy in the statement of Theorem 3.1.12. However, these
terms are present only in the exterior region. Moreover they display also a special structure. Since the
terms involving two derivatives of b are absent, and the terms involving two derivatives of g are only
present in [,g, the terms in P,, are of the form

90— (gp)vv0-g——.
e In ﬁTV the crossed terms involving dr,(¢s)yy can not contain more than two occurrences of L.
They must be of the following form
oL(g)vvoTgry, O7(gn)uvudviTy, O7(9)uUOTIVY,

where we have used the wave coordinates condition dygrr ~ d7g7ry. We have the following
inequalities, thanks to (3.1.14)

Lg>o([0] + |40]) Lg>o([0] + |350])

10L(90)vvOTdTV] S T+ 07 g1Vv] S 1+ 1) Z g7y,
- 1 1+ b| + |0pb - 1 b| + |Ogb ~
107 (gb)vvdvgTy] S 20( (1|qj|3§a|)2| 196b]) 1OvgTv| legw-

These two contributions are therefore quite similar. In the following, it will be sufficient to study
the term

IL(gp)vuOTgTV- (3.2.10)
The challenges of this terms will be discussed in Section 3.3.5

e In JBQ , we may have three occurrences of L. Therefore there are terms of the form
OL(gv)vvOTgrr, Or(gw)vvirLgrr, OT9uudLgLL.
We have the following inequalities, thanks to (3.1.14)

Lg>o([0] + |40]) Lg>o([0] + [940])

Ly>o(6] + [0pb]) ., ~ Ly>o(l6] + [99b]) | 1~

) Opgrr] S =0, g, S 2o | 7

101 (9v)vvOLgrr| < 7 [FXTARS 0+ 10+ ) |Z gL
Lg>0(1 + [g]) (6] + [Oeb]) , ~ Lg>o([b] + |99b])

|07 (90)vvOLgre| S [RTAARS 1 Z' gLl

(1+7)2 (1+7)?
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Consequently, the worst term is

Ir(90)vvOLgrr.- (3.2.11)
We introduce the following notation, to single out the contributions of (3.2.11) and (3.2.9)
Qrr(h,§) = dr910rh + drgrrdrh + dL(9s)vudLILL- (3.2.12)

The crossed terms involving two derivatives of ¢ With our choice of coordinates, these terms
only appear in ,g. They are of the form

b(1 + |g])

1 07:g.
q>0 1+r v9

Their contribution is most of the time similar than the one of (3.2.10), except in the energy estimate,
where they require a special treatment because of their lack of decay far from the light cone (see Section
3.9).

The crossed terms in Ogp The crossed terms between g, and dy are of the form
g 0-(g)uvd-e.
Consequently, they must be of the following form
M(g)vvoTe, Or(gn)uudve.
Like for ]3\;7—, it will be sufficient to study
M (gs)uvOT - (3.2.13)

The crossed terms between g, and 9?¢ are of the form

b(1 +1q]) o ~
JIQ>017M8U¢-

As for g, their contribution is most of the time similar than the one of (3.2.13), except in the energy
estimate, where they require a special treatment because of their lack of decay far from the light cone
(see Section 3.9).

Remark 3.2.3. In the region q > 0 it is generally sufficient to study the crossed terms. Indeed, the
crossed terms are the one presenting the less decay far from light cone.

3.3 Model problems

The proof relies on a bootstrap scheme. Roughly speaking, we will assume some estimates on the
coefficients Z1p, Z1g, and Zlgry :

o [°° estimates for I < %,
e [? estimates for I < N.
We rewrite the bootstrap assumptions in the condensed form
lplx, <2Coe, |glx, < 2C0e,

where Cy is a constant depending only on the quantities p, o, i, d, N introduced in the statement of
Theorem 3.1.12 and such that at t =0

lolx, < Coe, |glx, < Coe.
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Thanks to the L>° — L*° estimate and the energy estimate, we will be able to prove

|80‘X1 §006+C€2, |g|X2 SC()&-FC&Q.
Therefore, for € chosen small enough so that Ce < %, this improves the bootstrap assumptions.
We will first consider a toy model, which exhibits some of the mechanisms involved in the proof.

3.3.1 Global well posedness for a semi linear wave equation with the null
structure

We consider the following 2 + 1 dimensional semi-linear wave equation

{ Ou = dudu,

(u, Oput) [t=0 = (ug, u1). (3.3.1)

Note that the nonlinearity satisfies the null condition. Consequently, this model will show us how to
treat the terms of the form (3.2.8). The following result is proved in [28]. We will give a proof of
it for sake of completeness, and because it exhibits some of the mechanisms involved in the proof of
Theorem 3.1.12.

Proposition 3.3.1. Let 0 < § < % Let N > 8. Let ug,u1 € XHJ_VL{& X Hé\il such that
2 2

Juoll vy, + ey, <<

If e > 0 is small enough, the equation (3.3.1) has a global solution w.
Proof. Let 0 < p < %. We introduce the weight function

{ w(q) =1+ gz 4 <0,
w(g) = (1+1g)""* ¢ > 0.

Let 0 < p < 3. To prove global existence for equation (3.3.1), we consider a time 7' > 0 such that, on
0<t<T

9

N
Zhu| < 20—t 1< 3.3.2
R e (ER R 4532
N
1ZMu| < 20— T< 41, (3.3.3)
VI+s(l+]q))? 2
w2 0Z ul| > < 2Co(1 +t)Pe, I < N. (3.3.4)
Thanks to Klainerman-Sobolev inequality, the assumption (3.3.4) yields, for I < N — 2
e(l+1t)r e(1+1t)”
07| < —————, forq<0, [0Z%u|< , forq>0. (3.3.5
| | VI+sy/1+]q] | | VI+s(14|g))t+e )
and consequently, thanks to Lemma 3.1.11
1
2l < AT o 2t g © forg>0.  (336)
(14s)27F (1+5)277(1+1q])°
We use the L™ — L estimate to ameliorate eqtimates (3.3.2) and (3.3.3). We write
0Z'w= Y 0z"udz"u. (3.3.7)

I +1>,<I
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We first treat the case I < % We assume I} < % (the case Iy < % can be treated in the same way).
Therefore, we can estimate thanks to (3.1.14)

1
021 u| < ———|Z1 ).

1+ |q|

Since & +1 < & we obtain thanks to (3.3.2)

|0Z5u| <

€
1+ lg)*oVI+s
To estimate 0Z%2u we use (3.1.14) and the bootstrap assumption (3.3.3) to obtain

9
(L+9)3(1+[al)?

= 1
[2ARTBS ﬁ|ZIQ+1U| <
S

This yields

62

(1+5)2(1+fg)+%
We can now use the L>° — L estimate of Proposition 3.1.10, together with the estimate of Proposition
3.1.5 and the Sobolev injection of Proposition 3.1.2, which gives

|0Z%u| <

Coe | CEIn(1+g)
VIts(+a))  VI+syT+]ql

This implies, since In(1 + |¢]) < (1 + |q|)%_‘S

|ZIu| <

Coe N Ce?
VIts(141q))®  vI+s(1+]q)°®

We now treat the case I = % + 1. We assume [; < % < % so we have the same estimate as before
for 9ZMu. To estimate dZ'2u, since & +2 < N — 2 we use (3.3.6). We obtain

|Z1u| <

(3.3.8)

= 1 e/ 1
92] £ |7+ g SV
S (1 + 8)2 14
Therefore we obtain

e? e?

< .
(14 s)2P(1+ g2t ~ (1+5)5+5(1+ |g[)+5—~
Therefore, like for (3.3.8), the L>° — L estimate yields

07| <

Coe N Ce?
VITs(+1g))  VIts(L+g)

We now use the weighted energy estimate to ameliorate (3.3.4). Let I < N. In view of (3.3.7), it
implies

12| <

(3.3.9)

(@)20Z"ull}> + |0/ (202" |}, S Y w20z udZ"ul| 2 |lw? 02 ] 2. (3.3.10)

~

I +1><I

@llw

We first assume I, < % Then we estimate

0Z"u] < 5 5
(1+s)2(1+]q))2
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This yields

= €
w282 udZ"ul| e < —— w202 ul| .
(1+1)2
We now assume [; < % Then, we estimate
€

|02 | < =
V1+s(1+]g)tt2

Therefore we obtain

1
||w%6211u5Z12uHL2 < c wr T AR
Lt || (1 + [g)'* 12
Since .
w2 1

— < w'(g)?,

(1+|ql)'+3
we infer

w202 udZ 2 u| 2 ||w2 DZ w2 < %Huw%azfuniz + el (q)2 2" w2
Therefore (3.3.10) writes

d _
%Hw(Q)%azlulliz + ' ()202 |72 < ||w25ZIUHLz +ellw'(¢)202"u 72,

~1t

so for € small enough

d 1

Zlw(@)202"ullfz + 5w (0)202" ullfs < T w202 ulfz.

dt 2 1
We obtain )

lw(q)20Z%u|| 1> < Coe(1 +t)°°. (3.3.11)
For € small enough so that
C 3
Ce < 70 (141)° < S+,

we have proved, in view of (3.3.8), (3.3.9) and (3.3.11) that for ¢t < T we have

3 15 N
Zhu| < 20y 1| < =,
= s M E
20 < 3¢, ° <Y,
2 " T+ s(1+q)3 2

3
lw20Z"u] 12 < SCo(1+ )%, [T < N,

which concludes the proof. O

Remark 3.3.2. Actually, only the highest order energy Hw%BZNuHLz grows in t. To see this, we
estimate ) -
w202 udZ™ul| 1

for I < % and Is < N — 1. Since

0Z12u| < T |Z12+1|



92 CHAPITRE 3. STABILITY IN EXPONENTIAL TIME

we obtain, together with the weighted Hardy inequality

3

||w%8Z11u5ZIZu||Lz < 5
(1+1)2

(1 +1al)

Therefore, the weighted energy estimate yields, for |[I| < N —1

52

d, 1
I 562[ 2 <
a0z £ e

~

and hence )
|lw2dZ ul > <e.

Remark 3.3.3. The use of the term ||w’(q)%<§Z1u||2L2 to exploit the structure in the energy estimate
has been introduced by Alinhac in [1] and is sometimes called Alinhac ghost weight method. It has also
been used in the case of Einstein equations in wave coordinates in [40].

Unfortunately, Einstein equations do not have the null structure, but only a weak form of it. In
the next sections, we will see what problems this creates and the method we used to tackle them. We
will be less precise than in this first example, since full details will be provided when we proceed with
the proof of Theorem 3.1.12.

3.3.2 The coefficient g,

To understand how to deal with grr, let us consider the question of global existence for the following
system, which is of the form (3.2.6)

a2 D,
Dh - —2(61180) - 27( ) q(qX(q)) .

T
with initial data for ¢ of size £ and zero initial data for h. We recall [|b]|12s1) < €. We have the
following estimates for ¢

I3
T+ s(1+|g)r+e’

1
|w2dp|2 Se, 00 S

Therefore, the energy estimate for h writes

d b(6)0?
D jwtoni, < (w%@mm wt M%) >w%ahm,
2
and thus p ) )
1 9 1 3 3
—||lw20h < | —||lwzd + < .
Slutonlz: 5 (S luboul + —=) £~
We infer

w2 Oh|| 2 < V1 +t. (3.3.13)

This estimate is not sufficient. To obtain more information on h, we will approximate it by the solution
ho of the following transport equation ( this procedure will be made more precise in Section 3.7)

dgho = —2r(9g)” — 2b(0)3 (qx(q)), (3.3.14)

with initial data hg = 0 at t = 0. The L estimate for ¢, and the fact that x’ is supported in [1, 2]

yield
&2

hol S ————-
ol S e
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To estimate hg we write

Q
ho(Q.5.0) = / (~2(By)r — 26(0)82(ax(0))) da,

so we obtain
&2
ho(s, Q,0) = O ((1+|Q)1+25> , Q>0,
—s 9
ho(s, Q,0) = /é (_Q(aq‘P)QT - 2b(9)8§(QX(Q))) dg+ O (M;DHQ(;) , Q<0.

Therefore, since

—S

83(QX(Q))CZQ =-1, fors>2

S

to maximize the decay in g for hg (and hence for h, provided one has a suitable control over h — hg)
we will choose b such that

b(O) ~ / (Oyp)Prda. (3.3.15)

Remark 3.3.4. b(0) is a free parameter, except from [b(8), [b(0)cos(0) and [ b(8)sin(h) which are
prescribed by the resolution of the constraint equations, and correspond intuitively to the ADM angle
(energy) and linear momentum. Let 11 be the projection defined by (3.12.7). Then

1o =11 ( [ @ueraa).

will be forced in the course of the bootstrap procedure. On the other hand, the fact that

Joor=[ [ @erraam.

/b(6‘) cos(f) ~ //S_S(Z?qap)Q cos(0)rdqdb,
/ b(0) sin(0) ~ / /  (8y0)? sin(0)rdgdo).

will be obtained by integrating the constraint equations at any time t (see Section 3.7).

3.3.3 Non commutation of the wave operator with the null frame

In this section, we will discuss the influence of the terms appearing in (3.2.7). We have seen in the
previous section that hg does not decay at all with respect to the s variable. In turn, we will show
that this is also the case for h, and finally for the coefficient grr. We do not want this behavior to
propagate to the other coefficients of the metric. To this end, we will rely on a decomposition of the

type
™\ 9LL
e ()
g=9b / 4
However, since the wave operator does not commute with the null decomposition, we have to control
the solution g; of an equation of the form

dq* + G-

D=0 (7) T
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where h is the solution of (3.3.12). The term Y (%) 57" has the form of the terms appearing in (3.2.7).
Provided we can approximate h by the solution hg of the transport equation (3.3.14), we obtain
decay with respect to ¢ for h. The decay we will be able to get is
2
bl S —=

~ VIt d

62

(14 s)2/1+[q

and therefore, with the L — L estimate, we deduce

With this decay we infer
0gil <

€
~i S )
19| < TEUSERT

W=

for all p > 0.

On the other hand, assume we are only allowed to use the energy estimate for h, which is the case
when deriving L? type estimates for §; at the level of the highest energy. When applying the weighted
energy estimate for g;, we obtain

d Lo~2 1 r\ Oh
%”w(Q) 9Gi||72 < Hw(q) T (;) -

lw(q)%0gill.
L2

We estimate )

1 1 9
S T llw(@)?0h]2 S

ERY
Hw@ ( 21+t VI+t

where we have used the estimate (3.3.13) of the previous section for h. This yields

i)ih

. (3.3.16)

r

d ||w( )%8~ || < 52
P2 S —F7/—.
g O = T
So 1
lw(g)? 5|2 < 2VITE,

which is precisely the behaviour we are trying to avoid with this decomposition ! However we have
not been able to exploit all the structure in (3.3.16). In order to do so, we will use different weight
functions for g; and for h. If we set

w(q) = (1 + |g)) T w(q),

with 0 < p < i and we assume that we have

|@(q)2 Ok 12 < VI +1,
then we can estimate
1

< —
14t

[N

T(5) T

= 1
011 S 1—17h] 5
S

Hw(g)

7@ (7)o

t) (14 |q)3+n

L2

We write

Zh|,
(e Fn e

so we obtain

]w(g)ér (1)

r

Zh
L+]q]

N

S %
2 (L)

_ 1 o
w(q) 3 [0(0)20Zh] 12,

2 (1+1)
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where we used the weighted Hardy inequality. Consequently, the energy inequality for g; yields

in( )20l 12 < _ e
dt q gillL2 X (1+t)1+/‘"’

and therefore )
lw(q)20gill 2 < €.

Recall that the weighted energy inequality forbids weights of the form (1 + |¢|)* with a > 0 in the
region g < 0. Therefore we are forced to make the following choice in the region ¢ < 0

9) = 0(1).  wle) = s

Thus, for g;, the v/t loss has been replaced by a loss in (1 + |q\)%+“.

3.3.4 The quasilinear structure

In this section we will discuss the challenges of the quasilinear structure. We will take as an example
the equation for ¢, O, = 0. Following Remark 3.2.2, we can focus on the terms of the form gLLaggp.
The wave coordinates condition yields -

gL ~ 0g.
If g satisfied Clg = 0, the L estimates for g given by Corollary 3.1.6 for suitable initial data would
imply

€
|0grr| < ;
(1+s)3/1+]q|
We would like to keep this decay in —L— after integrating with respect to q. However, we are not in

(1+s)2
the range of application of Lemma 3.1.11. To this end, we will assume more decay on the initial data.
As stated in Theorem 3.1.12; we take (g, d:g) € Hévﬂ X Hé\j_l with % < § < 1. Then, with the weight

wp stated in Theorem 3.1.12, the weighted energy inequality yields
|wo(9)0Zg||z2 S e,

and consequently, for ¢ > 0, the weighted Klainerman-Sobolev inequality yields
€

0Zg| S .
0% 2 T e

If we integrate from ¢ = 0, we obtain for ¢ > 0

3

VIFs(l+]q))zte

1Zg| S

1

By writing |dg| < |Zg|, we obtain

1+s
€ €
|agLL‘§ ’ fO?"q<O, |agLL‘§ ) forq>0.
(1+5)5(1+1q|)? (149)%(1+ g2+
Since § > % we can apply Lemma 3.1.11, which yields
e/ 1+ |g €
\9LL\§7|§|7 forq <0, gl < 3 s forqg>0.

(1+s)2 (1+s)2(1+q)°2

Consequently we easily estimate

1 3 1
lw2grrd; 2 olle S —— [w28,2" || 2.

(1+1¢)2
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This strong decay in the region ¢ > 0 is also needed when estimating

1
lwé Z' grL02¢| 2.

The idea will be first to use the weighted Hardy inequality to derive

1 1

||w%ZIgLLa2<PHL2< c wy Z'9r1 <= o 07 gr1
0 a ~ VTt ||+ gl)? Lo VI d]) Lo

Then we rely on the wave coordinates condition, which yields

= 1
02" 1) $102"9) S 75129,

and then use the weighted Hardy inequality again. However, one has to be careful when using the
weighted Hardy inequality. In the region g > 0 the weight must be sufficiently large to allow to perform
it twice. This is an other reason why we work with initial data in H év with § > %, which is more than
the decay which is necessary to prove the global well posedness of a semi linear wave equation with
null structure.

3.3.5 Interaction with the metric g,

In this section we want to discuss the influence of the crossed terms between g, and ¢, g. We will take
as an example the equation for ¢, [y = 0. As discussed in Section 3.2.5, we can focus on the term
(3.2.13). We may look at the following model problem

If we perform the weighted energy estimate, we obtain

3

1
. +t|\w5521wlliz-

d 1 1z

Zlwo(@)2 02" ¢l + wi(9)2 02" ¢ll7: <
Therefore

1
lwo(q)2 02" |2 < Cos(1 + 1)
and for all ¢ > 0 .
1 1=
0
To avoid this logarithmic loss, we need to exploit more the structure of the equation. To this end
we introduce the weight modulator
1

alq) = aFane: 4~ 0,
a(q) =1, ¢ <0,

for 0 <o < % Then the energy inequality yields

llawo(q)2 02T || 2.

1
Qwg =
1,o0—20271
q>01+8 2
L2

d 1
@Hawo(CI)QaZISDHQH <e

We estimate, for ¢ > 0

alg) _ 1
L+s ™ (1+1)247(1+|q)?
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And therefore, we obtain

1
d 1 € we - i
%"aw0<Q)2821@||%2 5 (1 +t)%+a ]lq>0 1—(|)—|q|aZI<p ||Oé’w0(q)28ZIg0||L2
L2
g 1= 3 1
. a+o° lwo(@)2027 |12 + WHOZWO(Q)QazlﬂLz-

and consequently in view of (3.3.17) we obtain
low(q) 2027 || 2 < Coe + C2.

With this technique, the logarithmic loss in ¢ has been replaced by a small loss in g.

3.4 Bootstrap assumptions and proof of Theorem 3.1.12

3.4.1 Bootstrap assumptions

Let 3 < & < 1. In view of the assumptions of Theorem 3.1.12, the initial data (¢, ¢1) for ¢ are given
in Hé“i(R?) x HYN | (R?).
For b € W2V such that

/815:/81'5008(9):41'&111(9) —0,

[Bllwen < 2C0e?,

and

Theorem 3.1.3 allows us to find initial data g and O0;g such that
® g;;, K;; satisfy the constraint equations,

e g and 0;g are compatible with the decomposition g = g, + g, where

b(0) = b(8) + by + by cos(8) + ba sin(0) (3.4.1)
with bo, ba, ba, J(0) given by Theorem 3.1.3,
e the generalized wave coordinate condition given by H, is satisfied at t = 0.

The system 3.2.1 being a standard quasilinear system of wave equations, we know that there exists
a solution until a time 7. Moreover with our conditions on the initial data, our solution (g, ) is
solution of the Einstein equations (3.1.1), and the wave coordinate condition is satisfied for ¢ < T (see
Appendix 3.12.2).

Remark 3.4.1. Our choice of generalized wave coordinates does not change the hyperbolic structure
because Hy does mot contain derivatives of g.

We take three parameters p, o, u such that

0<p<KoK <K, (34.2)
1

We consider a time T > 0 such that there exists b(8) € W:2(S!) and a solution (¢, g) of (3.2.4) on
[0, T, associated to initial data for g. We assume that on [0, T], the following estimates hold.
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Bootstrap assumptions for b
&2
<B—, forI< N -4 (3.4.4)

o} <Hb(9) + H/ (6q<p)2rdq>
ET79 L2(Sl) \/T
1046(0)| 121y < Be?, for I < N (3.4.5)

where II is the projection defined by (3.12.7), sz , 18 defined by (3.1.15) and B is a constant depending
Onp7o-7/’L757N' ’
We introduce four decomposition of the metric g

g=g+7T ( hodg® + g1, (3.4.6)

9=go+ Y () (ho + h)dg* + ga, (3.4.7)

g=g+ 7Y (=) hdg® + G, (3.4.8)

IS IS S S
N—— —— ~—

/N 7N N

g=g+7T ) hdg® + T (;) krdgdd + g1, (3.4.9)

where hg is the solution of the transport equation

dgho = —2r(99)* — 2b(0)2(x(q)q),
{ h0|t0:0 =0, (3.4.10)

I is solution of the linear wave equation

T = 0(Y (7)) + T () a0 + 21 (7) Oy —2Radag + T (1) sliord) (541
(ha 8th)ltzo = (07 0)7
where B
Qrr(ho,9) = 9LgrLOLho + IL(9)vuOLgLL- (3.4.12)
Ugh = _2(8q%0)2 + 2(Rb)qq + QLL(]Lg),
== 3.4.13
{ (k. 0k |10 = (0,0), (3.413)
and k is the solution of g on
Dg = 0ugLLOq,
3.4.14
{ (h, ath,)|t:0 - (0,0) ( )
L*°-based bootstrap assumptions For I < N — 14 we assume
70| < 2e (3.4.15)
T4 s(1+ gz~
2
1715, < —2C0e (3.4.16)

where here and in the following, Cj is a constant depending on p, o, i, §, N such that the inequalities
are satisfied at ¢t = 0 with 2C replaced by Cy. For I < N — 12 we assume
2CHe
2Coe
(14 s)2-20

|Z1p| < (3.4.17)

12| < (3.4.18)
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We assume the following estimate for hg for I < N — 7 and ¢ < 0
2005 2005
Q+s)f  Qra)

|ZTho| <

and for ¢ > 0
2005

(1+ |g)2+26-0)"
We also assume the following for hand I <N-T7

|Z ho| <

2006

127 < ———.
(1+lgl)z=°

L?-based bootstrap assumptions We introduce four weight functions

wo(q) = (1+1g)***%, ¢ >0,
wo(q) =1+ rpgpees ¢ <0,

wi(q) = (1+ |q])?*%, ¢ >0,
I(Q) = %a q < Oa

1+|q))2

(
wy(q) = (14 |ql)***, ¢ >0,
w2(q) = e 4 <0,
wy(g) = (1 +|ql)***, ¢ >0,
wz(q) =1+ aFanz 4 < 0

We also introduce weight modulators

Oé(q) = (1+‘1q‘)(r7 q > 07
a(g) =1, ¢ <0,

{ a(q) = (1_5’_‘}1')257 q >0,
az(q) =1, ¢<0

We assume the following estimate for I < N
1 1 ~
laowo(q)20Z7 || 12 + [|aowa(q) 2027 Gal| 2

1 1
|a2(q)%821h||L2 + ———|lows(q)20Z k|| 12 < 2Coe(1 4 t)°.

1
_1’_7
\/1+t| vV1+t

for I <N -1

~ 1 1
[wo(@) 2027 |12 + [lwa(q) 2027 g3 r2 + ———=|[w3(q)20Z A 12 < 2Coe(1 + 1)

V14t
and for I < N —2

1 1 1
lo(@yuo(a) 02" ol + la(a)wa(a) 202" Golsz + =l

In addition, for I < N — 8 we assume

lwi(@)2027 G2l 12 < 2Coe(L+ 1), [la(q)wi(q)20Z! Ga| 1= < 2Ce

and for I < N — 9 we assume

lwo(q)2 027Gl 1> < 2Coe(L +1)°,  |la(q)wo(q) 282 G 12 < 2C0e.

(Qws(q)20Z" h|| 12 < 2Cye.

99

(3.4.19)

(3.4.20)

(3.4.21)

(3.4.22)

(3.4.23)

(3.4.24)

(3.4.25)

(3.4.26)

(3.4.27)

Let us do two remarks to justify our different decompositions of the metric, and our different weight

functions.
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Remark 3.4.2. We use the decomposition (3.4.6) instead of (3.4.7) to avoid a logarithmic loss when
we want to improve (3.4.16) and (3.4.18) with the L>° — L*° estimate. This loss would have been due to
the terms coming from the non commutation of the wave operator with the null decomposition (3.4.7).
However, we use the decomposition (3.4.7) instead of (3.4.6) to avoid a logarithmic loss in the energy
estimate due to the term @Q

When hg is a good approzimation for h, we use the decomposition (3.4.7) instead of (3.4.8) in the
energy estimate. This allow us to have a better control on the terms coming from the non commutation
of the wave operator with the null decomposition. When hg is no longer a good approximation for
h, we use the decomposition (3.4.8). Finally, the decomposition (3.4.9) allow us to isolate the term
ZNOugrLLOLgrLr on which we do not have a good control.

Remark 3.4.3. The weight wo is introduced to deal with the non commutation of the wave operator
with the null decomposition (see Section 3.53.8). The weight wy is a transition weight between wy and
wy. The weight wz allows us to compensate the loss in \/1+t for g by an additional decay in

v/ 1+ |q| in the exterior region.

