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Résumé

Cette these est consacrée a ’étude de la dynamique de I’équation de Schrodinger non-linéaire
(NLS) focalisante en dehors d’un obstacle compact et convexe, avec des conditions de Dirichlet
au bord de 'obstacle. Nous nous intéressons a 1’étude du comportement asymptotique des so-
lutions en temps long et en temps fini. Dans cette these, nous prouvons 'existence de ces trois
types de solutions: ondes solitaires (solitons), solutions "explosives " (formant des singularités
en temps fini) et des solutions dispersives (des solutions globales et se comportant asympto-

tiquement comme des solutions linéaires) pour I’équation NLS en dehors d’un obstacle convexe.

Dans la premiere partie de la these, nous construisons des ondes solitaires, se rapprochant, en
temps long, des ondes solitaires existant pour I’équation NLS posée sur I'espace euclidien sans
obstacle. Ainsi, ces ondes montre I'optimalité d’un seuil d’énergie en dessous duquel toutes les

solutions de I’équation sont globales et ont un comportement asymptotique linéaire.

Dans la deuxieme partie de la theése, nous prouvons l'existence des solutions explosives pour
I’équation NLS a l'extérieur d’une boule. Nous prouvons que les solutions d’énergie négative
et de variance finie forment une singularité en temps fini (ceci été conjecturé mais non démon-
tré). Dans certains cas, nous étudions également le comportement des solutions sous le seuil

masse-énergie mentionné ci-dessus.

Dans la troisieme partie de la these, nous étudions la dynamique de 1’équation NLS en de-
hors d'un obstacle convexe exactement au seuil masse-énergie, c’est a dire lorsque la masse et
I’énergie de la donnée initiale sont égales a la masse et a 1’énergie du soliton. Nous montrons

que la solution est globale en temps et se disperse en temps long.

Dans la derniere partie de la these, nous présentons des simulations numériques pour 1’équation
NLS en dehors d’un obstacle compact et convexe. Nous étudions 'interaction entre les solutions
de type ondes solitaires (solitons) se déplagant a différentes vitesses vers I'obstacle sous différents
angles. Ainsi, nous montrons que la présence de I’'obstacle modifie globalement le comportement

des solutions.

Mots clés : Equation de Schrodinger non-linéaire, obstacle, onde solitaire, solution explosive,

dispersion.
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Abstract

The main objective of this thesis is to study the dynamics of the focusing nonlinear Schrédinger
equation (NLS) in the exterior of a compact and strictly convex obstacle, with Dirichlet bound-
ary conditions. We study the asymptotic behavior of the solution for large times and finite time.
We prove the existence of these types of solutions: solitary wave solutions (solitons), blow-up
solutions (solutions with finite time of existence), and scattering solutions (global and behav-

ing asymptotically as linear solutions), for the NLS equation in the exterior of a convex obstacle.

We first construct solitary wave solutions for the NLS in the exterior of a strictly convex obsta-
cle. These solutions behave asymptotically as solitary waves on R3 for large times and satisfy
Dirichlet boundary conditions. These soliton solutions prove the optimality of the mass-energy

threshold for global existence and scattering.

Secondly, we prove the existence of blow-up solutions for the NLS in the exterior of a ball.
We prove that finite variance, negative energy solutions break down in finite time. In some

cases, we also study the behavior of solutions under the mass-energy threshold mentioned above.

Next, we study the dynamics of the focusing 3d cubic NLS equation in the exterior of a strictly
convex obstacle at exactly the mass-energy threshold ( i.e., if the initial data has the mass-
energy equal to that of a soliton solution). In this case, we prove that the solution is global in

time and scatters in both time directions.

Finally, we present numerical simulations for the focusing nonlinear Schrodinger equation in the
exterior of a smooth, compact, strictly convex obstacle, with Dirichlet boundary conditions.
We study the interaction between solitary wave solutions (solitons) traveling with different
velocities towards the obstacle at different angles, and show how the obstacle changes the

overall behavior of solutions.

Keywords : Nonlinear Schrodinger equation, obstacle, solitary wave, blow-up, scattering.
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Chapter I

Introduction

The subject of this thesis is to study the dynamics of the nonlinear Schréodinger equation with a
focusing nonlinearity, which is typically of power type, in the exterior of a compact and strictly

convex obstacle © with Dirichlet boundary conditions in dimension d > 2.

We consider 2 = R?\ © the exterior of the obstacle © and the Cauchy problem

i+ Aqu = —|ulP"lu V(t,z) e R x Q,
u(to, ©) = uo() Vz €, ( NLSq)
u(t,z) =0 V(t,z) € R x 09.

We are interested in the asymptotic behavior of the solutions that exist on long and finite
time intervals (such as global existence, scattering and blow-up), of the nonlinear Schrodinger
equation (NLSq) .

The linear Schrodinger equation was introduced by the Austrian physicist Erwin Schrédinger in
1925. It is a fundamental equation in non-relativistic quantum mechanics and it is the analogue
of Hamilton’s laws in non-relativistic classical mechanics. The Schrodinger’s equation can be
used to describe the state of quantum particles under some forces, such as the ones exercised
by the electrons present in an atom or a molecule. The nonlinear Schrodinger equation, or
NLS equation for short, appears in many physics models, for instance, in laser propagation and
Bose-Einstein condensate. A typical application of the NLS equation is the description of the
wave motion and interaction in plasma physics, as well as modeling connected with the fluid

and air dynamics.

The main motivation of this PhD work is to understand the influence of a smooth, compact and

convex obstacle on the global existence and long time asymptotic dynamics of the solutions of
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the focusing NLSq equation. The study of the wave-type equations in the exterior of obstacles
of different geometrical characteristics and shapes have started in 1961 with Morawetz result
for the local energy decay of the solutions of the linear wave equation outside an obstacle in
[71],[72], [64] and [65]. That study was restricted to a star-shape obstacle. However, those were
the first works on the influence of the geometry of the underlying space on the dynamics of
the equation. Morawetz result was generalized to different types of obstacles ranging from Ivrii
work on almost star-shaped obstacle in [51] in 1969, to the result of Morawetz, Ralston and
Strauss in 1977 on non-trapping obstacles in [74], [75]. During that period, different results
were obtained for other types of obstacles by Bloom in 1974 — 1976 [12], [11], [13], by Strauss
in [84], by Morawetz in [73] and in 1987 by Liu [67], [68]. Let us mention that apart from the
works mentioned above for fixed obstacle, the problem was also studied for moving obstacles

by J. Cooper and W. Strauss, in [23].

Before stating the main results, we briefly present the local and global theory of the nonlinear
Schrédinger equation in both the Euclidean space R? and an exterior domain . We first recall
some well-known properties of both equations such as conservation laws, scaling and invariances.
We present the Cauchy problem theory for the nonlinear Schrodinger equations in Euclidean
space R? and in the exterior domain from historical perspective, starting by reviewing different
works on the Strichartz estimates in exterior domain, which are the key results used to study

the local well-posedness. Finally, we present our main results with outlines of the proofs.

1 Nonlinear Schrodinger equation in the whole Euclidean

space

1.1 Preliminaries

We consider the nonlinear Schrodinger equation in R? of the form

i + Agau = —|ulP~u, (t,z) € R x RY,
(NLSpa) ¢~ ™ o (t,2) (L1)
u(tOJ .CU) = UO(SU), T e Rd?

where ty € R is the initial time, J; is the derivative with respect to the time variable, Aga is

the Laplacian operator in the space variable, Agau = Z;-lzl 8323],14, ug € HY(RY) is the initial data
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and p>1ford=1,2and p < % for d > 3. Here, u is a complex-valued function,

w: [Ty, +o0) x Q@ —— C

(t,z) —— u(t,z).

The (NLSga) equation combines the dispersive behavior of the linear part of the equation with
a nonlinearity. The dynamics of the equation depends on the sign of the nonlinearity. We are
interested in the focusing (i.e., negative sign in front of the nonlinearity) NLS equation, which
has a richer and more involved dynamics due to the opposite effects of the nonlinearity and the
dispersion by Laplacian. In other words, the sign of the nonlinear term counterbalances the

dispersive part of the equation.

The NLS equation posed on the whole Euclidean space R? is invariant by the scaling transfor-

mation, that is,

u(t,z) — )\%u(/\m, MNt), for A > 0. (I.2)
This scaling identifies the critical Sobolev space HjC, where the critical regularity s, is given
by s. := %l — }%. The case when s. = 0, ie., p =1+ %, is referred to as the mass-critical or

L?-critical and the case when s, =1, i.e., p = % is called the energy-critical or H'-critical.

Definition 1.1. Let I be a time interval such that ty € I and uy € HY(R?). Let p > 1 for

d=1,2 and p < %2 for d > 3. A function u € C(I, H'(R?)) is a strong solution of (NLSga)

on I if and only if u satisfies the following Duhamel formula

u(t,x) = S(t)ug +1i /Ot S(t — s)|u(s)|P u(s) ds, forall t €1, (1.3)

itAR3

where S(t) is the free Schrodinger operator S(t) == e given by

Sl = ()" [ e na)in

it
1.2 Cauchy problem for the NLSyr: equation

On the whole space R? the Cauchy problem for the NLSp« equation has been successfully

studied in both defocusing and focusing cases.

The Cauchy problem in H'(R?) for the NLSga equation on the Euclidean space R? have been

quite extensively investigated in many cases after seminal works, by Ginibre and Velo in [35, 36]
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and T. Kato in [53], see also [37], [87], [18], [20], [19]. Local existence and uniqueness are usually
proved by contraction mapping methods via Strichartz estimates. These estimates were first
obtained in [85] as a consequence of a Fourier restriction theorem, later Strichartz’s estimates
were generalized in [37]. Moreover, in [93] Yajima generalized the Schrichartz estimates for
inhomogeneous case, see also [18]. We refer to [54] for the end point case, which is still an open

question for the problem in an exterior domain.

Definition 1.2. We say a pair (q,r) is L*-admissible if

2 d d 2d
7_1-7:5, where QSrSW 2<r<oo,ifd=1,2<r<oo,d=2). (1L4)
¢ T -

We consider the integral equation (1.3) with ug € H'(R?) and the nonlinearity p > 1 for d = 1,2

and p < % for d > 3, i.e., we are considering the energy-subcritical cases.

Theorem 1.3. Let ug € H'(R?). Then there exists T > 0, depending on ||uol| ;1 ,p,d, and a
unique solution u(t) of (NLSga) on the time interval [=T,T] with

we O([-T,T), H\(RY) N LY([-T, T], Wi (R%)),

where (q,r) is the L*-admissible pair ((dfg)f;ﬂl), jgf’;j) ford >3, and (q,r) is an L*-admissible

pair with r € [2,00), for d =2 and r € [2,00], for d = 1.

Furthermore, the solution u can be extended to a maximal interval of existence [0, 77 ) and the
following alternative holds:

either Ty = 400 (the solution is global) or 7'y < 400 (the solution blows up in finite time)
with

Jim [Vt ) = +oc.

The proof proceeds in two main steps: first, one proves the existence and uniqueness of a solu-
tion using contraction mapping in a natural Banach space for a small time interval and using
the fact that the time interval is uniform on bounded sets of H', the solution is extended to a

maximal interval of existence.
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The solutions of (NLSga) satisfy the mass, energy and momentum conservation laws:

Malu(®)) = [ | Ju(t,2)de = Mya[uo),
Feafu(t)] = ; [, Vut,2)Pde - pil [ e, 2) 7 i = B,

Peau(t)] := Im /R Vu(t, z) u(t, z) dr = Pyalug).

Furthermore, the (NLSga) equation enjoys several invariances: if u(t, z) is a solution, then
« Space translation invariance: u(t, z + x¢) is also a solution, xy € R
o Time translation invariance: u(t + t1, z) is also a solution, for ¢; € R.

« Phase rotation invariance: e®wu(t, ) is also solution, for f, € R.

2
Z"U‘
2

Galilean invariance: €'z e~* 2 tu(t,x — tv) is also a solution, for v € R%.

|2

1 , 7)€ ar is a solution for

e In the case when p =1+ %, pseudo-conformal invariance: —zu(

[t]2
t#0.

z
t

Consider solitary wave solution of the NLS equation on the whole Euclidean space R?,
u(t,z) = e"“Qu(x), (15)

where @), is a solution of the nonlinear elliptic equation:

_AQw + wa = |Qw’p_1 Qwa

(L6)
Q. € H'(R).

Applying a Galilean transform to the soliton solution e®“Q,,(z) of the NLS equation on R¢, we

obtain a soliton solution, moving on the line z = tv with velocity v € R,

i(t, z) = @@ =ikt g (). (L.7)

The soliton (1.7) is a global solution of the focusing NLS equation on R?, but it is not a soliton

solution of (NLSg) since this soliton solution does not satisfies Dirichlet boundary conditions.
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At least 3 types of solutions for the NLSg« equation are known:

» Scattering solution, i.e., global solutions, which behave asymptotically as linear solutions:
a global solution u scatters in H' if there exists a unique u, € H! such that
: _ itA L3 o
b o)~ ], =0

 Blow-up solution, i.e., solutions with finite time of existence T’y < oo (respectively, T_ <

00). As a consequence of the blow-up alternative mentioned above,

Ji [lu(t, )l =00, respectively, lim fJu(t, )]l = co.

« Solitary wave solution (soliton) such as (I.5), which neither scatters, nor blows up in finite

time, a truly nonlinear structure.

Let us recall briefly some known results on the characterization of the behavior of the solution
of the (NLSga) equation:

In [55], F. Merle and C. Kenig studied the behavior of the radial solutions to the NLSga equation
in the energy-critical case for dimension d = 3,4, 5. They established a dichotomy for scattering
vs. blow-up solutions for data with energy below the energy of the stationary solution W, i.e.,
Ega[u] < Ega[W]. The criterion is given by the initial data gradient comparison to that of the

stationary solution W.

Let up € H'(RY), d = 3,4, 5, radial such that Fga[ug] < Ega[W].
L. If | Vugl| ;» < [[VW]| 2, then the solution u(t) is global and scatters in H'(R?).

2. If ||Vugl| ;2 > [[VW]| 2, then the solution u(t) blows up in finite time.

In the spirit of the above result on the classification of solutions behavior in the energy-critical
NLS equation, J. Holmer and S. Roudenko in [45] studied the behavior of the radial solutions
of the 3d cubic NLSgs equation, i.e., mass-supercritical and energy-subcritical, whenever the
initial data satisfies a mass-energy criterion given by the ground state threshold. The criterion
is expressed in terms of the scale-invariant quantities ||u||,. [|Vul| . and Mu]E[u]. Let g in
H(RY), such that

Egs [UO] Mps [uo] < Eps [Q} Mps [Q] .
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Lo IE Juoll pogsy [[Vuol 2msy < [1Qllp2msy IVQ 2gsy » then the solution u(t) exists globally

and scatters in H'.

2. If fJuo|| po gy Vol posy > 1Q p2gre) V@I 2(gsy » and if either ug is radial or has a finite

variance, i.e., |zJug € L?(R?), then the solution u(t) blows up in finite time.

This result was extended later by the previous authors with T. Duyckaerts to the non-radial
setting in [29]. Moreover, the same result was later extended to arbitrary space dimensions and
focusing mass-supercritical power nonlinearities by T.Cazenave, J.Xie and D.Fang, see [32]

and by C. Guevara in [43], see also [46] for "weak" blow-up.

Following the work of T. Duyckaerts and F. Merle [30] in the energy-critical case, T. Duyckaerts
and S. Roudenko [31] classified the behavior of solutions to the 3d cubic NLSgs equation exactly
at the mass-energy threshold, namely, when Egs[ug| Mps[ug] = Ers[Q]Mps[Q], with H'(R?) ini-
tial data satisfying the mass-gradient bound (as in part 1 and 2 above), here, @ is the ground

state solution of the nonlinear elliptic equation (1.6).

At the mass-energy level, the NLS equation has a richer dynamics for the long time behavior
of solutions compared to the results mentioned above under the threshold. In [31], the authors
proved the existence of special solutions, denoted by Q™ and Q. These solutions approache
the soliton, up to symmetries, in one time direction, that is, there exits ey > 0 such that

vVt >0 HQi — eitQ’ < ce ! (1.8)

H(R3) —

The behavior of Q* in the opposite time direction is different: Q= scatters for negative

time but Q" has finite time of existence. The existence of these special solutions is de-
rived from the existence of the two real nonzero eigenvalues for the linearized operator around

the soliton e“(Q. Moreover, these special solutions have the same mass-energy of the soliton,
IVQ~ [l r2rsy < IVQl 2wy and [[VQT || p2msy > [IVQ| 23 -

Let up € H'(R?) such that

Egs[uo) Mgs[ug] = Egs[Q]Mgs|[Q)]

and

LAt fJuol| o sy Vol 2msy < [1Ql L2y IVQIl L2(gsy - then the corresponding solution u(t) of
(NLSgs) is global and either scatters or u = Q~, up to the symmetries;
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2. if HUOHL2(R3) HVUOHL2(R3) - HQHL2(R3) HVQHLQ(R3) , then u = €@, up to the symmetries;

3.4 Jluoll po sy [[Vuoll 2msy > QN p2ge) V@Il p2(rsy » and if either ug is radial or |z|ug €

L?(R3), then either u has a finite time of existence or u = Q, up to the symmetries.

2 Nonlinear Schrodinger equation in the exterior of an

obstacle

2.1 Preliminaries

We now consider the focusing nonlinear Schrodinger equation in the exterior of a compact and

strictly convex obstacle © with Dirichlet boundary conditions in dimension d > 2

10+ Aqu = —|ulP~tu, (t,z) € R x Q,
u(to 2) = o). req, ( NLSq)
u(t,z) =0, V(t,z) € R x 09,

where 2 = R?\O, Aq is the Dirichlet Laplace operator on €2, which is a self-adjoint operator
on L?(Q) with form domain H{(€2) and p > 1 for d = 1,2 or p < 2 for d > 3.

We denote by H} := H}(Q) the energy space, which is also the domain of the square root of
—Ag. We take initial data uy € H3(Q).

We first recall the definition of the Sobolev spaces on the domain {2 associated with powers of
the Dirichlet Laplacian Agq.

Definition 2.1. For s > 0, 1 < p < oo, let H3P(Q) and HP(Q) denote the completions of

C(Q2) under the norms

/]

iy = |(—20)3f

and ||f]

HBP = H(l - AQ)%f

(1.9)

Lp e’

When p = 2, we write H3,(Q) for H5*(Q), and H}(Q) for Hi*(9).



I.2 Nonlinear Schrédinger equation in the exterior of an obstacle

It is well known that HJ"(Q) = HP(Q) for 0 < s < % and for % <s< 1+ ;1). In particular, for
s=1and p =2 we have H}(Q) = H,(Q).

In [57], the authors proved the following equivalence of Sobolev space norms under some re-

striction of the regularity s.

Theorem A (Equivalence of Sobolev spaces,[57]). Let d > 3. Assume 1 < ¢ < oo and
0 <s<min{l+, 9} Then

=2z 1], ~as

(—Ao)if| , VfeCE@). (1.10)
The solutions of (NLSq) satisfy the mass and energy conservation laws:

Molu(t)] = /Q lu(t, )2 dz = Moluy).

Folu(t)] = ; [ Vutt, )P - pj—l [ It )P+ iz = Bafuo]

The momentum

Polu(t)] == Im /Q Vu(t, z) a(t, ) dz

is not conserved for (NLSq) equation with Dirichlet boundary conditions because of the follow-

ing boundary term,

d 2 -
GPalu)] =1m [ [Vu(t,x) fids.

where 71 is the outward normal vector of 2.

Since the presence of the obstacle does not change the intrinsic dimensionality of the problem,

so that, the scaling given in (I.2) identifies the same critical Sobolev space Hf)c, for NLSq, equa-

tion, where s, := % — z%‘ Moreover, for uy € H 3 the NLSq equation is sub-critical for s > s,

and super-critical for s < s..

Definition 2.2. Let I be a time interval such that ty € I and ug € H} (). Let 1 < p < % for
d > 3. A function v € C(I, H}(Q)) is a strong solution of (NLSq) on I if and only if u satisfies

the following Duhamel formula

. t
u(t, z) = oy, +i/ =989 |y (5)|P~Lu(s) ds, forall tel, (I.11)
0
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where Aq is the Dirichlet Laplacian.

The presence of an obstacle breaks down several invariances of the equation, such as, space
translation, Galilean and pseudo-conformal invariance. However, the NLSq equation enjoys

the time translation and phase rotation invariances.

2.2 Cauchy problem for the NLS( equation

On exterior domain, the local well-posedness relies also on Strichartz estimates. The Cauchy

problem in H}(Q) for the NLSq equation in the exterior of obstacle is now well understood.

In [15], the authors proved Strichartz estimates with a loss of " 3-derivative' on the exterior of
a non-trapping obstacle using local smoothing estimates. This Strichartz estimates turned into
a local existence result in the energy class with a restriction in nonlinearity power due to the
resulting loss. For example, in dimension d = 3, the authors proved the well-posedness only for
the sub-cubic (p < 3) nonlinearity. Nevertheless, they proved the global existence for the cubic

NLSq equation, provided ||ugl| (o 1s sufficiently small.

The well-posedness for the cubic nonlinearities was later improved in [4], using new Strichartz
estimates obtained by combining the smoothing effect used above with a semiclassical Strichartz
estimate on small intervals of time in [5]. The same result was obtained in [47] for (NLSq) on
the exterior of a ball, in dimension d = 3 using a precise smoothing effects near the boundary
of a ball.

Later, in [78], Planchon and Vega obtained a scale invariant norm L{ , Strichartz estimate in di-
mension d = 3. (This estimate has a loss of a j-derivative). They used bilinear Virial identities
for the nonlinear Schrodinger equation, which allowed them to extend bilinear improvements

to Strichartz inequalities as follows.

Let S(t) denote the linear flow for the Schrodinger equation on an exterior of non-trapping
domain  and let s > 0. Then

10



I.2 Nonlinear Schrédinger equation in the exterior of an obstacle

This estimate proved the local well-posedness for the energy-subcritical equation in dimension
d=3,ie., 1 <p<5b,see Theorem 3.4 in [78]. However, this estimate barely misses the L} L

control for H} initial data, hence, the restriction to H'-subcritical nonlinearity.

After that, in [48] O. Ivanovici proved the Strichartz estimates for (NLSq) except the end point
case, using the Melrose and Taylor parametrix. The authors proved also that the quintic (p = 5)
(NLSq) equation is locally well-posed in H}(Q2) and globally well-posed in time for initial data
up € H}(Q) sufficiently small. Moreover, a local Cauchy theory and scattering results are

obtained for the defocusing (NLSq) equation in the exterior of a strictly convex obstacle in

7

dimension d = 3, in the inter-critical case, i.e., for 3 < p < 5 using the following Strichartz

estimates.

Theorem B ([48]). Let d > 2, Q C R? be the exterior of a smooth compact strictly convex
obstacle. Let q,G > 2 and 2 < r,7 < oo satisfy the scaling conditions: % +4=1= % + 4
Then

) .
eztAuO i / ez(t—s)AF<8)dS
0

Jullgy = < Co (uoll ey + 1Pl gy ) - (0112

LiLr,

In [50], O.Ivanovici and F. Planchon extended the result of [48] for the quintic (NLSg) equation
outside a non-trapping obstacle in R?, using a smoothing effect to estimate LZL5 for the linear
equation. Moreover, they proved that (NLSq) equation is also locally well-posed in Hf—;, with
sc:%—zﬁand3+§<p<5.

In [63], we prove that the (NLSq) equation is locally well-posed in Hjs (), for 0 < s, < 1 (cf.

Theorem 2.3).

Let us mention that apart from the works cited above, the NLSq equation in the exterior of
a star-shaped obstacle in dimension d = 2 was studied by Blair, Smith and Sogge in [10], F.
Planchon and L. Vega in [79]. This result was generalized by F.A. Shakra in [1] for the 2d NLSq
outside of a non-trapping obstacle. In [50], O.Ivanovici and F.Planchon proved scattering re-
sults for the defocusing NLSq, equation in the exterior of a star-shaped compact obstacle for
3 < p < 5, in dimension d = 3. We also refer to [66] for global well-posedness and scattering
results for the defocusing (NLSg) in the exterior of balls with radial data. Let us also men-

tion the recent works on dispersive estimates outside one or several strictly convex obstacles of

11
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O. Ivanovici and G. Lebeau in [49], as well as D. Lafontaine in [61],[62].

Theorem C. Let d > 2, Q C R? be the exterior of a smooth compact strictly convex ob-
stacle. Consider 0 < s. < 1, i.e., 1+ 2 < p < &2 and let ug € H{ (). Then there exists
T :=T(ug) > 0 such that a solution v € C([—T,T],8) is a strong solution to (NLSq) equation.

The local existence and uniqueness in H} () is carried out by classical methods, using a fixed
point argument via Strichartz estimates. The proof is very similar to the one for the NLS
equation posed on the whole Euclidean space. Moreover, the Cauchy problem for the NLSq
equation is also well-posed in H?(2) N H} () in dimension d = 3 for p > 2. The local existence
of solutions for the NLSq equation in H2 N H} () can be established using the fact that H?
is an algebra and the following continuous embedding holds for any smooth domain  C R3,
H?(Q2) C L>(Q), see [15, Proposition 2.1]. Thus, we don’t have to control the nonlinearity

growth but just need the regularity of the nonlinear term.

Proposition D. Assume d =3 and p > 2. Let uy € H*N H} (). Then there exists T > 0 and
a unique solution u(t) of (NLSq) with u € C([-T,T], H* N Hy(Q)).

It is classical that the solution u can be extended to a maximal time existence interval I =
(—=T_,T,) and the following alternative holds:
either T’y = oo (respectively, T = oo) or T < oo (respectively, T < co) and
g (e, gy = o0, respectively, i (e, )y oy = o
We next state our results for the local well-posedness for the NLSq equation in the exterior of

a convex obstacle in the critical Sobolev space His(Q) for d = 3 and 0 < s, < 1, i.e., % <p<5.

For that, we use the fractional chain rule in the exterior of a compact convex obstacle given

in [57].

Theorem 2.3 (Well-posedness in Hjs(2)) ). Let 0 < s, <1 (or L <p<5.)
Let ug € Hj5(Q). Then there exists a unique solution u(t) of (NLSq) with initial data uy defined
on [0,T] for some T > 0, such that

ue C(0,T), Hi(Q)) N LY([0, T, H"),

12



I.2 Nonlinear Schrédinger equation in the exterior of an obstacle

where (q,7) = (p +1, %) .

Furthermore, the solution u can be extended to a mazimal interval of existence [0,T) and the
following alternative holds:

either Ty = +o0 (the solution is global) or T’y < +o00 (the solution blows up in finite time) and

tg% [, M prse ) = +00-
After establishing the local existence one can ask whether it is possible to characterize the be-
havior of solutions for the NLSq, equation, which is exactly the goal of this thesis. This question

has been extensively studied for (NLS) on the whole space R

In the exterior of a convex obstacle, R. Killip, M. Visan and X. Zhang proved in [58] that the
threshold for global existence and scattering is the same as for the cubic equation on R?, see

also [94] for I < p < 5. Assume p =3 and d = 3.

Let ug € Hy () such that

Eoluo]Ma[uo] < Eps[Q]Mgs[Q] and HU0HL2(Q) HVUOHL?(Q) < HQHL2(R3) HVQ||L2(R3)' (1.13)

Then the solution u(t) is globally defined and scatters in Hj ().

The existence of blow-up solutions is not treated in the results mentioned above. In [21], the
authors revisited the scattering result by utilizing Dodson and Murphy’s approach [27], [2§]
and the dispersive estimate established by O.Ivanovici and G. Lebeau in [49]. Furthermore,
in [59] the authors proved global existence and scattering for the quintic defocusing (NLSq)

equation for all initial data in Hg(£2).

13
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3 Main results

Recall that, the (NLSga) equation posed on R? has at least 3-types of solution: scattering,
blow-up and solitary wave solutions. In our main results, we prove the existence of a solitary
wave solution, blow-up solution and we studied the scattering threshold for the (NLSq) equa-

tion.

In Chapter II, we prove the existence of a family of solitary wave solutions to the NLSq, equation
in the exterior of strictly convex obstacle, which behaves asymptotically as a solitary wave so-
lution in RY, for long time. These solitary wave solutions prove the optimality of the scattering

threshold for the (NLSq) equation, for an arbitrary small velocity.

In Chapter 111, we prove the existence of blow-up solutions for the NLSq equation in the exterior
of the unit ball of R?. We also study the behavior of the solutions that satisfy a symmetry as-
sumption under the mass-energy threshold. We prove that the blow-up criterion is the same as
for the problem posed on the Euclidean space given by the work of J. Holmer and S. Roudenko
in [45].

In Chapter IV, we study the behavior of the solution of the cubic NLSq equation at the mass-
energy threshold. We prove that if the initial data satisfy Mq[ug|Eqluo] = Ers|[Q]Mgs[Q] and
[woll 20 Vuoll 2 < QN r2@s) [VQ|lp2(rs) » then the corresponding solution is globally de-
fined and scatters in both time direction. This chapter is a joint work with Thomas Duyckaerts

and Svetlana Roudenko.

In Chapter V, we present numerical simulations of solutions to the two dimensional focusing
NLSq equation with Dirichlet boundary conditions. We study the interaction between the
solitary wave solutions traveling with different velocities v and the obstacle. We compare these
simulations to the one for the NLS equation in R? in order to study the influence of an obstacle
on the dynamics of the NLSq, equation and how the obstacle changes the overall behavior of

solutions.

3.1 Existence of solitary waves outside an obstacle

In Chapter II, we consider the focusing L2-supercritical (% < p < 5) Schrédinger equation in

the exterior of a smooth, compact, strictly convex obstacle © C R3. Let Ty > 0 and Q = R3\ ©.

14



1.3 Main results

Consider
i0u + Aqu = —|ulP~1u, (t,z) € [Ty, +00) x Q,

u(Ty, x) = ug(x), xz €,

u(t,z) =0, (t,x) € [Ty, +00) x OS2
The soliton solutions for NLS equation are constructed using Galilean invariance, a transfor-
mation, specific to the equation on R? and is not valid for the (NLSq) equation outside the
obstacle. We construct a solution w(t) for the focusing (NLSq) equation outside of a strictly

convex obstacle. This solution behaves asymptotically as a solitary wave on R? for large time

and satisfies Dirichlet boundary conditions, such that

Hu(t, ) — ei(%(m'”)*%‘”‘%“)@w(x — tv)\I/(q:)‘ — 0, as t — +o0, (I.14)

Hg (2)
where W is a C*-function such that ¥ = 0 near © and ¥ = 1 for |z| >> 1 and v is the velocity.

These soliton solutions prove the optimality of the threshold for global existence and scattering

given in [58].

When the velocity of the solitary wave is high, we prove the existence of such a solution for

(NLSq) equation using a classical fixed-point argument.

Theorem 3.1. Assume 2 < p < 5.

Let Q = R?\ ©, where © is any smooth compact obstacle, and let Q,, be any solution of (1.6).
Let w,Ty > 0. Then there exists Vy := Vo(w) > 1 with the following property. Let v € R3 be
the velocity such that |v| > Vj.

Then there ezists 6 > 0 and a functions r,, defined on [Ty, +00) X Q satisfying

¥t € [To,+00)  [lru(®)llgenmyq) < Co lof’ eV,

such that u(t,z) = e G@O=TPHOQ (2 1)U (2) + 1, (t,2), (t,2) € [Tp, +00) x €,

In this Theorem, @, is any solution of the nonlinear elliptic equation (1.6), does not have to
be the ground state. The contraction mapping argument, used here, requires the assumption

of high velocity, which does not allow us to show the optimality of the threshold for scattering.

For an arbitrary nonzero velocity, we use a compactness argument similar to the one that was

introduced by F.Merle in 1990 to construct solutions of NLS blowing up at several blow-up

15
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points together with a topological argument using Brouwer’s theorem to control the unstable

direction of the linearized operator at soliton.

Theorem 3.2. Assume £ < p < 5. Let v € R¥\{0} be the velocity, w > 0. Then there exists
d >0, To > 0 and a function r, defined on [Ty, +00) X Q satisfying

Iro ()l gy < eV, b€ [T, +00),
such that,
u(t,z) = GEIZIPHO G (1)U (3) + 1 (tx), (8 ) € [Ty, +00) x ©Q,

is a solution of (NLSg).

Unlike Theorem 3.1, here, @ is the ground state solution (radial, positive and exponentially
decaying) to the nonlinear elliptic equation (I.6). Nevertheless, we prove the existence of a
solitary wave solution to (NLSq) equation for an arbitrary nonzero velocity v, which proves the

optimality of the scattering threshold in [58] and [94] for small velocity.

The proof of Theorem 3.2 relies on a compactness argument similar to the main argument used
in [70], [69] and [24], that utilizes the structure of an operator £ linearized around the ground
state soliton. In the L2-supercritical case, it is well known that there exist two eigenfunctions
of this linearized operator (see [91], [82], [40]) denoted by Y* and Y~ :

LY* = xegd™,
where eg and —e( are simple real eigenvalues of L.
We consider a sequence of large times {7},} and we define a solution w,(t) with large initial

data u(T},,) expressed in terms of the eigenfunctions Y™ and Y~ of the linearized operator such

that a suitable uniform estimate holds for any ¢ € [to, T},
Hun(t) — €i(%(x’v)_%|v‘2tQ(x . tU)\I’([L')HHé(Q) S 06_6\@'1}”.

Then by a compactness argument, we construct a solution u(t) of (NLSq) such that (I.14) hold.
To prove the uniform estimate claimed above, we use a modulation argument for large times in
the phase and translation parameters to obtain some orthogonality conditions and a bootstrap

argument with the coercivity property of the linearized operator to control the modulation

16
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parameters and others terms expressed in terms of the eigenfunctions. The linearized opera-
tor is positive-definite up to the four directions @, V() and two other directions expressed in
terms of the eigenfunctions Y*. The directions Q and V(Q are controlled by the orthogonality
conditions given by the modulation. The direction Y is stable, in the sense that it can be
controlled, however, the other direction Y~ is unstable and cannot be controlled by a scaling
argument, even if we introduce an extra parameter in the modulation. We, therefore, have to
use a topological argument to control this unstable direction and to conclude the proof of the

uniform estimate on [tg, T,,].

The solitary waves (I.14) prove the optimality of the threshold (I.13) for global existence and
scattering solutions. Indeed, the solution u(t) of (NLSgq) is global, does not scatter for positive

time direction, and we have

_ P

[1ar+ Ewl@). (L15)

Since the velocity v can be taken arbitrarily small, we have proved that for all € > 0 there
exists a solution wu.(t) of (NLSq), which is global and does not scatter for positive time such
that

Malu.] = Mgs[Q)], sup [Vue ()l 12(0) < IVQl12ms) + €
=40

and
Eolu.] < Eps[Q] +¢.

All results obtained up to now for the equation (NLSgq) are for global existence and scattering
solutions but the existence of blow-up solutions was conjectured but not yet demonstrated.

This is the object of the next chapter.

3.2 Existence of blow-up solutions outside an obstacle

In Chapter III, we prove that finite variance, negative energy solutions to the NLSq equation
in the exterior of the unit ball of R? with Dirichlet boundary conditions break down in finite

time.

17
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The proof of the existence of blow-up solutions for (NLSgra) given by Glassey in [38], is based
on a convexity argument for the variance, namely, the second derivative of the variance for

(NLSga) equation is

1 - 1(d d+2 o
16 di2 /Rd |2|*|u]® = Egalu] — 2 (2 - p+1> [[u] ipﬂ(Rd) .
Now, if p > 1+ g and Fga[u] < 0, then u(t) blows up in finite time.

