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RESUME

Le sujet de cette theése est ’étude de différents probléemes de controle pour des équations
des ondes linéaires et non-linéaires. Le chapitre 1, en frangais, est une introduction générale
aux propriétés de controle et aux équations des ondes étudiées, et le chapitre 2, également
en frangais, résume les résultats obtenus.

On s’intéresse au chapitre 3 a l'observabilité au bord (ou a la controlabilité au bord)
de systemes d’équations des ondes linéaires. On construit en détails les solutions pour des
données au bord de type Dirichlet homogene et inhomogeéne, a tout niveau de régularité.
On démontre ensuite avec un argument microlocal que 1’observabilité au bord (et donc la
controlabilité au bord) & un niveau de régularité est équivalente a 'observabilité au bord a
tout autre niveau de régularité.

Le chapitre 4 se concentre sur les solutions globales d’équations des ondes non-linéaires
focalisantes sous-critiques, avec un terme d’amortissement, sur un domaine borné. On dé-
montre des estimations uniformes en temps, le résultat principal étant qu’une solution globale
est bornée dans ’espace d’énergie, pour certaines non-linéarités.

On étudie ensuite au chapitre 5 le cas de 1’équation des ondes cubique sur un domaine
borné de dimension 3, avec un terme d’amortissement. On démontre que sous ’énergie de
I’état fondamental, la dichotomie classique entre existence globale et explosion reste valide.
En particulier, les solutions explosives ne sont pas stabilisées. A linverse, en supposant la
condition de controle géométrique vérifiée, on établit la stabilisation des solutions globales
sous I’énergie de I’état fondamental.

Enfin, au chapitre 6, on considére une équation des ondes non-linéaire sous-critique, avec
des hypotheses assez générales, et on établit la controlabilité locale au voisinage d’une tra-
jectoire réguliere de ’équation. Dans le cas d’un domaine non-borné, on montre également
la controlabilité a zéro en temps long des solutions scattering. En corollaire, on obtient la
controlabilité a zéro en temps long de solutions initialement proches de 1’état fondamental
pour une équation focalisante, ce qui implique en particulier la contrélabilité de solutions
explosives, et la controlabilité exacte en temps long de certaines équations défocalisantes.



ABSTRACT

The subject of this thesis is the study of various control problems for linear and nonlinear
wave equations. Chapter 1, in French, is a general introduction to the control properties
and the wave equations under consideration, and Chapter 2, also in French, summarizes the
obtained results.

In Chapter 3, we focus on boundary observability (or boundary controllability) of systems
of linear wave equations. We construct solutions for both homogeneous and inhomogeneous
Dirichlet boundary conditions at every regularity level. Using microlocal techniques, we prove
that boundary observability (and thus boundary exact controllability) at one regularity level
is equivalent to boundary observability at any other level.

Chapter 4 presents uniform-in-time estimates for global solutions of subcritical focusing
nonlinear wave equations, with the main result being that a global solution is bounded in the
energy space for some nonlinearities.

In Chapter 5, we delve into the study of the focusing cubic wave equation on a bounded
domain of dimension 3, with a damping term. We demonstrate that under the energy of the
ground state, the classic dichotomy between global existence and blow-up remains valid. In
particular, explosive solutions are not stabilized. Conversely, assuming that the geometric
control condition is satisfied, we establish the stabilization of global solutions under the energy
of the ground state.

Finally, in Chapter 6, we consider a subcritical nonlinear wave equation, with fairly general
assumptions, and we establish local controllability around a regular trajectory of the equation.
In the case of an unbounded domain, we also demonstrate the null-controllability of scattering
solutions in a long time. As a corollary, we obtain the null-controllability of solutions initially
close to the ground state in a long time for a focusing equation (which implies, in particular,
the controllability of some explosive solutions), and the exact controllability in a long time
of some defocusing equations.
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Chapitre 1

Introduction générale

1.1 Controlabilité

Exemple introductif. On considere I’équation des ondes

—

{ Pu—Au = f (t,z) € R x R3,
(u(0), du(0)) (u, ut) x € R3,

pour (u’,ul) € H'(R3?) x L?(R3) et f € L*(Rx R3). Si f = 0, alors u décrit le comportement
d’une onde qui évolue librement dans R3 : la théorie du controle s’intéresse a linfluence
que peut avoir le terme source f, appelé contréle, sur la solution. Par exemple, pour un
temps T' > 0, une question naturelle est la suivante : pour toute donnée initiale (uo,ul) €
H'(R3) x L?(R3), existe-t-il un contréle f € L?(R x R?) telle que la solution u associée vérifie
(u(T),0u(T)) = 07 Sur cet exemple tres simple, on peut facilement donner une réponse
positive a cette question, pour tout 7" > 0. Dans cette these, on s’intéressera a différents
types de controles, pour plusieurs équations des ondes, ainsi qu’a des questions reliées, comme
I’observabilité et la stabilisation.