The weight modulators a; and as are introduced to transform the logarithmic loss due to the inter-
action with the metric gy in a small loss in q (see Section 3.3.5).

3.4.2 Proof of Theorem 3.1.12

We have the following improvement for the bootstrap assumptions. The constant C' will denote a
constant depending only on p, o, u,d, N. The proof of Proposition 3.4.4 is the object of Section 3.7.

Proposition 3.4.4. Let I < N — 5. We have the estimates

Ce?

Ce? Ce? 0
T+ gz Jore=?

_|_
Vi+ts  (1+|g))t—*

Let I < N — 7. We have the estimate

1Z"ho| < , for ¢ <0, [Z"he| <

Ce?

27| < ————.
TR

The proof of Proposition 3.4.5 is the object of Section 3.8.

Proposition 3.4.5. Let I < N — 14. We hawve the estimates

- C Ce? C Ce?
27 < S E gt g e e
(L+s)hr VIFs(L+]g)s

Let I < N — 12. We have the estimates

Coe + Ce? ~ Coe + Ce?
< |Zlgl| N 0 1_

S eI
The proof of Proposition 3.4.6 is the object of Section 3.10.
Proposition 3.4.6. We have the estimates for I < N
laawo(9)702" ¢l| 2 + | aowa(q) 202" G| 2 < (Coe +)(1+1)°VE,
la(9) 202" R = + [|azws(a) 202" K| 2 < C=*(1 4 £)5+CV7,

forI <N -1 . .
lwo(q)2 02" ¢l 2 + [lw2(q)? 02" Gsl| 12 < (Coe +€)(1 +£)°VE,
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ws(q)20Z |2 < C2(1+ 1)3FCVE,

forI<N -2
la(q)wo(q) 2027 p|| 12 + [la(q)wa(q) 2027 Gs]| 12 < Coe + Cef,

la(q)ws(q)ZOZ R 12 < Ce3,
forI<N -7
lun (@02 Gl e < Cos(1+ D7 e, [lalghur ()02 Glce < Cos + CeF,
and for < N —8
lwo(q)20Z Gal| 2 < Coc(1+1)VE &, |lalq)wo(q)20Z Gs|| 12 < Coe + Cef.
The proof of Proposition 3.4.7 is the object of Section 3.11

Proposition 3.4.7. We assume that the time T satisfies

T < exp (55)

There exists b (0) € WN-2(S') and (¢(2),g®) solution of (3.1.1) in the generalized wave coordinates
Hy ), such that, if we write g = g2 + 7, then (p(2),3?) satisfies the same estimate as (p,q), and
we have the estimates for b()

o4
<C—=, forI <N —4,

VT

o4 (Hb(z)(H) + H/ (8q<p)27“dq>
S0

108b(0)|| 1> < 203, for I < N.

L2

We may now prove Theorem 3.1.12.

Proof of Theorem 3.1.12. We may choose Cj such that Cp > 2, and B such that B > 4C2. We take ¢
small enough so that

B
OE% S?Oa C\/ggp7 CESE

Then Propositions 3.4.4, 3.4.5, 3.4.6 imply that the bootstrap assumptions for (¢, g) are true with the
constant 2Cj replaced by % Moreover Proposition 3.4.7 yields the existence of b2 and ¢?), ¢(2) =
gy + g solution of (3.1.1), such that the bootstrap assumptions are satisfied by (p(?,§®) with

the constant 2C( replaced by 2¢

5%, and b2 satisfy

2

€
< B——=, forI < N —4,
<B = f

o} (Hb@)(e) +1 /E (6q<p(2))2rdq>
T,0

L2

B
1056(0) || > < 552, for I <N.

This concludes the proof of Theorem 3.1.12. O

g

Let us note that the only place where we use the assumption T' < exp (%) is in the proof of
Proposition 3.4.7.
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3.4.3 First consequences of the bootstrap assumptions

Thanks to the weighted Klainerman-Sobolev inequality the bootstrap assumptions immediately imply
the following proposition.

Proposition 3.4.8. We assume I < N — 4 we have the estimates, for ¢ <0

3

oZ1p(t, 1) S —— ————, 3.4.28
~ e+ [g))*
071 g3(t, x)| < | 3.4.29
02" (t.)] 5 =L (3429)
921h) < — (3.4.30)
1+ ql
and for g > 0
02" p(t, )| < — : (3.4.31)
(T+]g)277VI+s
€
071 ga(t,x)| < , 3.4.32
07" 500 £ e (3.4.32)
€
0Z'h| . s 3.4.33
07N R g (3439
Moreover, for I < N — 11 we have for ¢ <0
025 (t, @) § e (3.4.34)
V1+lgVi+s
Thanks to Lemma 3.1.11 we deduce the following corollary.
Corollary 3.4.9. We assume I < N — 4 we have the estimates, for ¢ <0
ev/1+ ¢
Zlp(t, o) < Y—22, 3.4.35
2 (t,0)] Y (34.3))
_ 1 1+p
2] s DT (3.436)
1+s
1Z'h| < ev/1+]q]. (3.4.37)
and for ¢ > 0
Zlo(t,2)| < - , 3.4.38
s
(I+lghzm77Vi+s
€
127 gs(t, )| < : (3.4.39)
(T -+l ovis
€
Z'h S 3.4.40
S G (3440
Moreover, for I < N — 11 we have for ¢ <0
1
21t )] < VAN (3.4.41)
V1+s

The following remark allow us to compare the different decompositions of the metric g.
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Remark 3.4.10. We have the following relations

g7 = ()77 = (2)77 = (93) 77 = (94) 7T,
grr = (91)rr = (92)rL = (93) L = (94) L,
gur = (Q1)vL = (92>U£ = (93)uL-

The following corollary allow us to estimate g, independently of the chosen decomposition (3.4.6),
(3.4.7), (3.4.8) or (3.4.9).

Corollary 3.4.11. We have the following estimates

Igp< — = <N —

1279l < T for I <N —14, (3.4.42)
~ 9

VAGIBS m, for I <N —12, (3.4.43)

1Z2'9| S e, 10279] S 1+| Ty for SN -1 (3.4.44)
I~ I+ I~ -1+

1279 Se(l+g))z™, 10Z7°g] Se(l+1gl)="", for I <N —4. (3.4.45)

(3.4.46)

Moreover, for ¢ > 0 we have the following estimate

1279 < - —, for <N —4. (3.4.47)

(1+g))t*o-

Proof. Estimate (3.4.42) is obtained by using the decomposition (3.4.6) and taking the maximum of
the bounds given by (3.4.19) and (3.4.16). Estimate (3.4.43) is obtained by using the decomposition
(3.4.6) and taking the maximum of the bounds given by (3.4.19) and (3.4.18). Estimate (3.4.44) is
obtained by using the decomposition (3.4.7) and taking the maximum of the bounds given by (3.4.19),
(3.4.21) and (3.4.40). Estimate (3.4.45) is obtained by using the decomposition (3.4.8) and taking the
maximum of the bounds given by (3.4.37) and (3.4.36). Estimate (3.4.47) is obtained by using the
decomposition (3.4.8) and taking the maximum of the bounds given by (3.4.40) and (3.4.39). O

The rest of the paper is as followed

e In Section 3.5, we use the wave coordinates condition to obtain better decay on the coefficients
g77 of the metric. The strategy is similar to the one introduced in [40].

e In Section 3.6, we obtain the missing estimates for the angle and linear momentum, namely the
three first Fourier coefficient of b which correspond to b — IIb, in order to get

2
b(6) + / (Ogp(a,s = T,0)%rdq| < =
YT, T

)

[MES

by relying in particular on the constraint equations

e In Section 3.7, we improve the estimates for hg, and show that it is indeed a good approximation
for the coefficient g, We also obtain estimates for h. We prove Proposition 3.4.4.

e In Section 3.8 we prove Proposition 3.4.5 thanks to the L> — L* estimate.

e In Section 3.9 we derive a weighted energy estimate for an equation of the form O,u = f, where
g satisfies the bootstrap assumptions.

e In Section 3.10, we prove Proposition 3.4.6 thanks to the weighted energy estimate.

e In Section 3.11, we prove Proposition 3.4.7 by picking the right b= IIb.
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3.5 The wave coordinates condition

The wave coordinates condition yields better decay properties in ¢ for some components of the metric.
Since far from a conical neighborhoud of the light cone, we have |q| ~ s, this condition will only be
relevant near the light cone. It is given by

1
HY = ———+-——0,(g"*+/| de .
b Taet(g)] (g | det(g)|)

Proposition 3.5.1. We have the following estimate, in the region % <r <2t

~ = J~ 1 ~ ~
|5qZIgLL| S Z (|6ZJ9LL| + |BZJ9TTD + 1+s Z (\ZIQLL| + |ZIQTT|) :
J<I J<I

Proof. The wave coordinate condition implies

-L,Hy =L, (1@(9’“ det(Q)))

| det(g)|
\/(Tia@”/det )+ 0, —g"*0,(L,)
\/7'8 L/ det(g) + 0u( 1gUU
r
o 9* \/7 LL
)+ 6TW+8L9 + 0ugtY + Opg*
det(|g]) \/d
_’_} e 1 pu

g ——9g )
T T

where we have denoted by R the vector field 0,., and used the following calculations
9" 0u(Ly) = = 9" 0u(Ra)
= — g9 cos(0) — g'?(2 cos(6) — 9y sin(h)) — g*2, sin(h)

g™ =00g=° + 91 + 92922
=00g2° + OrgE® + Oy gEY + ¢EB (01 cos(h) + D sin()) + g2V (=01 sin(h) + 2 cos(h))

gt
=0Lg™ + Oyt + Opgtt + T—
Consequently
LL ( 3 ) 9M \/7 gLT \/7
oLgtt = — L, (Hy + F*) — —2—=0p/det(g) — ———==07+/det(g)
Vaet(lg) Vaet(lg) (35.0)
— ugt’ — opgtt - %QLR - %QUU,

where we have used (3.1.9). Also we have

det(g) = QLL(QQQUU - (QUL)Z) - gLL(gLLgUU - gLUgLU) + gLU(gLLgUL - QQQLU)-

Therefore

|V/det(g) — /det(g)| < [gLe] + g7
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We can express

9 = g lanssv = (a0 )) =~ +OGrrOl)
w1 1 _

g= = det(g) (9Lr9Lv — guLgrr) = S9LU +O(g77)0(9),
LL 1 1 -

g~ = det(g) (9LLgvv — guLgur) = Z(gb)UUgLL +O0(977),

where we have used the notation O(g) = O(g —m) where m is the Minkowski metric. Since in (3.5.1),
by definition of H* (see (3.1.10)) the terms involving only g, compensate, we have

~ ~ - 1 ~ ~
|0q9rL| < (19gLL| + 1097 7]) + m(|9LL| + [g77]) + 8.t

where s.t denotes similar terms (here these terms are quadratic terms with a better or similar decay),

and we have used the fact that in the region { < r < 2t, we have » ~ s. Since [Z,0,4] ~ 04 and

_we i 2
[Z,0] ~ O we have

- = 1 = 1 1
002" gLl S Y 1Z27G0Ll + 102" GuL] + 102 Grr| + s > (1270l +127G771).
J<I—1 J<I

This concludes the proof of Proposition 3.5.1. O

The other two contractions of the wave condition yield better decay on a conical neighbourhood of
the light cone for gy, and gyy.

Proposition 3.5.2. We have the following property

10,2 g0 S 1027 G7v] +tis Z 1Z7g7vl,
J<I S T<1

_ 1 _
102" Guul D 102731+ 1~ > 1274,

J<I J<I

Proof. To obtain the first estimate, we contract the wave coordinate condition with the vector field U.

—UHE = (g"*)+/det(g)

\/|det |
—L——U,9,\/| det(g)| + 0 (Uag"™) + g"*8,(Us)
\/ )l

;La
|d t(g

\/ma /] det(g)] + 0, (gU") + —gVR
[ det(

1
det ——= 07| det(g)| + OrgYE + OygU? + oL gVt + —gUR
~— VIl + W / LgVE + g™ + 0ug"" + g
Therefore
UL QUL QUT UU vr 1 ur
org" % =-UH} — —-—0 det - a—| det -0 -0 - )
L9 b o) | det(g)| EEl 7V | det(g)| — dug LY -9

and arguing as in Proposition 3.5.1 we infer

10q9uL] < 1097V + |QTV\ +s.t.
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Commuting with the vector fields Z as before, we obtain the desired estimate. To obtain the second
one, we contract the wave coordinate condition with L

1
LoH® = — L,0,(g"*)\/| det(q)|.
b ot gl ,.(9")V/ | det(g)] .

1 1
=———0 (VIdet(g)lg"t) + ——=07 (/| det(g)lg"T ) — ¢"*0u(La).
V| det g| *< ) V| det g ( ) :
We note that
1
| det(g)|g™* =———=(grL9vv — guLgvL)
| det(g)|
grLyg ~
= = + O(g7r71)0(9)
\/gLégUU +O(g77)0(9)
=Vguu + +0(g77)0(9)-
Therefore (3.5.2) yields
= 1
0,7 < |0g ql.
10q9uv]| < 109] + HSlgl
We commute with the vector fields Z to conclude. O

Thanks to the bootstrap assumptions, we obtain the following corollary.

Corollary 3.5.3. We have the estimates for ¢ <0

9 3

0Z2'guu| § ———=—, 10Z2"gL7| S —, forI <N-—15, 3.5.3
| | (1+5)57° | | (L+s5)A+lg))z77 (359
~ £ g
02 17| S ————, |0Z%quu| < , forI <N —13, (3.5.4)
(14s)i % T+ 9)(+la)i >
- e 14 |q - €
|3ZIQLT| N (1+S)g|a |aZIgUU| N ma for I <N —12, (3.5.5)
_ e(l+ 1+p . (1 + %Jr#
07507 5 <<1+|q)) 02700 s L por p < s, (3.5.6)
and for ¢ > 0
€ €
Y AKTR S . 0Zguu| < , forI <N —5.
| g7l S (1+|q‘)%+5_0(1+5>% ‘ Juul (1+ [g)t*o=(1 + ) f <

Proof. As mentioned in Remark 3.4.10, the metric coefficients gy do not depend on the choice of
decomposition between (3.4.6), (3.4.7) and (3.4.8). Thanks to Proposition 3.5.1 and 3.5.2, and the fact
that

= 1
< —1Z
Oul < ——2ul,
we may write
1
071G S ——1Z g7l 3.5.7
027 gL & 147 gyl (3.5.7)
The bootstrap assumptions (3.4.16) and (3.4.18) in the region ¢ < 0 yield
€
27| < ————— for J< N — 14,
1Z7g7v| < for J < N —12.
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Therefore we obtain, in view of (3.5.7)

€
02 7| < ————, forI <N —15,
| gLT|N(1+S)%_p f
€

0Z'grr| S ——5— forI<N-13.

| gLT' ~ (1 +5)%—2)0 f —
Corollary 3.4.9 yields the following estimate for ¢ < 0

~ ey/1
1Z7grv] S 7+W|7 for J <N —11,
v1i+s
~ e(1+ gt

z7 < , forJ< N -4

Therefore we obtain in view of (3.5.7)
e/ 1
027 G17| < (Jr)|q| for I <N —12,
_ 1 14+p
027G 7| < % for I < N —5.
(1+s)2
For ¢ > 0 and I < N — 4, we have in view of Corollary 3.4.9
~ €
1Z7g7v| S

VIHs(1+gl)2 om0
which together with (3.5.7) yields

€
- forI <N —5.

0,2"Gu7| <
' (L+1g) 5+ (1+5)3

We now estimate Z'gyy. As for 21+, Proposition 3.5.2 yields

102" guu| < 1+ —Z"'g].

Therefore, the estimates of Corollary 3.5.3 are a direct consequence of the estimates of Corollary
3.4.11. O

Thanks to Lemma 3.1.11, since § — o > % we obtain the following corollary

Corollary 3.5.4. We have the estimates for ¢ < 0

PAXTREIS m Z"guu| S W for I <N — 15, (3.5.8)
|Z" g7 < m |Z Guu] < %'lm for I < N —13, (3.5.9)
als El h |q)|)3 \ZTG00] < w for I < N —12, (3.5.10)
|Z" g7 < “('q'))m |Z1Guu| < W for I <N —5, (3.5.11)
and for ¢ >0
VAXTREIS M, |Z" 0| S < for I < N —5. (3.5.12)

(L+s)2 (L+8)(L+ )=
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3.6 Angle and linear momentum

We call angle and linear momentum the three first coefficients of b, by, b1,bs. These coefficients can
not be prescribed arbitrarily, they are given by the resolution of the constraint equations (see Theorem
3.1.3). We need b to satisfy

2
% (bw) + [ <aqso>2rdq> S =
T,0 L2

This is used crucially to estimate hg in the proof of Proposition 3.7.2. The heuristic of it is discussed
in Section 3.3.2 (see (3.3.15)). The estimate (3.6.1) is satisfied with b replaced by IIb thanks to the
bootstrap assumption (3.4.4). For the angle and linear momentum, this is the object of the following
proposition, which says that the relations of Theorem 3.12.1 are asymptotically conserved by the flow
of the Einstein equations.

, for I <N —4. (3.6.1)

Proposition 3.6.1. We have

A

‘/b(&)dGJr %/R ((0e0)? + |Vol?) (t, z)da °

™ =
® o+
“\.

AN

m =
N+
. ﬂ\»

’/b(@) cos(6)db — /}R2 (OrpO10) (t, z)dx

‘/b(@)sin(@)d@—/ (Orpdagp) (t, x)dx| <
R2 14+t
To prove this proposition, we need the following lemma.
Lemma 3.6.2. The equation for g, can be written under the form
9; (x(a)a) £2
0G,, = —20,00,¢ — 2b(0) L2222 M,, + O ( ) , 3.6.2
9y nPOvP (0) r / (1+t)%(1+|q|)%72p ( )

where the tensor M, corresponds to dq?.

Proof of Lemma 3.6.2. We recall the quasilinear equation for g,, (see (3.2.4))
gaﬁaaaﬁ@w - H}fap@w = *28;&08»90 + Q(Rb);w + P;w(aga 35) + JSW(E, gb)'
The worst term in
gaﬁaaaﬁ@w - Dg,uu
is, according to Remark 3.2.2,
gLLQ?@w.

We distinguish two kinds of contributions :
grr02g1 and  grpOho.
To estimate the first term, we use (3.5.8) of Corollary 3.5.4, which gives

e(1 +|a])

< .
lgrol S 1)

We estimate then

1
0251] < 5 1273,
(1+1a)? &
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and we use the bootstrap assumption (3.4.16) for I < N — 14

5 <
|Z gl‘— o’

(1+s)

Nl

to obtain

62

1+5)272(1 + |q])

We now estimate the second term. To estimate §2ho, we recall (3.4.19) for I < N —6

lgrL079:1| < ( (3.6.3)

3

A
2"l S =+ e

Consequently
€ 5
D2ho| < + )
Kl (T+1]g)2vV1+s  (1+]g])**
The first contribution can be estimated like 3.6.3. To tackle the second contribution we need to use
the estimate for gr,;, which gives the most decay in s : we use (3.5.10) of Corollary 3.5.4, which yields

3
2

lgrel S

e(1+1ql)

§
(1+4s)2
This, together with the estimate (3.6.3), yields

e? e?

A1) 0 +]a)i® (At 20 +q)

lgrLdho| < (3.6.4)

The semi linear terms P, (09, 0g) are estimated similarly. We now turn to the crossed terms. Thanks
to Section 3.2.5, the worst contribution is (3.2.11), which gives a contribution of the form £dgrz in
the region ¢ > 0. We estimate thanks to (3.4.32) of Corollary 3.4.9 in the region ¢ > 0

9
(1+8)7(L+ g0

09| <

Therefore we obtain

€ €

Ly0-01L| S . 3.6.5
e oo

We now estimate (Rp),,. Thanks to (3.1.7) and (3.1.8), we may write

b(0)0; (ax(q)) 11<g<oe?

Ry),y = ——— 4"~ O —==- 3.6.6
i r ! ( (1+7)? ) (3:6:0)
Thanks to (3.6.3), (3.6.4), (3.6.5) and (3.6.6) we conclude the proof of Lemma 3.6.2. O

Proof of Proposition 3.6.1. We want to integrate equation (3.6.2) for (u,r) = 0,0 over the space-like
hypersurfaces of ¢ constant. To deal with the term 9?ggo, we use the wave coordinate condition

1
9*° 0pga0 = §9aﬁatga5 + (Hp)o-

We can rewrite it, by definition of (Hp)o

1,
~98%(819ap — 0i(gv)ap) + Fo.

« 1 « «
(9°% — (96)°")08900 + 95" (98900 — F5(g)a0) = 5(9 B 40 gap + 5
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By definition, F' contains only terms of the form gdy gy, so we can estimate

elyso(1+1q]),, - g2
ZF| < =2 T BV 75) < , 3.6.7
| |N 2 | g| ~ (1+8)2(1+ ‘q|)§,g ( )
where we have used (3.4.47) to estimate |Zg|. We note
af g ~ 1 af g~ 1 ~ ~ ~ ~ ~
m* 9pgao — 3™m 0tGap = 5(—@900 — 0¢g11 — 9¢g22) + 01901 + 02902,
and we estimate
(9°" = (90)*?)98ga0 = (g"F — m™2)OLgr0 + f1,
1 ~
5( — 957)04gap = (g"E — MM )0 gL + fo,
(m® —gbB)ngaO = fa
( - gb )atgoc,@’ - f5a
where the f; contain terms of the form
oo~ ~ q) 5 ~
grLogvy,  gworgTy, duguv,
They satisfy the following estimate
2
1Zfil < (3.6.8)

(1+s)3(1+|q)z2
We note 20:grr = 0rgrr + Orgrr and 2910 = grr + grr. Consequently

P — m™)(Orgro — 0igrr) = O (9LLOrgrL + JrLoLirr)

(g
satisfies the same estimate (3.6.8) than the f;. Therefore the wave coordinate condition gives

1

5(—5{500 — Otg11 — 0¢g22) + O1go1 + 2902 = f5

where f5 satisfies (3.6.8). Therefore, differentiating this equation with respect to ¢, and using (3.6.2)
for (u,v) = (0,0),(1,1),(2,2) we obtain

Agoo + Agi1 + Agaz — 2010:go1 — 2020:go2

82 2
(@) + 9 + (00) — 2000) DY g (oo

Integrating on the space-like hypersurface ¢ constant we obtain, since fooo 0?%(qx(q))dr =1,

_% /(8t<p)2 +Ve? = /b(o)do +0 (&) . (3.6.9)

To obtain the next relation we do the same reasoning but with (3.6.2) for (u,v) = (0,1) and (u,v) =
(0,2). We only detail the case (u,v) = (0,1) as the other one is treated in the same way. Recall the
wave coordinates condition

1
gaﬁaﬂgal = igaﬁalgaﬁ + (Hb)l-
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We can rewrite it, by definition of (Hp);

1,
2% ﬂ(31ga5 —01(9)ap) + F1

(e} ]' « «
(%% — (95)*")93901 + 95" (Dpgar — Dp(g)a1) = 5o = 95°)01ap +
‘We note

~ 1 ~ ~ ~ ~ 1 ~
m*?9pga1 — imaﬁalgaﬁ = —0tgo1 + 01911 + 02912 — imaﬁalgaﬁ

and we estimate

(9*" = (95)*") 08901 = (g™ — m"E)OLgr1 + fo,
%( — 95")01gas = (9" — m"L)0nGLL + fr,
(m*® — g7") 0501 = fs,
(m®? — g7°)01Gap = fo,
where the quantities f; satisfy (3.6.8). We note 201grr, = —cos(0)drgrr + Ogrr and 20Lgr1 =

—0L(cos(8)grr) + gr7- Therefore we obtain

~ . . 1 -
—0tgo1 + 01911 + 02912 — §ma6519aﬁ = fio0,

where f1o satisfies (3.6.8). Differentiating with respect to ¢ and using (3.6.2) for (u,v) = (0,1) we
obtain

~ ~ I T
Ago1 + 0101911 + 020G12 — Zm P0101G0s

— 20,001 + 2b(6) cos(0) %0 |, ( 352 - ) .
r (1+s)2(1+]q])2

Integrating on the space-like hypersurface ¢ constant we obtain

/ Dypdhp = / b(0) cos(8)d6 + O ( ﬂé;rt) , (3.6.10)

&2
OppOap = [ b(0)sin(0)do + O . 3.6.11

[owpono = [wysinoran+0 (=) (3.6.11)

Estimates (3.6.9), (3.6.10) and (3.6.11) conclude the proof of Proposition 3.6.1 O

and similarly

Corollary 3.6.3. We have the estimates

' / b(0)do + /Z (04p)?rdrdd

’ / b(0) cos(6)dB + /E cos(0) 2y)P v

N

A

ST

‘/b(@) sin(ﬂ)d9+/ZT sin(0) (0,)*rdrdd

N

Proof. We may write
Orp = =049 + Is¢p,
01 = cos(6)9,¢ + cos(0)dsp — sin(0)dy
O = sin(6) 0y + sin(0)dsp + cos(9) Oy .
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Moreover, thanks to the bootstrap assumption (3.4.15)

1 e?

Jodol < ————  |702 <
909 S T 9 29 S T era e

and consequently

2
- €
t,x)dx| S .
‘/(8@&,@)(@) z| < 1
Therefore
2
2 [ (0 Qdf/ 010)? + |V da| < ——,
e T T R
2
3
0)(0y)*d 01 pdr| S
[ eoso)@ueran s [ oonpdr| <
2
€
in(0 2d dz| < :
/ET sin(6)(0q) dx + - OrpOapdr| < T
This concludes the proof of Corollary 3.6.3. O

Corollary 3.6.3 and the bootstrap assumption 3.4.4 directly imply the following corollary.
Corollary 3.6.4. We have, for I < N —4

o (bw) n / (am?rdq)

3.7 The transport equation (3.4.10)

2

S =
VT

In this section we will estimate hg, [Jhg and h.

3.7.1 Estimations on hg

We recall the equation (3.4.10)

{ Dgho = —2r(9y)? — 2b(0)2 (x(q)q),
hol¢=0 = 0.

The solution of this equation is

ho(s, Q,0) = /Q <—2(8q<p)2 - 217(6)83(%@))) rdg. (3.7.1)

r

All the estimates we will perform in this section take place in the region r > % since we will always
apply the cut-off function T (%) to hg.

Proposition 3.7.1. In the region r > % we have the estimates on hg, for ¢ <0

Ouhol S —=— |hol S —= =
S ~ 3 ~ + —
et Y Vs (L)
and for ¢ > 0

g? g?