This proof does not adapt directly to the case of an exterior domain because the boundary

term in the Virial identity above does not have a favorable sign, that is,

1 d?
16 dt?

1(d d+2

/Q 2f?u(t,@)|* = Ealu] - 5 (2 - p+1> /Q Pt di — i /8(2 Vul® (z-7) do(z), (1.16)

where 77 is the unit outward normal vector. One can see that the last term is positive, indeed,
z-1n <0, forall x € 9Q =0B(0,1).

To solve this problem, we define a new shifted variance quantity, which allows us to control the

boundary term.

Theorem 3.3. Assume © = B(0,1) and p > 5.
o Ford=2, let ug € Hj(2) such that Elug] + §Mug] < 0 and |z|ug € L* ().
o Ford=3, let ug € H* N H}(Q) such that Elug) < 0 and |x|uy € L*(Q).

Let u(t) be the corresponding solution of (NLSq) with the mazximal time interval I of existence.
Then the length of I is finite and the solution u(t) blows up in finite time.

In this result, we use the following variance quantity:

V(u(t)) = /Q (|2l — 2l| +10) u(t, z)P da.

The proof consists of computing the second derivative of this variance. The second derivative
of [, —2|z||u(t, z)|*dx allows us to cancel the boundary terms in (I.16) and the last (constant)

term is used to obtain a positive quantity.

18
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Theorem 3.4. Assume © = B(0,1) andp > 1+ %.
o Ford=2, let ug € Hy(Q) such that ug(—z1,x9) = up(x1, —22) = —ug(x1, 22).

o Ford=3,letuy € H*NH}(Q) such that ug(—x1, T2, x3) = ug(x1, —To, T3) = ug(T1, T2, —T3) =

_uO(xla T2, $3).

Let u(t) be the corresponding solution of (NLSq) with the mazximal time interval I of existence.
If Elu] < 0 and |z|ug € L*(Q), then the length of I is finite, and thus, the solution u(t) blows

up in finite time.

The modified variance quantity used in this theorem is defined as follows: let C' > 0 be a

positive constant (to be specified in Chapter I1I), denote

V(u(t)) = /Q (laf? = Clar] + Clas| + C?) [ut, )| de.

The second derivative of the additional terms allows us to control the boundary term in (1.16)

using the symmetry assumption with a good choice of the constant C.

Let us mention that, Theorems 3.3 and 3.4 remain true for (NLSq) outside a ball of radius
r > 1 and centred at any point xy. One would have to use a symmetry around x instead of the
origin. We can generalize these theorems for any dimension d > 4, whenever an appropriate
well-posedness theory is available. In dimension d > 4, for Theorem 3.4 we should suppose

d symmetries,
uo(T1,y .y =iy oy Tg) = —Uup(T1, .y iy .., xq), for i=1,2,...,d.

Further details are given in Chapter III.

Moreover, we give an explicit blow-up solution u(t) for (NLSq) in the mass-critical case (p =
14 3). This solution is similar to the one constructed in [14] for the NLS equation inside of a

domain in R?, using pseudo-conformal transformation, that is,

) = o L 0 ((wT—_xto)> ¥ (2)e T 4ot ),

where 7 (¢, x) is a smooth function defined on [0,7") x €2 and exponentially decaying.
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In some cases, we also study the behavior of solutions under the mass-energy threshold men-
tioned above. We prove that the blow-up criterion for the NLSq equation with symmetric
initial data is the same as for the problem posed on Euclidean space given by previous work
of Holmer and Roudenko in [45]. In particular, we prove that if the initial data ug € H}(Q)

satisfies the following symmetry,

U0($1,..,$i,..,$d) = —uo(xl,..,—xl-,..,xd), for 1= 1,2,..,d, (Il7>

and

Maluo] Ealuo] < Mga|Q]Era[Q)],
[woll 2y [Vuol 2y > 1@l 2@ay V@Il 123y »

then w(t) blows up in finite time.

3.3 Existence of scattering solution at the mass-energy threshold

In Chapter IV, we study the dynamics of the 3d focusing cubic NLSq, equation in the exterior of
a strictly convex obstacle exactly at the mass-energy threshold, namely, when Eq[uo] Mq[uo] =
Frs[Q)Mgs[Q], with H}(£2) initial data satisfying the initial mass-gradient bound ||Vuel| ;2 [|uoll 2 <
IVQIl 2 |Q|l ;2 - Here, @ is the ground state solution of the nonlinear elliptic equation (1.6).

In this case, we prove that the solution u(t) is global in time and scatters in both time directions.

The description of the dynamics of the NLSgs equation, at the mass-energy level, is connected
to the behavior of the specific solutions Q* and @, which may scatter or blow-up for negative
time and converge to a soliton solution for positive time direction, i.e., (I.8) hold for ¢ > 0.
However, the NLSq equation does not admit analogues of these special solutions. Indeed,
these specific solutions have to converge to () for large times. However, there is no function
in Hj(€2) such that (I.8) holds on ©; since Q| does not satisfy the Dirichlet boundary condition.

Furthermore, one can easily see that in the presence of an obstacle there is no function u €
H3(52) such that Foul Mo[u] = By Q) Mss[Q) and [Vl e el 1) = V@l e 120 s -
Indeed, if we extend u by 0 on the obstacle, then by the characterization of Q on R?, the func-
tion u must be equal to Q) up to the symmetries, which does not satisfy the Dirichlet boundary

condition.
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Theorem 3.5. Let ug € H} () be such that

Maoluo] Ealuo] = Mes|Q]Ers|Q]  and |[uo] (o) VUl 20y < QN p2es) VRNl p2gsy - (1.18)

Then the corresponding solution u(t) scatters in both time directions.

The proof of Theorem 3.5 is based on the approach of T.Duyckaerts and F. Merle in [30] and
T. Duyckaerts with S. Roudenko in [31]. We use a refinement of the concentration-compactness
argument established by the profile decomposition method given in the work of Killip, Visan

and Zhang in [58] for the NLSq equation outside a convex obstacle.

We first identify a quadratic truncated form associated to the linearized operator £ and we
prove that this form is positive on a subspace of H'. We use a modulation in the phase ro-
tation and in space translation parameters near the truncated ground state solution, in order
to obtain certain orthogonality conditions. To control the modulation parameters on some
time interval, we use the mass and energy conservation laws with the orthogonality conditions
and the coercivity property of the linearized operator. We next prove that the extension u of
a non-scattering solution u to (NLSgq) equation satisfying (I.18), is compact in H', up to a
translation parameter z(t) in space, which we identify with the translation parameter given by

the modulation on certain time interval.

In [31], the authors use the momentum conservation laws with the Galilean transformation
to control the translation parameters x(t). In particular, they consider a solution with zero
momentum. This argument does not adapt to our setting, in an exterior domain the (NLSq)

equation does not conserve the momentum.

To prove that the space translation x(t) is bounded, we first approach z(t) by an auxiliary
translation parameters given by previous work mentioned above on R3. Next, we use the local
virial identity with the estimates on the modulation parameters to get a spatial control. Com-
bining the compactness properties with the control of the space translation parameter z(t), we
obtain that the non-scattering solution u(t) to (NLSq) equation, satisfying (I.18), is compact in
H*'. We prove that the parameter 6(¢) := |||[VQ||;2 — ||Vl ;2| converges to 0 in mean. Finally,
we conclude the proof of Theorem 3.5, using the compactness argument with the convergence

in mean of §(¢).
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3.4 Numerical simulations

In Chapter V, we develop numerical methods to study the behavior of solutions to the NLSq
equation in the exterior of a ball. Our goal is to understand numerically the interaction between
a solitary wave solution traveling with a velocity v and the obstacle. We call the interaction
weak if the soliton solution preserves the same shape after the collision with the obstacle, and
we call it strong if the soliton doesn’t preserve the same shape and splits into several bumps
or behaves as a sum of several solitary waves in a long run. We first study the dependence on
the distance between the obstacle and the soliton. In order to study how different interactions
affect the evolution of the solution, we need to take the initial data uy at a minimal distance
to the obstacle, otherwise, the solution will have a similar behavior to the problem without an
obstacle. For example, if we consider the initial data with large mass and large distance to the
obstacle, then this solution blows up in finite time before reaching the obstacle, so that, there
is no interaction present, even if we vary all parameters, which the solution depends on. This

is not an interesting scenario for our purpose.

We first consider different examples, where a solution blows up in finite time with specific pa-
rameters in our computational domain with obstacle, such that there is no interaction between
the soliton and the obstacle. Next, we study the behavior of the same solution such that the
solution has either a weak or a strong interaction, depending on different parameters (for ex-

ample, distance, velocity direction and translation parameters).

According to our numerical simulations, the solitary wave amplitudes decrease at the colli-
sion or interaction (even a small interaction) between the soliton and the obstacle. This is
explained by the appearance of a reflection residue due to the presence of the obstacle with
Dirichlet boundary conditions. After the collision, our numerical results show that, if there
is a weak or small interaction, then the solitary wave is transmitted almost completely with
a little backward reflection, and if there is a strong interaction, then the solution does not
preserve the shape of the original solitary waves but it will split into several waves and will
behave as a sum of two or more solitons with backward reflection. We also observe that the
leading reflected wave has a dispersive behavior. The reflection phenomenon, the loss of the
amplitude, and the shape of the soliton make the existence of blow-up solutions more challeng-
ing. Nevertheless, we have confirmed numerically the existence of blow-up solutions after the

collision for the NLSq, equation in both cases of a weak and strong interaction with the obstacle.
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1.4 Conclusion and perspective

Recall that the behavior of the focusing L?-critical NLSga equation on the whole space R was
studied by Weinstein in [90]. The author showed that the solution behavior depends on the

L?-norm or the mass of the ground state solution of the following elliptic equation

~AQ+ Q=9 Q,
Q € H'(R?).

We numerically justify that the following sharp threshold for the focusing cubic NLSq, equation,

in dimension d = 2, is the same as the one given in [90].

The behavior of the solutions splits into two possible scenarios:
o if Mqlu] < Mg2[Q], then the solution exists globally in time.

o if Mq[u| > Mge[u], then the solution may blow-up in finite time.

4 Conclusion and perspective

In this thesis, we have obtained new results on the asymptotic behavior of solutions to the
NLSq equation outside a convex obstacle. First, we proved the existence of solitary wave solu-
tions (global solutions). Secondly, we proved the existence of blow-up solutions, which was an
open question for some times. We studied the scattering threshold at the mass-energy level.
Despite the complexity of the geometry of the space, we found that the NLSq equation has a
distinct dynamics at the mass-energy threshold. Moreover, we provide numerical simulations
of solutions to the equation and study the influence of geometry on the behavior of solutions.
We show different simulations proving numerically that the obstacle has a substantial influence

on the behavior of solutions.

Classification of solutions for the NLS( equation. One of my current projects is to
study the well-posedness and global existence for the focusing NLSq equation in the energy-
critical case. In [59], the authors proved the well-posedness and global existence for the quintic
(p = 5) defocusing (NLSq) in dimension 3. We want to extend this result to higher dimensions
and to study the same questions for the focusing (NLSq) equation. The energy is the highest
regularity conservation law, this has important consequence for the local and global theories.

We would also like to investigate the local well-posedness in the energy supercritical case for
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Chapter 1. Introduction

(NLSq) equation.

We would like to study the behavior of solutions to the focusing NLSq equation in the energy-
critical case. We expect the same scattering/blow-up dichotomy holds as for the NLSga equa-
tion, under a natural energy threshold (given by the energy of an explicit stationary solution).
This was proved on the whole Euclidean space in [55] for d € {3,4,5}. Working outside an ob-
stacle breaks down many tools and results related to the long-time behavior of the propagator.
This result would be an analog, for the energy-critical case, of the one in [58], however, the

energy-critical problem will be much more difficult than in R? compared to the subcritical case.

Construction of multi-soliton solutions for the NLSq equation. In the whole Euclidean
space, the construction of multi-soliton solutions for NLSra equation was studied by several
authors, who contributed to a large literature on the problem. In [70], F. Merle first established
the existence of multi-solitons blowing up at several blow-up points. This result was extended
for several cases depending on the criticality of the equation with respect to the conserved
mass and energy, see for example [69], [24], [77]. We would like to construct global multi-
soliton solutions for the NLSq, equation outside a convex, smooth and compact obstacle for the

L? sub/super-critical and critical nonlinearities.
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Chapter 11

Construction of a solitary wave solution of the
nonlinear focusing Schrodinger equation outside
a strictly convex obstacle in the L2-supercritical

case

Abstract.

We consider the focusing L2-supercritical Schrédinger equation in the exterior of a smooth,
compact, strictly convex obstacle © C R3. We construct a solution behaving asymptotically
as a solitary wave on R3, for large times. When the velocity of the solitary wave is high, the
existence of such a solution can be proved by a classical fixed point argument. To construct
solutions with arbitrary nonzero velocity, we use a compactness argument similar to the one
that was introduced by F. Merle in 1990 to construct solutions of the NLS equation blowing up
at several points together with a topological argument using Brouwer’s theorem to control the
unstable direction of the linearized operator at the soliton. These solutions are arbitrarily close
to the scattering threshold given by a previous work of R. Killip, M. Visan and X. Zhang, which
is the same as the one on the whole Euclidean space given by S. Roundenko and J. Holmer in

the radial case and by the previous authors with T. Duyckaerts in the non-radial case.
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Chapter II. Construction of a solitary wave solution of the nonlinear focusing
Schrodinger equation outside a strictly convex obstacle in the L?-supercritical
case

1 Introduction

We consider the focusing nonlinear Schrodinger equation in the exterior of a smooth compact

strictly convex obstacle © C R? with Dirichlet boundary conditions:

Let Q =R3\ ©, Ty > 0 and ug € H}(Q),

10w + Aqu = —|ulP~tu V(t,z) € [Ty, +00) x €,
(NLSq) w(Toy, ) = ug(x) veeQ, (IL.1)
u(t,z) =0 V(t,x) € [T, +00) x ON2.

Recall that, the scaling given in (1.2) identifies the critical Sobolev space Hjs, for the (NLSq)
equation, where the critical regularity s. is given by s. := % — z%'

Throughout this Chapter, we will take % < p < 5. Since the presence of the obstacle does not
change the intrinsic dimensionality of the problem, we may regard the NLSq equation as being

inter-critical, i.e., H{ (Q)-subcritical and L?(Q)-supercritical

We recall the definition of the Sobolev spaces on the domain 2 associated with powers of the

Dirichlet Laplacian Ag.
Definition 1.1. For s > 0, 1 < p < oo, let H3(Q) and HP(Q) denotes the completions of

C*(Q2) under the norms

1l = | (=2a)3 f

and | flly = (1= 2a)E1], (11.2)

Lp

When p = 2, we write H3,(Q) for H5*(Q) and H — D*(Q) for H3*(Q).

It is well known that HJ"(Q) = HP(Q) for 0 < s < % and for % <s<1l+ %. In particular, for
s=1and p =2 we have H}(Q) = H,(Q).

In [57], the authors proved the following equivalence Sobolev space norm under some restriction

of the regularity s.

Assume 1 < ¢ < co and 0 < s <min{l + , ;} Then

(—A)f

1 s

|(—2ps)? f Ve Cx(Q). (11.3)

La
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I1.1 Introduction

The study of the NLSq equation outside an obstacle was initiated by N.Burq, P. Gérard and
N. Tzvetkov in [15], who proved local well-posedness assuming that the obstacle is non-trapping,
under some restrictions on p. In particular, in dimension d = 3, the authors proved well-
posedness for sub-cubic, i.e., p < 3, nonlinearity. Nevertheless, they proved the global existence
for the cubic NLSq equation, provided |[|uol| Hi() 18 sufficiently small. In [78], L. Vega and
F. Planchon proved under the same non-trapping assumption that the NLSq equation, in di-
mension d = 3, is locally well-posed for 1 < p < 5, see also [48]. After that, F. Planchon and
O. Ivanovici extended the result to the quintic Schrodinger equation outside a non-trapping

domain, see [50].

Local well-posedness in the critical Sobolev space Hs(Q) was obtained by O.Ivanovici and
F. Planchon in [50], for 3+ % < p < 5. However, we prove that the NLSq, equation is well-posed
in Hs(Q) for 0 < s. < 1, i.e, % < p < b, using the fractional chain rule in the exterior of a
compact convex obstacle given in [57]. We refer to Subsection 2.1 for the proof details of the

following Theorem.

Theorem 1.2 (Well posedness in Hjs(2)) ). Let 0 < s, <1, i.e., £ < p <5.
Let ug € Hi5(S2) then there exists a unique solution u(t, z) of (NLSq) with initial data ug defined
on [0,T] for some T > 0, such that

ue C(0,T), Hi(Q)) N LY([0, T, H"),

where (q,r) = (p +1, 76:,2?:)) .

Furthermore, the solution u can be extended to a mazimal interval of existence [0,T) and the

following alternative holds,

FEither Ty = +o00 (the solution is global) or T, < 400 (the solution blows up in finite time) and
lim [fu(t, -)|

t*)T+

Consider a solitary waves solution of (NLSg), with Q = R3, that is, u(t, z) = €™ Q,(z),

where (), is a solution of the nonlinear elliptic equation:

_AQw + wa = ‘Qw’pil Qwa

(IL.4)
Q. € H'(R?).
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Chapter II. Construction of a solitary wave solution of the nonlinear focusing
Schrodinger equation outside a strictly convex obstacle in the L?-supercritical
case

This elliptic equation admits solutions if and only if w > 0. In this Chapter, we will denote by
Q. the ground state, which is the unique radial positive solution of (IV.1).

We recall that @), is smooth and exponentially decaying at infinity and characterized as the
unique minimizer for the Gagliardo-Nirenberg inequality up to scaling, space translation and
phase shift, see [60].

The (NLS) equation posed on the whole Euclidean space R3, also enjoys Galilean invariance.

v v|2
If u(t, z) is solution, then w(t,z — vt) i3 =11 is also a solution, for v € R3.

Applying a Galilean transform to the solution e @, (z) of the (NLS) on R3, we obtain a soliton

solution, moving on the line z = tv with velocity v € R3 :
u(t,z) = ei(%(m'”)_ﬂ”'%“w)@w(x —tv). (IL.5)

The soliton (IL.5) is a global solution of the focusing nonlinear Schrodinger equation (NLS)
posed on the whole space, but is not a solution of (NLSq). Our goal is to construct solitary
wave of the (NLSq) satisfying Dirichlet boundary conditions and behaving asymptotically as
the solitary wave in (IL.5), as t — +o0.

The main result of this Chapter is the following.

Theorem 1.3. Assume % <p<b.

U =0 near ©,

V=1 if |z|>1.

Let v € R3\{0} be the velocity, w > 0. Then there exists 6 > 0, Ty > 0 and a function r,,
defined on [Ty, +00) X 82, satisfying

Let W be a C*° function such that: {

Ira®lg ey < € Vi€ [T, +o0),
such that
u(t,z) = ei(%(m'”)_ﬂ”'%““’)Qw(x —to)W(x) +ry(t,x), Y(t,z) € [Ty, +o0) X Q,
is a solution of (NLSq).

Remark 1.4. Theorem 1.3 can be generalized for any dimension d > 3. Moreover, this result
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I1.1 Introduction

7

5, Which is easier to prove due to the stability

can be extended to the subcritical case 1 < p <

of solitons.

Remark 1.5. One can prove Theorem 1.3 for a non-trapping obstacles using the same argu-
ments. The restriction to a strictly convex obstacle is purely technical. In section 2, we use the

fact that the NLSq equation is well-posed on Hj5(QY), for 0 < s. < 1, with s, = % — ﬁ (Cf.
Theorem 1.2). For that we need to use a Strichartz estimate from [48] (Cf. Theorem B) and
some fractional rules given by [57] for a strictly convex obstacle (Cf. Proposition C). Because

of this, we shall suppose that the obstacle © is strictly convez.

In the spirit of the works of C. Kenig and F. Merle on the energy-critical equations in [55] and
[56], J Holmer and S. Roudenko have studied in [45] the behavior (i.e., scattering and global ex-
istence) of the solutions of the focusing radial cubic (i.e., p = 3) nonlinear Schrédinger equation
on R3, whenever the initial data satisfies a smallness criterion given by the ground state thresh-
old. The criterion is expressed in terms of the scale-invariant quantities ||u0||;fR3) Vol 72 (gsy
and Mp; *[u] E5s[u]. This result was later extended to the non-radial case in [29] and to arbitrary
space dimensions and focusing inter-critical power nonlinearities by T.Cazenave, J. Xie and
D. Fang, see [32] and, by C. Guevara in [43].

Theorem A ([45],(29],(32],[43]). Let s = 2 — z% and £ < p <5. Let ug € H'(R®) satisfy

HUOHE(SRB) HVUOHSLQ(R?’) < HQHngEgW) HVQHSL?(RP») ) (IL.6)
Mgs[uo]'™* Egs[uo)® < Mgs[Q]'* Egs[Q]°. (I1.7)

Then u scatters in H'(R?).

Theorem A remains true for (NLSg) in the exterior of a strictly convex obstacle in three dimen-
sion. Indeed, R. Killip, M. Visan and X.Zhang had proved in [58] that the threshold for global
existence and scattering is the same as for the cubic NLS equation on R®. Later, K. Yang in
94] extended this result for £ < p < 5.

The solitary waves constructed in the main Theorem 1.3 prove the optimality of the threshold

for scattering given in [94, Theorem 1.3]. Indeed, the solution u of (NLSg) is global, does not

scatter for positive time direction and we have

Bolul = 0 [ 0P + Bwf@]. s)
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Chapter II. Construction of a solitary wave solution of the nonlinear focusing
Schrodinger equation outside a strictly convex obstacle in the L?-supercritical
case

Since, the velocity v can be taken arbitrary small, we have proved that for all £ > 0 there exists

a solution u. of (NLSgq), which is global and does not scatter for positive time such that

Malu.] = Mgs[Q)], sup Ve (O)[|72(0) < IVQ|72(rsy + €
=40
and
Folu.)® < Ews[Q] +¢.

The proof of Theorem 1.3 relies on a compactness argument that uses the structure of the
linearized operator around the ground state soliton. If the velocity v is large enough, we can

use a simple fixed point theorem to construct a soliton solution of (NLSg).

Theorem 1.6. Assume 2 < p < 5.
Let Q =R3\ O, where © is any smooth compact obstacle and Q,, be any solution of (IV.1).
=0 near ©,
U=1 if|z|>1.
Let w,Ty > 0. Then there exists Vo := Vo(w) > 1 with the following property. Let v € R? be
the velocity such that |v| > Vj.

Let U be a C* function such that:

Then there ezists § > 0 and a functions r, defined on [Ty, +00) X Q satisfying
Vi€ [To,+00) (Il enm @) < Co o]’ eV,

such that u(t,z) = elG@EV=3RPHOQ (1 — 1) U(x) + 1, (t, 1), Y(t,z) € [Ty, +00) X €,

Unlike Theorem 1.3, @,, is any solution of the nonlinear elliptic equation (IV.1) (not necessarily
the ground state) and © C R?® does not have to be convex, which makes Theorem 1.3 more
general for high velocity. However, we can see in (I1.8) that the choice of high velocity does
not allow us to use Theorem 1.6 to show the optimality of the threshold for scattering in [58]
and [94]. Let us mention that, this result can be extended for any dimension d > 3. We will
give the proof of the Theorem 1.6 for the cubic case p = 3. The proof for general p € [2,5) is

very similar, see Remark 4.1.
Let us mention that apart of the works cited above, the NLSq, equation outside convex obstacle

was also studied by O.Ivanovivi and G. Lebeau in [49]. The NLSq equation in the exterior of

star-shaped obstacle in dimension d = 2 was studied by Blair, Smith and Sogge in [10] and
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by F. Planchon and Luis Vega in [79]. This result was generalized by Farah Abou Shakra in
[1] for 2D (NLSq) outside non-trapping. We also refer to [66], for global well-posedness and
scattering result for the defocusing (NLSq) in the exterior of balls with radial data. Let us
also mention the recent works on dispersive estimates outside two or several strictly convex
obstacles of D. Lafontaine in [61], [62].

We end this section by giving an outline of the proofs of the two theorems above.

Outline of the proof of Theorem 1.3.

The structure of the proof is similar to the one for construction of multi-soliton for (NLS) on
R? in the subcritical case in [69] with an additional argument coming from [24], which allows
us to handle the supercritical character of the non-linearity. The compactness argument used

in this Chapter is similar to the main argument used in [69],[24], and [70].

Note that, even though we use some similar arguments, a large part of the proof of Theorem 1.3
is different. This is due to of the presence of the obstacle ©, which makes the calculations more

complicated.

Recall that the soliton Q(z — t v)ei @@ =1l @) j5 an exact solution of the (NLS) on the
whole space R3. Therefore, the proof consists in the construction of a smooth correction (¢, z)

with some uniform estimates, such that R(¢,z) + r,(t, z) is a solution of the equation (NLSg),
where R(t,z) = e!GE=1hPH0Q (1 — 1) U(2).

The Chapter is organized as follows. We next review some properties of the ground state () in
§2.2 and we recall some spectral properties of the linearized Schrédinger operator around the
soliton €@, in §2.3.

In the subcritical case, Cazenave and Lions [17], Weinstein [92] proved that the solitary waves
are stable when 1 < p < %, which means that the nonlinearity has an L?-subcritical growth.

From [92], there exits A > 0 such that for any real-valued function h € H',

(1, Qu). (1, VQu) = 0= [{IVA] +whf —pQs 1Quf'} = Allbll} . (IL9)

In [69], the authors use some modulation in the scaling, phase and translation parameters,

to control these two direction.
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Chapter II. Construction of a solitary wave solution of the nonlinear focusing
Schrodinger equation outside a strictly convex obstacle in the L?-supercritical
case

In the supercritical case, it is well known that the soliton is unstable, see [42]. Indeed,

for % < p < b, there exists two eigenfunctions of the linearized operator around the ground
state Q, see, e.g., Weinstein [91], Schlag [82], Grillakis [40] and denoted by Y*. Thus, the above
property (I1.9) of the linearized operator does not hold, but an effective coercivity property can

be expressed in terms of the eigenfunctions Y*, see Lemma 2.7.

In §2.4, we suppose that there exists a solution u,, of (NLSq) for t € [Ty, T, that satisfies some
uniform estimate with initial data u,(7,) and {7} is an increasing sequence of times. Then
by compactness argument we construct a solution u of (NLSq) for [Tj, +00), with initial data

u(Ty) and Ty > 0, which concludes the proof of Theorem 1.3.

In Section 3, we prove the existence of the solution u,, and the uniform estimate assumed in the
previous section. For this, we use a modulation in the phase and translation parameters in the
decomposition of the solution for large time to obtain orthogonality conditions. Next, we define
a maximal time interval on which suitable exponential estimates of the modulation parameters
hold, as well as, the uniform estimate used in §2.4 and others terms expressed in terms of the
eigenfunctions Y* and Y. In order to conclude the bootstrap argument, we improve theses
estimates using a coercivity property of the linearized operator. Indeed, the linearized operator
(L -, -) is positive definite up to the four directions: Q, 9,Q and Y=, see [30] and [31]. As in
the subcritical case, the two directions @, V@, are still to be controlled by the modulation
with respect to the translation and phase parameters. The direction Y7 is stable in the sense
that can be controlled, however, the other direction Y~ is unstable and cannot be controlled by
a scaling argument, even if we introduce an extra parameter in the modulation. Therefore, we
have to use a topological argument to control this unstable direction and to conclude the proof

of the uniform estimate on [Ty, T},].

Outline of the proof of Theorem 1.6.

In Section 4, we prove Theorem 1.6 using a fixed point argument similar to the one used in
[14], and in [39], to construct a solution blowing up in finite time at a fixed point, or at several
blow-up points, in the interior of a bounded domain. However, even though we use a similar
argument a large part the proof is different, due to the fact that the solution that we construct

is global, and that the bounded domain is replaced by the exterior of an obstacle.
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We prove, constructing a contraction mapping, the existence of a smooth correction 7, (¢, x)
such that u(t,x) = R(t,x) + r,(t,x) is a solution of (NLSgq), where

R(t,z) = e GE =3l g (o — t0) ().
We have
(i0, + A)R(t,x) = =V (x) |H(t,2)|* H(t, ) + 2V U (2)VH(t,2) + AU(2)H(t, ),
where H(t,z) = elG@v=iblPtHe) g (r — ¢y),
We look for r,, € C([Tp, +00), H*(2) N H}(Q2)) such that

Oy + Ary = — |R+71,)>(R+71,)+V|H>H—2VUVH — AVH

(IL.10)
ro(t) — 0 t — +oo in H?*(Q)N HLQ).

We shall look for solutions of (NLSg) in the following space

E = {r, € C([To,+00), HX(Q) N Hy(Q)) , [lrullz < o0} ,
w|v 1

s = sup {5 (L Il + el )
t>Tp |v|

Let

D . (BE,dE) — (BE,dE)

“+o0o
r —®(ry) = —i/ S(t—7) IR+ 7o (R+1.) + U |H H - 2VWVH — AVH) dr,

t

where S(t) is the unitary group of the linear Schrodinger equation on € with Dirichlet boundary
conditions, Bg := Bg(0,1) = {h € E, ||h||pz < 1} and dg(h,g) = ||h — g||5. One can check

that (Bg,dg) is a complete metric space.

Our goal is to solve the integral formulation of (II.10) by a fixed point argument. Using the
high velocity assumption, we prove that ® is stable on Bg and it is a contraction mapping.

Thus, by the fixed point theorem, we conclude that there exists a unique solution r,, of (I1.10)
on E.
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Chapter II. Construction of a solitary wave solution of the nonlinear focusing
Schrodinger equation outside a strictly convex obstacle in the L?-supercritical
case

Appendix Section 5 contains the proof of the coercivity property of the linearized Schrédinger
operator, the local existence of the equation in the critical space Hjs(Q), for 0 < s. < 1, the
modulation for time independent function and other technical results.

Appendix Section 6 contains the computation of some estimates used on the proof of Theo-

rem 1.6.

Notation:

If @ and b are two functions of t and if b is positive, we write a = O(b) when there exists a
constant C' > 0 independent of ¢ such that |a(t)] < C b(t) for all ¢.

For h € C, we denote h;y = Reh and hy = Im h.

Throughout this Chapter, C' denotes a positive constant independent of t, that may change
from line to line and may depend on w and ().

We denote by || a Ré-norm with d = 1,2, 3.

For simplicity, we will write A := Aq.

Denote by (-, ) , the real L%-scalar product,

(f,g):Re/fyz/RegRef+/ImgImf.

2 Construction of the solution assuming uniform esti-

mates

2.1 Well posedness in H}5(f2)

In this subsection , we prove Theorem 1.2 and we will only prove the local existence statement.
The construction of a maximal solution is standard and we omit it. Let us recall that the usual

Strichartz estimates are also available outside a convex obstacle, see [57] and [48]:

Theorem B. Let d > 2, Q C R? be the exterior of a smooth compact strictly convex obstacle.
Let g, > 2 and 2 < r,7 < oo satisfy the scaling conditions: % + g = g = % + %
Then

. t
ePug £ / e (5)ds

0 < C (Iluoll ey + 1l gy ) (111D

LiLy

To estimate the nonlinearity |u[’~ u in His(Q), we have to use some fractional estimate. We

refer to [57], for the following Proposition.
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I1.2 Construction of the solution assuming uniform estimates

Proposition C. (Fractional chain rule)

Suppose G € C*(C),s € (0,1], and 1 < p,p1,ps < o0 are such that % = % + p%
and 0 < s < min (1 + p%, p%) Then there ezists C > 0 such that

(IL.12)

|=AE G0 < CIG (Dl || (~20)E S

LP(Q Lr2(Q)’
Uniformly for f € C°(Q).

Remark 2.1. For the sake of simplicity, we will write the Dirichlet Laplacian as A instead
Of AQ

For the proof of Theorem 1.2, we claim the following result .

Claim 2.2 (Holder’s inequalities). Let (p+1, 6?%2)) be admissible pair, i.e., 1% + 36((3;:11)) = %
6(p+1)
Let w,v € L¥H N LPHYH ™ ([0, T] x Q)
Then,
—1 —1
[l ] o ooy S CUl oo el g (I113)
_ Sc o p—1 ‘ < p—1 ’ AN
=% ™ ] s gz <O [T ey
D
(I1.14)
llulPu =P o s s <Clu=vll e
L P [ 3p+7 Lp+11, 3p—1
—1 -1
(Ll iy (1L.15)
Lptig ) 3T Letip 3T

Proof. Note that p+ 1 > 2, since % < p <5, and (p;%l, G?Ezj:;)) is the dual of the L2-admissible
6(p+1)

pair (p+ 1,5
For the first estimate it suffices to apply Holder’s inequality, we obtain

pr1 sy < O
L p [ 3p+7

[l

WP seen Ul e
e+l =1 Lp+1], 3p—1

—1
< Clll”” soogoen llull - agen -
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Schrodinger equation outside a strictly convex obstacle in the L?-supercritical

case

Next, we prove the estimate (I1.14), using the fractional chain rule (II.12) with Holder’s in-

equality in time.
(-a)%

provided for 0 < s, < min{l +

sty < C H|U|p71‘
[ 3p+7

o

-1
U‘ 3(p+1) 6(pt+1l)
L 7

L 3p—1

(3p—1) 3(3p—1)
6(p+1)’ 6(p+1)

then the condition 0 < s. < min{1 + (3p+1;, 6?;”“1)} is satisfied.

Using the above estimate (I1.16) with Holder inequality in time, we have

6(pt1)
Lp+1[, 3p—1

-

u|p_1u’

-1
prl 6+l < OH|U|p ’
L p [ 3pt7

(—A0)%u

‘( Ag)Fu

ptl  3(p+1)
Lp=1L= 4

< C||U||p . D)

6(p+1)
Lp+1L 3p—1

By the equivalence of Sobolev norms (I1.3) with Sobolev inequality we obtain
u
L

Now, let us prove the last estimate. We use the following elementary inequality

6(p+1) -
Lp+1], 3p—1

-1

‘( Ag)Fu

ptl 8D < Clul™ ' 6(p+1)
LrtiE, T

V(e |lete—1crel <6 (I 1P e =]

As a consequence, fixing ¢, we deduce

"

H|u u— [P U’ spry < Cp H|U —v| (|U|pi1 + |U|p71)‘
L3

6(p+1)
L 3p+7

+1
Taking the L% -norm in time and using Holder inequality, we obtain

|p—1 |p—l U’ pt1l  6(p+1) < Cp ||U - UH 6(P+1)
L5 L3 Lo+l =T

[~ + o]

H|u u—|v Pl 3(ptD)
Lr=1L74

< _ p—1 p—1
<Opllu—oll gy (177, s + ol

(I1.16)

} Since we consider 0 < s, < 1, i.e. f<p<5,

(IL.17)

3(p=1)(p+1) > :
IL 1

By the equivalence of Sobolev norms (II.3) and Sobolev inequality, we deduce (II.15). This

concludes the proof of Claim 2.2.
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For T > 0 and M > 0 to be specified later, let Br be the ball of X = C([0,7], Hjs) N

8676(p+1)
LYY H 7 with radius M > 0 and center 0, i.e., the set of functions

6(p+1)

we X =C([0,T), Hy) N Ly H,,

such that
Jull oo grse < M and full s < M.
b Loty T
Denote
dp(u,0) = = vl mgs + lu =l s

Lemma 2.3. (Br,dg) is a complete metric space.

Proof. 1t is an immediate consequence of the easy fact that By is a closed subset of the following

Banach space
6(p+1)

Y :=C([0,T], L*) N LPT LT

Let (u,), be a sequence of elements of B, which converges, for the Y norm, to v € Y. One can
6(p+1)

prove that u € LHs N LIV H; ™" and ||“HL<>OH;C < M and ||ull

s, Sp+1) < M7 using
Letig ) 3T

6(p+1)
the fact that LP*1L 51 is a reflexive space and the standard property of the weak convergence.

