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Introduction

This thesis is a contribution to the field of logic in computer science. In the setting of ludics,
a system that fits into the Curry—Howard correspondence, we study the formulas/types
from both a logical and a computational point of view. The focus is set in particular on
inductive data types, functional types and non-linearity. We analyse the structure and the
interactive properties of the objects considered, two aspects closely related in ludics where
interaction is the central notion.

Context

Proofs as Programs

The Curry—Howard correspondence is a striking connection between proof theory and pro-
gramming language theory. It states that proofs and programs are the same objects, in a
sense that can be made precise. This observation has shed a new light on two fields of
research, that were previously independent, and has led to fruitful interactions.

Proof theory is the branch of mathematical logic studying proofs as formal objects. It
grew in the beginning of the 20 century. At that time, mathematics were going through a
foundational crisis, leading to an increasing demand for formalism, in particular under the
impulsion of Hilbert. In 1934, Gentzen introduced natural deduction [Gen34], and sequent
calculus the following year [Gen35], as formal syntaxes for proofs, so as to demonstrate
the coherence of arithmetic. The main theorem (Hauptsatz) of these systems is the cut-
elimination theorem: any sequent calculus proof with cuts, corresponding to the use of a
lemma, can be rewritten in a cut-free proof of the same statement.

Around that period also, several models of computation were developed, in particu-
lar the famous Turing machines [Tur36]. Another one was the A-calculus, imagined by
Church [Chu41] as a theory of functions for the foundations of mathematics, but then re-
cast into a successful computational tool. It has since been particularly well-suited for the
theoretical analysis of functional programming,.

First observed by Curry [Cur34] in the 1930s for combinatory logic, the proof-program
correspondence was later made precise by Howard [How80] who describes how simply-
typed A-calculus and intuitionistic natural deduction coincide. What is now known as
the Curry-Howard correspondence can be presented as the identification of three main
layers: formulas correspond to types, proofs to programs, and cut-elimination to program
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Logic Programming
formulas types
atomic formula base type
logical connective type constructor
proofs programs (A-terms)
introduction of = abstraction
elimination of = application
cut-elimination evaluation (3-reduction)
cut redex

Figure 1: The Curry-Howard correspondence

evaluation (see Figure 1). The third (dynamic) part of this correspondence is particularly
interesting, since it means that the cut-elimination procedure of proofs actually computes.
Curry-Howard has since been extended to various logics or computational features, bring-
ing a better understanding to both logical systems and programming languages. In partic-
ular, it was at the origin of the emergence, 30 years ago, of linear logic.

From Linear Logic to Ludics

LINEAR LOGIC AND CONNECTIVES. Linear logic [Gir87, Gir06] arose from Girard’s study
of coherent spaces as a denotational model for system F, a second-order A-calculus. Itis a
logic concerned with resource consumption. Typically, the intuitionistic implication = is
decomposed into two operations:

A= B becomes !1A—o B

where ! (of course) allows multiple uses of A, while —o (lollipop) is an implication that
linearly consumes its source to turn it into its target. Hypotheses are now resources: the
number of times a hypothesis is used in a proof does matter. As a consequence, we dis-
tinguish between the connectives of linear logic that are strictly linear, the multiplicative—
additive connectives (®, @, %, &, —o), and those which deal with duplication and erasure,
the exponentials (!, 7). The structural rules are restricted to exponential formulas, so as
to precisely control the use of resources. This restriction leads to several versions of the
usual connectives. In particular, we have:

« a multiplicative (® tensor) and an additive (& with) conjunction,

« a multiplicative (% par) and an additive (& plus) disjunction.
These connectives are multiplicative or additive depending on how the logical rules asso-
ciated deal with context. They also come with polarities: ® and & are said positive while
& and % are negative.

POLARISATION AND FOCALISATION. The distinction between positive and negative con-
nectives comes from the observation that the inference rules associated to negative ones
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are reversible, contrarily to the rules for positive ones. Reversibility means that the conclu-
sion of a rule is provable if and only if its premises are. As a consequence, during proof-
search, one can safely start by decomposing negative formulas without losing anything in
terms of provability. Starting from this idea of reversibility, Andreoli [And92] goes further
with focalisation, a remarkable property satisfied by linear logic proofs. It relies on the
observation that the positive rules also have interesting characteristics. Focalisation states
that any provable formula admits a focalised proof, that is, a proof constructed according
to the following proof-search strategy:

« if the sequent contains a negative formula then decompose this formula,

« otherwise, try and choose a positive formula, and decompose it and its subformulas

until obtaining a negative formula.

Focalised proofs are thus proofs in the branches of which negative and positive layers
of rules alternate. Therefore, it is possible to design a proof system with synthetic con-
nectives (gathering layers of connectives of same polarity), where there are a generalised
positive rule and a generalised negative one. A proof then alternates such rules. The fo-
calisation discipline has played a major role for the design of polarised linear logic [Lau02]
and ludics [Gir01].

FroM PROOFS TO DESIGNS. In Girard’s presentation of ludics [Gir01], the basic objects,
called designs, look like proofs of multiplicative—additive linear logic (MALL) in which we
would have erased the formulas, keeping only the structure. More precisely, designs are
derived from proofs that are focalised and with synthetic connectives. We give an idea of
how this is done. Below is a very simple example of (part of) a focalised MALL proof with
synthetic connectives, where A, B, C, D are positive formulas.

FAB c rD
“ARB C&D
F(A®B)@(C&D) & E

Notice that the first rule from the bottom decomposes the synthetic positive connective
(_® _) @ _. If we forget about the formulas, and we only keep some information about
their location, the previous proof becomes:

FE10,614 FE28 FE23
E1r £2r
S

After pushing negative formulas on the left side of the symbol I, all formulas have been
replaced by finite sequences of numbers corresponding to addresses, where:
« the conclusion formula is given any address &,
« for every formula of address o, its immediate subformulas (with respect to synthetic
connectives) are given an address of the form o.n for n € N,

9
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For example here, £.1 is the address of the subformula A % B. Now, if we keep only the
tree structure of the proof and we label each node by an action corresponding to the logical
rule used, we get the following:

(L.1.{04))  (—.€2.08)  (—.£2.{3))

~ |

(+:¢{1,2})

An action (€, 0, R) is composed of:

« a polarity € € {—, +}, corresponding to the polarity of the logical rule applied,

« an address o, corresponding to the location of the active formula of the rule,

« a ramification R C N, indicating the subformulas freed by the rule, and that can

possibly be used as active formulas above this node.

Such a tree is a design. However, designs can be infinite both in height and in width
in general; in particular, there is no equivalent of the axiom rule, replaced instead by an
infinitary n-expansion. Moreover, there exists a special action daimon in ludics that has no
proof-theoretic equivalent. A detailed exposition of the way designs derive from focalised
proofs is found in Curien’s notes [Cur05].

COMPUTATIONAL DESIGNs. Terui [Ter11] introduces another syntax for designs: instead
of proof skeletons, designs are terms in the style of m-calculus. In this new syntax, the
design previously given as example becomes:

x|a(b(y, z).p1,c(s).pe + d(t).ps)

where p1, p2, p3 are positive designs. The symbols a, b, ¢, d are called names and generalise
the notion of ramification. x|a is a positive action of address x, while b(y, z), ¢(s) and d(t)
are negative actions, and do not have explicit addresses. The relation between an address
and its sub-addresses in Girard’s syntax is partially recovered here as variable binding.
The original formulation of ludics by Girard emphasises the geometry of proofs, while
Terui’s syntax insists on their computational aspect; both have their advantages, but we
shall prefer the latter for this thesis.

Ludics, an Interactive Semantics

Lupics. When introduced by Girard [Gir01], ludics was aimed at providing a framework
to reconstruct logic from scratch. In particular types/formulas are not given but are recov-
ered from interaction. Girard proves that ludics gives a fully complete model for a polarised
variant of MALL with second-order quantification, and since then other polarised variants
of linear logic have been considered in ludics, with exponentials [BF11, BT10b] or fixed
points [BDS15]. The computational meaning of ludics has also been explored, in partic-
ular by viewing designs as data or functions [Sir15, Ter11] and by considering ludics as

10
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a foundation for logic programming [Sau08]. The similarities between ludics and game
semantics have been investigated [FH02, BF11, FQ13, FQ16]. All these works have proved
ludics to be a fruitful setting for both logical and computational purpose.

INTERACTION AND BEHAVIOURS. As we have seen, designs are proof structures without
formulas, we could say untyped proofs. Designs only retain from proofs the relevant infor-
mation with respect to cut-elimination, that is the tree structure and the formulas’ location.
And this is precisely the dynamics of cut-elimination, called interaction in ludics, that al-
lows to recover the typing for designs. A cut occurs between two designs when they share
a common location with opposite polarities, and interaction eliminates such cuts. A partic-
ularly interesting case is closed interaction, corresponding intuitively to eliminating a cut
between a proof of A and a proof of A, which may seem surprising. This is made possible
by the special rule "X (daimon) of ludics, allowing to “prove” anything. As a consequence,
designs are more general than proofs, since some are cheating by using the daimon. Inter-
action can be seen as a confrontation between two proof sketches, where each one tries to
refute what the other asserts, and if one eventually plays "X it means “I give up” and the
process stops. From a programming perspective, X corresponds to an error/exception at
runtime, causing an interruption of the execution.

cut

The reason why closed interaction and the daimon are needed is to be able to recover
the types of ludics, the behaviours. A closed interaction leads either to 4 — if the two de-
signs discuss gently until one gives up — or to {2 - if one is unable to answer an unexpected
question of the other or if the dialogue lasts forever — which are interpreted respectively
as convergence and divergence. Two designs are orthogonal if their interaction converges,
and a behaviour B is a set of designs closed under bi-orthogonal.

BJ_J_:B

Equivalently, it is the set of all the designs which pass the same set of tests B+, where tests
are also designs. The idea is that of assimilating a formula to the set of its proofs. Ludics
thus fits in Curry-Howard as follows: designs correspond to proofs/programs, interaction
is cut-elimination/evaluation, and behaviours are equivalent to formulas/types.

11
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LOGICAL CONNECTIVES AND COMPLETENESS. As soon as introducing ludics, Girard pro-
vides a full completeness result for polarised MALL. The interpretation of MALL formulas
as behaviours relies on constructors that combine behaviours in order to form new ones;
such constructors are called logical connectives, since they correspond to actual connec-
tives of linear logic. The typical way to define a connective in ludics is by taking the
bi-orthogonal closure of a set of designs built from the designs of other behaviours.

11
A®B= ;; ;; DEAccB
N

Closing by bi-orthogonal ensures that a set constructed this way is a behaviour. How-
ever, there exists a fundamental result called internal completeness which states that the
bi-orthogonal closure is actually not necessary for such a set to be a behaviour. This prop-
erty thus gives a direct and compositional description of the contents of behaviours con-
structed by logical connectives. Internal completeness is a key prerequisite for the full
completeness result.

Lubpics AND OTHER SEMANTICS. Ludics can be seen as a variant of game semantics, and
more particularly of the one proposed by Hyland and Ong [HO00] (HO games). Game
semantics has successfully provided fully abstract models for various logical systems and
programming languages, in particular PCF [HOO00, Nic94, AJM00]. A computation is mod-
eled as a play between a player and an opponent who move alternatively, following the
game rules given by an arena. A set of plays on an arena can constitute a strategy for the
player. In ludics, the interaction between two designs can be described as a play, and de-
signs resemble strategies. Faggian and Hyland [FHO02] actually describe ludics as a game
semantics on a universal arena. Other pieces of work cultivate the analogy [BF11, FQ13,
FQ16], the common idea being to describe designs in terms of the traces of their possible
interactions. However, ludics is more symmetrical than game semantics, designs being
strategies for either the player or the opponent. This symmetry comes from the daimon,
and enables closed interaction, which has no equivalent in game semantics. The possibility
to differentiate between divergence and termination allows to recover the types interac-
tively, instead of fixing an arena a priori by restricting the possible moves. In other words,
no game rules are given before we start playing. As a consequence, studying types in lu-
dics is more about exploring than constructing. The semantic types of ludics, obtained by a
bi-orthogonal closure, are reminiscent of the way types are defined in classical realisability
[Kri09] and in geometry of interaction [Gir89]. On a higher level of abstraction, this is also
similar to the double-glueing categorical construction [HS03]. Let us finally mention that
designs and their interaction fit into the framework of abstract Bohm trees [CH07], which
are kind of strategies together with an abstract machine, general enough to embed Bohm
trees, A-calculus, PCF and, as a matter of fact, ludics.

12
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Inductive, Functional and Non-Linear Types in Ludics

A Structural Approach

EXPLORING THE TYPES OF LUDICS.  Original (linear) ludics contains many other behaviours
than those interpreting MALL formulas, and even more if we consider non-linear exten-
sions of ludics. The starting point of our research is the following question: since most
behaviours are not the interpretation of linear logic formulas, what are they? This ques-
tion — raised from the beginning of ludics - brings the idea that the remaining behaviours
could have an interesting logical or computational counterpart. Exploring the behaviours
demands that we study the way they interact, and interaction in ludics is intimately linked
to the structure of the objects. We have several tools available to analyse the structure of
behaviours, the first and maybe most important one being internal completeness. Other
tools are visitable paths, regularity and purity.

Patns. The result of a closed interaction gives no information but convergence or diver-
gence. On the other hand, the trace of the interaction process is much more informative.
Exploiting this idea, Fouqueré and Quatrini [FQ13] define paths as a ludics equivalent of
plays in HO games. A path is a sequence of actions describing an interaction. What is
interesting is to consider the set of visitable paths at the level of a behaviour; this set
characterises the behaviour in the sense that all the possible interactions are captured.
Regularity and purity are two interactive properties of behaviours that rely on the notion
of visitable path.

ReGuLARITY. Informally, a behaviour B is regular if every path in a design of B is re-
alised by interacting with a design of B+, and vice versa. In this thesis, we prove an
internal completeness result for infinite unions of behaviours — discussed later — which
relies on the hypothesis of regularity for these behaviours. This property is not actually
ad hoc: it was introduced by Fouqueré and Quatrini [FQ16] to characterise the denota-
tions of MALL formulas as being precisely the regular behaviours satisfying an additional
finiteness condition. In this direction, our intuition is that — letting finiteness aside - reg-
ularity captures exactly the behaviours corresponding to tMALL formulas, a logic with
fixed points [Bael2].

Purity. Thinking of Ludics as a programming language, we would like to guarantee type
safety, that is, ensure that “well typed programs cannot go wrong” [Mil78]. This is the pur-
pose of purity, a property of behaviours: in a pure behaviour, maximal interaction traces
are M4-free, in other words whenever the interaction stops with "¢ it is actually possible
to ask for more and continue the computation. Introduced by Sironi [Sir15] (and called
principality in her work), this property is related to the notions of winning designs [Gir01]
and pure designs [Ter11], but at the level of a behaviour.

13
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OuRr coNTRIBUTIONS. This thesis begins by providing the tools we will need to study the
behaviours in the following. We employ the elegant term-calculus formulation of ludics
proposed by Terui [Ter11] (restricted to linear designs). In this syntax, it is not entirely
possible to consider actions individually since designs are compiledin a sense, but adapting
the notion of path requires that we do so. More precisely, we need to recover addresses
for all actions, and this is done with a notion of located actions.

A path corresponds to the trace of an interaction between two designs; but designs
may split during the process, leading to an interaction between more than two designs
after some reduction steps. As a consequence, if we want to define the interaction path
inductively, we need to consider interaction between two sets of designs, which we call
multi-designs. And we do need to give an inductive definition of interaction path, so that
some results can be proved by induction on the length of a path. In particular, we prove
that two (multi-)designs are orthogonal if and only if there exists a path appearing on both
sides.

Following Fouqueré and Quatrini [FQ16], we study the logical connectives |, T, ®, ®
and —o of ludics (where | and T are shifts of polarities) in terms of their visitable paths.
For example, the case of @ is easy: the set of visitable paths of M & N, noted Vg, is
essentially the disjoint union of V1 and V. Difficulties come with the tensor, because in
the general case the set Vargn is described using a tricky condition; moreover, the proof
relies on results proved with multi-designs. Using the form of the visitable paths of the
connectives, we prove that regularity is stable under all such behaviour constructions, and
purity is stable under all except —o.

Fixed points, inductive and functional types

FIXED POINTS THEORY. Induction and coinduction, especially the first one, are common
methods in mathematics for definitions and proofs. They deal with fixed points: a def-
inition by induction corresponds to describing the least fixed point of some operator,
while coinduction is a greatest fixed point. The interest that computer science shows in
fixed points probably finds its origins in theorems such as Knaster-Tarski’s [Tar55] or
Kleene’s [Kle52]. Given a complete lattice and a monotone operator over it, the Knaster—
Tarski fixed point theorem ensures the existence of a complete lattice of fixed points, en-
tailing in particular the existence of a least and a greatest fixed point. Kleene’s theorem
has a more constructive flavour: it constructs the least fixed point of a continuous function
over a complete partial order (CPO) as the supremum of an ascending chain. The use of
fixed points has then spread in areas such as recursive functions [Rog67], formal languages
[HMUO07] and, more interestingly for us, in the study of the semantics of programs [SS71].
One may refer to [San09] for a good historical background of fixed points in computer
science.

FIXED POINTS IN LINEAR LOGIC. Reasoning about induction and coinduction in logic can
be done by adding fixed points. In particular, it is possible to extend MALL with least and
greatest fixed points, leading to yuMALL [Bae12]. In this logic, the formulas are those of
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MALL to which are added some of the form
uX.A and rX.A

where second-order variables can appear in A. There are logical rules associated to the
(dual) connectives p and v, and the whole system enjoys cut-elimination and focalisation.
The interest of such a logic is to gain some expressivity by allowing an infinite use of
resources, which is usually handled by the exponentials in linear logic. Fixed points can
thus be seen as an alternative to exponentials.

FIXED POINTS IN LUDICS. Baelde, Doumane and Saurin [BDS15] provide a ludics model
for uMALL,; their work is the starting point for our study of inductive types in ludics.
They interpret formulas of the form puX.A and v X.A as respectively the least and the
greatest fixed point of an operator over the positive behaviours. The existence of such
fixed points behaviours is ensured by the Knaster-Tarski theorem, but this approach is
non-constructive in the sense that it does not provide an explicit way to build the fixed
points. We shall overcome this by using Kleene’s fixed point theorem instead.

Fixed points have also been studied in other settings close to ludics. Both McCusker
[McC98] and Clairambault [Cla09] have considered fixed points in game semantics. Mel-
liés and Vouillon [MV05] have introduced a realisability model for recursive (i.e., inductive
and coinductive) types.

DATA AND FUNCTIONS. Functional programming usually deals with data, functions over
data and functions over functions. Data types allow one to present information in a struc-
tured way. Many data types have a natural inductive (e.g., natural numbers, lists) or coin-
ductive (e.g., streams, infinite trees) structure, thus fixed points are particularly well-suited
to present them from a theoretical perspective. The representation of both data and func-
tions in ludics has been studied previously. Terui [Ter11] proposes to encode them as
designs in order to express computability properties in ludics; in his work, data and func-
tions are not considered at the level of behaviours, i.e., of types. Sironi [Sir15] describes
the behaviours corresponding to some data types: integers, lists, records, etc. as well as
first-order function types.

OUR CONTRIBUTIONs. Our aim is to interpret constructively the (potentially inductive)
data types and the (potentially higher-order) functional types as behaviours of ludics, so
as to study their interactive properties. We describe the language of data patterns — much
inspired by the syntax of utMALL formulas — in which all the usual (inductive) data types
can be written, for example

Nat = uX.(zero® X) .

Following [BDS15], we interpret these patterns compositionally as behaviours constructed
by logical connectives and by fixed points. The novelty is that we provide an internal com-
pleteness theorem for fixed points, so that such data behaviours can be described in a con-
structive way. This result states that, given an infinite sequence (A,,),en of increasingly

15



INTRODUCTION

large behaviours satisfying particular conditions (among which regularity), we have

(Jay*=U A

neN neN

By Kleene’s fixed point theorem, the behaviour interpreting an inductive type uX.A is
of the form (|, ¢y A,,)*+; our internal completeness result applies here, and it indicates
that the bi-orthogonal closure is unnecessary, thus a fixed point behaviour is obtained as
a simple union. Using this, we prove that all data behaviours are regular.

We also combine data behaviours to construct the functional behaviours: a behaviour
of the form A —o B is the set of designs that, when interacting with a design of type A,
outputs a design of type B. In particular, our framework includes higher-order functions.
Functional behaviours are proved to be regular too, but on the other hand not always
pure. More precisely, we give a characterisation of impure function types: we show that
a functional behaviour fails to satisfy purity if and only if it is higher-order and takes
functions as argument; this is typically the case of

(A—-B)—C.

We prove however that under a well-bracketedness condition we can avoid such errors in
the execution of ludics programs. We will discuss the computational meaning of this result,
making a parallel with HO games.

Our results concerning inductive and functional types in ludics have been presented
in a CSL paper [Pav17].

Exponentials and Non-Linearity

ExpoNENTIALS. Although nice and well-behaved, MALL is a weak logic. Recovering
more expressive power requires that we go beyond this strictly linear fragment of lin-
ear logic; one way to do this is with fixed points, that we just mentioned, and another
is by considering exponentials. The exponentials come as two unary connectives, dual to
each other, ! (of course) and ? (why not). Among the cut-elimination steps dealing with
exponentials, the interesting one is between the rules of contraction and promotion:

T
1 g FQ
. s ; FT, A :

; : F, A FLIA T APAL 74
LA FA7AL 24L T4 FT, A, 2 AL cut
riAl  FAal ¢ 7T, 7T, A cut

T A cut A C

Notice that proof m; is duplicated in this process. Such duplications are precisely what the
concept of non-linearity wants to capture in logic. On the other hand, from the program-
ming point of view, non-linearity expresses the ability for a program to use its arguments
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multiple times, or to be called multiple times. The relationship between exponentials and
fixed points, as two alternatives to upgrade MALL, has been studied, in particular by Baelde
and Miller [BMO07, Bae12]. The two features seem to have different expressive power, but
from our understanding it is not so clear what one can do that the other cannot. Baelde
and Miller have encoded ¢tMALL in LL2 (linear logic with second order quantification),
however they doubt that the same is possible without second order; the other way round,
they remark that fixed points satisfy structural rules, but we do not fully apprehend to
what extent this makes it possible to get by without exponentials.

NON-LINEARITY IN LUDICS. Original ludics [Gir01] is linear, which is enough to capture
the multiplicative—additive fragment of linear logic but not the exponentials. Moreover,
linear designs are unable to model programs that can be called arbitrarily many times
during an execution. Hence the need for non-linear ludics. Non-linearity manifests it-
self in the possibility for an address to be repeated in a design. This implies that, dur-
ing an interaction, designs may be duplicated. There have been various works to extend
ludics so as to handle duplications with non-linearity. Maurel [Mau04] was the first to
propose such a framework: he allows repetitions of addresses in Girard’s designs, adding
justification pointers to discard possible ambiguities. The syntax of Terui [Ter11] is na-
tively able to describe non-linear designs. In a game semantics fashion, Basaldella and
Faggian [BF11] introduce neutral actions to get non-deterministic counter-designs inter-
acting against non-linear designs, and they show a full completeness result for a polarised
version of multiplicative—exponential linear logic (MELLS). The same idea of non-linearity
against non-determinism is employed by Basaldella and Terui [BT10b] who simply extend
the designs—as—terms syntax of [Ter11] with non-deterministic superpositions of positive
designs; this allows them to recover exponentials by capturing full polarised linear logic
(LLP). With non-linearity, some interesting properties of ludics are lost. Designs are no
longer separable, thus two different designs may have exactly the same orthogonal designs.
Because of that, internal completeness does not hold for positive connectives in non-linear
ludics.

Another approach for modelling the exponentials in ludics relies on linear approxima-
tions, in the way of the Taylor expansion of A-terms [ER08], as done by Mazza [Maz17].
This approach is closer to AJM games [AJM00] than HO.

NON-DETERMINISM AS THE DUAL OF NON-LINEARITY. If non-linearity is considered with-
out non-determinism, some designs have parts that cannot be visited by interaction. In
order for interaction to take fully advantage of non-linear designs, one can introduce
non-deterministic counter-designs. This is the same idea underlying the necessity of "4
to have enough counter-designs against linear designs. Non-determinism corresponds
to a non-uniform semantics for programs: when called twice, a program is allowed to
change its mind and to give a different result. The non-determinism considered in ludics
[BF11, BT10b] is universal, which means that an interaction converges only if every single
choice leads to the daimon.
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OUR CONTRIBUTIONS. We settle the bases for an exploration of non-linear ludics, so as to
better understand the structure of exponential behaviours. We employ the formalism of
Basaldella and Terui [BT10b]. In this enriched framework, we adapt several notions intro-
duced in the linear setting. What we are particularly interested in is internal completeness
and a notion of path that can capture interaction traces.

As already mentioned, general internal completeness does not hold anymore for pos-
itive connectives. We prove an alternative result for the connectives |, ®, @ that can be
seen as a weaker form of internal completeness. In the case of the tensor, the result states
the following: a design 0 € N1 ® Ny is the gathering of two designs 0; and 95 linked by
a supplementary action corresponding to ® at the base:

but instead of having 9; € N; (as internal completeness in the linear case), our result states
that the result of interaction between 9; and any design in (N; ® Nz)L is in N;. Such
a result is similar to what has been obtained by Basaldella and Faggian [BF11]; however,
their setting is different, and they do not consider additives.

In a non-deterministic setting, an interaction is not described by a single path anymore.
To overcome this, we introduce n-paths which are sets of paths that are coherent in some
sense. We give arguments, but not a formal proof, of why n-paths must be the good notion
to capture interaction between two orthogonal non-linear and non-deterministic designs.
We also propose other conjectures on visitable paths in this setting.

A lot of work is still to be undertaken in non-linear ludics. In particular, we aim to
generalise our study of data and function types to this non-linear setting. Another goal we
would like to achieve is characterising the behaviours corresponding to LLP formulas by
a regularity argument, the same way Fouqueré and Quatrini [FQ16] characterised MALL.

Outline

The thesis is organised as follows:

+ In Chapter 1, after reviewing the basic notions and some important theorems of
ludics, we adapt the notion of path to Terui’s syntax for designs and we present
regularity and purity.

« Chapter 2 is a technical one, in which we introduce multi-designs so as to prove the
existence and uniqueness of the interaction path for two orthogonal (multi-)designs,
as well as other useful results.

« Chapter 3 makes the connection between logical connectives and paths, by provid-
ing the form of the visitable paths of behaviours constructed by connectives, and
showing that regularity and purity are stable under the connective constructions.
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« In Chapter 4, we interpret the inductive data types as behaviours using logical con-
nectives and least fixed points. We show that such behaviours are regular and pure,
and we provide a new internal completeness result for infinite unions of behaviours,
unveiling the structure of fixed points behaviours.

« In Chapter 5, functional types are interpreted as behaviours as well, and we show
that a behaviour of this kind is impure if and only if it corresponds to a type of
functions that take functions as arguments.

« Finally, Chapter 6 is focused on non-linear ludics. In this setting, we provide alter-
native results to internal completeness for the positive connectives, and we describe
an interaction as an n-path. We end by suggesting some future work concerning
paths in non-linear ludics.
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1 Ludics and Paths

This first chapter introduces ludics and settles precisely the tools we will need in the fol-
lowing. We describe linear designs and paths, which are our main focus in this thesis.
The framework will occasionally be extended, though: in Chapters 2 and 6 we generalise
our approach by considering respectively multi-designs and non-linearity. In the other
chapters, the definitions given here fully apply.

In his seminal paper [Gir01], Girard gives an extensive presentation of ludics. The
original syntax he introduces, driven by a sound conceptual point of view, gives clear
intuitions on how designs are derived from sequent calculus proofs. However, it lacks
practicality. Instead, we choose to adopt the formalism of Terui’s computational ludics
[Ter11], which is presented as a term calculus (akin to A-calculus or 7-calculus). We find
this syntax easier to get accustomed to, moreover it can easily embed non-linearity, thus
it is best suited for our purpose.

In Section 1.1, we recall the classical notions of ludics: designs, interaction, behaviours,
incarnation and logical connectives. We also state three fundamental theorems that will
be needed later; the first two, associativity and monotonicity, are known as being part
of the analytical theorems, some remarkable properties of designs and normalisation; the
third one, internal completeness, gives a direct description of behaviours constructed with
logical connectives. Then in Section 1.2 we adapt to Terui’s setting the work of Fouqueré
and Quatrini [FQ13] about paths, which was originally conducted in Girard’s syntax for
ludics; this approach, which brings closer ludics and game semantics, will be one of our
guidelines all along this thesis. It allows us, in Section 1.3, to define regularity and purity,
two interactive properties of behaviours that we will get back to for the study of data and
function types.

1.1 Computational Ludics

Let us introduce the necessary ludics background for the rest of the thesis. The designs
are the primary objects of ludics, corresponding to proofs or programs. Cuts between
designs can occur, and their reduction is called interaction. The behaviours, i.e., the types
or formulas of ludics, are particular sets of designs, and are defined thanks to interaction.
Compound behaviours can be formed with logical connectives constructions which satisfy
internal completeness, a remarkable property giving a direct description of the behaviours.
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CHAPTER 1. LUDICS AND PATHS

1.1.a Designs, Interaction and Associativity

The atomic blocks of designs are actions. Suppose given :
« an infinite set V) of variables and
« a countably infinite set S, called signature, and an arity function ar : S — N. The
elements a,b,--- € S are called names, and we will sometimes write their arities
as superscripts: a’, b7, ... where 7,7 € N.
Definition 1.1.1 (Action)

A positive action is either " (daimon), 2 (divergence), or @ with a € S. A negative
action is a(z1,...,z,) where a € S, ar(a) = n and z1,...,z, € V) distinct. An
action is proper if it is neither "X nor (2.