Bsho| < R . —
S T e S e
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Proof. We write the wave operator in coordinates (s, ¢, 6)
1 1 9
0 = 4050, + ;(85 +0,) + 728"‘

We calculate

113

(3.7.2)

1 1 1
Ds0yho = 05(—27(0y0)*) = —10yp <4856q<p + Taqgo) = —10qp (Dgp — ;8590 — 726§<p> , (3.7.3)

where we have used
9s(—2b(0)02 (qx(q))) = 0.
Therefore we have

2

Q 1 1 £
_ 2
(%ho — /S (_D(p + ;asSD + 7‘2 89@> aqu“dq + O ((1—}—8)34—25

where we have used
3sh0\t:0 = 7aqh0|t:0 = (2r(8q<p)2 + 2b(9)3§(x(q)q)) ‘t:O =0 (

The bootstrap assumption (3.4.15) gives

(1+5)572

1 1 1 €
Z0sp| + | =020 S ————|7%¢| < ,
’r @‘ r? "(p‘ ~ (1+s)2| o5 (14 5)3(14|g[)2—%
and
13
gl S VAZBS -
9a¢! 1+ q] (1+5)2(1+|g|)2—2
Therefore

< e?
(1 H48)2(1 + |g])2 8

1 1
‘( dstp + 203<p) Dgspr

r r

(3.7.4)

(3.7.5)

To estimate Oy we write O = (O —0,)¢. Thanks to Remark 3.2.2, in the region ¢ < 0 it is sufficient
to estimate gLLaggo. We start with the region ¢ < 0. To obtain all the possible decay in s, we use the

estimate (3.5.10) of Corollary 3.5.4 for I < N — 11, which gives, for ¢ <0

e(1+q)?

grr| S
| | (1 +s)%

The bootstrap assumption (3.4.15) imply

€

(1+ g3~ vT+s’

ol <

therefore \
e (1+1ql)2

(1+ )3 (L+|g)1-30

91002 00g0] S

and we obtain

e3

(1+5)2(1+]gD3 %
Thanks to (3.7.5) and (3.7.6), in the region ¢ < 0 we have

|(Op)dgr| S

&3

S

1 1
‘ (—D@ + —0sp + 283@) Ogepr
T T

(1+5)2(1+q))2—%

(3.7.6)

(3.7.7)
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We now estimate the integrand in the region ¢ > 0. Estimate (3.4.38) yields, for ¢ >0and I < N —3

g
T+s(1+|q))zt’

1Z% | <

and estimate (3.5.12) yields for ¢ > 0

1y,
< (Ll ders

LL
9 1+ s)%

In the region ¢ > 0, O¢ — Oy contains also terms of the form M&p (see (3.2.13) in the discussion of

s
Section 3.2.5). We can neglect them since we already take into account terms of the form %85g0+ L2

r2
in (3.7.3). Consequently for ¢ > 0

1 1 g2
—O¢p + =90+ =850 | Oger| S . 3.7.8
'( POt W) e R T (378
Therefore, (3.7.4) and (3.7.8) yield for ¢ > 0
2
€
Bshol < , 3.7.9
LS O e o
and (3.7.4), (3.7.7) and (3.7.8) yield for ¢ < 0, since W is integrable,
+lal)2
2
€
Osho| S ——. 3.7.10
ouhol S o (37.10)
Integration path for q<0 t=

~

Integration path for q>0

Figure 3.1: Integration of hg

Thanks to Corollary 3.6.4 we have

62

T

<

Nl=

WOy + [ @up)rar
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Moreover 0,hg = Ogho + Osho and therefore (3.7.10) and (3.7.9) yield

2

drho = —2r(9g0)? — 2b(0)0; (x(q)q) + O (@) : (3.7.11)

Nfw

Therefore, on the line ¢t = T, with fixed 6 we obtain the following estimate for hg in the region r < t
by integrating (3.7.11)

ho(T, R, 6) = — /R h <—2r(aq¢)2 +0 ((HEQT)» +2b(6)

:/OR2r(6qg0)2dr+O (%)

(i) 0 (o)

To estimate hg elsewhere in the region r < ¢, we can integrate the estimate (3.7.10), at fixed ¢, as
shown in left of the figure 3.7.1. To estimate hg in the region r > ¢ we integrate the transport equation
from ¢ = 0, as shown in the right of the figure 3.7.1 : we rely on formula (3.7.1) and the estimate for
qg>0

3

VIF+s(1+]g))2Ho-e

2
=0 ((1 T q)2+2(50)> 4> 0,

h—o(—5_Niof—= 0
0 ((1+s)5>Jr ((1+Q)2‘8’)>’Q<'

|aq‘P| <

We obtain

Next we derive an estimate for Z7hy.

Proposition 3.7.2. Let I < N — 5. We have the estimate for ¢ < 0

2 2 2 2
|Z"ho| S = + © P 0sZ" ol < 6737 |anIh0| S 8724»
Vits (1+[g)t=* (14s)2 (L4 [g])2=*
and for ¢ > 0
82 82
Zhol < ————— 18,2 ho| < )
7ol 5 (1+ [g))>200=) | ol 3 (1+8)2(1+ [q)+20—2)

Observe that
S = 50, + g0, Qs = 99, Qou = cos(6) (9, — q0,) — ;sm(o)ag, Qs = sin(0) (505 — qd,) + ;008(9)89.

Hence Proposition 3.7.2 is an immediate consequence of Proposition (3.7.3).

Proposition 3.7.3. We assume Let j +k+1 < N —5 then in the region r > % we have the estimates

on hg, forq<0, if jk>1
2
€

0205 9hhol < —
S G L g
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and ) )
1 1 , €
OFdbho| S —= < + ) D1hho| S ———.
‘ qY0 0| ~ (1+ |q|)k /1—|—8 (1+ |q|)1—4p ‘ sY0 0| ~ (1+S)%+J
For g > 0 we have, with 5 > 1
2 2

€
Sj+%(1 + ‘q|)k+%+2(670)’

€
(14 |g|)Ft+2+206-0)"

|00 ho| < 0¥ hho| S

Proof. We assume first j =0 and k£ > 1. We assume [ + kK < N — 3. Then we can write
0 Opho = =200y (r(999)” + 0; (ax(0))b(0)) .

Therefore we can estimate
T 1
050hhol S 5 D 127 (049)*| + —— 5 19h0l.
e T AP LR (I V) T

The terms in Z7(0,¢)? are of the form 0,Z271¢0,Z72p, where J; < % < N — 15 therefore we can
estimate, thanks to the bootstrap assumption (3.4.15)
€

(1+g)2%VT+s

and we estimate 8qZ‘]2g0 thanks to (3.4.28) of Proposition 3.4.8 since Jo <Il+k—-1< N —4

[SVARIRS

g
8,270 <
19 | V1+gvi+ts

Consequently we have shown that for k+1 < N -3, k> 1

E2

(1 [g))ftt=te

In the region ¢ > 0 we have the better estimate for ¢ = 1,2 thanks to (3.4.31) of Proposition 3.4.8

|0k Ohhol < (3.7.12)

13
0,27 | < ,
! (1412t oyI+s

SO 9
9

(1 + |q|)k+2+2572a :

We now assume k > 1, j > 1 and estimate 9J959)ho, for j +k +1 < N — 4. Thanks to (3.7.3), we
can write

08O hol < (3.7.13)

010yo4he = ~0i~0 04 (r0y (D = 00~ 3080} ).

We estimate

. 1 1 1 . 1 1
Jj—1ak—149l - T 92 < J+k+1-2 - - 92
01770, 0y <r8q<p <Tas§0+ rﬁw))‘ S OF AT )i Z <1"3q</7 (TaSQQ‘F TQag«p))’

1
< _ ZJ1+2 ZJ2+1
~ L+ [gDRA A s)) 2, | 7 g
Ji+J2

<jtk+i—2

We can assume J; < W In the region ¢ < 0, (3.4.15) and (3.4.35) yield

ol < S gk g VAL
T VI+s(1+g)z T oVl+s

|ZJ1+2
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Consequently, for g < 0

62

i—1 ak—1 5 1 Lo
0170, 0y (Tﬁqga <rasgp + r—289<p S 0T () (1 £ s (3.7.14)

To estimate the contribution of Oy, we write as before Oy = (0 — O,)¢. Following Remark 3.2.2, it
is sufficient to estimate

4 1 .
8j71({9k718l ) 82 < , Zk+j+l72 ) 82
007105710 (rgrLdgpdie)| < L+ [g)FL(1+ s | (rgr20490;%)|
1
< - \Z']lgLLﬁ Z‘]2+1<p3 Z‘]‘*cp\.
(1 + a1+ s])72 Jl+%:+J3 ! !
ks

We have J; + o+ J3 < j+k+1—2< N —5 We separate in two cases
o J; < % —2and Jp < % — 2 : then we have thanks to (3.5.10), (3.4.15) and (3.4.28)

3
ZMgrr] < e(l +1a)>
Yo+

)

g
T+ s(1+4|g))z—%’

J3 < €

<p| ~Y T —
Vi+lgvi+s

The case J; < % —2and J3 < % — 2 can be treated in the same way.

|anJ2+1‘P| S |aq

e J; <& —2and J; <& — 2 then, since [J;| < j+k+1—2 <N —4 we have thanks to (3.5.11)
and (3.4.15)

20 gy | < S
o (1+s)k

| < £ -
10477l S N TR for J=Jy+1,Js.
In the first case we obtain

g3

ZMg118,272 1 0o, 273 p| < , 3.7.15
‘ grLOq ¥P0q @‘N(1+S)%(l+|q|)%_4p ( )
and in the last case we obtain
3
1279100,27 00,27 | & — .
(1+s)2(1+[g])t 50—
We have p+ 4p < % Consequently, we have in the region ¢ < 0
3
19510 (rgp 18,0020 | < € . 3.7.16
| s Yq 9( gLLOq® q‘p)‘ ~ (1 + |g))FtEAe(1 + |s])i2 ( )
Estimates (3.7.14) and (3.7.16) yield, in the region ¢ < 0 for j+k+1< N —4, j,k>1
_ 2
10308 bho| S = (3.7.17)

(T A1+ g5
In the region ¢ > 0, thanks to (3.4.31) and (3.5.12) we have the better estimate, for J < N — 5

e(L+ lql)2—*t

g
8,727 p| < z7 < i
10427 0| < |Z7 gL 1+

VIF s+ g

)
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so we have

52

(14 )72 (1 + g3 20
We now assume k£ = 0 and j > 1. We obtain an estimate on 829,hg for ¢ > 0 by integrating

(3.7.18) for k = 1 with respect to ¢, from the hypersurface t = 0. We obtain for j +1 < N —4, j > 1,
q>0

020 0phol < (3.7.18)

52

|040phol < PR (3.7.19)
For ¢ < 0, we integrate (3.7.17) from ¢ = 0. We obtain for j +1 < N —4, j > 1,
. 52
|019phol < m (3.7.20)

We now estimate 8éh0 for | < N — 5. Recall from Corollary 3.6.4 that

o (b(@) —&—/2 (8q<p)2rdr>

Moreover, we can write, thanks to the estimate (3.7.20)

82

S
T

N

2
0,0ho = 0,0k + D.dyho = 0 (~20(0,)%) — 202(ax(a)) b + O <<1+>> .

Therefore, by integrating this on the line ¢ = T', we have
l R l &2
Opho(T, R, 0 :/ 68hdr—|—0(),
0 0( ) o q“00 1+7T

and consequently, thanks to (3.7.12) we have the estimate, for ] < N —4 and ¢ < 0

82

&2
S + e

VI+T  (1+[q)=*
To have an estimate everywhere, we integrate (3.7.20) for j = 0 with respect to s, as shown in the
figure 3.7.1. We obtain, for | < N —5

|05 ho (T, 7, 0)

ol < — <
+ . 3.7.21
‘ 6 0|N 1+s (1+|q‘)1_4p ( )
In the region ¢ > 0, we just integrate (3.7.19) from ¢ = 0, and we obtain
2
l E
|Opho| < (3.7.22)

(]_ + |q|)2+2(570') :

In view of (3.7.17), (3.7.18), (3.7.12), (3.7.13), (3.7.20), (3.7.19), (3.7.21), (3.7.22) we conclude the
proof of Proposition 3.7.3. L

3.7.2 Estimation of OY(7)ho
Proposition 3.7.4. Let I < N — 7 We have the estimate for ¢ <0

2 (5(r () () -z 2200 0))

and for ¢ > 0

2 (5(r () - (5) (e -2X0E00))

2

< 7
(1+1ql)

wle| oy

(1+s)

< e’
T (14 s)3(1+ |g))2r20—0)
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Proof. We have in view of (3.4.10), (3.7.2) and (3.7.3),
r r r
O (T (g) ho) -7 (t) (43 Ogho + = (a ho + O4ho) + agh()) +VT (¥> Vho + hoOT (E)

=T (:; ( 4rdyp (DSO - 76& 289290) + 1 (_Q(BQ‘P)QT - 2b(9)a§(qx<m)))

<

b(0)0; (ax(q

)
+T (g) (rasho + 73692110) +VT (;) Vho + hoOT (g)
) ())) —4rT () 0,00 + f(5,0.0),

r

where
r Dz r r
F(5,0,0) =7 (;) (4aq<p (83@ + ) + 20,k + agho) +VT (;) Vho + heOY (;) .
We can estimate Z7 f, noticing that when Y’ (%) # 0 we have r ~ t ~ |g|. We obtain

12" fl <

1
Do 2ol + o D0 120,20 .

2
(L+9) 5, hin<I

Proposition 3.7.2 yields, for I < N —7

1 g2
> 2ol § ==
(1+35) J<I+2 (1+s)*y/1+q|

and as usual we may estimate, thanks to (3.4.28) and (3.4.15),

2
214200, 72| < c :
2T T

therefore we obtain )

L —
(1+5)?/1+ql
In the region ¢ > 0, we have the better estimate
&2

ASIBS :
IR TR

To estimate [(Jp we write, as before
Uy = Oe — Oge.

It is sufficient to estimate a term of the form gLLaggo. Therefore we write, like in estimate (3.7.15),

53

121 (rgr10g0020)| < DRV A T | VAR | VACEIES

.
3 3 _ N
Ltlal i<t (1+5)3(1+|g)3—%

In the region ¢ > 0, we have the better estimate

53

(1+5)2 (1+[q)2+20-)

1 Z" (roge0e)| <

This concludes the proof of Proposition 3.7.4. O
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3.7.3 Estimation on h

We recall that h satisfies the equation

= T (2) ha) +T () 100200 + 2T (2) 049)? — 2Ra)gg + ¥ (3) Qa0 5),
(ha ath)|t:0 = (07 O)a

where Q. is defined by (3.4.12).

Proposition 3.7.5. h satisfies, for I < N —7

52

2 —
(1451

Proof. Proposition 3.7.4 gives for I < N — 7 and ¢ <0

&2

3

2

S (3.7.23)
(1+s)2(1+ql)

1 r r 2 _ ‘ <
27 (00 (3) o+ 27 (3) (09)? — 2(Ri)ag) | <
where we have used that thanks to (3.1.7)

b(0)92(qx(q))

r

< Liggzoe?
~o(l+s)?

(Rb)qq -2

To estimate Z7! (9L Lagho) we use the transport equation for hg

91.002ho = gr.1.9,(—2r(9,90)? — 2b(0)92(qx(q))

We estimate the first term as in the proof of Proposition 3.7.4.

52

(1+5)3(1+|g)z—*

12 (rgrL0,00}¢)| S

To estimate the second term, we note that the terms of the form x)(g) decay faster than any power
of ¢, so thanks to (3.5.11),

52

I 2 31 L 1aN3

Consequently we have proved

52

’Zi (r (%) gLLagho)’ ST (3.7.24)

We now estimate @LL(ho, g). We note than in the region ¢ < 0 the only term is 0.gr.0Lho. We use
again the transport equation for hg

9491L05ho = 04911 (=2r(9g)* — 2b(6)9; (ax(a))-
Consequently, for similar reasons than for (3.7.24), we obtain in the region ¢ < 0
2

I3

; ; . 3.7.25
L4 s)(1+ g2 e

() i) 5
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Thanks to (3.7.23), (3.7.24) and (3.7.25), we have in the region ¢ < 0 for I <N —7

62

0z —— .
L+ )% (1 +1q)

(3.7.26)
In the region ¢ > 0, we have to estimate in @@(ho, g) the term O (gy)vvOLgLr, which is of the form
Maqgﬂ. Thanks to (3.4.32) we have

‘ZI <W&,gu)‘ STE s)i(li e (3.7.27)

The other terms give contributions similar to the one of Proposition 3.7.4. Consequently, for ¢ > 0 we
have the better estimate for I < N — 7

82

(1+8)3(1+ g2t

We now use lemma 3.7.6, whose proof is given at the end of this section, to conclude.

02"h| < (3.7.28)

Lemma 3.7.6. Let B, > 0, such that B —a > p > 0. Let u be such that
1 1

Oul < ( ; Jorq <0 [Oul 3 ;
| (1+5)2~(1+ q]) | (1+5)2 (1 + |q)1+7

and (u, Oyu)|t=0 = 0. Then we have the estimate

1 tyete
lu| < %
1+s
Thanks to (3.7.26) and (3.7.28), the conditions of Lemma 3.7.6 are satisfied with o« = 0 and
B = % + 6 — 0. Moreover, the initial data for Z/h are given by the right-hand side of (3.4.11) (i.e. they
are quadratic), therefore, for I < N — 7 at ¢t = 0 we have

, forq>0,

62

Consequently, Lemma 3.7.6 and Proposition 3.1.5 yield for I < N — 7
e2(1+t)P
Vits

This concludes the proof of Lemma 3.7.5. O

|Z"h] + (1 +7)|0:2"h| S

12"h| <

Proof of Lemma 3.7.6. Let tog > 0. We consider times ¢ < to. In the region r < 2t we have |q| <t <t
and s < 3t < 3tg. Therefore
(1 _|_t0)a+p

(L+[g)'*5(1+s)2+5
In the region r < 2t, we have % <lg|<randr<s< %, therefore

a+p a+p
Oug — L < QF)™ o A+
(L) 3-8 © (g )3-a82 ™ (L [a) E (14 5)105

provided % +p< % + [ — «, i.e. f—a > p. Consequently, the L> — L estimate yields, for t <t

Ol <

lul < A+ k)™
~ o V1l+s
If we take t =ty we have proved
lu| < [C
~ /71 + 5 bl

which concludes the proof of Lemma 3.7.6. O
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3.8 Commutation with the vector fields and L*° estimates

3.8.1 Estimates for ] < N — 14
Proposition 3.8.1. We have the estimates for for I < N — 14

Coe + Ce?
(1+s)2F
Coe + Ce?
T+s(1+]q))z%"

|Z7q1] <

1Z | <

This proposition is a consequence of L>° — L* estimates and the following propositions.

Proposition 3.8.2. We have the estimate for I < N — 14

62

(145)>=22(1+ ql)
&.2

(14 5)2(1+|g)t+o="
Proposition 3.8.3. We have the estimate for I < N — 14

I0Z%¢| <

, ¢ <0,

|0Z7p| < g>0.

2
~ 13
|DZIgl| <——— ¢ <0,
(1+5)2(1+q))

82

(1+8)3(L+ g0

D0Z'q| S q>0.

We first assume Proposition 3.8.2 and 3.8.3, and prove Proposition 3.8.1.
Proof of Proposition 3.8.1. We have

g2 g?

0zlp| < < ,
D2 S T 1q) ~ T 1 a2 £ g

therefore the L™ — L*° estimate, combined with Proposition 3.1.5 for the contribution of the initial
data yields

Coe Ce?
12| < : + —
VI+sy/T+lal VI+s(l+]g)z~
where C' is a constant depending on p.

The estimate g; follows from Lemma 3.7.6 with a =0, 5 = % + & — 0 combined with Proposition
3.1.5

215, < Coe N Ce?
1| = )
VItsy/T+g  (1+s)77°
which concludes the proof of Proposition 3.8.1. O

Proof of Proposition 3.8.2. We first estimate (JZ7¢ in the region ¢ < 0
Z'0p =7 (Op - O,4¢) .

In the region ¢ < 0, thanks to Remark 3.2.2, it is sufficient to estimate Z' (gLLagcp)

12" gL0227 ¢| < 1Z" gLl 27+l

(1+1q))?
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If J < 851 we have J 42 < 514 4+ 2 < N — 14 so, thanks to (3.4.15)

3

VARREIBS - —,
(1+s)2(1+4|g))2—*

and since I — J < N — 14 we have thanks to (3.5.9)

e(L+lql)

ZI*J < )
| gLL| (1_"_5)%72'0

~

Therefore

52

(L P (11 a7
frI—J< % < N — 15 we have thanks to (3.5.8)

2" gL0227 o] <

e(1 + lal)
(1+s)27r’
and since J + 2 < N — 12 we have thanks to (3.4.17)

1Z" gLl S

3

ZJ+2 < =

In the two cases, we have for ¢ < 0

52

2" 9100277 | S : 3.8.1
| grrOq 90| ~ (1 + 8)2_3’0(1 + |q‘) ( )
In the region ¢ > 0 we have the better estimate thanks to (3.5.12) and (3.4.32)
1-J 27J £?
VAR TR VALEIBS (3.8.2)

(T4 )2 (L + [q) 720

In the region ¢ > 0 we also have to take into account the crossed term. These terms are described by
(3.2.13) in Section 3.2.5. It is sufficient to estimate

z! (b(e)xi")aw) .

Since they occur only in the region g > 0, we can estimate, thanks to (3.4.38)

€
VAR RS .
RS A
Therefore
dq(ax(q)) ’ £ £

Z1b(0) 22 90| < < ) 3.8.3
O S e S T 08
Estimates (3.8.1), (3.8.2) and (3.8.3) conclude the proof of Proposition 3.8.2. O

Proof of Proposition 3.8.3. We write the equation for g;. We have, thanks to (3.2.4) and (3.2.7)
_ r
D(gl)/w = - 23#5061/90 + Q(Rb)uy + (dqz)uuDT (E) hO
r\ 1
+ T () =5 () (O)ho + u2, (6)0ho) (3.8.4)
+ P (9)(99,09) + P (3, 9).

and therefore 0277 (91) pv = fuv, where the terms in f,, are of the forms
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e the quasilinear terms : thanks to Remark 3.2.2 it is sufficient to study Z! (gLLaggl),

e the terms coming from the non commutation of the wave operator with the null decomposition:
they are calculated in (3.2.7) and they are of the form Y(¥)-8pZ” ho,

e the semi-linear terms: following section the worst term is the term Z’ (6Lg@8LgL L) appearing
in ZIPpy, (see (3.2.9)).

e the crossed terms with the background metric g;: the worst term is the term A (GL(gb)UUaLgLL)
appearing in ZT P, (see (3.2.11)).

The quasilinear terms We estimate

Z" (900} 1) = Z AR WAL
J<I

We have

2" gLL02 27 g SN2 gLl 272 gl

<
~ (14 al)

If J < 851 we have J 42 < 51 4+ 2 < N — 14 so thanks to (3.4.16)

ZJ+2~ < € ,
and since I —J < N — 14 we have thanks to (3.5.9)
e(1 + lal)

VAR TAADS T o
T

If I —J < 8514 < N — 15 we have thanks to (3.5.8)

|ZI?J9LL‘ < E(l + ‘q|)
Y (14s)ir’

and since J + 2 < N — 12 we have thanks to (3.4.18)

ZJ+2~ < €
‘ gl| ~ (1—‘-5)%_217

In the two cases, we have

52

(1+49)>722(1+ql)

12" 90227 1| S (3.8.5)

The term coming from the non commutation of the wave operator with the null structure
We have to estimate

" (f) VAN
t 72
Since I < N — 14, we have I +1 < N — 5 so thanks to Proposition 3.7.2

HORAS

t r2

2 2
19
< < <
3
2

T (@482l T (A +s)z(1+ql)

. (3.8.6)
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The semi-linear terms We estimate Z/ (8£9Q8£9LL). For this, we have to estimate, using the
decomposition (3.4.6)
ZI (8Lh06LgLL) and ZI (8L§18L9LL)

The first term has been estimated in (3.7.23). For the second term, we write

1

M 127 q02" gLl
J<I

and we estimate if J < &5 thanks to (3.4.16) and (3.5.4)

gItlg < & d lozi-7 <__ &
| 9l < EISES and | grrl S 1132
If I — J < 8534 thanks to (3.4.18) and (3.5.3) we have
279G § - and 027 grp] S
(1+s)272 (I1+s)27°

In the two cases we have

82

(145)>72(1 4 q])

1Z" (00910091L) | S

This estimate and (3.7.23) yields for I < N — 14

2

(1+s)2(1+ gz~

12" (0L.G10L91L) | S (3.8.7)

We have now estimated 0Z7(g;),, in the region ¢ < 0. Thanks to (3.8.5), (3.8.6) and (3.8.7) we
have, forg < 0and I < N — 14

62

(1+5)27%(1+ q)

027G, < (3.8.8)

The crossed terms The crossed term are only present in the region g > 0. The estimate of

Z" (04(g0)vv0q9LL)

is done in (3.7.27). The other terms give better contributions in the region ¢ > 0 (see Remark 3.2.3).
Therefore we have for g <0 and I < N —4

52

0214 < .
| gl|f\/ (1+8)%(1+|q|)%+5—0

(3.8.9)
The estimates (3.8.8) and (3.8.9) conclude the proof of Proposition 3.8.3. O

3.8.2 Estimates for I < N — 12
Proposition 3.8.4. We have the estimates for I < N — 12

Coe + Ce?
Coe + Ce?
(14 s)2-20

1Zhp| <

VARTIRS
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This proposition is a straightforward consequence of Lemma 3.7.6, Proposition 3.1.5 and the fol-
lowing propositions.

Proposition 3.8.5. We have the estimate for I < N — 12

52

(1+5)5=7(1 +ql)
&2

(1+5)2(1+ |g])t o=

Proposition 3.8.6. We have the estimate for I < N — 12

62

(1+5)27°(1+q])

62

(1+8)3(L+ g0

I0Z%¢| <

, ¢ <0,

|0z%| < q>0.