]

For v € By we define ®(v)(t) := e®ug + D(v)(t), where D(v) is the Duhamel term given by
t
D()(t) = —i / G2 14 (6) [P () ds.
0

o Step 1 : Stability of Br.

We will prove that: for v € By = ®(v) € Br, for a good choice of M and T

We have
, M
itA — —
© uoHLoon‘;(]xQ) = lluoll g o) = 9
If the following conditions satisfied
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Using Strichartz estimate (recall that (p + 1, %) is an admissible pair) we obtain
itA sc
e <Col(1=A)2u = Cs |luol| srseron <
’ Lp+1H;m6§§ﬂ) (IxQ) ( ) to L2(Q) | OHHD @ =
If M is chosen so that
Take T" > 0, such that we have
. , M
itA itA
ma. e u U < —, I1.20
* ( OHLongc([o,T]xQ) ’ 0 LPHH;cv'SéSfP ([O’T]XQ)) = 2 ( )

if (I1.18), (I1.19) are satisfied.

We next treat the Duhamel term.

t
D(0)]| oo grse - H/ =2 () P u(o)do
1P oo 1z 07100 = | ] (o)l (o) Lo H3S ((0,T] )

We use Strichartz estimate, Claim 2.2 and Sobolev inequality to obtain

ID@)wrs < Cs[[(1 = 2)F Jul ™ ] s oo
<Clull L spen [l o s
LP+1HD’ 3p—1 Lr—1[— 17
< p-l
SOMell g Wl oo
<Cillull L ewen Wl g
Letig " vt LotiH, T
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6(p+1)

We can obtain the same thing for L1 H,y ** ([0, T] x ©)-norm of the Duhamel term.

t ; Sc —
IDW)| ey = || [ IR = )% [u(s)P u(s)ds

s 6(p+1)
Lp+1HDC‘ 3p-1 0 Lp+1[ 3p—1
< Cs (1 - A)%C U’p_l U‘ p+l  6(p+1)
L p [ 3pt7
<Clul sy [lulP7| s s
L”'HHDC’ 3p—1 Lp=1L714
p—1
<C HUHLPHH;C’Ggﬂ) ||u||LpHLs<p—1><p+1>
<Collul  swen ul” e
L:D+1HD’ 3p—1 Lp+1HsDC’ 3p—1
Finally, we have obtained
M
D(0)|| ;00 rr5e + (| D(v < —.
H ( )HL Hs ([0,T7xQ) H ( )“LPHH‘;C’G?gﬂ)([O,T}XQ) 9
If the following conditions are satisfied
41
max{Cy, Co}MP™" < 7 (I1.21)
o Step 2: Contraction property
Let u,v € By. Using Claim 2.2, we have
2@~ @I e = ID@ DO e
< Oy [ul ™ u— o ol i smrn
L P [ 3p+7

—1 -1
<Clu=oll s (177 sogoen + 107, sy

C» C»
1 3p—1 1 3p—1
Lr+ Hp, Lr+ Hp

-1 -1
scuu—vmﬁwgﬂ)Omw T SWHJ

< Oy MP7H ||lu — UIIL 6(p+1)

p+17, 3p—1

which yields,
dp(®(u) — ®(v)) < C3 MP 1 dg(u,v).

39



Chapter II. Construction of a solitary wave solution of the nonlinear focusing
Schrodinger equation outside a strictly convex obstacle in the L?-supercritical
case

And this prove that ® is a contraction if the following condition is satisfied
Cs MP~! < 1. (11.22)

Then by fixed point theorem there exist a unique solution u(t, x) to the NLSq equation.
We have proved that ® is a contraction on the metric space (Br,dpg) if the conditions
(I1.20), (I1.21) and (I1.22) on M and T hold. Indeed, we take ||ug|

H small so that

(2 ol ) < 1 .
Hp ~ 2rmax{C}, Cy, C5} max{Cy, 1}r~!

We can take M as
M = 2max{Cs, 1} ||uo|

sc .
HD

Thus, the condition (II1.18), (I1.19) are satisfied. Moreover, we have

1
MPt < :
-2 maX{C'l, CQ, 03}

Then, the condition (I1.21) and (I1.22) are satisfied. Note that, we can take T" such that
(I1.20) hold.

[t remains to check that u € C([0,T], H(£2)), which will be done in step 3 and in step
4 we prove also the uniqueness of u among the C([0, T, Hj5(2)) solutions.
o Step 3 : Continuity
. o
u(t) = e ug + z/ =8 () [P u(s)ds.
0

It is well known that the function: t — 2wy is in C([0, T), H}5 (Q2)).
Next, we recall that from Step 1 and Step 2 that

6(p+1)

te—s [u(®)P u(t) € L Hiy ™ ([0,T] x ).

By Strichartz inequality, we have that the Duhamel term D(u) € C([0,T], Hf5(£2)).
Thus, we get u = e®ug + D(u) € C([0,T], Hys ().

o Step 4: Uniqueness.
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Let w and v be two solutions in C([0, 7], Hj5(2)) with the same initial data ug. Then

Mﬂ—dﬂ:i/t

(93 (jus) P (o) = o) v(s) ds,

by Strichartz inequality, if 6 > 0

p+1  6(p+1)
L,? L 3p¥7

-1 -1
ym—vhyi%ﬂ>goump w— o~ o]

p—1 p—1
< Cyllu— UHLQHL% (HUH e, D) + ]| . 6‘P+1))

(
p+1 ;%€ p+1 ;50 3p=T
Ly Hp Ly Hp

Choosing 6 > 0 small enough, so that

Cy (HUHP_1 g I 6@+1>> <1
L

Cr"3p -1
L§+1HD 1 L§+1HD 3p—1

We deduce that ||u — v| oy sy = 0, then u = v in [0, 6]. Tterating this argument, we
LrHL s

obtain v = v in [0, T7.

2.2 Properties of the ground state

We recall some well-known properties of the ground state and we refer the reader to [90], [60],
(86, Appendix B] and [45] for more details.

Proposition 2.4 (Exponential decay of Q). Let Q be a solution of (IV.1) with w = 1, then the
following properties hold:

1) Q € H3*P(R®) for every 2 < p < +oo. In particular, Q € C? and |D°Q(x)] — 0,
as |x| — oo, for all || < 2.

2) there exists 6 > 0 such that

e (1Q@)| + [VQ(@)| + |V?Q(x)|) € L*(R?).

Proof. See [6] and [16, chapter 8] for the proof. O

We can deduce Q,,(x) from Q(x) : Q,(x) = wp%lQ(\/c_ux)

41



Chapter II. Construction of a solitary wave solution of the nonlinear focusing
Schrodinger equation outside a strictly convex obstacle in the L?-supercritical
case

Then, there exits C' > 0 and 6 > 0 such that

1Qu(@)] + [V Qu ()| + |V*Qu(x)| < Ce*VoH. (11.23)

2.3 Spectral theory of the linearized operator

Consider a solution v of the nonlinear Schrédinger equations close to the soliton e”(Q. Let
h € C such that h = hy + ihs.
We can write u(t,x) as, u(t,z) = € (Q(t,z) + h(t,x)). Note that h is the solution of the

following equation,

O —-L~
Ouh + Lh = S(h), L::(U o)’

where S(h) contains the nonlinear terms on h and the self-adjoint operators L~ and LT are
defined by:

L+h1 - _Ahl + hl — pr_lhl and L_hQ - —AhQ + h2 — Qp—th'

In all of the sequel, we assume % < p < 5. The spectral properties of the linearized operator
L around the ground state are well-known and we refer to [91], [41] and [82] for the following

Proposition.

Proposition 2.5. Let o(£) be the spectrum of the operator £ defined on L?(R3) x L*(R3) and

let oess(L) be its essential spectrum. Then
Oess (L) ={il: £€R, €] >1}, o(L)NR={—ep,0,e0} with ey > 0.

Moreover, ¢y and —e( are simple eigenvalues of £ with eigenfunctions Y+ and Y,

’Cld:t - j:eoldia
and Y+ = Y~. Furthermore Y+, Y~ € 8(R3), in fact, there exists > 0 and C' > 0 such that
Y= + |vyE| < Cetlel

Remark 2.6. The null-space of LT is spanned by 0,,Q, 0.,Q and 0,,Q and the null-space of
L~ is spanned by Q).
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Moreover, the operators L+ and L~ satisfy the following coercivity property for the L2-supercritical

case.

Lemma 2.7 (Coercivity). There exists C > 0 such that for all h = hy +ihy € H'(R3), we have

12 < c[ (L b)) + (L ha,he) + Xij (/ 0., Q h1>2 + </ Qh2>2 (11.24)

mfva)'s (mf o)

Proof. The proof of this result is well known and for the sake of completeness, we will give it

in Appendix, Subsection 5.1. [

Remark 2.8. The scalar products (L"hy, hy) and (L~ hg, hy) must be understood in the sense
of the quadratic form [|Vhi|* + |Vho|* + |b]> — [ pQP~*h2 — [ QP~'h3.

Moreover, Lemma 2.7 is still valid with h € H}(QY) . Indeed, h can be extended to a H'(R?)
function by letting h(x) =0 for x € O.

Finally, we extend the Proposition 2.5 to the linearized operator £, around the soliton e?“Q,,,

by a simple scaling argument.

Corollary 2.9 ([22]). Let w > 0 and h € C such that h = hy + hy. The linearized operator L,
is defined by

Loh=—L7 hy+i L} hy,

where,
L:: h1 = —Ahl + Whl - pQZilhl and L; hQ = —Ahg + WhQ — erth.
Moreover, the spectrum o(L,,) of £ satisfies

o(L,)NR ={—e,,0,e,}, where e, = w%eo > 0.

Furthermore, e, and —e,, are simple eigenvalues of L, with eigenfunctions Y} and Y,

Lw%f = iewy$7

where,

‘df(m) = wi‘di(\/ax) and Y =Y.
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Remark 2.10. The null-space of L} is spanned by 0, Qu, 0x,Qu, and 0,,Q., and the null-space
of L, is spanned by Q..

2.4 Compactness argument

Denote:

R(t,z) = Qu(z — tv)(z)et)
Yi(t,z) = Hf(m — tv)\I/(x)ei“D(t"”),

where, ¢(t,z) = 1(z - v) — 1|v*t + tw.

Let T,, — oo, n € N, be an increasing sequence of times.

Proposition 2.11. There exists ng > 0, Ty > 0 and C > 0 (independent of n) such that the
following holds. For each n > ng there exists \, := (\),, € R? such that

|)\n| S G_JW‘UITH 9

and the solution u, of

1Oty + Auy = —|un [P uy,
' ] (11.25)
un(T,) = R(T,) + i \EYL(T,),
is defined on the interval time [Ty, T,] and satisfies
Vit € [Ty, T, [un(t) = R() || p ) < Cle VeIt (I1.26)

Proof. We will assume this proposition to prove Theorem 1.3, postponing the proof of it to
Section 3. O

Now, we will start the proof of the Theorem 1.3 assuming the main Proposition 2.11. The proof
is based on a compactness argument and the uniform estimate (I11.26).

Renumbering the indices, we can take ny = 0 in Proposition 2.11.
Proof of Theorem 1.3 assuming Proposition 2.11. The proof proceeds in several steps.

o Step 1: Compactness argument. The Proposition 2.11 implies that there exists a sequence
u,,(t) of solution defined on [Ty, T;,] such that

Vn € N, Vt € [T07Tn]a “un(t) - R<t>||Hé(Q) < ClemdVelvlt,
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Lemma 2.12.
lim su / uw?(Ty, x) dz = 0.
022 S g U0 )
Proof. The proof of the lemma is the same as in [69] for the construction of multi-soliton

solutions of (NLS) for the subcritical case on R?. We give it for the sake of completness.

Let € > 0 and T, > Tj such that: C* e~ BVelITe g, where C' and 0 are the same constants
as in the Proposition 2.11.
For n large enough, so that 7,, > 7. and due to (I11.26), we have

/ lun(T: TP de < CPeBVElIT: <

Let M(e) > 0 such that
[ R@P do <,
|lz|=M (e)

by direct computation,
/ lun (T2)[? do < 4e.
|z[>M (e)

Now consider a C' cut-off function f: R — [0, 1] such that
f=0 on]—o0,1]; 0<f <2 on(1,2); f=1 on (2,+0).
For K. > 0 to be specified later, we can check that

L |f<\xy KE()>dx— Im/un (Vun ‘>f’<‘x’_Kiw<€>>dm

(I1.27)
From Proposition 2.11, 3a > 0, Vn and Vt > T, ||un(t)||§{01 < a. Using (I1.27) we get

’jt/d“n(t)w (W)

Now, we choose K. > 0 independently of n such that

1. — T
K> (Z=) da,
e

/|n |f<|w! ()>| TETO

4 , 4
< i IOl < 72 o

which yields
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46

Integrating on the time interval [Ty, T%], we get

/Q!un(To)Ff (m_;ﬂg)) dx — /Q lun (T f ('“"‘KM(@> du

T
<
To

d o, (|x] —M(e)

= [ () f( KL” de| dt
<e.

Hence,

€

Due to the properties of f, we have

/|m|>2KE+M(€

< o(T2)[?
<et [ fun(T2)]

< e+
x> M (¢)

<e+4e = be.

This concludes the proof of the lemma.

By the main proposition, we have

||Un(T0)||H3(Q) <o

Since H; is a Hilbert space, there exists a subsequence of (u,(t)), that we still denote by

(4, (t)), to simplify notation and Uy € HJ(£2) such that

Un<T0) — uo in Hé(Q),

as n

un(TRar < [ @

|,

/Q|un(To>|2 f (W) dr < e+ /Q lun (T f <|~”'3|—M(5>> d.

K.

K.

; <|x\ }f@) "

(T2 dz

o] - M<e>) "

— +00.

By the compactness of the embedding of H}({|z| < A}) into L*({|z| < A}), we have

Uy, (T()) — uo

By Lemma 2.12, we get u,(Ty) — Uy in  L*(Q).

in LZQOC(Q) )
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Now using the following interpolation inequality
1-s s
Vs € (0,1), lun(t) ~ Uoll g oy < Numt) = Ul Z5y ln(6) = Wolliy e

we obtain,

un(To) — Uy in HLH(RQ), Vs € (0,1). (IL.28)

Step 2: Construction of the solution. Due to Theorem 1.2, the equation (NLSgq) is well-
posed in Hj5 (), for 0 < s, < 1.

Let @ be the maximal solution of

O+ At = —|aP'a V()€ [T, T) x Q,

a(t,z) =0 V(t,z) € [Ty, T) x 09.
By (I1.28) we have
un(To) — Up = u(Tp,x) in Hi(2), for 0<s. <1 (I1.30)

For n large enough, w,(t) is defined for all ¢ € [Ty, T') and by the continuity of the flow
we have
up(t) — u(t) in Hi(Q), for 0<s. <.

Due to the main Proposition 2.11, we know that for n large enough w,(t) is uniformly
bounded in Hg(€2). Then necessarily,

Vt € [To,T), wun(t)—au(t) in Hy(Q).

Using the property of weak convergence and by the main proposition, it follows that

Ve [T, T, (t) — ROl ey < liminf llun (8) = R(E) ] 0) < Ce™ Vo0,

In particular, we deduce that, @ is bounded in H}(2). Due to the blow-up alternative, we
get T = +oo. Finally, we have 4 € C([Tp, +00), H}(Q)) and by (I1.26) in Proposition 2.11,

Wt € [Tp, +00),  [[a(t) — R(t)l| g < eV,

which concludes the proof of Theorem 1.3.
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3 Proof of the uniform estimate

3.1 Bootstrap and topological arguments

In this section, we prove the main Proposition 2.11. We use some modulation in the phase
and translation parameters in the decomposition of the solution to obtain the orthogonality
conditions. Next, we use a bootstrap argument to control these parameters and some scalar
product that are related to the size of the soliton. Finally, to conclude the proof we use a

topological argument to control the unstable direction.

Remark 3.1. In this section, to simplify notations we will write r instead of r, and we will

drop the index n for most variables. Hence, we will write u for u,, \* for \X, etc. Only the

n’

sequence of times will be written with the index n. As Proposition 2.11 is proved for given n,
this should not be a source of confusion. We possibly drop the first terms of the sequence T,

so that, for all n, T, is large enough for our purposes.

3.1.1 Modulated final data

Lemma 3.2 (modulation for time independent function). There exists C,e > 0 such that the
following holds.
Given o € R? and 0 € R. If u(x) € L? is such that

lu = Rl <€

Then there exists modulation parameters y = (y;); € R® and p € R, such that setting

the following holds
17l 2 + [yl + [ul < Cllu— Rl

and

Re/r(x)@xj@w(a:)\lf(:v)e_i(%(x'”)+9)e_i“dx = Im/r@)ﬁ(z)dz =0,5=1,23,
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where,

=
ak
l
O
€
—
a¥
S
Na¥
"
<
F
=

Furthermore, u — (r,y, ) is a smooth C'-diffeomorphism.

Proof. see Appendix, Subsection 5.2.
]

Note that the previous lemma applies to time independent functions. A consequence of this

modulation in the decomposition of fixed w is the the following result on a solution u(t) of (I1.25).

Corollary 3.3. There exists C,e > 0 such that the following holds for all t € [T,T,], for
T > Ty, if u(t,-) € L? satisfies
Ju(t) = R(E)]| 2 < e

Then there exits a C*-functions y : [T, T,] — R3 and p : [T, T,] — R such that if we set
r(t,z) = u(t,z) — R(t, z),

the following holds
(@)l 2 + [y + ()] < Cllut) = RE)]] 2,

and

Re/r(t,x)@xjéw(t,x)\lf( Jei G0 =i gy — 0 j = 1,2, 3, (I1.31)

Im / r(t,2)R(t, )dz = 0, (11.32)
where,

Rt 7) = Qu(z — a(t)) U(a)el GE0HO) itk o(8) = tv and 0(t) = —i|v|2t—|—tw.
(

Qult,z) = Qu(z — alt) — y(t)).
R(t,2) = Qu(t, )T (z)e GEvT00) in)

Proof. For small A, the solution u(t) is close to the soliton R(t) for ¢ close to T,,. Assume that
u(t) satisfies (3.3) on [T, T,]. Applying Lemma 3.2 to u(t) for any ¢ € [T, T,,] and since the map
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t — u(t) is continuous in H}, we obtain the existence of continuous functions y : [T, T,,] — R?
and p : [T,T,] — R such that (I1.31) and (I1.32) hold. O

Notation: u(t) is defined and modulable around R(t) for ¢ close to T,,, in the sense of the

previous Corollary.

R(t,z) = Qu(x — tv)¥(z)e*®® | where o(t,z) = ;x v — i|v|2t +tw.
Qu(t, ) = Qulz —tv —y(t))

R(t,z) = Qu(t, 2)U(z)et®) | where @(t,z) = ;x v — i|v|2t +tw+ pt).
Y5t z) = Y5 (z —tv —y(t))
Vo(t, ) = Y2 (4, 2) 0 (2)e® ™  and  o*(t) = Im / Vo (t, 2)7(t, ) dz.

Lemma 3.4 (Modulated final data). There exists C' > 0 (independent of n) such that
for all o € Bg(e OV¥I"IT) there exists a unique \ such that

Y

A < Clat

and the modulation parameters (r(T,),y(T,), (T,)) of u(T,) satisfy
(IL.33)

Proof. See Appendiz, Subsection 5.35. O

Let T} to be specified later, independent of n. Let a™ to be chosen, A be given by Lemma 3.4
and let u be the corresponding solution of (I1.25). We now define the maximal time interval

[T'(a™), T,], on which suitable exponential estimates hold.

Definition 3.5. Let T'(a™) be the infimum of T > Ty such that the following properties hold
forallt € [T,T,)] :
Closeness to R(t) :

lut) = R(®)l < .

In particular, this ensures that u(t) is modulable around R(t) in the sense of Lemma 3.2.
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Estimates on the modulation parameters: There exists M > 0 and M’ > 0 to be specified later,

(@) gy < MoVl (I1.34)
ly(t)] < M'e oVl (11.35)
(b)) < M'e 0Vl (I1.36)

ot (t)] < em0vEll (11.37)

Note that, if for all n we can find a* such that T'(a™) = T} then the Proposition 2.11 is proved.

It remains to prove the existence of such value of a™.

Denote h(t,z) = e~ 0 (¢, 2). Recall that,

u(t, ) = ]A%Et, z) +r(t, x)
= ew(t’x)(@w(t, )V (x) + h(t,z)).

Lemma 3.6. Let t € [T(at),T,] and let C,§ > 0. We have

Zath—f—Ah wh+( )Qp Lyp- lh_|_( )QP Lpyp— 1h_|_ v.Vh — dlu“(t)h

dt
+@Z\Il(\1/p‘1—1)+2VQWV\I/+QWA\I/+MQMV\I/— W) G - D 5 LU+ B(tz) =0,

dt dt
(I1.38)

where B(t,x) is a remainder terms on h.

du(t)| | |dy(t) 2 —25/@lolt
< wv . .
‘ dt ‘Jr‘ | = ClMa@)lly + Ce (IL.39)
+
0 oo (0)| < C (D) + Ce Vo, (I140)

Proof. For the equation (I1.38) of h it suffices to plug the above expression of u(t,z) on the
nonlinear Schrodinger equation : id;u+Au = —|u[P~ u. Using, the elliptic equation (IV.1) of Q,,
and the Taylor expansion for the nonlinear term, we get (I1.38), with ||3(¢)]|,. < C ||h(t)||§{é :
For the proof of (I1.39) and (I1.40), we claim the following estimates.

Claim 3.7.

Im/@t (t, 2)Qu(t, ) 23: /Et x) (v + ddytk( 1)) Op, Qu(t, ©)W(z)dz.
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Re / Ot 2)0y, Qu(t, 1) U (x dac—ZRe / Rt o) (v

dt ( ))azkaijw(t l’) ( )dl‘,j - 17273‘

Proof. Tt is just a consequence of the orthogonality conditions in Lemma 3.2. So, we have
Re/h(t,x)axj@w(t,a:) U()de = Im/h(t, 2)0u(t, 2)¥(x)de =0, j = 1,2, 3.

Differentiating each equality with respect to the time variable ¢, the Claim 3.7 follows. O

Now let us estimate % (¢) and d‘;—(tt) in (I1.39). Multiply by 0, Q. ¥ and take the imaginary part
of the equation (II.38). Using the Claim 3.7 and the fact that @, is radial, so that

Qw(xla X2, .CU3) = Qw(_xla SCQ,QCE}), (1141>
alew(xl,.Tz,iEg) = _alew(_zlax%-r?))-
which yields
/alew I17$2,$3)Qw(9€1,$2;$3) /a;me $1,$2,$3)Qw(I17$2,9€3)d
Hence
/aijw(t,:v) Qu(t,z)dr =0, forj=1,2,3.
We obtain the following equality on dy(t).
dy;(t ~ du(t -
s )Haijw\I/H%z = /hl(t,x) ’Zi >.V(8ijw(t,x)) /hg x)0y Qw (t,2)¥(z)dx

Yy K
Ih Ih

- / Lo ha(t, 2)0,, Qu(t, 2) U (x)d + / ha(t, 2)OP1 (¢, ) (971 (2) — 1)dx

+ / ha(t, ) Oz, Qu(t, ) 0.9 (2)dz +O(|[(t) 3 ).

2
Ih

Taking the scalar product with Q,,(z)¥ and the equation (I1.38) on h. Using the same argument

du(t)

as above, we get the following equality on ===.
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I1.3 Proof of the uniform estimate

( ) ( ) dp(t)

VQu(t,2)W(@)dr — [ ==hi(t, 2)Qu(t 2)¥ (2)de
AN Th
— [ Lt 2)Qult, 2)W(@)de + [ pQu ()l (1, 2) (97 () — 1)da
[ et @)Qult, 2o VU (@)da + [ QL (t ) WA @) (9 () ~ 1)

J2 Ji
+ [ @t 0) A (@)U(w)dz +O (1) )

Ja

Qu¥llz: = [ halt.a)

Summing the absolute values of the two equalities above and using the fact that

Q7> = 1Qullze + O™V and  |VQLY|IZ: = [VQull7. + Oe V¥,

We obtain the left hand side on the estimate (I1.39) Next, we have to estimate the right hand

side in both equalities.

2 90, Qe < 0|0 e,

<

dy(t) ‘ A o3Vl To

- 1‘dy(t)’

2
=90 ar 3szw i

Provided

Me—Valm « L

- 100 Oz, Qu

1,2,3. (11.42)

LQ,J

181~ 20 [ (00, Qe v (o)

< |29 juo,

IN

Cs

dlu(t) ’ Me_é\/"jMTO

< 1582 Il
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if the following condition is satisfied,

Me VwlvlTo « __— . 1.4
e < 100 1Qu |72 (11.43)

dy(t)
3= | ey 509w < €0 o
< C|dy<t)‘M€—5\/c;vTo
- dt

o 1 |dy(®)
= 10| dt

Ou, Q.|

2’

if the condition (I1.42) holds.

7| = Chjlgf)/hl(t,x)@w(x)\lf(x)d

t
‘ ( ‘Hh ||L2 < C’ M( )|M€6\/EU|T0
dt
1 )
< |22
if the condition (I1.43) is verified.

We next treat the terms I, := I} 4+ I and J,, := J| + J? that depend on h. We will estimate

the main integral for both terms, where appear the self-adjoint operator Ijjj and Z; .

’/thmaQw z)da| =

[ el )2 (0, Qulw) V(@) da
< Oy -

Similarly, we can estimate the integral on ZNL;t We obtain
L] + [ In| < C Al -

Finally, we have to estimate J; and J,. Using the exponential decay of () and the fact that AW

and (PP~! — 1) have a compact support, we get

I dal = | [ @ @B @A -1+ [ Q@) AvYds
< Ce—25\/5|v\t'

We have proved the estimate (I1.39), if conditions (I1.42) and (I1.43) on M hold. For T large
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I1.3 Proof of the uniform estimate

enough,

8'1] QOJ

1
—0/w|v|T¢ . 2
Ve VElITy < e mm( L HQWHLQ), (I1.44)

where C" = max (Cy, Cy).
Next, we have to prove the last estimate (I1.40). Let us recall that

—Im/ (t,z)Y. txdx—lm/hthjF(t:p) (x)dx.

Loty = —m /h W) Gy, )()dx—Im/ﬁ(t,x>v.vgj(t,x)\p(m)dx

I I>
+Im / O, VU7 (¢, )W (z)d

I3

Due to (I1.39) and the exponential decay properties of the eigenfunctions of the linearized

operator. We get

\11|_‘ /hm

One can check that the second integral Iy will be simplified with a term from I3.

dy(t
D 9Tz pweia] < 0|0 )2 < €O + e

Now, let us estimate I3. For this we have to use the equation (I1.38) of . One can see that the

main terms is the following
_ _ _ 1 - _ —1 -
O = —i A+ iwh — i ([);)Qg‘qup‘lh —iE)Q et
Where f contains all others terms of the equation (I1.38). Let h = hy + iho,

p+1

—1 - ~ - ~
—i AR +iwh — i (B2 Qrrter 1 — g (B 5 QLW h =L hy 4 Liha + Q1 Mha(1 - 0P

+ipQP hy (1 — P,

Multiplying (I1.38) by YF(t,2)¥(x) and take the imaginary part, we obtain I5 on the left hand
side. The terms containing the linearized operator will be treated later. To estimate the other
terms, we use the fact that (), and Y] are radial, exponentially decaying at infinity and the
compact support of V¥ and (1 — UP~1). Also, we have to use the estimate (I1.39) to obtain
the right hand side of the estimate (I1.40).
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To complete the proof we have to compute the terms of the linearized operator.
Let y{ (t,z) = Re (gf(t, :c)) and y3 (t,z) = Im (gi(t,x)) Thus,

Zi_yf = :Fewyia

: (I1.45)
L;y;: = :l:ewyi,: .

Recall that L* are self-adjoint operator.

[ (i L+ Loha) (o + iy )Wde = T [ 4 (LR )yfw -+ (L ha)yf W
= tm [ iha(LEyf W) + i ha(LLyF W)da
—Im / i h(FewyF O) + i ho(LeuyFW)da + O(e=2Vellt)
= Fe, Im/ﬁgj Wda 4 O(e~20Velvlty

= Teyat(t,x) + O(e” 2Vl

This concludes the proof of the Lemma 3.6 O

3.1.2 Control of the modulation parameters

We claim the following estimates of v(t), u and y on [T'(a™),T,,].

Lemma 3.8 (Control of v,y and p.). For Ty large enough independent of n and ¥ o such that
‘oﬁ’ < e OVwlITn,

the following holds

Ve [T(a®), T, [lu(t) — R(t)] 5 < Cem?Vollt < % (IL.46)
M
r(t)]| 0 < —=e OVt 11.47
H} 9
M/
O] + ly()] < ~5-e Ve (1L43)

We postpone the proof of Lemma 3.8 to the end of this section.
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I1.3 Proof of the uniform estimate

3.1.3 Control of the stable direction

Lemma 3.9. For Ty large enough, independent of n and ¥ o™ such that |at| < e 0Ve@lulTn,
The following holds

vie[T(a*), T, |a(t) < ; e=dValult
Proof. ; ;
2 fam(e=t) = (Lam(t) - eua-(i)e

Due to (I1.40) and (I1.47), we have

d

i (a™(t)e*")

MS
< <C8e—26\/ojvt + 06—5\/E|v|t> e—éﬁ\vﬁe—ewt‘

Then, we obtain by integration on [t, T},] and using that o= (7},) = 0,

M3
’Oz_ (t)‘ < <C'386—25«/5|v|t + 046—5\/oj|v|t> o= SVallt

Hence,
1
vt e [T(a"), ),  |a (1) < iefmlv\t.

If the following conditions are satisfied

M3 1
Cy——e  BVelllo < — (11.49)
8 4
1
Cue Vel < T (11.50)
O

3.1.4 Control of the unstable direction by a topological argument

Finally, we have to control a™(¢). For this, we will provide the existence of a suitable value of

at.

Lemma 3.10. For § > 0 small enough and Ty large enough, there exists a™ such that
lat| < e Vel gnd T(at) =T,

Proof. We argue by contradiction. Assume that, Yot such that |a*| < e V¥l one has
T(oﬁ) > T.
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From Lemma 3.8 and 3.9 we have

<M __sairet
H — 2

\y(T(oﬁ))] + ’N(T(oﬁ)) < ]\g/e—(ww(aﬂ
1

‘(I_(T(O{Jr))‘ < 56—5\/5|'U|T(a+)‘

By the definition of T'(a™) and the continuity of the flow, one must have

0™ (T(ah))| = e=VebiTle?),

Let T < T(a™) be close enough to T'(at) so that the solution u(t) and its modulation are
well-defined on [T, T,,].

2
For t € [T, T,], let N(a*(t)) = N(t) = [e?Velliat (1)

d 25/wlu|t d
%N(t) = 2Vull l25\/c_u|v| at(t) + thoﬁ(t)] at(t) (IL.51)

Multiplying by 2 |a*(¢)| the estimate (I1.40), we obtain

20t (t) ioﬁ (t) + 2e,a" (1)

a < Cla* )] (IO +e ),

which yields

d - w|v
2 + 26, [a(®) < C o ()] (IR + V)
By (I1.51), it follows that
d

ZN() = V0 0fo] - 2e,] o (1) 4 O (VR

()] (1A I3 + eV2r)
Due to (I1.47) we have

62(5\/uj|v|t

M3
o ()] (1A + eV < C\N(1) (86—Mivt + e—ww> |

Let 6 > 0 such that 2e, — 2d\/w|v| > e, so that
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I1.3 Proof of the uniform estimate

d M3
IN() < —eN(D) + (cgge-mm N cf) NG).

We consider the above estimate at ¢t = T'(a™) > Tp, so large such that

M3 1
05?6726\/E‘U|T0 < Zewy
Coe—Vabit < L,
14
Using that N(T'(a™)) = 1, we get

——ey,-

Vot e B(e VeIt

From (I1.54), a standard argument says that the map: o — T'(a™) is continuous.

Indeed, by (I1.54), Ve > 0, In > 0 such that

N(T(a™) —e) > 1+mn,

and
N(t) <1-—n, Vt € [T(a) +¢,T,] (possibly empty).

By continuity of the flow of the (NLS) equation, it follows that 36 > 0 such that,

for all [[a™ — a™|| < 0, the corresponding & (t) satisfies

(N(@*(t)) = N(a"(t)] <

N3

vt € [T(at) —¢e,T,].

In particular, T'(at) —e < T(a") < T(a™) + ¢.

Now we consider the continuous map

P BR(G_‘WJMT”) N SR(Q—éx/EIvITn)

at s e VR TN o (T (o))

(IL.52)

(11.53)

(I1.54)

Let at € Sg(e ?VelITe) from (I1.54) it follows that T'(a*) = T}, and P(a*t) = a™, which means

that P| Sa(e—ovalvitny = 1 d. But this contradicts Brouwer’s fixed point theorem.
So, Jat € Br(e oV¥lITn) such that T'(a™t) = Ty.

]
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3.2 Estimate on the modulation parameters

Proof. This section is devoted to the proof of the Lemma 3.8. For that, we claim the following
results which will be proved at the end of the proof.
Let us recall that R(t,z) = e®t0)Q,, (¢, 2)U(x).

Claim 3.11.

< Qe 20VBllt | pp2e=30vililt (1] 55)

dt
Claim 3.12.

‘FW®%H3+Q)MW@%‘
—5

(LS (t), ha(t) + (Lo ha(t), ha(t))] ‘ < OMe 20Vl O pp2e=30Vellt  (11.56)

l\D\»—l

Claim 3.13. There exists C' > 0 such that,
1@ < C [ (Zim(0),m(0) + (Laha(t), ha(0)) + (0*(1)” + M%M'“] (11.57)

Now, we start the proof of Lemma 3.8. Let ¢t € [T'(a™), T,], integrating (I1.55) on [¢, T,,] we get

2 8
< 06726\/¢Z|v|t + M26735\/¢;|v|t'

B + (5 + SR - S| B + ¢ + 5o - fro)|

From the above estimate and (I1.56), we have

| [ (Ea(T), ma(T) + (EghalT), ha(T2) ] - [ (T (), a(0)) + (E ), o) ] |

< CMe=BVellt L O p2e=30Vellt (17 58)
From Lemma 3.2 and Lemma 3.4 we have

(ZEh(T), ha(T)) + (LSha(Th), ha(T3) )| < C AT |3 < C AP < Cem Vbl (11.59)
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We deduce from (I1.58), (I1.59) and the Claim 3.13 that

~ ~ 2
(O3 < CELEM (), ha (1) + C(Loha(t), ha(t)) + C (1)) + CMZe0VEIE
< C7M€—2§\/a|v|t + 08M26_35\/5|U|t.

If T, satisfies

076725\/5|’U|T0

IA

(I1.60)

O Me—30ValITo

IA
el S

(IL61)

Then, we have

M* wlv
B0l < Sre T,

provided conditions (II.44), (II.49), (I1.50), (II.53), (II.52), (II.60) and (II.61) on M and Tj
hold. However it is easy to find 7 and M satisfying these conditions. We take Tj large enough
such that

max(Cy, Cg, 07)6_5‘/5“"% < imin(l,ew), (I1.62)

and we take M such that

—§v/wlv 1 . 2 2
M5Vl < Wmln( 2,Q’, ||Q\1/||L2>, (11.63)
MS
max(Cs, 05)?6_26\/‘:“}'% < —min(1,e,). (I1.64)

CgMeVelTo < (I1.65)

|
= s =

From Lemma 3.6 we have

du(t)| | |dy(t) 2 26/t
< 1
0] |0 < oy + e

M2
< 076—25\/5\11& + 06—25\/¢Z|v|t‘
!
We integrate the above estimate on some time interval [t, T,,], for t € [T'(a™),T,].