1.1.1 Controélabilité exacte, locale, interne, au bord

On introduit ici les notions liées a la contrdlabilité que I'on rencontrera. Le cadre des défi-
nitions est approximatif, pour donner une idée générale : les propriétés étudiées dans cette
theése seront ensuite définies rigoureusement dans le chapitre 2, qui résume l’ensemble des
résultats obtenus.

Controlabilité d’un ensemble vers un autre. On prend un espace de Banach X, et on
considere une équation d’évolution sous la forme générale

ou+ P(u) = f (t,z) €]0,T[x1,
u(0) = T €, (1.1.1)
Bu = 0 (t,x) €]0,T[x09Q,

pour 7' > 0, Q un domaine spatial, P un opérateur (qui n’est pas supposé linéaire), B un
opérateur de bord, f : ]0,T[xQ — X un terme source, et u° : Q — X une donnée initiale.
On prend Fq un espace de fonctions de £2 dans X, et on suppose que pour toutes les données
u’ € Fq et f considérées, il existe une unique solution u : [0,7] — Fq. On rencontrera
souvent des équations aux dérivées partielles qui sont réversibles en temps, ce qui signifie ici

que si u est une solution de (1.1.1), alors ¢ — u(T — t) 'est aussi.

9



Chapitre 1. Introduction générale

Définition 1.1.1 (Controlabilité d’un ensemble vers un autre en temps 7'). Soient A et B
des sous-ensembles de Fq. On dit qu’il v a contrélabilité de A vers B en temps T si pour
tout (uo, vo) € A x B, il existe un contrdle f tel que la solution u de (1.1.1) associée & u® et
f vérifie u(T) = °.

Dans le cas d’une équation réversible en temps, la contrélabilité de A vers B est équivalente
a la controlabilité de B vers A.

Définition 1.1.2 (Controlabilité exacte en temps T'). On dit qu’il y a contrélabilité exacte
en temps T si il y a contrélabilité de Fq vers Fq en temps 7.

En une phrase, la contrélabilité exacte correspond au fait de pouvoir emmener la solution
de n’importe quel état a n’importe quel état, en choisissant le contréle f.

Définition 1.1.3 (Contrdlabilité locale en temps T'). Soit v une solution de (1.1.1) pour
f = 0. On dit qu’il y a contrélabilité locale au wvoisinage de v en temps T s’il existe un
voisinage O de v(0) dans Fg tel qu’il y a contrélabilité de O vers {v(T")} en temps 7.

Pour le contréle local, on a 'intuition que le contréle f doit étre petit : on part tres proche
de la solution v, on modifie légérement 1’équation en ajoutant le terme source f, et on arrive
précisément a la solution v au temps 7. Une illustration du controle local est donnée a la
Figure 1.1.

Fi1GURE 1.1 : Contrdle local au voisinage d’une solution.

Définition 1.1.4 (Controlabilité en temps long). Soient A et B des sous-ensembles de Fg.
On dit qu’il y a contrélabilité de A vers B en temps long si pour tout (uo,vo) € Ax B,il
existe un temps T' > 0 et un contrdle f tel que la solution u de (1.1.1) associée a u® et f
vérifie u(T) = v°.

Dans la définition précédente, le temps de controle 7' dépend de la donnée initiale u°
et de ’état final v°. On se retrouve confronté a ce type de résultat par exemple quand une
démonstration utilise plusieurs phénomenes, dont un qui comporte une quantité qui tend
vers 0 au cours du temps : on attend alors que cette quantité soit suffisamment petite pour
invoquer un deuxiéme argument. La question de 'optimalité du temps T n’est alors pas
traitée et reste ouverte.

Régularité du contréle. Une question qui nous intéressera dans cette thése concerne la
régularité du controle. Si on suppose qu’il y a contrélabilité entre deux ensembles A et B, en
choisissant nos controles dans un certain espace C, peut-on en déduire qu’il y a controlabilité
entre deux autres ensembles Ay et By, avec Ag C A, By C B, en choisissant nos controles
dans un ensemble Cy C C'? En d’autres termes, la régularité de I’état initial et de la cible
permettent-elles d’utiliser un controéle plus régulier ?

10



1.1. Controlabilité

Controle interne. Pour simplifier les définitions précédentes, on a omis d’indiquer la région
de l'espace ou agissait le contrdle. On rencontrera deux cas de figure : le cas d’'un contrdle
interne, et le cas d’un controle au bord. On reprend les notations de I’équation (1.1.1).