02| <

, ¢<0,

|DZI§1|§ ’ q>0

Proof of Proposition 3.8.5. We first estimate ¢
Z'0¢p = Z" (Op — O,9) .
In the region ¢ < 0, it is sufficient to estimate Z! (gLLagw)
21000032 0| S T2 0,27
IfJg< % we have J + 1 < N — 14 so thanks to (3.4.15)
5
(1+5)2(1+ g3~
and since I — J < N — 12 we have thanks to (3.5.10)

_ e(1+|ql)
ZI J < .
| gl S 1+

027 | <

Therefore
&2

(1+5)5(1+g))s—%
fr1—J< % < N — 15 we have thanks to (3.5.8)

12" gL0227 ¢| <

e(1+1ql)
(1+s)37
and since J +1 < N — 12 < N — 4 we have thanks to (3.4.28)

1Z" gl S

027 |

< < ,
V145 (1+]q|)

&2

(1+5)272(1+1q))
The main contribution in the region ¢ > 0 is like (3.8.3) in the proof of Proposition 3.8.2. This
concludes the proof of Proposition 3.8.5. O

In the two cases, we have

2" 9000227 2| <

Proof of Proposition 3.8.6. We estimate g;. We only deal with the quasilinear and semilinear terms
in the region ¢ < 0, as the control obtain in the proof of Proposition 3.8.3 is sufficient to deal with the
others (see (3.8.6) and (3.7.27)).
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The semi-linear terms We estimate Z' (8£g@8£gLL). For this, we have to estimate
ZI (8LhoaLgLL) and ZI (6L§18LgLL)

The first term has been estimated in (3.7.23). For the second term, we write

1
|Z7 102" gl
1+ gl ;

12" (0L10L91L) |

and we estimate if J < £512 thanks to (3.4.16) and (3.5.5)

1
3l < and 02! gy,| < Y11
(1t s)hr (1+s)

If I — J < 8512 thanks to (3.4.44) and (3.5.3) we have

|ZJ+1

wivl

[N

3

127t | Se and 102" gL S ————.
(I+s)277

In the two cases we have

82

(1+s)27(1+q)

|ZI (aLglaLgLL) \ S

This estimate and (3.7.23) yields for I < N — 12

52

o < | | 3.8.10
12" (0.10L911) | S (145)32(1+ |q|) o

The quasilinear terms We estimate Z! (gLLagﬁl). We have

12" g0, 27 gal.

1= 2775, <
| grrOy gl|N1+|q|

IfJ< % we have J +2 < % + 2 < N — 14 so thanks to (3.4.16)
€

(L4827 "(1+ )’

and since |I — J| < N — 12 we have thanks to (3.5.10)

10,27 qu| <

£(1+Jal).

ZIfJ <
127 gLl S =
If [T — J| < ¥512 < N — 15 we have thanks to (3.5.8)

(1 +lq))
(1+s)277

and since J + 1 < N — 11 we have thanks to (3.4.44)

12" gLl S

€
8ZJ+1g~1 5 ]
W2 S g

In the two cases, we have

62

1+ 5)2 (14 al)
The equation (3.8.10) and (3.8.11), together with (3.8.6) proved during the proof of Proposition 3.8.3

conclude the proof of Proposition 3.8.6 for ¢ < 0. The estimate for JZ!g; in the region ¢ > 0 is given
by (3.8.9). This conclude the proof of Proposition 3.8.6 for ¢ > 0. O

29100227 1| S ( (3.8.11)
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3.9 Weighted energy estimate

We consider the equation
Ogu = f,

where g = g + ¢ is our space-time metric, satisfying the bootstrap assumptions. We introduce the
energy-momentum tensor associated to [,

1
Qap = Oqudgu — §gaﬂg‘“’8uu&,u.

We have
DQQ(XB = f@gu

We also note T' = 0, and introduce the deformation tensor of T
Tag = DoTp + DgT,
where D is the covariant derivative. We have
DY(QasT?) = fOiu + Qupm®”. (3.9.1)

We remark that 1
Qrr = 3 ((8tu)2 + |Vu|2) + O(e(0u)?).

Proposition 3.9.1. Let w be any of our weight functions. We have the following weighted energy
estimate for u

% (/QTTw(q)) +C/w’(q) ((8su)2+ <8fq“>2> S lit /w(q)(au)2 +/w(q)|f8tu|.

Moreover, if we use the weight modulator « defined in (3.4.22), we obtain

% (/ QTTO‘2W(Q)>+C/042W/(Q) ((35U)2 + (897‘71)2) S W /w(q)(au)2+/ w(q)| forul.

Proof. We multiply (3.9.1) by w(q) and integrate it on an hypersurface of constant ¢. We obtain

4 ( / QTTw<q>) = [ (@ (fou+ Quan*®) + [ Qrabw. (3.92)

We have
QraDu = —2w'(9)g*LQr0a = w'(¢)QrL + gr7w' (9)(Ou)?.

We calculate
1
Qrr =0u(Ou + Opu) — 5(7(6‘tu)2 +|Vul?) + g0 (9,u)® + gL (9su)? + s.t.

1

2
2 ((8su)2 + <aiu) ) +912(04u)* + gL (0su)® + s.t.

where s.t. denotes similar terms. Consequently, with the help of the bootstrap (3.4.16), (3.4.19) and
the estimate (3.5.8) we have

QraDtu = ((asuf + (a’“‘)> 1+ 0w ) + 0 (DG 7).

r (1+t)3r
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and since |w'(q)] < ;Ljr(qu)l

QraD"u = ((8su)2 + <aff‘) ) (1+0()w'(q) + O (ui"t()q;p(au)’z) . (3.9.3)

We now estimate the deformation tensor of 7. We have

Tap = L7gas = 01gap-
We obtain

Ty = Orguu =

q(qx )b ( ) 4 €
<(1 +s)(1+ q|)§ﬂ> ’

Consequently, the terms Q%" and QUFQy 1, give contributions of the form

£

Tror O (3.9.4)

We can calculate
1
Qrr = 0rudpu — J9LL (29"£0LudLu + (Ouw)?) + g77(0u)? + s.t. = (Oyu)® + grr(0u)? + s.t.

Consequently the term QXL gives contributions of the form

< 9,,\2
(1+]gh(1+8)3—r (9u)” (3.9.5)

The terms Q@WM and QLUTFLU give contributions of the form

€ 50,)2
T (3.9.6)

and the term QYYnyy gives contributions of the form

Méu@u = Oudu (3.9.7)
r C (s gz
Thanks to (3.9.2), (3.9.3), (3.9.4), (3.9.5), (3.9.6) and (3.9.7) what we obtain is
5911, 2
Qrrw(q A <(3su)2 +|— )

w(q) B Tyt
<(1+t)2p/ w(q)(Ou)? + /W(au)z—F&/w( )= |auau\+/ (q)| fOrul.
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In the region ¢ > 1, we have % < 75 Moreover, all our weight functions satisfy

wla)
Criayis >

therefore, for € small enough, we can subtract from our inequality the term

[0
(1+q)z=°
and we obtain

i (Jeru@) ¢ [vw ((asmu (a“‘)> S5 [wl@@w? + [w@lfoal,

This conclude the first part of the proof of Proposition 3.9.1.
Next, we perform the estimate with the weight modulator a. If we replace w by a?w in (3.9.8),
a’w(q)
(1+]al) 2~

& ([ arratut@) + 5 [@or) ((asuf + (“))

’Smi)%—f'/o‘Qw(Q)(a“VJr/W'auaqu/ w(q)|fOrul.

and we absorb as before the term ¢ [ (0u)? we obtain

We write
Tg>1 < L,>1(1+|gl)°

roT (I DE (L4 g
and so we estimate, since in the region ¢ > 1 we have a(q) = (1 + |¢q|)™°

JE

i

€ 2 a*(Quw(q) 5
s W/]quwm)(@u) +5/ﬂq>1W(6u) .
Moreover ﬂqﬂ%qf) < (a?w)’. Therefore
& ([ erretu@) + ¢ [y ((asw? + () )
,Smi)g_p/aQw(Q)(au)Q-i-tliza/]lqﬂw(q)(au)Q—i-e/(wa ) (q)(Bu)? /aQw(q)|f8tu|.

2

We note that with our weight functions and the definition of a, we have a?w’ ~ (a?w)’. For & small

enough, we can absorb the term

. / W' (q)0*(q)(Bu)?

i ([ o )w/ ( 8i“)

13

which concludes the proof of Proposition 3.9.1. O

to obtain
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3.10 Commutation with the vector fields and L? estimate

3.10.1 Estimation for I < N
We note for J < N

Ey=" llwo(q)202"p|72 + |[wa(a)2 02" G 32 + lws(q)202" b7

1
= e(1+1)

and

1 ~
Ex = laswo(a) 2027 0|2 + llasws(a)2 02 a3
I<N

1 1 1
+ s loows(q)20Z" 7. + lozws (q)2 0Z k|7

1
e(l+1) e(1+1)

We also note for J < N

1 1=
Ay =" Juwh(@) 202" 0|22 + +lub(q) azfgsnw( |wh(q)2 2" h||2

= 1+1)
and

An = llaaw)(q) 2027 glf32 + +lazwh(q) 027 G413
I<J

1 1= 1 1=
+ gy leewh(@2 02 Az + el @) 202 KL,
Remark 3.10.1. Because of the decompositions (3.4.8) and (3.4.9) for the metric, and the non com-
mutation of the wave operator with the null decomposition, we have to deal with terms of the form
% in the equation for gy or gs. Written like this, these terms are not quadratic. However, since we
choose for h zero initial data, and since the equation for h is quadratic, h in itself is quadratic. To
carry this information along the proof, we may divide in the energies E; the norms involving h and k

by . Since the initial data for h and k are zero, we have

E1(0) < C3e?. (3.10.1)
Proposition 3.10.2. We have the estimates for I < N,

E; < (0352 +e?)(1+ t)C‘/E,

and for k> ¢

Lo

| e
This is a straightforward consequence of the following proposition.

Proposition 3.10.3. We have the inequality, up to some negligible terms defined in Lemmas 3.10.4,
3.10.5 and 3.10.6 for I < N

d Ve e3

—Er+A E
R R I+1—|—t

We first prove Proposition 3.10.2, admitting Proposition 3.10.3.
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Proof of Proposition 3.10.2. We have proved

d Ve e3
EEI*01+ EI+Cl+t

therefore, if we note E; = G(1 +t)°VZ, we have

d e3
—G<O0—-———.
T C(l + t)1+COveE

After integrating, we obtain
2
9 €

G(t) < G(0) + 2 — T

and hence
Er < (Ef(0) +&2)(1 + t)°VE < (022 +2)(1 4+ 1) Ve,

Moreover, we have
5

d Ve
S B+ 4 <
a1 I_Ol—i-t 1+t

therefore if we multiply this inequality by ﬁ we obtain

d E; A; 1 d NG Ces Ce
— < E A E < .
at ((1+t)”) ot S aron (dt U ’) Ar o= T Ao = 1oinove

wlon

Therefore, if C'v/e < k, the right-hand side is integrable and so

1
< 2
/(1 t)';AI N

This concludes the proof of Proposition 3.10.2. O
Proposition 3.10.3 is a direct consequence of the three following lemmas.

Lemma 3.10.4. We have the inequality,

&3

—F 297N7,
N +ellazwy(q)? dallie + — 11

d 1. TN
Gilla2w(@9ZV o3 + flozw’ (02 9ZV6| 3 S

where EI\V_Q/D — ZNy is composed of terms of the form
x(9)g9p8) b
guu ’

and we have L
lazwg D(ZNe = ZN )| 2 < €.

For I < N we have

d 1 1= 7~
%||w0(q)"’3ZI<P||i2 + [wh(@) 3027 0|32 S By + el (a) 02" Gul 3.

~ 14t
Lemma 3.10.5. We have the inequality,

d

5 s q) 02 R 3

1 I 1
39ZNh|2, -
< loows(q)2 0ZNhl|7, ) + ST

Ve 15 NAZN |2 e3
<Vfp 2(q)8Z =
ST1d N + Vel azwy’ (q) 9allz2 + T+t
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where 21\\[71 — ZNh is composed of terms of the form
x(9)g0hdy "o
guu ’

and we have L
|agwZ d(ZNh — ZVh)|| 12 < V1 +t.

We have a similar estimate for k

d 1 1 1z
dt < HO[QU)g( )2aZNk||%2) + m”@gwg(q)QaZNk”%g
3 1 =5
<0 B+ VRl (@07 0l

Moreover for I < N

d (1 1 1 1=

— | = b Zlh 2 / 5 ZIh 2
& (Slu@roz i) + s it ozl
Ve A>T 12 et
1+tEI+\[Hw2 (@oz 94||L2+m7

Lemma 3.10.6. We have the estimate
d 1 TN 1 TN
@”Oész'(fJPaZNglelsz + lagwh(q) 202N gal 7

< V8 bt Vet (aawl(@)} B2V R + lasuh(a) 2V K|Z)

1+t (1+t)

—_—~—

where ZNg, — ZN gy is composed of terms of the form

~ x(9)g9540) b
guu

. hZNgprdgds

and we have
||042w0 5(ZN94 —ZNgy)|2 S €7+ 5||042w2 ZNgrLllpe.

For I < N, we have

13 1=
e e lwy(q)2 D2 7R

~M1+t

d 1 1 1
— 202" 43|17 5(q)20Z —
i [w2(0)2 02" G517z + [|wi(9)2 0275572 < “0+1)

We prove Proposition 3.10.3.
Proof of Proposition 3.10.3. Therefore, if we combine Lemmas 3.10.4, 3.10.5 and 3.10.6 we obtain

d < Ve e3
—FEr+ A E
P +Ar S Ty +VeAr + — ¢
and therefore ;
d NG €2
—F 1-Cve)A E .
i Er VaALS TP T
If ¢ is small enough, we have 1 — C'\/e > %, which concludes the proof of Proposition 3.10.3. L

It is suflicient to prove these three lemmas for I = N. For I < N everything work in the same
way. The weight modulator a5 is only needed to estimate a particular term for I = N and is no longer
needed for I < N.
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Proof of Lemma 3.10.4. We start with the estimates for . We use the weighted energy estimate for
the equation

0,2N0= Y (2'9°%) (270a0s0) + > Z'H[Z0,0. (3.10.2)
I+J<N I+J<N
J<N-1 J<N-1

It yields
d TasN |12 / 157N |2
= (llazwo(@) 2027V 6|32) + lazwp(@) 02" 3

1 1
< JJaawoTy ZN ||, lazwo(q) 202N ol 2 + |aawo(q)20ZN p|| 2.

L|
1+t

Estimate of the first term Thanks to Remark 3.2.2, it is sufficient to estimate

1
> 2910077 ¢| S O+l > 12"9000,27 .
[£I<N W <N
JEN—1 JEN—1

If I < & < N —15, we can estimate thanks to (3.5.8)

Zlgrr| < M
(1+t)z2="
SO )
awg € 1
|z 5 et st 3109
LZ
IfJ< %, we can estimate
€
19g0| < .
T (Lt ) VT
Therefore,
; (q)? ()
a2w0 I J g aawWolq 2 I € asv(q)? .
——=7Z'9110, 2" ¢|| S ——Z'grL|| S Z grL|
(1+lql) ! L2 VIHE|(1+ g2 L VIittl|l 1+]q| L
where

1
v(q) = ——=—— forq <0,
{ (9) T forq
v(q) = 2200 = (14 [g])1*+2 for ¢ > 0.
We do not keep all the decay in ¢ in the region ¢ > 0 in order to be in the range of application of the
weighted Hardy inequality and we obtain

We use Proposition 3.5.1, which gives

1
QWg g J
7Z gLLa Z (2]
(1+ Iql) !

1
S lo2v(9)20,Z" grr | 2

€
2V 1+t
032N g1 ~ 0ZN (GrL + G77)- (3.10.4)
Consequently, thanks to Remark 3.4.10, we have 9,Z" gr.;, ~ 0Z" g,. Moreover, we calculate

{140 = i o<t
wh(g) = (24 26)(1 +[g))'+*° for ¢ > 0.
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Therefore, v < w) and we obtain

Estimate of the second term The second term contains only the crossed term, which occur only
in the region ¢ > 0. Thanks to the discussion of Section 3.2.5, it is sufficient to estimate (3.2.13),
which gives a contribution of the form

1
aswg 1 125 2
Ay esd’e| Nazwo@)07V el S 1 lazwo(a) 207V el ate [orwh @202 ai .

Nl

L2
(3.10.5)

ZN (0(gy)uv0ep) .

For I < N — 2 we have
el
1Z"0(g)vu| S Z>O

and consequently

||0z2w0 0Z (gn)vvdZN |12 < 1+ ||a2w28ZN Lol Le. (3.10.6)
In 021 (gy)vv8,ZN ' with I > N — 2, we have to note the presence of terms of the form
x(2)g9, " b(9)
X09% 27 de, (3.10.7)

r

which require a special treatment since 8év +1b(0) does not belong to L2. To deal with these terms we
write

6N_1b 8N+1b
o, x(9)29 a5 - x(9)g o (0 ) szw OV + O b)) + s.t.
guu " <2
We can estimate, thanks to the estimate (3.4.31) for de,
1 €
wg 0 (x(q < H T oy <€ 3.10.8
|50 (xta) N Ve B (3.1038)

_ x(9)q8¢8) 'b
guu

Therefore, we may perform the energy estimate for ZTVT,@ =7ZNyp instead of ZN¢p. We

are reduced to estimate

- € N-1
cwt XD (S az100) (050l + 192 0) 5” . (aYbl + 190 b))
= Z s ,
3
£
<
~l4t
(3.10.9)

The other terms in 0Z7(gy)yp0ZN L with I > N — 2, give contributions similar to (3.10.9).

Remark 3.10.7. We introduce the weight modulator ag to deal with the term (3.10.7) which is only

present for I = N. It is no longer needed for I < N. To see this, let us estimate %ﬁvb“‘)aw which
is the analogue of (3.10.7) for I = N — 1.

H 1 x(9)99;"b(9) 90

w
0 r2

x(q)q0}'b
r2VT+sy/1+1ql||,

VB2 0570 1251y,

1
S lwgoz' el 2

L2 1<2

N1—|—t
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where we have used the weighted Klainerman-Sobolev inequality

Y lwg oz o) pe,

1 1
lwg Op| S ——F7——=
V14 sy/1+4]q| 1<

and consequently
2

1 ONb(0
ngx(q)qrze ()a(p <

2> 14t

VEs;. (3.10.10)

Thanks to (3.10.3), (3.10.5), (3.10.6), (3.10.9) we obtain

3

% (laswo@) 02Vl ) + llaw! (020751 S 1 B + ellasut(@) 203 + 1, (310.11)
which, with the estimate (3.10.8) for Eﬁjp — ZN¢ concludes the proof of Lemma, 3.10.4. O
Proof of Lemma 8.10.5. We now estimate h. The equation for ZNh writes

0,2"h= Y (2"¢"") (Z270a0sh) + > Z'H’Z79,h
SZ‘JIVS_A{ %{f_f\l’ (3.10.12)

+ Z"((94%)” + (Rb)gq + Qri (R, 7))

Estimate of the first term Following Remark 3.2.2, it is sufficient to estimate ngLLangh. For
I <& similarly than (3.10.3) we have

1
QW 2 3 1
(21 jﬁ )) Z'g110,27h| S mu%m(q)%aqz-’hnm. (3.10.13)
L2
For J < &, we have the estimate, thanks to (3.4.42),
€
0,27 h| < —————,
e
S0
1 1
arws(q)? g J as ( ws(q) )2 I
—Z 042" h Z
q ql)°
Wiy 2 o ST A=) 2|
We have

ws3(q) < W for ¢ <0, s
(L+]g))P=2 = L (1 +]g)> =2 < (1 +[g))'*** forg>0.

This yields
w3(q) < o
a2 ~

Therefore the weighted Hardy inequality and the wave coordinate condition give, similarly than for
(3.10.5),

< ellaswy(9) 29,2  grrll e < ellasws? ()94 Lz (3.10.14)

a2w3( )|2 IgLLanJh

(14 al)

L‘Z
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Estimate of the second term The second term contains crossed terms, which can be studied
exactly in the same way than for . Similarly than (3.10.6), we have for I < N — 2

||a2w28ZN Th|| 2. (3.10.15)

HO@w?faZ (90)uv0ZN"h|| 2 S 1+

Like for ¢ the following term require a special treatment

N-+1
X(q)q392 b(0) o
T

(3.10.16)

We have

N-—1 N+1
0, (x«z)qawaebah) _ x@)ady ),

Z 10Z"h| | (10070] + |9 ~'0]) + s.t.

1<2

guu r

We can estimate, thanks to the estimate (3.4.33) for Oh

<Vt (3.10.17)

LZ

E
< - -
H(1+ PiEEa

Ha2w3 9 (x(q )qahaév_lb)‘ Lo
N-—-1
Therefore, we may perform the energy estimate for ZNh = ZNh — % instead of ZVh. We

are reduced to estimate

ayws oZ"n) | (1008 + 1Y )| < c O] +19) b
3 1 ;| | | 0 | | 0 |) ~ (1+S)(1+|q|)1+0 (| 0 ‘ | 0 |) 1
L2
3
<_ £
VIt
(3.10.18)
The other terms in 0Z(gy)yydZ™N~Th with I > N — 2, give contributions similar to (3.10.18)
Estimate of Z(9,0)> We have
1 1
”042“)3((1)221\[ ((aqs")z) HL2 S Z ||a2w3(Q)QGqZI‘PanJ‘PHL2~
I+J<N
We can assume I < % and estimate thanks to (3.4.28)
€
10,2" | § ———-
I 1+ ]glvVI+i
Then, since
1
w4 < woé
L+1ql
we obtain
> llaswo(q) 29,27 ¢l 1. (3.10.19)

||0<2w3(Q) ( q@) ||L2 ~
V1+t I<N
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Estimate of ZV(R;),, Thanks to (3.1.7), the main contribution in (Rp)4, is
93 (qx(2))b(0)
r )

which is supported in 1 < g < 2. We estimate

A (L 2

[
< b2y S ——.
L2N\/m§v“0“L(S)N\/m

10.2
p (3.10.20)

Estimate of ZVQpp(h,g) We recall from (3.2.12) that
Qrr(h,9) = 0LgrLOLh + OLgrLLOLh + dL(9y)uuOLgLL-

The terms ZN(d,g1,,0Lh) and ZY (09, 0rh) may be treated in a similar way than the quasilin-
ear term, giving contributions similar to (3.10.13) and (3.10.14). The term ZN(9L(g»)vvdLgLL)
is a crossed term, hence it is supported only in the region ¢ > 0. It is sufficient to estimate
8L(gb)UU6LZNgLL. ‘We have

el el
10y (g)v| S 22 <

~MVIFE/1+]q

So we can estimate

1
O[Q’LU?f ]].q>0

1 € € 1
w3 ) oz~ < oz~ <= Ha w3 02N H
|| 2Ws q(gb)UU gLL”L2 ~ \/1 T \/1 T |q| grr L ~ \/m 2Wo grLL LQ’
and consequently, since g = (g4)z we have
llw? 8, (gs) v @ZN gl e < —u H 297N H (3.10.21)
QoW 2 < —— |lapw . .10.
2W3 Ug\gb)UU gLLiiL? Jitt 2W35 94 12

In view of (3.10.13), (3.10.14), (3.10.15), (3.10.18), (3.10.19), (3.10.20), (3.10.21), the energy in-
equality yields

d 1 1
Jilloaws(@)20ZN D7 + [lagw)()* 0ZV |7

5 1 1= ~
< <m||042w§ OZNhl| 2 + ellonwh(q)20ZN gul 2

2

1 1 € 1N
+ laowG 0 Z7 ¢l L2 + ||aow3 0 Z g4||L2) + m) laows 0gZ™ b L2 + s.t.

£
Wl

We note that J
1 1 1
s 02VhIE: ) < i aplland 02l

1
dt (s(l +t)
and we calculate

1
< € |aow? 8, Z7 k2,
T 1+t e(1+1)

19 1
m||042w§ anNhHiz

'3 ()0ZNG 20, ZVh| 2 < '3 ()07 412
[laawy? (q) gall L2 |lazws 9, 22 < Vellagwy? (9)0Z" gl +

)

€
— 9, ZN h||?
E(l—l—t) q ||L27

1 1
m”%w;

1
sllazws 0,27 h|7..

1
VR + D)

1 1 g 1
- 29,27 20,ZNh <L 20,727 o||?
NP laowg 0y Z7 pl| L2 [|aaw3 Oy 2 < 1 +tHwa W27 ollze +
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This yields

d 1 L 1 L
-\ 29ZNh|? — Yaww(q)2OZN R
dt (a(l oy leaesld®o ”L2> o leewsl@)? 02 bl
5 (3.10.22)
e 1 —~ £2
S 7o Bn + Vellaaws’ (902" gall +

The estimate for ZVk is totally similar. This, with the estimate (3.10.17) concludes the proof of
Lemma 3.10.5. O

Proof of Lemma 3.10.6. We now go to the estimate for ZV gy. We write 0,2V gy = f,,. The energy
estimate writes

d 1 ~ 1z, N~ 1 1 ~
2 (Joun(@}0ZGul3:) + loaus @02 Tl Slazwa(a) fulisllazun(@P0OZ VGl 1o

1S 1
—_ 202N g%
+ (1—|—t) ||a2w2(Q) g4||L

We recall that the terms in f,, consist of

e the quasilinear terms,

e the terms coming from the non commutation of the wave operator with the null decomposition:
it will be sufficient to study the term Y(%) %89y ZNh,

e the semi-linear terms: it is sufficient to study the term Z¥ (¢¥Ldy, g0 h). We note that thanks
to our decomposition, the term ZN (0 gr1dph) is absent,

e The crossed terms: their analysis is similar to the one for .

The quasilinear terms We consider

- 1 ~
Z VAR VAR TS ari Z Z'g1,00,Z27 1.
I4J<N W 12N
J<N—1 J<N—1
Ifr< %, we can estimate
|ZI | < 8(1 + |QD
Y (14t)Eie
S0 )
aowd - € 1 ~
‘ 1+ ‘Z|)ZIgLL(9qZJg4 S m”cuzwg WANIITY (3.10.23)
L2

If J < %, we can estimate, thanks to Proposition 3.4.8 and since the difference between g4 and g3 is
contained in gry, which is equal to (g3)rv,

9
VIFldvitt

Therefore, if we apply Hardy inequality we obtain

0,77 44| < (3.10.24)

1 1
w5 7 T~ € QW3 I
——==7"91104Z" ga|| S 072" 911
‘(1+Iq) ! VI (L+lghE L
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1

Thanks to (3.10.4) and the fact that

The term coming from the non commutation of the wave operator with the null decom-
position We note that % is a tangential derivative Oh. Therefore

< wh(q)2 we obtain

<1+|q|>%

1
lazwz(q) 202Gl 12 S m”u&( 0)202" G|z + ellasut* 95 |72
L2

1
WS

—2 7 g110,275.
(g e

(3.10.25)

1 r
aws ()T (*

1 1
: < ——|lewww2dZNh|| >

1
—99ZNh
)r2 0 214t

We calculate
{ wi(q) = 2p gy for 4 <0,
wh(q) = (34 26)(1 + [q])*™2 for ¢ > 0.