M2 - w|v - wlv
()] + ly(D] < [p(T)] + [y(To)| + C= e Vol Cem2 Vel
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Furthermore, due to the definition of T'(a™*) we get

M2
(E)] + [y()] < Che Vel 4 Cp = 2ot

Then, we can deduce that )] + |y(t)] < Ledvellt,

Provided, for Tj large enough

!
Cl e VBT < f‘j 7

and we take M’ such that ) ,
oy M —svapim, o M

4 4
Finally, we obtain

lu(t) = R 4y < ||R(1) = R(t)]

o+ IO

< Cly(®)]+ Ih(0)
< Ce*(s\/EMt
£
< a0
-2

which concludes the proof of Lemma 3.8, by taking 7} large enough.

Proof of Claim 3.11. Recall that R(t,z) = e®?tDQ, (¢, ) U (x).

[o]*

4

62

VR(t,z) = [i%@w\lf + V(Q,W)] o) \vﬁa(t,x)f = QL+ [V(QuY

‘ 2

(I1.66)

(1L.67)
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1 e~ o
- f/‘VR(t) - 71/@{;“\11?“0195,

d ~ |U 27,2 p+1p+1
SB(R() 2dtl/ QU +|V(Quv ‘d:c——/@ \11 dx]
-1 / o0 - B01vQ, Q7 + 20 - ) 9(v (@) V(@)
_ﬁ <p+1>(—v dgiz( v, Quuriar
=~ [/ |U va Qw \I]2+V(va ) (@wq])dx_/v@w @Z \ij+1‘|>
where, (—v— dzgf)) ((VQW Z ; < dyst(t)> 8xk8mj(@w\11)azj(@w\1’).

S M(R(t)) = %/@i\lf%lx —9(—v— d‘g))/v@w Q. Vda.
P(R(t)) = Im / VRO R(t)dz,

ZP(E(t)) _ C‘; (; / 0’ xp?dx) —v / (—v— d‘Z(t )\ G, G v,

Hence, we have

d ~ w o |v]? ~ Vo~ w dy(t) ~ =
ot [0 + ¢+ K0 - S| = o= ) [va..e
o= ) 199G 0w @i - [va,auw].
For the first integral, we have
‘/v@w Q02| = ’; JACASE ’/ngf qf’ < (e 2VE,

Using (I1.39) and the fact that the support of the derivatives of ¥ is compact. Furthermore, in
the second integral, we have some terms with ¥ which doesn’t have a compact support. For
this terms, we have to use the fact that (), is a radial function, concluding the proof of the
Claim 3.11 O]
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Proof of Claim 3.12. Recall that,

u(t,z) = eiet:7) (@w(t, x)U(x) + h(t, x)) .

E(u(t)) = E(c" [Qu¥ + h])
Q/W W(Qw\Ierh) x—i/‘Qw

Using Taylor expansion,
~ ~ 1
QU+ h" = Qurt a4 (p; ) Q7 WP (h + h)

oy (M) (5 @ (e m) + () @t e s,

and

2

Y (F(Quu +h)| =

ei® (iv(éw\P +h)+ (V(Qu V) + Vh))

Il

\quf + h\ — 0 V(QuW¥)hy 4+ v QuUVhy + v(hy Vhy — hoVhy)

+ ]v Qu)[ +29(Quu)Vhi +[Th.
Here and until the end the proof: [ denote the integral over €).
We have

2 2
E(u(t)) — B(R(t)) = |Z|/Qw\lfh1 + |U8|/|h|2 +1/|Vh|2+/v 0.0).Vhy — /@gqﬂ)hl
—/U.V(Qwﬁl)h2+/%.(h1Vh2 hoVhy) —f/Qp L2

1 [ ~
o [ QU + B(t ).

(;’ n ’“8’2> (M(ult)) - M(R(1))) = ( )/Qw\lfhl + ( |’U\ >/|h|

—2 (Plu(t) — P(R(1))) = kP /wayhl—"ﬂm —/%.(h1Vh2+h2Vh1)
+ /U.V Qw
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Then we have,

[o]*

) + (5 + 5Dartin) - frae)] - (G0 + & + L) -

P(R(t))
= S [z )+ b )] = & [ Qriart =1y = 5 [ @t —

+/ SNGR N /@gwhl +/w@w\11h1 + Bt @)
; (LR, ha) + (L ha, ha)| — g /@5‘%3(\1/1’—1 1) - ;/@g—lhg(w—l —1)

+ [ (8Qu+wQu = Qr) Wi —2 [ VQTUR — [ Quawh — [ QLU — 1)y + (¢, )

=0

Using the fact that V¥, AW and (UP~! — 1) has a compact support, to conclude the proof of
Claim 3.12. O

Proof of Claim 3.13. The proof of (I1.57) is a standard consequence of Lemma 2.7 and the
following orthogonality conditions, Re / O, Q. U hdr =0,Im / Q. U hdx =0.

Due to (I1.24), there exits C' > 0 such that
~ - 3 2
[G]= C[(Ljhl(t,x),hl(t,x)) + (Lohalt,x), ha(t, ) + 3 </a Qu(t, x)hi(t, x)dx)
7=1

n (/ @w(t,x)hz(tx)dI) (Im/‘ﬁ (t,z) h(t, x)dq;>21

Using the orthogonality conditions, we get

[ 0,Quhi = [0,Qul =0k and [ Quhe = [Q(1—w)h

Due to the exponential decay of () and the compact support of (1 — ¥) , we have

‘ / %@w(t)hl(t)‘ < CMe Vel and ‘ / @w(t)hz(t)’ < O Me2VEllt
Im/%(t,xm(t, z) = o (t) + Imfgj(t, 2) () (1 — U(z))dz

=a*(t)+0 (Me_%\/al”“)

This concludes the proof of the Claim 3.13. O

65



Chapter II. Construction of a solitary wave solution of the nonlinear focusing
Schrodinger equation outside a strictly convex obstacle in the L?-supercritical
case

4 Fixed point theorem
Proof. This section is devoted to the proof of Theorem 1.6.

Recall that, if © = @ then H(t,z) = e¥"Q,(z — tv), where ¢(t,z) = L(z-v) — 1 >t + tw,

is an exact soliton solution of (NLS).
Let R(t,7) = e Q,(x — tv)¥(z). Write
(i0, + A)R = —V |H|" H + 2VUVH + AVH.

We look for r,, € C([Ty, +o0), H*(Q) N Hi()) such that

Oy + Ary, = —|R+71,> (R+7,)+ V|HH—2VUVH — AVH, (LL68)
r,(t) — 0 as t — +oo in H*(Q) N Hy (). .
Set
Ao(t,x) = U(2)(1 — O2(x)) |H(t, )| H(t,z) — 2V (2)VH(t, ) — AV (2)H(t, z),
Ai(ro(t,2)) = —R(t,a)*T5(t, 2) — 2 |R(t, )" ru(t, ),
Ap(ru(t,2)) = —R(t,x)ri(t,x) = 2R(t, ) [ru(t,2)|”,
Ag(ru(t, 2)) = = |ru(t, ) ru(t, 2).

We shall look for solutions of (I1.68) in this space:
E={r,eC ([To7+00)aH2(Q) N H&(Q)) » Irellp < oot
such that
w(v 1
Il = 500 {7 (5 Il + Il ) |-
t>Tp |v|
Let
®: (Bg,dp) — (Bg,dg)
+oo
Tw r—><I>(rw):—i/ S(t—7)Ao(T T—ZZ/ S(t — 1) Ax(ro(7))dr.
t
Where By = Bg(0,1) ={h € E, ||h||z <1} and dg(h,g) = ||h — g5 -

One can check that (Bg,dg) is a complete metric space.

Here S(t) is the unitary group of the linear Schréodinger equation with Dirichlet boundary con-
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ditions.

Denote,

Jo(t) = [ 8(t = 1) Ag(r)dr,

Te(ra(t)) = /;oo S(t— 1) Ag(ro(r))dr, k=1,2.3.

Remark 4.1. For 2 < p < 5, the proof is also based on a fixed point theorem as the cubic case.
Indeed, we have to use Taylor expansion for the non-linearity |R + ry|’~" (R + 1) and we can
divide the function ® in three integrals, one for the terms that are independent on r,, the other
for the linear terms on 1, and the last one for the nonlinear terms on r,. Finally, we use the

same space E and norm to prove that ® is a contraction mapping for high velocity.

In step 1, we will prove that the ball Bg is stable by ® and in the second step we will prove
that ® is a contraction mapping on the complete metric space (Bg,d). Finally, in step 3 we

will conclude by fixed point theorem the existence of the solution of the (NLSg).
e Step 1 : Stability of Bg by ®.

Lemma 4.2. There exists C, > 0 and 6 > 0 such that,

Co
Jollg < (11.69)
[l
Co
11 (r) |l < ol ol (I1.70)
o)l g < Co ol eI |l |1 (IL.71)
1T3(t)|| g < Cu o]’ e 20VElRITo 1 )12 (I1.72)
Vr, € Bg, ||®(r,)]l; < 1. (11.73)

Proof. 1. Estimate For J,.
Recall that Ag(t, z) = U (z)(1—U(x)) |H(t,z)|” H(t, z)—2VV(2)VH(t,z)— AV (z)H(t, x),
where H(t,z) = Q. (x — tv)ei(é(z'“)_gﬁt“).
Let us prove that there exists C,, > 0 such that,

| Ao()]| 2 < Coy [v)* e7VElIE it € [Ty, 4-00). (I1.74)
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It suffices to estimate the L? norm of Ay and V2Ay, due to the following elementary

interpolation inequality, if f € H?,

VAl < 2 lF1Iz: - (IL.75)

We will use the fact that U(1 — ¥?), V¥ and AV have a compact support. We will
suppose that their support is include in {|z| < M}, for some M > 0.

Let 2 € supp {¥(1 — ¥?)} C {|z| < M} then { t|v| — M < |z —tv] }.
By (I1.23), we have

oz —t)| < C,efVeMe=dVulult.
{Q ( = (I1.76)

|VQUJ<CC — tU>| < Cwe‘s\/‘;Mefls\/th‘

Then,
1 4o]l 2 < Co [w] e?VePE,

Now, let us estimate V2A,.

3
Recall that Ay = ¥(1 — ¥?) |H|*H - 23" 09,, V0, H — AVH.

k=1

On, 0, Ao(t,7) = 00,0, [W(1 — W)| |HP H + 0,, [(1 — 92)| 0, [|H|* H]
+ 0, [U(1 = 9| 0y, [|HP H| + [¥(1 - ?)| 0,,0,, [|H|* H]

(Za Oy, 02, V] Oy H + 0y, [05, V] 0, @ckH)

3
—9 (Z Or, 00, U Oy, [0 H) + 00, U Oy O, [aka])

— 0,.0,, [AV] H — 0, [AV] 0, H — 8, [AV] 0, H — [AV] 8,0, H

Claim 4.3.

VIR () VRH(t 2)| < Cy o] e V2P where k= 1,2,3.
V2R (U () (1 = (2))) VE(H (E )* H(t, 7)) < Cufolf e V9 where k= 1,2.
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Where,
3 3
Vi Vig =) (Osieyonf) (D2,9), EAREDY (000 f) (Priny9)
(V2f) g = (O, f) 3 - V' Vg = (0uf) (0s9) -
Proof. We postpone the proof of Claim 4.3 to Appendix, Section 6. n

By the Claim 4.3, we have

[v2Au(0)] . < Cu ol e,

This concludes the proof of (I1.74).

Thus, we obtain

+o00
170 (6)]] 2 s/t 1Ao() e dr < Cy fof 5V

C
1Tollz < -
aCl
. Estimate for J;.

Recall that A (r,(t,z)) = —R(t, )7 (t, z) — 2|R(t, z)|* ro(t, ).

Using the elementary interpolation inequality (I1.75), we have

Il < [ 1Asralr)) s dr

<C [Tt dr+C [ VA )], dr
Let us prove that there exists C, > 0 such that
[ I dr < e ()
/:OO | V241 (o)), dr < ool e VEP I | (IL78)

+o00 +oo 00
| A e <€ [ ramllpdr <0 [ eV ar

< Co syt

— |U‘ HTWHE
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This prove the first estimate. Now, let us look to the second estimate

/:OO [V2 4 (), dr < C/t+o° [ V2R () dr

Iy

10 [TIVRE) L 19 dr
t Lee v L

Iz

vo [7re),.

I3

dr.

L2

V2ry(7)

It is easy to see that

L] < Cofol e Iyl
L] < Gl Jol” eV |

For I, we use the elementary interpolation inequality (I1.75),

1 1
2 lrallZ -

IVro(l 2 < | V2ra()

Thus we get,
3
L] < G fo]? e Iy ()] -

And this concludes the proof of the estimates (I1.77) and (I1.78).
Due to (I1.77), (I1.78) and the fact that |v| > 1 we have

191 () 2 < Co Jol” eV |

Then

w

C
191 (r) | 5 < ol 17oll -

3. Estimate for J,. Recall that Ay(r,(t,z)) = —R(t, 2)r2(t, z) — 2R(t, z) |ry(t, z)|* .

+o0o
192 (®)llg2 < C [ 11As(ra)l e
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Using the fact that H? is an algebra we obtain

+o00
19200z < C [ R g () 5
+oo
<Gl [l e VE
t

< ol eV iy |

Then
172(r) | 5 < Co o] e VoI | |13

. Estimate for Js.

We have As(r,(t, ) = — |ro(t, z)|* ro(t, z).

400 3 400 3
33Dl < [ MAsral) i dr < [ a0l dr
+oo
< [ Rl TR
t

< [of® e VeI iy |1

This implies that
I3(c) g < Cuo ol e 2VEIT0 |l |1

. Stability of &.
3
Recall that ®(ry,(t,2)) = —i Jo(t) — 1) Ji(rs(t,x)).
k=1

Using the fact that the velocity v is large enough in each estimate (11.69),(I1.70),(I1.71)
and (I1.72), we get

3
V1o € Bp(0,1),  [12(rw)llp < [ollp + X 17kl < 1.
k=1
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« Step 2 : Contraction mapping. Let f,g € Bg(0,1)

90 0) = BaO)lye < | [ S0 -7 (7))~ Aot ))ar |
J1(f)—J1(g)

H| [ s =) (s ~ Al ar |
J2(f)—J2(g)

o) [t =7 (a0 - latryar |

J3(f)—Js(g)

Lemma 4.4. For all Ty > 0,w > 0, there exists Vo > 0 such that for |v| > Vg, for all

f,9 € Bg, we have
de(f —9)-

N | —

dp(®(f) — ®(9)) <

Proof. Due to Lemma 4.2 we have

Co
192(f) = Ju(@)llp < Tol 1f = 9llg

Let Vi > 0 large enough to be chosen below such that for |v| > V{, we have

1

<
[0]

| =

Then,
1
1) = Ju(e)llp < g IIf —9lls- (I1.80)

Recall that As(h(t, z)) = —R(t, 2))h2(t, ) — 2R(t, ) |h(t, z)[* .

+o0o
32060 ~ D2l < C [ IRE e |£20) ~ 1) 7

400
<GP [ ol e Ve ar (£ + llgll ) 1F = gl

< G [o] e VT e VEI (| £+ Mgl ) 1S — 9l -

This implies that

192(£(t)) = Ja(g(t) 5 < Co lol" eV (| fll g + gl p) IS = gll -
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Since the velocity v is large enough we have

V.9 € Bp(0,1), Culo]" eV (]|, + [lgll5) < ; (IL81)
then .
132(6) = Ja(e)lls < g I1f — 9l (IL82)
Recall that, Ag(h(t,z)) = —h(t, z) |h(t,z)]*.
oo 2 2
193(E0) = Ja(e(Dll= < [ 15O £(7) =9I ()], a7
< [T (PE) - ¢ 0) + 20) () = 40)) a7
oo 2 2
<C /t 1£(7) = gl (1F O3 + (7 1372) d
+oo
<C [l e Ear (11 + lgly) 1 = gl
< O [of* em2VERITb =R () 7112 4 gl ) 11 — gl
Hence
195(£()) = Ta(g(®)ll 5z < Co [u] e 2VE1IT (1 #1124 Yigll%) 1 — gl
Due to the choice of the high velocity v we have
Vf.g9 € Be(0,1), Culof e V<1 (JI |5 + llgll3,) < ; (I1.83)
and thus .
133(8) = Ja(@)llp < g I = gl (IL.84)

The inequalities (I1.79), (I1.81), (I1.83) specify how large V) needs to be taken and from
(I1.80), (I1.82) and (I1.84) we have

1

Vf.g € Bp(0.1), |9(f) - @(g)l < 5

1f =gl -

Thus @ is a contraction mapping for v large enough.

e Step 3: Conclusion.

Due to steps 1 and 2, ® is a contraction mapping for high velocity on the complete metric

73



Chapter II. Construction of a solitary wave solution of the nonlinear focusing
Schrodinger equation outside a strictly convex obstacle in the L?-supercritical
case

space (Bg,dg). By the fixed point Theorem there exists a unique solution,

ro(t,x) = O(ry(t,z)) = —i Jo(t) — i; Ji(re(t, %)),

such that
7w ()]l g2 < C o] V¥t € [Ty, +00),

which concludes the proof of Theorem 1.6.
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Appendix

5 Proof of some Technical results

5.1 Proof of Lemma 2.7

Recall that for all f € H'\{\Q; X\ € R} real valued, we have [(L™f)f > 0. Denote y; =

Re(Y") and yo = Im(Y™). Since y, is not colinear to @), we have

— 2
- Im/Hﬂé_ =2 /y1y2 = /—(L_yz)y2 # 0. (I1.85)
. 0 .
Let h € H! such that h = hy + ihy, we can write h as,
h=ht+g,
where,
ht e Gt ={he H' (h,iQ)=(h,iY*) = (h,0,,Q) =0, j=1,2,3},
g € Span{iY™,iY", (0,,Q)j=1,23,1 Q}.
Denote by:
¢1:y+7 ,ul :ZH_
= 77 :Z +
G2 =1 H2 Y (I1.86)
gbk = 8%7262, M = 8,,3,67262 k= 3, 4, 5.
P =1Q, pro = 1Q — pu1(d1,iQ) — pa(g2,1Q).

Next, one can verify that: (¢;, ux) = ¢ (5;?, by (I1.85) we have (1,(> # 0 and it is clear that
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¢; #0, Vj € [3;6]. This implies that (¢;, 11;); is a biorthogonal family then we can write g as
the following

226:(]1 —l(h,ilé*) 9+

) K o h +
=G % C1 ( gy +Z

(h, 0, Q) O,
5 ,Q) 02,Q

ah@><mwvwﬂ@wwmwﬂWt@»ua

Cj+2

TG

We refer to [31, Proposition 2.7] for the following coercivity property of £. There exists a

constant ¢ > 0 such that

Vhe GY, ®(h) > c|hl3,

where, ®(h) = $(LThy, h1) + (L™ ha, ha). Next, we have

1Al5 = 1h* + gllFn < cllh™ 15 + cllgllzn
<Cdh) +C (Im/y+h)2+c (Im/y‘h>2+0(/62h2>2

3 2

c3y (/aszhl) .

5.2 Proof of Lemma 3.2
Let p=u — R and let

®:L*xR*x R — R*
(p,y, n — <Re/(p +R— E)V@w\lle_i(%(’”'”)”) e Mdy Im/(p +R— é)ﬁdm) .

Denote:

q%(p,y,u) = Re/(p +R— R)VQWKIJQ_Z(%(JC U)+9) eimdl’,

@3(p.y. ) = Im [(p+ R = BR.
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e Step 1: Computation of d,,)®;. Let z € R%, [ € R.

(dy®1(p,y, 1) 2); = Re (zj [ 04,0.0.,0.9% dw + Y 2 [ 0,0,0,,Q0* do
k#j

3 ~ ~ el .
-y /(p + R — R)0,, 0y, Qw\lleﬂ(ﬁ(z'”)%) e "z da:). (I1.87)
k=1

(d.®1(p,y, 1).1); = Re <Z /l (p+R— R)@xj@wllle*i(%(””)w)6_“‘ dx) . (I1.88)
Claim 5.1.
~ 2
(4,21(0,5,12).2), = 2 |00, G0, + O 121 (ol + lo) (1L.89)
d,®,(0,0,0) = diag ( R i) . (11.90)
du®1(p, y, )L = Ol ([[ll 2 + [yl))- (IL.91)
d,®,(0,0,0) = 0. (11.92)

Proof. For the first estimate we have

‘/ p ark,xj @wlpe—i(%(mv)—l-ﬁ) e—iu

< Cllpll

and

R R ' d dt 8,, . Q.,Vd
/(R—R)axk,ijw dx—//o £R(m—ty) t Opy 0, QuWdx
1 ~
- / / YV R(z — ty)dt By, », Q,Vdx,
0

(R~ R)ou 0, Quwds] < Ol

This implies that

M(Z/%@+R—m¢ﬁ4ﬁwﬂumwkWmﬁzowmwm+wm.m&n
k=1

Since @, is radial, we have

kg [0,Q0.,Qdr =0,
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which yields, for k # j

/axk@waxjéw U2 dx < /aq;k @waxjéw dr = 0.

Then
Re (Z % / O, Qs QT dm) — 0. (11.94)

[y

The estimate (I1.89) it is a consequence of (I1.93) and (I1.94). Applying (I1.89) at
point (0,0,0), we get (I1.90).

Due to (I1.88), we have

(d.@1(p,y, 1).1); = Re <z /l (p+R— E)@xjéw\ﬂe_i(é(m'”)H)e—"’“‘) :

Then
d'uq)l(p7 y’ ’u)l - Im/l (p + R - é>axj@w\lje_i(%(x'v)—'—e)e*i“dx

Similarly to the proof of the estimate (I1.93), we have

du®1(p, y, )L = Ol ([lpll 2 + [y]))-

Finally, due to the above equality it is easy to see that
d,$1(0,0,0) =0,

which concludes the proof of the Claim 5.1 O

e Step 2: Computation of d, ,)®,.
Recall that

s(p,y, ) =T [(p+ R=R) R

3
%%m%mlz—m(Z/b@+R—maﬁﬂwﬂﬂﬂweW>. (11.95)
j=1
du®2(p,y, 11).q = — /q@i\lf2 - Re/ a(p+R—R)R. (11.96)
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Claim 5.2. Letl € R3 ¢ € R.

dy®(p, y, w)-L = Ol (llpll 2 + ly]))- (11.97)
d,®5(0,0,0) = 0. (I1.98)
d,@2(p,y. 1)-q /q@%W+wxmqmmr+wm (11.99)
d,®5(0,0,0) = — HQW\W (11.100)

Proof. Using the same argument as in the proof of Claim 5.1, we obtain

Im<§;/zp+4z R)0, @uwﬂ@@”MkiW):cmummm+wm»

Due to (I1.95), we obtain the first estimate. Applying (I1.97) at point (0,0,0), we obtain

d,®5(0,0,0) = 0.

Similarly to the proof of d, ,¢1, we have

Re [ alp+R—R)R = O(lal (Il 2 + y]).

Using the above estimate and (I11.96), we get

au2(p v )0 = — Q292+ O(lal (loll 2 + o).
Then
d,®5(0,0,0) = — Hquﬂ
This concludes the proof of the Claim 5.2 n

o Step 3: Conclusion

From Step 1 and Step 2 we get

0,0, 0 0 0
0 02, QU 0 0
Ay ®(p,y, 1) = ’ _ O(llpll g2 + lyl)-
0 0 Opy Q¥
0 0 0 — .| ,
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We can deduce that d, ,)®(0,0,0) is invertible and we have ®(0,0,0) = 0.

Then, by the Implicit function theorem, there exists ¢ > 0, ¢g <7

and a C'-function

g : Br2(0,e) — Bga(0,7)
p—g(p) = ((y(p), u(p))

such that ®(p,y, ) = 0 in Br2(0,¢) x g(Br2(0;¢)) is equivalent to (y, 1) = g(p).

Finally we set
ri=r(p) = p+ R = B = y(p))e™).
5.3 Proof of Lemma 3.4
o :R> — H} [: By(e) — Hy xR® xR

A=A i (ANTYL(T) + ATYL(T)) pr— (1, y, 1)

Where, (r,y, ) is the modulation of u(T,) around R(7}) and Bpy(e) is a ball of radius & > 0
which is defined in the proof of the Lemma 3.2.

A HyxR? x R — R?

(ryy, 1) — (a+(Tn) = Im/?_(Tn,x) (T, x)dx, o (T,) = Im/fq(Tn,x) T(Tn,x)dx> :

We have, o(0) =0, I'(0) = (0,0,0), A(0,0,0) = (0,0).

Denote: © = Aol oo.

Now let us prove that © is a diffeomorphism on a V, a neighbourhood of 0 € R? by
computing d© = dA o dI' o do.

Firstly, we have that do(\) = o, for all A € R?. Secondly, let | € HJ,z € R ¢ € R such that
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Finally, we have to compute dT". Let ® and g defined as in the proof of the Lemma 3.2 for R(¢,,).

Then, we obtain

(p) = (p+ R(Tw) = R(Tw,- = y(p)), y(p), 11(p)) .

dT(p). = (14 VR(To.- = y(p))e™Pdy(p).L + iR(- = y(p)e*Odp(p).1, dy(p) , du(p)) .
(I1.101)

we have

0 P1(p,y(p), n(p)) =0 d1®1 + da®1 dy(p) + d3P1 dp(p) = 0
e e
D2(p, y(p), u(p)) =0 d1®2 + d2®2 dy(p) + d3 P2 dp(p) = 0

dy(p) = (da®1) ™" [—(dr®y) — (ds®1)dpu(p)]
= {du(p) = (ds®) ™" (da®) (da®1) ™" (da®y) — (ds®s) ™" (drPa) — (ds®1) ™ (dyPy)

+ (ds®1) " (dy®y) (da®y) " (dy D).
(I1.102)

Recall that

dON).X = dA(dT(c(N)).dT(a(N)).a(N),

by (I1.101) we get

dT(c(N)).o(N) = <o—(X) + VR(T,,  —y(ac(N)e M dy(a(N)).o(N)
+ i R(Ty, - — y(o(N)e" " Mdu(a(N)).o(X) , dy(a(N).o(}) , du(a(A))-a(X))

We claim the following estimate which will be proved at the end of this proof.
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Claim 5.3. Let 6 > 0 such that

>

Q.
p]
1

O ((e7V=ITr - A)[A)
O ((e7®V¥IIT 1 ADIA)).

U
= =
SN
E
5
P
I

By the claim above we have

dr(o(A).o(A) = (a(X),0,0) + O (eI 4 |A)[A]) |

Using the expression of dA, we get

dO(N).A = dA(e(N)).(o(A),0,0) + O ((e V<1 4 [A)]A])
dO(X) = M + O (e ?VElITn )]

Where M is a matrix such that
Re/Y r)dx Re/f/ ,2)Y _(T,,, z)dx
Re / YT, z)dz Re / Yo (T, )Y (T, )da
Since Y, and Y_ are linearly independent, then the following matrix is invertible
Re / Y ( z)dz Re / Y (T, 2)Y (T, x)dx
Re/YJr x)dx Re/YJr 2)Y _(T,,x)dx

And we have

< Cly| < CIN.

Re / (Vo (T 2) = Yo (T 2)) Vi (T 2) da

We deduce that M is invertible, thus d© is invertible on a some ball Bg2(/3). This implies that
© is a diffeomorphism from the ball Bgz(3) (5 > 0 independent of n for n large enough) to
some neighborhood U of 0 € R2.

Let n > 0 be such that Bgz(n) C U. Then, for any at € Bg(n), there exist a unique
A = Aat) € Bgz(B) such that

O(\a*) =(a*,0) and |Ma¥)|<Ca].
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And this concludes the proof of Lemma 3.4.

Proof of Claim 5.3. From (I1.102), we have

dy(p) = (ds®1) " [—(da®1) — (ds®1)dp(p)] ,
dp(p) = (ds®2) ™" (da®y) (da®1) ™" (di®1) — (d3®2) ™" (dr®s) — (ds®y) ™ (diPy)
— (d3®1) " (da®1) (da®s) ™" (d1®y).

Remark that it suffices to prove that

di®1.0(A) = O (|A A])
di1®y.0(X) = O (7411 L AN

Letting [ € H{, we have

i ®1(p,y, p)-l = Re/l(:c) VQu(T,, z)W(z)e o) dr.

d1 Do (p,y, p).l = Im/l(x) E(Tn, z)d.

Recall that o(A) = i (\TY, (T, 2) + XY (T, 7).

di®1.0(N) = Re/i (5\+Y+ + S\_Y_) VQ., Ve #dx

—Im [e—wﬁ / Y+ VO, Udz e A / Y- V@wllldx].

Iy 12

I +1p— /y; VO Udr + /y; VQ.dz + O(|y)).

Since Hf and @), are radial, we have

/yj VOV dr < /yj VO, dr = 0,

and using |y| < |\ we get
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di®1.0(A) = O (M) .

Denote y; = Re (‘AI) = Re (‘d;) and yo = Im (Y)) = —-Im(Y,) .
Recall that Lwyf = :i:ewldf .

d1®y.0()) = Im / i (VYL 4 AYL) Qe Ve

— Re [e—wﬂ/y;@xpdw +e-wx-/—y;@wx].
—_—— —_———
J1 Ja

Ji+Jy = / (—L;yz +iLIy1) Q. Vdx + / - (L;yg + iLIyl) Q.Vdx

= _2i/L;y2 (quj) dz.

Since L, is a self-adjoint operator.

T+ 02 = =2i [y L5(Quw) do + O(ly).

Using the fact that 0,,¥ has a compact support, L (Q.) = 0 and [y| < |\ we get

di®3.0(A) = O (V¥ 4 ADIA) -

This concludes the proof of the Claim 5.3.

6 Computation of some estimates

Proof of Claim 4.5. Using (I1.76) and the compact support of VWU, we obtain the first esti-
mate.

Let us prove the second inequality.

Notice that F': z — |z|2 z = 2?7 is differentiable on C and
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dF ) dF . dF ) dF
dZ (Z) ’Z| ) (dz)g(z) 2 d,g (Z) Z (dg)g(z)
d*F d*F
sz T Ea 0

Since  — H(t,x) is smooth. Then we have,

V (|H(t,x) H(t,x)) = VH(t,2)V.F(H(t,x)) + VH(t,2)V:F(H(t, 7))
V2 (|H(t, )] H(t,2)) = V2H(t,2)V.F(H(t, ) + V' H(t, )V H(t, 2) V.. F(H (t, 7))
+ VZH(t,2)V:F(H(t,x)),
where, Vf = (0,,f),, i=1,2,3.

Using again the fact that V*¥ has a compact support and the exponential decay of @, to

conclude the proof. O
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Chapter II. Construction of a solitary wave solution of the nonlinear focusing
Schrodinger equation outside a strictly convex obstacle in the L?-supercritical
case
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Chapter 111

On blow-up solutions to the nonlinear

Schrodinger equation on the exterior of the unit

ball

Abstract: In this chapter, we consider the Schrodinger equation with a mass-supercritical
focusing nonlinearity, in the exterior of the unit ball of R? with Dirichlet boundary conditions.
We prove that solutions with negative energy blow up in finite time. Assuming furthermore that
the nonlinearity is energy-subcritical, we also prove (under additional symmetry conditions)
blow-up with the same optimal ground-state criterion as in the work of Holmer and Roudenko
[44] on R?. The classical proof of Glassey, based on the concavity of the variance, fails in the
exterior of an obstacle because of the appearance of the boundary terms with an unfavorable
sign in the second derivative of the variance. The main idea of our proof is to introduce a new
modified variance, which is bounded from below and strictly concave for the solutions that we

consider.
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Chapter III. On blow-up solutions to the nonlinear Schréodinger equation on the
exterior of the unit ball

1 Introduction

We consider the focusing nonlinear Schrédinger equation with Dirichlet boundary conditions.

10+ Agu = —|ulP~1u (t,x) e R x Q,
u(to, ) = uo(x) reQ, (NLSq)
u(t,z) =0 (t,x) € R x 09,

where Q = R?\ © is the exterior of the unit ball on R?.

Recall from the introduction that, the local well-posedness for the (NLSq) equation in the ex-
terior of a smooth, compact, convex domain was studied in several articles and it is now well
understood in many cases. Local existence and uniqueness are usually proved by contraction
mapping methods via Strichartz estimates. In [48], O.Ivanovici proved the Strichartz estimates
for (NLSq) except the end point case, using the Melrose and Taylor parametrix, see also [10],
[15], [57]. The local well-posedness in Hj(2), for 1 < p < 5 in dimension d = 3, for (NLSq)
equation in the exterior of a non-trapping domain was obtained by L. Vega and F. Planchon in
[78]. F.Planchon and O. Ivanovici [50] extended the result to the quintic Schrédinger equation
outside a non-trapping domain, see also [1] for d = 2, [58, 94] for global existence for d = 3
and [59] for the defocusing case (Cf. Proposition A below for a precise local well posedness

statement needed for our purpose).

In [58], the authors proved global existence and scattering of solutions for the focusing 3d cubic
(NLSq) equation, whenever the initial data satisfies a smallness criterion given by the ground
state threshold, see also [94] for % < p < 5,d = 3. The criterion is expressed in terms of the
scale-invariant quantities [|uol| .2y [|Vuoll 12y and Ma[u]Eq[u]. Moreover, in [21] the authors
revisited the proof of scattering using Dodson and Murphy’s approach [27], [28] and the disper-
sive estimate established in [49]. In [63], we construction a solitary wave solution for (NLSq)
behaving asymptotically as a soliton on R?, as large time. This solution is global, does not

scatter and prove the optimality of the threshold for scattering given above.

All results mentioned above for (NLSq) concern global solutions but the existence of blow-up
solutions is still an open question which is the purpose of this paper. Before stating our blow-up
results, let us recall the proof of the classical blow-up criterion of Vlasov-Petrishev-Talanov [83],

Zakharov [88] and Glassey [38] which states that finite variance and negative energy solution
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II1.1 Introduction

break down in finite time. This proof is a convexity argument on the variance V'(t) defined as

the following,
V()= V() = [ lault, ) de.
R

Assuming V' (0) < oo, the following virial identity holds:

1 d? 1({d d+2
=S V() = Bgalu] — = | = — =) JJul”!
].6 dtQ ( ) Rd[u] 2 (2 p+ 1) HuHLp—O—l(Rd) 9

If p > 1+ % and Ega[u] < 0 then u blows up in finite time. As proved in [44], in the energy sub-
critical case (d <2orp <1+ ﬁ), the assumption Ega[u] < 0 can be weakened to a condition

on the initial data which can be formulated in term of the ground state (see Theorem 1.4 below).

This proof does not adapt directly to the case of an exterior domain because the boundary
term in the virial identity does not have a favorable sign,

1 d2 1 d d+2 p+1 1 2 —
EEV(“(O) = Eqlu] — = (2 - p—i—1> /Q |u|P™ dz — 1 /89 \Vul|” (z.7) do(z),

2
where 77 is the unit outward normal vector. One can see that x.77 < 0 on 0f2. For that we will
define a new shifted variance V(t) which allows us to control the boundary term and to prove
the existence of blow-up solution for (NLSq) equation. In the energy subcritical case, with
an additional symmetry assumption on the initial data, we prove blow-up with the sufficient
condition obtained in [44] on the Euclidean space.
Before stating our main results, we recall the needed local well-posedness property for (NLSq)

equation posed outside a convex obstacle.