Definition 1.1.2 (Design)

Positive and negative designs are coinductively defined by:

p o= K | Q | x|a<n1a--'vnar(a)> | n0|a<n17"',nar(a)>a

n o= Zaesa(m‘f,...,xgr(a)).pa :

The daimon X is for convergence, {2 for divergence. Proper positive designs (i.e., different
from »I and () play the same role as applications in A-calculus: either a variable x or a
negative design ng is applied, via a name a, to as many negative designs as the arity of a.
Negative designs are a superposition of abstractions, where each name a € S binds ar(a)
variables and is followed by a positive design. Compared to the designs of [Ter11], our
definition introduces only a minor change: we do not consider identities, a way to consider
the axiom rule in ludics, which can instead be encoded as an infinitary 7-expansion.

Notation

In the following, the symbols 0, ¢, ... refer to designs of any polarity, while p, q, . ..

and m,n, ... are specifically for positive and negative designs respectively. Moreover,
we will often use the following notations:

e a(7) fora(zy, ..., zn) and (W) for a(ny ... ny,),

e Q for) s a(:n_a)).ﬂ and z[a(Q2™) for z|a(Q—,...,Q7),

« we will write partial sums for negative designs, for example a(z,y).p + b().q
instead of a(x, y)-p +b().0 + > 24 o0 c(?)Q

Given a design 0, the definitions of the free variables of 9, written fv(?), and the
(capture-free) substitution of x by a negative design n in 0, written d[n/x|, can easily be
inferred, as well as the a-equivalence between designs. For the formal definitions, refer to
[Ter11]. We will consider designs up to a-equivalence.

Let us give some more definitions:

« A design is total if it is # 2, it is proper if it is # (2 and # M.

+ A subdesign of a design 0 is a sub-term of .
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1.1. COMPUTATIONAL LUDICS

« A cutis a positive design of the form ng|a( 7> and a cut in a design ? is a subdesign

of 0 which is a cut. We call cut-free a design that contains no cut.

In this thesis — except in Chapter 6 — we will focus on linearity. Thus in the following
when writing “design” we mean “linear design”, as defined below. Linearity forbids the
repetition of a variable in two different parts of a design that may be used during the same
interaction.

Definition 1.1.3 (Linear design)

A design is linear if for every subdesign of the form z|a(™) (resp. ng|a(w)), the sets

{x}, fv(ny), ..., fv(nar()) (resp. the sets fv(ng), fv(n1), ..., fv(ny(q))) are pairwise

disjoint.

Interaction provides a cut-elimination procedure, which corresponds to S-reduction if
we consider a cut as a redex of \-calculus.

Definition 1.1.4 (Normalisation / interaction)

The normalisation of designs — also called interaction between designs, when two
sides are clearly identified - is obtained by means of a reduction step applied on cuts:

Zaesa(x%,...,xgra).pa]5<n1,...,nk> ~ pb[nl/xl{,...,nk/xZ] .
(a)

Let p be a design, and let ~~* denote the reflexive transitive closure of ~- ; if there exists
a design q that is neither a cut nor €2 and such that p ~»* q, we write p || q; otherwise we
write p . The normal form of a design, which is a particular cut-free design, exists and is
unique [Ter11]:
Definition 1.1.5 (Normal form)
The normal form of a design 9, noted ([0)), is defined by

p) =K ifp %,
pD =0 lfp ﬂ 9
p) = zfa((m), ..., (nel)) if'p I zfa(n,...,ne)

Example 1.1.6

Let g, 71, T2, 3 € V, be distinct variables and a', b, ¥ € S be names. Consider the
following designs:

p = zola(b(z1).(z1]e())) and  n = a(xs).(w3]blc().(xa]blc()MH)))) .

The interaction between n and p, when n is substituted in p on variable z(, corresponds
to the following reduction steps (where bold vertical bars correspond to cuts, for the
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CHAPIER 1. LUDICS AND PATHS

sake of readability):

pln/zo] = alws).(e3]B(c().(22lB(c() ) | alb(er).(1]2()
e 3 [Be).(ba)- (@1 [20)) | Be() )
e 3 [Be). () F) [ 20)))
w23 B(c() )

Thus the normal form is (p[n/zo]]) = z3|b{(c(). %)

Finally, we state the associativity theorem, one of the important results in ludics which
corresponds to a weak form of the Church-Rosser property. This theorem justifies refer-
ence to “the” normal form of a design.

Theorem 1.1.7 (Associativity)
Let 0 be a design andny, ... ny be negative designs.

@M1 /y, e /yl) = (@DI(mD/y1, -5 (meD/ys]) -

This result has first been established by Girard [Gir01]. The theorem, in the form given
above, has been by Basaldella and Terui [BT10b].

1.1.b Behaviours

In the next section, we will describe a particular interaction as a sequence of actions, or
path (Definition 1.2.10). By “particular” we mean that the interaction should be:

+ two-sided, i.e., we can clearly identify two designs (or two sets of designs, see Chap-
ter 2) corresponding to the duality program/environment or player/opponent, so
that the trace of the interaction can be recorded on either side.

« closed, i.e., it does not produce a concrete result but outputs only an indication on
termination of the computation: either " (convergence) or () (divergence).

To this end, we consider atomic designs and we study the interaction between two atomic
designs, which is the simplest interaction of this form. In the rest of this thesis, we dis-
tinguish a particular variable xg € V), that cannot be bound: it is reserved for positive
atomic designs, and plays the role of an initial location.

Definition 1.1.8 (Atomic, closed)

Let ? be a design.
« 0is atomic if 0 is positive and fv(d) C {x(}, or if 0 is negative and fv(2d) = (.
+ 0 is closed if it is positive and it has no free variable.

Note that the normal form of a closed design is either *X or €2, in other words either con-
vergence or divergence. This binary possibility of output leads to distinguish between two
forms of closed interaction:

« the well-typed one, which guarantees termination (*X),
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1.1. COMPUTATIONAL LUDICS

« the bad one, in which infinite chattering occurs (£2).
In particular, if p and n are atomic then p[n/xo] is closed, and the orthogonality relation
between two atomic designs of opposite polarities indicates the convergence of their in-
teraction. A ludics type, called behaviour, is then a set of atomic designs interacting the
same way with their environment, i.e., closed by bi-orthogonal. These notions will be
generalised in Chapter 2 with multi-designs.

Definition 1.1.9 (Orthogonality)
‘ Two atomic designs p and n are orthogonal, noted p L norn L p,if (p[n/xo]]) =&

Given a cut-free atomic design 9, define 9+ = {e cut-free | 0 L ¢}; if E is a set of
cut-free atomic designs of same polarity, define E+ = {0 cut-free | Ve € F,0 L e}.
Definition 1.1.10 (Behaviour)

A set B of cut-free atomic designs of same polarity is a behaviour if B+ = B.

A behaviour is either positive or negative depending on the polarity of its designs.

Notation

Symbols A, B, ... will designate behaviours of any polarity, while M, N ... and
P, Q,... will be for negative and positive behaviours respectively.

With our definition, a behaviour B only contains cut-free designs. We could have
considered the set {0 design | (0]) € B} instead, which is also closed by bi-orthogonal if we
take into account designs with cuts. The reason why we require cut-freeness is technical,
in particular it gives a simple formulation of internal completeness (Theorem 1.1.21).

A behaviour really corresponds to a set of designs with the same “behaviour” since it
can alternatively be defined as the orthogonal of a set E' of cut-free atomic designs of same
polarity - E corresponds to a set of tests or trials. Indeed, £~ is always a behaviour, and
every behaviour B is of this form by taking £ = B™. All the designs passing the set of
tests are equally able to interact with their common opponents, and are therefore part of
the same type.

Example 1.1.11
Let a?,b', " € S. Consider the designs

my = a(xy, 22).(21|b{c().(z2|b{c().

and  mg = a(x1,z2).(22]b{c().(21]b(c().

—
= =
~— —
~ —
~— —

(note that we will soon introduce a tree syntax for designs, which will make m; and
my more readable, see Figure 4 on page 38). The negative behaviour A = {m;, my}++
contains for example the designs

m

a(z1, w2).(21]b{c()- (22[b{c()F)))) + b(y) 2

L=
and  m} = a(x1, 22).(22|b{c()MH)) .
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CHAPTER 1. LUDICS AND PATHS

Indeed, A = {p}+ where

p = zola(b(y1).y11e(), b(y2).y2(c())

and we have m}| L p and m}, L p.

1.1.c Incarnation

Not everything in a behaviour is useful, in the sense that some of its designs may have
parts that can never be visited during interaction. If we go back to Example 1.1.11, notice
that, in design m/, the part “-+b(y) "X is of no use for interacting with designs of A~; if we
get rid of this, we obtain the design m; that is still in A. Hence the notion of incarnation.
The incarnation of a behaviour B is the subset of B containing only the designs whose
actions are all visited during an interaction with a design in B~. Those correspond to the
designs that are minimal for the stable ordering C, where 0’ C 0 if 0 can be obtained from
0’ by substituting positive subdesigns for some occurrences of ). Studying the incarnation
is enough to prove the interactive properties of a behaviour.

Defining formally the incarnation requires to define first both the stable ordering (C)
and the intersection (N). The reader familiar with the original presentation of ludics will
note that these correspond respectively to the inclusion and the real intersection of designs
as sets of chronicles [Gir01].

Definition 1.1.12 (Stable ordering)

C is the largest binary relation R over designs such that:
1. if "R 0 then 0 =X,
if Q R 0 then 0 is positive,
if z[a(W) R0 then d = z|a(™) and n; R m; for 1 < i < ar(a),
if ng|a(w) R 0 then 0 = mg|a(n) and n; R m; for 0 < i < ar(a),
if Y esa(r?).p, Rothend =3 sa(x?).q, and p, R qq foralla € S.

AN Y

Definition 1.1.13 (Intersection)
M is a partial operation over cut-free designs defined by:
o NI =1L,
e pN Q=0n p= Q,
- zfa(W) Nafa(t) = zf@ing Nmy, ... Ny N May) if all n; N m; defined,

° Zaes a(?)'pa N ZaGS a(lj)'qa = ZaGS a(xj)‘(pa N qa) if all Pa N da deﬁned,
« 0N ¢ is not defined otherwise.

The stable ordering means that a design is “less defined” than another, while the inter-
section takes the maximally defined cut-free design which is less defined than two others.
Note that the intersection is defined only between two designs agreeing on the names of
proper positive actions, it is not defined otherwise. This allows to describe the incarnation
of a behaviour B as the set of (cut-free atomic) designs that are minimal for C, but still
defined enough to interact with designs of B+
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1.1. COMPUTATIONAL LUDICS

Definition 1.1.14 (Incarnation)

Let B be a behaviour and let 0 € B.
« The incarnation of 9 in Bis [o|g = ({0’ € B | ?' C 0}. If || = 0 we say
that 9 is incarnated (or material) in B.
« The incarnation |B| of B is the set of the incarnated designs of B.

Remark 1.1.15
The incarnation || of 0 is the smallest (for C) design 9’ such that ' C d and ' € B.

Proof. We easily prove the (contrapositive of the) following assertion («): if 91, 92 and ¢
are cut-free designs such that 01 M0 is defined, if 91 C e or 92 C e then ;M2 C ¢. Hence,
by definition of the incarnation, [0|gp C 0. Moreover, as remarked by Terui [Ter11], the
fact that [0|g € B is due to the stability theorem, one of the analytical theorems of ludics.
Finally, for any other design d’ such that 9’ C 0 and ?’ € B, we have [o|g C ?’, indeed:
since 9’ C 0/, by definition of the incarnation and by («) we deduce [o|g = [o|g N0’ C ?'.
O

Notation

When there is no ambiguity on the behaviour considered, we simply write |9| for [?|5.

By restricting to incarnated designs in a behaviour, we ensure that for any action in
a design there exists an interaction using it, in the sense that this action will be part of
a cut that is reduced at some point of the interaction process. Going further in this idea
(Section 1.3), the regularity property will certify that every valid sequence of actions —
every path — in designs of the incarnation is the trace of an interaction.

1.1.d Monotonicity

As associativity (Theorem 1.1.7), monotonicity is an analytical theorem that we will need
in this thesis. In order to state it, we consider the observational ordering < over designs.
Informally, we have 9" < 0 if D can be obtained from ?’ by substituting:

- positive subdesigns for some occurrences of §2.

« X for some positive subdesigns.
The formal definition is given below.

Definition 1.1.16 (Observational ordering)
=< is the largest binary relation R over designs defined as C (Definition 1.1.12) but
replacing 3'¢ and 4™ items by:
3. if z[a(W) R 0 thend = K or 0 = z|a() and n; R m; for 1 < i < ar(a),
4. if npa(W) R 0 then d = M or 0 = mp|a(m) and n; R m; for 0 < i < ar(a),
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Remark 1.1.17

For all positive designs p and p’, we have:
« Q=p =k,
. ifp C p’ thenp < p’.

We can now state the monotonicity theorem; a proof of the theorem formulated in this
form is found in [Ter11].

Theorem 1.1.18 (Monotonicity)

e Ifo < eandm < n, thend[m/z| < ¢[n/x].
* Ifd < ¢ then ([0)) < (l¢)).

Remark 1.1.19

Monotonicity makes explicit the fact that the relation < compares the likelihood of
convergence: if 9 L ¢ and ® < 0’ then ?’ L e¢. In particular, given a behaviour B, if
€ Bandd <9 then?d' € B.

1.1.e Logical Connectives and Internal Completeness

Behaviour constructors — the logical connectives — can be applied so as to form compound
behaviours. These connectives, coming from (a polarised variant of) MALL, are used for
interpreting formulas as behaviours, and will also indeed play the role of type constructors
for the types of data and functions. For example, one can already guess that the tensor ® is
used to form product types, while the linear map — corresponds to functional types con-
structions. In addition to the usual multiplicative—additive connectives, we also consider
a positive shift I and a negative shift T to handle polarities.

In this subsection, after defining the connectives we consider, we state the internal
completeness theorem for these connectives, which makes explicit the structure of a be-
haviour constructed via logical connectives. This theorem constitutes a first step — and
an important one — towards the precise analysis of the structure of behaviours that we
conduct in this thesis, in particular with the study of data types (Chapter 4) and functional
types (Chapter 5).

In the rest of this thesis, suppose the signature S contains the distinct unary names
A, 71, mo and the binary name p. Remember that z( is the distinguished variable intro-
duced at the beginning of § 1.1.b.

Notation

o« Wewrite V= A,1] =T1,lo =Tioand e = .

« Given a behaviour B and z fresh, define B® = {d[z/x¢] | © € B}; such a
substitution operates a “delocation” with no repercussion on the behaviour’s
inherent properties.

+ Given a k-ary name a € S, we write @(INy, ..., Ny) or even 6<ﬁ> for the set
{zoa(W) | n; € N;}, and we write a(Z).P for {a(Z).p | p € P}.
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« Given a negative designn = ) ¢ a(ﬁ).pa and a name a € S, we denote by

nfa the design a(a?).pa (that is a(ﬁ).pa + 2 bta b(:c?).Q).

Definition 1.1.20 (Logical connectives)

Given negative behaviours M, N and a positive behaviour P, new behaviours can be
constructed by applying the logical connectives defined by:

IN = v(N)++ (positive shift) ,
TP = (A(z).P%)1, with « fresh (negative shift) |,
M & N = (1 (M) U(N))=* (plus) ,
M® N = o(M,N)++ (tensor)
N —-P= (NPt (linear map) .

The connectives 4, T, @ and ® match those defined by Terui [Ter11]. Except —o, which
is defined dualy to ®, all these connective constructions require that we close a set of de-
signs by bi-orthogonal, to ensure it is a behaviour. But the internal completeness theorem
states that this closure is actually unnecessary, i.e., connectives apply on behaviours in a
constructive way. For each connective, we present two versions of internal completeness:
one concerned with the full behaviour, the other with the behaviour’s incarnation.

Theorem 1.1.21 (Internal completeness)

Given negative behaviours M, N and a positive behaviour P, we have:

IN = v(N) U D&} and IN| = v(N|) U DX} |

TP = {n| nla € A(z).P"} and 1P| = a(z).|P7| ,
M&N=u(M)UwN)U{Rt and M@ N[ =4 ([M[) U (N[ U PR},
M ® N = o(M, N) U DX} and M@ N| = o(|M]|,|N|) U DX} .

A proof of this theorem, in a more general form, can be found in [Ter11].

1.2 Paths

The correspondence between ludics and game semantics has been studied [BF11, FH02,
FQ13,FQ16]. It relies on the identification of designs with strategies, by describing a design
as a set of interaction traces. Girard represents such interaction traces as disputes [Gir01];
technically, a dispute is a finite sequence of actions that records the history of a possible
interaction between two orthogonal designs. We choose to adopt the approach of Fouqueré
and Quatrini [FQ13] who give a notion of path following the same idea, except that paths
are defined independently of any design.
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The main interest of paths can be observed at the level of behaviours. Given a be-
haviour B, we can consider all the possible interactions between a design of B and a
design of B+, leading to the set of the visitable paths of B. This set characterises the
behaviour’s structure — being however unable to distinguish between the interaction of
an infinite design and the one of arbitrarily large finite designs in a behaviour, see the
discussion on coinduction in Section 4.4 — therefore it will be subject to much attention
in this thesis. In particular, it is needed for defining and proving regularity and purity of
behaviours (see Section 1.3).

The point of this section is to adapt the definitions and first results of [FQ13] to the
setting of computational ludics (§ 1.2.b). This requires first the recovery of notions from
Girard’s ludics: location and chronicles (§ 1.2.a) — the latter being called views here, to fit the
game semantics approach. Similarities between ludics and HO games are then discussed
further in § 1.2.c.

From now on, anytime we deal with paths, should it even be in the context of multi-
designs (Chapter 2) or non-linearity (Chapter 6), we adopt Barendregt’s variable conven-
tion: for designs in a given context, we always assume that:

1. no variable appears both free and bound, and

2. bound variables all have distinct names.

1.2.a Location and Designs as Trees

Location is a primitive idea in Girard’s ludics [Gir01] in which the places of a design are
identified with loci or addresses, but this concept is not visible in Terui’s presentation of
designs-as-terms. We overcome this by introducing actions with more information on
location, that we call located actions, and which are necessary to:

« represent cut-free designs as trees — actually, forests — in a satisfactory way,

« define views and paths (§ 1.2.b).

Definition 1.2.1 (Located action)

A located action « is one of

Y (daimon) |,

zla(T, .., Tar(a)) (proper positive action) ,

az(T1,- s Tar(a)) (proper negative action)
where in the last two cases, a € § is the name of x, the variables z,z1, ..., Ta(q)
are distinct, « is the address of x and @1, ..., Z4,(q) are the variables bound by . A

positive action is either " or a proper positive action; a negative action is a proper
negative action.

In the following, “action” will always refer to a located action.

Notation
« We will often denote a located action by symbol «, sometimes indicating polarity
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with an exponent: T or k™.
« Like for designs, z|a(7’) stands for z|a(z1, . .., x,) and a.(7’) for
Az (X1, .., Tp).

Thanks to located actions, we are able to give a true representation of total cut-free
designs as trees (forests in general); compared to what is done in [Ter11], we do not need
to label the arrows, all the information is contained inside the nodes. Such a representation
enhances the readability of designs, thus we shall use it in examples rather than terms; it
moreover reminds of Girard’s designs [Gir01] which are related to MALL sequent calcu-
lus derivations. The intuitions for constructing the tree corresponding to a design, given
below, should be read together with Example 1.2.2 as an illustration.

By construction, every total design is a forest of actions, possibly infinite both in height
and in width; it is not always a single tree since a negative design > s a(z%).p, gives
as many trees as there is a € S such that p, # €, but by abuse we might write “tree”
in all cases. To turn the nodes into located actions, the distinguished variable x is given
as address to every negative root of a tree, and fresh variables are picked as addresses
for negative actions bound by positive ones. This way, negative actions from the same
subdesign, i.e., part of the same sum, are given the same address. A tree is represented
bottom-up: the root is at the bottom, and children are above their parent. There is a
one-to-one correspondence between well-formed tree representations and designs, up to
a-equivalence for negative addresses bound by positive actions.

A more precise and concise way to describe the tree representation of a design uses
the views, which we are about to define (§ 1.2.b): simply write all the views of the design
bottom-up, merging the common prefixes.

Example 1.2.2
Let a,b%, ¢!, d° € S. The following design is represented by the tree of Figure 2:

0 = a(x1, x2).(z2lbla(zs, x4) X+ c(y1).(y1]d()) c(y2).(z1]d())))

Fresh variables z; and zy have been picked, both bound by the second node from the
bottom, and used as addresses of negative actions just above it. Two of these three
negative actions have address zj, the other has z9: this depends on the position they
occupy in z2|b( -, - ), first or second.

Definition 1.2.3 (Justification)

Suppose a design 0 is represented as a tree, and let x be a proper action of this tree.

« risjustified if its address is bound by an action «’ of opposite polarity appearing
below « in the tree, we then say that «’ is the justification of x; if x is not
justified, it is called initial.

« r is hereditarily justified by an action «’ of the tree if there exist actions
K1,...,HKp such that K = k1, & = K, and for all ¢ such that 1 < ¢ < n, the
action k; is justified by k1.
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H y1|d() a1]d()
| |
Az (‘T3a $4) Czy (yl) Czy (yQ)
~_ |
2o|b{z1, 22)
|
Az (71, T2)

Figure 2: Representation of design 0 from Example 1.2.2.

Note that except the root of a tree, which is always initial, every negative action is justified
by the only positive action immediately below it.

1.2.b Views and Paths

Characterising an interaction between two atomic designs of opposite polarities is useful
since a behaviour is defined with respect to the possible interactions of its designs, hence
the concept of path. A path is a sequence of actions followed in a design during interaction.
Here we adapt the notions of path, interaction path and visitable path [FQ13] to ludics d la
Terui.

Let us start by giving an intuition of what are the views and the paths of a design. On
Figure 3 (page 34) are represented a view and a path of design 0 from Example 1.2.2. Views
are branches in the tree representing a cut-free design (reading bottom-up), while paths
are particular “promenades” starting from the root of the tree; not all such promenades
are paths, though (see Example 1.2.9).

For every positive proper action kT = z[a(7y/) define kT = a,(7/), and similarly if
k™ = ay(Y) define K~ = z[a(7/). Given a sequence of proper actions s = K1 ... kn,
write 5 for the sequence Ky . . . kp,.

Definition 1.2.4 (Dual of a sequence)

Let s be a finite sequence of proper actions such that if s contains an occurrence of "4,
it is necessarily in last position. The dual of s, written s, is the sequence defined by:
« 5 = 9Xif s does not end with X,
e 5= ifs ="K

Note that 5 = s. The notions of justified, hereditarily justified and initial actions
(§ 1.2.a) also apply in sequences of actions, where indeed the justification of an action has
to be placed before it in a sequence (instead of below in a tree).

Let us define alternated justified sequences, a basis for both views and paths.

Definition 1.2.5 (Alternated justified sequence)

An alternated justified sequence (or aj-sequence) s is a finite sequence of actions
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such that:
+ (Alternation) polarities of actions alternate,
+ (Daimon) if "It appears, it is the last action of s,
+ (Linearity) each variable is the address of at most one action in s.

The (unique) justification of a justified action  in an aj-sequence is noted just(x), when
there is no ambiguity on the sequence we consider.
Notation
« Given an action « and a set of sequences V', we write KV for {ks | s € V}.
« We write € for the empty sequence.
In the next definition, remember that the variable x is distinguished.
Definition 1.2.6 (View, view of a design)
« A view V is an aj-sequence such that each negative action which is not the first
action of V is justified by the immediate previous action.
« Given a cut-free design 0, the views of 0, written V[0], are defined recursively -

together with V[n|, where n is a cut-free negative design and x does not appear
in n - as follows:

- V[Q] =0,
- VPH = {5,
= Vlz[a(w)] = Ui<ar(a) ki Vngy, where k1 = z|a(7/) with 3/ fresh,
- V[n] = V[n]y,,
- VI ues (%) -pale = {e} U{r, [ a € Sand p, # O}
UUges Fa VIpal where K, = ax(xj).

Note that the views of a design indeed satisfy the definition of view. Views are considered
up to a-equivalence, therefore the choice of fresh variables does not matter. This notion
corresponds to the one of chronicle in original ludics [Gir01]. We now show how to extract
a view from an aj-sequence.

Definition 1.2.7 (View of a sequence, anti-view of a sequence)

+ The view of an aj-sequence is defined inductively by:
— |—€—| =,
r B
- sgt =g f£+,
r l

- sk~ =Tk where s is the prefix of s ending on just(x ™),
or sg = € if k™ initial.
+ The anti-view of an aj-sequence, noted L s, is defined symmetrically by revers-

ing the role played by polarities; equivalently Ls1 = 5

Informally, taking the view of an aj-sequence consists in the following process, starting
from the last action of the sequence: for each action considered, if it is positive go to previ-
ous action, if it is negative jump to its justification and erase all the actions in between; stop
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wld) ]
\%(yl) " euton
wo|b{z1, 22)
aview |ag,(z1,22)|a path

Figure 3: A view and a path of a design.

when reaching either the first action of the sequence or a negative initial action. A problem
is that this process might erase the negative justification of a positive action, transforming
a justified action into an initial one. The P-visibility condition in the definition of path
(Definition 1.2.8) ensures we avoid such a situation; symmetrically, O-visibility prevents
from erasing the positive justification of a negative action while taking the anti-view.

Our definition of path below actually corresponds to a reversible path for Fouqueré and
Quatrini, since we will not need to consider non-reversible paths. This implies in particular
that the dual of a path is a path.

Definition 1.2.8 (Path, path of a design)

A path s is a positive-ended (or empty) aj-sequence satisfying the following:
(P-visibility) For every prefix s/ T of s with ™ justified, just(x*) € s’ ;
(O-visibility) For every prefix s'x~ of s with £~ justified, just(k~) € Ls'_.
Given a cut-free design 0, a path s is a path of 0 if for every prefix s" of s, s
view of 0. A non-empty path is positive or negative depending on the polarity of its

first action; the empty path is negative.

.
"isa

Example 1.2.9
Let ? be the design from Example 1.2.2. The path of ? indicated on Figure 3 is:

51 = ag(w1,ma)  wafb(zr,ze) e (1) wld() cn(y2)  xald()

The following sequence is also a promenade in the tree of 0, but not a path of it because
O-visibility is not satisfied for the negative action ¢, (y1):

s5 = ag(rr,m2)  walb(z,ze)  cnp(y2)  mild() (1) wald()

The definition of path does not refer to interaction, it relies only on conditions exter-
nal to any design. Let us now establish the link between paths and interaction, keeping
in mind that paths are aimed at characterising an interaction between designs. Given
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two orthogonal designs 0 and ¢, the trace of their interaction can be described as a se-
quence of actions — the interaction path — corresponding to the succession of reductions
performed. The following definition thus assumes that such a sequence is effectively a
path, and moreover that it always exists and is unique; these statements will be proved
in Chapter 2 (Proposition 2.2.9), since they require more material built on the notion of
multi-designs, a generalisation of designs.

Definition 1.2.10 (Interaction path)

Let 9 and ¢ be cut-free atomic designs such that 9 L ¢. The interaction path of 0 with
¢ is the unique path s of ? such that 5 is a path of ¢. We write this path (0 « e¢).

A good intuition is that (0 <— ¢) corresponds to the sequence of actions that the interaction
between 0 and ¢ follows on the side of d.

Multi-designs will also make it possible to prove (as Proposition 2.2.11) that the conver-
gence of a closed interaction is equivalent to the existence of such a path, which constitutes
an alternative — static - way of defining orthogonality:

Proposition 1.2.11

Let 0 and ¢ be cut-free atomic designs. 0 L ¢ if and only if there exists a path s of 0 such
thats is a path of e.

Finally, we consider interaction paths at the level of a behaviour B, leading to a set of
visitable paths that describes the possible interactions between a design of B and a design
of B+.

Definition 1.2.12 (Visitable path of a behaviour)

A path s is visitable in a behaviour B if there exist designs 0 € B and ¢ € B such
that s = (0 < ¢). The set of visitable paths of B is written Vg.

Remark 1.2.13

For every behaviour B, f/\]; = Vge.

1.2.c Ludics vs. Hyland-Ong Games

Game semantics is an interactive semantics for programs and logic, based on the idea of
a game between two players. It provided a satisfactory answer to the long open problem
of full abstraction for PCF [AJM00, HO00, Nic94]. Programs or proofs are modeled as
strategies, while types or formulas correspond to arenas.

There are many similarities between ludics and Hyland—Ong game semantics, indeed:
in HO games, strategies are sets of plays that are very much like the paths. More generally,
we have the following correspondence:
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Action — Move
View / Chronicle — View
Path / Dispute — Play
Design — Innocent strategy
Behaviour — Arena

This correspondence can be made precise [BF11, FH02]. Let us simply stress the following:
the reason why designs correspond to innocent strategies is that they can be defined as sets
of views; this implies that given a design / strategy, the next positive action / move of a path
/ play is entirely determined by partial information on the computation history — the view.
Note that this will no longer be true when considering designs that are non-deterministic
(in Chapter 6).

Although very close to each other, ludics and HO games have an important difference.
In HO games, one starts by describing an arena as a set of moves together with an en-
abling relation which indicates what plays are allowed in this game; strategies are then
coherent sets of plays following the rules of the game, that is, the enabling. Ludics, on the
other hand, adopts the converse approach: designs and interaction are primitive, while
behaviours are recovered as sets of designs sharing common ways of playing; this is made
possible by the special action "X that allows closed interaction.

As remarked by Baelde, Doumane and Saurin [BDS15], this reversal is the reason why
it is easier to study fixed points in ludics than in game semantics [Cla09], while game
semantics is best suited to model linear logic exponentials than ludics. In a sense, this
thesis studies both fixed points and exponentials in ludics, respectively as inductive types
(Chapter 4) and non-linearity (Chapter 6), and it appears that we got more fruitful results
in the first direction, for the moment.