Therefore wy < w4 and we obtain

Hw2é (@)Y (;) r—QagZNh

This yields

1 r\ 1 ~
awi (@) (%) ﬂaazNhH lazwa(@)0Z N gall 2
L2
(3.10.26)

jllazwi(a )02V b2 + 2 azwa(q) FOZN G e

<
~ e+t 1+

The semi-linear terms We now estimate Z™ (¢"L0L,g1,,0rh). We first estimate
-
ng(q)28ZthL(’)ZIZhHLz
forH+Ih<NandI; < N-1.If [ < % we estimate

| Sltla) o (+]aD
1+~ (1+8)2

= 1
|8ZIlgLL| /S mlz[1+lgLL

Therefore

1z 3 1
|aowa(q)20Z" g1 0Z"2h|| 12 < m“aﬂm( Q)2 (1+]q))?0Z"hl| 2 < m

If I, < & we estimate, thanks to (3.4.42)

|aows(q)20Z%h)| 2.

02"k < ————
(1+qh)z="
therefore
lowws(q) 202" gL 02N 2 S & 723 Zhgrr
(1+]q))? 12
€ 04271)25 Li+1
s 2T gL
L+t | (1+q)2—r 1
1
<= a2w51 0z gy
L+t (1+1ghz" 12
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where in the third inequality we have used the weighted Hardy inequality. Consequently

llows(q)2027 gL LOZ" R 2 < %||a2w2(q)%azh+1§4||y. (3.10.27)

It is not possible to do the same reasoning for I; = N. To treat the term g“Ld;, Z™N g1, 1,0 h, which
appears only in Pr; we will write

Oy(hZNgr1) = D*Do(hZNgrr) = O, ZNgrr + ZN (gr.0)0gh + *P0ahdsZN gr1.

We estimate

lws(a)20(hZ" grL)l 12 S ellws(a)2 02" grr e, (3.10.28)
—_—~— ~ AN—1
therefore, we can perform the energy estimate for ZNgy = ZNgys — hZN g1 — X(2)99939 b 5 tead of

guu
ZN G4, where the last term is here to deal with the troublesome crossed term which is the equivalent

of (3.10.7). We have now to estimate hDgZNgLL + ZN(gLL)Dgh + 02N gr1,0h. We estimate first

laows(q)20ZN grLOhl 12 < T lwala 202N g 12 (3.10.29)

~ 1
We have [ h = —2(9,¢)? 4+ 0,h8y9L1 + ... therefore

2

13
Ogh| < ————
Bohl = T na )
and
e |[aowa(q)? 3
1 ~
loawa(q)? ZN g Oghl 12 < T (Ql—i|q|) Norr 5?||w2(q)zazNg4||L2. (3.10.30)

To estimate the last term, we have to note that since g“2£9;,ZN g1 0ph appears only in Prp, it is
absent from 00,2 Ngrr. However, we have terms appearing from the non commutation of the wave
operator with the null decomposition. They are of the form %haZ Ngrr. We estimate

1
asws(q)?

€ 1 ~
S —— lawa(q) 202N a2 (3.10.31)
21t

The other terms in DgZN g1, have already been estimated.

Remark 3.10.8. This reasoning would not have been possible to treat terms of the form OygrrOqh.
It is why we have introduced the function k, which is allowed to decay less.

Thanks to (3.10.23), (3.10.25), (3.10.26), (3.10.27), (3.10.29), (3.10.30), (3.10.31) the energy esti-
mate yields

d 1< 1z 5<
= (lla2w(9) 202V G| 132 ) + llaswh(q) 292N a3
e 1 ~
e (nam(qﬁazfvgu%z b

+VE(orp

1
1D |agws 8hIIL2) (3.10.32)

gl (@ FOZ I + lazuh @202 T3 ) + st

This, together with the estimates (3.10.28) concludes the proof of Lemma 3.10.6. O
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3.10.2 Estimates for /] < N —2
Proposition 3.10.9. Let I < N — 2. We have the estimates
||aw0(q)%821<p||Lz < Coe + CE%,
law(q)20Z h||2 < Ce?(1+1),
llawa(q)2027Gs|| 12 < Coe + Cei.

Moreover
[ w0zl <
We prove the proposition by using the energy estimate for ¢, h and g3.
Proposition 3.10.10. Let I < N — 2. We have
1

J 027l % Jusi@ioze],
dt;“awo 8Z §O|‘L2+;Haw0 )262 <)0||L2 Né: (1+t)1+0_ Cf (1—|—t Z wo 6Z %)

.

Proposition 3.10.11. Let I < N — 2. We have the estimate

53 llaws(@)2027 A% + Y lawh(@)02 s 5 <
J<I J<I

Proposition 3.10.12. Let I < N — 2. We have

d 1 - 1=_ 7~ e € -
i 2o loawa@) 2027 Gul30 + 3 w202 3l S (e + (7 10b @197l
J<I J<I

We admit for the moment Propositions 3.10.10, 3.10.11 and 3.10.12 and prove Proposition 3.10.9.

Proof of Proposition 3.10.9. We estimate ¢. Since ¢ > C+/e for £ > 0 small enough, by integrating
the inequality of Proposition 3.10.10 with respect to t we obtain

S oo 207" ¢l: + [ S ot 02”1

J<LI J<LI
I J
<3 Jawo(g)2 02" (0)|2: + C&? +C/ 1+7' ZHw 197
J<I J<LI

Thanks to Proposition 3.10.2, we have

[ S lwroze], =

J<I

and therefore

Z lawo (q) aZJ¢||L2 S Cae® + Ce5.

J<I
We now estimate h. We integrate the inequality of Proposition 3.10.11 with respect to t. We obtain,
since we take zero initial data for h, and therefore, initial data for Z’h of size 2

Z laws (g 8ZJ]’L||L2 +/ Z |awl(q)0Z7h||2, < 3(1 + ).

J<I J<I
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We now integrate the inequality of Proposition 3.10.12 to estimate g3. We obtain

S lawa(a) 027G 2 + / S lawh(q) 0275 2

J<I J<I
¢

< aw 8ZJ 2 +C’5%+/ — % Jow e YARSYAE:

JZ:IH 2( 93(0) |72 ; (1+r)0” 5(q)? all 7z

Proposition 3.10.2 yields

t
1
| agles@toz i < <,
Therefore
> Jows@*0z' i+ [ 3 w002l < B+ Ot
I<N-1 ISN-1
This concludes the proof of Proposition 3.10.9. O

Proof of Proposition 3.10.10. We follow the proof of Lemma 3.10.4. Let I < N — 1. We use the
weighted energy estimate for the equation (3.10.2). It yields

d 1 1z 1
= (law(@)202"¢|3:) + law' ()2927 pl13 S|P 26| . llaw(q) 202" 12

(3.10.33)
+ WHW 2027 0|3
We first estimate
1
Z ZNgrL0; 7| S A+l Z 121 910,22 ).
I +1,<I 4 Ii+1,<I
L<I-1
IftL < %, we can estimate
e(1+
1Z"gLL| S (7@
(I+t)2=r
SO ,
QW 1 I € Lo o1
————7Z"g 10,72 S ————|lewo(q)20,Z"%¢|| 2. (3.10.34)
’ (1+lql) ! L AEir a
If I, < &, we can estimate
10,2"2¢] < — for <0, 10,2"¢| < — , for q>0.
(1+1g))z~*vV1+t (I+1g)zt 71+t

We apply the weighted Hardy inequality, but in order to be in its range, we cannot keep all the decay
in g in the region ¢ > 0.

v(q)?

awo(q ) I € I € 1 I
GNP 4 Y90, 2| S Zgrr|| S ——=Ilv(@)20,Z" grL| 1>
(1 +lql) VI (L)) L VIHt !

where

{U(Q)M})s“fOTQ<Oa (3.10.35)

v(g) = % = (1+|g))'** for q > 0.



144 CHAPITRE 3. STABILITY IN EXPONENTIAL TIME

We use (3.10.4), which gives 0,2 g1, ~ 02" gy so

1

1 . -
0,2 ol S ——1Z" gl S — [ Z1 . (3.10.36)

~Ml4s (L+)zto(1+g))z—°
Therefore, we obtain
O‘wO(Q)% € v(q)%
T2 902 . S Ao (1+\ql)%—ﬂzh+1§ 1

g 1 1 .
< WHW (1+ |g))2 70,2 gy 12

where we have used again the weighted Hardy inequality. We calculate

{ o(@)(1+ [g])1 27 = i for g <0,
w(@)(1+ gy 427 = (1+[g])2+2 for g > 0.

Therefore if 1 —4p — 20 > p and 6 + 20 < 25 we have v(q)(1 + |¢|)1T2° < wq so we obtain, together
with Proposition 3.10.2,

e2(1+1)°ve
(I+)tte

aw(q)?

[ R

6 = ~
S Ao le@ 9,2 Gl < (3.10.37)

L2

We now estimate the crossed terms, for which the weight modulator « has been introduced. They are
of the form (3.2.13). It is sufficient to estimate, for T < N — 1

el =
—2a(q)wo(q) 202"

L2
We obtain

< e

1 _ 1 ]
=00 (q)uo(q) 202V oo (q)2 02N g

r 2" L+ (14 g L2
1
and consequently, since in the region g > 0 we have 3’1(17)‘; < wyj) (q)%,
el >0 1= _ 1 IS 1 £ 1= _
%a(q)wo((ﬁ?@ZN o L lawZ 02  ¢||22 < Wllawg 8ZI<PH%2+WHUJ6(Q)25ZN Yo|12,
(3.10.38)
The last term which appears in (3.10.33) can be estimated thanks to Proposition 3.10.2
Rl — & (3.10.39)
(1 + t)i+o 1092 Pl < (14 ¢)lto—CVe’ e

The estimates (3.10.33), (3.10.34), (3.10.37), (3.10.38) and (3.10.39), together with the bootstrap
assumption (3.4.25) which imply

1
lowo(q)202" ¢l 12 < e,

conclude the proof of Proposition 3.10.10. O

We now estimate h
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Proof of 3.10.11. The equation for Zh is given by (3.10.12). We estimate first

awi S (21g%°) (220,05h)
I, +1,<I
L<I=1 2

As before, we can estimate, for Iy < %, thanks to the bootstrap assumption (3.4.25),

1
oaw? e 1 &2
‘ (1 +|37q‘)legLLanI2h S muawganIQhHLQ 5 m (31040)
L2
For I, < %, we have the estimate
10,220 < —S—— forq<0, |8,2"2h|<——— — forq<0
q ~ (1 + ‘q|)%7pv q ’ q ~ (1 + |q\)2+‘5—‘7’ q )
SO
: :
ows I I av
—7 lgLLa Z2h A 1gLL
@+ laD s I [rear) .

where v is defined by (3.10.35) and with Hardy inequality and the same reasoning than for ¢

1
aws 1 1 1 -
T+ laD Sellvb a2  gullis S e lun(@) 5027 a1,

Zh g 10,2"2h
! (1413

L2

and thanks to Proposition 3.10.2 we obtain

1
2 2(1 +¢ Cy/e
S gl 10,258 < % (3.10.41)
(1+1ql) Lo (+t)s
We estimate the second term
1 € 1 I
|ewi 2/ 00| [ D Newi 0,260,z pllne § ———=3" llawi 0,2 ol
Bniner Lt
so thanks to (3.4.25) we obtain
2
oaw? < . 3.10.42
H 3 ‘L2 ~ 1 +t ( )

The semi-linear term 0rgr,0ph, appearing in ()1 can be estimated in the same way at the first. The
crossed term 0L (gp)uvuOLgrL appearing in Qrr, and the term (R})4, can be estimated in the same way
than in the case I < N. The crossed terms of Hd,h can be estimated in the following way

c 2
S ——=llaw
2 Vv1+t V1

Thanks to (3.10.40), (3.10.41), (3.10.42) and (3.10.43), and the bootstrap assumption (3.4.25), the
energy inequality yields (we use here the first inequality of Proposition 3.9.1)

1 1
>0 0wz 92 h

207h
. 3 <

(3.10.43)

d 1 5 1
llaws 07 Rl + llaws () 202" R S $0,2 s + T low; 9,27 Rl S

S \ﬁllaw

which concludes the proof of Proposition 3.10.11. O
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We now estimate gs

Proof of Proposition 3.10.12. We write 0,273 = f,,,. The energy estimate yields

d 1o~ a0~ -
= (laws(@)2 02755132 + o' ()2 02 Gall3x Sllaw (@) fuwllnz e (0)02" Gs |z

dt
(@)} 02755 2
(1+1)7 L
We recall that the terms in f,, are
e the quasilinear terms,

e the terms coming from the non commutation of the wave operator with the null decomposition:
it will be sufficient to study the term x(%)-59Z"h,

e the semi-linear terms: it is sufficient to study the term ZIGUgLLaLh7
e the crossed term: their analysis is the same than for (.
We first estimate the quasilinear term.

> ZMgrroiz g < > 12"9000,2" 5]

I +1,<I (1 T |q|) I +1>,<I

I,<I-1
IftL < %, we can estimate

e(l+
1Zgrrl < el la) |§q|7)
(I+¢t)z=r
S0
} 1
Qw; I I € 59 ol

———=— 7" gr1,0,2% g4 S —————|law2 8,Z"%g4]| L2 (3.10.44)

‘<1+|q|> S T
If I, < &, we can estimate, thanks (3.10.24) and (3.4.42)

2 1
|anI2§4|< € ( £ ; )2< i 3
TAVIHE/1+]d] (L+lghz=/ T (A +Hi(1+]g)' %
Therefore,
3 3 3
awy _; Lo € aw; I € ow; I
—Z 1gLLa A g S/ || 5=%"91L f, ~ || 9% ‘grr )
‘ (1+al) S (R e Lt [ fa)E L

where we have used the weighted Hardy inequality, noting that in the region ¢ > 0

0121112

_ 20—20—
Atla)er (1+lql) L

so the condition § > o 4+ p + % ensure that we can apply the weighted Hardy inequality. We use the
wave coordinate condition, (3.10.4) which gives 9,27 g1z, ~ 0211 g;. We obtain

1 1
0,71 < ——|zh g , — |z TG,
el S TR
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It yields, by using Hardy inequality again

1 1
awy Io € aws Lt1~
7Z lgLLan 2g4 5 = 1 G4
’ (1+ 1D P O ER ) o
1
€ ows
< 2 ZIl+1~
~ +t)1+UH(1+ lg)i—5-7 9allL2
Consequently, since i — & —0 >0 we have
1
awy jope € Lo Il e2(141)Cve
‘ (1+ |q|)Z 9109927 ga S m”wg 0Z" " gallzz S W, (3.10.45)
L2

where we have used Proposition 3.10.2. We now estimate the term coming from the non commutation
1
with the wave operator ||aw3 (¢)Y (%) 589 Zh|| 2. On the support of T (%), we have r ~ ¢ and hence

1 < 1

P2~ Sto 1 _o°

e ()21 gl)2

Therefore
aw%(q)T (f) i8(,7Z1h < ! ow; VAR
SN T i e,
1 1 1.,
< aw (1+|q|)2+ 8ZI+1hHL27

where we have applied the weighted Hardy inequality. We calculate

o 1+ g|)*7 2+ for ¢ <0,
w2 = { (L I

If 0 < p we have a?wy(1 + |¢|)!+27 < w3 and

3 Cye
; f) Lozn| <—1 bozitip| . < S0t 3.10.46
awi (@ (7) 22| S e Ok e € Sy (31040
where we have used Proposition 3.10.2 which yields, for I < N — 2
s a) 2027 bl 2 < 2o (14 1)1OVE,
We now estimate Z/(9ygr0rh). We have
lows(q)2 2" (Ougrrdph)ce S Y llows(q)202" grLdZ"h] e
L+1,<I
Ifn < % we estimate
072" gri| S 1 125 grr| S ctla) o (A+la)”™
~1l+s Y A4)E Y (141)3t
Therefore
~— llaws(q) 202" A1z,

1z € 1 P
lows(@)2077 91107 e § (s llonws (U4 la)™* 022 Rllze S o
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and consequently

52

lows(q)20Z7 gr.LdZ 2| 12 << e (3.10.47)
If I, < & thanks to (3.4.42) we estimate
927h] € ————.
(1+g))z=*
therefore
— 5 —
Hawg(q)%ﬁZthL8ZI2hHLz <Se o‘iﬂazhgu
(1+]gh)z=" L
1
€ aws
< 2 Ii+1
~ - grr
(L4 t)zte ||(1+]g))2=re L2
1
€ aws
S . VAR %)
(L4 t)2+e || (1+g)) = 12
€
< m”aw 5(g)2 02" Mg 12
where in the last inequality we have used the wave coordinate condition. Therefore
3
La1 I Losl~ € 1 \E A L4112 €
lawa(q)20Z gr.L0Z > h| 12 ||aw2(q)20Z" gal| < 7(1+t)g||04w2(Q) 0Z " gallze + (D
(3.10.48)
The estimates (3.10.44),(3.10.45), (3.10.46), (3.10.47) and (3.10.48) conclude the proof of Proposition
3.10.12. O
3.10.3 Estimates for /] < N —8
Proposition 3.10.13. We have for I < N —8
w1 (q)2 02 Ga|| 12 < Coe(1 +t)C°, (3.10.49)
llaw: (q)20Z7Ga|| 12 < Coe + Ce?, (3.10.50)
and for I < N —9
lw(q)20Z Gs 12 < Coe(1 +£)C*, (3.10.51)
low(q)202 Gy 12 < Coe + Ce2. (3.10.52)
This is a consequence of the following two propositions.
Proposition 3.10.14. We have for [ < N — 8
3
€
Z [[w1(q aZJ ||L2 + Z Jw} (g aZJﬁsz ~ 7o Z [wi(q 62]92”L2a
dt J<I J<I (1+1) 1+t J<I
(3.10.53)

and

3 —

llow: (q)2 027§, o3+ ) [law) (g BZJ92||L2 N 87”+5|\aw’2(q)%8Z1+1§3||2L2. (3.10.54)

dt 1+t
J<I J<I
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Proposition 3.10.15. We have for < N —9

3

d Losd~ 2 la,J~ 2 €
i 2 w0202 &+ 3 ub(@)202" 5o} < (7 pyre + g 0 ola

J<I J<I J<I

and

3
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]§2||%27

(3.10.55)

£ 1z ~
&S owo(@) 027 3l3a+ Y llow(a) 027 qallix S s +elowi @02 Gl (3.10.56)

J<I J<I

We assume Proposition 3.10.14 and 3.10.15 and prove Proposition 3.10.13.

Proof of Proposition 3.10.13. The inequalities (3.10.49) and (3.10.51) are straightforward consequences

of (3.10.53) and (3.10.55). To prove (3.10.50), we integrate (3.10.54). We obtain

S o ()02 513 + / S aw ()02 27

J<I 0 j<r

t
< ZHawl 2027 35(0 NI +C€3+C€/ llow)(q)2 02"+ gs 12 .dr.
0

J<I

Thanks to Proposition 3.10.9, we have
[ w0z g < 2

and consequently

> owi(q)2027 3o} +/ > o' (q)2027 gol[32dr < CFe* + C<P,
J<I J<I
which proves (3.10.50). To prove (3.10.52), we integrate (3.10.56)
Z |laawo (q) 8ZJ92||L2 + / Z [law( (q) 8ZJ§2HL2CZT

J<I J<I

<3 Jowo(@) 20275 (0) |2, + CE° +Cs/ law! ()2 82115, |2 dr.

J<I

Thanks to (3.10.57), we have for ] < N —9
/ law) (g)} 021G, | Padr < &2

and consequently
Z |lowo (g 8ZJ§2||L2 < Cse? + Ce3,
J<I

which concludes the proof of Proposition 3.10.13.

(3.10.57)

O

Proof of Proposition 3.10.14. 1t is sufficient to estimate the terms in the region ¢ < 0, since in the
region ¢ > 0, we have wy = w1 = ws so the estimates are strictly the same than in the previous section.
Once again, the weight modulator « is used to tackle the crossed terms, which create a logarithmic
loss in the estimates. However, in the region ¢ < 0, since aw = 1, we write everything with the weight



150 CHAPITRE 3. STABILITY IN EXPONENTIAL TIME

w1, and do everything as if no terms were present in the region ¢ > 0, since the influence of these
terms have already been tackled.
We first estimate the term coming from the non commutation of the wave operator with the null

decomposition,
ry\ 1 I ~

Since I +1 < N — 7, we can use the Propositions 3.7.2 for Z/*1'hy and Proposition 3.7.5 for ZI+1h,

We obtain )

~ €
12" (ho +h)| € ———1—-
(1+1ghz"
Therefore
HT (f) Loz o +7)| < e (E) 1 < © (3.10.58)
t) 2 0 0 1 ~ (1+t)1+0’ t (1_|_ |q|)%,pr1_a Lo ~ (1+t)1+0’7 .1U.
where we have used the calculation
2
r 1 T\ 2 1
T (7) <2 /T (7) d
H ) (@l ierall, =7 T\ @l
dq
<2 —_—
<2 | s <o
if p+o<3.
We now estimate Z!(9ygr0rh). We have
1Lgcowi(q)? 2" (Ougrrdh)le < . gcowi(q)? 02" gLL0Z" |12
I1+1,<I
Ifn < % we estimate
- 1 e(1+ 14 |q|)P*7
|aZthL| 5 |ZII+19LL| S ( |§q‘7) 5 ( |CI|)§ )
1+s (1+s)27° (1+1t)2te
Therefore
15 € A+ 1a)* i
Lycowi(q)20Z1 g1 0Z%2h| 2 < ————— o——— 9z
L<ou1(0) T e Al
€ 1
S o acows(@ 02l
ifp+o< i, and consequently
2
- €
1g<owi(q)2 02" g1L0Z"h| 2 < (DR (3.10.59)
If I, < & we estimate, thanks to (3.4.42)
|8Z12h| < %
(I+lqh=="
therefore
1q<0 a7l

1Lgcowi(q)2827 g1L0Z% ]| 12 < € Zlgrs

(1+[gl)i+5=r L
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We estimate

1 1

5211 < Zthl < Zthl )
0Z grr| < 1+8| IAABS (1+t)%+"(1+|q|)%*0| grrl
‘We obtain
15 9 1 <0 I +1
|14<owi(q)202" grL0Z"h| 12 < 4 Z' gL
= (1+ )3 [(14]g))2Hi—re L
€ 1
< 9<0 ILi+1
S o gy,
19 1 =
< / = I +1~
S G | eeos@02 |

where in the last inequality we have used the wave coordinate condition, and the fact that, since for

q<0

1+2p

!/

w =
X0 = g

we have
1

(1+[gl)i—r=e

ifo+p+p< i. Therefore

3

15 1 ~ S 1z ~ 9
1Lg<owi(q)202" grL0Z" | L2||wi(q)2 02" ga|| < m”ltl<0w/2(Q)28ZII+193”%2 + [(EDE
(3.10.60)
In view of (3.10.58), (3.10.59) and (3.10.60), we conclude the proof of Proposition 3.10.14. O
Proof of Proposition 3.10.15. We have already proved

1 r 1 o 62

br (D) 5002 (o +B)|| S 3.10.61

w e () Zonz (o + )| < (3.10.61)

We now estimate Z!(0ygr0rh). We have

lw(q)? 2" (Bugrrdh) e <Y llw(q)202" gr0Z'h)| .
I +I1<I

IfnL < % we use the estimate

e(L+]ql) _ _(1+]a))*

= 1
(9ZI1 LL < — ZIl—i_1 LL 5 5 g 3 .
1927 9wl | 9| (L+s)3 2~ (1+t)2te

~1+s

Instead of estimating ||w(q)20Z7 g1, 0Zh]| > we estimate
lw(@)? 02" 91.L02" (ho + )| > and |[w(q)*0Z" 9102 "ol 1.
We can also estimate since Iy +1 < N — 7, thanks to (3.4.19) and (3.4.21)

~ €
azfz(hom)) L —
(1+ghEr
Therefore
15 r (1 +[a))*
Lycowo(q) 2821 g1 10Z%2h| 12 < €2 || 1g<oT (7) ,
[ q< (q) | q< t (1+S)%+o’(1+|q|)%—p L
g2 1

S 1 IL(]<O 3
(1+2)t+e VI+s(1+|q)z=27

L2
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and consequently
2

1= 3
20721 g1 1072202 < ——. 3.10.62
We estimate also
2
3921 gL 025G e < —— D VAT [ — 3.10.63
l[wo(q) 9rL0Z7galL2 S a +t)%*P”wO(Q) g2llz2 < IR ( )
If I, < & we estimate, thanks to (3.4.42)
|8Z12h| < %
(1+1gl)>="
therefore
_ 1 _
1 Lg<owo(q)2 82" grdZ"2h| 2 S e || —12—021 g1,
(14 [ F " -
5 1
< 9<0 zhi+1
Y4tz |[(1+[g)hEre |
€ 1
< q<0 Z11+1
AR [P
€ 1= -
S —— = wi(9)2 02" g 1

Y (1+t)2

where in the last inequality we have used the wave coordinate condition, and the fact that, since for
qg<o0

1
wi(q) = ————,
Y o1+ g3
we have
1 ol
S wl(‘])27

(I+lgh)t=r= ™
ifo+p< i. and g < 0. Therefore

3

15 1 ~ 15 ~ 3
1g<owo(q) 202" gLLdZ "Rl 12]lwo(q)2 027 g2 < 6H1q<ow'1(q)Q@Zh“gzlliﬁm-

(3.10.64)

The estimates (3.10.61), (3.10.62), (3.10.63) and (3.10.64) conclude the proof of Proposition 3.10.15.
O
3.11 Improvement of the estimates for IIb

In order to conclude the proof of Theorem 3.1.12, it still remains to ameliorate the bootstrap assump-
tions (3.4.4) and (3.4.5). To this end, we will set

b (0) :H/ (8,0)*rdg. (3.11.1)

X7.0

Proposition 3.11.1. We assume that the time T satisfies

T < exp (55)
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There exists (¢, g?) solution of (3.1.1) in [0,T] in the generalized wave coordinates Hy), such
that, if we write g = g2 + g, then (p?,§®) satisfies the same estimate as (p,7), and we have the

estimates for b2
of (Hb<2>(9) +10 / (6q<p(2))2rdq>
X1

10£b(0)|| > < 2C2€%, for I < N.

e
<C—, forI <N —4,

VT

L2

The rest of this section is devoted to the proof of Proposition 3.11.1.
We solve the constraint equations with parameter b(2). The initial data we obtain, constructed in
Theorem 3.1.3 are of the form
9= g +9%

where we write ~
b2 =52 4 b(()Q) + b?) cos(0) + bgz) sin(6),
with b((f), b(lz), ng) given by Theorem 3.1.3. We have the following estimates for the initial data at t = 0

2

Ve

1G9 = G v-s + 110G = 08 Nl grv-o < b — 5@ |y x-s2 < Cf

thanks to (3.4.4), and
g — 5(2)||H§V+1 + [|0rg — 3t§(2)||H§YH Se.