Proposition A. Assumep >3 ifd =2 and 1 + % <p< % if d > 3. Let ug € Hy(QY) then
there exists T > 0 and a unique solution u(t) of (NLSq) equation with u € C([-T,T], H}(Q))
Assume d = 3 and p > 2. Let ug € H* N HL(Q) then there exists T > 0 and a unique solu-

tion u(t) of (NLSq) equation with u € C([-T,T], H* N H}(Q)).

The local existence and uniqueness in Hj () is carried out by classical methods, using fixed
point argument via Strichartz estimates. The proof is very similar to the one for (NLS) equa-
tion posed on the whole Euclidean space. Moreover, the local existence of solutions for (NLSg)
equation in H*NH}(Q) can be established using the fact that H? is an algebra and the following
continuous embedding for any smooth domain Q C R?, H?(Q) C L>(Q), see [15, Proposition
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2.1]. Thus we don’t have to control the nonlinearity growth but we just need regularity of the

nonlinear term.

It is classical that the solution u can be extended to a maximal time interval [ = (=7_,T) of
existence and the following alternative hold:

Either 7'y = oo (respectively T = oo) or T}y < oo (respectively 7T < oo) and

tl_l)ITIi ||U(t, )HH&(Q) = 00, respectively tl_i)l%l_ ||U(t, )HH&(Q) = o©.

Now we state our main results.
Theorem 1.1. Assume © = B(0,1) and p > 5.
o ford =2, let ug € Hy(Q) such that Elug| + s Mlue] < 0 and |z|uy € L*(9),

o ford=3, let uyg € H*N HY(Q) such that Elug) < 0 and |z|uy € L*(9),

and let u be the corresponding solution of (NLSq) with maximal time interval I of existence

then the length of I is finite and the solution u blows up in finite time.
Theorem 1.2. Assume © = B(0,1) and p > 1+ 3.
o ford =2, let uy € H}(Q) such that ug(—x1,z2) = uo(r1, —13) = —up(z1, T2),

o ford =3, letuy € H*NHJ () such that ug(—x1, T2, x3) = ug(T1, —T2, T3) = up(T1, T2, —T3) =

—Uo(llfl, T2, 9153)7

and let u be the corresponding solution of (NLSq) with mazimal time interval I of existence. If
Elu] <0 and |xlug € L*(2), then the length of I is finite and thus the solution u blows up in

finite time.

Remark 1.3. The Theorems 1.1 and 1.2 remain true for (NLSq) outside a ball of radius
r > 1 and centred at any point xo. One would have to use a symmetry around xy instead
of the origin. We can also generalized these theorems for any dimension d > 4, whenever an
appropriate well-posedness theory is available. In dimension d > 4, for Theorem 1.2 we should

suppose d symmetries,
uo(T1,y -y —Xiy ooy Tg) = —up(T1, ., iy oy Tq),  for i=1,2,....d.

More details are given in sections 4 and 5.
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Now we introduce the concept of ground state. Let () be the solution of the following nonlinear

elliptic equation

—Q+AQ+|QP'Q=0, Q=Q(z), zeR (IT1.1)

This nonlinear equation has infinite number of solutions in H'(R?). Among these there is
exactly one solution of minimal mass up to scaling, space translation and phase shift, called
the ground state solution. It is real-valued, positive, radial, smooth and exponentially decaying,
see [60]. We henceforth denote by @, this ground state solution.

Theorem 1.4. Assume © = B(0,1) and s, = 4 — z%‘ Let uy € H}(Q) and let u be the

corresponding solution of (NLSq) with mazimal time interval I of existence such that
e ford=2, ug(—x1,22) = up(x1, —x3) = —up(x1,22) and s. > 0, i.e., p > 3.

o ford > 3, up(xy, ..., —xi, .., xq) = —up(x1, .., Ti, .., Tq), fori =1,2,....d. and 0 < s. < 1,
i.e., 1+§<p<%.

Suppose that,

1—sc¢ 1—sc

Maluo) % Eqluo] < Mypa|Q] =" Epa[Q). (IIL.2)

If (II1.2) holds and

ol 2y Vuollizia) > 1R L2 gay IV (ra) - (I11.3)
Then fort e I,
ol ey IVu® Iz > 1Q 2 (ray | VRN 2 ) - (I11.4)

Furthermore, if |x|ug € L?(Q2) then the length of I is finite and thus the solution blows up in

finite time.

Let us mention that in the L2-critical case we can find an almost explicit blow-up solution
for (NLSq) equation using pseudo-conformal transformation. In this case, we can construct
a blow-up solution for (NLSq) equation by adapting the argument of N. Burq, P.Gérard and
N. Tzvetkov in [14], for (NLS) equation inside a domain.

Assume p =1+ %. Let ¥ be a C*-function such that ¥ = 0 near © and ¥ = 1 for || >> 1

and let ) be any solution of the nonlinear elliptic equation (III.1), (it does not have to be the
ground state) then there exists T > 0 and a smooth function r(¢, ) defined on [0,7") x 2 and
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Chapter III. On blow-up solutions to the nonlinear Schréodinger equation on the
exterior of the unit ball

exponentially decaying as ¢ — 1" such that

u(t, z) = (Tl— t)Q (EET__QUtO)> U(z)e Z(%) +r(t,z)

is solution for (NLSq) satisfying the Dirichlet boundary conditions, which blow-up in finite
time 7. The proof is similar to one given in [14] for (NLS) equation inside a domain in R
We need to construct the smooth correction r such that u is a solution of (NLSq) satisfying
Dirichlet boundary conditions. To achieve this, one define a contraction mapping using the

Duhamel formula on the complete metric space (E, d) such that
E:={f €C([0,T), H*(Q) N Hy(Q)): || fll z < o0},

equipped with the norm

1l = S[up){ew 7112y + € 1Lz -
t

The existence of the smooth correction r follows from the fixed point theorem.

We give a review of some properties related to the ground state (), in section 2 and we prove
Pohozaev’s identities outside an obstacle in section 3, In section 4, we prove the existence of
blow-up solution for p > 5 using a convexity argument on the modified variance. In section 5,
we study the existence of symmetric blow-up solution for p > 1 + % using a different variance.
Finally, in section 6, we study the behavior of the solutions, in particular, the blow-up criteria

for the solutions with initial data beyond the ground state threshold.

2 Properties of the Ground State

Weinstein [90] proved that the sharp constant Cgy in the Gagliardo-Nirenberg estimate

d(p—1) (d—2)(p—1)

1f] prril < Cen HVme Hf”Lz ? (I11.5)

is attained at the function @ (the ground state described in the introduction), i.e.,

1
HQ' IZ:H(Rd)
CGN = d(p—1) 9_d=2)(p=1) -~

IVl 2y 120 s
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I11.3 Pohozaev’s identities outside an obstacle

Multiplying (III.1) by @ and integrating by parts, we obtain

— QN2 ) = IV QU2 (o) + QU ey = O (IIL6)
Multiplying (III.1) by x.V@Q and integrating by parts, we obtain the following identity
d d—2
3 HQHiQ(Rd) + HvQHiQ(Rd) - HQHiﬂl(Rd) =0. (IIL.7)

These two identities (II1.6) and (II1.7) enable us to obtain these relations

) dlp—1) 2
||VQ||L2(R4> = (d+2) —pld—2) ”Q”LQ(Rd)

HQH?J;L(W) = fléi—i_ % HVQHL2(Rd)

and thus, reexpress

d(p—1)—4
2

_ (204 T
o = (3 19 Qe Wiy~ ) 1)
We also compute
1 1 dip—1
ERd[Q] = 5 HVQHiz(Rd) - m ||Q| iﬁil(Rd) = (2pd()) ||VQ||L2<Rd) . (111.9)

3 Pohozaev’s identities outside an obstacle

This section is devoted to the proof of the Pohozaev’s Identity in exterior domain. In the

following Proposition €2 can be the exterior of any regular obstacle.

Proposition 3.1 (Pohozaev’s identity). Let u € H? N H}(Q), |z| u € L*(Q) then we have,

Re/Au S+ 2.Vu) dz /\vu\ dx+2/ Vul? (2.7)do(z). (ITT.10)

Re/QAﬂ (vu,er(dgl)“) dx__(d_ll(d 3) |u|2 /

7| | o fap |:1c|

2/ V)’ —da( ), (IIL11)
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where Vu|” ==

2
ﬁ.Vu‘ and 7 s the outward unit normal vector.

Proof. Using integration by parts and the fact that u satisfies Dirichlet boundary condition
(i.e., u =0 on 0f2), we obtain

Re Au (x.Vu)dz Re 8 O udr — Re [y 0p;0p,u 0, udr
Q k

7,k=1
) d
—l—/m]Vu] (x.) do(x)
2 1 9 13 9

s [t b

/Q|Vu| x+2k§::1 Q|Vu| T 2]; 8Q|Vu| xpny do(x)

Vul® (z.7)d
-I—/m| ul” (x.17) do(z)

d 1

= _/Q’vupdx—QRG/QAﬂudx—i—§/m|Vu|2 (x.77) do(x).

This conclude the proof of (II1.10). Now let us prove (III.11), using the same argument as
above and the fact that,

x?
- ifj=k,

lz[ |«
5, <x> _
Al

we obtain
Re/ Au Vu.— |m| = —— {Z /&Eku 8$k8m]u 7 +8mku 0,0z, U |:EJ| dx]
7,k=1
flf2 Tk
— Re Z/@xjuam]u<| T |3> dr| + Re Z /(‘%kuam]u |j E dx
7,k=1
J#k

+ /8 ) %) ()

. Z/ FRAGKD ] [ e
+/m %) ()

-1 2 2 1 7
_ (4 /'V“‘ az— [ YO dx+f/ vl ) g )
2 o |z o |z 2 Joo ||

dx

J]

EN
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I11.4 Existence of blow-up solution

_ T d—1 1 d—1 d oz
Re/QAuVu.mdx— <2> Re/ﬂ—Auumdx—i—<2> ReZ/Qﬁmkuu de

k=1
—/Q W&'Q dz + ;/m %) ().

Using the fact that,

(S50 e [ e 000 1,

4 |z f?

we obtain (III.11), which concludes the proof of Proposition 3.1. O

4 Existence of blow-up solution

This section is devoted to the proof of Theorem 1.1. We assume d € {2,3}. Nevertheless, the

computations below still valid for d > 4 if an appropriate Cauchy theory is available.

Denote:

T (u(t)) ;:/Qp;y u(t, o) > de,  Tolu(t)) ::/Q|x\2|u(t,x)|2dx.

We will start by proving the following virial identities in the exterior of a convex obstacle, in

particular in the exterior of a ball which is needed in the proof of Theorem 1.1.

Proposition 4.1. Assume that ) is the exterior of a convex obstacle.
Let ug € H*NHY(Q), |z|ug € L*(Q) and let u be the corresponding solution of (NLSq) equation.
Then

;Ztn( () =4 Tm [ a(t,2) 2.Vu(t,2)dz. (I11.12)
éﬁrz(u(m — Fofu] - ; (g _ %) [l i 411/39 Vul? (2.57) do(z).  (TIL13)

And
CZT (u(t)) = 2 ImZ/ (t, 2) u(t, z)da. (II1.14)
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1 d? (d—1)(d—3) [ |ul? — 1)( |u|1[”rl
— T (u(t) = do — /
T6qz () 16 alzp p+ 1)
WU| 9 L1
d —f/ oy Qo). (ILL5
R Vul T do(e). (IIL15)
where |Vu|2 = ﬁ.Vu‘z and 1 is the outward unit normal vector.

Remark 4.2. Recall that, in Theorem 1.1 we assume that ) is the exterior of the unit ball.
We denotes by 1 the outward unit normal vector, i.e., the normal vector exterior to §2, so that
lz| =1 and x.i = —1 on 0Q = 0B(0,1).

Proof. Multiplying the equation by |z|*u and taking the imaginary part we get,
Im/ iOpu|x|Pudr + Im/ Aulz|*udr = — Im/ |ulP~ |z *udz = 0.
Q Q Q

Which yields,

1d 1d

S Tau() = 52 [ lal? ut.2) dr = —Im/QWAuadx.

Integration by parts ensure

2dt/ |z || u(t, )| dx—?ZIm/xkaxkuudx—QIm/uxVudx

This implies (II1.12). Now let us compute the second derivative of Ts.

d—QT (u(t)) : —4d1m/ ux.Vudx
a2 ? dt
=4 (Im/ ot . Vudx+1m/ ux.V( 8tu)dx>
:4(1 (—iAu — ilulP'T )xVudx+Im/ua:VzAu—l—z|u|p ! )dx)
4[ / AuxVudx+Re/ux V(Au)d:c+Re/ —|ulP~'7 2. Vudz
Q

12 IS

+ Re/ ﬂx.V(|u|p_1u) dx}
Q

Is
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I11.4 Existence of blow-up solution

= ReZ/ U 21,0, Audr = ZRe/ Ou, ua;k)Aud:c+ReZ/ u Au (zng) do(x)

:Re/ —VU.xAudx—dRe/ﬁAudx
Q 0

d
41y = —2Re/ At (2.Vu+ 5 u) da
Q

Using Pohozaev’s Identity (I11.10), we get

I+ I ::2/ ]Vu]zdx—/ Vul? (2.7) do(z).
Q oN

I, = Re/ . V(|ulP ') de = — Re/ Va.z [ulP~tudr — d/ |u|Ptt d.
0 0 Q

Using the fact that
V(|ulP™) = (p+ 1) ulP™" Re(@Vu), (I11.16)

we obtain

I3+1=-2 Re/ lulP~'T 2. Vudz — d/ | d
Q

2
_ _p+1Re/ 2V (JuP*) d d/ P+ dz
Q

<—|—]_ — d) / |U|erl dzx.
p

Which yields

& 8d )
S Ta(u(t) :8/Q|Vu|2dx+ <p+1 —4d>/ﬂ|u|p+1 dx—4/89|Vu|2($.n) do(z).

Thus

! d2 1(d d+2 p+1 1 2 —
16z 201 = Falul =5 (2 B pH) [ulttde = [Vl (2.) do(x).

2
This concludes the proof of (II1.13). Now let us compute the first derivative of T;. Similarly,
multiplying the equation by |z|u and taking the imaginary part we get,

1d d d :
i%Tl(u(t)) = ﬁ/g\xHu(t,x)Fd:c = Im/Q —Aul|z|udr = Im;/g a@xju udx.
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Thus, we obtain (II1.14)

d

S0 ult) _21mz/ txi Jult, @)de = 2 W(u(t)).

For the second derivative of Ty, using the (NLSq) we get

2
thT 2ImZ/3tu Oy uda:+21m2/ Oy, (Oyu) dx

—2ReZ/ Au 8$]udx+2ReZ/ |$]| O, (Au) dx

b Jo
+2Re2/ —|ul|P~ g L Gx]uda:+2ReZ/ |—] (|ufP~u) do

Jg J4

We will compute each integral apart, using again integration by parts and the Dirichlet bound-

ary condition, i.e., u = 0 on 0f).

—2ReZ/* Jﬁzj (Au)d x—2ReZ/ zj( >Audm

:—QRe/Vu—Audx—ZRe/ (d — >Audx
Q Q

] |

-1
Ji+Jy: = 4Re/AuVu—dx 2Re/Au(d)udx
|| Q ||

[Re/ AT <Vu.|x’+ (d;Uu‘iJ dm]

Using (II1.11), we get

J1+J2:—4[—(d_1l(d_3)/ IZIzdx—/QWT“” do +2/ Vu |QTTda( )1
Juf?

1)(d—3)/‘ e +4/ 2/ Vu yQﬂda()
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_zRez/ ] O () da

QRGZ/ axJU7||u|P Ide_ZReZ/Uaz] <|J> |p_1udx

| |P+1

:—2Re/ Vu |u\p Yudr —2(d

|

Due to (II1.16), we have

— -1 Juf"*!
Js+Jy = —4Re/ Vu.—|u|p udr —2(d — 1)/Q 7 dx
—4 p+1
L V() de — 2(d — 1) / i g
“ptilafal ]

-2 p+1
D=
p+1 o |z|

Summing all terms, we get

al2 9
pTER dt2/|x| Jul” de
Jul? WM 2d-1)(p—1) M”l
—(d—1 d—3/ dr + 4 /
a-a-9) [ prrae+4 [ B 0o - ZEER
x.n
—2/ V> T g
[Vl T do(e)
This concludes the proof of Proposition 4.1. n

Proof of Theorem 1.1. Let ug € H* N HJ () (we will later relax the assumption to ug € Hg ()
if d =2), |zlug € L*(), Eluo) + §M[uo] < 0 if d=2 and Efu] < 0 if d > 3. Let u be the
corresponding solution of (NLSq) outside the unit ball B(0, 1), with maximal time interval [

of existence. Define the variance used in this proof:
V(u(t)) = / (laf? — 2la| + 10) Ju(t, 2) | da.
Q

From Proposition 4.1 we have

1 @ Vu? 1 (d d+2 vt (d=1)(p—1) [ [uf*!
Toae () = Ealul=5 J Zodo= 2(2_p+1>/|“| AT +1) A o
(d—1)(d-3) IU\Q
- - /Qmsd —f/ Vul? (2.7) 4/ |V —da( ). (IIL.17)
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Let us control first the boundary terms. Recall that € is the exterior of the unit ball, so that
x-n=—1and |z| =1 for z € IN.

1 [Vl i dota) + 5 [Vl T dota) = (5= 1) [, 190l () dota) <o

Now, we will estimate the nonlinear terms. Using the fact that p > 5, we have

1(d d+2 - (d—l)(p—l) Mis
2(2 p+1>/9|“| T, o lo

LAt s e
_ <4gj +51)> [ uptar <o,

Finally, for all d # 2 one can see that,

—W—Jﬂd—$/ﬁﬂ2
dz < 0. I11.18
8 o |z|? v ( )
. —(d—1)(d—3) Jul?
In particular, for d = 3 we have 5 BE dr =0

For d = 2, we use the fact that, Eq[u] + § Molu] < 0 and © = B(0,1). Indeed,

1
/ mg Eqlu] + gMQ[u] < 0.

This implies that the second derivative of the variance is bounded by a negative constant, for
all t € I.

1
d? Eqlu] + =Mglu] < 0 if d = 2,
V(u(t) < —A, where -A= alu] + gMalu]
t Eqlu] <0 if d = 3.
Moreover, integrating twice over ¢, we have that
d

V(u(t)) < —At* + Bt + C, where B = %V(uo) and C' = V(uyp). (II1.19)

By density (I11.19) remains true, if d = 2, assuming that ug € Hg(Q2) and |z|ug € L*(Q2). Due

o (II1.19), there exists T such that V(u(7T*)) < 0, which is a contradiction. Then the length

of the maximal time interval of existence [ is finite and one can prove that the solution u blows
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up in finite time. This concludes the proof of Theorem 1.1. O]

5 Existence of blow-up symmetric solution

In this section we prove Theorem 1.2. Assume d = 2 and © = B(0, 1).
The variance identity here is the following: Let C' > 0 be a positive constant to be specified

later,
V(u(t)) = /Q (| = Claa| — Claa| + C2) [ult, ) da
Denote

Dyi= [ fanlfu(t, o) Pde, Dy i= [ faallu(t,2)Pde.
Q Q

Proposition 5.1. Let ug € H*NH}(Q) and |x|ug € L*(Q) such that ug(—x1, x9) = ug(z1, —22) =

—ug(x1,z2), and let u be the corresponding solution of (NLSq) equation. Then

d _

ZTi(u() = 8 Im /Q _ Opult,x)ult, v) dr, (I11.20)

d? 2

o) =8 [ [Vult, o) | de, (ITL.21)
and

d

ZDa(u(t) = 8 Im/ Oy, ult, z)T(t, x)dz, (I11.22)

e )

@Fg( u(t)) =8 _— |Vu(t,z)|” |ng| de. (I11.23)
Where

Q: =" :=QTU Q" and QFF :={z; €R* and 1, € R},
to={r,eR*¥ andz, € R}  and QO :={x; € R and 2, € R*}.

Remark 5.2. Let us mention that, due to the continuity of the flow, the symmetry properties

of ug, i.e., ug(—x1,x2) = ug(x1, —T3) = —ug(x1,x2) are conserved, that is,
u(t, —xy, x9) = u(t, x1, —x) = —u(t, x1, x2).

Furthermore, one can see that u satisfies the Dirichlet boundary conditions on each set defined
above, QFt QF.
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Proof. Multiply the equation by |z;|u and take the imaginary part to get:

Im/ i@tu|xllﬂdaj+lm/ Au|zy|udr = —Im/ |ulP~ |2y [u da
Q Q Q

=0
which yields

1d

5%/9]351\@(75,3:)]2 dr = —Im/ﬂ]a:l\Auﬂd:U

d o . -
S () : = dt/ﬂ|x1||u(t,x)| dr = 21m/9|x1|Auudx.

Integration by parts ensures,
Im/ |z1|Autde = —Im/ O, (|21]) Oz, u T dx
Q Q
= — (Im/ Oy utdr — Im
O+

=—4 Im/ Oy utdr,
Q++

3xluudac)

Q-

which yields (II1.20). Now, let us compute the second derivative of I'y (u(t)).

Denote:

a(t) :=Im u(t,z) x.Vu(t,z)de, [(t):=Im /Q++ u(t,x) (r — eq).Vu(t, z)dz.

Q++

Thus, we have d
() = 8(a(t) — (1)),

Due to the symmetry properties of u, one can see that a(t) is equal to £=£75(t) and B(t) is

equal to (II1.12) applied to (x — e1), where e; = (1,0). By (II1.13), we obtain,

d d d+2 .
Zralt) = 4By [u] -2 (2 - p+1> /Q++ P+t da — /aw \Vul? (2.7) do(z),
d. d d+2 . ) )
aﬁ(t) =4F [u] —2 (2 - p—l—l) /Q++ |ulP™ do — /as)++ |Vul” ((z — e1).7) do(x).
1 1 » _ .
where, E, [u] = 5 [Vull g2+ — D1 Joes |u|P* dx. Taking the difference between these two
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equalities, we get

S~ se) =~ [ ey =~ [ [VuPmdr

oNt++
which yields

d? 2
ﬁf‘l(u(t)) =8 _ |Vu|"ny dx.

As 71 is the unit outward normal vector, thus we have, n; < 0 on 9Q7". Then, we obtain

d? 2
ﬁfl(u(t)) =38 _— |Vu|™ |n| da.

Recall that
r, ;:/ (2| |u(t, ) [2dz.
Q

We multiply the equation by |zs|u and take the imaginary part to get:
Im/ i0pu|xe|u dr + Im/ Au|zs|udr = — Im/ |u|P~ u|ze|@ do = 0.
Q Q Q

Which yields

1d

§£/ﬂ|x2||u(t,x)]2 dr = —Im/ﬂ|x2|Auﬂdx

d . d 2 _ —
S Ta(u(t)) : = dt/ﬂ|x2||u(t,x)| dr = 21m/9|x2|Auudx.

Integration by parts ensures,

Im/Q |zo| Aut dr = —Im/ﬂ@x2(|x2|)8x2uﬂdzx

=— (Im/ O, uuwdr — Im/ 6x2uudaj>
Q4 Q-

= —4Im/ O, utdr,
Q++

which yields (I11.22). The proof of %Fg(t) is similar to proof of j—;Fl(t), the only difference is

to apply (I11.12) and (II1.13) to (z — e3), where e; = (0,1) instead of (z — e;). Thus, we get

d? 2
ﬁfg(u(t)) =8 - |Vul|”ng dz,
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As 71 is the unit outward normal vector, we have ny < 0 on 9Q7". Then we obtain,

& ,
STau( _8/ Va2 || de.

This concludes the proof of Proposition 5.1. O

Proof of Theorem 1.2. Let ug € HY(Q), |z|ug € L*(2) and Eqlug] < 0 such that ug(—z1,x9) =
ug(z1, —x2) = up(x1, z2) and let u be solution of (NLSq) equation. From Proposition 5.1 and

4.1, we deduce the second derivative of the variance for d = 2,

d? p—3 pil
2V (u(t) = 16Eg[u] —8 (N) / Pt da

+/ [Vuf* [16].77] — 8C (Ina] + [na]) | do(x). (111.24)

Using the fact that p > 3 and Fq[u] < 0, one can see that the first two terms are negative, i.e.,
16Eq[u] — 8 (p+1) Jo lu|PT™dz < 0. Choosing C' > 0 such that

( 2|z.1 ) 2
C' > max =
2€00 \ |ny| + |nal ) |ma] + |ngl
this implies that,
d2
EV( u(t)) < —A, where A >0.

Using the same argument as in the first proof, one can prove that the length of the maximal
time interval of existence [ is finite. Therefore, the solution u blows up in finite time and this
concludes the proof of Theorem 1.2 in dimension 2. For any dimension d > 3, we should sup-
pose that, ug(x1, .., T, .., xq) = —ug(xy, .., =i, .., xq), for © = 1,2, ..., d and using the following

variance:

V(u(t)) = /Q <|yc|2 - C’Z: |z;| + C’2> lu(t, z)* de.

One can check that,

CZ;\/( (1)) = 16 Eqlu] — 8 ( — ;‘fii) / |ufPt da

d
vul? [247214 7] — 2410 M4 1L25
* /a{xl>0,1<z‘<d} [Vl [ EXn Z |n ” o(z) ( )

i=1
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Using the fact that p > 1 + %, Eq[u] < 0 and choosing C such that

-1 -1

d d
o> 2gsleal (Shnl) =2 (3]

i=1 =1

we get

d2

ﬁ\/(u(t)) < —A, where A>0.
Then w blows up in finite time for any dimension d > 3 and this concludes the proof of
Theorem 1.2. O

6 Ground state threshold for blow-up

This section is devoted to the proof of Theorem 1.4. Assume that d = 2 and p > 3.
Let ug € H}(Q) and |z ug € L*(Q) such that, ug(—x1,22) = ug(z1, —22) = —ug(w1, z2). Let u
be the corresponding solution of (NLSq) equation. Moreover, we consider the same modified

variance as in the proof of Theorem 1.2.

V(u(t)) := /ﬂ (l2* = Clas| = Claal + C?) |u(t, ) da.

Lemma 6.1. Let ug € H}(Q) satisfy

Mo [uo]'=5¢ Eo[uo]®® < Mg2[Q]'* Eg2|Q]*. (I11.26)
luoll 2y 1V tol1 3520y > QU2 IV QI ey - (I11.27)

Then the corresponding solution u to (NLSq) satisfy,
Vel uolizs Va0, > 1015 IVQlse) (11.28)

Proof. The proof of the lemma is the same as in [44], [45] for the proof of blow-up solutions of
(NLS) equation on RY. We give it for the sake of completeness and for the convenience of the
reader. The key point is that a function f € H} () extended by 0 outside € can be identified to
an element of H!(IR?). Thus, it satisfies the same Gagliardo-Nirenberg inequality as an element
of H'(R?).
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Multiplying the energy by Mq [u]% and applying Gagliardo-Nirenberg’s inequality for d = 2,

we have,
Malu) 5 Ealul = 5 [Vl Il — — Il Dl
> 5 (190l I5y) = 22 (19l Il )
> £ (Il ey Il )
where f(z) = 2% — iﬂv xP~!. Then, f'(z) = %xﬁ 2. and thus, f'(z) =0 for zog =0
and r; = (%) = [[VQI 12ge) ||QHL2(R2 by (IIL.8). Since (IIL.5) is attained at ground

state @ then we have, f(| ) = Mge [Q] " Eg2[Q], we also have f(0) = 0.

Thus, the function f is 1ncreasmg on (0,z;) and decreasing on (z1,00). Using the energy

conservation, we get

f (HVUHLQ(Q) HuHEf;)) < Molu] = Eglu(t)] < f(x1). (I11.29)

lsp

If condition (I11.27) holds, i.e., [|uo|| 20, | Vuolljaq) > 21 =
and the continuity of [|[Vu(t)| ,2q) in time we obtam (I11.28) for all time t € ].

;. then by (IT1.29)

[
Moreover, if the conditions (I11.26) and (II1.27) holds, then there exists d; > 0 such that
Mg [ug)' ™% Eqlug)® < (1 — 61) Mp2[Q]" ¢ Eg2[Q]. (I11.30)
Thus, there exists d; := d3(d1) > 0 such that
el ol IVullisg > (1+6) Qs IVQl kg (111.31)

Now let us prove that

d2

oz Y (u(t)) < 8(p — 1) Enfu] — 4(p - 3) IV ull?20)

/ Vuf? [16)2.7i] — 8C (Jna| + [na]) | do(x). (IIL32)
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From (II1.24), we have

ZQV( (1)) = 16 Eq|u] ( >/ yu\PH dgj—|—/ ]Vu] 16\x.ﬁ| —8C (|| + |n2])} do(x)
8(p
p+1

< 8(p = DE[u] = 4(p = 3) [ Vullfuqy + [ IVul® [16]e.7i] = 8C (| + |nal) | do(a).

< 8||Vul|?, —

/Q|u|p+1dx+/8m+ Vul? [16]2.7i] — 8C (Ina| + |nal) | do(x)

Multiplying (II1.32) by Mg [u]l%csc and using (I11.9) for d = 2 with the two refined inequalities
(II1.30) and (II1.31), we have

1—sc d2
MQ[U‘] se A2

1—sc

V(u(t) < (8(p = 1)Ealu] = 4(p = 3) | Vulf2(q) ) Malu] =

1—sc

/ Vuf? [162.7i] — 8C (Jna] + |na) | do(x) Mafu] =
—1)(1 = 61) Baz[Q)Mz2[Q) = — 4(p — 3)(1+ 6) [ VQ[3a2y Ma[Q)] =

1—sc

/ Vul? [16]a.ii] — 8C (] + Inal) | do () Malu) =

-3 1—sc
<80 1)(1 = 8) 37— [VQlen Ml Q'S

—4(p = 3)(1 +5) [ VQI[F2 gy M [ Q] =
/ Vuf* [16]2.71] — 8C (ma] + |na]) | do(x) Malu] =,

which yields

1-sc d2
MQ [u] sc

sc

(u(t)) < [4(p — 3) = 4(p — 3)] [ VQI[}2pe) Mr[Q] =
— [4(p = 3)81 +4(p — 3)8] | VQI 7 ey Mie2[Q) 5
[ IVl [16].i] = 8C ( + [ ] dor(e) Malu) 5

2|x.7| 2
[ni[+Hina] — [nil+inz]

of the variance is bounded by a negative constant, for all ¢t € I,

Using the fact that p > 3 and choosing C' > imply that the second derivative

d2
< — .
dtzv( u(t)) < —A, where A >0

Thus the maximal time interval of existence [ is finite and the solution u blows up in finite

time. This concludes the proof of Theorem 1.4 in dimension 2.
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Next, we will give the proof for dimension d > 3. For that, we suppose that
uo(T1,y -y — T4, oy Tg) = —uo(1, ., iy .., xq), for i=1,2,... d.

Using the following variance

Vit = [ 1o - €3kl + € ) utto) s,

i=1

we have,

PN (ult)) = d(p — 1) Eafu] — (2d(p — 1) — 8) [V

d
|Vul|® l2d+2\x.ﬁ|—2d“02|ni| do(z). (II1.33)

+,
{x;>0,1<i<d} i=1

Using the same argument as above, one can check that Lemma II1.26 remains true for d > 3,
see [44], [43]. If the conditions (IT1.26) and (IT1.27) hold then there exists 0; > 0, d2(d1) > 0
1—sc

such that (I11.30) and (I11.31) are valid for d > 3. Multiplying (I11.33) by Mg[u] = and using
(II1.9) with the two refined inequalities (I11.30) and (II1.31), we have

MQ[U]I%SC;;V(U(IS)) < 4d<p _ 1)(1 _ 51)E]Rd[Q]MRd [Q] 1;653

1—sc

— (2d(p = 1) = 8)(1 + &2) HVQHiQ(Rd) Mga[Q]

d
2 d+2 = d+1 1—sc

2 : - 2 O 7 d M Sc
* 9{z;>0, 1<i<d} [Vl l | .7 ; n ’1 o(z)Mgqu]
< (2d(p — 1) = 8)(1 = 01) | VQIIZ2 () Mea Q]

1—s

— (2d(p = 1) = 8)(1+ 62) IVQU ey Ml Q)

d 1—sc
+/ V 2 2d+2 '—-\ o 2d+1c ; d M ?’
8{z;>0,1<i<d} ’ u] l |w n‘ ; ’n ’ ‘7(55) Q[U]

which yields

1=—sc d2

l1—sc

V(u(t)) < ~[(2d(p = 1) = 8)81 + (2d(p — 1) = 8)5] [VQ 72 ) Mral Q) =

d
+ |Vul|? [2d+2|:£.ﬁ| —2d+102|ni|] do(x) Molu] .

/8{asi>0, 1<i<d} =
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Thus P
ﬁ\/(u(t)) < —A, where A>0.
4 -1
Provided p > 1+ 5 and C > 2 (Z |n2|> . Then w blows up in finite time and this concludes
i=1

the proof of Theorem 1.4.
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Chapter IV

Scattering at the threshold

Abstract. In this Chapter, joint work with Thomas Duyckaerts and Svetlana Roundenko, we
study the dynamics of the focusing 3d cubic NLSq equation in the exterior of a strictly convex
obstacle at exactly the mass-energy threshold, namely, when Eq[uo]|Mq[ug] = Ers|[Q]Mgs[Q],
with H} () initial data satisfying an initial mass-gradient bound, where @ is the ground state
solution of the nonlinear elliptic equation (I.6). In this case, we prove that the solution is

globally defined and scatter in both time direction.

111



Chapter IV. Scattering at the threshold

1 Introduction

We consider the focusing nonlinear Schrodinger equation in the exterior of a smooth compact

strictly convex obstacle © C R? with Dirichlet boundary conditions:

i0u+ Aqu = —|ul*u V(t,z) € R x Q,
u(to, x) = uo(x) Vz € Q, (NLSq)
u(t,z) =0 V(t,z) € R x 052

Where 2 = R?\ ©, Aq is the Dirichlet Laplace operator on Q and ¢, € R is the initial time
and we take the initial data uy € HJ ().

1
The scaling given in (I.2) identifies the critical Sobolev space HZ, for the cubic (NLSgq) equation
in dimension d = 3. We may regard (NLSq) equation as being H'({)-subcritical and L?(2)-

supercritical.

Recall from the Introduction that the cubic (NLSq) equation is locally well-posed in H}(f2) in

dimension d = 3.

In this Chapter, we will study the global well-posedness and scattering of the solution. Let us
first recall some earlier results for global existence and scattering, see [78], [10] and [58]. if u has
a finite Strichartz norm then u scatters forward in time or if the initial data is sufficiently small
in H}(Q) then the corresponding solution w(t) is global and scatter in both time directions,
that is,

Ju, € Hy(Q), such that lim Hu(t) - eitAQqu‘

t—r+oo

L o=0.
HY(®)

Recall that the global existence and scattering for large data was studied for the (NLS) equation
posed on the whole Euclidean space in several articles. The authors have studied the behavior
(i.e., global existence and scattering) of the solutions of the focusing cubic (NLS) equation on
R3, whenever the initial data satisfies a smallness criterion given by the ground state solution

of the following nonlinear elliptic equation

_AQw +wa = ’Qw‘2 Qo.n

(IV.1)
Q. € H'(R?).
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In this Chapter, we will denote by @) := (), the ground state which is the unique radial positive
solution of (IV.1). We recall that @) is smooth and exponentially decaying at infinity and char-
acterized as the unique minimizer for the Gagliardo-Nirenberg inequality up to scaling, space

translation and phase shift, see [60].

The question for global existence and scattering was studied in [58] for the focusing cubic

(NLSgq) outside a strictly convex obstacle.