1.3 Regularity and Purity

We now define regularity and purity, two properties of behaviours concerned with the
visitable paths, i.e., the possible interactions. These properties will be a tool for under-
standing better the structure of data types (Chapter 4) and functions types (Chapter 5).
Recall that the idea behind regularity is that it corresponds to the multiplicative—additive
behaviours, and purity ensures type safety thus it is a desirable property for data types.

We start by defining the operations of shuffle and anti-shuffle on paths, which inter-
leave actions while respecting the alternation of polarities. The idea of the shuffle comes
from [BS98] and will be the main ingredient when describing the visitable paths of a tensor
in Chapter 3. Recall that a subsequence of a sequence k1 ... kp is a sequence K, ... k;,
such that 1 <4y < -+ < iy < p, and let s|s" denote the subsequence of s containing only
the actions that occur in s'.

Definition 1.3.1 (Shuffle, Anti-Shuffle)

Let s and t be paths of same polarity, let S and T be sets of paths of same polarity. The
shuffle (LU) is defined by:
« sW t = {u path formed with actions from s and ¢ | u[s = sand u[t = t}if s
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and ¢ are negative,

e swt={xTupath|u € s Wt}ifs=rtsand t = kTt are positive with
the same first action,

« s LU tis not defined otherwise;

« SWT = {upath|3s € S,3t € T such that s L ¢ is defined and u € s LUl t},

—~ ——
~

The anti-shuffle (m) is defined by smt = s LU tand STT =S W T.

Alternatively, the anti-shuffle can be defined the same way as the shuffle but reversing the
role of the polarities.

A path u is in s W ¢ if it consists of actions from s and ¢ that have been interleaved in
a precise way: it must be possible to write

S = Ups152 ... ,
t=uytty... t ,

u=1upsitisoty ...ty ,

where 1 is the maximal common prefix of s and ¢, and sy, ..., s, 1, . . ., t are sequences
of actions beginning on a negative action and ending on a positive one, or empty. More-
over, u must be a path, thus the interleaving has to comply with the justification pointers
so that u satisfies the visibility conditions.

Remark 1.3.2

+ The shuffle is defined modulo a-equivalence (see example below).

+ If non-empty, the common prefix uy ends on a positive action; if u is empty
then s and ¢ are negative paths.

« After the common prefix uy, the rests of the paths s and ¢ are disjoint.

« If s and t are both "-ended, then s LU ¢ is empty, unless s = ¢ and in this case

swt={s}={t}

Example 1.3.3
Consider the following paths:

s o= ag(w1,m2) walbws,xs) cay() a1]d()
t = az(y1,y2) y2|5<y3,y4> €y4(z) Z|7<>-

They have a common prefix a,, (21, 22) 22|b(x3,z4) (modulo a-equivalence). By in-
terleaving their actions, we obtain the two following sequences:

uoo= ag(21,2) w2lb(rs,74) ea(2) 2O cay() mald()
W= agy(w1,32)  walblzs,ma) () mld() ewi(z) 2lFQ)

(where the address of the action of name e has been changed according to a-renaming).
We have u € s LU t but &/ ¢ s LU ¢ since & is not a path, indeed: O-visibility is not
satisfied for action e, (2).
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Figure 4: A regular and a non-regular behaviour

Definition 1.3.4 (Regularity)

A behaviour B is regular if the following conditions are satisfied:
« for every design 0 € |B| and every path s of 0, s € V,
. for every design ? € |B~| and every path s of 0, s € V5,
« The sets Vg and Vg1 are stable under shuffle (i.e., Vg is stable under LUl and ).

The intuition is that a behaviour B is regular if every path formed with actions of the
incarnation of B, even mixed up, is a visitable path of B, and similarly for B+. Not all the
behaviours are regular, as shown in the following example.

Example 1.3.5

Consider the two behaviours A and B generated as indicated on Figure 4 (A is the
same behaviour as in Example 1.1.11). The behaviour A is regular: we could check
that all the conditions are satisfied. On the other hand, B is not regular: we have
n; € |B| but the path corresponding to the right branch of n; is not visitable in B.
Indeed, the presence of design ny in B forces the interaction to visit first the left branch
of ny; if we wanted to visit the right one first, we would need a counter-design of the
form

p = zo|d{e(s1, 52).(s2[f(n)))

but such a design is not orthogonal to n, thus is not in B-+.

Remark 1.3.6

Regularity is a property of both a behaviour and its orthogonal since the definition is
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symmetrical: B is regular if and only if B is regular.

Now, in order to define purity, consider the following preliminary definition.

Definition 1.3.7 (Extensible, maximal visitable path)

Let B be a behaviour.

« Ar-free path s € Vp is extensible in V3 if there exists a proper negative action
£~ such that sk ™" € Vp; in this case the sequence sk~ is called a witness of
extensibility.

« Ar-ended path "4 € VB is extensible in Vp if there exists a proper positive
action T such that tx™ € Vpg; similarly, tx™ is a witness of extensibility.

« Given s,s" € Vp, the path s extends the path s’ in Vp if either s = s’ or s’ is
extensible in Vg with witness a prefix of s.

« A path in Vg is maximal in V3 if it is not extensible in Vp.

Definition 1.3.8 (Purity)

A behaviour B is pure if all the "4-ended paths in Vg are extensible, in other words if
there is no maximal "-ended path.

Purity ensures that when an interaction encounters ¥, this does not correspond to a real
error but rather to a partial computation, as it is possible to continue this interaction. Note
that we cannot require behaviours to be entirely "«-free, daimons being necessarily present
in all behaviours. Indeed, given 0 € B, for any design ?’ obtained from 0 by cutting off
branches and replacing them with ", we have 0’ € B since 9 < ?’; in other word, the
following property always holds: if sx™ € Vg then it € V3.

We prove in Chapters 3 and 4 that purity and regularity of behaviours are preserved
when applying logical connectives |, T, ®, ® or when taking a least fixed point. The con-
nective —o, however, might break purity: this is detailed in Chapter 5. The computational
and logical meaning of these two properties will be made clearer then.
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2 Multi-Designs

Designs are not sufficient in order to prove results by induction on an interaction, that is,
by induction on the length of an interaction path. The reason is that, given designs 0 and
¢ such that 9 L e, the path (0 < ¢) has been defined statically, for the moment. We would
rather like to define it as
(0 ¢) =r(d «¢)

where £ is the only action at the base of 9 such that its dual % is at the base of ¢, and where
0" and ¢’ are the designs obtained after one reduction step of the interaction between 0 and
¢. The problem is that there may not exist such designs 9’ and ¢'.

Consider for example the designs d and ¢ on Figure 5. We have 0 L ¢ and the first
action of (0 < ¢) is indeed k = zg|a(z, y). But one reduction step gives

ofe/wo] ~ ¢'[01 /2,05 /y]

in other words the design 0 leads to two designs. In this particular case, we might want to
refine our previous idea by setting

(0 ¢) = r({0],05} < ¢) .

This example justifies the necessity of considering not only designs but also multi-
designs in order to deal with such partial computations. In particular, it will enable us to
give a dynamic (i.e., inductive) definition of the interaction path (Definition 2.2.3).

yle() p¢
|
2[d() 5 d-() () yle()
| | | L]
ba(2) cy() z|b(z) s z|d() d-()
AN | | J
0 Wlfm Y) Qg (lw, Y) bx(lz) w!?<2>
2 ¢ o) o) ¢/

Figure 5: Why we need multi-designs
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From the beginnings of ludics [Gir01], the orthogonality between a design and a set
of designs has been considered. This allows for an extended notion of behaviour; indeed,
note that the behaviours we introduced in the previous chapter (Definition 1.1.10) are very
limited because of the restriction to atomic designs (we should actually call them atomic
behaviours). Though inspired by the anti-designs of Terui [Ter11], the multi-designs go
further by giving the possibility to describe the interaction between two sets of designs.
This generalisation should however be taken as a technical investigation for our purpose,
rather than an interesting concept in itself.

The present chapter thus lifts the framework of ludics to multi-designs, so as to prove
properties of the interaction path. More precisely, after introducing the necessary notions
in Section 2.1, we show the following in Section 2.2:

« the existence and uniqueness of the interaction path between two orthogonal multi-

designs (Proposition 2.2.9),
« the equivalence between the existence of such a path and the orthogonality of two
multi-designs (Proposition 2.2.11, a generalisation of Proposition 1.2.11),

« the associativity for paths (Proposition 2.2.12).

These results are needed for the following, in particular for Chapter 3. Their proofs are
rather technical, with many lemmas, so the reader intuitively convinced may not neces-
sarily need to read them throughout.

2.1 A Generalisation of Designs

The aim of this section is to get a notion as general as possible of multi-design. In partic-
ular, the closed-compatible multi-designs capture exactly what remains of a closed inter-
action between two designs after some steps of reductions (kind of residues). Going back
to Figure 5 above, the interaction between {0 /x,0,/y} and ¢’ is an example of closed-
compatibility: the design — noted €uty /. o7 /.| — Obtained after performing the substi-
tutions is closed, thus the interaction leads either to X« or 2. This way, we recover notions
of orthogonality and behaviour for multi-designs matching the ones for designs.

2.1.a Multi-Designs

The notion of multi-design introduced below generalises the one of anti-design [Ter11],
and in particular it generalises designs. Interaction between two compatible multi-designs
O and € corresponds to the elimination of cuts in the multi-design €utg)e, which is ob-
tained by substituting designs of © in designs of & and vice versa.

Definition 2.1.1 (Multi-design)
+ A negative multi-design is a set

{(:Ubnl)a SRR ($k,nk)}

where z1, . . ., z) are distinct variables and ny, . . . , ny are negative designs, such
that for all 4,7 with 1 < i # j < k we have fv(n;) N {z1,..., 2} = () and
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fv(n;) Ntv(ng) = 0.

+ A positive multi-design is a set

{p’ (-’El,l‘ll), Tt (IL‘k,ﬂk)}

where {(z1,n1),..., (zg, nx)} is a negative multi-design and p is a positive de-
sign such that fv(p)N{z1,...,zx} = 0,andforall 1 <i < k, fv(p)Niv(n;) = 0.

Notation

Weuse ©, &, ... to denote multi-designs of any polarity, 91,0, . .. for negative
ones and 3, 13, . . . for positive ones.

A pair (z,n) in a multi-design is denoted by n/z or (n/z); hence a negative
multi-design will be written {n; /x1,...,n;/z} (or even {n/x}), a positive one
{p,m1/x1,...,n;/z1}, and we write (n/x) € D instead of (z,n) € . This
notation makes the parallel with substitution: if @ = {ny/z1,...,n;/zt} and
0 is a design, then we can write 9[1] for the substitution d[ny/z1, ..., ng/xg).
By abuse, we might even write n € ® when the variable associated to n in the
multi-design © does not matter; thus when writing “let 0 € ©”, the design ? can
be either positive or negative associated with a variable in 2.

A design can be viewed as a multi-design: a positive design p corresponds to the
positive multi-design {p}, and a negative design n to the negative multi-design
{n/xo}, where x( is the same distinguished variable we introduced for atomic
designs. In this case, notations p and n can replace {p} and {n/z(} respectively.

Note that if ® and € are multi-designs, ® U € is not always a multi-design.

Definition 2.1.2 (Normal form)

Let © be a multi-design. Its normal form is the cut-free multi-design defined by

(@) = {((nD/x) [ (n/z) € DFUL{(p) [ p € D} .

The associativity theorem naturally extends to multi-designs as follows.

Theorem 2.1.3 (Multi-associativity)

Let® be a multi-design and ny, ..., ny be negative designs.

(®m/yr, - /yel) = ((DD[[nad /w1, - - (e /yrl) -

Proof. Immediate from the definition of the normal form of a multi-design (Definition

2.1.2) and simple associativity (Theorem 1.1.7).
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Definition 2.1.4 (Free variables, negative places)

Let ® be a multi-design.
« The free variables of © are fv(D) = [ J,co fv(0).
« The negative places of © are np(®) = {z | In (n/x) € D}.

In Definition 2.1.1, the condition “for all 1 <4 <k, fv(n;) N {x1,...,zx} = 0 (to-
gether with the similar condition for p in the positive case) can thus be rephrased as
“tv(D) Nnp(D) = (”. When two multi-designs © and € interact, this condition en-
sures that a substitution specified in ® or in & creates a cut between a design from D
and a design from €, and never between two designs on the same side. This is exactly the
form of interaction we want in the following: an interaction with two distinct sides. But in
order to talk about interaction between two multi-designs, we must first determine when
two multi-designs are compatible, i.e., when we can define substitution between them in a
unique way, without ambiguity, which is not the case in general.

2.1.b Compatibility, Orthogonality and Behaviours

Definition 2.1.5 (Compatible, closed-compatible)

Let ® and € be multi-designs.
+ ® and € are compatible if they satisfy the following conditions:
- tv(®)Nv(€) = np(D) Nnp(€) = 0,
— either they are both negative and there exists x € np(®) U np(€) such
that z ¢ fv(D) U fv(€&), or they are of opposite polarities.
« ® and € are closed-compatible if they are of opposite polarities, compatible,
and satisfying {v(®©) = np(€) and fv(€) = np(D).

Intuitively, compatible means that we are able to define the multi-design Cutg¢ corre-
sponding to the interaction between ® and €&, and closed-compatible means that this multi-
design is a closed design: there are no free variables left, nor negative designs that would
not have been substituted. Cutg ¢ is what we obtain after performing all the substitutions
possible between designs of © and designs of &. For example:
« if p and n are atomic then Cut,, = p[n/zo];
< if P = {p,my/21,...,mp/2), My /2], ..., m, /2, } where p is an atomic positive
design and n is a negative design such that z1, ...z € fv(n) and 21, ... 2}, ¢ fv(n),
— o
then Cutyy, = {p[n[m/x]/zo], m'/2'}.
Formally, it is defined as follows.

Definition 2.1.6 (Cut)

Let® and € be compatible multi-designs. Cuty) is a multi-design defined by induction
on the number of designs in €:

Cutpp =D (1)
Cutple = Cutio\$)up[s]} | €\{p} ifpec, (2)
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Cut@‘@ = Cut(g\s)u{n[s}/x} | €\{n/z} if (n/x) € Cand x ¢ fV(@) s (3)
Qiutg‘@ = Qtut(@\S)[n[S]/x} | €\{n/z} if(n/x) e €andx € fv(D) , (4)

where S = {(m/y) € © |y € fv(p)} in (2),
={(m/y) €D |y € fv(n)}in (3) and (4).

The successive pairs of compatible (resp. closed-compatible) multi-designs stay compat-
ible (resp. closed-compatible) after one step of the definition, thus this is well defined.
Moreover, if © and € are closed-compatible then, according to the base case, Cuty¢ is a
closed design.

Example 2.1.7
Recall the designs of Figure 5 at the beginning of the chapter. We have:

Cutiyr /oan fytle = ot /a0y /10 = € [01/2,05/y]
by applying step 2 and then step 1 of Definition 2.1.6; proceeding in a different order:
Cutte (o) /2.0, /v = Cuberioy /] (03 /) = Ctberoy /o0y a0 = ¢[00/, 05/

by applying step 4 twice and then step 1. Here we have S = () every time, this is in
fact a very simple example.

We can now extend the notions of orthogonality and behaviours to multi-designs. Note
that, for two multi-designs ® and € to be orthogonal, it is necessary that they are closed-
compatible: the negative places of © (resp. €) must exactly match the free variables of &
(resp. ©).

Definition 2.1.8 (Orthogonality)

Let ® and € be closed-compatible multi-designs. ® and ¢ are orthogonal, noted
D L ¢ if (Cutpe)) =1

Definition 2.1.9 (Behaviour)

A set B of cut-free multi-designs of same polarity is a behaviour if B+ = B.

This definition generalises the behaviours of designs (Definition 1.1.10). The conception
of multi-designs was aimed at getting the most general notion of behaviour in ludics, and
we claim that we have it.

2.1.c First Properties
We begin with a proposition derived from multi-associativity.

Proposition 2.1.10
Let®, € be compatible multi-designs. We have ([Cutg|¢]) = (Cuto)e)))-
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Proof. By induction on €:

- If € = () then (Cutpy) = (D) = (Cutgo)p) = (Cutgop @)
« Ifp € € write ¢ = €\ {p} and let

S={m/yr,....,mp/yct = {(m/y) €D [y € fv(p)} .

By definitions of the normal form of multi-designs (Definition 2.1.2) and of Cut |,
(Definition 2.1.6), and using associativity (Theorem 2.1.3), we have:

(Cutpe) = (Cutio\s)ufpisyier) by Def. 2.1.6
= (Cutgo\s)ugpsiinicen) by induction hypothesis
= (Cutgo\SYU{IEED (1) /v1,.s(me) /vl }(e)) by Def. 2.1.2 and Thm. 2.1.3
= (Cutg\s)o( @D/ D /311 (D) by Def. 2.1.2
= (Cutqo\spu{Ditmid/vs,-mad /(D) by induction hypothesis
= (Cutgo)(ey) by Def. 2.1.2 and 2.1.6.

« If (n/x) € € withz ¢ fv(D), write ¢ = €\ {n/z} and the reasoning is similar as
above with S = {(m/y) € © | y € fv(n)}.
« If (n/x) € € withz € {v(D), write & = €\ {n/z} and let

S={mi/yr,...,mp/yet = {(m/y) €D [y €fv(n)} .

We have:

(Cutgie) = (Cut(o\s)n[s)/a)je) by Def. 2.1.6
= (Cutgo\s)ms)/al) (&) by induction hypothesis
= (Cutqeo\s) (@D IGmaD /w1, (mi /el /zDl(e))  using Thm. 2.1.3 twice
= (Cutqqo\sp()i@miD /v ... (D /) 2l (D) by Thm. 2.1.3
= (Cutio\s)(@)(gmiD/y1, (mid /) /allqen) - by induction hypothesis
= (Cutgo)|(e)) by Def. 2.1.2 and 2.1.6.

O

Now we prove two useful lemmas.

Lemma 2.1.11
Let ®, € be compatible multi-designs. We have Cutg|e = Cutg|p.

Proof. By induction on the number n of variables in (fv(®) Nnp(€))U (fv(€) Nup(D)).
o If n = 0 then Q:ut@|@ = Q:Uf@|@ =D UE
o Let n > 0 and suppose the property is satisfied for all £ < n. Without loss of
generality suppose there exists z € (fv(®) N np(&)). Thus there exists {n/x} € €.
Let us write & = €\ {n/z}. Let S = {(m/y) € D | y € fv(n)}.
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-IfS = 0, let 0 € D be the design such that x € fv(d), and let us write
D' =9\ {d}. If 0 is positive then:

Cutp|e = Qutnryfom/a)}|e by one step 4 of Def. 2.1.6
= Cute|9/Ufon/a]} by induction hypothesis
= Cut(e\T)Ufo[n/a,T']} D/ by one step 2 of Def. 2.1.6,

where T’ = {(m/y) € & |y € fv(d[n/z])}. Let T = {(m/y) € €|y € {v(d)},
we have T' = T" U {n/z}, indeed: fv(d[n/z]) = (fv(9) \ {z}) U fv(n), where
fv(n)Nnp(€) = () by definition of a multi-design, thus also fv(n)Nnp(€&") = (.
Therefore:

Cutien)ualn/e o = Cbenupirie = Citeo

by one step 2 of Def. 2.1.6 backwards, hence the result. The reasoning is similar
if 0 is negative and © = ©" U {9/y}, we just have to distinguish between the
cases y € fv(¢) and y ¢ fv(¢&').

— Otherwise, let

S'={(m/y) € €|y € tv(9)}
and S ={(m/y)eD|yetv(S)} .

Note that S’ C ¢ and S” C (D \ S). We have:

Cutgp = Cut(en s1)uin[S[S]}D\S by several steps 4 of Def. 2.1.6
= Qu%\s‘(@/\sl)u{n[s[sx]]} by' il’lduCtiOIl hyp, since S ?é @
== Qzut(@\(SUS”))[n[S[S’[S”]H/z]\6’\5” by one step 4 of Def. 2.1.6
= Cutye by steps 4 of Def. 2.1.6 backwards.

The last equality is obtained by moving successively, from left to right, all the
designs from S’, and finally the design n.
O

Lemma 2.1.12

Let ®1, %2 and € be multi-designs such that ©1 U D4 is a multi-design with ©1 and D»
disjoint, and € is compatible with ©1 U Do. We have:

Q:th1UDQ‘€ = Qrut@ﬂ@uf@mQ .

Proof. By induction on D:
« If Dy = () then Cutg|p, = € hence the result.
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o If p € ®y then Q:uf@|©2 = (‘,‘ut(@\s)u{p[sm% where 33/2 = Dy \ {p} and § =
{(m/y) € €|y € fv(p)}. Thus by induction hypothesis:
Cuto, jeuteo, = Cttto,uD}|(\5)Ap(S)}
= Cut((glu%)\s/)u{p[S[S/”H@\S by one step 2 of Def. 2.1.6
= Qu((@,u:)\5 SIS
where S" = {(m/y) € (D1 UD3) | y € £v(S)}. Finally, by several steps 4 of
Definition 2.1.6 backwards, this is equal to Cuty, o, |¢-
« If (n/x) € D9 and = ¢ fv(€), then similar to the previous case.

o If (n/a:) € Dy and x € fV(Qf), then (’:Llf@|g2 = (’Zut(e\s)[n[s}/x”% where 53/2 =
Do\ {n/z}and S = {(m/y) € €| y € fv(n)}. Thus by induction hypothesis:

Cutn, eutep, = CD,UDY|(€\S)[n[S]/2]

= Cut(¢\5)[n[S]/2]|D1UD) by Lemma 2.1.11
= Cutg)p,up, by one step 4 backwards of Def. 2.1.6
= Cutp, uo,|e by Lemma 2.1.11.

O

2.2 Paths and Multi-Designs

In this section, we generalise the interaction path to multi-designs. In particular, we give
an inductive definition of the interaction sequence (Definition 2.2.3) and we show (Propo-
sition 2.2.9) that it corresponds to the same notion as the interaction path. Then we prove
(Proposition 2.2.11) that two multi-designs ® and € are orthogonal if and only if there
exists a path of ® such that its dual is a path of &. Finally, we give a result of associativity
for interaction paths (Proposition 2.2.12).

2.2.a Interaction Path

Recall that we write € for the empty sequence.

Definition 2.2.1 (Path, view)

Let ® be a cut-free multi-design.
« Aview of D is a view of a design in ®.
« A path of D is a path s of same polarity as © such that for all prefix s’ of s, ra
is a view of ©.

We are now interested in a particular form of closed interaction, where we can identify
two sides of the multi-design: designs are divided in two groups such that there are no cuts
between designs of the same group. This corresponds exactly to the interaction between
two closed-compatible multi-designs. The notion of interaction path (Definition 1.2.10) is
extended to multi-designs.
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Definition 2.2.2 (Interaction path)

Let © and € be cut-free closed-compatible multi-designs such that ® 1 €. The inter-
action path of ® with € is the unique path s of © such that s is a path of €.

But nothing ensures the existence and uniqueness of such a path: this will be proved in
the rest of this subsection. We will moreover show that, if ® | &, this path corresponds to
the interaction sequence defined below. For the purpose of giving an inductive definition
of the interaction sequence, we define it not only for a pair of closed-compatible multi-
designs but for a larger class of pairs of multi-designs. Thus, in the rest of this subsection,
we suppose that we have two multi-designs ® and € that are

« cut-free,

« of opposite polarities,

« compatible,

« satisfying fv(®) C np(€) and fv(€) C np(D).

Definition 2.2.3 (Interaction sequence)
The interaction sequence of ® with &, written (D < &), is the sequence of actions
followed by interaction on the side of ©. More precisely, if we write p for the only
positive design of ® U €, the interaction sequence is defined recursively as follows.
« If p = "« then:
(D« €) =K ifree®
(D« €E) =¢ ifrve €.
« Ifp=Qthen (D + €) =e.
« If p = z[a(™) then there exists n such that (n/z) € €ifp € D, (n/z) € D
otherwise. Let us write n = >, 5 b(y”).py. We have

(D« €)= k(D + &)

where

- K Zga@% D' = @\ {p}) U{m/y'} and & = (€\ {n/a}) U {p,} if
per),

- m}l: ax(y1), D = (D \ {n/a}) U {pa} and @ = (€\ {p}) U {m/y’}
otherwise.

Note that this applies in particular to two closed-compatible multi-designs. Remark also
that this definition follows exactly the interaction between © and €: indeed, in the in-
ductive case of the definition, the multi-designs ©’ and ¢ are obtained from © and &
similarly to the following lemma. In particular the interaction sequence is finite whenever
the interaction between ® and € is finite.

In the following, let ~~ denote a step of reduction of one design in a multi-design:

D1~ Doy if 0p ~> 02 withd; € ©1 and Dy = D7 \ {01} U {02} .
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In particular there are several possible reductions from a multi-design, depending on which
design we choose to reduce. Note that if ©; ~» D3 then (91]) = (D2).

Lemma 2.2.4
Suppose D positive and € negative. Letp = x|a(W) be the only positive design of D,
and suppose there exists ng such that (ng/x) € €, sayng = Y ;.5 b(x”).pp. Then:

Cutp|e v Cutprer \ {(m/af) | 2f ¢ fv(pa)}

where D' = (D\ {p}) U {n/z"} and & = (€ \ {no/x}) U {pa}.

Proof'. Let us prove this result in the case ® and € are closed-compatible; in the general
case, the reduction step from multi-design €uty|¢ in the lemma corresponds to reducing
the positive design q of Cutg ¢, thus the proof is similar by simply ignoring the negative
designs in ® U € that are not substituted in q.

If © and € are closed-compatible, Qﬁu{@‘g is a closed design, and since this design has
cuts we can apply one (unique) step of reduction to it. Let S” = {(m/z) | ¢ ¢ fv(ps)}.
We have to prove Cutg|e ~ Cutgr|e \ S’. The proof is done by induction on the number
of designs in €.

« If € = {ng/z}, then & = {p,}. In this caselet S = {(m/y) € D | y € fv(ng)}, and
remark that, as € and © are closed-compatible, S = © \ {p}. Thus:

Cutpie = Cut(\5)ny[s]/][0 by one step 4 of Def. 2.1.6
= p[no[S]/x]
—
~> palS]n/z"]
= pa[gl]
= {pa[®"\ Spl} U SH\ S where S}, = S|’
= Cutgyugpaionsylio \ S’
= Cutyp, \ S’ by one step 2 of Def. 2.1.6 backwards
= Q:Llff,gl‘@/ \ S, .

« Otherwise there exists (n1/z) € € such that z # z. Suppose z ¢ fv(D) (resp.
z € fv(®)). Define:
- S={(m/y) €D |y € fv(ny)}, and remark S = {(m/y) € D' |y € fv(n1)},
- D" = (9"\ §) U{(n[S]/2)} (resp. D" = (D" 5)[m[S]/2]),
- €=\ {(n/2)}.
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We have:
Cutn e = Cut(o\5)uf(n1[5]/2)}|E\{n1/2} by one step 3 of Def. 2.1.6
( resp. = Qﬁut(@\s)[(nl [S]/2)]|€\{n1/2} by one step 4 of Def. 2.1.6 )
~ Cutgren \ s by induction hypothesis
= Cutgpr|e \ S’ by step 3 (resp. 4) of Def. 2.1.6 backwards.
0

Lemma 2.2.5

I € (CQutp|e) (in particular if D 1 €) then (D + €) = </€_<—\”D/> Otherwise

(D « €) = (€ « D).

Proof. Ttis clear from the definition of the interaction sequence that the proper actions in
(® < €) are the opposite of those in (€ +— D) (even if (D < €) is infinite). Concerning
the daimon: since the interaction sequence follows the interaction between ® and &, W«
appears at the end of one of the sequences (D < &) or (€ < D) if and only if 4 €

(Cutp)¢]), and in this case (D «+ &) = (€ < D). O

Lemma 2.2.6

Every positive-ended prefix of (D < &) is a path of ©. In particular, if (D <+ &) is finite
and positive-ended then it is a path of .

Proof . First remark that every (finite) prefix of (D <« &) is an aj-sequence. Indeed, since
® and € are well shaped multi-designs the definition of interaction sequence ensures that
an action cannot appear before its justification, and all the conditions of the definition of
an aj-sequence are satisfied: Alternation and Daimon are immediate from the definition of
interaction sequence, while Linearity is indeed satisfied as variables are disjoint in © and
€ (Barendregt’s convention).
By definition, for every prefix s of (D < €), "s™ is a view. We show that it is a view
of © by induction on the length of s:
o If s = e then "¢ = e is indeed a view of ©.
« If s = "M then (D <+ &) = X From the definition of the interaction sequence, we
know that in this case " € D, hence ' "X ' = " is a view of D.
o If s = ks’ where  is proper, then (D « €) = k(D' < ¢’) where ®’ and & are as
in Definition 2.2.3, and s’ is a prefix of (9’ +— ¢'). By induction hypothesis, s’ ' is
a view of ©'. Two possibilities:
- Either k = ™ is positive. From the definition of the interaction sequence, it
means that p := z{a(m) € D, k+ = x]6<?> and®’ = (@\{p})U{W} We
have "s7="' k"5 andeither s = k™ s if the first negative action of
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"s'is justified by T (i.e., Ji such that " 5" ' is a view of m;/yd), or Thts ' =
"5 otherwise (i.e., s isa view of © \ {p}). In the second case, there is
nothing more to show; in the first one, by definition of the views of a design,
ks is a view of p = z|a(wt).