We solve, on an interval [0, 75], the system (3.2.4) in generalized coordinates given by gyz. We note
(@ g(2)) the solution.

We want to estimate the difference between (p(?),§®)) and (¢, §). However, it will not be possible
to estimate the difference with the same norms than when we estimated ¢ and g. When we estimated
ho we were able to use the condition
< £

Nﬁ7

to obtain decay in \/;qul for hg. However we want to keep the factor % in the estimates of the

bl / (9,02
X7

difference. To this end, we will loose the decay of hy — h(()z) in \/%II
q

We will prove Proposition 3.11.1 with a bootstrap argument.

and consequently in § — g,

3.11.1 Bootstrap assumptions for 0 — ¢ and §® — 3

L™ estimates First some L estimates on ¢ — ¢(?).

2Ce?
I 0
< - A1,
1Z1(p — o@)] < N Vet for I < N —20, (3.11.2)
I (2) 20052

|Z (o —¢'9)] < ﬁ(lJrs)%_Q"“—?P’ forI <N —18. (3.11.3)

We use the decompositions
9% = gy + T (3) (b +h®)dg? + 557, (3.11.4)

(2)

where h; ' satisfies the transport equation

2
0,hsY = —2r (9,0?)" — 26@(6)92(x()q).
h(2)| 0=0
0 I[t=0 )
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and h(® satisfies the linear wave equation

(h®,0;h 2))|t —o = (0, 0)

T 2 ~ ~
{ 0R® = 0P + ¢ 2202 +2 (0,6®)° = 2Ry )ag + Qrp (b, 52),

We assume the following estimates on hg — héQ) for [ <N —12
2

Z1(he — @) < 20,
|Z"(ho — hg ') < v

We introduce the two weight modulators

{ fi(q) =1, q>0,
B1(9) = gy 1 <0,

and
{ B2(q) =1, q4> 0,
B2(q) = 1+‘q‘)2na q <0,

with 0 < k < 1. We assume for I < N — 15

1 . 202
|prwioz! @ -5, < =0+
1 - 202
HaﬂlwéﬁZ’(gz - 9;2))‘ 2 < \/OT
and
5aoN—14 (~  ~(2) 2Coe? p
Hﬂzwf@Z (92 [ )’ L < T (1+1¢)
1 a (e~ 2Ce?
fonwtonss s, < 2

We use the decomposition
9% =g + T ( ) h?dg? +g( )

where h(?) is the solution of

Oy b = —2(090?)% + 2(Ry2 ) gq + Qrr(h?,3?),
(R, 0,p)|,—0 = (0,0).

We assume for I < N — 6

oot (s )], Jond " (552, el
and for I < N —5
onetos (o= o) lnedos (552, fssdont o

We use the decomposition

9 =gy + T (%) hPdg? + 1 (%) k@rdgdd + 5,

(3.11.5)

(3.11.6)

(3.11.7)

(3.11.8)

(3.11.9)

(3.11.10)

)

2= T’

h(Q))HLz - T
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where k£ is the solution of )
Oyk® = dygP)0,h®),
(R, 0,h)],—o = (0,0).
We assume for I < N — 4

1 1 ~ ~
foapastozt (- 0|, + fospantozt (1~

s07' (h-n®)]

L2

S 2C0€2

L2 VT

Harzﬁgwfazf (k — k@)) ‘

(1+1)°.
(3.11.13)

1 1
e e
T+¢ 22 L2 T+1

To improve the estimates, we follow the same steps than when we ameliorated the bootstrap
assumptions of Section 3.4. The difference of our new bootstrap assumptions compared with the

ey/1+]q|
£ \/T

is the same and we have won a factor ok Therefore we can restrict our study to the region ¢ < 0O:

estimates of Section 3.4 is at worse a factor

in the region ¢ < 0. In the region ¢ > 0 the decay

we will perform our estimates as if no term was present in the region ¢ > 0. We will follow the same
steps as before, but with much less details since the mechanisms are the same.

Remark 3.11.2. As long as the bootstrap estimates for ® — ¢ and §® — G are satisfied, ® and
7@ satisfy the same estimates as ¢ and g.

L™ estimates using the weighted Klainerman-Sobolev inequality The following estimates are
a direct consequence of the bootstrap assumptions and the weighted Klainerman-Sobolev inequality.
For I < N — 8 we have

2

871 (0@ — )| < ° : 3.11.14
7 (o )| 5 VIV + g " (G114
)| < Skl

021 (32 — )| < 2L 3.11.15
oz (@ ~5)| 5 VTVI+s ( )
71 (@ < e?

21 (h® : 3.11.16
‘ ( ) ~VT(1+ |g)z 72 ( )

and for I < N — 17
~(2)  ~ (1 +[g)"
az! (32 — 5 ’5 all : 3.11.17
‘ ( : 2) VIVIFsy/1+q] ( )

3.11.2 Improvement of the estimate of hy — h((f) and h® — EO
Estimate of hy — h(()z) The quantity hg — h((f) satisfies the transport equation
2
{ 0y (1) = ho) = =2r (249 ®)” = (@49)° ) = 2 (b12(8) — b(9)) B2 (x(a)a).
(h§” = ho)li=o = 0.

We write this equation under the form

0y (1§ = ho) = =2r (940 + 0y0) (949® — uip) — 2 (62(8) = b(0)) 2 (x(0)0).

For k+1 < N —7, k > 1, the equivalent of estimate (3.7.12), that we obtain using (3.11.2) and
(3.11.14) to estimate O(¢ — ¢(2)) and (3.4.15) and (3.4.28) to estimate 9(y + ¢(2)) corresponds to

T ev/1+|q|
(3.7.12) multiplied by 7

3

9*ah (ho — b ‘< A
‘ a 0( 0 0 ) N~ VT(1 + |g|)Ftz—4r
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We obtain the estimate for k£ = 0 by integrating the previous one with respect to q. We obtain, for
I<N-8
lh < 83
0 —_—.

Fork+1+j<N -8 k>1and j>1 the equivalent of (3.7.17) is
9igks) @] < e’

s ho —h )‘ ~ 1 .

a0 ( o VT (14 5)7t2(1 + |g|)k—4e

Consequently we have proved that for I < N — 8 we have

3
I _ @) < £
‘Z (ho h§ )’N N (3.11.18)

Estimation of h(?) — %0 The quantity K2 — Eo satisfies the linear equation

U (}:(2) - E) =0 (hég) - hO) +2 ((aq‘P(z))z - (8q%0)2) - 2(Rb(2>)qq + 2(Rb)qq

+ 900020 = grLdho + Qrr(hi”, 7)) = Qrr(ho,9),
(h(z) —h, 0 (h(2) _ h)) lt=o = (0,0).

Proceeding as for the estimate of (3.7.26), and in view of the bootstrap assumptions for ¢ — ¢(2) and
g — g® we obtain the analogue of (3.7.26) for (] (ZIE@) - ZIE), where the corresponding right-hand

side gets multiplied by Llﬂql. We obtain, for I < N — 10 and ¢ <0
VT

3

O (Zf B 7 7%)‘ < = .
‘ VT(1+5)2(1+]q|)?
Therefore if we perform the weighted energy estimate we obtain

3

€ e3In(1 + ¢
o N
L2 Y || VT(1+5)2(1+|q)2

2 VT(A+1)

‘w%a (ZIE@) _ ZIE) ]

7l
dt
and therefore for I < N — 10 we have

3
3
< —

2 ™~ /T

The weighted Klainerman-Sobolev inequality yields, for 7 < N — 12

Hwéa (ZITL@) - Z’E)’ (1+1)°. (3.11.19)

~ ~ 3
‘a (th<2> _ th)’ A U )

SRS (3.11.20)

3.11.3 Improvement of the L® estimate for ¢ — ()
We write the equation satisfied by p(?) — ¢

af
Oy ((p - <p(2)) = ((g@)) - g”‘ﬁ> 3(13/%0(2) + (Hyp2y — Hb)”aw(?).
We limit ourselves to the region ¢ < 0. We estimate for I + J < N — 20

z! (gfg - gLL) 770%.
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With the wave coordinate condition and the estimate (3.11.17), we obtain, for I < N — 17

2(1+|g])5+=
Z’( (2) _ )‘ <€ ( — 3.11.21
’ 9rr, —9LL (1 n S)% ( )
Moreover we have, for J < N — 20 thanks to (3.4.15)

2

€
1270%¢| § 5127 0] S -
(1 +ql)? VTVTFs(1+ )3
Consequently
3 3
€ < €

ZI (9(2) 7gLL) ZJQQQD‘ 5 < )
(ol V(L4 P21+ g) =477 ™ VT(1+ )25 75(1+ [g]) 1o

We now estimate for I +J < N — 20
ZIgLLZJaQ (SO _ @(2)) )

We have, thanks to (3.5.8) and (3.11.3)

e(1+ lq))
z! < ,
|Z7grL| S (1+s)%‘f’
2
‘Z.Ia2 (90 _ (p(z))’ < o ‘ZJ+2 (90 _ (p(z))’ < i € '
(1+ lql)? VI(1+5)2720720(1 + [q])?

Consequently

&3

(1+5)2750725(1 + [q|) 17

‘ZIQLLZJ82 (90 - 80(2))‘ N

and the L™ — L™ estimate yields for I < N — 20, since the initial data for ¢ — ¢(?) are zero.

Ce3
721 (o — o ‘< i i . 3.11.22
‘ (w v ) T VT4 8)3 (14 |g|)z %2 ( )

We now estimate for I +J < N —18, thanks to (3.11.21) an (3.4.15) for the first inequality, and (3.5.8)
and (3.11.14) for the second inequality

2(1+g))2 " € £
2" (g — g1) 270%| 5 al ( 1)< ,
2 (6 -aun) 2% 2\ Srior ) [ wa o) S G s

(1+ la) (1 + lgl) ’
#0020 (o) 5 ((i +s>%qp> (ﬁ(l + |q|>q%m> T

Consequently, for I < N — 18 and ¢ < 0 we have

3

AN

63

V(9350 )

o (5- )5
and Lemma 3.7.6 yields, for I < N — 18, since the initial data for ¢ — ¢ are zero.

’ZI (so - so(z))’ < ce

VT(1+s)b 202

(3.11.23)
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3.11.4 [? estimates
L? estimate for 07! (ﬁg) — §2) with I < N — 15 We have

O (@ = (@), =

where the terms in f,, are

e the terms coming from the non commutation of the null decomposition with the wave operator:
it is sufficient to study the term T (%) T%ag (h(()2) — ho+h? — h),

e the semi-linear terms: it is sufficient to study 9 (h)0y (gLL — g(LQL)) and OygrLOL (h(2) — h),

e the quasilinear terms: it is sufficient to study the terms gz, 07 (E(Q) —g) and (g(;]z - gLL) 919,
e the crossed terms: they do not occur in the region ¢ < 0.
We estimate the first term. Thanks to (3.11.20) and (3.11.18) we have, for I < N — 15

~ ~ 3 1 o
‘8921 (hgf) —ho+1h® — h)‘ < 5(\;‘%‘1').

Therefore, we can estimate in the region ¢ < 0,

3

1 ry 1 (2) 7@ T r €
ﬂw2T<7)—8ZI(h ~ ho + R —h) < T(f)
‘ OS2 ’ ’ L2 t/ VT +8)2(1+ gl 12
and consequently
Loy 1 2) ~ ~ o
2y (D) 002" (B —ho+ 2P —h)|| S —-—. 3.11.24
‘Blwo (t) r2 0 ( 0 0+ ) 2 ~ \/T(l _|_t)1+f$—p ( )
We now estimate the semi-linear terms. For I < N — 13, we have, thanks to (3.4.43)
R [P —
DI
Therefore we can estimate, for I + J < N — 15 in the region ¢ < 0
3 € (2)
Brwg Z' oy (h) Z7 oy (gLL —9(2))’ S H AR (gLL -9 )
[prosztone F e AN g (1) L
€
< o771 _ .2
~ H e LA G )
€ 1

<
Y (1+t)Ete ’(1+IQ)1‘2’””“’

027+ (32 - ")

L2
and consequently

< £
L2 ~ (1+t)§+a

Hﬂlwg z'o(h)Z7 oy (gLL - gfL)) ‘

15 ~ ~(2
Bow} (q)20Z7+1 (92 fgé )> HL2’ (3.11.25)

where we have used the wave coordinate condition and the fact that, for ¢ < 0

1 1
> .
T+ )™ = (L [q) =2

Bauwi(e)? =
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For I < N — 14 thanks to Proposition 3.8.6, we have

e(1+ql)
ZI(‘BU LL ,S —_—.
12" 0vgril TESEET

In order to estimate .
HﬁlwgaUZIgLLaéZ‘] (h(g) — h)‘

L2
we will perform the estimates with (h(?) — h) replaced by (h(z) h ), (71(2) —71) and ( 7 ﬁg).
We estimate, in the region ¢ < 0, thanks to (3.11.18),

. g3 e(1+]q))'~
wg O Zgrrdrz’ (h —h ] <’
Hﬂl 00u4 gLroL (0 0) 2™ VT (1 +s)222(1 4 g |,
83
s VT(1+1)%

thanks to (3.11.19)

3 I J (7@ _ 7 ‘ < e(1+ gt I (72 7T
Hﬁl’wo 6UZ gLL6LZ (h h) 12 ~ € 7(]_4—5)%_2/’ 6LZ (h h) L
< e’
S VT4 )i
and thanks to (3.11.6)
11—k
3 J(~2) _ ~ ’ < |[e(+lql) J(~2) _~
H@lwo ouZ'grLroLZ ( 9) I~ 7( 1 +5)i % oLz (9 9) L
3
S s
Consequently, we have
39 71 I (@ _ ’ P
Hﬁlwo 8UZ gLL(‘?LZ (h h) 12~ \/T(l_pt)%_l). (31126)

The other terms are similar to estimate. Thanks to (3.11.24), (3.11.25) and (3.11.26), the energy
inequality yields for I < N — 15

2

2

oot 62 -) [+ iz (- 5)|

3

Nf(i_tu Hﬂlw@@zl( )—52) +(1+t) Bawi(@)302' " (52 95))’; (3.11.27)
+W prug 7! (g ng)(;.

L? estimate for 077 ( 3 — gg> with I < N — 14. We follow the same steps as in the previous
paragraph. First we still have

r 83
<[t () :
L2 t/) VT(1+s)2(1+ |q))a+25r ]

63
<

N VT +t)E

Byw? Y (g) T%ang (hg2> —ho +h® — E)
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We estimate the second terms for I +J < N — 14

3 € (2)
Bowi 21002 00 (91 - 91|, S H 27 (9o — 927
oot 2o N I (gl e (1) "
€
< - 0771 (QLL - Q(LQD
H(1+ lq)172025(1 + 5) L2
€ 1
< J+1 (2)>
~arore s iaat? " ()]
J+1 [~ ~(2))‘
(1+t) w(a) 202 (93 95 )l
where we have used the wave coordinate condition and the fact that
1 1

BQwé(Q)% = 112 > 5 .
(14 [g)tH2etr = (1 4|q|)3-20F2r—0

The other terms are similar to estimate than for I < N — 15. The energy inequality yields for
I<N-14

2

il (@ -2+ [riwror (& - )

L2
3

SV i_t1+ |owioz’ (357 ~3.) Lﬁﬁ b(q)202" (53—5?52))“; (3.11.28)
e st o7 (3 0w

L? estimates for 0Z! (p(? — ¢) with I < N —6. We estimate for I +J <N —6, J < N —7,

1
|B2wi 2" (9] gu1) 0227

If I < =T we can estimate, thanks to (3.11.21)

2 Sk
o) ‘ e +1g))>
‘Z (gLL gLL) ~ \/T(l—i-s)% )

and therefore, if we restrict our quantities to ¢ < 0

3 +K
S+l

HBZwoz z! (gLL gLL) 0277 2
! T(1+s)3(1+ [g])t+2+ 12
e? J+1
S w207 ’
\/>(1 +t) H ® L2
23
: VT(1+ )1+
The case J < % can be treated as in Section 3.10.2.
We now evaluate L
|Bawi 29100227 (2 = o))
L2

forI+J§N—6andJ§¥. Wehave,since%—l—QSN—QO

0227 (v~ ¢)| 5 S
’q vy VTVI+ s(1+|q|)3—50—2%

2
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Therefore we can estimate

161

30 250 2 e I

il G I v v e =
< e’ 1
: ﬁm<1+|q|>%*5ﬂaz "
< I+1~
~ \/T(1+s)%(1+|q\)%‘5f’ % 12
= = 71,
“HIVT(1+5)2 (14 |gl)z =07 L2
< e’ Hw%azmgg’ < e .
~ VT +t)3-50n 2 L2~ T(1 +t)3-50—n

The case I < # can be treated similarly than in Section 3.10.2. The weighted energy estimate yields

2

3 pawfoz’ (o <

i =)Ao

21 (41-2)

()

Consequently, since the initial data for ¢4’ — ¢ are zero we have

3
< £

Jawsoz (457 - )]

L? estimates for 92’ (h® — h) with I < N —6.

Oy (h=1®) =

We first estimate for I+J < N —6 and I < N
(therefore w3 = wy).

Q(aqu(z))z - 2(81190)2 + 2(Rb)qq -

2

2~ \/T(l—l—t)“r“

2~ T

2(Ry2 )qq + Qrr(h, 9)

e3

Boyw? 97! (3052) — w)‘
(3.11.29)

(3.11.30)

We write the equation satisfied by h(®) — h

—Q@(h@),ﬁ@)).

. We recall that we restrict all the quantities to ¢ < 0

J

HﬂgwganI (cp - @(2)) 6'qZJ

N\fﬁll

We now estimate the quasilinear term

1
H52w§ z" (95;22 - QLL) 92

Hfmu " |q|>~5f’a

W27 e

L2
3

A

J+1h

forI+J <N — 6andI<N . We have
2 § +K
HBMZI( (2) gLL> 622 (1+lg))*
T(1+5)% (14 |qf)t+2
2
S f(1+ )1+n
23

< -
Y VT )t

L2
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The other terms can be treated as in the proof of Proposition 3.10.11. The energy inequality yields

d |2 ozt (n$ - h)H2 +|| Bt 02" (n — )| [P PV (h )|
dt 1”270 2 2 ||P200 2 2~ T(1+1t)2 270 2 L2’
Consequently, since the initial data for hgz) — h are zero, we have
ST+t
Hﬂgwo azf( 2) _ h)‘ LS cvorl \/\; (3.11.31)

L? estimates for 07’ (5(2) — §) with I < N —6. As usual we estimate the following contributions

e the terms coming from the non commutation of the null decomposition with the wave operator:
it is sufficient to study the term Y (%) T%&g (h(Q) — h),

o the semi-linear terms: it is sufficient to study O (h)0y (gLL — gfg) and Oygrror (h(Q) — h),

e the quasilinear terms: it is sufficient to study the terms gz, L@z (§(2) — ﬁ) and (g(ﬁg — 9L L) 825
We estimate the first term. We recall that we restrict all the quantities to ¢ < 0.

1 r\ 1 1
w2 (7) — 892! (h@) - h) < Z1+1 (h<2> - h)
‘ﬁQ P\ P T o
1
< , . 8zl+1 (h(2) _ h)
(L+s)277(1+[g])»—° L2
1 1
S o |0zttt (= n)| .
We estimate the second term
1
Hﬂzwf Z'0L(h)Z7 0y (gLL 9%2)’ Lo
for I+J <N —6and J < Y% We have, thanks to (3.11.21)
e2(1+ [g))3+"
2700 (o= 92)| S 1 274 (ons - a2 | 5 -
’ U \9LL gLL = 1+s gL — 9L \/T(l—&—s)%
Therefore we can estimate
H/B2wézlaL(h)ZJaU (gLL - g(Q))‘ < (1 + lah)#* a.Z'h
S F N VT4 )3 (1 Jg 2
e
< oLZh
~ H\/T(1+S)S—HH_Fv = L2
g2 g3
< 20,727 h L ——
Y VT(1 A+ t)stets lw20L2"hlz2 5 VT (1 + t)itutn’

The other terms are treated as in the proof of Proposition 3.10.12. We have proved, when we restrict
ourselves to ¢ < 0

pudor’ (3 - )|, + |ouuiitoz’ (5" - )|

2

i

2

el €

S +
N<\/T(1+t)1+0 (1+t)zt
= [ptozts (6 -0)|,, ) fpndoz’ (52 )

Baw(a) 2027 (51 - 317 |

1 (3.11.32)

(1+t L
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L? estimates for I < N —4 We can prove, following Section 3.10.1 that, since we do as if no
quantity was present for ¢ > 0,

L2

;@www@—ww;wM@w@—wﬂz

‘@wgazf (k- € >)]

Juioz (1 a),

+

2
L2

(1—|—t ‘

+ H52w2 q)2(q)' 02" (54 - @(12))‘

+E(7

+Jpiatar (- ) 2

L2

+m | B2t (@202 (- h<2>) +(17+H52w3( 2oz (k—k@))‘;.
a{(mwwww¢wuwm@w@rﬁm;
iy [doz ()2 s e oz (e ))HZ) +o <w>
(3.11.33)

3.11.5 Conclusion of the proof of Proposition 3.11.1
Estimate (3.11.18) gives us for I < N — 8

1o 7)] < %

3

Estimate (3.11.22) gives us for ] < N — 18

Ce?
2" (o= #?)| <

V(L + )% (1+ |q)2 02

Estimate (3.11.23) gives us for I < N — 16

7 (o) = T

V(1 4 5)3=20-2"

Therefore, if Ce < Cy we have ameliorated the L™ estimates (3.11.5), (3.11.2) and (3.11.3). Estimate
(3.11.33) implies, following the proof of Proposition 3.10.2,

[tz (o~ @), + pastort 55|

L2

+ﬁ |gwioz (n-n@)| |+ ﬁ | oz’ (k- k)|
< T (Coe® +%) (1 +1)9V=.

Therefore, if we had chosen Cy > 2 and Cy/e < p we have ameliorated this estimate (3.11.13) and
(3.11.12). Moreover we have

[NE

(1+41)2TCVE

Jrdon (1-12)] 5 5
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Estimate (3.11.33) also implies

/Ot ﬁ (0)207! (94 — ~(2>>

and consequently, estimate (3.11.32), together with the bootstrap assumption (3.11.11) yields

4

<
2~ T

ndort (55|, + ooz 6750

2

i

L2

62 3
S +
~YT(1 4t (1+8)°

)

(5271)25)/52‘”rl (54 - 54(12))‘

2 t
ol
L2 0

L2
Therefore, when we integrate we obtain
2

fwtort (523 [t 22 67 -2

<COE
~ T

L2

55
c?—.
+ T

Therefore, for Cez < %, this, together with (3.11.31) and (3.11.30) improve the estimate (3.11.11).
We proceed in the same way to ameliorate the remaining estimates, using (3.11.28) and (3.11.27).

Consequently, the solution (¢, §(?) exists in [0, 7] and we have the following estimate for ¢ — ()
12" (o — )| < ce? , for <N —20 (3.11.34)
S VIVITs(tqi e 1S
Ce3(1+t)0Ve
HangaZI(go e < %, for I <N —4. (3.11.35)

VT

We now go to the amelioration of the estimate for b. In view of the definition (3.11.1) of 5@ we

have for I < N — 4.
o) (E@) (0) —TI / (8q<p(2))27‘d7“>
Y70

:851_[/ ((8q<p)2 — (8q<p(2))2) rdr
X109

= Z II aé1 (Oqp + aq@(Q))aéz (Oqp — (9q<p(2))rd7“.
LtIL,<g V¥7e

. 8911 (Oq0 + 8qg0(2))8£2(8q<p — 6qg0(2))rdr
T,0

L2(S1)

Ha;2 (Oqp — aq‘»@(g))‘

We estimate, for I; < %
€

ro VIFs(1+q))3 7%

S 1290 — 0,0
(] aramemer) ook -ae),

Then the estimate (3.11.35), with the condition (1 + 7)¢V® < 1 yields for I < N —4

ol <5<2>(9) o /E (3q<p(2))27“dr>
T,6

rdr
L2(S1)

(3.11.36)

4
S =
VT

L2(S1)
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The case I, < % can be treated similarly thanks to (3.11.34). To conclude, we estimate

/ > 0,04 0,04 prdr
0

Ltl=I
</°O CQE
“Jo V1+s(1+]q)

Jogv|
0 L2(S?)

L2(St)

%—4;) ||8qaéz<p”L2(§1)’rd7“

C3e? 2 I
=\ arau i) 1ol
§2C’ga€2

where we have used again (1 + T)C\/‘g < 1. This concludes the proof of Proposition 3.11.1, and the
proof of Theorem 3.1.12.

3.12 Appendix

3.12.1 Construction of the initial data

Theorem 3.1.3 is a consequence of the following result on the constraint equations, proved in Chapter
2. The method of solving is inspired from the conformal method in three dimension. We look for
space-like metrics g of the form g = e?*§. We introduce the traceless part of K,

1

Hij = K;j — 57 Yiis

and the following rescaling
A

e
N

9]

dou, H=e H

¢
Il
o
\‘

)

@
We also introduce the notation

cos(20) sin(20) —sin(260) cos(26)
Mo = < sin(20)  — cos(26) )  No= < cos(20)  sin(26) > ’

Theorem 3.12.1. Let 0 < 6 < 1. Let $%,|Vp|? € Hﬁ;l and b € WN-2(SY) such that

b(0) cos(0)dd = | b(0)sin(h)dd = 0.
st st
We note
e? = /¢2 +[Vel?