Theorem A. Let ug € H'(R?) satisfy

||u0||L2(Q) ||VU0||L2(Q) < ||Q||L2(R3) ||VQ||L2(R3)> (IV.2)

Then u scatters in both time directions.

The purpose of this Chapter is to study the behavior of solutions to (NLSq) at the mass-energy
threshold, i.e., when

Eolu]Mao[u] = Egs[Q] Mgs[Q]. (IV.4)

In [31] T. Duyckaerts and S. Roudenko have described the behavior of the solutions of the (NLS)
equation at the mass-energy threshold. At this mass-energy level, the (NLS) equation has a
richer dynamics for the long time behavior of the solutions compared to the result mentioned
above. The authors proved the existence of special solutions, denoted by Q and @~. Theses
solutions approaches the soliton, up to symmetries, in one time direction, that is, there exits
eo > 0 such that

—eqt
- <ce (IV.5)

V¢ >0 HQi - e"tQ’

The behavior of Q* on the opposite time direction is completely different, Q= scatters for
negative time but @ has finite time of existence. The existence of these special solutions
is derived from the existence of the two real nonzero eigenvalues for the Linearized operator
around the soliton e®(@Q. Moreover, these special solutions have the same mass-energy of the
soliton, [[VQ™ | j2gsy < [IVQ|12sy and [[VQT || 2gsy < [[VQ| 12(gsy - Thus, if we consider an
initial data ug such that (IV.4) holds and [Juo | j2(gs) [| Vol p2rsy < 1@l 2 gs [IVQIl 12(msy (Resp.
if [[uoll p2gsy Vol porsy > QI L2 (ge) IVQI 2gsy) then the corresponding solution u of (NLS)
is global and either scatter or u = @, up to the symmetries (Resp. either u has a finite time

of existence or u = Q, up to the symmetries.) Moreover, if the gradient of ug is equal to the
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gradient of () then u is equal to Q up to the symmetries.

Note that, the (NLSq) equation does not admit an analogue of these special solutions. In
the presence of the obstacle there are no function in HJ(2) such that (IV.5) hold. Even,
if we extend a function by zero on the obstacle, by the previous work on R3, this func-
tion has to converge to () for large time. However, this function does not satisfy Dirichlet
Boundary conditions. The same remark also hold if a function u € H}(Q) satisfy (IV.4) and
[Vuoll g2y l[uoll 2y = V@l L2ge) @l 12(gs) - By extending ug by 0 on the obstacle then the
solution v must be equal to ) up to the symmetries which does not obey Dirichlet Boundary

conditions.

Now let us state our result.

Theorem 1.1. Let uy € H}(2) and let u be the corresponding solution such that if uy satisfy

Molu] Eglu] = Mgs[Q]Ees[Q]  and [|luol[ 120y IVl 2(0) < 1@l 12ms) [VQl 2as) - (IV-6)

Then u scatter for positive time direction.

The techniques used in this result is essentially based on the approach of the result in the Eu-
clidean setting of the first author and F. Merle in [30] and [31], which also employed methods
of C.Kenig and F. Merle in [55] and in [45], [29]. In particular, the scattering is established
using concentration-compactness argument that requires a profile decomposition method given
by R. Killip, M. Visan and X. Zhang for the problem in the exterior of a convex obstacle in [58]
(for energy-crticial) and in [59] (for the energy-sub-critical). In [31], the translation parameter
is controlled using conservation of the momentum, leading ultimately to the fact that e “u
converges exponentially to ). This conservation law is not available for the NLSq equation,
and we must achieve this control through a new intricate limiting argument, that relies among

other things on the uniqueness theorem in [29].

The Chapter is organized as follow follows, in section 2, we recall some known properties of the
ground state, coercivity property associated to the linearized operator under some orthogonality
conditions. In §2, we recall Strichartz estimate, stability theory and the profile decomposition
for the (NLSq) equation outside a strictly convex obstacle. In §3.2, we use a modulation in the
phase rotation and in space translation parameters near the ground state solution truncated, in

order to obtain some orthogonality conditions. In §, we use the profile decomposition to prove
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a compactness property, which yields to the existence of a continuous translation parameters
x(t) such that the extension of a non-scattering solution w(t,x 4+ z(t)), that satisfies (IV.6) is
compact in H'. In §4.2, we control the space translation x(t) using an auxiliary translation
parameters given by a modulation on R3, local virial identity with the estimation on the mod-
ulation parameters. In §4.3, we prove that the parameter 6(t) = ||VQ||;2 — [[Vul| ;2| converge
to 0 in mean. Finally, we conclude the proof of Theorem 1.1 using compactness properties with

the control of the space translation parameter z(¢) and the convergence in mean.

Notation:

U =0 ©
Define ¥ as a C'*® function such that: { near =,

V=1 if |z|>1.

We write a = O(b), when a and b are two quantities, and there exists a positive constant C
independent of parameters, such that |a| < C'b, and a ~ b, when a = O(b) and b = O(a).

For h € C, we denote hy = Reh and hy = Im h.

Throughout this paper, C denotes a large positive constant and ¢ is a small positive constant,
that may change from line to line; both do not depend on parameters. We denote by || the
Euclidean norm on R3,

For simplicity, we write A = Aqg.

The real L?-scalar product (-, ) means

(f,g):Re/fg:/RegRef+/1mgImf.

2 Preliminaries

2.1 Properties of the ground state

We recall here some well-known properties of the ground state. We refer the reader to to [90],
[60] , [86, Appendix B| and [45] for more details. Consider the following nonlinear elliptic

equation on R?

—Q+AQ+|QPPQ =0. (IV.7)

The ground state is characterized as the unique positive, radial solution of (IV.7). It is also
(up to standard transformations) the unique minimizer of the Gagliardo-Niremberg inequality:
if ue H,

4 3 4 3
||u||L4(R3) < Can ||vu||L2(]R3) ||u||L2(]R3)> ||Q||L4(R3) = Can ||VQ|IL2(R3) ||Q||L2(R3)' (Iv.8)
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Moreover

||U||i4(11§3) = Can Hqui?(Ri‘*) ”u||L2(R3) — 3N € C, 3o € R, Iz € R? : u(z) = Xo@Q(po(z+10))-
(IV.9)

We also have the Pohozaev identities:

HQ||4L4(R3) =4 ||Q||i2(R3) and ||VQHi2(R3) =3 HQHiQ(E@) : (IV.10)
As a consequence of (IV.8), one has

Proposition 2.1. There ezists a function £(n), defined for small n > 0 such that lirr(l) e(n)=0
n—

and

Yu € H'(R?), ‘ ||UHL4(R3)_||Q||L4(R3) +‘||“||L2(]R3) - ||Q||L2(R3) +‘||vu||L2(]R3) - ||VQHL2(R3) <1

— 36y € R and Jzy € R?, Hu —efQ(- — xo)’ <e(n). (IV.11)

H(R3)

Next, we recall some known properties on the decay of @), see [34], [6] and [16, chapter §].

Proposition 2.2 (Exponential decay of Q). Let @ be the ground state solution of (IV.7), then
there ezists a,C > 0 such that for |z| > 1,

a Ce |
_ 2 ol
Moreover,

€7|z|
x|
Lemma 2.3. Let Q be the ground state solution of (IV.7), M > 0 large, X € R® and let g be

a L*-function. Then for k > 0, we have

VQ(@) + V2Qx)| < C

. X B e—kIX]|
1X| >2M — e (% — X) +|VQ(z — X)") g(x) dx = O < X ) . (IV.12)

where O(-) depends on k, g and M.
Furthermore, there exists cyr > 0 such that

67k|X|

x|

/|x|<M Oz — X)dz > ex (IV.13)
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Proof. First, note that
1 .
§|X|<|X|—M<|I—X|, if | X|>2M.

This implies that, for | X| > 2M we have

1 1
=X« MoIXl < po X and <«
c = =ee M — X[ T X

Using the exponential decay of () in Proposition 2.2, we obtain,

efk‘Xl

/|ng Q*(x — X)g(z)dx = O ( ]X|k ) ., for k>0.

Similarly, we get

/IIISM IVQ(z — X)|* g(x)dx = O ( X > , for k>0.

The proof of (IV.13) is similar by applying again Proposition 2.2 and we omit it. O]

Let uw € H}(Q2) and denote u € H'(R?) such that

u(z) Y e Q,
0 Ve e Q°.
Remark 2.4. We denote by Mgs[u] = HuHig(Rg) and Egsu] = 3 HV@Hig(Rg) — i1 ] [L'J;L(Rs) :

Note that, we have Mqlu] = Mgs|u| and Eqlu] = Egs[u]. To simplify notations we will drop the
index Q of the mass and the energy of the (NLSq) equation, so that, we will write M[u] and
Elu] instead of Mqlu] and Equ].

Assume that u satisfies the left-hand side of (IV.11). Then there exists xo € R and 6, € R
such that

Hu —e™Q(- - xo)’

o <em).
Which yields

1 e~ lwol

C ol
This implies that |zo| is large (depending on £(n)).

< 1@ = wo)| 1 gy < (1) (IV.15)
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2.2 Coercivity property

We next recall some known properties of the the linearized operator on R3. Consider a solution

u of (NLS) close to (@) and write u as the following
u(t,r) = e (Q(x) + h(t,x)).
Note that & is the solution of the equation
Oh+ Lh = R(h), Lh=—L_hy+ 1L, 0.
Where

L+h1 = —Ah1+h1 — 3Q2h1, L_hl = —Ahg + hQ - Q2h2,
R(h) :=iQ(2|h|* + h*) + i|h|*h.

Define ®(h), a linearized energy on R3, by
1 5 1 5 1 20290 9
=5 [+ SIvAR - [ Q2en: + 1), (IV.16)
We next define a subspace of H' where ® is positive.
G.— {he Hl\/&chhl _ o,/Qh2 —0,j = 1,2,3}.
Then by [31], there exists ¢ > 0 such that
VieS, @) >cl|hli- (IV.17)
Let h € H'(R?). Define
- ;/|Vh\2 /Q2\112 4 X)(3h2 + h3) + /|h|2 (IV.18)

Where VU is defined in the end of the introduction.

Lemma 2.5. There exists ¢ > 0 and X > 0 large such that for all h € H' satisfying the
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following orthogonality relations
Re/A(Q(a:)\I/(x+X))h(x+X 0, Im/Q U(z + X)h(z + X) dz = 0.
Re/@xk(Q(x)‘If r+ X)h(z + X)dr =0, k=123

Then
Dy (h(-+ X)) > c||hlo - (IV.19)

Proof. Write h(- + X) = h(- + X) +r(- + X), where

h(-+ X) € {feHl\Re/AQf:Im/szRe/@kufzo, k:1,2,3}
r(-+ X) € span{iQ, AQ, 0., Q, 0,,Q, 0., Q}

By (IV.16) and (IV.17), we have ®(h(- + X)) > ¢||h||%:. Write r as the following

3
X)=> a0,,Q + BiQ + vAQ.
k=1

Taking the real L2-scalar product in R? of r with Q) and using orthogonality condition with

Lemma 2.2 we get

1 OV = 1 n — h(- i
B—W(T(w@(),%@) = IIQIIiz((h( +X) = h(- + X),iQ)

1 -
- (Im/h(a: +X)Q(@)dr —Tm [ b + X)Q(x) d:v.)
Q|7
By the definition of h, we have Im [ h(z + X)Q(x)dx = 0. Using the orthogonality conditions

and the exponential decay of () with Lemma 2.3, we obtain

—1 h X d
= ||@||L2 m [ e+ X)Q()s

Im/h 7+ X)Q(@)V(x + X) dr — Im/h 2+ X)Q(2)(¥(z + X) — 1)dz

QI HL2

HQHLz
= O(e ™ 1l ).

Similarly by taking the scalar product of r with AQ and 9,, Q) and using orthogonality condi-

tion with Lemma 2.2 we obtain v = ay, = O(e ™1 ||h|| 41 ).
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Thus
7l < Ce IR
[y (r(- + X))| < e[ A|[5:
We have,
Oy (h(-+ X)) = Py (h(- + X)) + Py (r(- + X)) + 2By (h(- + X),r(- + X)),
where
Ba(f.9) = 5 [ VA@T0(@) + fi(2)01(2) — 3Q) W3 + X) (o) (o) da
b5 [ V@0 + hE)e) - Q@)W @+ X)fo(a) ga(a) dr.
and
|Bu(h(- + X),r(- + X))| < e ¥ [[h| 0
Then,

Dy ((- + X)) = DR + X)) + O (1 1] 1) > C 1)
This implies that, there exists ¢, R > 0 such that for | X| > R

Oy (h(-+ X)) > cl|hl 7 -

2.3 Cauchy theory and profile decomposition

Next, we recall results needed in Section 4.1 to prove the compactness property, up to a space

translation, of a critical solution of (NLSq) equation using a profile decomposition. We will

use the same notations as in [58]. Without loss of generality, we assume that 0 € © = Q¢ and

6 c B(0,1).
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We define y a smooth cutoff function in R?

1 lz| < 1
x(r) =
0 2| > 1.

We define spaces S¥(I), k = 0,1, as follows, in order to avoid the endpoint of Strichartz

estimate for exterior domain, see Theorem 2.6 below.

SO(I) = LL2(I x Q)N L Ly (I x Q),

SUI) i ={u:IxQ— C|u (-Ag)Tu e S°(I)}.

By interpolations,
2 3 3 .5
HUHLng(IxQ) < |lullgo(sy, forall p + Y with B < g < oo.

Similar estimate hold for S'(I). We will, in particular, use (g, r) equal to (5, %) and (00, 2).

One particular Strichartz space we use is

1.30

XY(I) = LYHy " (I x Q).

Note that, by Sobolev embedding, there exists C' > 0 such that ||f||L?7ZUXQ) < Clfllxaq -

Note that, we define S°(T), respectively S*(I), such that only all Strichartz pairs used in this
paper are covered. Nevertheless, one might also consider ¢ > 2 + ¢, for all £ > 0 to avoid the

endpoint.

Furthermore, we define N°(I) as the corresponding dual of S°(7) and

NYI) ={u:IxQ— C|u, (—Ag)2u € N°(I)}.
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Chapter IV. Scattering at the threshold

So that, we have

< for all 2,33 ith > <g<
||U||N0(1) > ||U||L3’L£/(IXQ) or a. & + Y wi 5= q > o0,
1 1 1 1
*‘i‘*,:]_, and *‘*‘*,:1
qg q roor
In particular, we will use (¢, ') = (3, 23) the Holder dual to the Strichartz pairs (¢, ) = (5, 2).

One can get similar estimate for N'(I) using the same pair, see Theorem 2.6.

Next, we recall the Strichartz estimates with the above notations as follows:

Theorem 2.6 (Strichartz estimate, [48]). Let I be a time interval and to € I. Let ug € H}(Q)
then there exists a constant C' > 0 such that the solution u(t,x) to the nonlinear Schrédinger

equation on §2 X R with Dirichlet boundary conditions

10+ Aqu = f on R x Q.
u(0, ) = uo(x)

ujpo =0

satisfies

lllsocry < € (ol 2y + 1L llwor) -
and

lullsi ity < € (ol gz o + 1 f L) -

In particular,

HuHXl(IXQ) <C (HUOHH(%(Q) T HfHLng’gg(I><§2)> '

0

Proposition 2.7 (Local Smoothing, Corollary 2.14, [59] ). Given ug € H (), we have

1 5
31 1 : 2
< ReoT's e”AQ 0 Upl| ¢
0 L7 (RxSQ) “ OHHol(Q)’

HVe”AQuo‘ 5 30
L2LT17 (Jt—7|<T, |lz—z|<R) —

uniformly in ug and the parameters R,T > 0, z € R and 7 € R.

Lemma 2.8 (Stability,[58]). Let I C R be a time interval and let @ be an approximate solution
to (NLSq) on I x Q in the sense that

0yl + Nqii = — |a* @+ e, for some function e
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Assume that

HaHLOOH(}(IXQ) <& and Hﬁ”Lgx(le) <L

for some positive constants & and L. Let ty € I and ug € H(Q) and assume the smallness
conditions
[a(to) = ulto)ll gy ) < € and |lellyiy < e

for some 0 < e < e1 =¢1(E,L). then there exists a unique solution u : I x Q@ — C to (NLSq)
with initial data u(ty) = ug satisfying

|u— u“Xl(IXQ C(€, L)e.

Theorem 2.9 (Linear profile decomposition in Hj(€2), Theorem 3.2 [58]). Let {f,} be a bounded
sequence in H(S). After passing to a subsequence, there exist J* € {0,1,2,.....00}, {¢J 3]_1 C
Hi(Q), {ti})-, C R such that, for each j either tJ = 0 or t) — Foo and {zi}/., C Q
conforming to one of the following two cases for each j :

Case 1: 23 = 0 and there exists ¢/ € HL(Q) so that ¢i := eitndag,

Case 2: |23 | — oo and there exists ¢ € H'(R®) so that

oh = o = ) with o) i ()

]

Moreover, for any finite 0 < J < J* we have the decomposition

J -
=2 dh+wi
i=1
with w! € HY(Q) satisfying
’LtAQ J _
Jim, hgl%s;jp s mxey = 0, (IV.20)
J
Jim {11 - 32 067] - i]} o, (v 21)
J

lim {
n—oo

>
ZE ]} =0, (Iv.22)
IAq

2wl (x +2)) =0 weakly in H'(R?), (IV.23)
Lim ’xﬁl - xn’ + ‘tfI - tfi’ =oo for each j # k. (IV.24)

C

Theorem 2.10 ([58]). Let {t,} C R be such that t, =0 ort, — +oo. Let {x,} C Q be such
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Chapter IV. Scattering at the threshold

that |z,| tends to oo, as n goes to co. Assume ¢ € H'(R?) satisfies

VOl 2y 191l r2mey < V@ p2ma) 1Q] 2@y (IV.25)
Mps [¢] Ers[¢] < Mps[Q] Ers[Q)]. (IV.26)

Define
Gn = € [(Xn0) (@ — 2)], with xn(z) = X ( - )

||
Then, for n sufficiently large, there exists a global solution v, to (NLSq) with initial data
v, (0) 1= ¢y, which satisfies
loallzs_@xay < € (I8l as)) -

Furthermore, for any € > 0 there exists N, € N and ¢, € C.(R x R3) such that, for alln > N.

v, (t = tn, x4+ x,) — Ve (t, )| <e. (IV.27)

30
L5HY 1T (RxR3)

Remark 2.11. Note that, we have made a slight modification in the notation of the above
result, in order, to keep the consistent notations in this paper. We denote v,, the extension of
the solution v, by 0 on Q°, such that v, € H'(R3). Let us mention that ¢, is well defined in
H}(Q), indeed, by the definition of x, and as |z,| — oo, we have

If x € 02, then xn(x—x,) — 0, asn— +oo.

Moreover, one can check that the energy-mass assumption (IV.26) is equivalent to one given in
[58, Theorem 4.1] using the following identity.

{uo s Elug| Mug] < Ers[Q]Mpgs [Q]} = U {uo : Elug] + AM [uog) < 2\/)\ER3 (Q] Mpgs [Q]}

0<A<o0

3 Modulation

Let uw € Hj(2) and define
ou) := /]R 2 /Q 2
(u) ’ 5 V) [Vl

Assume that,
Mlu] = Mgs[Q],  Efu] = Egs[Q)]. (Iv.28)

Lemma 3.1. Let u € Hy(Q) satisfying (IV.28) and 6(u) small enough. Then there exists
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Xy € R3 large and 0y € R such that
e Pu(z) = Q(z — Xo)¥(x) + h(z), (IV.29)

with ||b]| g1y < €(0(u)) where (6(u)) — 0, as d(u) — 0.

Proof. Let u € H'(R?) defined as above (IV.14) and observe that 6(u) = §(u). By Proposition
2.1, since
Mlu) = Mgs[u] = Mgs[Q], FElu| = Egs[u] = Egs[Q)]. (IV.30)

and 0(u) is small enough then there exits 6 € R and X, € R? such that
e "u(z) = Q(z — Xo) + h(x)

with ||iL||H1(R3) < E(d(u)), where £(6(u)) — 0 as d(u) — 0.

Moreover, if x € Q¢ then u(x) = 0 on Q°, which implies that
r€Q° = Qzr—Xo) +h(z)=0, (IV.31)

and for 0(u) small enough, by (IV.15), | Xo| is large such that

We write,

u(z) = Qr — Xo)¥(z) + (1 — ¥(2))Q(x — Xo)) + h(z)
= Qr — Xo)¥(z) + h().

Using the fact that (1 — W) has a compact support, @) having an exponential decay, | Xo| being
large, and Lemma 2.3, we get

17l gy < E(8(w)) + Ce™ X0l < &(3(w)).

By (IV.31) and the definition of ¥, we have
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Thus, h(z) =0 on 9 and h(x) € H}(), which concludes the proof. O

Lemma 3.2. There ezists 6o > 0 and a positive function €(0) defined for 0 < § < ¢, which
tends to 0 when & — 0, such that for any u € H}(Q) satisfying (IV.28) and §(u) < by, there
exists a couple (11, X) € R x R3 such that the following hold

u Qv = X)U(@)e| ., o < =(0), (IV.32)

and
Re/ u(@) 8y, (Qz — X)W(x))e #dr =0, k=1,2,3, (IV.33)
Im / X)W (2)e Hdz = 0. (IV.34)

The parameters p and X are unique in R/7Z x R3 and the mapping u — (u, X) is C*.

Proof. Let

®: Hy(Q) x R* x R — R*
(U, X s ,U) — ((I)k(uaX> N))1§k§47

where
Oy (u, X, 1) = Re/ (@) 0, Qe — X)W (z))e # dr, k=1,2,3,
Dy(u, X, 1) Im/ X)U(z) e *dx.
Let Xy € R3. Note that ®(Q(- — Xo)¥, X,0) = 0, indeed, using integration by parts we get
Q[ = Xo)¥, X0, 0) = Re [ Q& = Xo) ¥(x)d, (Qlw — Xo)¥(x)) da

fRe/a,Ek (x — Xo)¥(x))?) dz = 0.

B4(Q(- — X)W, Xo,0) = Im/QQ r — Xo)2W(2)? da = 0.

 Step 1: Computation of d(x,,)Py.

g, P4 ) = ~Re e u@)02,(00,Qw = X) V(@) do
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Integrating by parts, we obtain

If k£ = j, we have

5
e

DL(Q(- — Xo)¥, X,,0) = Re/g(@er(x — X)) dx + Re/g(&;jQ(x — X)) (U(z)? — 1) dz
v Re/ﬂ@(z — Xo)0u, Q(x — Xo)U(2)D,, U(x) da.

Using the fact that d,,¥ has a compact support and the exponential decay of @, we

obtain
94 (Q( — Xo)¥, X0,0) = [0, Q. .+ Oe2Xoly
an k 0 5 20, — x; L2(R3)
1 _
=3 ||VQ||i2(]R3) +O(e 2P,
If £ # j, then
0
E3% Q(Q( — Xo)¥, X,0) = Re/ 02, Q(z — Xo)¥(2)0,, (Q(r — Xo)¥(x)) dx
j Q

— Re /Q 02, Q(x — X0)a, Q& — Xo) W2 (x) da
+Re /Q 02, Q(x — Xo)U(2)Q(x — X)0y, U (x)dx
- Re/g@sz(x ~ X0)ds, Qo — Xo)dz

+ Re/ﬂ@ij(x — X0)8n, Qx — Xo)(U(z)? — 1)dz
+ Re/ﬂﬁx]@(m ~ Xo)U(2)Q(x — Xo)Oy, W(x)da.

Using the same argument as above and the fact that @ is radial (/ 0,,Q0,,Q = 0, if

k # ), we obtain
0

an (I)k(Q( - XO)\I[, X(), O) = 0(6_2‘X0|)‘
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Next, we compute %Cbk(u,X, )

0 L

@Q);C(U,X, W) = Re/Q —ie” " u(2)0y, (Q(x — X)¥(z))dx.
0

5y QU = X0)W. X0, 0) = Im/Q Oz — Xo)W(2)d,, (Q(z — Xo)¥(x))dz =0

e Step 2 : Computation of d(x ,)P4.

88XjCI>4(u,X, W) = —Im/sze_i“u(x)(ﬁij(a: — X)U(x))dx

We get

B
o i@ = Xo)W Xo.0) = - Im/Q Q(z — X0)(2)0,, (Q(x — Xo)¥(x)) dz = 0.

0 e — r)dr
5 (X p) = I [ —ie~Pu(a)Q(a — X)¥(x)d
0

g (@0 = Xo) ¥, X0,0) = — [ Qo — X)W
=~ [ Q- X0~ [ Q= X (¥ - 1)

2 -
== ||Q||L2(R3) +0(e Q‘XO‘)'

o Step 3: Conclusion.

Combining Step 1 and Step 2 we get

% HVQ”i?(R?’) 0 0 0
0 3 V@ : 0 0
d(X“u,)Q(Q<- —_ Xo)\I}7X0’ O) e 3 || ||L2(R3) X ,
0 0 VO O
2
’ 0 0 Q)
+ O~ o),

We can deduce that d(x ,)® is invertible at (Q(- — Xo)¥(-), Xo,0), if [ Xo| is large. Then,
by the implicit function theorem there exists €, 79 > 0 such that for u € H}(Q),

[u() = QC = Xo)¥()[510) < €0 == X, ), |+ X=Xo| <o and P(u, X, 1) = 0.
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Let u be a solution of (NLSgq) satisfying (IV.28). In the sequel we will write

Let Ds, = {t € I;6(t) < 0o}, where I is the maximal time interval of existence of w.
By Lemma 3.2, we can define C' functions X (¢) and pu(t), for t € Dj,. We will rather work
with the parameter 0(t) := p(t) — t. Write

e~ 0Oyt x) == (14 p(1))Q(z — X (8))¥(z) + h(t, z), (IV.35)

where h(z) € H}(Q2) and

This implies that

e Oty (tx + X (1) = (14 p(t))Q(x)¥(z + X () + h(t,x + X(1)), (IV.36)

where h(r) € H'(R?) is define by

h(t,z) Vz e,
hit,2) o= "7
0 Va € Q°.

One can see that p(t) is chosen such that h satisfies the following orthogonality condition

Re/QA(Q(x ~ X () U(2))h(t,z) do =
Re/A(Q(az)\I/(x + XNtz + X((t)dr =0. (IV.37)

By Lemma 3.2, h also satisfies the following orthogonality conditions

Im/ﬂ h(t, 2)O(x — X (£)U(z) de = Im/ﬁ(t, 2+ X1))Q@)U(z + X(1)dr =0. (IV.38)
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Re | h(t,2)0,,(Q(x — X (1)¥(2)) dr =

Re/@(t, T+ X)), (Q)¥(z + X)) de =0, k=1,2,3. (IV.39)

In the following lemma, to simplify notation, we denote f(- 4+ X) by f, () for any function
f. If fis a complex function, then we denote by fi,(-) the real part of f, and by fo,(-) the

imaginary part.

Lemma 3.3. Let u(t) be a solution of (NLSq) satisfying (IV.28). Then the following estimates

hold for t € Ds,,
o) o( —2X<t> /Q\P N 21X (@) 5+ 0 o2 X ()]
p(t)| + ‘ Xa:—i-( )zt—i— ()
X ()] o X (1) X (1)
e 1X(@)
< 1O+

[ X ()]

) . (IV.40)
Proof. Let 6(t) := |p(t)| + ||kl + 6(t), which is small if §(¢) is small. By the expansion
of u in (IV.36) we have e “O~y(t. 2 + X (1)) = (1 + p())Q(z)V(z) + h (t,z), thus if

r+X(t) €Q, u(t,z+ X(t)) = u(t,z + X(t)), otherwise u(t,x + X (t)) = 0.

« Step 1: Approximation of |p| using mass conservation.
Since M{u| = Mgs[u] = Mgs[QV, + pQV, + h | = Mgs[Q], we have,

/ <Q2(‘I’§( ~1)+20 QPUR+20QU by +PPQPTR +2QW by +|hx|2)d:v = 0. (IV.41)

Using (IV.41) and Lemma 2.3, we obtain

20l |[ @ w3 - ‘2 JQueh, + [QW = 1) 42 [QU.by dot g [ Q202 4 [ | P de
o21X ()]
—2‘ QU hxd:c+0<6+ )
/ ' X ()
which yields
! O b del w0524 IV.42
= + t— .
1= 317 | QUi i ( \X(t)l2> (1v-42)

« Step 2: Approximation of |p| in terms of ¢.
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By the definition of §(¢), we have
50) =| [[9(QU, + pQu, + b,)[ do — [19QP daf
= | [IVIQUF + 20 9@V + 7 [T (QUF + 27(Q0,). 5,

2
+2V(QW,).Vhy, + |Vh,| —/|VQ|2dx

Using integration by parts and the orthogonality condition (IV.37), we get

50 =| [ I9QR (2~ 1)+ 29Q - Vw,Qu, + @2 70,

+o+p%) [19QUP + [IVbP

Using the fact that (U2 — 1), V¥ have a compact support and by Lemma 2.3 we get,

| 0 O (52 2|X(t)> (IV.43)
pl=——m— + ) .
2 ||VQ||i2(R3) X ()

e Step 3: Energy and Mass conservation.
We denote: g = pQW¥ . + h, . Since Egs[u] = Eps[QV + g] = Egs[Q)], we have

s Iv@uoP - [1var - [@eh v [+ [vQu) v - [QUulg,
(IV.44)

1 1 1
5 [199P =5 [ @236t +63) — [ QU lgPgr — 1ol =0 (1V.45)
First, we estimate (IV.44), for that we denote:

A= [19QuP -5 [IVQF — | [@wh 4 [ ot
Aulg) = [ VIQU)-Var — [ Qg
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In this step we show,

o—21X ()

o) = 5 [lo 2 [VQv, 0 - [Qav, g - [QUw (w2 -1y,

21X ()|
+(Txar) e

Using the fact that V¥, (I2 — 1) and (¥ — 1) have a compact support and Lemma 2.3,

we have

A= [IVQuP -~ [IVQF - [@'vh+ | [@'= ( —2|X><’>> |

Next, we will compute A (g). Using integration by parts, we obtain the following equal-

ities,
[ V@QU)Va =~ [AQUI9 =~ [AQU g —2 [ VYU g9 - [ QA g1

- (@ = [ QW g~ [ QU (¥~ 1)

Using the equation (IV.7) of Q we have
[2Qu.g+ [QUg = [Qu, g
Which yields
Anlg) == [ QU =2 [VQ.VY, g — [ QAT g~ [ QM0 (32 ~ 1.
Since Mu] = Mu] = M[QU, + ¢] = M[Q] we have,
J@@ -1 +2 [Qug+ [lgP =0

e 21X (@)
—/Q‘I’Xgl 2/|9|2 ( XOP )
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This implies

1 —21X ()
Aplg) = 5/’9’2 — Q/VQ.V\IJX g1 — /QA‘I’X g1 — /Q?"I’x(\l'i -1 +0 ( \X(t)|2> '

Step 4: Approximation of ||h||H3(Q) :
Recall that g = p Q¥ + h . In this step we prove

=X @)l =X (#)]
~ e e ~
[ty = O (Il 45 + )

X0 T xO

Summing up all terms (IV.45), (IV.46) and (IV.47), we obtain

[ 0@u, P -2 [VOVE QU +hy,) ~ [QAV, (pQU, +hy)
QU - 06QU, b+ [ VU + ) 5 [ QVE0Q, + )+ 1)

21X ()]

B 2 _1 4 — 7 | =
[ QUp QU+ b QU + hyy) 4/'0Q‘Px+hx'+0<|x<t>|2> 0

Denote:
Br(h) = =2 [ V.V, (pQU, + 1)~ [ QAV, (pQU, + 1)
— [ QU (W~ D(pQU + ).
1 1
Bhi(h) =5 [10QU + b P+ 5 [[V(pQu, + 1)
BJQVL(E) = _;/Q2\Iji (3(IOQ\I}X +hlx)2 +h§x) - /qux|pQ\IjX +hx|2(pQ\pX +hlx)

1

‘ 2

Next, we estimate each term. Using the fact that V¥, AW and (¥? — 1) have compact
supports and Lemma 2.3, we obtain

Bi(h) =~ [(2VQ.VU, + QAW )(pQU, + 1)~ [ QW (V2 ~1)(pQU, + hy)

O <| |6—2IX(t)\ eI X @) o > 0 <| |6—4\X(t)| 12 6—3|X(t)l>
= P + Afjgr | + Pl 1 tlallm w3 )
X X @r Xl ROl
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Using the orthogonality condition (IV.37), we get

Bl = [10@u, + 0P+ [[VpQu, +n)[
- 5/@?@1 w0 QUi+ L [+ [9QEF 4o [VQu,) i,
o

:p/@qf by, + /W /\vm?+0(!p!2)-

By ) = — [ Q0 (a0, [ o [ QU Py~ [ QU by,
-2 / QY02 (313, —p / QWb P ~2p [ Q2 1, o' [ Q'
= 30* [ Q0 by, — 3 / Qw2 [t =t [t =¥ [t
By the equation (IV.1) and using again the orthogonality condition (IV.37), we have
~3p [ Q"W by = =3p [ QU —3p [ QUE(W, — Dby, —6p [ VQ.VU, by,

e~ IX(®)]
30 [ 30, Qts, =8 [ Q40 (Il )

Using the fact that
p [ QUlh*hy, = Ollpl IA3)
2
p
2 [Quien, + 1)~ p [ QU2 ~20 [ QW2RE, = OP i} + ol IAI5)

7 [ QU hi =35 [ QU ki, = Ol [l + 1P 12l )

and

4

p
2 Qi — g [Qhet =2 [t = ot + 7).
we obtain

1
By = — [Q0200, +83) ~ [ QU b Phi, — 5 [0 3 [ QU b,
*IX(t)I

+0 (1l ++19 e Wl +107).
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Thus,

1
Bu(h) + Bly(h) + By () = o [ 1 — 5 [ QW28 +12,) + 5 [ 1VP
1
- [1mt = [Qun, h1X—2p/Q\I’ hn,

O<||I|h\|2 P o ) (1V.48)
= PLI g + [pI” + + .
" X X

Recall that, from (IV.18) we have
1
/|Vh|2 - f/QQ\IIQ 3h2_+h2 )+ §/|@|2.
By (IV.48), one can see that,
1
u(hy) =7 [0l + [ QU Phi +2p [ QU

) , e 2XO1 ooIx@)
+O (1o Ialg + 1" + 7+ [l | -

xwp T
Thus,
3 e AXOL -IXO)
outh )] = O I+ 24l QU |+ 107+ S+ S e )
By the coercivity property (IV.19) we obtain
L eX)

It =0 (164 5%+ S + | @] ).