- Or k = Kk~ is negative. Hence there exists a designn = ), ¢ b(yj).pb such
that (n/z) € D, K~ = ax(@, and © = (©\ {n/z}) U {p.}. We have
rs7="'k"s andeither ks =r s ifthe firstactionof s 'is positive

.. . S R s A .
(e, s isaviewofpy),or k~s = s otherwise (i.e, s isa view of
D'\ {pa} C D). In the second case, there is nothing to do; in the first one,
note that k= s’ ' is a view of (n/x), hence the result.
We have proved that "s™ is a view of ©. This implies in particular that (D <« &) satisfies
P-visibility, indeed: given a prefix sk of (D <« €), the action k™ is either initial or it
is justified in s by the same action that justifies it in ®; since "s™7 is a view of D, the
justification of k™ is in it, thus P-visibility is satisfied. Similarly, we can prove that" ¢ 'is a
view of & whenever ¢ is a prefix of (€ < D), therefore (€ +— D) also satisfies P-visibility;

—— -

by Lemma 2.2.5 either (€ <— D) = (D < &) or (€ < D) = (D <« &), thus this implies
that (D < €) satisfies O-visibility. Hence every positive-ended prefix of (D <+ &) is a
path, and since the views of its prefixes are views of 3, it is a path of ©. 0

Remark 2.2.7

If sk and sk3 are views (resp. paths) of a multi-design © then x| = /i;. Indeed, if
ski and skg are views of D, the result is immediate by definition of the views of a
design; if they are paths of ©, just remark that r.mi"—l = s7k{ and r.m;'—l = sk
are views of D, hence the conclusion.

Lemma 2.2.8
Suppose® L €, s is apath of © ands is a path of €. The path s is a prefix of (D + €).

Proof. Suppose s is not a prefix of (D <+ €). Let ¢ be the longest common prefix of s
and (D <« €) (possibly €). Without loss of generality, we can assume there exist actions
of same polarity 1 and k2 such that k1 # ko, tk; is a prefix of s and tkg is a prefix of
(D <« €): indeed, if there are no such actions, it is because (D < €) is a strict prefix of s;
in this case, it suffices to consider (€ < D) and s instead.
o If k1 and kg are positive, then tx; and tkg are paths of ®, and by Remark 2.2.7 we
have k1 = k9, contradiction.
o If k1 and k9 are negative, a contradiction arises similarly from the fact that tx; and
tro are paths of € where %7 and K3 are positive.
Hence the result. O

The following result ensures that the interaction path is well defined, i.e., that such a
path exists and is unique.
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Proposition 2.2.9
If®D L €, there exists a unique path s of © such thats is a path of €, and s = (D + €).

Proof. Lemmas 2.2.5 and 2.2.6 show that (D < €) is a path of ©, and its dual is a path
of €. Uniqueness follows from Lemma 2.2.8. 0

Conversely, we prove that the existence of such a path implies the orthogonality of
multi-designs (Proposition 2.2.11). First a lemma.

Lemma 2.2.10

Suppose® and & are closed-compatible and have a finite interaction, with® positive and
Q & D. Suppose that for every path sk of © such that k™ is proper and s is a path of €,
skt is a path of €, and suppose also that the same condition is satisfied when reversing
D and €. Then® L €.

Proof. By induction on the number n of steps of the interaction before divergence/con-
vergence:
o If n = 0, then we must have © =4, since 2 ¢ ©. Hence the result.
« Ifn > O thenp € D is of the form p = z|a(W) and there exists ny = Y bes b(xj).pb
such that (ng/z) € €. Let k't = :r]ﬁ(xj> and remark that £ is a path of p. By

hypothesis, kT = ax(aﬁ) is a path of €&, thus a path of ng, and this implies p, # €.
By Lemma 2.2.4, we have

Cutgje ~ Cutgre \ {(m/27) | i & v(pa)}

where ' = (D \ {p}) U {W} and ¢ = (€\ {ng/x}) U {pa}. This corresponds
to the Cut between two closed-compatible multi-designs ©” C D’ (negative) and
¢"” C ¢ (positive), where:

- Q ¢ ¢ because p, # Q;

— their interaction is finite and takes n — 1 steps;

— the condition on paths stated in the proposition is satisfied for ®” and ¢”,
because it is for © and €: indeed, the paths of ©” (resp. €”) are the paths ¢
such that x7 ¢ is a path of D (resp. x Tt is a path of €), unless such a path ¢
contains a negative initial action whose address is not the address of a positive
action on the other side, but this restriction is harmless with respect to our
condition.

We apply the induction hypothesis to get ©” | &”. Finally © L €.
([l

The following proposition reduces orthogonality between multi-design (thus also be-
tween designs) to the existence of an interaction path.
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Proposition 2.2.11

Suppose ® and € are closed-compatible. ® L & if and only if there exists a path s of ©
such that s is a path of €.

Proof. (=)If® L € then the result follows from Proposition 2.2.9.
(<) We prove that the hypothesis of Lemma 2.2.10 is satisfied. Let us show that every
path of D (resp. of €) of the form tx* where x™ is proper and # is a path of & (resp. of D)
is a prefix of s (resp. of 5). By induction on the length of ¢, knowing that it is either empty
or negative-ended:
« If t is empty, k™ is necessarily the first action of the positive design in © (resp. in
€), hence the first action of s (resp. of s).
o If t = tyk~, then fyr~ is a path of & (resp. of D) and ¢, is a path of D (resp. of €).
By induction hypothesis, t = tyx~ is a prefix of s (resp. of s), thus ¢ is a prefix of s
(resp. of 5). The path s is of the form s = tx/Ts’. But since s and ¢+ are both paths
of D (resp. €), they cannot differ on a positive action, hence k™ = /. Thus tx™ is
a prefix of s.

O

2.2.b Associativity for Interaction Paths

Let us conclude this chapter with an important proposition.

Notation

If 5 is a path of a multi-design ®, and & C 9, then we write s[& for the longest
subsequence of s that is a path of €. Notice that this is well defined.

Proposition 2.2.12 (Associativity for paths)

Let®, € and § be cut-free multi-designs such that € U § is a multi-design with € and §
disjoint, and suppose ® L (€ U F). We have:

(€  (Cutzp)) = (EUF « D)IE .

This proposition states that we can view the restriction of the interaction path (EUF < D)
to its actions coming from € as another interaction path itself, namely the interaction path
between & and the result of the interaction of § with ®. It looks like associativity in the
sense that § can switch to either side of the interaction.

Proof. We prove the result for a larger class of multi-designs. Instead of the assumption
D 1 (€UZF), suppose that © and € U § are:

« of opposite polarities,

« compatible,

« satisfying fv(®) C np(€ U §) and fv(E U F) C np(D)
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» and such that " € ([Cuteg)p)) (in particular their interaction is finite).
First remark that § and © are compatible, hence it is possible to define Cuty 5. Then since
X € (Cuteugo), we have X € (Cutg|(eut; o)), indeed:

(Cuteugo)) = (Cutejeuts ) by Lemmas 2.1.12 and 2.1.11

= ([Q:ut@‘([@tﬂgb]) by Proposition 2.1.10.

This also shows that € and (Cutg|p]) are compatible. As they are of opposite polarities
and they satisfy the condition on variables, (€ + ([Cutgp)) is defined.

Let s = (€U F « D), and let us show the result (e, s|€ = (€ « (Cutyp)))) by
induction on the length of s, which is finite because the interaction between ® and €U §
is finite.

« If s = € then necessarily "t € © thus also " € ([Cutgp]). Hence

5[€ = e = (€ + (Cutzp)) -
o If s = M then Xt € € U F. In this case, either "4 € € and then
(€« (Cutgp)) = =s]€
or X € § thus X € (Cutzp)) and

(€ « (Cutzp)) = € = s .

« Ifs = kTs where k't = x]6<xj> is a proper positive action, then € U § is a positive
multi-design such that its only positive design is of the form p = z|a(w). Thus D

is negative, and there exists n such that (n/z) € ® of the formn = ;s b(x”).ps,
where p, # (2 because the interaction converges. Let ®" = (D \ {n/z}) U {p.}.
— Either p € § [reduction step]. In this case, we have

sle = §'|e

so let us show that s'[€ = (€ « (Cutgp))). By definition of the interaction

sequence, we have s’ = (EUF « D) where § = (F\ {p}) U {(m/z* )}
Thus by induction hypothesis

sl[@ = <€ <— ([Q:ut%-/‘@/])> .
But by Lemma 2.2.4,

(€« (Cutyp]) = (€ < (Cutyp))

because the negatives among (m/ 2% in (Cutgz o)) will not interfere in the

interaction with €, since the variables 2 do not appear in €. Hence the result.
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- Orp € € [commutation step]. In this case, we have
s|¢ = kT (s'1€)

and by definition of the interaction sequence s’ = (¢’ UF <« D) where
¢ = (¢ \ {p}) U{(m/z%)}. Thus by induction hypothesis

SITQS = 5/[6/ = <€/ — ([Qtutmgl]» .
But we have

(€ « (Cutzp)) = (€ « (Cutzio/uim/a)\{pa})
= (€ ¢+ (Cutzo ) U{('/2)}\ {pa})
= v (€ « (Cutgo])

where n’ is the only negative design of (Cutg|p]) on variable z, and p;, the only
positive design of (Cuty o/]). Hence

(€« (Cutyp)) = KT (s'1€) = s|¢ .

« Ifs=r"s wherex™ = agc(:?), then ® is positive with only positive design of the
form p = z|a(w), and there exists a negative design n such that (n/z) € €U, with

n of the formn = 7, 5 b(2”).p, where p, # €. By definition of the interaction
sequence, we have s = (((EUF) \ {n/z}) U{p.} < D) where ®' = (D \ {p}) U

{(m/z"}}.

— Either n € § [reduction step]. In this case, we have
sj¢ = s)e
so let us show that s'[€ = (€ « (Cutg|p)). By induction hypothesis
s'1€ = (€ « (Cuty o))
where §' = (F\ {n/z}) U {ps}, and by Lemma 2.2.4 we deduce
'€ = (€ « (Cutgp)) ,

hence the result.
- Orn € € [commutation step]. In this case, we have

sI€ =k~ (s'1€) .
By induction hypothesis
5’[6 = s’[@’ = <€/ — q€ut3‘©/D>
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where & = (¢ \ {n/z}) U{p,}. But we have

(€ (Cutgol) = (€ = (Cutyo gy, mruny )

—
= (€ + (Cutzp) U{p'} \ {(m'/z")})
=k (€ « (Cutzo])

where p’ is the only positive design of (Cut|p)), and for each i < ar(a), m; is
the only negative design of (€utz 5/]) on variable x{. Therefore

(€« (Cutgzp)) = K (s']€) = sI€

which ends the proof.
O

To conclude, let us stress that associativity for paths is necessary for describing, in the
next chapter, the visitable paths of a behaviour constructed with a tensor ® (Proposition
3.2.6).
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3 Connectives and Interaction

From now on, we go back to designs and behaviours of designs as introduced in Chap-
ter 1. The present chapter is devoted to a precise analysis of behaviours constructed by
logical connectives, in preparation for the subsequent study of inductive data types (Chap-
ter 4) and functional types (Chapter 5). Our focus is two-fold: visitable paths on one side,
regularity and purity on the other.

Thanks to internal completeness, we know what kind of designs a behaviour con-
structed by connectives consists of. It is then natural to wonder what kind of interactions
can such a behaviour perform. The trace of an interaction being recorded in a path, asking
this question amounts to wondering what the visitable paths of this behaviour are. After
some preliminaries in Section 3.1, we describe in Section 3.2 the form of the visitable paths
that each connective leads to. Following internal completeness, on which they rely, these
results push further the study of the behaviours’ structure.

Using these results, we can then study the interactive properties of behaviours con-
structed by connectives: regularity and purity. Indeed, these properties are both concerned
with the visitable paths of a behaviour. We prove that all our connectives preserve regu-
larity (Section 3.3), and that all of them except —o preserve purity (Section 3.4). This study
will be completed in the next chapter by showing that the two properties are preserved by
least fixed points, thus that they hold for all (finite) data types.

Fouqueré and Quatrini [FQ16] proved similar results about visitable paths and the sta-
bility of regularity in the original framework of ludics, where the definition of connectives
is slightly different. Sironi [Sir15] studied purity in original ludics as well. Our proofs are
mostly different, though.

3.1 Preliminaries
First, we establish several results useful for the rest of the chapter.

3.1.a Paths and Observational Ordering

We show how to construct, from a visitable path, a design which is maximal for <.

Lemma 3.1.1

Let s be a path of a design. There is a unique design maximal for < such that s is a path
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‘ of it. This design is noted ™s .

Proof. If s is a path of 0, s is obtained from 0 by replacing all positive subdesigns
(possibly €2) whose first positive action is not in s by . 0

Notice that, actually, the design ™5™ does not depend on 0 but only on path s.

Example 3.1.2
Consider the design 0 and the path s below:

o = afalb(y)-(ye(), O+ d(2).(2[e())
s = zla(z, ) b, (y) yleQ) €5 () e

xola(zi, z2)

We have Ts7¢ = z|a(b(y).(y|e()) + Zf;éb f( 1), Zfes [l ) )

b:fcl(y) Jew, () :U
//
x0|a<x1,x2

Lemma 3.1.3
Ifs € Vg then™s™ € B.

Proof. If s € VB, there exists 0 € B such that s is a path of 0, thus 0 < Ts™. The result
then comes from monotonicity (Theorem 1.1.18). O

3.1.b More on Paths

Let B be a behaviour. We start by proving that the visitable paths of B are paths of designs
in the incarnation of B.
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Lemma 3.1.4
Ifo € B and s € VB is a path of 0, then s is a path of |d|.

Proof. Lete € Bt such that s = (0 < ¢), and let t = (0] « ¢).

« Since 0| C 0, the path s cannot be a strict prefix of ¢, and s and ¢ cannot differ on
a positive action by Remark 2.2.7.

« If ¢ is a strict prefix of s then it is positive-ended. So 5 and t are paths of ¢ differing
on a positive action, which is impossible.

« If 5 and ¢ differ on a negative action, say ux| and uk, are respective prefixes of s
and t with k] # K, , then ux; and uk, are paths of ¢ differing on a positive action,
which is impossible.

Thus we must have s = t, hence the result. O

The next lemma essentially asserts that the prefixes of visitable paths of B are also
visitable in B.

Lemma 3.1.5

Lets € Vp. Forevery positive-ended (resp. negative-ended) prefix s’ of s, we haves’ € Vg
(resp. s € VB).

Proof. Lets= (0 < ¢) where d € B and ¢ € B+, and let s’ be a prefix of s.

« If s’ is negative-ended, let k™ be such that s'x™ is a prefix of 5. The action x* comes
from 0. Consider the design ?’ obtained from d by replacing the positive subdesign
of 0 starting on action k™ with "X. Since 0 < ?’, by monotonicity ' € B. Moreover
sV = (0’ «— ¢), hence the result.

o If s is positive-ended then either s' = s and there is nothing to prove or s’ is a strict
prefix of s, so assume we are in the second case. s’ is "i-free, hence s’ is a negative-
ended prefix of s € V3. . Using the argument above, it comes s = s € Vo, thus
s e B.

O

Now we show that, after following any positive-ended prefix s’ of a visitable path
s € VB, adesign 0 of B is always receptive to the next action £~ of the path s.

Lemma 3.1.6

Let s € V. For every prefix s'c™ of s and every 0 € B such that s’ is a path of 0, sk~
is a prefix of a path of 0.

Proof. There exist 09 € B and ¢g € B~ such that s = (99 ¢ ¢¢). Let s'x~ be a prefix of
s, and let 0 € B such that s’ is a path of 9. Since s’ is a prefix of a path of ¢, s’ is a prefix

of (0 < ¢g). We cannot have s’ = (0 < ¢p), otherwise s’ = s"M and sk~ would be paths
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of ¢¢ differing on a positive action, which is impossible by Remark 2.2.7. Thus there exists
k'~ such that s'x/~ is a prefix of (0 <— ¢(), which is a path of 9, and necessarily k= = £'~.

Finally s'x ™ is a prefix of a path of ?. O

3.1.c An Alternative Definition of Regularity

We give, in Proposition 3.1.10, another definition of regularity which is equivalent to Def-
inition 1.3.4 and best suited to conduct the proofs. Indeed, given a behaviour B such that
VB and Vg1 are stable by shuffle, Proposition 3.1.10 states that we only need to check
that some specific sequences, the bi-views, are visitable in B to ensure that all paths of |B|
and |B*| are visitable, in other words to ensure that B is regular. Note that the bi-views
(terminology coming from [Lau04]) correspond to trivial chronicles in [FQ16].

Definition 3.1.7 (Bi-view)

« A bi-view is an aj-sequence such that each proper action except the first one is
justified by the immediate previous action. In other words, it is a view such that
its dual is a view as well.

+ The bi-view of an aj-sequence is defined inductively by:

(€) =€ empty sequence ,
(o) = (spX,
(sk) =K if k # "W initial ,
(sk) = (sp)k  if kK # X4 justified, where sy prefix of s ending on just(x) .

We also write (r); (or even (k)) instead of (s'x) when s« is a prefix of s.

+ The bi-views of a design 0 are the bi-views of its paths (or of its views). In
particular, € is a bi-view of negative designs only.

« The bi-views of designs in |B| are called the bi-views of B.

Note that (s) = "Lsa7 =157
Lemma 3.1.8

1. Every view is in the anti-shuffle of bi-views.
2. Every path is in the shuffle of views.

Proof.
1. Let v be a view, the result is shown by induction on v:
o« If v=corv =k, it is itself a bi-view, hence the result.
« Suppose V= V'k withV' # eand V' € t;m...mt, where the t; are bi-views.
- If k is negative, as V is a view, the action & is justified by the last action
of V/, say x*. Hence k* is the last action of some bi-view t;,. Hence
vetim... mt,_1m(t,x)mt;,11m...mt,.
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— If k is positive, either it is initial and v € tym. .. mt,Mx with s a bi-view,
or it is justified by £~ in V'. In the last case, there exists a unique iy such
that k™ appears in t;,, so let tx™ be the prefix of t;, ending with x~. We
have thatv € tym...mMt,M(tx™ k) where tx™k is a bi-view.

2. Similar reasoning as above, but replacing m by LU, “bi-view” by “view”, “view” by
“path”, and exchanging the role of the polarities of actions.

O

Remark 3.1.9

Following the previous result, note that every view (resp. path) of a design 9 is in the
anti-shuffle of bi-views (resp. in the shuffle of views) of d.

Proposition 3.1.10

B is regular if and only if the following conditions hold:
* the positive-ended bi-views of B are visitable in B,
e Vg and Vg1 are stable under LU (i.e.,, VB is stable under LU and m).

Remember that Vg1 = Vs (Remark 1.2.13), hence the equivalence between Vg1 being
stable under L and Vg under m.

Proof. Let B be a behaviour.

(=) Suppose B is regular, and let t be a positive-ended bi-view of B. There exists a view
Vv of a design d € |B| such that t is a subsequence of v, and such that v ends with the
same action as t. Since V is a view of 9, V is in particular a path of 9, hence by regularity
V € VB. There exists ¢ € B* such that v = (0 < ¢), and by Lemma 3.1.4 we can even

[V ~

take ¢ € |B~|. Since V is a path of ¢, V ' is a view of ¢. But notice that V' = t =tby
definition of a view and of a bi-view. We deduce that t is a view (and in particular a path)
of ¢, hence te VgL by regularity. Finally, t € Vp.

(«<=) Assume the two conditions of the statement. Let s be a path of some design of |B|. By
Lemma 3.1.8, we know that there exist views vy, ..., V,, such that s € v LU - - LLUV,,, and for
each v; there exist bi-views t; 1, ..., t; ;, such that v; € t; ;m...mt; ,,,. By hypothesis
each t; ; is visitable in B, hence as Vg is stable by anti-shuffle, v; € V3. Thus as Vg is
stable by shuffle, s € V. Similarly the paths of designs of |B+| are visitable in B+. Hence
the result. 0

3.2 Visitable Paths and Connectives

The goal of this section is to make explicit the form of the visitable paths for behaviours
constructed by logical connectives. First recall the notations given at the beginning of
§ 1.1.e (page 28), and we also introduce new ones.

63



CHAPTER 3. CONNECTIVES AND INTERACTION

Notation

« Let us note ky = x|V (), Ka = Ay (), ke = To| ® (x,y) and K,, = xo|ei(z;i)
fori e {1,2}.

« Given a path s and a fresh variable z, define s* = s[x/x(] where the substitution
affects both free variables and variables that are addresses of negative initial
actions; for example:

if s = xolafy) by() " then s o= zlaly) by() "X

replacing a free variable - that is, the address of a positive initial action;

if  t = ag(y) yb()  then £ = au(y) ylb()

replacing a “free” negative place — that is, the address of a negative initial action.

« Given a design 0 and a fresh variable =, we write d* for 0]z /xz¢]; if 0 = n is
negative then we consider that the substitution also affects views and paths:
V[n*] = V[n],, thus the paths of n” are {s” | s path of n}.

« Write Vj5 for {s* | s € Vg}, and remark that V5 = Vg=.

« Recall that, for an action « and a set of paths V', we write KV = {ks | s € V}.

We show how we can, from the visitable paths of behaviours M, N, P, deduce the

ones of {N, TP, M & N,M ® N and N — P, in other words we give a compositional

description of the visitable paths. More precisely, we prove the following:

Vin = ke VR U {1}
Vip = kaVp U{€}
VMeN = /@LIVI\’% U Ky VliEIQ U &G
VMenN = ke(Vag W V) UK} if M and N regular

Proposition 3.2.1),
Proposition 3.2.1),
Proposition 3.2.4),

o~ o~ o~ o~

Proposition 3.2.8).

We also prove the general form of the visitable paths of M @ N, which is not as simple
as in the regular case (Proposition 3.2.6). Finally, the visitable paths of N — P are easily
deduced from those of the tensor in both the general and the regular case (Corollaries 3.2.7

and 3.2.9).

These results are necessary for proving the stability of regularity and purity in the next

sections. Internal completeness plays a central role in the proofs.

3.2.a Shifts

The visitable paths of the shifts have a really simple form: we essentially just need to add

an action at the beginning of the paths of N or P.
Proposition 3.2.1 (Visitable paths of the shifts)
1 Vin = ke VU {4
2. Vip = kaVE U {e}.
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We need two lemmas before proving this proposition.

Lemma 3.2.2

L (A(z).(NDY*)L C w(N) U DR,
T 1

Proof. Let E = W(N) and F = A(x).(N1)*. To show the lemma, we must show
F-CEU{X}and F C E-.

1. Letq € FL. If g # K, q is necessarily of the form ¥ (n) where n is a negative atomic
design. For every design p € N, we have A(z).p” € F and q[A(z).p*/z0] ~
p[n/xo), thus (q[A(x).p"/x0]]) = (p[n/x0]]) = X since q L A(z).p”. We deduce
n € N, hence q € F.

2. Letm = A(x).p” € F. For every design n € N, we have ¥(n)[m/xz¢] ~ p[n/zo],
thus (¥ (n)[m/20]) = (p[n/zo]) = " since p € N+ andn € N. Hencem € E-+.

g

The following lemma states that, indeed, 4 and T are dual connectives.

Lemma 3.2.3
TP = ({P1)L.

Proof. If we take N = P, Lemma 3.2.2 gives us:

1. (A(z).P¥)* C v(P) U X} and

2. A(z).P* C w(PH)L
Let £ = V(P1), and let ' = A(z).P?. By definition TP = F*. From (2) we deduce
F+L C Et, and from (1) B+ = (EU &)t € FH Hence TP = FH+ = B =
(Pt U

Proof (Proposition 3.2.1).

1. () Letq € N and m € (N)1, let us show that (q + m) € xyVE U {H}.

By Lemma 3.2.3, m € TN+, If ¢ = "X then (¢ < m) = *X Otherwise, by
Theorem 1.1.21, ¢ = ¥(n) with n € N. We have (q < m) = (q + |m|) by
Lemma 3.1.4 , where |m| € A(z).|(N1)®| by Theorem 1.1.21, hence |m| is of the
form |m| = A(z).p® with p € N*. By definition (q < |[m|) = ky(n® < pZ), where
(n® «p*) € VK.
(2) Indeed " € ViN. Now let s € rkyV&. There existn € N and p € N+ such
that s = ky(n® < p”). Note that ¥(n) € V(N) and A(z).p* € A(z).(N1)2,
By Lemma 3.2.3, TN+ = ({N)<, hence ¥(n) L A(z).p®. Moreover (¥(n) <
A(z).p") = ky(n® < p*) = s, therefore s € V.

2. By Lemma 3.2.3, the previous item, arﬁtﬁefa;tthit VB = 17;; for any behaviour B,
we have: Vip = Vippyr = Vipr = (kv V5, U PHY}) = ka VL U{e} = ra Vg U{e}.

O
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3.2.b Plus

The visitable paths of the plus are simple too: we add a different action at the beginning
of a path depending on if it comes from Vi or V.

Proposition 3.2.4 (Visitable paths of the plus)
VMoN = ki, Vo U K, V2 U OR}.

Proof. Remark that
M ® N = (12 (M) U PR} U (12(N) U {F})

is the union of behaviours &1 M and @, N, which correspond respectively to +M and {N
with a different name for the first action. Moreover,

M@ N)L = {n| njr; € mi(z).(MY)? and njmy € mo(z).(N1)*}
= (& M) N (&;NY)

where the behaviours &M+ and &;N-+ correspond to ™™, and TN1 with different
names; note also that for every 0 € | &1 M| (resp. | &2 N+ |) there exists ' € (M @ N)+
such that ® C 9, in other words such that 9 = [0[¢ ppe (resp. [0'|g,n). Therefore the
proof can be conducted similarly to the one of Proposition 3.2.1(1). g

3.2.c Tensor and Linear Map

The case of the tensor is much trickier than the shifts or the plus. Though all the visitable
paths of M®N (except ) are obtained by shuffling a path of Vs and a path of Vi, tensor
and shuffle do not match exactly. More precisely, we have

VMen C ke(Vag W VR) U LT}

but the converse inclusion does not hold in general, as shown in the following example;
we will however prove in the next subsection that it holds if both behaviours are regular
(Proposition 3.2.8).

Example 3.2.5

Go back to the behaviours A and B of Figure 4 (page 38), and recall that A is regular
but B is not. We have

5= ago(z1,22) wlb(yr) ey () w2lblys) € Va,
s = duo(2) z[E(s1,82) [fo(t) hlg) fe(t2) Rlg) <€ VB,
and we can define the path
s3 = do(z) 2le(s1,s2) ay(zr,22) @ilbly)  fo () 4lgd)
e () w2fbly2)  fio(tz)  t2l9()
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which satisfies s3 € 517 LU %Y, but Kes3 ¢ Vagn. Indeed, we can check that for any
design 0 such that f453 is a path of 9, we have d / x| ® (m2, ny) (where my € A and
ny € B are the designs from Figure 4), hence 0 ¢ (A ® B)t. The minimal (in the
sense of the stable ordering C) such design d is the following:

ryleQ) H

N
N

gtl\@\

‘ \

N

si[f{t1) s

divergence!

interaction with
x()] ° <m2, t12>

Oz (2, Y)

The idea highlighted in the previous example is that a non-regular behaviour can induce
an orientation (here B forces to visit fs, (t1) before fs, (¢2)), but this orientation might not
be respected by all of the paths in the shuffle of the two behaviours of which we take the
tensor. Thus we need a supplementary condition in order to capture the visitable paths of
the tensor in general.

Proposition 3.2.6 (Visitable paths of the tensor)

s € VMmN if and only if the two conditions below are satisfied:
1. s € ke(Viq W VR U {X},
2. forallt € Vi WV, for all 6~ such that ket~ is a path ofm}—nc, we have

tk e Vg w vy .

This proposition is a joint work with Fouqueré and Quatrini; in [FQ16], they prove a similar
result in the framework of original ludics. In our setting, the proof uses some material on
multi-designs introduced in Chapter 2. In this proof, for all negative designs m and n, let
us write m ® n instead of x| ® (m, n). The associativity for paths (Proposition 2.2.12), in
particular, plays an important role in this proof, by relating the interaction path of m ® n
with a negative design ng to the one of m (resp. n) with the normalisation of p[n/y] (resp.
p[m/y]), where p is a subdesign of ny; this is what allows us to decompose a path of Vargn
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CHAPTER 3. CONNECTIVES AND INTERACTION

in two paths, one from V1 and one from V.

Proof. (=)Lets € Vmgn. If s = "X then both conditions are trivial, so suppose s # M.
By internal completeness (Theorem 1.1.21), there existm € M,n € Nandny € (M®N)+
such that

s=(m®n <« ng) .

Thus ng must be of the formng = > ¢ a(zj).pa with p, # Q (remember that e = ),

and we have

s =kes' where ' ={{m"n¥}<+p,) .

Let us prove both properties:
1. By Proposition 2.2.12,

s'Tm” = (m” < (pg[n/y]))

where m* € M?*. Moreover

(pp[n/yl) € M™

indeed: for any m’ € M, we have

([pp/yDm'/2]) = (ppln/y, w'/2]) = ((m @ n)[no/xo]) =K
using associativity and one reduction step backwards. Thus
sSm® e Vg .

Likewise,
sy =¥ « (polm/z])) so MY eVy .

Therefore
se (Vppw V)

2. Nowlet t; € Vi1, 0 € VlgyI. Suppose t € (t W #) and £~ is a negative action such

- ~TC . .
that ketk™ is a path of 5™, Without loss of generality, suppose moreover that the
action k~ comes from m”, and let us show that t;x X € V. Let

! gm, e, T, e Tryme
' ={"u"/x,""yt — & ).

We show that # 7 is a prefix of #'|"# " and that ¢|"#, ™ € V{7, leading to the

conclusion by Lemma 3.1.5. Note the following facts:
m M~ TC

c M~/ TC
@ "5 = p(z,y). § +Za¢pa(¥).%, and thus s "X (otherwise a path

- TaC
of the form ke tx™ cannot be path of s ).

(b) t is a path of the multi-design {"#; "“/x, " "“/y}, and ¢ is a prefix of a path
T Te
of s’ since Kotk is a path of H_;—HC, thus t is a prefix of ¢’ by Lemma 2.2.8.
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(c) Since t is a "i-free positive-ended prefix of ¢/, we have that r, ¢ is a strict prefix
of ket’. Thus there exists a positive action K,ar such that Ii.tﬁar is a prefix of

/;.\-t? . The paths ketx™ and mliar are both paths of “_}—nc, hence necessarily
Ky = k. We deduce that tx~ is a prefix of ¢'.