We assume

1620 + NIV P s + Bl < €2
Let B € WN-2(SY). We assume

|Bllw~.2 S e,
Let ¥ € Hé\fil be such that [ W = 2m. If € > 0 is small enough, there exist a,p,n, A, J,c1,¢c2 in R, a
scalar function Xe HéV‘H and a symmetric traceless tensor He Hévﬂ such that, if r,0 are the polar
coordinates centered in cy,ca, and if we note
A= —ax(r)In(r) + A,
B'(9)
2

H= —(b(8) + pcos(d — n))%MQ + e_A% ((J —(1—a)B(0))Ny —

M@) +f17
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then X, e H are solutions of the constraint equations with

7 = (b(0) + pcos(h — n))@ + e_’\B’(H)g + A

Moreover we have the estimates

— i 22 2 4
oz—47r/(<p +[Vel?) + 0(e),
1
peos() = 1 [ @i+ O,
1
psinn) =+ [ @0up +OE)
1 .
o= [0 (4 1V6P) + O,
1 .
o === [ 22 (4 T6) + O,

1 ) .
7= 5= [ 600+ Licacosta) - exsintn) + O(="),

A= —%/@”&"@ + % </ x’(r)rdr) /B(O)dﬁ + 0(eh),

and

Ml + 1 ey, < &

~

We will use the notation
b = pcos(d —n) + b(0). (3.12.1)

The end of this section is devoted to the proof of Theorem 3.1.3.

Lemma 3.12.2. The second fundamental form of the space-time metric
t
Ga = —dt* — 2Jdtd6 + r=2%(dr® + (r — bV (0)rt)2d6?) — 2B’ (0)td6? + 4(1 — o) B(0) —drdf. (3.12.2)
r

18 giwen att =0 by

with

1= =600 D aty + (7 - (1~ )80 vy~ 5'0) D .

Proof of Lemma 3.12.2. The metric induced by g, on the space-like hypersurface t = 0 is 7~2%6. The
shift is given by B9 = —J and the lapse is given by N = 1. Therefore we calculate

1 _
Kij = 7%(5&9@3‘ — 9, — 9;Bi)-
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We infer
— 1 — 27ﬁab(l)(9) 2B'(9) sin? — w cos(0) sin g cos(0) sin
== (- (0 20 ) - AP o) sin) + 25 cost0) s )
Koo = — % (— (2T_ai(l)(9) + 25;;2(9)) cos?(6) + w cos(f) sin(6) — i—i cos(0) sin(&)) ,
P (1) / —«
Ky = — ;( (2 l; (0) + 23;2(9)) cos(#) sin(6) + 74(1 2T2)B(9) (0052(9) — sin2(6))
- i—i(coszw) - sin2(9))>.
We calculate " )
PRI N0

so we obtain exactly

O

Lemma 3.12.3. The metric g,, defined by (3.12.2) is isometric to g, + g'*) where at t = 0 we have

1 1
¢”=o<ﬂ>, @ﬁ”zo(ﬂ>,

and gy, is defined by (3.1.6), where

b (F(9))
b(6) = 3.12.3
J(0) =2JF'(0), (3.12.4)
with F' the inverse function of
(4
9H9+/Xa—MWymm
0
provided the following relations hold
a:—/M@, (3.12.5)
JoM(6)
0) = 1= (3.12.6)

Proof. During all the proof, the notation g ~ ¢’ stands for g is isometric to ¢’ + ¢ where g = O (%)
and 0;g = O (r%,) . In polar coordinate r, 8, this means neglecting the metric terms of the form

der dodr

) b
2 T

de?,

r

tdr?  tdOdr  tdd?

r3 r2 ’ r
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We perform some changes of variable in g,s. First of all we introduce ' such that

r' = . dr’ =7 %dr.
The metric g, becomes
2 2 1) 2 792 / 2 t
ga ~ —dt* — 2Jdtd0 + (dr)” + (r(1 — a) — b (0)t)“d6* — 2B’ (0)td0* + 4B(0)—drdb,
T

where we keep writing r instead of . We now make the change of variable

J J
Y R —
(1—a)2r’ + (1 —a)2r2

Since we will neglect the contributions to the metric decaying like 7% we obtain

J

2 /\2
do® ~ (d6')? + —ar

ﬁde’dn b (0) ~ b(e') — ¥'(8)

We keep also writing 6 instead of §’. We infer
Ga ~ — dt? — 2J(dt — dr)df + dr® + (r(1 — o) — bV (0)t)2do>

JVO) > (i tar
+ (2(1 SRl (9)> 10> + < 0 (0) —— +4B(0)> ards.

We choose
_ )
T ol-—a

With this choice we obtain
Ga ~ — dt* — 2J(dt — dr)df + dr® + (r(1 — a) — b1 (0)t)%d6>
~ —dt? — 2J(dt — dr)dd + dr® + (r — OV (0) + a)r + bV (0)(r — t))2d6>.

a:_/bu)(g):_/é(e).

Therefore we can find f(6) such that

We impose

£10) = =6 (0) + a).
We perform the change of variable
0 =0+ f(0).

We note F the inverse function of
60— 0+ f(0),

so that 8 = F(6'). Then g, becomes

Ga ~ —dt? — 2JF'(0')(dt — dr)df’ + dr* + <r + 1 Z(lj(zfl(>9(/1)3(9/)) (r— t)) d(e')?.

We set

IO
) =1 = b (F(6"))

J(0')=2JF'(0").
Let us note that J is at the same level of regularity than b. O
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We are now ready to prove Theorem 3.1.3.
Proof of Theorem 3.1.3. We consider the map
;b IIb,
where

e b e WN:2 ig such that

/Ecos(@) _ /Bsin(e) ~0, a= —/13(9),

where « is given by Theorem 3.12.1,
e b is given by formula (3.12.3), where b(!) = pcos(8 —n) +b, and p,n are given by Theorem 3.12.1.

e II is the projection
I WMt = {u e WaN(Sh), /u = /cos(ﬁ)u = /sin(@)u = 0}. (3.12.7)

It is easy to see that ® is invertible for € small enough. Therefore, for b e W2V such that

/Z:/Ecos(e)z/zsm(e)zo,

we apply Theorem 3.12.1 to ®~*(b). Thanks to Lemma 3.12.2 and 3.12.3 we can find (90)ij € HN T
and (Ko)s; € HY,, such that (gs)s; + (g0)i; and (Kp)q; + (Ko)i; satisfy the constraint equations, where
we have noted K} the second fundamental form associated to g,. We complete the initial data as
follow. We write our metric in the form g = ¢, + ¢g. The initial data for g are the following

e gij is given by gij = (9o)ij»

e Goo and go; are taken to be 0!

0:9i; is given by the relation 0yg;; = —2NK;; and K;; = (K3):5 + (Ko)sj-

0¢goo and O.go; are chosen such that the generalized wave coordinate condition is satisfied at
t=0.

Let us describe the last point. The generalized wave coordinate condition writes
g5 = H = (90)*(Ly)55 + F,

Therefore, if we write it for o = ¢ we obtain a relation for d,g¢; and if we write it for o = 0, we obtain
a relation for 0;ggg. However, if we write g = g, + g, the term

gmrf\kﬁ - (gb)/\ﬁ(rb)iﬂ

contains crossed terms of the form
~ _0pb(0)
g0ugy ~ g P

which do not belong in H, 37\_"_1 because we are missing a derivative on b, since b € W2~ . Therefore, we
will take F'® as defined in (3.1.9). With this choice, the generalized wave coordinate condition imply
that 9;goo and 0,go; are given by a sum of terms the form

X\T)Gv
K07 v907 gbKOa gbvg(b ( ) 90

With this choice, 9,go; and 0;goo belong to Hé\_’H. O

1The lapse ans shift are given by g,: we have N =1 and 3, =0 and 8y = —J.
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3.12.2 The generalised wave coordinates

In a coordinate system, the Ricci tensor is given by

Ry =015, — 0,18, +T0,Tay —T9T) (3.12.8)

vo?

where the Fg 5 are the Christoffel symbols given by

1
Tas = 59" (9a9ps + 05900 — Opdas) - (3.12.9)

R,,, an operator of order two for g. In order to single out the hyperbolic part, we will write
H™ = "%y, (3.12.10)

which can also be written 1
H® = =05g™ = 59™0%gap

We compute R, in terms of g and H.

1 1
Ry :iaa (gap(augpu + 6ugpu - apg;w)) - iau (gap(allgpoc + aag/w - apgua))

1 (e}
=+ 19 pgAB (8ugpl/ + Ougpp — apguu)(ax\gﬂa + 0agpr — aﬂgw\)

1 (e}
- 19 pgw(augpk + akgpu - apgvA)(augaﬁ + aagﬂ/t - 8,6’9au)a

1 1 1 1
Ry, = —igapﬁaﬁpgw + §Hp3p9/w T3 (o0 H” + g0p0, H") + iplw(g)(a% 99), (3.12.11)

with

1 1
P;w(g)(agv ag) :igapgﬂo <8ugpaaagﬁu + augpaaagﬁu - aﬁgupaagua - Qap,gaﬁaugpa) ( )
3.12.12

1
+ §gaﬁg)\paagupaﬁgup
Proposition 3.12.4. If the coupled system of equations

_%gapaaapg;w + %Fpapg;w + % (gupaVFp + gllpaqu) + %Puy(g)(ﬁg, ag) = 6u908V80
9000, — FPO,p =0

with F' a function which may depend on @, g, is satisfied on a time interval [0,T] with T > 0, if the
initial induced Riemannian metric and second fundamental form (g, K) satisfy the constraint equations,
and if the initial compatibility condition

F=o = H|i=o, (3.12.13)

is satisfied, then for all time, the equations (3.1.1) are satisfied on [0,T), together with the wave
coordinate condition

F* = H“.

Proof. We use the twice contracted Bianchi Identity

1
D* (RW - 2RgW) = 0.
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with H defined by (3.12.10). Since in [0, 7], we have
1 1 1
_igapaaapg;w + inapg/_w + 5 (gupaqu + gupa,qu) + P;w(g)(aga ag) = apﬁpau@'
Thanks to (3.12.11) we obtain

1 1
E(Fp - Hp)apguu + ) (gupau(Fp - Hp) + gupa,u(Fp - HP)) = 8#908%0 - R,LLD'

Consequently, since D* (R,“, — %Rg,w) = 0 and D" (8M<p81,<p — %g,“,@a(paacp) = 0 and we obtain the
following equation on F*¥ — H”

1 1
0=D" (2 (gupaV(Fp - Hp) + gupau(Fp - Hp)) - Zguvgaﬁ (gapaB(Fp - Hp) + gozpaﬂ(Fp - Hp))

1 1 (03 (6% (6%
+ ) (apgxw — 99 B6p9a6> (F*—H ))
Multiplying by g¥“ we obtain
Og(F* — H*) + B3 P0s(F* — HP) + C(FF — HP) =0,

with Bg"ﬁ , Cpy coefficients depending on g, ¢, well defined in [0,77. This is an equation in hyperbolic
form, therefore if the initial data (F* — H*)|;—¢ and 0,(F* — H*)|;—¢ are zero, then the solution is
identically zero on [0,T]. Since we assume (3.12.13), we only have to check

O (F* — HY)|4=0 = 0.
Since the constraint equations are satisfied, we have
Roi = 0op0;p,
1 1 "
Ry — 59003 = Oopdop — 59008 P0,p.
Therefore, using once again equation (3.12.11) and (3.12.13) we obtain

0 =g;,0:(F* — H?),
0 =290,0:(F* — H?) — gooOr(F® — H").

This system can be written as

goo 2901 2902 O(F° — H°)

go1 911 iz H(F'—H") | =0.

go2 912 922 O (F? — H?)
It is invertible so 0;(F” — H”);—9 = 0. Therefore in [0, 7] we have F? = H” and equation (3.12.11)
implies that the Einstein Equations (3.1.1) are satisfied. O

3.12.3 The L*® — L*° estimate

For the sake of completeness, we give here the proof of the L™= — L™ estimate by Kubo and Kubota
(see [35]).

Proposition 3.12.5. Let u be a solution of

{ COu=F,
(U, 8tu)|t:0 = (070)7
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The L*>® — L estimate writes: for p > %, v>1

=

lu(t, z)|[(1+t+|z|)2 < C(p, )My (f)(1+ |t — || |[) 22w

where
My (f) = sup(1 + [y| + )" (1 + [s — [y|[)"[F (v, )|,

=s
and we have the convention A+ =1n(A).

Proof. We write the solution u of
{ Ou=F,
(ua 8tu)|t:U = (07 0)7

with the representation formula

t
1
u(x,t) = —— F(s,x — y)dyds.
(1) /o lyl<t—s (t—8)2—|y|2( )y

With M,.,,(f) = sup(L + [y| + $)(1 + |s — [y[|)*|F(y, s)], we can write

t 1
(f)/o P s e v I PSPV SRS VG R PO P [}

It is therefore sufficient to study the quantity

lu(z,t)] < M, dyds.

t
1
@ = i
o Jiyi<t—s V/(E =82 = [y2 L+ [z —yl+ )1+ s — |z —yl])
We begin with a lemma on spherical means.

Lemma 3.12.6. Let b € CO(R?). We have the following equality for p >0

ptr

/| it = 4/ AR, p, ),

[p—r|

I dyds.

where we note r = |x| and

h(/\7 P T) = (/\2 - (P - 7“)2>
= (()\ +7)? - pZ)_% (p2 -\ = 7’)2)

Proof. By eventually rotating the axis, we can assume = (r,0) in (x1, 23) coordinates. Therefore we
have

Nl

Flp+r)P =)

[N

T

/|w1 b(|z + pw|)dw = /027r b ((7’2 +p? + 27’pcos(¢9))%> do = 2/0 b ((1"2 Ty 2T'pCOS(9))%) 40,

We make the change of variable A = (12 + p? + 2pr cos(@))%7 for 8 € [0, 7[. Then we have

N|=

— (2o = N2+ ) (20 £ N = =) F b,

2\
We have therefore df = —2\h(, p, 7)dA, which concludes the proof of Lemma 3.12.6. O
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We use Lemma 3.12.6 to calculate I

dwdpds

t
p 1

I(x,t):// S E— 2/ T T ;

<t—s \/(t = 8)2 = p? Jjwj=1 (L + |2+ pw| +8)H(1+ |5 — |2z + pw]])

h(A, p,7)

i L = e

We exchange the integration in p with the integration in A, noticing that

AdAdpds.

1 prj<rcptr = Tlpn—ri<p<nsr

and we make the decomposition I = I1 + I, separating the region A\ +r <t —s from A+r >t —s.

t—r t—s—r Ar hix
I = / / ) s,
A=

n—r| V/(t —8)2 = p?
Iy = / /t o A /t ) Mpd/}d}\ds
A=max(t—s—r,0) ’>\) [A—7| \/m ’

where z(s,A) = (L + A+ s)H(1+|s — A])”.

3.12.3.1 Estimate of I;

We write
AT R por) At 1
3 2pdp: 3 _ 2 5_ 2 /2 2pdp
n—r| \/(t —5)2 —p ner| V(E =82 = p2 /(A +71)2 = p2/p2 — (A=)
1 [° du

o« Vd—uvb—uyu—a’

with a = (A —7)%2, b= (A +7)? and d = (t — s)?. Recall that in the integration region of I, we have
A+7r <t—ssob<d. This yields

[ s sl vt whe
o Vi—ub—uw/u—a " Vd=bJo Vb-uSu—a = Vd-bJy ﬁm—@izm

Consequently we have

A
I ’S/O /0 \/(t_3)2_()‘+T)2(1+)\+3)M(1+|3_>\|)Vd)‘d8'

We make the change of variable a = s — A, 8 = A + s. We obtain

Ils(owx/ﬁ_ﬁdﬁ(l%@ )( \/HT—Cf(HaD)

We estimate the first factor. We note that if ¢ —r < 1, this factor is bounded. We assume therefore
that t —r > 1.

Bdp [ Bdp Bdp
Vi—r =B+ \/t—THﬁ W(l—kﬂ
Bdp o [T a8
N\/t—r/ (1+ B~ - Vt—r—

< (t — T)[2*u]+

~oVt—r
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We estimate the second factor

t—r do _ /min(Hér7t—T) do N /t—T do
—t ViFr—a(l+la))r S Vitr—a(l+a])”  Juin(gr o VE+ 7 —a(l+]al)”

< 1 /min(tt’r’t ) da n 1 /tr do

~ \/m r—t (1 + |a|)y (1 +t+r)u min(H’TT,tfr) Vit+r—ao
1

<

t+r’

;

where we have used in the last inequality the fact that v > 1. We have proved

L < (Lt [t =2l
VItt+ryJt—rl

3.12.3.2 Estimate of I,

As in the estimate of I, we write

/t—s hApr) o 1/d du

A—r| v/ (t — 8)2 —p2p P=3 o Vd—uVb—uu—a’

with a = (A —7)2, b= (A+7)? and d = (t — 5)2. In the region A +r >t — s, we have b > d, therefore
as for (3.12.14) we get

du <

;/ad\/d—u\/b—u\/u—aw \/bl—d/ad\/d—zl\b/u—a

and so

/t—s h(\, p,r) pip < 1 .
A—r| V/(t —8)* — p? VA7) —(t—s)?

Therefore we have

t t—s+r )\
I 5/ / d\ds.
0 JA=max(t—s—r,0) \/(>\ + T)Z - (t - 5)2(1 + A+ S)'U’(l + |$ — >\|)V

We make the same change of variable a = s — A, 8 = A + s. We obtain

t+r t
I < / Bdp ( do )
25 .
max(0,t—r) \/ﬁ_ (t_r)(l +6)“ —r—t Vt+7"*05(1+ |Oé|)u
We estimate the first factor. We first assume ¢t — r > 0.

t+r 5(15 </27‘ (p_’_l_;r_t_r)l*ll«dp
0

vr VB -1+ Nz

where we have made consecutively the changes of variable p = 5 — |t — r| and u = and where

(14u)'—H
Vo

_p
1+[t—r]?

we use in the last inequality the fact that is integrable.
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We now assume ¢t — r < —1. Then

t+r d lftil‘
ods <le—rlt p dp
o B+ t—rl1+ B VI+p(l+ [t =r[p)+
ttr
: Te—rl
Sele-rpio [T — Ly
0

Vo (a+o)

S ([t —r]) 2B

7

where we have made the change of variable p = Itf;rl’ and also used the fact that u > %
We estimate the second factor

t do < /min(t"ﬂ;) da n /t do
e VtHr—a(l+ o) T )y Vit+r—a(l+|a)) min(t, ) VE+ 7 —a(l + |af)”

_ 1 /min(t”?” do 1 /t da
SVitr e (al) (L)Y S ) VEFT—a
< ! ,

T Vt+r

where we have used the fact that v > 1. We have proved therefore that

(14 [t — )" 2t2n

IES ;
VItt+r
SO 2]
1+ [t —r[)B-r+
<+ < tlt=r)
VIFt+ry/T+t—7
The proof of the L*>° — L estimate is now complete. O

3.12.4 Hardy inequality with weight
Proposition 3.12.7. Let a« < 1 and > 1. We have, with g =r —t,

/ugf(q)rdrdG < Cl(a,p) /(&u)gg(q)rdrdﬁ
where

flo)=@0+g)?2 >0
=(1+g)*? <0

9(q)=(1+1q))’, ¢>0
=(1+1g)* ¢<0

Proof. We look first at the region » > t. We can assume, by a density argument that u is compactly

supported. We calculate
p-1 B-1 B—2 o (14+7—1
O (rl4+r—0) ) =0+r—-0)" '+ @B-r(Q+r—t)’=r(1+r—1t) T+5—1

We want to find ¢ > 0 such that
14+r—t
—+fB-1>c
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This condition is satisfied if
t<l4+r(B—c

which is the case if 8 — ¢ > 1. Since § > 1 we can find such a ¢ > 0. Therefore

oo 27
/ / w (147 — )P 2rdrdf
¢ Jo

e 2m
Sl/ / W0, (r(1+r —t)°1) drdd
CJt 0

g% (- /too /OQW(&uQ)(l +r — )3 Lrdrdd + [/0% u?(r, 9)(1+r—t)ﬁ1rd9r> .

Since u is compactly supported,

(oo}

[/0277 u?(r,0) (1 + 7 — t)ﬁlrdG]t <0

therefore

) 27
/ / (147 —t)?2rdrdf
t 0

2 e’} 27
<- / / [udpu|(1 + 7 — )P~ Lrdrdd
cJi Jo

00 2m % o'} 2 %
S% </ / u?(1+7r— t)ﬁ2rdrd9> (/ / (Opu)* (1 + 7 — t)Brdrd0>
t Jo t Jo

We have proved

o] 2m 00 2m
/ / w?(1+r—t)°2rdrdd < C(a) / / (0pu)?(1 + 7 — t)Prdrdsd. (3.12.15)
t Jo t Jo
We now look at the region r < t. We calculate

Oy (’I“(l +t— T)a_l) = (1 +t— 'r)o‘_l + (1 _ Oé)?”(l +t— 7“)0‘_2.

Therefore
t 2 1 t 27
/ / u?(1+t —7r)* 2rdrdd < / / WO, (r(L+t—r)*"")drdd
o Jo 1—aJo Jo
1 t 27 2 t
< / / —(8,u®) 1+t —r)* trdrdd + [/ u2(1—|—t—7‘)pr}
1—-« o Jo 0 0
1 t 2w 2T
< (2/ / |udpu|(1 4t — ) Lrdrdd + t/ u?(t, 9)d9> .
-« o Jo 0
We have

t 2m
/ / ludpu|(1 4+t —r)* trdrdo
0 Jo

t 2 % t 27 %
< (/ / w(1+t — r)“‘%drd@) (/ / (Opu)? (1 +t — r)o‘rdrd9>
0o Jo o Jo
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and

2m 2m
t/‘ t9d0<ﬁ/ / u?)|drdf
0
2 )
< 2t/ / |ud; u|
+t—r)

2m % [eS) 27 %
<2 (/ / w?(1+7r— t)_ﬁrdrcw) (/ (Opu)*(1+ 7 — t)ﬂrdrcw)
t Jo t Jo

Since 8 > 1, we have § > 2 — 3. Thanks to the estimate (3.12.15) in the region r > ¢, we obtain

t  p2mw
/ / w?(1+t—r)* 2rdrdd
o Jo

C(p, ) </0 02 (Oru)* (1 +t — 7)*rdrdd + /t 02ﬂ(3ru)2(1 +r— t)’BrdrdH)

L drde
t

w\m NI

This concludes the proof of Proposition 3.12.7. O

3.12.5 Weighted Klainerman-Sobolev inequality
Proposition 3.12.8. We have the inequality

1 1 1
3 —) < 2(.—t)Z f| L2
|NMUW|mNﬂ+Hm¢HWFH§M(t)mL

Proof. We introduce the decomposition

f=hH+fe

fx () =0 ()

and x is a cut-off such that x(p) = 1 for p < 1 and x(p) = 0 for p > % Since the quantities Z7y are
bounded, it is sufficient to prove the proposition for f; and fs.
For f;, we introduce the function f; = fi(t,tx). The Sobolev embedding H? — L> gives

where

Ifillze S D IV fillea

la]<2

1
SIS v

|| <2
In the region r < Z we have —t < r —t < —%, therefore
Vel SI(r=0Vel S D 1 Z¢l.
Zez
Moreover, in this region v(|z| — t) ~ v(t), so

itz (e - 1) < 2 Do) 2" e

I<2

1 .
< lz (. =) 2" fill 2.
V1+t+ [z)/1+ [|z] — ¢ %
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For fs we write
(1 +t+7r)(1 4|t —r])v(r —t)(falt, 7, 0))?

< /: 0p ((1 +t+p)(1+ [t —p)v(p —t)fa(t, p, 0)2) dp
: T 27
S Z / /0 1050, (1 +t+ p)(1+ [t — pl)o(p — t) fa(t, p, 0)?) |dpdf

0<a<1v3

where we have used the Sobolev embedding W11(S!) — L>°(S') . We estimate the terms appearing
when we distribute the derivation 9, from left to right.

(L4t — pl)v(p — )05 f3] S plo(p — )05 31,
(L4t + p)vlp— )05 f3] S plo(p — )05 f3 1,
[(L+t+p) A+t —p)'(p— )05 f5] S pl(L+ 1t — D" (p = D105 3] < plvlp — )05 f3],

(1t + p)o(p — )1+ [t = p))905 f3] < plulp =) D 1205 13,
zZeZ

where we have used in the third inequality |sv’(s)| < v(s). Therefore

(A4t )+ [t =rDolr =)Lt 0’1 S D Y w205 Zfl1 S 1022 fal e

0<a<l ZeZ <2

This concludes the proof of Proposition 3.12.8.



Chapitre 4

Non CMC solutions to the constraint
equations in the compact hyperbolic
case

This chapter is a joint work with Romain Gicquaud. It is independant from Chapters 2 and 3. We
give it here in its original form [22].

4.1 Introduction

General relativity describes the universe as a (3+1)-dimensional manifold M endowed with a Lorentzian
metric g. The Einstein equations describe how non-gravitational fields influence the curvature of g:

Scal
Ric,, — —;a g = 87T,

where Ric and Scal are respectively the Ricci tensor and the scalar curvature of the metric g and T,
is the sum of the energy-momentum tensors of all the non-gravitational fields. R

Einstein equations can be formulated as a Cauchy problem with initial data given by a set (M, g, K),
where M is a 3-dimensional manifold, g is a Riemannian metric on M and Kisa symmetric 2-tensor
on M. g and K correspond to the first and second fundamental forms of M seen as an embedded
space-like hypersurface in the universe (M, g) solving the Einstein equations.

It turns out that the Einstein equations imply compatibility conditions on g and K known as the
constraint equations:

Scalg + (trg K)? — |K|2 = 2p, (4.1.1a)
divg K — d(try K) = 7, (4.1.1Db)
where, denoting by N the unit future-pointing normal to M in M, one has
pZSWT#VNHNV, ]z :SWTiHNH.

We assume here that p and v go from 0 to 3 and denote spacetime coordinates while Latin indices
go from 1 to 3 and correspond to coordinates on M.

In this article, to keep things simple, we will consider no field but the gravitational one (vacuum
case). As a consequence, we impose T = 0. We will also assume that the spacetime possesses a
Sl-symmetry generated by a spacelike Killing vector field. This allows for a reduction of the (3 +
1)-dimensional study of the Einstein equations to a (2 + 1)-dimensional problem. This symmetry

179
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assumption has been introduced and studied by Y. Choquet-Bruhat and V. Moncrief in [11] (see also
[8]) in the case of a spacetime of the form ¥ x S! x R, where X is a compact 2-dimensional manifold
of genus G' > 2, S! corresponds to the orbit of the S'-action and R is the time axis. They proved the
existence of global solutions corresponding to perturbations of a particular expanding spacetime. In
[11], they use solutions of the constraint equations with constant mean curvature (CMC, i.e. constant
trg K) on the spacelike hypersurface ¥ x S! x {0} as initial data. The construction of such solutions is
fairly direct. In this article we shall generalize their construction to more general initial data allowing
for non-constant mean curvature.