By (IV.42), we deduce
L elxOL mxol
g = Wl ey = 0 (11 + 82 + e + et (V.19

and thus by (IV.43), we get
~ e_‘X(t)l

=019+ Tegay)

which implies (IV.40) and this concludes the proof of Lemma 3.3.
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Lemma 3.4. Under the assumptions of Lemma 3.3, for allt € Dy, :

O+ X0+ 00 =0 (5+ et (V.50
o]+ X' @)+ 10()] = + :

| X ()]
Proof. Let 0*(t) :== o(t) + |p'(t)| + | X'(t)| 4 |0'(t)|. Using the equation (NLSq) , Lemma 2.3 and

Lemma 3.3 we obtain,

i0h+ Ah+ipQ U —iX'-VQ V—0Q VU
o 1X() o~ X

Xl O )

=0 (5 + )) in L2, (IV.51)

By the orthogonality conditions (IV.38), (IV.39) and Lemma 3.3, we have

Im/ahQ xpdx—lm/hx' VQ  Udr=0 5*(5+e_|X(m) (IV.52)
o e g - a (X@®)1°) '

3
Re /Q Oh D, (Q  W)da :jlee /Q h X (D, (0,,QU)) da

)) L k=1,2,3, (IV.53)

o 1X ()

Re/QathA(Q,Xq/)dx - ]ZlRe/QhX;A(aijX\I/) dz = 0(5*(5+ 0] )). (IV.54)

Multiplying (IV.51) by Q_, ¥, integrating the real part, using (IV.52), the orthogonality con-
dition (IV.37), and then integrating by parts, we get

(IV.55)

=X @)l =X @)l
\e’y:o<5+e ‘ ))

x0T X

Similarly, multiplying (IV.51) by 0,,(Q_, V), j € 1,2, 3, integrating the imaginary part, using
(IV.53) and Lemma 3.3, we obtain

O 5 eX(t>|>> -

+ " —|— 7 ._7 = ]'7 7 N
| X(2)] | X(2)]

Multiplying (IV.51) by A(Q_,¥), integrating the imaginary part, and using (IV.54) and

X0 = 0 (6 ‘ (IV.56)
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IV.4 Scattering

Lemma 3.3, we get

/=0 <5 N e~ X @ 56 eX(t)|)> (IV.57)
[ X (1)] | X (t)]
Summing up (IV.55), (IV.56) and (IV.57) we obtain
5 =0 (5 L g Y ))
[ X ()] (X ()|
which concludes the proof by choosing dy sufficiently small. m

4 Scattering

In this section, we prove Theorem 1.1. We start proving, in §4.1 that the extension u of a
non-scattering solution u to (NLSq) equation satisfying (IV.2) and (IV.3) is compact in H'
up to a translation parameter x(t) in space. In §4.2, we prove that the space translation x(t)
is bounded by approaching it by an auxiliary translation parameters given by previous work
on R3, in [31]. Moreover, we use a local virial identity with the estimates in Section 3 of the
modulation parameters to get a spacial control and to conclude the proof of Proposition 4.1. In
§4.3, we prove that the parameter §(¢) converge to 0 in mean. Finally, combining the results of
earlier section, the compactness properties with the control of the space translation parameter
x(t) and the convergence in mean, we obtain a contradiction of the existence of a non-scattering

solution, therefore, we conclude the proof of Theorem 1.1.

4.1 Compactness properties
Proposition 4.1. Let u be a solution of (NLSq) such that
Mu] = Mgs[Q],  Elu] = Egs[Q],  luoll o) < [VQI L2gs) - (IV.58)

which does not scatters for positive times. Then there exists a continuous function x(t) such
that
K= {u(z + z(t),1), t € [0,+00)} (IV.59)

has a compact closure in H'(R?).

Proof. 1t is sufficient to show that for every sequence of time 7 > 0, there exists (extracting if

necessary) a sub-sequence z,, such that u(z + z,,7,) has a limit in H}(Q).
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Chapter IV. Scattering at the threshold

By the profile decomposition in Theorem 2.9, we have

Up = u(z, 1) Zqﬁ] (x). (IV.60)

We need to show that J* = 1,w} — 0 in H}(Q) and #/ = 0. By the Pythagorean expansion

properties of the profile decomposition we have,

in im M[¢]] + lim Mlw,] = lim M[u,] = M[Q)], (IV.61)
‘]:
XJ: i ¢] + hm FElw ] = nh_r}glo Elu,) = E[Q]. (IV.62)
Jj=1

Scenario I: More than one profile are nonzero, i.e., J* > 2. Thus, there exists an £ > 0 such
that for all j,

MI$3)E[61] < Mis[Q] Es[Q] — (IV.63)
162 20y [0 121y < 1@ z2qe0 9@ 2 ey — € (IV.64)

Recall that by [58, Theorem 3.2], if vy € Hj(f2) satisfies

||UO||L2(Q) ||VU0||L2(Q) < ||Q||L2(R3) ||VQ||L2(R3)» (IV.65)
M[Uo]E[’Uo] < Mps [Q]ERS [Q], (IV66)

then the corresponding solution v(t) of (NLSq) scatters in both time directions.

e Suppose j is as in Case 1 (Theorem 2.9), i.e., 27 =0 for all n :

When #/ = 0, we define v/ as the solution to (NLSg) with initial data v7/(0) = ¢’. Then by
(IV.65) and (IV.66), v’ is a global and scattering solution.

When tJ — 400, we define v7 as the solution to (NLSq) which scatters to e?22¢/ as t — 400 :

i [0 - 20

mw O

In both cases, we have

Jim [l (22) -

(IV.67)

Thus, by (IV.65) and (IV.66), v’ satisfies (IV.65) and (IV.66) and we see that v’ is a global

solution with finite scattering size.
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IV.4 Scattering

Therefore, we can approximate v/ in L>H L (R x Q) by C°(R x R?) functions. More precisely,
for any € > 0, there exists ¢/ € C2°(R x R?®) such that

€

b1 R,Q) — 2

-

Let vl (t,z) = v/(t + t/,z). Then from above v/ is a global and scattering solution and by
changing variables in time, for any ¢ > 0, there exists ¥/ € C>®(R x R?) such that, for n

sufficiently large, we have

|vi(t,2) = I(t + 8], 2) <e. (IV.68)

L5 H T (RxQ)
e Suppose j is as in Case 2 (Theorem 2.9):

We apply Theorem 2.10 to obtain a global solution v/ with v/ (0) = ¢/. Furthermore, this
solution has finite scattering size and satisfies, for n sufficiently large,

“yﬂ(t, z) =PIt + 1,z — ) < e. (IV.69)

511 (R R3)
In all cases, we can find ¢ € C° such that (IV.69) holds and, there exists C; > 0, independent
of n, such that

vl x1 @xe) < Cj . (IV.70)

Note that for large j, by the small data theory we have, ||v},||x1@x) S |97 mz ()
Combining this with (IV.61), (IV.62), we deduce

lim sup Z ij ‘

n—+oo j=1

< C, uniformly for finite J < J*. (IV.71)

X1(RxQ) —

We first prove the asymptotic decoupling of the nonlinear profile using the orthogonality prop-
erties (IV.24).

Lemma 4.2 (Decoupling of nonlinear profiles). For k # j, we have

- j
n1~1>1:IFloo H ’ % ;7? (RxQ) - va Vu ‘ %LE(RXQ)
+‘ Un? ”‘ 3 %(RXQ)—’_HV n? ”‘ 301 (RxQ) =0. (Iv.72)
Proof. We only prove ||vivF|| A H o )—i— ”U%UZ”L%L%%(RxQ) = 0,(1). The other proofs are
analogous.
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Chapter IV. Scattering at the threshold

Recall that by (IV.69), for any e, there exists N. € N and ¢?,¢7 € C2°(R x R?) such that for

all n > N, we have

30
LSH' 1T (R,R3)

+ ij — It +t, x—al) <e. (IV.73)

30
LSHYTI (R,R3)

Using (IV.24), one can see that the supports of (¢, x) and (- +tF —#J - — 2k 4+ 29) are
disjoint for n sufficiently large ( if j, k conforms to case 1, then ¥I(-,-) and ¢F(- + & — ¢ )
have disjoint time supports), and similarly for the derivatives. Hence

- j Kok i kg _

im |l (t2) ¢ty — 8, — 2 +13)| Lt sy = O (IV.74)
_ . i . . B

nl_lgloo Tt e) (- +t, —t, - —a, + xﬁl)‘ L3 (e 0. (IV.75)

Combining (IV.73), (IV.74) and (IV.70), we have

7.k
Joroc]

—W +tim'_x]) b 1T (RxR3) v nHL5H1 (RR?)
cl /T ‘Un —YE( A+t — )

k k j k j
€ t7$ @Da(_‘_tn_t%?_l’n_‘_l‘%)‘

J
vy,
L3 1t (’Rx0) = H

30
LSHYTI (R,R3)
15 < 08,

5
L2 HYTI (RXR3) —

provided n is large enough, since the last term goes to 0 as n goes to infinity.

Next, we estimate Hvﬁlvﬁ‘

5 30 .
L3 LT7 (RxQ)

HvﬁLUfL’ < Hv] Yt —ad)

L? ,(RxR3) ||*”||L5L11(R><]R3)
ol by

Au@wxw¢ﬁ—ﬂf—xﬁ+%n

5 L
L2LT7 (RxQ)

+

L} (RxR3)

+

5 30
L3 HY17 (RxR3)

we obtain

Using (IV.73), (IV.75) and (IV.70) and Sobolev embedding HHL? <

30
sghid

- 1/}‘]( + tiﬂ T x‘ZL) L5H1 ?(1) (R R3 an||L5H1’%(R,R3)

ok — (- 2k, = ab)

7.,k
[zt

e <
L2LT7 (RxQ)

30
L5HYTI (R,R3)

< (e,

5 430 >
L2 H> 17 (RxR3)

ellps gt 3t (R R3)

+ [ Wit @) (- + 8k — 1], - — 2k + )
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IV.4 Scattering

provided n is large enough, which concludes the proof of Lemma 4.2. O

We return to the proof of Proposition 4.1. As a consequence of the asymptotic decoupling of

the nonlinear profile in Lemma 4.2, we have

hm_)sup I Z vl || x1mxa) < C (IV.76)

7j=1

uniformly for finite J < J*. Indeed, by (IV.71) and (IV.72) and we obtain

J 2 J 2 J 112
j _ j < j 20 H j k‘
ZU” 30 Zvn - ZHU" L?Lg}l(RxQ Z v 3 %(RXQ)
=1 L5011 (RxQ) j=1 irBexe J#k
< C +o,(1)

Similarly,

J .
Z V!

J=1

2 7 . 2 7 -
_ J J
30 =\ 2 Ve = Z HVU” L5LiT (RxQ)
) : t
L2H

30 i=1 =1
L3LIT (RxQ J Sttt rxe) 7

This completes the proof of (IV.76). Using similar argument, one can check that for given
n > 0, there exists J := .J () such that

VI > T, 11msup|| Z I x1@xa) < 0. (IV.77)
=7

For each n and J, we define an approximate solution u; to (NLSq) by

J
ul =3 vl + ety (IV.78)

Before continuing with the rest of the proof of Proposition 4.1, we claim the following statements
hold true.

Claim 4.3.

= 0.

lim |[u(0) = (0)| .

n—oo
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Claim 4.4.
3C >0, VJ, hmsupHu ‘

n—oo

X1 (RxQ) —
Claim 4.5.

=0.

2
o T J VIR,
10y, + Aqus, + ’un‘ uy, .

lim limsup
J=J* n—oo

Applying Lemma 2.8 we get that u, is a global solution with finite scattering size which yields

a contradiction, showing that there is only one profile. Hence, scenario I cannot occur.

Proof of Claim 4.3 . Using (IV.67) if j conforms to case 1 or the fact that v(0) = ¢/ if j

conforms to case 2, the decomposition of u,, in (IV.60) and u/ in (IV.78), we obtain

o)~ w0,

n

1@) — 0, as n — oo. (IV.79)

J
s < 0 - e,

[
Proof of Claim 4.4 . Using (IV.76), Strichartz estimate with (IV.20), we obtain
J
hinﬁsogp Hu ’X1 R = < hgl_)solip I jz_:l ) <C.
0
Proof of Claim 4.5 . Let F(z) = —|z|*z, recall ¥-7_, v} = u; — e"®2w) and write
(i + Aq)ul — F(ul) = 3" F(vl) — F(ul)
7j=1
J .
=Y F(v), ZU] + F(ul — e"ew!) — F(ul).
7=1
We have
J ' J
> () — F(Lul) < C X ol Pl (1v.50)
=1 =1 ik

Taking the derivatives, we get

< CY |V llvillus] +C D [w [PV,
j#k J#k

‘v{ jilmﬁ;) -r3o)]

Jj=1
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IV.4 Scattering

which yields

‘w
wo

<
——
<
Ng
o
—~
S
RS
S~—
|
o
M./—\
M~
S
RS
S~—
——
h
wlon
I
A
Q
/_\
4
<
o~
<
S
M

<ox

(HW

5 30 + HU]VUR
L2L17 L

L5
which goes to 0 as n — oo, in view of Lemma 4.2 and (IV.70). In addition,

HF(UZ — etBayy — P(ud)

Ly < HF eim”wg) — F(ul) L3
+ |V (F(u] - e"ow]) — F(u]))

" (IV.81)
w.  (IV.82)

L3H

We estimate the differences as

\F<uz <0 (Je2au]| fe2eu] + ] "]
9 Pt - }\ 0ot (7] 9] o] ]
(] [veostf 4 [ud] [Fersons] )
Using Claim 4.4, Holder and Sobolev inequalities, we get

J
Uu 30
L, [ LAL11

L, "

)
o e

eitAQw

u! + He”AQwJ
L7, "

(IV.81) < [[eow)

g :|
n
Lis

X1

30
L5LTT

2 .
itAq, J
1} + He wr,

J 2

nlix

J

n

S He’itAQw;{

5
Lt,z

<C He’m”wn‘]

L3’
which converges to 0 as n — oo and J — oo. Similarly,
itAQwJ

(IV.82) < |Vu;u;]

. 2
eZtAQwi ’

+ HVUJ

e

5 30 30 5
L2L17 Ly LSLTI 2
i t

+ HV(@“A% ) u;{bVe’me;{

etha,t ’

30

5 30
LSLIT % L3117
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, 2
) < H H 'LtAQ J itAq, J
(1v.82) < [Vul| | [ il + e,
. . 2 .
itAq, J . ZtAQ J J itAq, J .
+ HVe Wl s 30 (6 W 5 5 HunVe wn‘ 3,30 -
Thus, it remains to show that
lim lim sup Hu‘]Ve s = 0. (IV.83)
J—=00 nooo L17
Recall that u;] = 37, vd + e/22w; Then
J
H JveZtAQw ‘ 5,8 < Z ]veztAQwJ + ztAQvaeztAQw ’ 5,8
Jj=1 3L
J . .
< ztAQwJ e J H veltAQwJ '
- Z: " 5 30 + LSL%O
= L2LT?
Hence, Claim 4.5 holds if
J
lim lim sup Z"U] Veithay,/ =0.
J= L2LT
From (IV.77), we have ¥n > 0,3.J" = J'(n) such that
/ J -
VJ >J, limsup Z vl <.
n—o0 I
Jj=J X1
Thus, we have
J . . J .
limsup ||| Y v] Velthayt < limsup Z vl HV@”A%;{ <,
n— 00 , n—oo L?z
j=J L3t j=J X1 ’

where 7 is arbitrary and J = J'(5) as in (IV.77). Thus, to prove (IV.83) it suffices to show
that
5 30 =0 for all 1 S] S J/. (IV84>

lim lim sup ij Veithay)t ‘
J—=00 n—ooo

We approximate v/ by C2°(RxR?) functions ¢ obeying (IV.69) with support in [T, T| x {|z| <
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R}. From Proposition 2.7 and (IV.20), we deduce

7 itAq, J
anVe wr, ‘

< g — v+, — a3)

5 30 s HVeitAQwZ 30
L2L17 L, L5LTI
7 itAq, J
+ w2 L3, [ e w”‘L%L%)({ItIST, (el <R))
31 1 . 1 3
< Ce+ CRwT5 |[eftAay” | HwJ o )
- iy, I H ()
By taking the limit and choosing e small, we obtain (IV.83). Hence, Claim 4.5 holds. [
Scenario II : Only one nonzero profile. By (IV.60)
Uy = u(z, 7)) = ¢ + Wi,
with
lim [lwh| , =0, (IV.85)
n—00 Hi(Q)

If not, there exists € > 0 such that Vn,

B¢y | M (¢, < Ers[Q|Mgs[Q] — ¢,

and one can show by the previous argument that u scatters in H} ().

It remains to show that ¢! is bounded and this will prove the convergence, up to a subsequence.

e Ift} — 400 (similarly t) — —o0) and ¢! conforms to Case 1, i.e., ¢} = etndopl,

itAq _ itAq 1 itAq, 1
= e + e w

On "l Lg  (10,400) %)

1
n

e

"MILS , (10,400)x9)

< ei(t—i-t}l)Angl

L5, ([0,+00) xQ)

)+ el

Hy (2)

< eitAQ ¢l

L ([th,+00)xQ H ()’

which goes to 0 as n goes to 0o, showing that u,, scatters for positive (similarly negative)

time, a contradiction.

o Ift! — +oo (similarly t) — —o0) and ¢}, conforms to Case 2, i.e.,

oh = Bl - )l where xh o= (5 )

27|
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We first prove that

lim_|le"" 3 (y ) o') — e’ (y o)

n—-+o0o

=0, (IV.86)

LY ((0,+00)xR3)

where €, := Q — {z,,}. Indeed, by a density argument, for any ¢ > 0, there exist . €

C>°(R3) such that
5

i S 5 (IV.87)

6" — v

By the definition of y,, as |z,| — +o0, for any € > 0 there exists N. € N such that,

Vn > N, Hxn ¢1)

(IV .88)

.-Mm

H1 R3) =

Using (IV.87) and (IV.88), we have

Wn> N, |xne' — ¢

< —.
HY(®3) ~ 2

Combining this with the Strichartz inequality, we obtain for large n

e (4!~ )

g
< -, '
13 (Obooyxrs) = 37 (TV:89)

L ,((0,4-00)xR3) +

eitARg (X}ngl - wa)

From [58, Proposition 2.13], as |z,| — +00, we have for large n

<

itAg itALs €
e Ty, — e TR —.
Ve Ve L} ,((0,00)x R3) — 2

(IV.90)

which yields (IV.86). We now have

eltAQ eZtAQ(brll + e’LtAle

L, (0 4+00)xQ) L3, ([0,400)x9)

0 (0w — )
et (o' ) (z — )
itAq (.1 41 _ 1l 1
€ (Xngb )(l’ 'I’n) L?’x([t}erOO)XQ) + ”wn’
e'hon (xp0") — €15 (x,0")

e (xne")

IN

L7, ((0,4+00)x9) T wall‘ HI(Q)

IN

L2, ([th A00) x)

IA

H§(Q)

IA

L3 . ((th,+00) xR3)

gl 2

+

) )

L (3, +00) xR3)

which goes to 0 as n goes to oo, by (IV.86) and the monotone convergence theorem,

showing that u, scatters for positive (respectively, negative) time, a contradiction. This
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completes the proof of Proposition 4.1.
O

Corollary 4.6. Let u be as in Proposition 4.1. Then one can choose the continuous function
z(t) such that X (t) = z(t) for all t € Ds,, and the set K has a compact closure in H'(R?).

Proof. Recall that by the definition of Ds,, the modulation parameters X (¢),0(t) and «(t) are
well defined for all ¢ € Dg,. Let z(t) be the translation parameter given by Proposition 4.1. Let
Ry > 0. Then by the decomposition of u in (IV.36), Proposition 3.3 and the fact U(z) =1 for
|z| large, there exists C, > 0 such that

-1X @)
2 2 € 2 2
— < .
Vt € Dy, /|ng0 IVQI" +1QF — C. (5(t)+ |X(t)|> _/|x_ [Vl + |ul

Taking &y small if necessary, there exists £y > 0 such that

Vt € Ds,, \Vau(t,z + ()] + u(t, z + 2(t)]* > g5 > 0.

/|x+x(t)—X(t)<R0
Using the fact that K has a compact closure in H!(R?), we get that |z(t) — X (¢)| is bounded.
Thus, one can modify z(t) such that K remains compact and for all ¢ in Ds,, x(t) = X(t). O

4.2 Control of the translation parameters

Proposition 4.7. Consider a solution u of (NLSq) such that
Mu] = Mps[Q], Elu] = Ers[Q], [|Vuoll2(q) < [VQI L2gs) (IV.91)

and
K = {u(t,z+ z(t));t > 0} (IV.92)

has a compact closure in H'(R3). Then x(t) is bounded.
We will start proving the following lemma.

Lemma 4.8. Let u be as in the Proposition 4.7. Let {t,} be a sequence of time, such that
tn, — 4o00. Then |x(t,)] — +00 as n — 400, if and only if 6(t,) — 0 as n goes to +oc.

Proof. We first prove that 6(¢,) — 0 implies that |z(t,)] — 400 as n — +o0. If not, x(¢,)
converges (after extraction) to z, in R®. By the compactness of the closure of K, u(t,, - +x(t,))
converges in H'(R?) to some vy(- — 7o) € H'(R?). By the assumption (IV.91) and the fact
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that 6(t,) — 0, Egs[vo] = Egs[Q], Ms[vo] = Mgs(Q) and [[Vo|[12msy = [VQ| 2(gsy - By
Proposition 2.1, there exist 6, € R and zy € R? such that vy = ¢®Q(- — x¢). On the other
hand, if = + x(t,,) € Q, then u(t,,r + z(t,)) converges in H}(Q), as Hi(Q) is a close subspace
of H'(R?). Thus, the restriction of vy(- — z) to Q belongs to H} (), which contradicts the
fact that e®Q(- + zo — m0) ¢ HL ().

Next, we prove that |z(t,)| — +00 as n — +oo implies that 0(¢,) — 0 as n goes to +oo.

We argue by contradiction, assuming (after extraction) that

d(ty) —— 0o >0 and t, —— to, € RU{£o0}.
n—+00 n—+00

By the continuity of x(t), using |z(t,)| — +o0, we must have to, € {£oo}.
Assume, say, to = +00, and let oo = lim w(tn, z + z(t,)) in H'(R3) (after extraction). We

have
Bislpw] = BwslQ, Musliow] = MwlQ), [ Vel = [ IVQF =0 < [ IVQI.
Let ¢ be the solution of (NLS) with the initial datum ¢, at ¢ = 0. By [31], ¢ is global and one

of the following holds:

1. ¢ scatters in both time directions.

2. 37,0 € R and ¢ € {£1} such that ¢(t) = ?U_(et + 7), where U_(t) P () and

U_ scatters for negative time.

In case (1) or in the case (2) with e = —1, one can prove by approximation, following the proof
of Theorem 4.1 in [58], that u scatters for positive time.

In case (2) with ¢ = 41, we obtain for large n, with the same argument

[ull (oot < C NIU-llg— where C' is a fixed constant.

OO,too) )

Letting n go to 400, we see that u has a has a finite Strichartz norm, thus, u scatters also in
both time directions, which contradict the fact that u satisfies (IV.92) and (IV.91). O

Lemma 4.9. Let X(t) be as in (IV.35). Taking a smaller oy if necessary, there exists C' > 0
such that

N sy D (IV.93)
< t or any t € Ds,. .
[ X (?)] ’

Proof. Note that, by Proposition 4.1, taking a smaller dy if necessary, we can assume | X ()| > C

for an arbitrarily large constant C' > 0. The proof now consists in 3 steps.
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IV.4 Scattering

« Step 1: Estimate of §(¢) with respect to an auxiliary modulation parameter X;(¢) on R3.
Let u(t) € H'(R?) be the extension of u to R? defined as in (IV.14), we then have

MRS [Q] = MRS [Q], ERS {Q] = ERS [Q], and /RS |VQ|2 < /RS |VQ|2 . (IV94)

Arguing as in Section 3, but on the whole space R?, see [31, Lemma 4.1 and 4.2], there
exist 61(t) and X;(t), C' functions of ¢, such that

e MO (1w + X1 (1) = (14 p1(£)Q(x) + h(t, x), (IV.95)

where

et [y Vu(t,r + X1 (1)).VQ(z)dx B

p1(t) = Re 1, (IV.96)
IVQI 7225,
(1)) ~ ‘/RSth:IJ ] gy = 60 (IV.97)
In this step we prove:
e s (IV.98)
< C5(1). .
| Xa(2)]

By (IV.95), 2 € Q¢ implies (1 + p1(£))Q(z — X1(t)) + h(t,z — X1 (t)) =0, i.e.,

L2(Qe)

|1+ p(0)Q( — X1(8)) + h(t,z — X (2))

By (IV.97), we have
Q@ —X, t)|? dz < Co(t)>. (IV.99)

By (IV.15), one can see that |X;(t)| is large. For = € Q°, we have

X 0] < e - Xa(0)] < 2% (1)

From Lemma 2.2, we have

eIl 1
Q(z) (a + O()), for some a > 0.

a 2|2

Using (IV.99), we obtain (IV.98).
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 Step 2: Comparison of X (t) and X, (¢).

150

We prove that there exists C' > 0 such that
| X(t) — Xq(t)| < C Vte Ds,. (IV.100)
We fix t € Ds,. We can assume
| X(t) — X1(t)| > 1, (IV.101)

or else we are done.

Let z € Q, by (IV.95) and (IV.36), we have

u(t,x) = O 4 p(1)Q(zx — X (1)U (z) + POFn(t, 2)
= O] 4 (0)Q(x — X1 (1)) + O h(t, ).

Using (IV.97) and Proposition 3.3 , we have

) e—2X ()
v 2)e®® — Oz — Xy ()0 < 2 .
/_X(t)|<1 Qx - X(1)¥(x) Qe — Xi(1)e" V| < C (5 (t) + |X(t)|2>

Recall that | X (t)] and | X (¢)| are large and ¥(z) = 1 for large |x|.

—2[X(®)
2y < C — Xy ())[Pdx + CO*(t) + C

L e@rascf R - o)+ O8O+ C g

o—2X ()

de + C8*(t) + C —nu—.
O+ xmp

o—2la=X1 (1)
</ D

e—X@l<1 [z — Xy ()]
Using the fact that |z — X;(¢)| > | X (t) — X1(t)| — |z — X ()| > | X (t) — X1(t)| — 1, in the

support of the integral in the last line, we obtain

/ O )|2d <c e 21X () —=X1(2)| 052( e e 21X (@)
x T < + t)+C ——.
<1 | X (1) — X1() [ X ()2

—2[X(1)]

Recall that, by Lemma 4.8 if | X (¢)] is large, then 6(¢) and o are small. By (IV.101),
we get

1 ) 21X (-1 (0)] e

- 2)2de < C < e 2XO-X(0)]

2 Jia|<1 @)l X X))
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which yields

1 2
X (t) — X, ()] < C — log (2 /|x|<1 1Q(x)] dx) .
Thus, | X (¢) — X1(¢)| is bounded.

» Step 3: Conclusion of the proof.
From Step 2 we have | X (t) — X;(¢)] < C, and since | X (t)]| is large, we have

;|X(t)| < [X (@) =X () =X ()] < [Xa(0)] < [ X0 (0) = X(0)[+[X ()] < 2[X(2)]. (IV.102)

2IX1(t)\

By Step 1, we get §%(t) > C e OILE which implies

21X ()]

0*(t) > CIXOE

concluding the proof of Lemma 4.9.
O

Lemma 4.10. Let u be a solution of (NLSq) satisfying the assumptions of the Proposition 4.7.
Then there exists a constant C' > 0 such that if 0 < o <71

/UT(S(t)gC

1+ sup \:U(t)\] (6(c) + 8(7)) (IV.103)

telo,T]

Proof. Let ¢ be a smooth radial function such that

lz|? if x| <1,
plr) = ,
0 if |x|>2.

Consider the localized variance,

/R2 ( )]utm)|2d:v

where R is large positive constant, to be specified later. Then,

y! ()—2RIm/uV<p(R> Nude, |Y,(t)] <CR.
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Furthermore,

_s/yvuy —6/]u\4+AR _2/ V| 2.7ido (),

where 77 is the outward normal vector and

Ag(

2
O, U

% s G e (35 ()
e T

As 09 is convex and 0 € €2 one can see that z.n < 0, for all z € 9. Thus,

—2/ Vul? 2.7 d :2/ Vul? |2.7| do(z).
[Vl e do(r) =2 [ (VuP ] doa)

Using the fact ||Q. = %HVuHiz and Efu] = Egs[Q] we have, 8||Vul3, — 6 ||lull;. = 40(t),
which yields,
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Y7 (£) = 48(t) + Ap(u( )+2/m|Vu|2|az.ﬁ|da(m), (IV.105)

e Step 1: Bound on Ag.

In this step we prove: for € > 0, there exists a constant R, > 0 such that
Vit >0, R> R.(1+ |x(t)]) = |Ar(u(t))] < ed(t). (IV.106)

We distinguish two cases: d small or not. In the first case, we will use the estimate on the
modulation parameters in Section 3. Consider d; > 0, as in the previous Section, such
that the modulation parameters, O(t), X (¢), p(t) are well defined for all ¢ € Ds,. Let d;
to be specified later such that 0 < ; < dy. Assume that ¢t € Ds,. Let g_, = pQ_, ¥ + h,
then from Proposition 3.3 with Lemma 4.9 and (IV.35), we have

u(t, r) = O Q(z—X (1)) (z)+g(t, v— X (t))eO+* and 19173 () < C6(t). (IV.107)

For the equation on R?, Y is defined by integration on R? (not on §2). The corresponding
Ap is also defined with an integration on R? instead of Q. A crucial point is that when
R is large, by the property of ¢, all the integrands in the definition (IV.104) of Ag are
0 close to the obstacle, so that it can be integrated over R? instead of €. Note that it
only works if R is large enough. If §y and g are fixed, e!®T#Q(- + 1) is a solution of
(NLS) such that the corresponding Yg(t) does not depend on ¢ and also §(t) = 0. Thus,
Ap(e®0+itQ(- + x4)) = 0 for all R and t.
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Using the change of variable y = x — X (¢) in (IV.104), we get

| Ag(u( \—\AR 1) — Ap(e" 1 Q(x — X (1))

Y+ X (B> R (WQ Vel + Va()” + 1QW)llgw)] + lQW)Ilg(w)I?

o)+ |g<y>|4) dy

€_|y|

= W1 (99w + o) + l9@)) + 199 + la@)P + lo(w) “dy.

By (IV.107), we have ||9||H5(Q) < C4(t), which yields

R > Ro+|X(t) = [Ar(u(t))] < C e ™(5(t) +6()*) + 5(t)!]
< C e o4 fog(t)? +5()+5( )3]5()
< ed(t),

provided Ry > 0 is such that Ce o < € 5 and 0y is such that Ce™ Roy2 46, + 03 < 5
Since 0 < §; < &y and z(t) = X(¢) on D(;O, we obtain (IV.106) for 6(t) < d;.
Now consider the second case, i.e., §(t) > 0. By (IV.104), we have

[Ar(u(t)) < C [Vu(t)]* + [u®)]* + |u(t)]*dz.

lz—z(t)|=R—|2(t)]

By the compactness of K, there exists Ry > 0 such that
R > |x(t)| + Ry and 6(t) > 61 = |Ar(u(t))| < 6y < ed(t), (IV.108)

which concludes the proof of (IV.106) and completes Step 1.

Step 2: Conclusion of the proof.
By (IV.107), we get that there exists Ry > 0 such that,

R > Ry(1+ [2(t)]) = |Yr(t)| > 26(1).
Let R = Ry(1 + sup,<;<, |z(t)]) then,
2 / t)dt < / () dE < Y(7) — Yul0). (IV.109)
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If 0(t) < dp, then by Step 1, changing the variable y = x — X (¢) and since ¥(x) = 1 for

large |z|, we obtain

4u(t) =20 [ 90) Vo (X0 - ¥ QU+ x(0)

y+ X(t)

n 2RIm/Q(y)‘1/(y +X(1)Ve ( -

) -Vg(y)dy
+2RIm/§(y)ch (zﬁm) - Vg(y)dy,

which yields
[Yx(t)] < CR(5(t) + 8(1)%) < CRA(1).

This inequality is also valid for §(t) > dy, by straightforward estimates. Using (IV.109),

we obtain
/ "S()dt < C R(6(c) + 6(7))

gc&@+amumowm+&m.

o<t<t

This concludes the proof of Lemma 4.10.

O
Lemma 4.11. There exists a constant C' > 0 such that
Vo,r >0 with o+1<7, |2(7)—z(0)] < c/;a(t)dt (IV.110)
Proof. Let 0o > 0 be as in Section 3. Let us first show that there exists §; > 0 such that,
V>0 te[iTrlefH] d(t) >0 or tG[STl,lTIirﬂ I(t) < do. (IV.111)
If not, there exist t,,t/, > 0 such that
d(tn) — 0, o0(t)>0d, |tm—1t|<2, (IV.112)
extracting a subsequence if necessary, we may assume
lim t, —t =71¢€[-2,2]. (IV.113)

n—-+o0o
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IV.4 Scattering

Note that if ¢/, goes to +oo, then |z(t,)| converges (after extraction) to a limit X, € R3. If not
|z(t))] — 400 and by Lemma 4.8, §(¢,) — 0, which contradicts (IV.112).

By the compactness of K, we have
/ / 13
Denote vy(x) = wo(z — Xo). We have
u(t), -+ x(t,)) ——w(+Xp) € HY(R?). (IV.114)

Thus,

! 1/m3
Q(tn) m Vo € H (R )

In particular, vg = 0 on 2 and we obtain,

u(t)) —— vy € HY (). (IV.115)

n n—>-+o0o

Since 6(t,) = [|VQ[* — [ |Vu(t,, + z(t)))|* > 6y > 0, we have

Vol r2) < IVQIlr2(gs) -

Let v(t) be a solution of (NLSq) with initial data vy at ¢ = 0 and maximal time of existence .

Then by continuity of the flow of the NLSq equation, we have for all ¢t € I,
va(t)HLZ’(Q) < HVQ“LQ(RS)' (IV.116)

As a consequence, I = R and by continuity of the flow of the NLSq equation, (IV.113) and
(IV.115), we have
u(t,) —— v(7) € Hy(Q).

n—-4oo

Since (t,) — 0, [[Vo(7)|[12(q) = [[VQ|| 12 (gs) » which contradicts (IV.116).

Now, we prove (IV.110) with an additional condition that 7 < o + 2. By (IV.111), we may
assume that
inf 6(t) > or  sup o(t) < do.

t€lo,7] telo,7]

In the first case, we have [ §(t) > 0, and by a straightforward consequence of the compactness

of K and the continuity of the flow of (NLSq) equation, we have
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3O >0, Vt,s >0, |t—s| <2=|X(t) - X(s)| < ?/Té(t)dt.
1 Jo

In the second case, by Corollary 4.6 we have, Vt € Ds,, x(t) = X(t), and from Lemmas 3.4 and

4.9, we have

| X'(t)] < Co(t). (IV.117)

Thus, (IV.110) follows from the time integration of (IV.117) for 7 < o + 2.

To conclude the proof of Lemma 4.11, we divide [0, 7] into intervals of length at least 1 and at

most 2 and combine together the previous inequalities to get (IV.110). O

Proof of the Proposition 4.7. We argue by contradiction. Assume that there exists 7,, — +00
such that [z(7,)| — 400 and [2(7,)| = supe(g ., |2(t)]. By Lemma 4.8, §(7,,) e 0.

Let Ny be such that Cd(7,) < ﬁ for all n > Ny. By Lemmas 4.10 and 4.11 we have

(1) — (7i,)| < C / N 5(t)dt

< O+ [2(m)[)(6(7w,) + 6(7))

hence,
|%(70)] < Cla(ma)],

which gives a contradiction. This concludes the proof of Proposition 4.7. O]

4.3 Convergence in mean

Lemma 4.12. Consider a solution u(t) of (NLSq) satisfying assumptions of Proposition 4.7.
Then

. I
Jim /O 5(t)dt = 0. (IV.118)

Corollary 4.13. Under the assumptions of Proposition 4.7, there exists a sequence of times t,,
such that t,, — +o00 and
lim 4(t,) = 0.

n—>-+4o00

Proof of Lemma 4.12. Let ¢ be a smooth radial function such that

o i o] <1,

p(z) = ,
0 if |z|>2.
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Consider the localized variance,

/R2 ( )]uta:)|2dac

where R is large positive constant, to be specified later. Then,

Yo(t) = QRIm/ AV (R> Nudre, |Y,(t)] <CR. (IV.119)
Furthermore, as in the proof of Lemma 4.10 we have,
"(t) = 46(t) + Ap(u( +2/ IVl |2.7|do(z), (IV.120)
where
x\ Ou Ou P [x
An( )Ty CE(I) 2
J;C/ ax]axk (R) oz, or, ZJ:/Q (axg (R) )

e T

If [y| < 1, (A%)(y) = 0,0;,¢(y) = 2 and Ap(y) = 6. Thus,

2
O ;U

1
+ —Jul*. (IV.122)

A < 2 4
|Ar(u(t))] < C |x|zRWu| + [ul 2

Let x(t) as in Corollary 4.6 and K defined as (IV.59). Let € > 0. By the compactness of K and
Proposition 4.7, there exists Ry(c) > 0 such that

Vi >0, / VUl 4ol < (IV.123)
=X (O Ro(e

Furthermore z(t) is bounded thus =~ ————> 0. There exists ty(e) such that

Vit > to(e), |z(t)] < et.