(d) The sequence t'|" #; " therefore starts with (tx~)]"# ™.

(e) We have (tx7)["t " = (¢]"# ")k~ because, since k= comes from m?, it is
hereditarily justified by an initial negative action of address x, and thus K~

appears in design " t; "*. We deduce (tx7)["t " = (¢]Tt ")k = K.
e

(f) Moreover, by Proposition 2.2.12 ¢/|"# ™ = (T4, ™ « s (e ™ /y])).
Hence (by d, e, f)

M~ e

(s [T/ -

m, mc

fik~ isaprefixof ¢4 " = ("¢

e
Since "t; " € M® (by Lemma 3.1.3)and ([ s’ [Tt "/y]]) € M** (by associativity,
similar reasoning as item 1), we deduce

Ty e Vi

Finally, by Lemma 3.1.5,
K A E Vl\:ﬁl .

(<) Let s € ra(Vig W V) U {4} such that the second constraint is also satisfied. If
s

= K then s € VmgnN is immediate, so suppose s = /fn.cs’ where s’ € (Vi w V).

Consider the design " 5 ', and note that " 5 ' = p(@,y). s+ a(?)_%. We show

T~

C
by contradiction that 5 € (M ® N)-, leading to the conclusion.
~ TC .
Letm € M and n € N and suppose that m @ n t 5 By Lemma 2.2.10 and given
. m~Te . . . . . .

the form of design s, the interaction with m ® n is finite and the cause of divergence
is necessarily the existence of a path ¢ and an action ™ such that:

1. tisapath of m ® n,

e m~me

2. tk isapathof s

3. tk~ isnot a path of m ® n.
Hence t is of the form t = k4t’. Choose m and n such that ¢ is of minimal length with

. . m~me
respect to all such pairs of designs non orthogonal to s . Let ¢; = ¢/|[m” and & = ¢'[nY,
T TIC

m~Te m~TC
we have t € Ko(# LW f2). Consider the design ¢ ,andnotethat ¢t = p(z,y). £ +
Y ate a(?).%. We prove the following:

m~Tc
. t € (M®N)': By contradiction. Let m’ € M and 0’ € N such that m’ @ n’ [
m~Te
t . Again using Lemma 2.2.10, divergence occurs necessarily because there exists
a path v and a negative action '~ such that:

1. visapathof m’ @/,
- T~TC
2. vk'~ isapathof t ,

3. k'~ isnot a path of m' @ 1.
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4 s : - . M~ ne m~TC
Since the views of vx/~ are views of t, vx/~ isapathof s . Thusm’®@n’ f s

Moreover v is strictly shorter than ¢, indeed: v and ¢ are 4-free, and since vx'~ is
e
apath of t any action of vx’~ is an action of . This contradicts the fact that ¢
e
is of minimum length. We deduce ¢t ¢ (M ® N)*.

o t € ke(Vpy W VE): We show #; € Vi, the proof of t, € V{ being similar. Since ¢
~ e
isapathof m®mnand t apathof ¢ ,wehave

T~TC T~ me
t=men+ t )=r({m" 0¥}« ¢ ),

hence S —

t'=({m" ¥}« ¢ ).
Thus by Proposition 2.2.12

M~ TC

t=tm" =(m" < (¢ [n/y])) .

Moreover e

(¢ [/yl) e M™
since for every design m’ € M we have

M~ TC ([ ﬂ_r\;—l'l C T~ TIC
= t

(€ ¢ [n/yDm'/2]) [n/y,m’/x]) = (m' @n)[ ¢ /ao]) =%,

by associativity, one reduction step backwards, and the fact that n_?c € (MeN)L
It follows that t; € V.

« tk~ is a path of m ® n: Remember that ¢t~ is a path of n—g—nc, and we have just
seen that t € re(Vyy W V{). Using the second constraint of the proposition, we
should have ;s € Vi or s K € V3. Without loss of generality suppose
tik R € Vyp. Since m* € M and ¢ is a path of m®, we should also have that ¢~
is a prefix of a path of m” by Lemma 3.1.6, hence "V~ '="4k isa view of m?.
But in this case, knowing that ¢ is a path of m ® n and that Tk = /f.l—t’/f_l isa
view of m ® n, we deduce that tx™ is a path of m ® n.

Last point contradicts the cause of divergence between m ® n and "™ Hence "3 €
(M ® N)*. Moreover, 5 is a path of "5™ and since s € re(Viy W VR) there exist
mg € M and ng € N such that s is a path of mg ® ng (and mg @ ng € M ® N). We deduce
s={(my®ng TE—HC% hence s € VmgnN- O

Corollary 3.2.7 (Visitable paths of linear map)
s € VN—p if and only if the two conditions below are satisfied:

1. 5 € ke (VR W V) U PR,

~~

2. forallt € V& W V3, forall k= such that ketk™ is a path of "s™, we have

tk e VW Vg .
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Proof. Immediate from the definition of —o, Proposition 3.2.6 and Remark 1.2.13. O

3.2.d Tensor and Linear Map, Regular Case

In the regular case, Proposition 3.2.8 shows that the visitable paths of a behaviour Vpign
can be constructed as a simple shuffle of paths.

Proposition 3.2.8
IfM and N are regular then

VMeN = ke(Var W Vﬁ’r) u{x} .

Proof. Suppose M and N regular. Following Proposition 3.2.6, it suffices to show that
any path s € ke (V3 LU V) U {4} satisfies the following condition: for all t € Vi i Vi,

m~me
for all negative action x~ such that ketk~ isapathof 5, tx € Vi w VY.

If s = *K, there is nothing to prove, so suppose s = ko5’ where s’ € V3 L V. Let
- e - T/ TIC
t € Vi WV and k™ be such that ke tx™ is a path of T , thatis tx~ is a path of &'

Let s1,t € Vi and 5o, t € V¥ such that s’ € s LW sy and t € # W . Without loss of

generality, suppose x~ is an action in s, thus we must show ¢ x> € V. Notice that

(k™) = (tk™) = (k7 )y = (K7 )y (the second equality follows from the fact that tx—
M~ Tc

~

isapathof s ). Since s; € V}, the sequence (k7 ),, = (t1k7) is a bi-view of M. Let
sk~ be the prefix of s; ending with x~. By Lemma 3.1.5 s{k X € Vi, so (1K) =
(s157K) is also a bi-view of M7; by regularity of M, we deduce (t;xX) € V3. We have
R € t W (4 xK), where both ¢ and (< X) are in Vi, hence tix X € Vi by
regularity of M. O

Corollary 3.2.9
IfN and P are regular then

Vop = re(Viw W V) U {e}

3.3 Regularity and Connectives
Proposition 3.3.1
Regularity is stable under 4, T, ®, @ and —o.

The proof of this result relies on internal completeness and on the form of visitable paths.
We break it into several proofs, one for each connective. Like for visitable paths, the shifts
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(Proposition 3.3.2) and the plus (Proposition 3.3.3) are rather simple. The tensor (Proposi-
tion 3.3.4) occasions the most difficulties; in particular, it requires the alternative formula-
tion of regularity we gave at the beginning of this chapter (Proposition 3.1.10). As usual,
the case of the linear map (Corollary 3.3.6) is easily deduced from the tensor.

Proposition 3.3.2

1. IfN is regular then {IN is regular.
2. If P is regular then TP is regular.

Proof.

1. Following Proposition 3.1.10:
« By internal completeness, the bi-views of LN are of the form kyt where t
is a bi-view of N. Since N is regular t € V. Hence by Proposition 3.2.1,

kyt € ViN.
» Since Vi is stable by shuffle, so is V|y = Ky VX where ky is a positive action.
« For all paths k,s, kKot € V@N)L = /<5AV1{‘”IL such that k. s L x4 t is defined, s
and t necessarily start by the same positive action and s L ¢t C V1, because
Vo (thus also V7, ) is stable by LU, hence ks LW kat = ka(sWt) C VinyL.
2. If P is regular then P is too. Then, by the previous point, + P is regular, therefore
sois (VP+)1. By Lemma 3.2.3, this means that TP is regular.

O

Proposition 3.3.3
IfM and N are regular then M ® N is regular.

Proof. Similar to Proposition 3.3.2 (1), by the same remark we made in proof of Proposi-
tion 3.2.4. g

Proposition 3.3.4
IfM and N are regular, then M @ N is regular.

In order to prove this proposition, we need to be able to take the shuffle of two sequences
for which we do not know if they satisfy O-visibility. We call pre-path a positive-ended P-
visible aj-sequence. The shuffle s (L ¢ of two negative pre-paths s and ¢ is the set of paths
u formed with actions from s and ¢ such that ufs = s and u[t = ¢. The following lemma
states that, in fact, if the shuffle of two pre-paths is non-empty then these sequences satisfy
O-visibility. It will be useful for proving that certain sequences are paths in the proof of
the proposition.

Lemma 3.3.5

Let s and t be negative pre-paths. If s LI t # () then s and t are paths.
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Proof. We prove the result by contradiction. Let us suppose that there exists a triple
(s, t, u) such that s and ¢ are two negative pre-paths, u € s LU t is a path, and at least one
of s or t does not satisfy O-visibility, say s: there exists a negative action ™~ and a prefix
sok~ of s such that the action k™ is justified in s but just(x~) does not appear in L sy

We choose the triple (s, ¢, %) such that the length of u is minimal with respect to

all such triples. Without loss of generality, we can assume that u and s are of the form
u = upk " and s = spk M respectively. Indeed, if this is not true, u has a strict prefix
of the form 1y ~; in this case we can replace (s, ¢, u) by the triple (sor "X, up[t , upr ™ "K)
which satisfies all the constraints, and where the length of uyx ™" is less or equal to the
length of u.

Let k™ = just(k™). u is necessarily of the form u = wa ™ uyatx K where o~

justifies o™ and k™ appears in 1y, indeed:

« 7T does not appear immediately before ™~ in u, otherwise it would also be the case
in s, contradicting the fact that £~ is not O-visible in s.

« The action ot which is immediately before x~ in u is justified by an action o, and
kT appears before o~ in u, otherwise £+ would not appear in . #y_ and that would
contradict the O-visibility of u.

Let us show by contradiction something that will be useful for the rest of this proof: in the
path u, all the actions of uy (which cannot be initial) are justified in o~ up. If it is not the
case, let uja 13 be longest prefix of u such that /3 is an action of uy justified in #;, and
let 3’ be the following action (necessarily in upa™), thus 3’ is justified in o~ up. If 3’ is
positive (resp. negative) then [3 is negative (resp. positive), thus Cman ub 3 = ru{—l (resp.
Luia~ 1B = Lu} ) where #] is the prefix of # ending on just(3). But then  wja~ 3
(resp. Luja™ uh3) does not contain just(3'): this contradicts the fact that u is a path,
since P-visibility (resp. O-visibility) is not satisfied.

Now define v/ = s, s’ = /s and ¢’ = u'|t, and remark that:

. o is a path, indeed, O-visibility for ™ is still satisfied since Lo watk™ 1 =
Lupua~atk™ and Ly 0 = Ly k™ both contain k1 in Ly L.

. s/ and t’' are pre-paths, since s’ is of the form s’ = s;x K where 51 = wy[sisa
prefix of s containing k™ = just(x ™), and ¢’ = u/|[t = w |t is a prefix of t.

cuesdwt.

« s’ is not a path: Note that s is of the form s;5k "X where 51 = w]s and o =
o~ upat|s. By hypothesis, s is not a path because ™ does not appear in Ls; 5,_1. But
Ls152. is of the form s 1s), since all the actions of sy are hereditarily justified by
the first (necessarily negative) action of s, indeed: we have proved that, in u, all
the actions of uy (in particular those of s3) were justified in o~ up. Thus k™ does not
appear in Ls; 1, which means that O-visibility is not satisfied for £~ in s’ = s; kK.

Hence the triple (s, ¢/, 4') satisfies all the conditions. This contradicts the minimality of
. U

Proof (Proposition 3.3.4). Following Proposition 3.1.10, we prove that the positive-
ended bi-views of M ®@ N are visitable in M ® N, and that Vmegn and V(g1 are stable
by shuffle.
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Every bi-view of M ® N is of the form xet. It follows from internal completeness
(incarnated form) that ket is a bi-view of M ® N if and only if t is a bi-view either of M*
or of N¥. As M (resp. N) is regular, positive-ended bi-views of M* (resp. N¥) are in V}(;
(resp. V). Thus by Proposition 3.2.8, positive-ended bi-views of M ® N are in Viign:-

From Proposition 3.2.8, and from the fact that LUl is associative and commutative, we
also have that Vg is stable by shuffle.

Let us prove that VajgN is stable by anti-shuffle. Let ¢, u € V\igN and let s € tmu,
we show that s € VygN by induction on the length of 5. Notice first that, from Propo-
sition 3.2.8, there exist paths t;, 11 € Vij and &, uy € VIE’I such that t € ke(#1 LU ) and
u € Ke(w1 W u2). In the case s of length 1, either s = "M or s = K,, thus the result is
immediate. So suppose s = sk~ kT and by induction hypothesis s’ € Vpgn. Hence,
it follows from Proposition 3.2.8 that there exist paths s; € V3 and s, € V3 such that
s' € Ke($1 LW s2). Without loss of generality, we can suppose that £~ is an action of ¢,
hence of t. We study the different cases, proving each time either that s € Vj\qgn or that
the case is impossible.

« Either k™ = »I. In this case, s;x "X is a negative pre-path. As s is a path and
S € Ke(s1KT LW 82), by Lemma 3.3.5, we have moreover that s;x "X is a path.
Notice that ke(s1k7) = (k)5 = (k)¢ = Ke(k ™ )t,. Hence (s1k7) = (K7 )4 isa
bi-view of M”. Let tk~ = (s;x~). By Lemma 3.1.8, s; is a shuffle of anti-shuffles
of bi-views of M?, one of which is the bi-view t. Then remark that s;x "X is also a
shuffle of anti-shuffles of bi-views of M?, replacing t by tx ™"« (note that tx " is
indeed a bi-view of MI* since tx ¥4 = (tyx ") where tyx~ is the prefix of #; ending
with 7, and tyx X € Vy; by Lemma 3.1.5). It follows from Proposition 3.1.10 that
sik X € Vi Finally, as s € Ke(s1x ¢ LW 52) and by Proposition 3.2.8, we have
s € VM®N~

« Or 7 is a proper action of #, hence of ¢. Remark that "k = ThesikT | =
Ke Sk~ thus just(xT) appears in "sik~ 'hence sir k' isa (negative) pre-path.
As sisapathand as s € ke(s15~ kT W 5), by Lemma 3.3.5 515~ k7 is a path. We
already know from the previous item that s " € V. Notice that re(six~ K1) =
(kT)s = (kT), = Kke(kT),. Hence (515" k") = (kT), is a bi-view of M?. Let
Ukt = (515~ kT). By Lemma 3.1.8, 515 "X is a shuffle of anti-shuffles of bi-views of
M, one of which is the bi-view UX. Remark that s;x~ 7 is also a shuffle of anti-
shuffles of bi-views of M, replacing WX by ux™. By Proposition 3.1.10, sk~ k1 €
Vi Finally, as s € re(s157 £ W s2) and by Proposition 3.2.8, we have s € Vpmgn.

« Or k™ is a proper action of u, hence of u. The reasoning is similar to the previous
item, using « and 1 instead of ¢ and # respectively.

« Or k™ isaproper action of #, hence of t. This is impossible, being given the structure
of s: the action /f('f following the negative action <~ in ¢ is necessarily in ¢ (due to
the structure of a shuffle), hence the action following ~~ in s is necessarily either
/iar (hence in t;) or in wu.

« Or kT is a proper action of up, hence of u: this case also leads to a contradiction.
We know from the previous item that a positive action of # cannot immediately
follow a negative action of ¢ in s. Similarly, a positive action of uy (resp. 1, 1)
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cannot immediately follow a negative action of 1 (resp. t2, #p) in 5. Suppose that
there exists a positive action ’{(JJF of uy (or resp. ta, 11, 1) which follows immediately
a negative action r, of ¢ (or resp. uy, ta, up). Let 5ok, /13 be the shortest prefix of s
satisfying such a property, say g is an action of u and r, is an action of ;. Then

I— ——I . . . .
the view spr is necessarily only made of ko and of actions from ¢ or u1, thus it
does not contain just(xg ) (where r§ cannot be initial because N is negative), i.e.,
s does not satisfy P-visibility: contradiction.

0

Corollary 3.3.6
IfN and P are regular, then N — P is regular.

3.4 Purity and Connectives

We end this chapter by studying purity when applying connectives.
Proposition 3.4.1
Purity is stable under |, T, ® and ®.

Proof (Proposition 3.4.1). 'We must prove that:

« if N is pure then {N is pure,

« if P is pure then TP is pure,

« if M and N are pure then M ¢ N is pure,

« if M and N are pure then M ® N is pure.

For the shifts and the plus, the result is immediate given the form of visitable paths of {N,
TP and M & N (Propositions 3.2.1 and 3.2.4). Let us prove the result for the tensor.

Let s = s € VmgnN. According to Proposition 3.2.6, either s = "X or there exist
s1 € Vi and s € Vi such that s € ke(s1 W s). If s = K then it is extensible with
Ke, SO SUPPOSE § € Keo(s1 LU $2). Without loss of generality, suppose s; = s Since M
is pure, 51 is extensible: there exists a proper positive action £ such that sjx™ € V.
Then, note that s'<™" is a path: indeed, since 5] is a path, the justification of £+ appears

in's] ' ="s" Moreover &'kt € re(Vy W Vi), let us show that s's* € Vargn. Let
m —~—"Tc¢
t € Vi W VY and k™ a negative action such that ketr™ is a path of s'x™ , and by

Proposition 3.2.6 it suffices to show that tx K € Vi L V. But

T—~—T¢ ¢ r—mc mrame
SkT = kPR = =5 |

therefore Kotk ™ is a path of 3™ Since s € VMgN, by Proposition 3.2.6 we get tk™ " €
Vg W VY. Finally s’k € Vg, hence s is extensible. O

Unfortunately, when N and P are pure, N —o P is not necessarily pure. However, we
prove that a weaker form of purity, called quasi-purity, holds for N —o P under regularity
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assumption (Proposition 3.4.3). In Chapter 5, with a notion of functional behaviour, we
will identify precisely the case when purity is not preserved.

Definition 3.4.2 (Well-bracketed path, quasi-purity)

« We say that a path s is well-bracketed if, for every justified action « in s, when
we write s = spk’s1k52 where K’ justifies k, all the actions in s are hereditarily
justified by /.

« A behaviour B is quasi-pure if all the "4-ended well-bracketed paths in Vg are
extensible, in other words if there is no maximal Y4-ended well-bracketed path.

Note that a pure behaviour is indeed quasi-pure.

Proposition 3.4.3
IfN and P are quasi-pure and regular then N — P is quasi-pure.

Proof. Since N and P are regular, Vin_.pyL = re(V{ W V5) U {X} by Corollary 3.2.9.
Let s € Vin_op). and suppose 5 is "H-ended, i.e., 5 is "M-free. We must show that either s
is extensible or 5 is not well-bracketed. The path s is of the form s = k45’ and there exist
Yi-free paths t € V& and u € V such that s’ € ¢ L u. We are in one of the following
situations:
o Either 7 € V]g is not well-bracketed, hence neither is 5.
« Otherwise, since P is quasi-pure, 7% = WX is extensible, i.e., there exists a proper
positive action  such that 7k € V. If 5k} is a path, then 5k € VN_op, hence
5 is extensible: indeed, 5k;7 = sk MM € Ko(t LU uk; WH), thus skpH € ke (VG LWVE).
In the case 5k} is not a path, this means that ! is justified by an action  that
does not appear in ' 5 |, thus we have something of the form:

- — - -
K R ce Ky

@l
x
=+
Il

If Kk~ comes from ¢, and thus also xT, then 5 is not well-bracketed, indeed: since Ky
is hereditarily justified by K¢ and by no action from ¢, we have:

m

s = Fe Kkt Ky, K™
just.
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So suppose now that £~ comes from %, thus also . We know that " % ' contains
K, = just(k}), thusin particular " % ' does not contain £ ~; on the contrary, we have
seen that ' 5 ' contains . By definition of the view of a sequence, this necessarily
means that, in s, between the action £~ and the end of the sequence, the following
happens: "5 ' comes across an action «; from ¢, justified by an action o also from
t, making the view miss at least one action «,, from % appearing in ' % |, as depicted

below.
e m just.
s = Fe K- a;" Qy o

Since «, is hereditarily justified by %, and by no action from ¢, the path 5 is not
well-bracketed: the justifications of v, and of «; intersect.
To sum up, we have proved that in the case when % = X is extensible, either s is
extensible too or it is not well-bracketed.

Hence N —o P is quasi-pure. g
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4 Inductive Types

Though ludics draws inspiration from (linear) logic, it can also be considered as a func-
tional programming language. This is the point of view we adopt in Chapters 4 and 5
by studying respectively data types and functions types in ludics. As already mentioned,
there have been previous works on data and functions in ludics [Ter11, Sir15]. Our ap-
proach aims at being as generic as possible by studying the behaviours corresponding to
all the usual data types (of finite data) and to functional types that might be higher-order.

In the previous chapters, we have laid the foundations for representing and studying
data types in ludics. Indeed, the logical connectives play the role of type constructors,
and we have proved some results about their visitable paths, in particular regularity and
purity. However, this is yet very limited, since with these connectives we cannot have
infinite data types. We need least fixed points to be able to consider inductive data types,
such as the following (here in OCaml):

> type nat = Zero | Succ of nat ;;
> type 'a list = Nil | Cons of 'a * 'a list ;;
> type 'a tree = Empty | Node of ’'a * ('a tree) list ;;

This chapter brings important contributions in the study of inductive types and least fixed
points in ludics, building on the work of Baelde, Doumane and Saurin [BDS15]. In Sec-
tion 4.1, we give a grammar for data patterns corresponding to data types, where & and
® are for sum types and product types respectively, and the symbol p is an operator for
inductive types. Data patterns are interpreted as behaviours; in particular y is interpreted
as a least fixed point, which has an explicit form thanks to Kleene’s fixed point theorem.
Going further, we prove in Section 4.2 a new internal completeness theorem for infinite
unions satisfying some conditions (Theorem 4.2.2), giving a direct way of constructing the
least fixed points. Then we conduct in Section 4.3 a structural study of data behaviours:
internal completeness gives us information on the visitable paths, thus we can prove that
such behaviours are regular and pure. Finally, in Section 4.4, we give some ideas for the
future study of coinductive types in ludics.

From a programming perspective, designs play a double role:

« the role of programs (player’s strategy),

« the role of the environment (opponent’s strategy).
Indeed, the (closed) interaction between two designs corresponds to running a certain pro-
gram in a certain environment. Typically, if a design in the behaviour A — B interacts
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with a design in the orthogonal behaviour (A — B)' = A ® B, this corresponds to
the evaluation of a program of type A — B in an environment that provides an argument
of type A and consumes the result of type B returned by the program. In this context,
a daimon corresponds to the interruption of the computation. If ¥ comes from the en-
vironment, it corresponds either to an incomplete argument of type A or to the natural
end of the computation after the environment received and consumed the result of type
B. If " comes from the side of the program, then it corresponds to a bug of this program,
which is not able to provide what is required. It is thus natural to expect that the daimon
comes from the environment rather than from the program, and the purpose of purity is
precisely to ensure this is the case for all the programs of a given type. Hence our interest
for this property in a computational context, and we show in this chapter that it holds for
the ludics interpretation of inductive data types.

Regularity, on the other hand, means unoriented in the sense that every possible inter-
action trace of a type is realised. This is indeed a desirable property for data types, since
for example we would like to have the choice between visiting first a or b when we are
given a pair (a, b). But this property also has two major benefits for our study:

« it guarantees that we can apply the internal completeness theorem for fixed points,

« it might lead to characterise pMALL in ludics (discussed in § 4.3.c).

This is why we need to ensure it holds for data behaviours.

Notation

Abusively, we denote the positive behaviour {*X} by "X all along this chapter.

4.1 Inductive Data Types as Kleene Fixed Points

The point of this section is to interpret data types as ludics behaviours, called the data
behaviours, and to give an explicit description of the behaviours corresponding to inductive
types thanks to Kleene’s fixed point theorem.

4.1.a Data Patterns

We define the data patterns via a type language and we interpret them as behaviours.
Data patterns correspond to some (positive) formulas of polarised MALL extended with
a constructor y for inductive types; similarly to [BDS15], we will interpret the logical
connectives of the logic by the corresponding constructors of ludics, and x4 as a least fixed
point behaviour.

Suppose given a countably infinite set V of second-order variables: X,Y,--- € V.
Recall that Q7 := o a(xj).Q. Let &' = S\ {A, 71,7, p} and define the set of

H
constants Const = {C,, | a € 8’} which contains a behaviour C, = {z¢|a(Q~)}* for
each a € &', i.e., such that a is not the name of a connective. Remark that, for all a € &',
Ve, = P, zola(Z)}, thus indeed C, is regular and pure.
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Definition 4.1.1 (Data pattern)

The set P of data patterns is generated by the inductive grammar below.

AB:=XeV | acS | AetB | A®TB | uX.A

The set of free variables of a data pattern A € P is denoted by FV(A).

Example 4.1.2

Let zero, nil,empty € S’ and X € V. The data types given as example in the intro-
duction of this chapter can be written in the language of data patterns as follows:

Nat = pX.(
List4 = MX (nil o™ (At X)) ,
Trees = puX.(empty @1 (A ®* Listy))
= uX.(empty & (At pY.(nilo™ (X @7 Y)))) .

zero®® X) ,

Notation

In the following, we will denote by B the set of positive behaviours.

An environment o is a function that maps the free variables of a data pattern to
positive behaviours. The notation o, X — P stands for the environment o where the
image of X has been set (or changed) to behaviour P. We call an environment regular
(resp. pure) if its image contains only regular (resp. pure) behaviours.

Given a data pattern A € P and an environment o, the interpretation of A in the
environment o, written [A], is the positive behaviour defined by:

[X]7 =o(X) | [Ae* B]” = (T[A]°) @ ([B]°) ,
[a]” = Ca , [A&* B]” = (T[A]°) ® (T[B]°) ,
[uX.A]° = 1fp(¢7) |

where 1fp(¢2) stands for the least fixed point of the function defined by

o3BT = Bt
P — [A]7X~F
The fact that this function has a least fixed point is ensured by the Knaster-Tarski fixed
point theorem, as pointed out by Baelde, Doumane and Saurin [BDS15].

Notation

Abusively we will write T and ® T, instead of (1) & (T-) and (1) ® (1-) respectively,
for behaviours.
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4.1.b Kleene Fixed Point Theorem

Although we know that all data patterns have a behaviour counterpart, the Knaster—Tarski
fixed point theorem is non-constructive, it gives no concrete information on fixed points.
Thus we do not know what all the designs in the interpretation of ©X.A are. For example,
is there really nothing else in [Nat] than the designs corresponding to natural numbers?
A more constructive approach is needed so as to understand the structure of fixed points
behaviours, and we start in this subsection by proving that we can apply Kleene’s fixed
point theorem instead of Knaster—Tarski’s. In the next section, we will moreover prove an
internal completeness result for infinite union, which will give a direct construction for
least fixed points behaviours.

Recall the following definitions and theorem. A partial order is a complete partial
order (CPO) if each directed subset has a supremum, and there exists a smallest element,
written L. A function f : £ — F between two CPOs is Scott-continuous (or simply
continuous) if for every directed subset D C E we have \/ ., f(z) = f(\/,cp )

Remark 4.1.3
A continuous function f : ' — F'is monotone, i.e., if v <p y then f(z) <p f(y).

Theorem 4.1.4 (Kleene fixed point theorem)
Let L be a CPO and let f : L — L be Scott-continuous. The function f has a least fixed
point, defined by

() =\ (L) -

neN

The set BT ordered by C is a CPO, with least element *X; indeed, any subset P C BT has
a supremum given by \/ P = (|JP)**. Hence the next proposition proves that we can
apply the theorem.

Proposition 4.1.5

Given a data pattern A € P, avariable X € V), an environmento : FV(A)\{X} — BT,
the function ¢ is Scott-continuous.

To prove this proposition, we first need the following lemma.

Lemma 4.1.6

Let E, F' be sets of cut-free atomic negative designs and G be a set of cut-free atomic
positive designs.
1. L(EH) = v(E)tt
NGH) ={n| nla € &A(z).G*}+L.
EXY) @ (FH) = (u(B) Uwn(F)) .

2.
3. (
4. (B @ (F) = o(E, F) 1+,

Proof. We prove (1) and (2), the other cases are very similar to (1).
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L V(E)* ={n| na € A(2).(B1)"} = (NEL)F = ((E)H = L(EH),
2. {n| nfa € A(2).G"}*L ={v(m) |m € G} = (W(GH)*t =1(GH),
using the definition of the orthogonal, internal completeness, and Lemma 3.2.3. O

We can now prove Proposition 4.1.5. Note that, while this proposition justifies that it
is possible to apply Kleene’s fixed point theorem, its proof uses this theorem itself! But no
contradiction here: the proof is done by induction on data patterns, and we apply Kleene’s
theorem solely on patterns of the previous induction step. This procedure, for proving a
result by induction, of using what seems like a corollary of this result (here corresponding
to Corollary 4.1.7) is typical in this chapter, because of fixed points. It will sometimes lead
to very long induction hypotheses, where many things have to be proved at the same time,
for example in the proof of Propositions 4.3.1 and 4.3.2.