The method which is generally used to construct initial data for the Einstein equations is the
conformal method which consists in decomposing the metric g and the second fundamental form K
into given data and unknowns that have to be adjusted so that g and K solve the constraint equations,
see Section 4.2. The equations for the unknowns, namely a positive function playing the role of a
conformal factor and a 1-form, are usually called the conformal constraint equations.

These equations have been extensively studied in the case of constant mean curvature (CMC) since
the system greatly simplifies in this case. We refer the reader to the excellent review article [4] for
an overview of known results in this particular case. The non-CMC case remained open for a couple
of decades. Only the case of nearly constant mean curvature was studied. Two major breakthroughs
were obtained in [27], [42] and [16] concerning the far from CMC case. A comparison of these methods
is given in [23].

In this article, we follow the method described in [16]. Namely, we give the following criterion: if a
certain limit equation admits no non-zero solution, the conformal constraint equations admit at least
one solution.

This approach has been generalized to the asymptotically hyperbolic case in [24] and to the asymp-
totically cylindrical case in [18]. The asymptotically Euclidean case [17] and the case of compact
manifolds with boundary [21] are currently work in progress since new ideas have to be found to get
the criterion.

The outline of the paper is as follows. In Section 4.2, we show how the Einstein equations reduce
to a (2+1)-dimensional problem in the case of a S'-symmetry and exhibit the analog of the conformal
constraint equations in this case. We also state Theorem 4.2.1 which is the main result of this article
and Corollary 4.2.3 which gives an example of application of Theorem 4.2.1. Section 4.3 is devoted to
the proof of Theorem 4.2.1. Finally, Section 4.4 contains the proof of Corollary 4.2.3.

4.2 Preliminaries

4.2.1 Reduction of the Einstein equations

Before discussing the constraint equations, we briefly recall the form of the Einstein equations in the
presence of a spacelike translational Killing vector field. We follow here the exposition in [8, Section
XVL3].

We recall that we want to write the Einstein equations on the manifold M = ¥ x S' x R, where &
is a Riemannian surface and R denotes the time direction, for some metric g which is invariant under
translation along the S'-direction. We let 2% denote the coordinate along the S!- direction (seen as
R/Z), choose local coordinates x!, 2% on ¥ and denote by z° the time coordinate.

A metric g on M admitting 03 as a Killing vector field has the form

g=g+e> (d? —|—A)2 ,
where g is a Lorentzian metric on ¥ x R, A is a 1-form on ¥ x R and ~ is a function on ¥ x R. Since 03
is a Killing vector field, g, A and v do not depend on 3. We set F' = dA the field strength of A. The

Ricci tensor Ric of g can be computed in terms of §, A and ~. In the basis (dz°,dx!, d2z?, da® + A),
the vacuum Einstein equations (Ric = 0) become
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. = 1 =
0 = Ric,p = Ricap — 5627Fa AFax — Viﬁ'y —VarVsy, (4.2.1a)
1 ~
0= Rices = ;¢ Vg (e¥F, "), (4.2.1b)
1 _ s
0= RiC33 = —6_2’y <—4€2WFO¢/BFO[B + gaﬂva’yVB'y + gaﬁViﬂﬁ/) 5 (421C)

where the indices o, § and A go from 0 to 2, and the indices are raised with respect to the metric g.
The equation (4.2.1b) is equivalent to d(xe3YF) = 0. So we are going to assume that 37 F is an exact
1-form. Therefore, there exists a potential w : ¥ x R — R such that 3" F = dw.

Defining § = €27, we obtain the following system for g, v and w:

Ogw — 4V yVaw = 0, (4.2.2a)

1 —a =
Ogvy — 56_47V wVaw =0, (4.2.2b)

N — 1 [ —
Ricas — 2VayVsy — §e—4’yvawv@w =0, (4.2.2¢)

where [ = gaﬁﬁﬁ is the d’Alembertian associated to the metric g, Ric is its Ricci tensor and
the indices are raised with respect to g. We introduce the following notation
ui=(7,w),
together with the scalar product

1
0ot - O = 20,7087 + 56747804(,085(,0.

We are going to consider the Cauchy problem for the system (4.2.2). As for the general Einstein
equations, the initial data for this system have to satisfy some constraint equations.

4.2.2 The constraint equations

We write the metric g under the following form:

g=—N2dt* + g;; (dz' + p'dt) (da’ + pdt)

The coefficient IV is called the lapse, while the vector § is called the shift. ¢ is the Riemannian
metric induced by g on the slices of constant ¢. We consider the initial data for the spacelike surface
3 which is the constant ¢ = 0 hypersurface of ¥ x R. We also use the notation

O = do — L,

where L3 is the Lie derivative associated to the vector field 5. With this notation, the second funda-

mental form of ¥ C ¥ x R reads
1

Kij=——
2N

5’t9ij-
We denote by 7 the mean curvature of X:
T 1= g”K”

The constraint equations are obtained by taking the d; — 0; and the 0; — 9; components of the
Einstein equations:
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— Scal .
Ricy; — %?ti =N (Bﬂ — DlKij) = Owu - O;u, (4.2.3a)
— Scal N? N?
Ricy — %gtt =5 (Scal — K+ 72) = - du+ =57 0u - g, (4.2.3b)
(4.2.3¢)

where Scal is the scalar curvature of the metric ¢ and D is its Levi-Civita connection. Equation
(4.2.3a) is called the momentum constraint while Equation (4.2.3b) is known as the Hamiltonian
constraint.

4.2.3 The conformal method

In order to construct solutions to the system (4.2.3), we are going to use the well-known conformal
method which we explain now.

Given a Riemann surface ¥ of genus G > 2, we let gy be a metric on ¥ with constant scalar
curvature Scalg = —1 and look for a metric g in the conformal class of gq:

g = 62”90

for some function ¢ : ¥ — R. We also decompose K into a pure trace part and a traceless part,

-
Kij = 590+ Hij,
and, following [11], we set
2u
U = %@u
The system (4.2.3) then becomes
. 2%
1 1 S|
Ap +e72¢ (2u2 +5 H|2> = 62*’% ) (1 + |Vu|2> , (4.2.4b)

where V denotes the Levi-Civita connection of the metric gg, A is the Laplace-Beltrami operator of
go and from now on, unless stated otherwise, all norms are taken with respect to the metric gg.

In order to solve Equation (4.2.4a), we split H according to the York decomposition (see Proposition
4.3.2 for more details):

H=0c+ LW,

where o is a transverse traceless (TT) tensor, i.e. try, o = 0 and Vio;; = 0, and LW denotes the
conformal Killing operator acting on a 1-form W:

LWij = VZ'W]‘ + VjWi — kakQOij-
The system (4.2.4) finally becomes

1 e

7'2 1 2
-5 (1 + |V ) : (4.2.5b)

1 1
Ap+ e 2 (2122 + 0 lo + LW2> =%
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where L* is the formal L2-adjoint of L:
1 * 7
—iL LW; = V'LW;;.

The equations of this system are commonly known as the conformal constraint equations. Equation
(4.2.5a) is called the vector equation and Equation (4.2.5b) is named the Lichnerowicz equation.

Given u, u, 7 and o we are going to construct solutions to the system (4.2.5) for the unknowns ¢
and W without any smallness assumption on 7. We follow the approach of [16]. The main theorem
we prove is the following:

Theorem 4.2.1. Given i € L®(X,R), u € Wh*(X,R) 7 € WHP(ER) and 0 € WP o TT-tensor,
where p > 2, and assuming that T vanishes nowhere on X, then at least one of the following assertions
18 true:

1. The system (4.2.5) admits at least one solution (p, W) € W2P(X R) x W2P (3, T*Y),

2. There exists a non-trivial solution V€ WP (%, T*Y) of the following limit equation

1 V2 dr

2
LW = oY LW (4.2.6)
2 2 7]

for some e € [0, 1].

Remark 4.2.2. Since the surface ¥ is of genus G > 2, there is no conformal Killing vector fields on X..
Therefore LW = 0 imply W = 0. In particular, there cannot be any non-zero solution to (4.2.6) with
«a = 0, since in this case we would have

1 1
0:/ <W,—L*LW>d/ﬂ°:—/ |LW|* dpse,
) 2 2 /s

which immediately implies that W is a conformal Killing vector field.

The proof of this theorem is the subject of Section 4.3.
Corollary 4.2.3. Assume that the mean curvature T is such that

dr

T

<1
Lo (S,T*5)

then there exists a solution to the conformal constraint equations (4.2.4).

See Section 4.4 for the proof of this corollary.

4.3 Proof of Theorem 4.2.1

Before tackling the full system of equations in SubsectionsecCoupled, we first study the properties of
each equation individually, in Subsection 4.3.1 for the vector equation and in Subsection 4.3.2 for the
Lichnerowicz equation.

4.3.1 The vector equation

The main result to study Equation (4.2.4a) is the following:

Proposition 4.3.1. Given a 1-form Y € LP(X,T*Y), there exists a unique W € W2P(%,T*Y) such
that )

—§L*LW =Y.
Moreover, W satisfies

Wllwes@res) S IYllLeres) -
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Proof. We can write

1 )
_iL*LWj =V (Vin + V;W; — kakQOij)
= AW, + V'V, W; — V,;V'W;
= AW] + RiCijWi
1

1

where we used the fact that in dimension 2, Ric = S‘"éal goij- This Bochner formula will be useful in

Section 4.4.
On W12(X, T*Y), we introduce the following bilinear form

a(V, W) ::/ (LV, LW ) dpu?°.
b
We have

a(V,W) = / (V, L* LW) dp%
¥

1
= —2/ <V, AW — W> dps
5 2

:/ (2(VV, VW) + (V,W)) dus°
b

It follows immediately that the bilinear form a satisfies the assumptions of the Lax-Milgram theo-
rem: it is continuous and coercive. So given Y € LP(X,T*%) C (W'3(%, T*E))* there exists a unique
W € Wh2(X, T*Y) such that —%L*LW =Y. It follows from elliptic regularity that W € W2 (3, T*X)
and that [Wlly2p s ey S 1Yo res)- N

In particular, we get the following result:

Proposition 4.3.2. Given a symmetric traceless tensor H € WP, there exist a unique TT-tensor o
and a unique 1-form W such that
H=0c+LW.

Proof. From the previous proposition, there exists a unique solution W € W2P? of

1, .
—§L LW = divgy, H.

Setting 0 = H — LW, we have
1
divy, 0 = divgy H — divg, LW = divy, H + iL*LW =0.

Therefore, o is a TT-tensor. O

4.3.2 The Lichnerowicz equation
The aim of this section is to prove the following proposition :

Proposition 4.3.3. Let u, u and 7 be given as in Theorem 4.2.1. For any given symmetric traceless
2-tensor H € L, there exists a unique positive function o € W*P(X R) solving Equation (4.2.4b).
Further ¢ depends continuously on H € L™ and is bounded from below by a positive constant @y which
1s independent of H.



4.3. PROOF OF THE MAIN THEOREM 185

Before proving the proposition, we need to recall a general lemma on semilinear elliptic equations.
This is a simple version of the so-called sub and super-solution method we took from [46, Chapter 14].

Lemma 4.3.4. Given an open interval I C R, we consider the following equation for ¢ on X:

Ap = f(z,0,N), (4.3.2)

where A € A is a parameter belonging to A, an open subset of Banach space, and f is a function
belonging to L= (%, R) @ CY(I x A,R). We assume further that

e there exist constants ag,a1 € I (that may depend continuously on \), ag < a1, such that, for all
x €Y, f(x,a0,A) <0 and f(x,a1,A) > 0.

Then the equation (4.3.2) admits a unique solution ¢ € W*P(3S,R), 2 < p < 0o, for all X € A. Further,
p depends continuously on .

Proof. We first prove the existence of a solution for all A € A. We denote by 2 the closed subset of
L*°(M,R) defined by
Q={pe L™(MR),a < ¢ <ar}.

We choose a constant A = A(X) > 0 such that

A> sup of

7(.’2, ®s )‘)
(z,)EX X [ag,a1] 8410

and define a map F' : @ — L% (M,R) as follows. Given ¢ € , we define F(pg) := ¢1, where
1 € W2P(Z,R) is the (unique) solution to the following linear equation:

—Ap1 + Apr = Apo — f(2, 00, A).
We argue that ¢ € Q as follows. We have
—Ap1 + Apr = Apo(z) — fz, 00, A)

®o(z) of
:/ ( _(xagva)> d(p—’—Aa/O_.f(xva'OvA)
aop 890
>0
Z AaO - f(l',ao,)\)
> Aaop;

—A(p1 —ao) + A(p1(x) — ag) = 0.

We set (1 —ag)— = min{0, o1 —ag}. Multiplying the previous inequality by (¢1 —ag)— and integrating
over X, we get

/Z) [_(@1 —a0)-A(p1 —ag) + A(pi(x) — aO)Q_} dud <0
/2 “V(% —ao)_ >+ A(p1(x) — aO)Q_} duf <0,

from which we immediately conclude that (¢1(z) —ag)_ = 0, i.e. that @1 > ap. A similar argument
proves that ¢; < a;. Hence F' maps (2 into itself.
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We note that for fixed A\, F' maps Q into a bounded subset of W2P?. This comes from the fact that
Y X [ag, a1] is a compact set over which f(-,-,\) is continuous so f(z, ¢, ) is bounded independently
of ¢ € Q and x € X. Hence, by elliptic regularity

IF @) gy S @0 N e mp

<1

Denoting by € the closure of the convex hull of F(Q), it follows from the Rellich theorem that €’
is a compact convex subset of L (X, R). By the Schauder fixed point theorem, F' admits a fixed point
. ¢ then satisfies

—Ap+ Ap = Ap — f(z,0,\)
& Ap = f(z,0,N).

Hence ¢ is a solution to (4.3.2) and by elliptic regularity, p € W2P(%, R).
We next prove that the solution to (4.3.2) is unique given A € A. It follows then that ap < ¢ < ay.
Assume given @1, @2 two solutions to (4.3.2). We have

0= _A<902 - (Pl) +f($,<,02,>\) - f(x79017)\)

1
= Alpr— 1) + (o2 — 1) /0 %x, o1+ y(o2 — 1)),

>0

from which we immediately conclude that ¢ = @s.
We follow a similar strategy to prove that ¢ depends continuously on A. We fix an arbitrary A\g € A.
There exists o > 0 such that o7

dp
for all (z,¢) € X X [ag(Ao),a1(Ao)]. There exist an ny > 0 and ag,a} € I such that B,,(\o) C A,
ap < ag(A), aj > ar(N) for all X € By, (o) and

of

Oy

(vaa)‘()) > o

(0%
A —
(‘,I"7 807 ) > 2

on 3 X [ag, a}] x By, (Ao). We denote by ¢q the solution to (4.3.2) with A = Ao.
For any € > 0, there exists n > 0, n < 9 such that

(@00, M) = fl@, 00, 00)] < T

for all € ¥ and all A € B, (Ag). We denote by ¢; the solution to (4.3.2) with A = X\ for an arbitrary
A1 € BU(AO):

—Apo + f(, 00, Ao) =0
—AQ01 +f(.’E,<,01,)\1) =0

Subtracting both equations, we get

0=—A(p1 — o) + f(z, 01, 1) — (2,900, Ao)
= —A(p1 — o) + f(x, 01, M) = f(2,00, M) + (2,00, \1) — (2,00, Ao)

1
0=—A(p1 — ¢o) +/0 %ﬁ(%@o + (1 — o), A1)dy(e1 — o) + f(x, 00, A1) — f(x, 00, Ao). (4.3.3)
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From our assumptions, we have

1
0
/O %(%900 +y(p1 — wo), A1)dy > %

Multiplying Equation (4.3.3) by (p1 — @0 — €)+ := max{0, 1 — po — €} > 0, and integrating over
X, we get

/E (90, 30) — £ 000 A1) (91 — 00 — €) s dp®
= /z [(V(@l — o =€)y, V(o1 — o —€)1)

Lo
+ / %(337 o+ y(Y1 — o), A1)dy(p1 — o) (p1 — o — €)+] du%,
0

(0%
/ = (P1 =90 = €)dp®
>

[0
> /2 [lv(% — o —€)+)* + 5(901 — ¢0)(p1 — o — 6)4 dp?°
[0

5 (1 — w0 — €)+)2} dps°

02/2{|V(<P1—¢0—€)+|2+

Hence ¢1 — g < €. Similarly, ¢1 — @9 > —e. This proves that the function ¥ mapping A to ¢ solving
(4.3.2) is continuous from A to L>°(X,I). It then follows at once from elliptic regularity that ¥ is
continuous as a mapping from A to WP (3, R). O

We refer the reader to [41, Section 6] for much stronger versions of the sub and super-solution
method. We can now give the proof of Proposition 4.3.3:

Proof of Proposition 4.3.3. The Lichnerowicz equation (4.2.4b) can be rewritten in the form (4.3.2):

1 1 2 1
Ap=—e 2 (2112 +5 |H|2) + 62“0% -3 (1 + \VUF) .

=f(z,9)
Since 72 is bounded away from zero, the assumption g—i > 0 is readily checked. Choosing ag =
—maxIn |7|, we have

62a0i<1
1=
So )
1 1 1 1
<2a0l—7(1 v2><7—7<—7.
fl,ao) < e™p =g (1+[Vul') < 7 =5 <~

Since f is increasing with ¢, we immediately get that if ¢ < ag, then f(z,¢) < 0. Let now a3 > 0 be

such that )
90, MIN T

4
Using the fact that we choose a; > 0, it is a simple matter to check that

1 2 1.2 1 2
e > 5 (L IVulze) + 5 Nl + 5 1H17

f(zya1) >0

and hence if ¢ > a1, f(z,¢) > 0.
As a consequence, the Lichnerowicz equation satisfies the assumptions of Lemma 4.3.4. This
completes the proof of Proposition 4.3.3. O
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4.3.3 The coupled system

Following [44], we use Schaefer’s fixed point theorem to study the coupled system (see [25, Chapter
11)):

Theorem 4.3.5. Let X be a Banach space and ® : X — X a continuous compact mapping. Assume
that the set

F={zeX,3pel0,1],z=pP(z)}
1s bounded. Then ® has a fized point:
dr e X,z = ®(x),
and the set of fixed points is compact.

We choose X = L*>°(X,R) as a Banach space and construct the mapping ® as follows:
Given v € X,

e From Proposition 4.3.1 there exists a unique W := W (v) € W?? solving

1, . v?

which is Equation 4.2.5a with e¥ = v. Further W depends continuously on v € L* for the
W2P-norm.

e W € W2P can then be continuously mapped to H := o + LW € W»
e and, in turn, H can be compactly embedded into L°.

e Proposition 4.3.3 yields a unique ¢ € WP solving the Lichnerowicz equation (4.2.4b) with the
H we previously found.

Setting ®(v) := e® € L, we loop the loop providing a continuous compact map & : X — X.
Thus, we are almost under the assumptions of Theorem 4.3.5. All we need to check is that the set F’
is bounded. This is the content of the next proposition:

Proposition 4.3.6. Assume that the set
F:={veL*X,R),3pel0,1],v=pP(v)}
is unbounded. Then there exists a constant py € [0,1] and a non-zero W € WP such that

1 2 d
—SLLW = ipo LW .
2 2 7]

Proof. Assuming that F' is unbounded, we can find sequences (p;);>0 and (v;);>0 such that 0 < p; <1,
v; = pi®(v;) and ||vi]| e — 00. Setting ¢; = log(®(v;)) (i.e. v; = p;e¥?), and defining W; as the
solution to (4.3.4) with v = v;, we get the following equations:

1 9 e2¥i
—§L*LW1' = —t-du+p; 5 dr, (4.3.5a)
1 1 21
Api+e 2 (2 + o+ LW ) = e L — = (1 + \Vu\2> , (4.3.5b)
2 2 4 2
Following [16, 24, 44], we set ; := ||e¥i|| .« and we introduce the following rescaled objects:
—~ 1

¥ = ;i —log(y:), Wi == ?Wi.

%
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Note that since we assumed that ||v;|| ;- = pivi = 00, with 0 < p; < 1, we also have that v; — oo.
We will assume without loss of generality that «; > 1. The following equations for ; and W; follow
from the definition:

Lrow, L edut S (4.3.62)
—_— P = ——U - du o T’ .0.0a
2 2 iy
1 1 1o —]|° 21
SO+ e (it | S LW | = e T - (1 vl 4.3.6b
7 v +e (2%4u +2'Yi2+ e 22 + |Vul|”), ( )
It follows from the definition of 7; that Hewi Lo = %e“pi = 1. Hence, from Proposition 4.3.1
K L{)O
applied to (4.3.6a), we have
—~ 1 2%;
HWi §H2u-du+p$e dr
w2p Y; C2 v
1.
S 2 % dull, + |7 1
<1

Consequently, ’Wvl is bounded in W2p, Since the embedding W?2P — C! is compact, we can assume,
up to extraction, that W; converges to some W, € W2P for the C'-norm. We can also assume that
. . . LWeo
pi — Poo € [0,1]. All we need to do is to prove that e?¥i converges in L to fu, := \/5‘ G

Indeed, passing to the limit in Equation (4.3.6a), we get that Woo satisfies

]' *TTA7 2 foo
L LW = g
5
_ V2 (4.3.7)

Hence, WOO satisfies the limit equation with a = p2_ . Since €2¥* has L°°-norm 1 and converges in
L™ to foo, we have || foo|| oo = 1. In particular, LW, # 0 which proves that Wu, # 0.
To prove convergence of e?¥i to fo, we show that for any e > 0, there exists an iy such that

|62¢i _foo{ <e

for all i > ig. We do it in two steps:

e We first show the upper bound
e2¥i < foot €

by selecting a smooth function f; such that
€
and proving that for ig large enough, ¢ := 3 log(f4) is a super-solution to (4.3.6b):

1 1 . 1|0 —
Ay e (leﬁ +5 |+ LW

2|y

2 2y T2 1 2
< -5a (1 + |Vl ) . (4.3.8)

K2
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Since foo > 0, f4 > § so v is a smooth function. In particular, [At, | is bounded. Moreover,
since W; — Wy, in C*! and ~y; — oo, we have

2 2
= ‘LWOO)

% + LW,
i

as i tends to infinity. So the condition (4.3.8) can be rephrased as
1.~ 12 72
o(1) + 5 ‘LWOO’ - %fﬁ <o,

where o(1) denotes a sequence of functions tending uniformly to 0 when i — co. We have

f2><f +6)2>f2+€2
T T g) =l oy
This yields, for ¢ big enough,
1.~ 12 72 9 72 9 72 9 €2 7'362
0(1)+§‘LWOQ’ -T<om+ - <foo+4) <o(1)- 5 <o,
where 7§ := infy, 72 is positive by assumption. Therefore ¥ is a super-solution to Equation

(4.3.6b) and we obtain, for ¢ big enough

1 2 2 0 I o |? 72 2 %)
—A —) < — (e —e Vi) | — + = |LW, + = — + eV
p (P — ;) < (e e ) 2?+2‘ Z—|-%2 +4(e e )

IN

% o ! —,
362%(%_%)/ e2A (W =vi) gy
0

U2 1| =~ o
— LW+ 5
" (27?‘ e ’ T

72 2 [ 2awi—n @ 2 e [ e
< i + Vi — . v - Ve — ;).
< |5e /Oe X + 2%4+2'L | e /Oe dX| (Vg — ;)

The maximum principle implies that ¢; < 1, for ¢ big enough, so

Vi < foo + €

e Second, we show the lower bound
e*Vi > foo —€

We have to be more careful than for the super-solution, since f., can vanish somewhere. Let f_
be a smooth function such that

vmax(fZ —€,0) < f_ <, /max(f2 — 5,0).

We will work on the open domain A defined by
A={z e, f_(z) > 0}.

On A, we can define ¢_ = %ln( f-). We want to show that the following inequality is satisfied
on A:
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1 1 —
W+ |+ LW,

A — 2t Z
Yo +e (2 7 2|5

? 29 72 1 2
> T— - . 3.
>e 1 272(1+|Vu\ ) (4.3.9)

z %

Since e2¥~ > 0 on A, that is equivalent to showing

1 1 1 ., 1o
72 (Aw + 5 (1+|Vu| )) <2%4u t3 e

%

— |? 2
| ] —e'-—>0.
[)-e2s

We calculate

7

We can assume that d.A is the disjoint union of smooth curves and denote by r the signed distance
function to d.A which is positive where fo, > €. We choose f_ such that f_ = 0 whenever r < 0
and f_ = ee /" if r > 0 is sufficiently small for some positive e. For such a choice of f_,
e2¥- Ay_ is bounded on A.

Therefore, as for the upper bound, the condition (4.3.9) can be written

2
V- AY_ = % [Af_ — Vf'] .

72

4
On A we have e*¥- < f2 < f2 — 5. This yields for 7 big enough

1
o(1) + §|LWOO|2 —et-— >0.

1 72 72 72 € 72 €
D)4 S LWa 2 — -1 > o(1) + T g2 _7( 2 —7)> N+ >0
o)+ lEWal? — - Tz o)+ T2 - T (2 - ) 2o+ T E >
Since _(z) — ;i (x) — —oo when = — JA, _ () —;(x) attains its maximum on A. Therefore,
since 9_ is a subsolution, we can apply the maximum principle on A, to deduce that ¢¥_ < ;.
This yields
max(f2 —¢,0) < et¥i,

This concludes the proof of the convergence in L™ of e?¥¢ towards fa. O

4.4 Proof of Corollary 4.2.3

To prove Corollary 4.2.3, all we need to do is to prove that the limit equation (4.2.6) admits no non-zero
solution under the assumption
dr

T

< 1.
L= (2,T*%)

We take the scalar product of the limit equation with W and integrate over ¥. From the Bochner

formula (4.3.1), we get:
1
2/ |LW |? dpg —a—/ |LW|< >dug°
/|VW|2du9°+f/ [W|? dpgo ga\/i/ VIV H |W |dpo
pX 2Js pX T

2
<a / oW P+ [ ] WPy
b

1 2 (%
— WI°dude < =
2/,:| =

d 2
T / W 2du,
Lo JX
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where we used the well-known inequality ab < % + % with a = v2|VW/| and b = |%| |[W|. The last

inequality immediately yields that W = 0 since we assumed that H% Him < 1and a€[0,1].
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