Let T' > to(e), R=¢eT + Ro(e) +1 for t € [ty(e),T]. Next, we use the fact that |z(t)| < T
and Ry(e) + T < R, to get

1 1
L 17l bl gl < [Vuf? + ful' + —ul?

/a:—z<t>|+|z<t>|zR

1
< Vaul® + [ul* + —|ul> <e. (IV.124
le—2(t)|>Ro () IVl + Jul” + gl ( )
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By (IV.119), we have

L ynwdt < YR(T)] +

a(to(e))| < CR.

to(E

From (IV.120), (IV.122) and (IV.124) we have
T
/ o, 50t < C(R+Te) < CRo(e) +<T + 1,
to(e

where C' > 0, independent of 7" and ¢.
This yields
to(E) C
f/ dt<—/ 8(t) dt + Z(Ro(e) +1) + Ce.
0

Taking first limsup as T'— +o0, and letting ¢ tend to 0, we obtain (IV.118).

Proposition 4.14. Let u be a solution of (NLSq) such that
Mu] = Mps[Q], Elu] = Ers[Q], [|Vuoll2(q) < [VQI L2gs)

and K = {u(t);t > 0} has a compact closure in Hg(Q2). Then u = 0.

(IV.125)

Proof. 1f not, there exists a solution v # 0 such that the assumptions of this Proposition are
satisfied. From Lemma 4.12, there exists t,, such that ¢, — +oo and §(t,,) tends to 0. By the
compactness of the closure of K, u(t,) converges in H; (2) to some vy € Hg(£2) and the fact that
6(tn) tends to 0 implies that Efvg] = Ers[Q], M[vo] = Ms[Q] and [[Vvo|l2(q) = V@I 12rs).
Thus, vy = e Q(x — x0) ¢ H (), for some parameters 6y € R and xy € R?, which contradicts

the fact that vy € HI(Q).

158

]



Chapter V

Numerical simulations of solitary waves
behavior to the nonlinear Schrodinger equation

outside an obstacle

Abstract.

In this Chapter, joint work with Thomas Duyckaerts, Svetlana Roundenko and Kai Yang, we
perform numerical simulations of the 2d focusing nonlinear Schrédinger equation in the exterior
of a smooth, compact, strictly convex obstacle, with Dirichlet boundary conditions. We study
the interaction between solitary wave solutions (solitons) traveling towards the obstacle with
different velocities and with different angles, and show how the obstacle changes the overall

behavior of solutions.
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Chapter V. Numerical simulations of solitary waves behavior to the nonlinear
Schrodinger equation outside an obstacle

1 Introduction

We present numerical computations of solutions to the 2d focusing nonlinear Schrédinger equa-

tion (NLSg) outside a strictly convex obstacle with Dirichlet boundary conditions:

0w+ Agu = —|ulPlu  (t,z) e R x Q,
(NLSq)  { u(to, z) = uo(z) Vo € Q, (V.1)
u(t,z) =0 (t,x) € R x 09.

Here, ) is an exterior domain in R? and Agq is the Dirichlet Laplacian defined by Aq :=
92+ 02, (x,y) € R? is a space variable.

Numerically, the computational domain has to be bounded and one must consider a large do-
main, which requires more careful coding techniques in order to achieve the desired accuracy
and to handle the multidimensional calculations. In particular, the 2d discretized space matrix
(especially Laplacian matrix) with a refined mesh. A typical numerical solution consists of
imposing a boundary condition on an artificial boundary, which does not affect the solution in
the interior domain as it does not generate any undesirable artifacts such as reflected waves.

To bound the computational domain, we also impose Dirichlet boundary conditions.

The nonlinear Schrodinger equation outside obstacle conserve both mass and energy:
Mlu(t)] = / lu(t, z)|2dx = M[uq]. (V.2)
Q

Elu(t)] = /Q Vu(t,z)? de — pj—l /Q u(t, o) [P d = Elug). (V.3)

The NLSq equation is well-posed in HJ(f2) in dimension d = 2, see Proposition A for more
details. Moreover, the (NLSq) equation is invariant by the scaling transformation u(t, z) —
/\%u()\x, A?), therefore, the critical regularity is given by s, = E. In our simulations, we
consider the cubic, i.e., p = 3 and the quintic, i.e., p = 5, NLSq equations. The first case
is referred to as the mass-critical or L2-critical, since s, = 0, and the second case is called
L2-supercritical case (s, = 1).

Various numerical methods are employed in order to approximate the nonlinear Schrodinger
equation ranging from explicit and implicit schemes to finite Fourier transform or pseudo-

spectral methods. It is popular to use the time discretization via different methods, for exam-
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ple, the Crank-Nicholson scheme [25], Runge-Kutte type [2], [3], [52], symplectic and splitting
type, [81], [80] and [89], [9] and relaxation methods [7] and [8].

In this work, we use the well-known Crank-Nicholson scheme for the time discretization for
the NLSq equation. The time discretization is based on a time centering method uttu”
The Crank-Nicolson-type schemes provide a high order method that preserves both mass and
energy, however, it requires more steps and time in solving the nonlinear terms for the NLSq

equation.

For the space discretization it is possible to use either finite difference or finite element method.
In our simulations, we consider the NLSq equation outside of a ball (in 2d it is a disk) and we
define also the computational domain as a disk as well. The space discretization is given by
the finite difference method in polar coordinates (r,6) such that 0 < 6§ < 27 and 7y < r < Ry,
where ry is the radius of the obstacle (a white disk in Figure V.1) and Ry is the radius of the
computational domain  (a large blue disk in Figure V.1). Therefore, we use the following

domain in our simulations:

Figure V.1 — The computational domain €.

Let’s consider the semidiscretization in time. Let T,,,. be the existence time of the solution
and Ty5; < T),4. be the computational time. We use N points for the time discretization, thus,
defining a time step ot = Tj5,/N. We discretize the NLSq equation at times ¢, = ndt, n =
1,.., N. We define the variable u™ and «"*!, which are the approximations of u at time ¢,, and

tni1, i, u" = u(t,) and v = u(t,,1). We use the following scheme
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n+l _ ,n 1 1
Z% + §Au“+1 + §Au” = —F(u" u"), (V.4)

where F is the nonlinear term |u|P~'u approximated by

9 ‘un+1|p+1 _ ‘un‘l’+1 w4

Fu™™ u") =
( ) p+1 |U,n+1|2— |Un|2 2

Note that, u" is the known variable and for n = 0, u° := uq is the given initial condition. We

compute the evolution u™ — u™*! by solving the above system (V.4). For that, we use the

Newton iteration to solve the nonlinear implicit system (V.4), that is,

() = ) =T G,

(V.5)
(u"t)? = 1.001 - u",

where G(u"™!) = u" ! — u" + LA + SAY" + F(unt!, u™) and J is the Jacobian of G .

As a stopping criterion for (V.5), we compute H (u"“)kJrl — (u”“)kHLw with a tolerance usually
equal to 107'%, which is close to the machine epsilon. In order, to reach the blow-up time (or

the closest time), we slightly decrease the tolerance according to the examples treated.

Remark 1.1. The Crank-Nicholson scheme (V.4) conserves the following discretized quanti-
ties:

It preserves the discretized mass (or the L*>-norm) and the discretized energy, which is the dis-
crete analogue of the mass and energy conservation property of (V.2) and (V.3).

If we consider the rectangular coordinate (z,y), we use the time average unts = w,
umt = 2u"tz — un, take the inner product of (V.4) with —i @2, and the real parts of each

components of equality, we obtain

i.e.,

N
M "] = u"llpy =7 D7 |ui;|* = Mu’],  forn >0, (V.6)
i,j=0

n o .__ n o— J—
where ui; := u™ (x5, y;) and h = x4 — x5 = Yj1 — Y-

In polar coordinate (r,0), it will be preserved as follows,

N
M) =Y ulj)? ri dr df = M[u®],  forn >0, (V.7)

i.j=0
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where u; := u"(ry,0;) and r; = (i), dr :=ri — 1 and df = 05,1 — 0;.

Similarly, for the conservation of the discrete energy in rectangular coordinate (z,y), we take

the inner product of (V.4) with u™* —u™ and taking the imaginary part, we get

N
E[u"] = h? (Z ‘Duzj

1,7=0

1
g 4|u;fj|4) = E[ug), forn>0, (V.8)

In polar coordinate (r,0), it will be preserved as follows,

1
2 4\uzj|4) ri dr df = Elu], forn >0, (V.9)

E[u"] = i (‘Duz"‘]

i,j=0
where D is the standard second-order approximation of the gradient with finite difference method.
For brevity, we omit the above prove and further discussion on polar coordinate representation

of discretized energy.

Note that, in our simulations the mass is well preserved, since the relative mass-error is bounded
by 10714, at least by the end of the simulations at T = 20 with time step 1072, as shown in

Figure V.2 and V.3. The evolution of the relative mass error is

k . k
foax (M{u"]) — min (M[u]"). (V.10)
Mu"] — M [uq]
V.11
M) ( )
dp-15- 1 §
.
3e-15- |u
0
)]
2e-15- . §
1e-15
0 |
1 b Al 16 2
time

Figure V.2 — Evolution of the relative mass error (V.10) to the scheme (V.4) in 2d and p = 3.
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5e-15 | ‘ ! ! 1
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3e-15

Mass Error
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1e-15
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time

Figure V.3 — Evolution of the relative mass error (V.11) to the scheme (V.4) in 2d and p = 3.

However, the energy is also almost preserved, since the relative energy-error is 10=% (for the

moving solution the energy error is not stable).

Recall that we consider the NLSq, equation with Dirichlet boundary conditions for the obstacle,
ie., u(t,ro) == u"(r1,0;) =0, 1 < j < N, and for the boundary of the computations domain,
ie., u(t,R) :==u"(rn,0;), 1 <j < N. Thus, to solve the above system, we should consider an
initial condition such that u° satisfies Dirichlet boundary conditions. We typically consider a
shifted Gaussian as initial data, therefore, we define the translation parameters (z.,y.) such
that u° is smooth and vanishes to 0 near both the obstacle and the boundary of the computa-

tional domain.
We denote by

d* := mind(z, Q°), (V.12)

€N

the distance between the initial data u® and the obstacle such that u° is well-defined. Note
that, if we consider the initial condition with d >> d*, then the presence of the obstacle does
not affect the behavior of the solution. For example, if we consider u° with a large mass such
that d >> d*, then the solution will blow-up in finite time before the obstacle for all velocity
directions, see Figure V.6 and Figure V.8 for different situations. Therefore, there is no in-
teraction between the obstacle and the solution. In this case, numerically the soliton behaves

as a solution posed on a computational domain without obstacle, see Figure V.5 and Figure V.4.
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For the purpose of this work and in order to interpret the influence and the interaction of a
solitary wave solution and the obstacle, we always consider that the distance d to be the min-
imal distance d* such that if we make any slight modification of the velocity direction or the

translation parameters, then there will be at least a weak or small interaction.

Our goal is to understand the interaction between a solitary wave (traveling with a velocity
v) and the obstacle, as well as the influence of the obstacle on the behavior of the NLSq
equation numerically. According to our numerical simulations, the solitary wave amplitudes
decrease at the collision or any interaction (even a small interaction) between the soliton and the
obstacle. This is explained by the appearance of a reflection phenomenon due to the presence
of the obstacle with Dirichlet boundary conditions. After the collision, our numerical results
show that, if there is a weak or small interaction, then the solitary wave is transmitted almost
completely with little backward reflection. If there is a strong interaction, then the solution does
not preserve the shape of the original solitary wave but it will split the original wave into several
waves and behaves as a sum of two or more solitons with backward reflection. We also observe
that the leading reflected wave has a dispersive behaviour. The reflection phenomenon, the
loss of the amplitude and the shape of the soliton make the existence of blow-up solution more
challenging. Nevertheless, we have confirmed numerically the existence of blow-up solutions

after the collision for the NLSq equation in cases of weak interaction with the obstacle.

2  The NLSy2 equation

In this section, we give different numerical simulations of the focusing nonlinear Schrédinger
equation on the whole Euclidean space R2. For that, we consider a bounded computational do-
main without obstacle and we impose Dirichlet boundary conditions on the artificial boundary
of the bounded domain, which does not affect the solution in the interior domain. In order to
approximate the NLSg2 equation, we use the same time discretization, i.e., the implicit Crank-
Nicolson scheme given in (V.4) with applying the Newton iteration to solve the nonlinear terms.
In this section we give various examples that will be considered in the next sections in order to

study the influence of the obstacle on the behavior of the solutions.

Remark 2.1. In this section, we state examples in rectangular coordinates (x,y), however, in

our implementations for NLSq equation we convert into polar coordinates (r,0).
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Consider the focusing cubic (NLSg2) equation, i.e., L?-critical, with the following initial condi-

tion

W0(2,y) = u(0, z,y) = Age” 3@ 7+ =) i (vratoy), (V.13)

where v := (v, v,) is the velocity vector and (z.,y.) is the translation parameters. Note that,
here all parameters are the same as in the Section 5.2, in particular, see Figure V.20 for velocity
direction. In both cases, the solution for the NLSg2 equation blows up in finite time. However,
a snapshot of the solution u to NLSg2 equation blows up in finite time at ¢ = 0.75 but the same

initial condition has a different evolution for the NLSq equation, see Figure V.22.

Inial congition at t=0 The solution at t=0.75

||V

0 0 02 03 04 05 06 07 08
time

Figure V.4 — Solution to 2d cubic NLSgz with initial data ug at time ¢ = 0.75 moving on the line y = %x
on the left (two first subplots) and the L*-norm of the solution depending on time on the right subplot.

Next, we consider the focusing quintic NLSgz equation, with the initial data ug as in (V.13)
with v = (v,,0) and (z. = —4.5,y. = 0). Let us mention that, all parameters here are the
same as in Section 6.1, in particular, see Figure V.24. In this case, the solution u to the NLSg2
equation, which is moving on line y = 0 blows up in finite time at ¢ = 0.64 and it is plotted in
the following figure with the L*-norm. On the other hand, the solution to the NLSg equation
does not blow-up in finite time, it has a completely new dynamics and the solitary waves does

not even preserve it shape after the collision.

166



V.3 Dependence on the distance

s Initial condition at =0 1 The solution at t=0.64

Figure V.5 — Solution to 2d quintic NLSg2 with initial data ug at time ¢ = 0.64 moving on the line y = 0
on the left (two first subplots) and the L*-norm of the solution depending on time on the right subplot.

3 Dependence on the distance

We consider the 2d cubic and quintic NLSq equations (p = 3,5). Our goal in this section is
to consider a solution with initial condition u" such that the distance d between the obstacle
and the initial data is large than the minimal distance d*. We take a shifted Gaussian initial

condition similar to (V.13),
uo(x7 y) = U/<07 fL‘; y) = AO 6_%(z—$0)2+(y—yo)27 (V14>

where (9, o) are the translation parameters such that d >> d*. Therefore, u(0, x, y) is smooth
and satisfies Dirichlet boundary conditions. We will also take u(0, =, y) with the following phase
i (ve vy y)  where v 1= (vg,vy) is the velocity vector, which governs the movement of this

initial condition, see Figure V.6.

We consider the cubic (NLSgq) equation and we take the initial condition (V.14) with large
mass and d >> d*. Then the corresponding solution to (V.4) blows up in finite time before the
obstacle for any direction of the velocity vector v, see Figure V.7. Note that, we study the case
when d = d* and the solution concentrate in their blow-up core after the obstacle, for the same
initial data and for different velocity direction. We will also study the influence of the obstacle
when there is an interaction between the traveling wave and the obstacle. In Section 5.2, we
consider the weak interaction for the cubic (NLSq) equation, L*-critical case and in Section 6.2
we study the strong interaction. Moreover, we will see that in these cases the solution may

have a different behavior for long time.
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Figure V.6 — If the solition is far from the obstacle (d >> d*), then the blow-up occurs in any direction
of the initial velocity ¥ shown on the picture.

Initial condition at t=0 The solution at t=0.68

0 01 02 03 04 05 08 07
time

Figure V.7 — A snapshot of the initial data ug and the solitary wave solution u to (V.4) at time ¢t = 0.68
with d >> d* on the left, the L>°-norm depending in time.

Next, we consider the 2d quintic NLSq equation and we take the initial condition (V.14) with
large mass and d >> d*. In the following scenario, we fixed all parameters (Ay and v = (v, 0))
except the translation parameters (xg,yo). We vary the vertical translation parameters vy, as

shown or demonstrated in the following picture.

168



V.3 Dependence on the distance

Figure V.8 — The direction of solitary waves moving in different lines yo = 5 and yo = 2 with d >> d*.

A snapshot of the corresponding solution to (V.4) is plotted in Figure V.9. As in the previous
example, the solution blows up in finite time before the obstacle for zy large. Let us mention
that, we consider d = d* for the same situation with the same initial data wug, i.e., we fix the
variables Ag = 1.25 and velocity v = (15,0). In Section 5.1 and 6.1, we study the weak and

strong interaction for the quintic NLSq equation (L2-supercritical case).

1« Initial condition at t=0 . The solution at t=0.43

u0o

1 I I I
0 005 0f 05 02 05 03 0% 04 04

time

Figure V.9 — Solution to (V.4) with initial condition ug and d >> d*; the initial data is on the left
subplot, the solution that blows up in finite time at ¢ = 0.43 before the obstacle on the middle subplot.
Right: the time dependence of the L*°-norm.
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4 Perturbations of the soliton

We consider the Cauchy problem of the L?-critical (or mass-critical) 2d NLSq equation with

Dirichlet boundary conditions.

0+ Au= —|ul*u, (t,z) € Q xR,
: . (t0) -

Ulpn = 0.
Here, €2 is defined as in Figure V.1. The behavior of the solutions to the focusing mass-critical
NLSq equation on the whole Euclidean space R?, for example, p = 3 in dimension d = 2,
was first studied by Weinstein in [90]. He showed a sharp threshold for global existence using

Gagliardo-Nirenberg inequality combined with the energy conservation,

1
ull

va%s(r— Blul,
' Q1

which implies that (i) if ||uol| ;2 < |[|@Q];2, then an H' solution exists globally in time and (ii) if

lluoll ;2 > [|@|l 2 , then the solution may blow up in finite time. Moreover, in the first case it was
recently proven that for uy € L2, the corresponding solution is global and scatters in L?(R?),
see [26]. We recall that, @ is the ground state solution (positive, smooth and vanishing at co)

of the following nonlinear elliptic equation.

SAQHQ=¢Q" (V.16)

Recall that the ground state solution @) of (V.16) is radially symmetric and exponentially de-
caying at infinity. Note that, in dimension d > 2, the ground state solution is not explicit but its
properties are well-known. There are various numerical methods, for example, renormalization
method and shooting method, that produce the ground state numerically, see [33, chapter 28]
and [76].

For the purpose of this work, we are interested in real positive and symmetric solutions to
(¢, ye). We defined the translation parameters (z.,y.) such that the distance d between the
initial data uy and the obstacle is minimal, i.e., ug is smooth and satisfies Dirichlet boundary
conditions. We start investigating evolution of solutions to the NLSq equation by considering

initial data of perturbed solitons, of the form

UOEu<x7y70):)\Q("L‘_mmy_yc)a )‘GRa
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where ) is numerically constructed soliton ground state solution to (V.16) shifted by (x., y.).

The perturbation of the soliton solution to (NLSq) with large mass initial condition, for ex-
ample, A = 1.1, leads to a blow up solution at time ¢ = 0.84 with the diverging L°°-norm.
Recall that we use Newton iteration to solve the implicit scheme (V.4) and to reach the desired
accuracy. Thus, it is difficult to approach the blow-up time while maintaining the convergence
of the Newton iteration (V.5). For that, we need to run the code with more refined mesh in
order to maintain the convergence of (V.5). This is challenging to handle in the 2D non-radial
case. We decide that a solution blows up in finite time when its height (L(co-norm) is 3 times
higher than that of the initial data (otherwise, the iterations of (V.5) take long time to converge

or may not converge at all).

7 The solution u at t=0.84

0 0.1 0.2 0.3 04 i 05 0.6 0.7 0.8 0.9
time

Figure V.10 — Solution to (NLSq) with u(z,y,0) = 1.1Q(x — 4.5,y) at t = 0.84 on the left and its L™
norm depending on time on the right.

We next consider the initial condition of the perturbed soliton, (0, z,y) = 0.9Q(x —4.5,y). A
snapshot of the corresponding solution of the NLSq equation at time ¢t = 1.5 and the L>**—norm
depending on time can be seen in Figure V.11. In the present situation, we see that L —norm
is monotonically decreasing with a definite negative slope. Therefore, we conclude that this
solution disperses in long run, as expected for perturbations with smaller mass than the soliton.
Nevertheless, we run this example with the same initial condition for longer times and the next

Figure V.12 shows that the L*>-norm keeps decreasing toward 0.
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The solution u at t=1.5

time

Figure V.11 — Solution to (NLSq) with u(z,y,0) = 0.9Q(z — 4.5,y) at t = 1.5 (left) and L° norm for
0<t< 1.5 (right).

02 1 1 1 1 1
6
time

Figure V.12 — The L*®-norm for the solution in Figure V.11 for 0 < ¢ < 10.

5 Weak interaction between soliton and obstacle

5.1 The L?-supercritical case

We consider the 2d quintic NLSq equation (p = 5), which is L?-supercritical. Our goal is
to study the interaction between the obstacle and the solution. For that, we take a shifted
Gaussian 1y = Agye3(@2)*+1-v)") a5 initial condition, where (z.,y.) are the translation

parameters. To make the solution move or travel, we multiply the initial data by the phase

172



V.5 Weak interaction between soliton and obstacle

izt y) where v = (v, v,) is the velocity vector. Thus, the initial condition is

o = u(0, z,y) 1= Ag e 3(E TS H 1)) i3 (0aatvy) (V.17)

In the following simulation, we fix Ay, the velocity v and we vary the translation parameters.
Recall that, we choose z. and g, such that ug is smooth and satisfies Dirichlet boundary con-

ditions, see Figure V.8.

We start with an example, where there is no interaction in order to compare the behavior of
the solution for different scenarios later, especially when there will be a strong interaction. For
that, we consider the initial data ug from (V.17) with

Ag=125 x.=-45, y.=5, and v=(15,0), (V.18)

which can be seen on the left of Figure V.13. The middle subplot shows that the corresponding
solution of (V.4) blows up in finite time at ¢ = 0.57 with the diverging L*>*-norm. Snapshots of
the solution in time are plotted in Figure V.14. We observe that the solution blows up in finite

time and there is no interaction between the solution and the obstacle.

Initial condition at t=0 The solution at t=0.57

time

Figure V.13 — Solution to (V.4) with ug from (V.18) (left) close to blow-up time (middle), time depen-
dence of the L*>-norm (right).
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Initial condition at t=0 The solution at t=0.38 The solution at t=0.57

Figure V.14 — Snapshots of the evolution of ug from (V.18) in time ¢t =0, ¢ = 0.38 and ¢t = 0.57.

Next, we take the same initial data ug as in the previous example (V.18) with y. = 2 as shown in
Figure V.8. In this case, we expect that the traveling wave solution has some weak interaction
with the obstacle.

The solution at t=0.66

35

Null_

1 I I I I I I
0 01 0.2 O.St. 0.4 0.5 0.6 0.7
ime

Figure V.15 — Solution to (V.4) with ug from (V.18) with y. = 2. Left: snapshot at time ¢ = 0.66.
Right: the time dependence of the L*°-norm.

We observe that with this weak interaction the solution still blows up in finite at time ¢t = 0.66
but the blow-up time is delayed compared to the previous case, where there was no interaction
between the solution and the obstacle, see Figure V.15. Moreover, we observe that there is

a slight perturbation of the growth of the L°°-norm: at the collision, the amplitude of the
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solution starts decreasing but after the weak interaction, the solution is back to the concentra-
tion leading to the blow-up. This can be explained by the appearance of small reflected waves
after the collision, which scatter at the end of the simulation. They can be seen in the snap-

shots of the solution in Figure V.16 with the view onto zy-plane and zooming near the obstacle.

Initial condition at t=0 The solution at t=0.29

The solution at t=0.34 The solution at t=0.4

The solution at t=0.49 The solution at t=0.66

Figure V.16 — Snapshots of the time evolution of the solution u with initial ug from (V.18) with y. = 2,
which eventually blows up in finite time.
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5.2 The L2-critical case

We consider the cubic NLS equation (p = 3), which is L?-critical. We study the initial

condition,
Uy = Ag e~ 2(E=m) H=ue)?) i (5(vaatoyw)) (V.19)

where (x.,y.) are translation parameters, v = (v,,v,) is the velocity vector and Ay is the
amplitude. In the following simulation, we fix Ay = 1.5, (z.,y.) and vary the direction of the
velocity vector. We choose x. = —4.5 and y. = —4 such that ug is smooth and satisfies Dirichlet

boundary conditions. In the following simulation, we consider the following two scenarios:

Figure V.17 — The direction of the movement of the solution in next two examples.

We start with the initial datum ug described above with v; = (v,,0), v, = 15. We observe that
the solution blows up at time ¢ = 0.62. It does not interact with the obstacle; its behavior is

the same as it would be of a solitary wave on the whole space.

Initial condition at t=0 The solution at t=0.62

0 01 02 03 04 05 06 07
time

Figure V.18 — The initial condition ug from (V.19) (left); the time evolution at ¢ = 0.62 (middle); the
time dependence of the L>°-norm (right).
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Next, we consider the same initial condition (V.19) with the velocity vector vy, which is per-
pendicular to the direction in the previous case as shown in Figure V.17. The velocity vector

is vy = (vg,vy) = (0,15). We observe that the solution blows up at the same ¢t = 0.62.

1 Initial condition at t=0 5 The solution at t=0,62

nan_

0 01 02 04 05 06 07

0
fime

Figure V.19 — The initial data uy (V.19) (left); its time evolution to (V.4) at ¢ = 0.62 (middle); the
time dependence of the L>°-norm (right).

In our third example, we take the initial datum wy (V.19) with the velocity ¢ that has a
different direction but has the same magnitude |¢/], as in the previous two examples: we choose

v1 = (g, vy) and vy = (vy, v,) as shown on Figure V.20.

Figure V.20 — The direction of the movement of the solution.

We choose v; = (10, 15) such that the solution has a small interaction with the obstacle. After
the collision, we observe that the solution has almost the same behavior (as the previous example

with weak interaction see Figure V.15), i.e., it blows up with slightly dispersive reflection part,
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preserving the shape of the soliton, similar to two previous two cases. The solution blows up in
finite time ¢t = 0.76 after the interaction with the obstacle but the blow-up time is longer than
in the previous cases (compare to t = 0.62). Moreover, we see that at the collision time the L>°-
norm has again a slight perturbation (or a small oscillation), however, it continues to increase
and is perturbed less in the overall growing of the L*>*-norm, compared to the perturbation in

the previous case shown in Figure V.15.

The solution at t=0.76

lull_

0 0.1 0.2 0.3 0.4 0.5 06 0.7 0.8
time

Figure V.21 — Solution to (V.4) with initial condition uy (V.19) and velocity v, at time ¢ = 0.76, moving
on the line y = 2 (left); the time dependence of L>-norm (right).

In our 4™ example, we take the same initial condition ug (V.19) but with the velocity vector
v = vg = (15,10). A snapshot of the corresponding time evolution at time ¢t = 1.25 is plotted
on the left of Figure V.22. The right subplot shows the L*>-norm depending on time, which
appears to diverge at the beginning of the simulation but after the collision it starts to be
monotonically decreasing. This solution disperses, or in other words, is a scattering solution.
Thus, the obstacle arrests the blow-up. This is a different behavior compared to the previous
examples, where the solutions were transmitted almost with the same shape after the interaction
and the soliton core was preserved. Unlike the previous examples, the collision of the solution
with the obstacle here creates reflected waves, which then disperse the solution. The reflection
causes the loss of the mass in the main part of the solution, which arrests the blow-up in
finite time unlike the examples above, where the reflection does not affect the blow-up of the
solution and only influences (delays) the blow-up time. In this case the interaction between the
soliton and the obstacle has a substantial influence on the behavior of the solution, which is a
completely new dynamics compared to the dynamics on the whole space. We provide snapshots

of the behavior of the solution for different time steps, see Figure V.23.
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The solution at t=1.25

0.8 I I I I I
0 0.2 0.4 06 08 1 1.2 14

“time

Figure V.22 — Solution to (V.4) with initial condition ug and velocity vy at time ¢ = 1.25 moving on
the line y = 22 (left), the time dependence of the L>-norm of the solution (right).

The solution at t=0.47 The solution at t=0.53 The solution at t=0.6

The solution at t=0.77 The solution at t=0.9 The solution at t=1

Figure V.23 — Snapshots of the behavior of the solution u to (V.4) with vs = (15,10) moving on the

line y = %x

179



Chapter V. Numerical simulations of solitary waves behavior to the nonlinear
Schrodinger equation outside an obstacle

6 Strong interaction between soliton and obstacle

6.1 The L%-supercritical case

We consider the 2d quintic NLSq equation (p = 5), which is L%-supercritical. Our goal is to in-
vestigate the strong interaction between the obstacle and the solution. We call it a textitstrong
interaction, if the solution is moving in the same direction as the outward normal vector of the

obstacle, see Figure V.24.
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Figure V.24 — The direction of movement of the solution, on the line y = 0 with outward normal vector.

We consider the same initial data, i.e., the shifted Gaussian (V.17), with the same phase as
for the quintic NLSq equation described in subsection 5.1 with y. = 0 (4p = 1.25, . = —4.5
and v = (v,,0) are fixed parameters). In the present situation, the solution is moving on
the line y = 0, i.e., in the same direction of the outward normal vector to the obstacle. The
solitary wave hits the obstacle straight on causing a strong interaction between the wave and
the obstacle. In this case, the solution scatters and does not preserve the shape of the original
solitary wave. After the collision, the solitary wave solution splits into several waves and
behaves as a sum of two or more solitons with a backward reflection. We observe also that the
leading reflected wave has a dispersive behavior. Moreover, one can see that the presence of
the obstacle prevents completely blow-up. Before the interaction, the L>-norm of the solution

starts increasing, indicating a possible blow-up behavior, however, after the collision time the
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amplitude of the solution decreases toward 0, which confirms the dispersion of the solution in

a long run (scattering).

The solutionu at =091

" Inital condition at t=0 2

2

The solution u att=1.36

) I I I
0 L (N ] 1 o

fime

Figure V.25 — Solution to (V.4) with the initial data uo (V.17) the first subplot is the initial data at
t = 0 ; next subplots are the solution u in time moving on the line y = 0; the last subplot is the time

dependence of the L>-norm of the solution.

Initial condition at t=0

The solution u at t=0.71

The solution u at t=0.49

The solution u at t=1.36

Figure V.26 — Snapshots of the behavior of the solution u to (V.4) with (X,Y)—view.

181



Chapter V. Numerical simulations of solitary waves behavior to the nonlinear
Schrodinger equation outside an obstacle

6.2 The L2-critical case

We study a strong interaction as in the previous subsection 6.1 in the L2-critical, that is,

The solution is moving -
in the direction

of velocity v

Figure V.27 — The direction of movement of the solution « on the line y = = and the same direction of
the outward normal vector.

We consider the cubic NLSq equation with the same initial condition (V.17) and we take the
velocity v = (15,15) (Ag = 1.5, z. = —4.5 and y. = —4.5 are fixed parameters) such that
that the ug is smooth and satisfies Dirichlet boundaries condition. Note that the solution w is

moving in the line y = x, i.e., in the same direction of the normal vector as described in Figure

V.27.

Initial condition at t=0 The solution at t=1.25

Figure V.28 — The initial data ug at t = 0 (left); the corresponding solution u to (V.4) at time ¢ = 1.25
(right).
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0 02 04 0.6 08 1 12 14
time

Figure V.29 — the time dependence of L* norm.

We observe that the strong interaction has a substantial influence on the dynamics of the
solution. Recall that, in the weak interaction case for a similar example in subsection 5.2 (L?-
critical) the solution blows up in finite time. However, we observe a scattering behavior here,
the solution splits into several soliton or bumps with a dispersive backward reflected waves.
Therefore, we confirms that the strong interaction has a substantial influence on the dynamics

of the equation and it transforms such a blow-up behavior into scattering.

Initial condition at t=0 The solution at t=0.56 The solution att=0.65
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The solution at t=0.75 The solution at t=0.85 The solution at t=0.95

The solution at t=1.05 The solution at t=1.15 The solution at t=1.25

Figure V.30 — Snapshots of the behavior of the solution w.

7 Conclusion and future projects

According to our initial simulations, we observe that the interaction between a solitary wave
and the obstacle has an influence on the behavior of the solution to the NLSq equation, which
depends on the direction of the velocity of vector ¥, distance and translation parameters (z., y.),
which yield either strong, weak or no interaction. We observed in Sections 5.1 and 5.2 that even
a small interaction between the obstacle and the solution has an influence on the dynamics of
the equation (at the least, on the blow-up time). Moreover, we conclude that the strong inter-
action has a significant influence on the behavior of the solution and on the shape of the soliton,
which splits it into several bumps. In this case, the appearance of reflection waves due to the
presence of the obstacle with Dirichlet boundary conditions prevents the solution from blow-
ing up in finite time. Furthermore, this backward reflection has always a dispersive behavior,
which might be an indication that the solution behaves like a multi-soliton solution in a long

run after a strong collision. For a weak interaction, i.e., when the solution preserves the same
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V.7 Conclusion and future projects

shape as a soliton, the solution behaves as either a solitary wave solution, constructed in Chap-

ter 2 (which exist for are positive times), or as the one given in Chapter 3 as a blow-up solution.

7.1 Dependance on the angle

A possible future project would be to investigate the dependence of the angle 6 between the
direction of the velocity vector v and the normal n, as shown in Figure V.31. We think that
this may be an important future direction in understanding the interaction of a soliton and an

obstacle.

Figure V.31 — Dependence on the velocity vector ¢ and the angle 6, and the outward normal vector 7.

7.2 Negative time behavior of soliton solution of the NLSy equation

Another future investigation could be a construction of a non-scattering solution wu(t) as the
author did in [63], based on estimates as t — +00, which currently do not give any information

about the behavior of u(t) in the past time. The presence of the obstacle breaks down the space
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translation invariance. Hence, the solution behavior for positive and negative time direction

might not be symmetric.

It would be interesting to study the solutions behavior for negative time. The solution u(t) of
the NLSq, equation can have at least the three known conceivable dynamics (scattering, blow-up,
global existence) for the past time direction. Additionally, one might think that the solution
can have a dynamics similar to the one described above in the numerical results. However,
numerically, as the solution behavior acts as the sum of several solitons after a strong collision,
one can see that the negative time behavior is close to the case of considering initial data as a

multi-soliton, which travel with a different velocity vector in the direction toward the obstacle.

Figure V.32 — Multi-soliton behavior with various velocities v.
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