Proof (Proposition 4.1.5). By induction on A, we prove that for every X and every o
the function ¢ is continuous. Note that ¢ is continuous if and only if for every directed
subset P C BT we have \/pp([A]7*7F) = [A]7X—~VP_ The cases A = Y € V and
A = a € § are trivial, and the case A = A; @™ Aj is very similar to the tensor, hence we
only treat the two remaining cases. Let P C B be directed.
« Suppose A = Ay @1 Ay, thus [A]7X 7P = [A4,]7X~7P @+ [A,]>X P, with both
functions ¢4 : P+ [A;]%* P continuous by induction hypothesis. For any
positive behaviour P, let us write op instead of o, X +— P. We have

V141" = (U A2 = (U ([A7P @ [4a]7P)
PecP PeP PcP
Let us show that
U ([Ail" @ [4o]7") = o( | T[A]7®, | TTAd™) U{E . ()
PcP P/cP P/eP

By internal completeness, for every P € P we have
[41]77 ®7 [A2]7" = o(T[A1] 7%, T[A2] %) U {F}

The inclusion (C) of (*) is then immediate, so let us prove (2). First, indeed, "X
belongs to the left side. Let P/, P” € P, let m € T[A;1]7?", n € T[A3]7®", and let
us show that e(m,n) € [A1]°P @T [A2]7P where P = P’V P” (note that P € P
since P is directed). By induction hypothesis, ¢! is continuous, thus in particular
monotone; since P’ C P, it follows that

[A1]77 = 651 (P') C ¢ (P) = [A1]® .

Similarly we have
IIAQ]]UP” g IIAQ]]UP .

Using internal completeness for the negative shift, we get

o(m,n) € o(T[A1]7", T[A:]7P) C [A1]7® @7 [Az] 77
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which proves (x). By internal completeness, Lemma 4.1.6 and induction hypothesis,
we deduce:

(U ([ & (o) = o U tiaadee, U 14s)7)*
PcP P’cP P/cP
( U T[[A ]]O'P/ LL U T[[A O‘P//
P/cP P/cP
= (U 1yt et (| 1alret
P/cP P/cP

_ [[Al]]o,Xi—)\/P ®+ [[AQHU,XH\/P
_ [[A]]U,XH\/P )
Consequently ¢ is continuous.

« If A= pY. Ay, define
fO :Q [[AO]]O',X»—)V P,Y—Q

and, for every P € BT,
fP . Q — [[AO]]U,XHP,YHQ )

Those functions are continuous by induction hypothesis, thus using Kleene’s fixed
point theorem we have

1fp(fo) = \/ fo"( and lfp(fp) = \/ fp"(
neN neN
Therefore
\ ([A]7*F) = \/ (fp(fe)) =\ (V e 05) =\ (V fp"(5)
PeP PeP PeP neN neN PeP

For every Q € B the function

gq: P — fp(Q)

is continuous by induction hypothesis, hence
=\ »(Q
PeP
From this, we prove easily by induction on m that for every Q € B™ we have
=V »"Q)
PecP

Thus
\/ (HAHU,XHP \/ fO lfp fO) [[A]]J,X»—)\/P )

PeP neN

We conclude that the function ¢2 is continuous.
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Corollary 4.1.7
Forevery A€ P, X € Vando : FV(A)\ {X} — BT,

[nX. A7 = \/ (65)"02) = (|J (67)"(20) -+ .

neN neN

This result gives an explicit formulation for least fixed points. However, the L | -closure
might add new designs which were not in the union, making it difficult to know the ex-
act content of such a behaviour. The point of Section 4.2 will be to provide an internal
completeness result proving that the closure is actually not necessary.

4.1.c Steady Data Patterns and Data Behaviours

Let us finish the section by defining a restricted set of data patterns so as to exclude the
degenerate ones. Consider for example List 4" = uX.(A®™ X)), a variant of List 4 (see Ex-
ample 4.1.2) which misses the base case. It is degenerate in the sense that the base element,
here the empty list, is interpreted as the design ». This is problematic: an interaction go-
ing through a whole list will end with an error, making it impossible to explore a pair of
lists for example. The pattern Nat’ = uX. X is even worse since [Nat'] = 4. The point of
steady data patterns is to ensure the existence of a basis; this statement will be formalised
in Lemma 4.3.4.

Definition 4.1.8 (Steady data pattern)

The set P° of steady data patterns is generated by the inductive grammar:
AB:=acS | AT K | KeTA | A" B | uX.A

where K is a data pattern such that [K] is pure if o is pure.

In the cases of &7, the condition on K ensures the preservation of purity, i.e., type safety;
note that K is not necessarily steady, in particular variables can be introduced on this
side, while the basis will come from the side of A. We will prove (in Section 4.3) that
behaviours interpreting steady data patterns are pure, thus in particular a data pattern of
the form ;X . A is steady if the free variables of A all appear on the same side of a & and
under the scope of no other y (since purity is stable under 4, T, @, ®). We claim that steady
data patterns can represent every type of finite data, hence the following definition.

Definition 4.1.9 (Data behaviour)

A data behaviour is the interpretation of a closed steady data pattern.
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4.2 Internal Completeness for Infinite Union

An important contribution of this thesis is the following internal completeness theorem,
stating that an infinite union of simple regular behaviours with increasingly large incar-
nations is a behaviour: the L | -closure is useless.

Definition 4.2.1 (Slice, simple behaviour)

+ Aslice is a design in which all negative subdesigns are either {2~ or of the form
a(?).pa, i.e., at most unary branching. ¢ is a slice of 0 if ¢ is a slice and ¢ C 0.
A slice ¢ of 0 is maximal if for any slice ¢’ of 0 such that ¢ C ¢/, we have ¢ = ¢’.

« A behaviour B is simple if for every design 0 € |B|:

1. 0 has a finite number of maximal slices, and
2. every positive action of D is justified by the immediate previous negative
action.

Condition (2) of simplicity ensures that, given d € |B| and a slice ¢ C 9, one can find a path
of ¢ containing all the positive proper actions of ¢ until a given depth; thus by condition
(1), there exists k € N depending only on 9 such that k paths can do the same in 0.

Theorem 4.2.2

Let (A,,)nen be an infinite sequence of simple regular behaviours such that for alln € N,
|Ayn| € |Api1]| (in particular A,y © Ay i1). The set |, o\ An is a behaviour.

In this theorem’s statement, we demand that the behaviours’ incarnations — and not simply
the behaviours themselves — are increasing; this is because there are many examples of
behaviours A and B with A C B but |[A| 2 |B|. In fact, adding carelessly designs
to a behaviour has more chances to globally restrict the possible interactions within the
behaviour, that is, to reduce its incarnation. Since incarnation is the part of the behaviour
that truly interacts, it is the part that we want increasing; moreover, |A| C |B| always
implies A C B.

A union of behaviours is not a behaviour in general; Theorem 4.2.2 gives sufficient
conditions so that it is. Counterexamples are easily found if releasing either the inclusion of
the incarnations or the simplicity condition. It is probably possible to refine the definition
of simple with a less strict second condition, so that the theorem still holds. For example,
Faggian gives in her thesis [Fag01] a characterisation of designs that can be entirely visited
by a single interaction, which might provide us with a better condition, but this is yet to
be explored.

Note moreover that the proof of this theorem relies strongly on regularity. We do
believe it is possible to find a counterexample of the theorem if we remove the regularity
hypothesis, but we have not got one by the time this thesis is completed.

Before proving the theorem, we need several lemmas. Suppose (A,,),en is an infinite
sequence of regular behaviours, with |A,| C |A,+1] for all n € N; the simplicity hy-
pothesis is not needed for now. Notice that the definition of visitable paths can harmlessly
be extended to any set E of cut-free atomic designs of same polarity, even if it is not a
behaviour; the same applies to the definition of incarnation, provided that E satisfies the
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following: if 9, ¢1,e2 € F are such that ¢; C 0 and ez T 0 then there exists ¢ € E such
that ¢ C ¢; and ¢ C e¢y. In particular, as a directed union of behaviours, | J A, satisfies
this condition.

neN

Notation

In the proofs of this section, we will denote by A the set [ J,,cp An.

Lemma 4.2.3
Let (Ay)neN be an infinite sequence of regular behaviours such that for allm € N,
|A,| C |A,t1| We have:

L. VneN,Va, CVa,.,»

2. VUnEN An - UTLGN VAn:
3. |UneN An| = UnEN |An|

Proof.

1. Fix n and let s € Vj,. There exists 9 € |A,| such that s is a path of . Since
|A,| € |Apy1| we have 0 € |[A,41], thus by regularity of Ay, 1,5 € Vg, ..

2. (C) Let s € Va. There existn € N and ? € |A,,| such that s is a path of 9. By
regularity of A, we have s € Vi .
(O)Letm € Nand s € Va,,. Foralln > m, Va,, C Va, by the previous item,
thus s € Vj,. Hence if we take ¢ = m.?‘nc, we have ¢ € AnL for all n > m by
Lemma 3.1.3. We deduce

ee (A=A =(JAn" =A".

n>m n>m neN

Let 0 € A,, such that s is a path of 0; we have 0 € A and ¢ € A+, thus (0 « ¢) =
s € Va.

3. (€) Let ? be minimal for C in A. There exists m € N such that d € A,,. Thus d is
minimal for C in A,,, otherwise it would not be minimal in A, hence the result.
(D) Let m € N, and let ® € |A,,|. By hypothesis, 0 € |A,,| for all n > m. Suppose
0 isnotin |A], so there exists 0’ € A such that 9’ C 9 and 0’ # 0. In this case, there
exists n > m such that 9’ € A,,, but this contradicts the fact that 0 € |A,,|.

O

Lemma 4.2.4

Let (Ay)neN be an infinite sequence of regular behaviours such that for allm € N,
|A,| € |Ant1|. We have:

Vien An = VUpen An)t = ViU, on AL
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Proof. In this proof we use the alternative definition of regularity (Proposition 3.1.10).
We prove Va = VAJ_ and the result will follow from the fact that for any behaviour B (m
particular if B = A+1) we have VBJ_ = VB. First note that the inclusion Va C VAJ_ is
immediate.

Let s € Va1 and let us show that 5 € V. Let ¢ € |A*| such that s is a path of e.
By Lemma 3.1.8 and the remark following it, s is in the shuffle of anti-shuffles of bi-views
ti,...,t; of AL, For every i < k, suppose t; = (k;); necessarily, there exists a design
0; € A such that x; occurs in (¢ <+ 0;), i.e., such that t; is a subsequence of (¢ + 0;),
otherwise ¢ would not be in the incarnation of A+ (it would not be minimal). Let n be big

enough such that 91,...,9; € A, and note that in particular ¢ € A,,* For all 7, tN isa
bi-view of [9;|a,,, thus it is a bi-view of A, By regulanty of A, we have t; € Va,,- Since
5 is in the anti-shuffle of shuffles of tl, . tk, we have 5 € Vo, using regularity again.
Therefore 5 € V5 by Lemma 4.2.3(2). ]

Lemma 4.2.5

Let (Ay,)neN be an infinite sequence of regular behaviours such that for allm € N,

|A,| € |Apt1]|. The behaviours (U, oy An)t and (U,cn An)L are regular.

Proof. Let us show Al is regular using the equivalent definition (Proposition 3.1.10).
« Let t be a bi-view of AL, By a similar argument as in the proof above, there exists
n € N such that 1N: is a bi-view of A,,, thus 1N: € Va, CVa.ByLemma4.24,t € Vy..
o Lets, ¢t € V5.. By Lemma 4.2.4, 2,? € Va. By Lemma 4.2.3(2), there exists n € N
such that 5, t € VA, thus by regularity of A,, we have

EITI; C Va,, and St CVa,

where Vo, C Va, in other words

—~

C VA and .;F'I_Z CVa .
By Lemma 4.2.4 we deduce
SLUthAJ_ andSI_I_ItQVAJ_ s

hence V, . is stable under shuffle and anti-shuffle.
Finally A" is regular. We deduce that A1 is regular since regularity is stable under
orthogonality (Remark 1.3.6). 0

Let us introduce some more notions for the following proof. An co-path (resp. oo-
view) is a finite or infinite sequence of actions satisfying all the conditions of the definition
of path (resp. view) but the requirement of finiteness. In particular, a finite co-path (resp.
oo-view) is a path (resp. a view). An oco-path (resp. co-view) of a design 0 is such that
any of its positive-ended prefix is a path (resp. a view) of 0. We call infinite chattering a
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closed interaction which diverges because the computation never ends; note that infinite
chattering occurs in the interaction between two atomic designs p and n if and only if there
exists an infinite co-path s of p such that 5 isan oo-path of n (where, when s is infinite, 5
is obtained from s by simply reversing the polarities of all the actions). Given an infinite
oo-path s, the design Ts™ is constructed similarly to the case when s is finite (see the
proof of Lemma 3.1.1 in Chapter 3).

For the proof of the theorem, suppose now that the behaviours (A,,, ),eN are simple.
Remark that the second condition of simplicity implies in particular that the dual of a path
in a design of a simple behaviour is a view.

Proof (Theorem 4.2.2).

We must show that ALL C A since the other inclusion is trivial. Remark the follow-
ing: given designs 0 and ?’,if ? € A and ? C 9’ then o’ € A. Indeed, if d € A then
there exists n € N such that 0 € A,,; if moreover 0 C 9’ then in particular ? < ?’, and by
monotonicity o' € A,, hence o’ € A. Thus it is sufficient to show |A++| C A since for
every o' € A1t we have [0'| € [A1+| and [0/| C 0.

Soletd € |A+"| and suppose 0 ¢ A. First note the following: by Lemmas 4.2.4 and
4.2.5, every path s of 9 is in Vp11 = Va, thus there exists 9’ € |A| containing 5. We
explore separately the possible cases, and show how they all lead to a contradiction.

If 0 has an infinite number of maximal slices then, using Konig’s lemma (every infinite
tree contains either a vertex of infinite degree or an infinite branch), we are in one of the
following cases:

« Either there exists a negative subdesignn = o a(xj).pa of 0 for which there
is an infinity of names a € S such that p, # (). In this case, let v be the view of
0 such that for every action s~ initial in n, V&~ is the prefix of a view of 2. All
such sequences V&~ being prefixes of paths of 9, we deduce by regularity of AL+
and using Lemma 3.1.5 that v " € Vj11. Let 9’ € |A| be such that v is a view
of o’ Since ¥’ is also in A+, we deduce by Lemma 3.1.6 that for every action x~
initial in n, vk~ is the prefix of a view of ?’. Thus 0’ has an infinite number of slices:
contradiction.

« Or we can find an infinite co-view V = (kg )k k] kg k] k3 k3 ... of O (the first
action k being optional, depending on the polarity of 0) satisfying the following:
there is an infinity of ¢ € N such than s, is one of the first actions of a negative
subdesign »_ . a(a?).pa of 0 with at least two names a € S such that p, # €.
Let V; be the prefix of V ending on x;. There is no design o’ € |A| containing V,
indeed: in this case, for all ¢ and all negative action ™~ such that v;x~ is a prefix of
a view of 9, V;x~ would be a prefix of a view of 9’ by Lemma 3.1.6, thus ?' would
have an infinite number of slices, which is impossible since the A, are simple. Thus
consider e = "V : since all the V; are views of designs in |A| = (J,,cn |An| and
since the A, are simple, the sequences U are views, thus V is an co-view. Therefore
an interaction between a design ' € A and ¢ necessarily eventually converges
by reaching a daimon of ¢, indeed: infinite chattering is impossible since we cannot
follow v forever, and interaction cannot fail after following a finite portion of v since
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those finite portions V; are in Va. Hence ¢ € Al Butd L e, because of infinite
chattering following v. Contradiction.
If 0 has a finite number of maximal slices ¢y, ..., ¢, then for every ¢ < k there exists
an oo-path s; that visits all the positive proper actions of ¢;. Indeed, any (either infinite or
positive-ended) sequence s of proper actions in a slice ¢ C 9, without repetition, such that
polarities alternate and the views of prefixes of s are views of ¢, is an co-path:

« (Linearity) is ensured by the fact that we are in only one slice,

« (O-visibility) is satisfied since positive actions of 9, thus also of ¢, are justified by the
immediate previous negative action (a condition true in |A[, thus also satisfied in 0
because all its views are views of designs in |A )

« (P-visibility) is natively satisfied by the fact that s is a promenade in the tree repre-
senting a design.

For example, s can travel in the slice ¢ as a breadth-first search on pairs of nodes (k~, k™)
such that k™ is just above k™ in the tree, and ™ is proper. Then 2 cases:

+ Either for all 7, there exists n; € N and 9; € A,,; such that s; is an oo-path of ;.
Without loss of generality we can even suppose that ¢; T 0;: if it is not the case,
replace some positive subdesigns (possibly €2) of d; by *X until you obtain 9 such
that ¢; C 9/, and note that indeed d; € A,,, since ?; < ?}. Let N = max;<;<x(n;).
Since 0 ¢ A, thus in particular 0 ¢ Ay, there exists ¢ € Aﬁ such that 0 / e. The
reason of divergence cannot be infinite chattering, otherwise there would exist an
infinite co-path ¢ in 0 such that tisine and t is necessarily in a single slice of 0
(say c¢;) to ensure its linearity; but in this case we would also have 9; [ ¢ where
0; € Ay, impossible. Similarly, for all (finite) path s of 9, there exists ¢ such that s
is a path of ¢; thus of 9; € A ; this ensures that interaction between ? and e cannot
diverge after a finite number of steps either, leading to a contradiction.

+ Or there is an 7 such that the (necessarily infinite) co-path s; is in no design of A.

. T~ Tc ~ . . . . .
In this case, let e = 5; (where s; is a view since the A,, are simple), and with a
similar argument as previously we have ¢ € AL but 0 [ ¢ by infinite chattering,
contradiction.

O

Under the same hypotheses as Theorem 4.2.2 and by Lemma 4.2.3, we thus have that
the set | J,,cn Ax is a behaviour satisfying

Wewan = UVa, and [ A= U A4l
neN neN neN
hence the following corollary.

Corollary 4.2.6

Let (A,)neN be an infinite sequence of simple regular behaviours such that for alln € N,
[An| € |Anial.

* Unen An is a simple and regular behaviour.
» If moreover all the A,, are pure then | J,,. Ay is a pure behaviour.
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4.3 Regularity and Purity of Data

In this section, we show that the interpretation A of a data pattern of the form uX.A
can be expressed as an infinite union of behaviours (A, ),en satisfying the hypotheses of
Theorem 4.2.2. By applying this theorem, the goal is to be able to construct A without
performing the bi-orthogonal, and to deduce its regularity and purity. More precisely, we
prove that behaviours interpreting data patterns (resp. steady data patterns) are regular
(resp. pure). We end this section by discussing the relation between regularity and uMALL.

4.3.a Regularity of Data

We call an environment o simple if its image contains only simple behaviours. In this
subsection, we prove the two following propositions, stating respectively that:

« the interpretation of a data pattern in a simple regular environment is a simple regu-
lar behaviour (Proposition 4.3.1), the interesting case being that data patterns with-
out free variable (closed) only generate simple regular behaviours;

+ the explicit form for the interpretation of a pattern of the form ;X . A, that has been
given in Corollary 4.1.7, need not be closed by bi-orthogonal (Proposition 4.3.2); this
indeed relies on our previous internal completeness result (Theorem 4.2.2).

Proposition 4.3.1

For all A € P and simple regular environment o, [A]° is simple regular.

Proposition 4.3.2
Forall A€ P, X € V,ando : FV(A) \ {X} — B* simple regular,

[nXx. Al = | (¢2)" (%) -

neN

It seems that each of these statements is a prerequisite for the other one, indeed: from
Proposition 4.3.1 we could deduce Proposition 4.3.2 using Theorem 4.2.2, and the other
implication could be obtained from Corollary 4.2.6. For doing this, we would need the
following “lemma”, which is required as a hypothesis for both Theorem 4.2.2 and Corol-
lary 4.2.6: forall A € P, X € V, 0 : FV(A) \ {X} — BT simple regular, and n € N, we
have

[(¢2)" (1 € 1(¢)" 102

Actually, these three results (the two propositions and the inclusion above) are proved
simultaneously, included in the same induction hypothesis.

Proof (Propositions 4.3.1 and 4.3.2). By induction on A, we prove that for all X € V
and 0 : FV(A) \ {X} — BT simple and regular, the induction hypothesis consisting in
the five following statements holds:

1. for all P, P’ € BT simple regular, if |P| C |P’| then |¢2(P)| C |¢2(P’)

3
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for every n € N,

(62)" ()| < I(65)" 1 (R
for every P € Bt simple regular, ¢ (P) is simple and regular;
XA = U e (62)" 05
10X A1 | = Upen (6205
In this proof, given any positive behaviour P, we write op for o, X — P.
fA=X€eVorA=ac S immediate.
IfA,:RA1€B+4420r/121A1C@+44Z
1. Follows from the incarnated form of internal completeness (in Theorem 1.1.21).
2. Easy by induction on n, using the previous item.
3. Regularity of ¢(P) comes from Proposition 3.3.1, and simplicity is easy since the
structure of the designs in [A]?P is given by internal completeness.
4. By Corollary 4.1.7 we have

[nX.A] = (| ()" 020)

neN

Ll

o

and by Theorem 4.2.2 we have

(U @)z = [J @) ex

neN neN

since items (2) and (3) guarantee that the hypotheses of the theorem are satisfied.

5. By the previous item and Lemma 4.2.3(3).
IfAﬁ:Ad<A0:
1. Suppose

62 (P)| = [[1Y-Ao]?| = | (o2

neN

by induction hypothesis (5), and similarly for P’. By induction on n, we prove that

[(620)" (291 € (650,)" ()] ©)

It is immediate for n = 0, and the inductive case is:

[(622)" T 0F| = 1922 ((€53)" 0F))]

C \qb 0((¢ UP,)"(%)N by induction hypotheses (1), (3) and ()
Ao P
= ¢ YH(%P,)n(%)( )|
C |po (P))] by induction hypotheses (1) and (3)

.Y (950, ) (%)
= (652" ()] -
3. By induction hypotheses (2), (3) and (4) respectively, we have

- for every n € N, |(60)7 (59| € |(¢)"*1 (%)
- for every n € N, (¢70)" () is simple regular,

5
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o [1Y.A0]” = Uyen(65°)" 0X).
Consequently, by Corollary 4.2.6, [1Y. Ap]? is simple regular.

2. 4. 5. Similar to the cases A = A; T Asand A = A; @1 A,.

To conclude this proof, remark that (3) proves Propositions 4.3.1, indeed: if X ¢ FV(A),

ie.,

if o : FV(A) — BT, then for every behaviour P we have ¢/ (P) = [A]. Moreover,

indeed, (4) corresponds to Proposition 4.3.2. g

Corollary 4.3.3

Data behaviours are regular.

4.3.b Purity of Data

We now move on to proving purity. The proof that the interpretation of a steady data
pattern A is pure relies on the existence of a basis for A (Lemma 4.3.4).

Notation

Le

Write V' for the set of maximal visitable paths of B.

mma 4.3.4

Every steady data pattern A € P° has a basis, i.e., a simple regular behaviour B such

that for every simple regular environment o we have
 |B| C |[A]?] (in particular B C [A]?),
* for every path s € VB, there exists t € Vi'*" ¥i-free extending s (in particular B

pure),
e VB C V[[’X]‘]If

Proof. By induction on A:

« If A = a then it has basis [a] = C,.

« If A = A; & A,, without loss of generality suppose A; is steady, with basis Bj.
Take ®11TB1, as a basis for A, where the connective ®; is defined like 4 with a
different name of action: @ N = L1<N>J‘J‘ and by internal completeness @ IN =
11 (N) U {4

« If A = A; ®% Ay then both Ay and As are steady, of respective base B; and Bs.
The behaviour B = B; ® " By is a basis for A, indeed: since B; and By are regular,
Proposition 3.2.8 gives

VB,@+B, = fe(ViB, W Vip,) U {%}
where, by Proposition 3.2.1,
Vi, = kaVg, U{e} forie {1,2} ;

from this, and using internal completeness, we deduce that B satisfies all the con-
ditions.
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« Suppose A = 1 X.Ap, where Ay is steady and has a basis By, let us show that By is
also a basis for A.
— By (the proof of) Proposition 4.3.2,

[A1° = U Ite5*)" 05l
neN

and since By is a basis for Ay we have
Bol C [[40]™¥ %] = (65°) ()]

so indeed |By| C [[A]“].

- By induction hypothesis, we immediately have that for every path s € Vg,
there exists t € Vg'*" Mi-free extending s.

— By Lemma 4.2.3(2)

Viapr = {200 U Vi) = 020 U Vigpen

neN neN

where 0, = 0, X — (¢20)"(K) has a simple regular image. By induction
hypothesis, for all n € N, V§'** C V[[ng]fon, therefore V3'* C Vﬂﬁf .

O
Proposition 4.3.5
IfA € P® of basis B, X € V,and o : FV(A) \ X — BT simple regular,
[nX.A]" = | (e5)"(B) -
neN
Proof. Since B is a basis for A we have
TCBC A =07 (%) -
The continuity of the function ¢ implies that it is monotone, thus
(¢3)" () C (¢5)"(B) € (65)" (%)
for all n € N (straightforward induction). Hence
[nx.A) = [J )"0 = [J (@) (B) -
neN neN
O

Proposition 4.3.6

For all A € P? and simple regular pure environment o, [A]? is pure.
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Proof. By induction on A. The base cases are immediate and the connective cases are
solved using Proposition 3.4.1. Suppose now A = uX.Ag, where Ay is steady with basis
By. We have
[A]” = [ (65°)"(Bo)
neN

by Proposition 4.3.5, let us prove it satisfies the hypotheses needed to apply the second
point of Corollary 4.2.6. By induction hypothesis and Proposition 4.3.1, for every simple,
regular and pure behaviour P € BT we have ¢20(P) = [Ao]?*XF simple, regular and
pure, hence it is easy to show by induction that for every n € N, (¢20)™(By) is as well.
Moreover, for every n € N we have

(2°)"(Bo)| C [(¢2°)™ " (Bo)] .

indeed: we showed in the proof of Propositions 4.3.1 and 4.3.2 that for P, P’ € B* simple
regular such that |P| C |P’| we had |¢2°(P)| C |¢2°(P’)|; thus it is easy to prove the
inclusion above by induction on n since the base case (for n = 0) corresponds to |Bg| C
I[Ao]”*~B0|, and this holds by definition of a basis. Finally, by Corollary 4.2.6, [A]” is
pure. U

Corollary 4.3.7

Data behaviours are pure.

Remark 4.3.8

We have just seen that data behaviours - i.e., behaviours interpreting closed steady
data patterns — are regular (Corollary 4.3.3), pure (Corollary 4.3.7), and simple (deduced
from Proposition 4.3.1). An interesting question is whether there are other behaviours
that are regular, pure and simple. The answer is yes, here are some ideas why:

+ Inatechnical - and not so interesting — way, we could consider generalised data
patterns with n-ary connectives, and/or interpret a connective by any name in S
of the same arity instead of fixing one (the way we fixed e for ®), and we would
still get regular pure simple behaviours.

+ The interpretations of non-steady data patterns are simple and regular (Proposi-
tion 4.3.1), and we are convinced that they are pure as well but we do not know
how to prove it. On the other hand, we believe that the following stronger form
of purity is satisfied by steady data patterns, but not by the non-steady ones: any
[-ended visitable path can be extended by a Y4-free maximal visitable path.

« Coinductive behaviours, that we will discuss briefly in Section 4.4, are regular.
At least some of them are also pure and simple - typically the examples Nat®,
List% and Str4 we will give then — and they might all be but this is still to prove.

« Apart from those, we have the feeling that the only other behaviours able to
satisfy all the conditions would correspond to non-recursive types, i.e., types that
cannot be described by a grammar but only by mean of a non-recursive function.
This direction has to be explored further so as to determine if such behaviours
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could be regular, pure and simple.

4.3.c About Regularity and tMALL

Although in this chapter the focus is on the interpretation of data patterns, we should say
a word about the interpretation of (polarised) ptMALL [Bae12] in ludics. pMALL corre-
sponds to multiplicative—additive linear logic extended with least and greatest fixed points,
denoted uX.A and v X.A respectively. The formulas of a polarised version of yMALL,
which are a bit more general than data patterns, are generated by:

PQ == X, | Xo | 1]0]| M&N | M®N | {N | uX,.P
MN == X, | X, | L | T | P&Q | PRQ | TP | vXp.M

where the usual involutive negation relies on the dualities 1/L, 0/T, &/&, ®/%, /T,
/v in particular, we have

(NXp-P)J_ = VXn-(PL[XrJ[/XpD

where X, is a fresh negative variable. The interpretation of these formulas as ludics be-
haviours, given in [BDS15], is as follows:
1 is interpreted as a constant behaviour C,,

« 0is the daimon "X,

« the positive connectives match their ludics counterparts,

« 4 is interpreted as the least fixed point of a function ¢4 similarly to data patterns,

« the negation corresponds to the orthogonal.
We know that constants and ¢ are regular, and that regularity is preserved by the con-
nectives (Proposition 3.3.1) and by orthogonality (Remark 1.3.6). Notice moreover that, by
applying Kleene’s theorem to fixed points behaviours (Corollary 4.1.7) and by Lemma 4.2.5,
we get that regularity is preserved by least fixed points. Hence the following.

Proposition 4.3.9
The behaviours interpreting uMALL formulas are regular.

Why is this interesting? Fouqueré and Quatrini [FQ16] have proved that regularity cap-
tures exactly MALL if we restrict to finite behaviours, where a behaviour is finite if its
incarnation contains a finite number of designs, each of which has a finite tree represen-
tation.

Proposition 4.3.10
A behaviour is the denotation of a polarised MALL formula if and only if it is regular and

finite.

Note that Proposition 4.3.10 has been formalised in Girard’s framework, thus some techni-
cal details in the definition of connectives are different, but it is essentially the same. Now,
if we drop finiteness, we expect to get the following result (modulo some uninteresting
technical details corresponding to first item of Remark 4.3.8).
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Conjecture 4.3.11
A behaviour is the denotation of a polarised uMALL formula if and only if it is regular.

In fact, this conjecture would not hold if there existed regular non-recursive behaviours, as
mentioned at the end of Remark 4.3.8. It might therefore be necessary to add a condition
to the conjecture: this has to be investigated. Fouqueré and Quatrini do not have this
recursivity issue since the behaviours — thus also the designs — they consider are finite.

4.4 Coinductive Types: Ideas

Extending our study to greatest fixed points v X. A4, i.e., coinductive types, is the next
objective. Here we give some ideas for future work in this direction.
We can for example define the following coinductive types, where zero, nil € S":

Nat¥ = vX.(zero @t X) ,
Listy = vX.(nil @7 (A®T X)) ,
Stry =vX.(A®" X) .

They correspond respectively to:

« the natural numbers extended with the infinite ordinal w,

« the finite and infinite lists of elements of type A,

« the infinite lists (streams) of elements of type A.
Note that, contrarily to the other two examples, the inductive counterpart uX.(4 ®* X)
of type Str 4 is not a steady data pattern. The idea is that such coinductive patterns corre-
spond to infinite objects only (and not finite and infinite, like the two others); in particular,
a computation in this type can only end by a daimon, i.e., a voluntary interruption of the
program, otherwise the computation runs forever.

In ludics, the interpretation of coinductive types in an environment o is straightfor-
wardly given by

[vX.A]° = gfp(¢2)

and the Knaster-Tarski fixed point theorem ensures that such greatest fixed points be-
haviours exist [BDS15]. Although Kleene’s theorem does not apply here, there exists a
dual of this theorem for greatest fixed points (see e.g. [San09]), this might help us find-
ing the explicit form of coinductive behaviours. Intuitively, it is clear that, compared to
least fixed points, greatest ones add the infinite “limit” designs in (the incarnation of) be-
haviours. For the example of Nat“ given above, we should have

|[Nat“]| = [[Nat]| U {o. }

where
0, = succ(dy,) = wolea(T(2).0,°) .
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Concerning the visitable paths of such coinductive types, it seems that they are the
same as the corresponding inductive ones, for example

V[[Nat“’]] = V[[Nat]] .

Indeed, a computation is always finite, thus it cannot distinguish between infinite objects
and finite objects of unbounded size. Unless we consider a notion of co-path, as in the proof
of Theorem 4.2.2, and we choose to accept infinite chattering as a convergent computation,
as it is the case in [BT10a] for example. This choice would make orthogonality characterise
safety rather than termination, which is sound when dealing with infinite data.

It would then be interesting to study the purity of these coinductive behaviours; note
that regularity is already ensured since it holds for all denotations of yMALL formulas.
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In this chapter we combine data behaviours with the connective —o to get functional be-
haviours, which are the ludics interpretation of functional types. The idea of functional
behaviours is not a novelty. Girard [Gir01] has introduced sequents of behaviours ; for
example the — non atomic — behaviour

A+-B

is the set of all the designs that, when interacting with a design in A, produce a design
in B. Our interpretation of functional types in ludics is essentially the same, with some
slight changes to ensure that functional behaviours are:

« atomic, i.e., composed of atomic designs, in the sense of Definition 1.1.10;

« positive (the important being that they are all of same polarity).

This allows us to combine types so as to get higher order function types, where functions
can have other functions as arguments or as outputs.

In Section 5.1, we define the functional behaviours thanks to the connective —o. The
goal of Section 5.2 is then to prove that, among those behaviours, the ones that correspond
to higher-order functional types taking functions as arguments, which is typically the case
of the type

(A—oB) —C ,

are exactly the impure ones. This fact is interesting from a computational point of view,
if we recall that purity ensures the safety of execution: given such a type, it means that
some ludics programs of this type have bugs. This will be discussed in Section 5.3.

5.1 Functional Behaviours

Let us write D for the set of data behaviours.

Definition 5.1.1 (Functional behaviour)

A functional behaviour is a behaviour inductively generated by the grammar
P,Q:=PocD | P&"Q | Pe'Q | P—"Q

where P —ot Q stands for 4((TP) — Q).
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Functional behaviours combine data behaviours with the logical connective —o, but also
@ and ® so as to get sum and product types on functions. As for data, shifts are added so
as to respect the polarities, and all the functional behaviours are positive.

In the previous chapter, we have shown that data behaviours are regular and pure.
However, building up the functional behaviours with —o, we may loose purity. The next
proposition ensures at least regularity and quasi-purity, a weaker form of purity that we
introduced in Chapter 3 (Definition 3.4.2), for all functional types. It is immediately de-
duced from Propositions 3.3.1, 3.4.1 and 3.4.3.

Proposition 5.1.2

Functional behaviours are regular and quasi-pure.

Remark 5.1.3

In this thesis, we consider the functional types separately from fixed points, for sim-
plicity. However, this keeps us from taking into account some interesting types, for
example lists of functions. Allowing to take fixed points over functional types is a
future work, but in order to do this we must carefully determine the restrictions to im-
pose. Typically, we should probably forbid variables to appear in a negative position,
for example we want to accept

pX.(A—" X)o" B but not pX.(X -t Ayt B .

Indeed, the first type corresponds to functions taking a finite number of arguments of
type A and returning a result of type B, while the meaning of the second one is rather
unclear. It would then be interesting to see if it is possible to generalise our internal
completeness result for infinite unions to these new fixed points types.

5.2 Where Impurity Arises

The goal of this section is to prove Proposition 5.2.1, which identifies exactly the impure
functional behaviours. In order to state it, consider contexts defined inductively as fol-
lows:

Cx=[] | CetP | PotC | C®T™P | PRTC | P—"C

where P is a functional behaviour.

Proposition 5.2.1

A functional behaviour P is impure if and only if there exist contextsCy, Co and functional
behaviours Q1, Q2, R with R ¢ Const such that

P=0C[C[Q1 —" Q] =" R] .
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The proof of this proposition first requires several lemmas.

Notation

Let us denote the set of functional behaviours by F, and recall that D stands for the
set of data behaviours.

Lemma 5.2.2

Let P € D, and let Q be a pure regular behaviour. The behaviour P —T Q is pure.

Proof. By Proposition 3.4.1 it suffices to show that (TP) — Q is pure. Remark first that,
by construction of data behaviours, the following assertion is satisfied in views (thus also
in paths) of TP: every proper positive action is justified by the negative action preceding
it.

By regularity and Corollary 3.2.9, we have

Vitp)—q = Fe(Vip W f/\é) U {e} .

Let %4 € V(+p)_.q, and we prove that it is extensible. There exist t; € Vip and & € Vq
such that
SHN=756€ Ke(t1 W B) .

In particular # is "M-free and t, is "H-ended, say & = #PK. Since Q is pure, there exists
%1 such that té/-@‘*‘ € Vq. Let us show that skt isa path, i.e., that if kT is justified then
just(xT) appears in "s7, by induction on the length of #:

« If §f = e then sk™ = t)x™ hence it is a path.

- Suppose t; = K, Ii;_ . Since t; is "4-free, Ii; is proper. Thus s is of the form

5= S1kp Kpp 82

and by induction hypothesis s;s;x " is a path, i.e., just(k™) appears in "s157.
— Either "s7 = 515 " and indeed just(x™) also appears in "s™.
— Or "s7is of the form

Fs1= r.sﬂn;/i;sé

as, by the remark at the beginning of this proof, I{',;)_ is justified by x, . This
means in particular that s}, starts with the same positive action as s, therefore

/
150 ' ="Ts118 .

Since just(x™) appears in "s15,7, it also appears in "s 7.
_—

Therefore sk is a path. Since sk™ € ro(Vip W f/\é) and the behaviours are regular,
skT € Vp_.+q, thus 9K is extensible. As this is true for every "H-ended path in Virp) -
the behaviour (TP) —o Q is pure, and so is P —o* Q. O
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Lemma 5.2.3
IfP € F and Q € Const then P —T Q is pure.

Proof. We prove that (TP) — Q is pure, and the conclusion will follow from Proposi-
tion 3.4.1. Let kst = xg|a(7y) where Q = C,, and let

S e ‘/(TP)—oQ .
As in the proof of Lemma 5.2.2, there exist t; € V4p and #; € Vi such that
SU=75 € ke(t LU B)

with #, "-ended. But Vg = {4, k™ }, thus t, = " and % = ¢. Hence

S = Koty ,
and this path is extensible with action x*, indeed: sx™ is a path because x™ is justified by
Ke, Which is the only initial action of sx™ thus appearing in "s7; moreover

skt € ke(t W KT)

where k1 € Vi, therefore
skt e V(TP)—oQ .

Lemma 5.2.4

Let P, Q € F. If there exists a X{-free (resp. "M-ended) maximal path s € Vq, then there
exists a *M-free (resp. "-ended) maximal path t € Vp_,+q.

Proof. Suppose there exists a Mt-free (resp. "-ended) maximal path s € Vq. Since P is

positive and different from *K, there exists s’ € V4p non-empty and "H-free. Let t' = kq5'5,
and remark that ¢’ = k,s’s. This is a path (O- and P-visibility are satisfied), it belongs to
Vi+P)—q> it is "H-free (resp. M-ended). Suppose it is extensible, and consider both the
“-free” and the ““H-ended” cases:

. if s and ¢’ are "-free, then there exists a negative action s~ such that
e V(Tp)ﬂQ = Re(Vip W VQL) U{e} .

Since 'k = kos'sk P, we necessarily have sk X € V (indeed: the sequence
sk~ has two adjacent negative actions thus cannot be a path). This contradicts the
maximality of s in Vq.

. if s and t’ are "H-ended, there exists a positive action k1 that extends ¢ and a con-
tradiction arises with a similar reasoning.
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Hence ¢’ is maximal in V(1p)_.q. Finally, t = xy ¢ fulfills the requirements. O

Lemma 5.2.5

For every behaviour P € F, there exists s € Vp maximal and Y4-free.

Proof. By induction on P. If P € D then take s € Vg maximal, where B is a base of P.
Use Lemma 5.2.4 in the case of —o, and the result is easy for @™ and ©7. g

Lemma 5.2.6
Let P € F and let C be a context. If C[P] pure then P pure.

Proof. We prove the contrapositive by induction on C. Suppose P is impure.

« If C =[] then C[P] = P, thus C[P] is impure.

« IfC=C"®" Qor Q®" ' and by induction hypothesis C'[P] is impure, i.e., there
exists a maximal path s" € Vp/(py, then one of k,, ka S o K, K4 S is maximal in
Vep), hence the result.

< IfC =C' ®" Qor Q®" (" and by induction hypothesis there exists a maximal
path %4 € Verpy, then by Lemma 5.2.5, there exists a M4-free maximal path ¢ € Vgq.
Consider the path u = kekl tr} s, where:

- k4 justifies the first action of ¢,
- K4 justifies the first action of s, and
— ke justifies k4 and k5, one on each (1%t or 2"%) position, depending on the form
of C.
We have u € Vc[P], and u is "-ended and maximal, hence the result.

« IfC = Q —o" (’ and by induction hypothesis C'[P] is impure, then Lemma 5.2.4 (in

its ““i-ended” version) concludes the proof.

O
We can now prove the proposition.

Proof (Proposition 5.2.1). (=) Suppose P impure. By induction on behaviour P:
« P € D is impossible by Corollary 4.3.7.
«IfP = P; &" Py (resp. P = P; @ P5) then one of Py or Py is impure by
Proposition 3.4.1, say P;. By induction hypothesis, P; is of the form

P =C[C[Q1 —F Q] =" R] .
Let C; = C] &1 Py (resp. C1 = C; @ Py) and Cy = C), and we get the result for P.
« If P = P; —" Py, then Py ¢ Const by Lemma 5.2.3, and:
- If Py impure, then by induction hypothesis P is of the form
Py =Ci[Cy[Q1 — Qo] =" R,
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and it suffices to take C; = Py — C{ and Cy = C), to get the result for P.
— If P is pure, since it is also regular the conclusion follows from Lemma 5.2.2.

(<) Let C1, C2 be contexts, Q1, Q2, R € P with R ¢ Const. Let
P= Cl[CQ[Ql —0+ QQ] —O+ R] and Q = CQ[Ql —0+ QQ] .

We prove that P is impure.
First suppose that
P=0[Q1 <" Qo] =" R,

and in this case we show the result by induction on the depth of context Co. The exact
induction hypothesis will be:

there exists a maximal M4-ended path in Vp of the form xy s
where 5 € ko((kKaVqQ) W VR).

« If Cy =[], then
Q=Q =" Q=4{1Q; —-Qy) and P=Q—-"R=4,1Q—R).

In order to differentiate actions Ky, k4, ke used to construct Q from those to con-
struct P, we will use corresponding superscripts. Let /ici t1 € Viq, be -free (and
non-empty). Let & € Vq, be a maximal "-free path: its existence is ensured by
Lemma 5.2.5, and it has one proper positive initial action m; . Now let:

t = Iﬁ:?lﬁ:?tl ty = /ﬁ:?lﬁ:?tl ty .

Similarly to the path constructed in proof of Lemma 5.2.4, we have that ¢ is "-free,
it is in V(TQl)ng, and it is maximal. Thus /igt € Vq. Since R ¢ Const, there
exists a path of the form k™ k™" € VR, and thus necessarily x™ justifies x~. Define

the sequence:
o = kPRLRY KOG kTR 1 T
and notice the following facts:
1. & is a path: it is a linear aj-sequence. Since s~ is justified by k™, O- and
P-visibility are easy to check.
2. X € Viq_or: indeed, we have

ofe kP (kDS W kTR
where kLk$t € Viqand kT € VR.
3. M4 is maximal: Let us show that "4 is not extensible. First, it is not possi-
ble to extend it with an action from Q*, because this would contradict the
maximality of ¢ in V. Suppose it is extensible with an action s from R, i.e.,

sst’eVig.r and sk € mf(ﬁfﬁ?t WrTr™KT)
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where KTk~ k™' € VR. The action x™ (that cannot be initial) is necessar-
ily justified by x~. But s contains necessarily the first negative action of
1y, which is the only initial action in t,, and this action is justified by KZ? in
s. Therefore "s7 does not contain any action from s between Ii? and &, in
particular it does not contain £~ = just(x™’). Thus sx™ is not P-visible: con-
tradiction. Hence s"{ maximal.
Finally /ff sM4 € Vp is not extensible, and of the required form.
« IfCo = Qo —" C, then Q is of the form

Q=Q —" Q' ,

thus the previous reasoning applies.

« IfCo = C®" Qg or Qp @ C, the induction hypothesis gives us the existence of a
maximal path in Ve(q, —o+Q,]—+R of the form rky kl'kL s"H where k{s" € (k{ t') W
uwith ¢/ € VelQi—+Q,) @and u € V. Let ty € Vg, be Y4-free and maximal, using

Lemma 5.2.5. Consider the following sequence:

T = kPl rEKY tor) s

where:

- kY justifies the first action of ¢,

- Kl justifies the first action of s’ thus the first action of ¢/,

- k¢ justifies k{ and k3,

- Rf now justifies H.Q,

— kP justifies the same actions as before.
Notice that:

1. s is a path: O- and P-visibility are satisfied.

2. 9 € Viqor: We have

H.Qli(itolﬁ}i? € KOQ(RRVQO L RIAVC[Q1—°+Q2}) = VQ 5

hence X € kY (Viq W f/\f;)

3. $M4 is maximal: Indeed, it cannot be extended neither by an action of Qé‘ (con-
tradicts the maximality of #) nor by an action of C[Q; —t Qa]* or R (con-
tradicts the maximality of ).

Finally x5 s5 € Vp is a path satisfying the constraints.

« IfCy = C®T Qpor Qyp @' C, by induction hypothesis, there exists a path of the
form k& kI kL s maximal in Ve(Qi—+Qa]—o+R> Where kls' € (k¢ W % with
t' € Voiq,—otqg) and u € VR. Reasoning as the previous item, we see that for

one of i € {1, 2} (depending on the form of context Cs) the path k¥ kE'r ¥ K& kg s
(where x4 now justifies #,7) is in Vp, maximal, and of the required form.
The result for the general case, where P = C1[ C2[Q1 —" Q2] —™ R |, finally comes

from Lemma 5.2.6. O
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slai () K -
N 3
Ao(t) | Au(t) B ()
| N | |
sau(sh| N T slq (@) alur(s) a1 ()
| | | \
A (5) Va2 (T)  As(s) g2 - (7) alvis) | X
\ \ // ‘ \\\ \‘\
y'l 8 (21, 22) y'| ® (21, 22) oy (21,22) || ™, . by ()
| |
Ay(y) Ay(y)
| |
1|V (y) z1|¥(y)
| |
KJI(xhx?) @z($17$2)
| |
20|V {x) 20|V {x)
P1 P2 n

Figure 6: Designs p1, p2 and n

5.3 Example and Discussion

Proposition 5.2.1 states that a functional behaviour which takes functions as argument is
not pure: some of its visitable paths end with a daimon "X, and there is no possibility to
extend them. In terms of proof-search, playing the daimon is like giving up; from a com-
putational point of view, the daimon appearing at the end of an interaction expresses the
sudden interruption of the computation. In order to understand why such an interruption
can occur in the specific case of higher-order functions, consider the following example
which illustrates the proposition.

Let Q1, Q2, 1 be functional behaviours, with 1 € Const. Define Bool = 1 &+ 1 and
consider the behaviour

P= (Ql —ot Qg) —ot Bool .

This is a type of functions which take a function as argument and output a boolean. The
designs p; and po represented in Figure 6 are in P, while n € P+. The visitable path
s1 = (p1 < n) is "H-ended and maximal in Vp, in other words this path is an evidence of
the impurity of P. Indeed, if we let respectively

k1 =xo|q (W)  be the first action of designsin ~ Q; ,
ko = xo|@(T)  be the first action of designsin Qs ,
B =x0|b{)  be the first action of designs in 1
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Lt Q — Q) — (&1 T 1)

o P alvi)
g O ©x (71, 72)
o // P 1|V (y)
AN /
q— P y'| @ (21, 22)
q¢/ 0] A (s)
qer ~ P zalt1(s’)
qr @) Ay (t)
al P R1
a O K2
W P B¢

Figure 7: Representation of path s; € Vp in the style of a play

then s; contains the actions x; and %3 in such a way that it cannot be extended with
without breaking the P-visibility condition, and there is no other available action in designs
of P to extend it. On the contrary, the path s = (py < n) is "M-ended but extensible with
the action 5.

We also give an intuition in the style of game semantics: Figure 7 represents s; as a
legal play in a strategy of type P = (Q; —t Q2) —™ Bool (note that only one “side”
@171 of Bool is represented, corresponding for example to true, because we cannot play
in both sides). This analogy is informal, it should stand as an intuition rather than as a
precise correspondence with ludics; for instance, and contrary to the way it is presented in
game semantics, the questions are asked on the connectives, while the answers are given
in the sub-types of P. On the right are given the actions in s; corresponding to the moves
played. The important thing to remark is the following: if a move b corresponding to
action 3 were played instead of "¢ at the end of this play, it would break the P-visibility of
the strategy, since this move would be justified by move ¢y.

The computational interpretation of the "-ended interaction between p; and n is the
following: a program p of type P launches a child process p’ to compute the argument of
type Q1 — Qg, but p starts to give a result in Bool before the execution of p’ terminates,
leading to a situation where p cannot compute the whole data in Bool. The interaction
outputs ¥, i.e., the answer given in Bool by p is incomplete.

Moreover, by Proposition 5.1.2, functional behaviours are quasi-pure, therefore the
maximal »X-ended visitable paths are necessarily not well-bracketed. This is indeed the
case of s1: remark for example that the move ¢q, appears between a; and its justifica-
tion ¢+ in the sequence, but gg, is not hereditarily justified by ¢+. In HO games, well-
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bracketedness is a well studied notion, and relaxing it introduces control operators in pro-
grams (see e.g [AM99]). If we extend such an argument to ludics, this would mean that
the appearance of X4 in the evaluation of higher-order functions can only happen in the

case of programs with control operators such as jumps, i.e. programs which are not purely
functional.
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6 Non-Linear Ludics

Original ludics [Gir01] is strictly linear — one should actually say affine — hence it lacks the
possibility of expressing the exponentials of linear logic. There has been various propo-
sitions to extend ludics with non-linearity [BF11, BT10b, Mau04, Ter11]. Here we fol-
low the one of Basaldella and Terui [BT10b], in which designs are non-linear and non-
deterministic, extending the syntax used in the previous chapters. They prove that their
version of ludics is expressive enough to capture LLP. By abuse, we call this setting non-
linear ludics.

zolaly) zolaly)
| |
by () cy() ylb() A yle()
S / NS
wola(y) Ao (Y)
p n

Figure 8: Non-linearity vs. non-determinism

Non-linearity in ludics corresponds to the possibility of repeating an address in a de-
sign. This results in the fact that, during the interaction, some designs can be copied and
used several times. Non-determinism is needed in order to have enough tests against these
non-linear designs, the same way "X gives enough tests to interact with linear ones. In-
deed, consider for example the non-linear design p of Figure 8. If p interacts only against
deterministic designs, two branches of the tree can never be visited, since choosing either
b or c at the first branching will force the next choice to be the same. On the other hand, if
we make it interact with the non-deterministic design n — where non-determinism is ex-
pressed by the conjunction of positive terms — then all the branches can be visited. From
this point of view, non-determinism corresponds to the ability for a program to give differ-
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ent results when asked successively the same question. The non-determinism we consider
here is universal (must testing) rather than existential (may testing): an interaction con-
verges if and only if all possible choices made at positive conjunctions lead to "X.

This chapter is much more a work in progress than the previous ones. In Section 6.1,
we upgrade the definitions of designs, behaviours and multi-designs to non-linear ludics.
This allows us to investigate internal completeness in Section 6.2: although it holds for
negative connectives, it does not for positive ones, so we provide alternative results that
still give some interesting information on the structure of behaviours. In Section 6.3 we
conjecture that n-path is the right notion to capture an interaction trace in the non-linear
setting. We end the chapter by giving, in Section 6.4, some directions for future work.

6.1 Basic Definitions

We still fix a set of variables V) and a signature S, and we suppose S contains the names
A, 1, mo, p for the connectives.

6.1.a Designs

We recall, in this subsection, the definitions from [BT10b]. From now on, a design can be
non-linear (i.e., no restriction on the occurrences of free variables) and non-deterministic
(i.e., conjunctions of positive terms).

Definition 6.1.1 (Design)

The class of positive designs p, g, ..., that of predesigns s, t, ..., and that of negative
designs n, m, ...are coinductively defined as follows:
pu= Q (divergence),
| /\{5, ciel} (conjunction),
§ = zla(ng, ..., M) (simple predesign),
| nola(ng, ..., Nar(a)) (cut),
no= Z a(T).pa (abstraction),
a€S
where I C Nat is an index set.
The daimon is now encoded by the empty conjunction: ™ = A (). Several definitions

of Chapter 1 are adapted in a straightforward way, to the new setting: free variables,
substitution, total design, subdesign, linear design, atomic design, closed design.

Definition 6.1.2 (Deterministic design)

A design is deterministic if, in any occurrence of subdesign p = A{s; : i € I}, the
set I is either empty (i.e., p = ") or a singleton (i.e., p is a predesign).
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Notation

« By abuse, given a predesign s and a positive design p = A{s; : i € I}, we write
s € p if there exists ¢ € I such that s = s;.

+ Following the same idea, we write p ~~*> s if p ~»* q and s € ¢, where the
reduction step ~~ is defined below.

Definition 6.1.3 (Normalisation / interaction)

The reduction step on (non-linear non-deterministic) designs is defined as follows:

if (Z a(xj).pa) |5(W) €p then p ~ pb[m] .

a€S

There are indeed several possibilities of reduction from a conjunction. For example if
p = zola() A xo|b() and n = a().p1 + b().p2 then we have
pn/@o] ~ p1 and pn/@o] ~ p2 .
Definition 6.1.4 (Normal form)
The normal form of a design 9 is defined by:

(p) =0 if p ~* Q or if there is an
infinite reduction

sequence starting from p;

:/\{ x|a<([ﬁ>})) | p~"3 ;c|a<ﬁ>> }  otherwise;
0> a@®)pad = 3 a@®).(pa) -

a€S a€S

In particular, given a closed design p, we have:

« ([p]) = " if all the reduction sequences from p end with K,

« (p) = Q otherwise.
This is the reason why the non-determinism here is universal: overall convergence re-
quires that any possible choice converges. The notions of orthogonality and behaviour
then correspond to the linear case.

Definition 6.1.5 (Orthogonality, behaviour)
Two atomic designs p and n are orthogonal if (p[n/z¢]]) = *X. A behaviour B is a

set of cut-free atomic designs of same polarity such that B+ = B.

Finally, recall that the associativity theorem (Theorem 1.1.7) states that, given designs
0,ny,..., N, we have:

@M /yrs o me/ul) = (DD /yrs - (D /ue]) -
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This theorem still holds with non-linear non-deterministic designs; it is in this extended
setting that Basaldella and Terui [BT10b] proved it. We will need associativity for some
proofs in the following.

6.1.b Multi-Designs

Again, we need a notion of multi-design, introduced for the linear case in Chapter 2. In-
deed the internal completeness results for % and ® we give in the next section refer to
behaviours of multi-designs. We just recall the main definitions, with slight modifications
to fit the non-linear setting. The designs in a multi-design are no longer required to have
disjoint sets of free variables, since this requirement corresponds to a linearity condition.

Definition 6.1.6 (Multi-design)
+ A negative multi-design is a set

{(331,111), ey (l‘k, nk)}

where z1, . . ., zj are distinct variables and ny, . . ., nj are negative designs, such
that for all ¢ with 1 < i < k we have fv(n;) N {z1,..., 2} = 0.
« A positive multi-design is a set

{]J, (xl,nl), ceey (xk,nk)}

where {(z1,n1),..., (xg, nk)} is a negative multi-design and p is a positive de-
sign such that fv(p) N {z1,..., 2} = 0.

The normal form of a multi-design, as well as its free variables and negative places,
are defined exactly like in the linear case.

Given two multi-designs © and &, we define the directed graph G(9, €) with:

« np(D) Unp(€) as set of vertices,

« an edge from x to y if y € fv(n) where (n/z) € D U €&.

Definition 6.1.7 (Compatible, closed-compatible)

Let ® and € be multi-designs.
« ® and € are compatible if they satisfy the following conditions:
- np(D) Nnp(€&) =0,
— they are either both negative or of opposite polarities,
— the directed graph G(D, €) is acyclic.
« ® and € are closed-compatible if they are of opposite polarities, compatible,
and satisfying {v(®©) = np(€) and fv(€) = np(D).

The acyclicity condition prevents from having negative designs ny, . . . , n such that, for all
1 < i < k, n; is substituted in n;4; and ny, is substituted in ny. Such a situation would not
necessarily be problematic, since designs are defined coinductively, but for simplicity we
do not want to consider this because we will not need it. Notice that acyclicity was always
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satisfied in the linear version of the definition of compatible (Definition 2.1.5), thanks to
linearity and the additional condition in the case both multi-designs were negative.

The multi-design Cuty)¢, which operates the substitutions between two multi-designs,
is then defined as one would expect, leading naturally to the notions of orthogonality and
behaviour.

Definition 6.1.8 (Cut)

Let ® and € be compatible multi-designs. Cuty ¢ is a multi-design defined by induction
on the number of designs in €:

Cutpp =D , (1)
Cutple = Cuto\s)up[sT} | €\{p} ifpec, (2)
Cutp|e = Cut(p\s)u{n[s)/} | €\{n/x} if (n/z) € €Candz ¢ Iv(D) ,  (3)
Cutp|e = Cut(p\9")[n[s])/a] | &\{n/z} if(n/z) € Candz € V(D) , (4)

where, if we let 9 = p in (2) and 0 = n in (3) and (4),
S={m/y)eD|yefv(®)} and S =S5\{(m/y)|yetv(€\{d})} .

Definition 6.1.9 (Orthogonality, behaviour)

Two closed-compatible multi-designs © and € are orthogonal if (Cutp¢) = T A
set B of cut-free multi-designs of same polarity is a behaviour if B+ = B.

In the rest of this chapter, behaviours of designs will be called “atomic behaviours”.

6.2 About Internal Completeness

This section presents new results about the atomic behaviours constructed by connectives
in a non-linear setting. In non-linear ludics, internal completeness holds for negative con-
nectives, but it does not hold anymore for positive ones. To overcome this issue, we prove
alternative — and still meaningful - results for {, @ and ® (Propositions 6.2.6, 6.2.7 and 6.2.8
respectively); these results are similar to what Basaldella and Faggian obtain [BF11] in a
different non-linear ludics setting than ours, but they do not take additives into account.
Before this, we need preliminaries about the conjunction of designs.

6.2.a Conjunction of Designs

The non-determinism of designs allows us to define the conjunction p A q of two positive
designs, such that a design n is orthogonal to p A q if and only if it is orthogonal both to p
and q. Such a conjunction does not work that well on negative designs, but one implication
is still preserved (see Lemma 6.2.2).
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Definition 6.2.1 (Conjunction of designs)
Let p, q be positive designs. The conjunction of p and g, noted p A q is defined by:

pAg=1Q ifp=Qorq=Q ,
= N{sk:keTuJ} ifp=/{sicicl}andq= \{s;:j € J}
with I and J disjoint .

Note that, given two total positive designs, we can always suppose that their index set is
disjoint modulo renaming, thus the conjunction of two positive designs is always defined.

The next lemma justifies the definition; we state it in a generalised form, where oppo-
nents can be multi-design.

Lemma 6.2.2

Let p1, pa be positive designs.
1. For every negative multi-design )1, we have

p1 AP LN if and only if (pr LN and pa L) .
2. For every positive multi-design ‘B3, every a € S and all variables 2, we have

a(Z).(p1 Ape) LB implies  (a(ZT).p1 LP and a(T).py LP) .

Proof.
1. Note that €ut, ap,ym = (P1 A p2)[9N], and by definition we have

(o1 Ap2)[DUD = (P2 [ A p2[N) = (p2 DD A (p2[M)

if neither p1[M] nor p2[N] reduces to 2. Moreover Cut,, jx = p1[N] and Cuty, .y =
p2[N]. Therefore

(Cutp pp)m) =% ifandonlyif  (Quty ;) = (Cuty,m]) = % .

2. We prove the result for 3 = p an atomic design, the multi-design case being similar.
Let us note

n=a(7).(p1 Ap2)

n = a(?).p
ny = a(@).p2
and suppose n L p, that is
pln/xo] ~" k.
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This means that each sequence of reductions starting from p[n/z¢] and following a
particular sequence of choices ends on a daimon. In particular, some of these choices
are between p; and po, when reaching a copy of design n.

But any sequence of reduction starting from p[n; /x| or from p[ny/zo] matches a
reduction sequence from p[n/x¢], since it corresponds to making the same choice
(either always p; or always p2) every time we reach a copy of n. Let us explain
this more precisely, reasoning by contradiction. Suppose there exists a reduction
sequence from p[n; /x| (where i = 1 or 2) which is not a sequence of reduction
from p[n/z]. Thus, at some point during interaction, the reduction sequences split,
and this happens necessarily in a situation involving n vs. n; (interacting against a
design of the form q = zo|a(w)) since this is the only difference between the two
interactions. In such a situation, we have

a[n/xo] ~ py[n/zo]  and  qln/zo] ~ pa[n/zo]

where

py =pi[mg/z]  and  phy = pofmy/z]
on the other hand,
q[ni/xo] ~ pilni/zo] -

Therefore, each time we reach this point during the interaction of p[n/xzy), it suffices
to choose p;, and the interaction will continue the same way it does for p[n;/xg:
contradiction. We deduce that all the reduction sequences from p[n;/z¢] end with
4, hence n; L p.

U

Example 6.2.3

Let us illustrate the fact that the converse of Lemma 6.2.2(2) does not hold in general.
Consider the designs depicted on Figure 9, where

n=a(y).(y[b() and  n2=a(y).(y[e() -

We have ny | pand ny L p, but if we consider the conjunction

n = ay).(4I6() A yle())

of ny and ng, thenn f p.

Remark that design n from the previous example is represented on Figure 8. Actually,
the designs of Figures 8 and 9 shed light on the fact that non-deterministic opponents make
it possible to explore a non-linear design throughout, leading to interaction traces (i.e.,
paths) that we could not get in a deterministic setting. This corresponds to a non-uniform
semantics for programs, as remarked by Maurel [Mau04]. Indeed, if we let true = n; and
false = ng, then n is an argument that, when interrogated, can output either true or
false. Such a term cannot be defined in a uniform (that is, deterministic) world.
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by () ¢y () y[b() yle()
N/ |
330|a<y> Qg (y) ) (y)
p n ny

Figure 9: A counterexample to the converse of Lemma 6.2.2(2)

Note that, with respect to interaction, the conjunction of designs A is close to the inter-
section of designs N that we defined in the linear deterministic setting (Definition 1.1.13).
We could extend this definition to embed non-linear non-deterministic designs, and if we
did so we would have the following: for all positive designs p and q such that p N q is
defined, and for any negative multi-design 91,

(pNg) LN if and only if (pAqg) L.

In other words, p N q and p A q are not separable. However p N q # p A q, and there would
also be cases when p N q is not defined but p A q is.

6.2.b Logical Connectives and Negative Internal Completeness

The logical connectives 4, T, @, ® and —o are defined as in Definition 1.1.20, except that
now our notion of design has been widened. We can also consider the negative connectives
& (with) and % (par) defined dualy to & and ® respectively:

PLQ= (P oQ)",
P®Q=(PtoqQh)t.
Similarly to Lemma 3.2.3, we have
TP = (Pt .

Note that we do not have explicit connectives ! and ? though we said that non-linearity in
ludics could model exponentials. In fact, non-linear ludics corresponds to logical systems
where formulas are implicitly exponential, typically LLP in which the structural rules are
extended to all the negative formulas. Without drawing a precise correspondence (others
did [BT10b]), the next subsection will still give an idea about how the interaction process
in behaviours constructed by logical connectives can now duplicate designs.

For the three negative connectives, we have the following internal completeness result.
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y[b{)
|

Qg (y)

|
ylb()  wolV{z)

y[b() az(y) az(y)
| | |
azo (Y) zo|V{z)  w0|V(T)
n eN p1, p2 , e {N

Figure 10: A counterexample to internal completeness for ¢

Theorem 6.2.4 (Internal completeness, negative non-linear case)

Let P, Q be positive atomic behaviours.
TP ={n| nla € A(x).P*} ,
P& Q= {n| njm € m(z).P* and n|my € ma(z).Q"} ,
PRQ={n|nlpecpry R},

where R = {{n1/z,n2/y} | n1 € P+ ny € Q}+ is a behaviour of multi-designs.

This result comes directly from Theorem 2.17 of [BT10b]. The incarnated form of the
theorem would follow easily, if we had defined incarnation for non-linear designs and
multi-designs.

6.2.c About Positive Internal Completeness

A problem is that, in this non-linear setting, internal completeness does not hold anymore
for the positive connectives, as shown for | in the following example.

Example 6.2.5
Consider the behaviour N = {n}++ where n = a(y).(y|b()). The positive atomic
behaviour +IN contains in particular all the designs p; defined by:
p1=z0[V(n) ,
piv1 = zo| V(a(y)pi) -

If i > 1 then p, ¢ V(N), contradicting the internal completeness theorem for the
linear case (Theorem 1.1.21). All these designs are represented in Figure 10.
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€ IN
cIN

neN = € IN

zo| V()
Figure 11: Construction of {\N

We however have alternative results to internal completeness for 4, @ and ® (Propo-
sitions 6.2.6, 6.2.7 and 6.2.8 respectively). Let us start with the shift.

Proposition 6.2.6

Given a negative atomic behaviour N, the following are equivalent:
1 peIN\ {L}.
2. p = x0|V(n) such that for everym € TN, (n[m/x]]) € N.
3. p = 0| ¥(n) such that for every q € N+, (q[n/z0]]) € +N.

Let us explain to what extent this result is close to internal completeness. It states that
IN = v(N') U {4}

where, though N’ # N (unlike linear internal completeness), we still have an interesting
property which has two equivalent formulations:

« N/ is the set of designs falling in N when interacting with a design of TN,

« N is the set of designs falling in +N when interacting with a design of N+,
In particular, the first point acknowledges that, contrarily to the linear case, a design in
IN can force its opponent (in TN") to duplicate, so as to interact several times with it.
Put differently, N’ is the behaviour of multi-designs defined by

N’ = {{g,m/xo} | g € N*,m e TNt} .

In particular, indeed, we have N C N'.

Note that we can also describe +IN in a coinductive way, by:

« YN)U I} CIN

« if n € N then zo|¥(n') € {N where 1’ is obtained from n by replacing some of its

positive subdesigns by designs of IN (as illustrated in Figure 11).

Let us now give the equivalent results for & and ®. In fact, the three propositions
are very akin to each other, and so are their proofs. It would probably be possible to
factorise them into a single proposition, if we considered a generic form of connective
[Ter11, BT10b]. We leave it as future work.
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Proposition 6.2.7

Given negative atomic behaviours N1 and No, the following are equivalent:
1. pe Ny @ Ny )\ {I.
2. p = xolei(n) withi € {1,2} and such that for everym € Ni & Ny

(n[m/zo]]) € N; .
3. p = xo|ui(n) withi € {1,2} and such that for every q € N;-

(g[n/z0]) € N1 © Ny .

Proposition 6.2.8

Given negative atomic behaviours N1 and Na, the following are equivalent:
1p €N1®N2\{%}.
2. p = xo| ® (ny,ny) such that for everyi € {1,2} and everym € Ni %3 Ny

(nim/zo]]) € N; .
3. p = x| ® (n1,n2) such that for everyi € {1,2} and every q € N;-

(q[ni/xo]) € N1 @ Ny .

Similarly to the case of the shift, we have

N1 &Ny = 0 (Ny) Ua(Ny) U {5
where N = {{q, m/z0} | g € N;-,m € N{ & N3 }+

7
and

N1 @ Ny = o(N7, N3) U %}
where N = {{q,m/z0} | g € N;-, m € Ni N3 }+ .

(]

We give two out of three proofs for these propositions, since they are very similar: the
positive shift (Proposition 6.2.6), which is the simplest, and the tensor (Proposition 6.2.8),
which leads to consider behaviours of multi-designs. An important remark is that the
proofs rely on non-determinism, by taking the conjunction of some designs.

Proof (Prosition 6.2.6).
(1) = (2) Letp € IN such that p # K, and let m € TN, We have TN+ = ({N)+, so
p L m . By internal completeness (Theorem 6.2.4), there exists q € Nt such that
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Since p # 4, there exists a design n such that
p=a0|V(n) .
Let ¢’ € N1, let us show that
(n[m/zo]) L a" .

Let
m = A(2).(q" Aq7) .

Since q,q’ € Nt we have q A ¢ € N+ by Lemma 6.2.2(1), therefore m’ € TN,
Hence p L m’. By the unique one-step reduction possible, we deduce

(p[m’/zo]) = ((a A q')[nm'/zo] /zo]) =X,

thus
nfm'/zo] L (qAq) -
By Lemma 6.2.2(1), this implies that

n[m’/zo] L q thus also m’ L q'[n/z0]
(since (q'[n[m’/xq]/20]]) = "K). We deduce by Lemma 6.2.2(2) that
m/A L g'[n/zo] .
It follows immediately that
m L q'[n/zo] , thus also nfm/zo] Lq

and by associativity
(n[m/zo]) L a" .

Hence the result.
(2) = (1) Let
p = zo[V(n)

where 1 is a design such that for every m € TN+ we have
(n[m/zo]) € N .
Let m € TN<, and we show that
plm.

By internal completeness, there exists g € N such that
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and we have
plm/xo] ~ a[n[m/wo]/xo]
where (n[m/zo]]) € N by hypothesis. Since q € N, by associativity we deduce

(a[nm/xo]/xol) = (al(n[m/xo])/xol) =%,
thus
plm.

Finally p € JN.
(2) < (3) Suppose p is of the form p = x| ¥(n). Using associativity, we have:
for every m € TN, (n[m/zo]) € N
for every m € TN and every q € N1, q L (n[m/z]])
for every m € TN and every q € N+, g L n[m/x]
for every m € TN and every q € N*, (q[n[m/z]/z0]]) = X
for every m € TN and every q € N+, q[n/zo] L m
for every m € TN and every q € N+, (q[n/zo]) L m
for every q € N1, (q[n/z0]) € N .

t 00O

0

Proof (Prosition 6.2.8). In this proof, let R = {{my/z1,ma/z2} | my € Nj,myp €

Ny}t In particular we have (N;-)% C R fori = 1,2.

(1) = (2) Let p € N; ® Ny such that p # *K, and let m € Ni % Ny By definition
p L m. By internal completeness, there exists q € R such that

mlp = p(z1,72).9 -
Since p # M4, there exist designs ny, ny such that
p=1z0|®(ng,n9) .
Leti € {1,2}, let ¢ € N;-. We show that
(ni[m/xol) Lq" .

Let
m' = p(z1,22).(q A q")

and note that q'** € (N;)% C R. Since q,q* € R we have q A ¢’* € R by
Lemma 6.2.2(1), therefore m’ € N % Ny Hence m’ L p. By the unique one-step
reduction possible, we deduce

(p[m’/zo]) = ((a A q"*)[n1 /@1, na/mo] [ /o)) =2,

121



CHAPITER 6. NON-LINEAR LUDICS

hence
By Lemma 6.2.2(1), this implies that
{ny/x1, 09 /20 M /0] L g%,

e,

n;[m’/xo] L ¢
since z; ¢ fv(q"i). Thus also
m’ L q'[n;/x0]
(since (q'[n;[m/zo]/x0]]) = "K). We deduce by Lemma 6.2.2(2) that
mfp L q'[ni/zo] -
It follows that
m L q'[n;/z0] , thus also n;[m/zo] L o

By associativity we get

(nilm/@o]) L a" .
Hence the result.

(2) = (1) Let

p = zo| e (n1,n2)

where 1y, ny are such that for every m € Ni- % Ny we have
(ni[m/xo]]) € Ny and (n2[m/xo]]) € Ny .
Let m € Ni % Ny, and we show that
plm.

By internal completeness there exists ¢ € R such that

mlp = p(r1,22).q .

Let us write n} = nj[m/xo] and n}, = ng[m/z0], we have

pm/zo] ~ qln’ /z1,m5 /o]

where (n}]) € N; and (n})) € N3 by hypothesis. Since q € R, by associativity we
deduce

(amy/z1,n5/22]) = (al(n1)/z1, (no])/22]) =,
thus
plm.

Finally p € N7 ® No.
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(2) < (3) Suppose p is of the form p = x| ® (ny,n2). Using associativity, for every
i € {1,2} we have:

for every m € N1 % Ny, (ns[m/z0]]) € N;

for every m € N % Ny and every q € Ni-, q L (n;[m/z0])

for every m € N1 % N3 and every q € Ni-, q L n;[m/x]

for every m € N1 % Ny and every q € N3, (q[n;[m/zo]/z0]]) = &
for every m € N % N3 and every q € N, q[n; /2] L m

for every m € N % Ny and every q € N7, (q[ni/zo]) L m

for every q € N3, (q[n;/zo]]) € N; @ Ny .

B R R

6.3 Non-Linear Non-Deterministic Paths

This section introduces paths in non-linear ludics. In particular, paths are non-linear, i.e.,
a variable can appear free several times. After describing an interaction as a set of paths
(an n-path), we give ideas on what visitable paths of behaviours constructed by logical
connectives may look like.

In a previous work [Pav14] we investigated the notion of path in non-linear but de-
terministic ludics. Then, we needed a condition of internal coherence in the definition of
path; this condition had to do with uniformity (the fact that, when asked the same ques-
tion, the answer given is the same). With non-determinism, this condition is no longer
required. But an interaction is not described by a single interaction path anymore, it is
now associated to a set of paths corresponding to all the possible choices.

6.3.a Views and Paths

We consider the same notion of (located) action as in the previous chapters (Defini-
tion 1.2.1). Thus we can still represent cut-free designs as trees/forests, but now there
can be several positive nodes as roots, or above a single negative node. We will sometimes
need to put annotations in order to differentiate between positive actions with the same
name. The idea is the following: given a positive design A{s; : i € I}, foreachi € I
the first positive action of s; receives the annotation ¢. This way, all the positive proper
actions in a design receive an annotation, and we can for example differentiate between
the views

bao(z) zla(y)y and by (x) z[aly)s

of design ny from Figure 12 (page 125). But we avoid writing the annotations when un-
necessary.
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Definition 6.3.1 (Ajn-sequence)

+ An ajn-sequence is a sequence of actions satisfying all the conditions from
Definition 1.2.5 except for Linearity.

« An annotated ajn-sequence is a pair (s, u) where s is an ajn-sequence and u
is a sequence of indexes of length the number of proper positive actions in s.
If s, is the n-th positive action of s, then the n-th element of u is called the
annotation of ;! in s.

Definition 6.3.2 (View)

« A view is an annotated ajn-sequence (V, u) such that each negative action of v
which is not the first one is justified by the immediate previous action.

« Given a cut-free design 0, the views of 0, noted V[0], is the set of views de-
fined recursively as in Definition 1.2.6, adding the following case for positive
disjunction:

VIA{sici €I} = U, Visil i T#0
and where each proper positive action is annotated with the index ¢ associated
to the corresponding predesign.

« The view of an annotated ajn-sequence (s, u) is ' (s,u) = ("s7,u') where:

— Ts7is defined as the view of an aj-sequence (Definition 1.2.7),
- ' is the subsequence of u containing only the annotations of the proper
positive actions appearing in "s™.

Notation

For annotated ajn-sequences, we may abusively write s instead of (s, u), and "s™ in-
r A . . . ..
stead of ' (s,u) , the annotations being implicit.

Definition 6.3.3 (Path)

« A path is a positive-ended (or empty) P-visible and O-visible ajn-sequence.

+ Given a cut-free design 0, a path s is a path of 0 if there exists a sequence u
such that for all prefix s’ of 5, (s',u) ' is a view of d.

Example 6.3.4

Consider the designs of Figure 12. Designs n; and ny have different views, even up to
re-indexing of positive actions. This implies in particular that the path

s o= e @) ) ) ) el

is a path of ny but not of nj, indeed: we need to choose between annotating x|a(y)
with 1 or 2, thus we can never visit both branches of n;. As a consequence, we have
n; L pbutng £ p; a more precise explanation will be given in the next subsection
(Example 6.3.10).
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yle(z) yle(z)
| |
z[d()1 z[e()1 zld()r A z[E()2 d=() e=()
| | N/ N/
cy(2) cy(2) cy(2) yle(z)
| | | |
zla(y)r A xlafy)s zlalyh a(x)y
N | |
by () by (2) o|b(x)
ny ny p

Figure 12: N-paths and orthogonality

This example also shows that a non-linear path can visit several times the same
action in a design: here the negative action ¢, (z) of design ny appears twice in s.

Definition 6.3.5 (Interaction path)

Let 0 and ¢ be cut-free atomic designs of opposite polarities. An interaction path of
0 with ¢ is a path s of 0 such that § is a path of e.

Unlike the linear case, the existence of an interaction path between 0 and ¢ does not ensure
their orthogonality. The convergence of interaction now requires that we have a set of such
interaction paths, coherent in a sense. Such a set is called an n-path and is described in the
next subsection.

6.3.b N-Paths

Given two cut-free atomic designs of opposite polarities ? and ¢, write (? < ¢) for the set

of interaction paths of 0 with ¢, and remark that (¢ < ?) = m. After defining n-
paths, we conjecture that 9 L ¢ if and only if the sets (0 < ¢) and (¢ < 0) are respectively
n-paths of 0 and e.

Notation

In the following, given a set S of sequences, let us denote by pref(S) the set of the
prefixes of sequences of S.
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Definition 6.3.6 (N-path)

A non-deterministic path or n-path is a non-empty set S of paths satisfying the
following conditions:

(P-universality) For all prefixes sx™, t € pref(S),if "s7 ="t "then tx* € pref(S);
(O-universality) For all prefixes sk~ , t € pref(S),if sy = Lt then tk™ € pref(S).

The idea, formalised in Conjecture 6.3.9, is that an n-path corresponds to a (convergent)
interaction. A path in it is the interaction trace for a particular choice made at each non-
deterministic branching. Thus an n-path containing a single path is for a deterministic
interaction.

The P-universality condition ensures that if, when reaching a conjunction, the n-path
visits a positive action T of this conjunction, then each time it reaches the same conjunc-
tion it must be able to visit x*. This requirement comes from the universality of our non-
determinism: interaction must systematically visit all the positive actions of a conjunction
it reaches. O-universality corresponds to the same requirement for the orthogonal.

Remark 6.3.7

If S is an n-path then its dual S= {5 | s € S} is an n-path.

Definition 6.3.8 (N-path of a design)
Given a cut-free design 0 and an n-path S, S is an n-path of 0 if all the paths in S are
paths of 0 and the following condition is satisfied:

For every path sk™ of 0, if there exists T such that st € pref(S) then
skt € pref(S).

Again, the condition in this definition expresses the universality of non-determinism: it
ensures that if, at some point of the interaction, at least one positive action in a conjunction
of 0 is visited by the n-path, then all the positive actions of this conjunction are.

The purpose of n-paths would be to prove the following conjecture, in order to estab-
lish the exact correspondence between orthogonality and n-paths.

Conjecture 6.3.9
Let 0 and ¢ be cut-free atomic designs of opposite polarities. 0 L ¢ if and only if there
exists an n-path S of 0 such that S is an n-path of e; moreover, this n-path isS = (0 < ¢).

We are strongly convinced that this holds, but we have not proved it yet. It would probably
require to adapt all the results about multi-designs (Chapter 2) to the non-linear setting,
indeed: the linear version of this conjecture (Proposition 1.2.11) relies on such results. Let
us however give the following example as an intuition.

Example 6.3.10
Going back to the designs of Figure 12, we have ny 1 p with
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w(®)  zfaly)  ey(z)  zld) ey(z)  zld()
w(2) wlay)  cy(z)  zfe() elz) 2y}

(m—p= |

We can check that (n; < p) is an n-path of n; while (n; <~ p) = (p < ny) is an
n-path of p. On the other hand we have ny / p and

(ng <= p) = (n < p)
where (ng  p) is indeed an n-path but not an n-path of ng; the problem is that:

though e() is a path of ny
a() € pref({nz < p))

() cy(2) z[e() & pref({nz < p))

which contradicts the condition in Definition 6.3.8.

bao () xlaly) cy(z) 2|
and by (2) zla(y) cy(2) 2|
b

we have v () zlaly) cy(z) 2|

6.4 Outlook

We now present some possible future directions of research.

VISITABLE PATHS AND CONNECTIVES. There is still work to undertake concerning the re-
lation between paths and logical connectives in a non-linear setting. In particular, as for
the linear case (Section 3.2 in Chapter 3), we would like to prove the form of visitable
paths of behaviours constructed by connectives. Those visitable paths are in particular
non-linear, thus some parts can be repeated many times. We conjecture the way they may

look like.

Definition 6.4.1 (Visitable path)

A path s is visitable in an atomic behaviour B if there exist 9 € B and ¢ € B+ such
that s € (0 < ¢). The set of visitable paths of B is written V.

Shuffle LI and anti-shuffle m on non-linear paths are defined the same way as for
linear ones (Definition 1.3.1); but s LU ¢ is now a larger set than in the linear case, since
the notion of path has been extended. We also consider unary operations | | | and [T] on
a set of path V, defined by:

LWV ={sw..ws|seV} and [MV=J{sm.ms|seV}.
keN keN

In order to prove the conjecture below, we should redefine regularity, thus also incarnation:
this is not difficult. Similarly to the visitable paths of the tensor (Propositions 3.2.6 and
3.2.8), we guess that regularity is needed to have such simple formulations.
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Conjecture 6.4.2

Let M, N be negative behaviours, let P be a positive behaviour, and suppose these be-
haviours are regular. We have:

Vin =[Tl(kvyWN)

Vip = LL(kaVP) ,
VMen = [T1(k, VM) m [Tk, VN)
VM@N = (FL.(VM L VN)) .

Compared to the linear version of visitable paths for connectives, the non-linear ones
combine the paths with anti-shuffles, which corresponds to the possibility of repeating a
location. We believe that, similarly to the linear case, the proof of this conjecture relies in
particular on:
« internal completeness for the negative connectives (Theorem 6.2.4) and the weaker
alternative for the positive connectives (Propositions 6.2.6, 6.2.7 and 6.2.8),
- anon-linear equivalent of the associativity for interaction paths (Proposition 2.2.12),
which would require that we adapt many results concerning multi-designs to non-
linear ludics.

REGULARITY AND PURITY. Towards a study of the types of non-linear ludics, as we did
in the linear case, we could use the form of the visitable paths to deduce regularity and
purity of behaviours constructed by connectives.

Conjecture 6.4.3

In non-linear ludics:
e regularity is stable under 1,7, ®, ®, %, &, —o;
e purity is stable under 1, T, ®, ®.

Recall that Fouqueré and Quatrini [FQ16] proved, in linear ludics, that finite regular
behaviours correspond exactly to the interpretation of MALL formulas (Proposition 4.3.10).
Following this idea, we believe that it is possible to capture LLP in non-linear ludics.

Conjecture 6.4.4

In non-linear ludics, a behaviour is the denotation of a formula of LLP if and only if it is
regular and finite.

SEPARATION VS. WEAK SEPARATION. It has been observed [BF11, BT10b, Mau04] that
separation, an analytical theorem of linear ludics which is the analogue of B6hm’s theorem
in A-calculus, does not hold in the non-linear setting, even if we restrict to deterministic
designs. In other words, there exist designs 0; # 04 that are not separable, in the sense
that every design ¢ is orthogonal either to both 01 and 93 or to none of them. The designs
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p; of Figure 10 (page 117) are an example of non-separable designs; in fact, it is because we
lack separation that we do not have true internal completeness for positive connectives.

But we might have an alternative, weak separation, that differentiates designs accord-
ing to interaction paths.

Conjecture 6.4.5 (Weak separation)

Let 01 and 0y be cut-free atomic designs of same polarity such that 01 # 0. There exists
a cut-free atomic design ¢ such that (1 < ¢) # (02 < ¢).

129



CHAPTER 6. NON-LINEAR LUDICS

130



Conclusion

The research conducted in this thesis has consisted in exploring ludics to highlight and
deconstruct some behaviours with an interesting computational or logical meaning. More
precisely, we focused on the behaviours representing data types and functional types, and
on the behaviours of non-linear ludics.

A first step has been to gather all the necessary material into the framework of com-
putational ludics, where designs are terms. The properties of behaviours with respect to
interaction can be characterised by their visitable paths, and we have followed this ap-
proach to analyse the behaviours we were interested in. We have expressed the visitable
paths of the behaviours constructed by logical connectives in a compositional way. This,
together with internal completeness, has led us to prove that these behaviours were reg-
ular - the key notion for the characterisation of MALL in ludics — and those constructed
without —o were pure — that is, type safe.

Interpreting the inductive data types in ludics requires that we consider a least fixed
point operator in addition to the usual connectives. Adopting a constructive approach, we
have provided an internal completeness result for fixed points, unveiling the structure of
the behaviours corresponding to inductive types. As a consequence, we could show that
data behaviours were regular and pure. But the behaviours interpreting types of functions
taking functions as argument are impure: a bad interruption of the execution can happen
in the case of a ludics program which is not strictly functional (in the sense of functional
programming). However, under regularity assumption, well-bracketedness keeps from
getting such errors.

The work achieved so far lies mainly in linear ludics, but we have also started to study
non-linearity, which is interesting from both the “proof” and the “program” perspective:
indeed, it allows to consider proofs that can use their hypotheses several times, as well
as programs that can call their arguments several times. In non-linear ludics, internal
completeness does not hold anymore for the positive connectives, but we could recover
a weaker form. We have also described how the paths could be adapted to describe an
interaction in a setting that is both non-linear and non-deterministic, with the notion of
n-path.

Some ideas for future work then arise naturally:

« We plan to extend our study of data types with greatest fixed points ¥ X. A, ie.,

coinduction (discussed in Section 4.4).
+ Getting a real characterisation of tMALL in ludics should be possible, by proving
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that a behaviour is regular if and only if it is the denotation of a yMALL formula
(Conjecture 4.3.11).

« It would be interesting to consider fixed points together with functional types (dis-
cussed in Remark 5.1.3).

+ Another future goal is to generalise the study of data and functions to non-linear lu-
dics. This would require to lift the results on multi-designs to the non-linear setting,
in order to prove that the existence of an n-path matches orthogonality (Conjec-
ture 6.3.9) and to make explicit the form of the visitable paths for the connectives
(Conjecture 6.4.2). From this, we believe we could deduce regularity and purity (Con-
jecture 6.4.3).

+ Innon-linear ludics, we would also like to characterise the behaviours corresponding
to LLP as the regular and finite ones (Conjecture 6.4.4)

« Finally, we believe that we can recover a weaker form of separation in non-linear
ludics (Conjecture 6.4.5), which may have some interesting outcomes.

More generally, studying non-regularity in ludics could also be interesting. Indeed, our
exploration has only led to regular behaviours for the moment. The non-regular ones have
more surprising interactions, and could model logical or programming features with a no-
tion of orientation. For example, we believe that non-regular behaviours could represent
processes executions in concurrent computing, with notions like synchronisation, dead-
locks, etc. On a logical side, non-regularity can lead to new oriented logical connectives,
for example the oriented tensor studied by Fouqueré and Quatrini [FQ16].
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INDUCTIVE, FUNCTIONAL AND NON-LINEAR TYPES IN LUDICS

Abstract

This thesis investigates the types of ludics. Within the context of the Curry-Howard cor-
respondence, ludics is a framework in which the dynamic aspects of both logic and pro-
gramming can be studied. The basic objects, called designs, are untyped infinitary proofs
that can also be seen as strategies from the perspective of game semantics, and a type or
behaviour is a set of designs well-behaved with respect to interaction. We are interested
in observing the interactive properties of behaviours. Our attention is particularly focused
on behaviours representing the types of data and functions, and on non-linear behaviours
which allow the duplication of objects. A new internal completeness result for infinite
unions unveils the structure of inductive data types. Thanks to an analysis of the visitable
paths, i.e., the possible execution traces, we prove that inductive and functional behaviours
are regular, paving the way for a characterisation of #MALL in ludics. We also show that
a functional behaviour is pure, a property ensuring the safety of typing, if and only if it
is not a type of functions taking functions as argument. Finally, we set the bases for a
precise study of non-linearity in ludics by recovering a form of internal completeness and
discussing the visitable paths.

TYPES INDUCTIFS, FONCTIONNELS ET NON-LINEAIRES EN LUDIQUE

Résumeé

Cette thése est consacrée a une exploration des types de la ludique. S’inscrivant dans un
contexte marqué par la correspondance de Curry-Howard, la ludique est un cadre permet-
tant d’étudier 'aspect dynamique de la logique et de la programmation. Les objets de base,
appelés desseins, sont des preuves infinitaires non-typées qui peuvent également étre vues
comme des stratégies sous I'angle de la sémantique des jeux, et un type ou comportement
est un ensemble de desseins se conduisant de la méme maniére du point de vue de l'inter-
action. On s’intéresse aux propriétés interactives des comportements. Notre attention se
porte en particulier sur les comportements représentant les types de données et de fonc-
tions, et sur les comportements non-linéaires qui permettent la duplication d’objets. Un
nouveau résultat de complétude interne pour les unions infinies dévoile la structure des
types de données inductifs. Grace a une analyse des chemins visitables, c’est-a-dire des
possibles traces d’exécution, on prouve que les comportements inductifs et fonctionnels
sont réguliers, ouvrant la voie pour une caractérisation de tMALL en ludique. On montre
également qu'un comportement fonctionnel est pur, une propriété garantissant la stireté
du typage, si et seulement si ce n’est pas un type de fonctions prenant des fonctions en
argument. Enfin, on pose les bases d’une étude précise de la non-linéarité en ludique en
retrouvant une forme de complétude interne et en discutant des chemins visitables.
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