Définition 1.1.5 (Controle interne). Soit w C Q un ouvert. Soient A et B des sous-ensembles
de Fo. On dit qu'il y a contrélabilité de A vers B en temps T par la région w si pour toute
fonction a € € (Q, R) vérifiant a > C' > 0 dans w, il y a contrdlabilité de A vers B en temps
T pour I’équation

Ou+ P(u) = af (t,x) €]0,T[x€,
u(0) = u’ x €,
Bu = 0 (t,x) €]0,T[x09.

De facon plus synthétique, le contrdle interne correspond au fait de placer le terme de
controle en second membre de I’équation, et de le choisir supporté dans une région de ’espace
donnée.

Remarque 1.1.6. Dans la pratique, on fixe parfois la fonction a sans spécifier I'ouvert dans
lequel on contrdle. On pourrait étre tenté de simplifier la définition précédente dans deux
directions. La premiére consisterait a considérer une fonction a non-lisse, comme par exemple
a = 1. Cette approche peut introduire des irrégularités, dans le cas ou les controles sont
choisis dans des espaces de fonctions assez régulieres, et on I’évitera systématiquement dans
cette theése. La deuxiéme direction serait de remplacer I’hypotheése a > C > 0 sur w, para > 0
sur w, ou encore a > 0 sur w. On évite cette derniére condition qui peut créer des difficultés
dans le cas ol a s’annule au bord de w. Dans le cas ot @ est borné, les conditions a > C' > 0
sur w et @ > 0 sur @ sont équivalentes, mais des difficultés peuvent apparaitre dans le cas
d’un domaine non-borné.

Controle au bord. Dans le cas d’un contréle au bord, le controle est placé dans la condition
de bord, et est supporté dans une région de la frontiere donnée.

Définition 1.1.7 (Contréle au bord). Soit I' C 9 un ouvert. Soient A et B des sous-
ensembles de Fq. On dit qu’il y a contrélabilité de A vers B en temps T par la région I" si
pour toute fonction a € €°°(9N2,R) vérifiant a > C' > 0 dans T, il y a controlabilité de A
vers B en temps T pour ’équation

Ou+P(u) = 0 (t,x) €]0,T[x4,
u(0) = u’ z €,
Bu = af (t,x) €]0,T[x0N.

Par exemple, l'opérateur B peut étre la trace de Dirichlet Bu = ujsq, ou la trace de
Neumann Bu = d,u.

1.1.2 Observabilité, stabilisation

On étudiera deux autres propriétés reliées a la controlabilité.

Observabilité. L’observabilité correspond a une inégalité duale de la controlabilité. Une
propriété de controle peut étre reformulée comme la surjectivité d’'un opérateur T entre
deux espaces de Banach X et ). Si cet opérateur est linéaire, on note T* son adjoint, et sa
surjectivité est alors équivalente a I'inégalité

ylly SIT Yl vV,
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Chapitre 1. Introduction générale

appelée inégalité d’observabilité. Un énoncé précis est donné au Théoreme 3.1.15. On présente
ici des inégalités d’observabilité sous une forme générale, I’équivalence entre contrélabilité et
observabilité sera donnée au cas par cas. Dans le cas ou P est linéaire, le lien entre observabilité
et controlabilité a été mis en évidence par différents auteurs (voir notamment [DR77], et le
livre de Lions [Lio88]). On conserve les notations de ’équation (1.1.1).

Définition 1.1.8 (Observabilité interne). Soit w C §2 un ouvert. On dit qu’il y a observabilité
en temps T depuis w si pour toute fonction a € €°°(Q, R) vérifiant a > C > 0 dans w, il
existe C’ > 0 telle que HuOHJ_—Q < C'laull 2o, 71,7y POUT tout u® € Fq, ol u est la solution
de

du+P(u) = 0 (t,x) €]0, T[x4,
u(0) = u° x € Q, (1.1.2)
Bu = 0 (t,x) €]0, T[x0N.

En particulier, I’'observabilité implique qu'une solution nulle sur le support de a est nulle,
et 'inégalité est une version quantifiée de cette propriété. Le terme observabilité traduit le
fait qu’une information sur la taille de la solution sur un ouvert w donne une information sur
la taille de la solution sur I’ensemble du domaine §2.

Définition 1.1.9 (Observabilité au bord). Soit I' C 992 un ouvert, By un opérateur du bord,
et Faq un espace de fonctions de 9€) dans X. On dit qu’il y a observabilité en temps T par I’
si pour toute fonction a € €*°(9Q,R) vérifiant a« > C' > 0 dans T, il existe C’ > 0 telle que
H“OHIQ < ' laBoul| 120 1, 7,q) POUr tout u® € Fq, olt u est la solution de (1.1.2).

Dans notre cas, By sera la dérivée normale au bord d’une solution de I’équation des ondes.

Stabilisation. On conserve les notations de I’équation (1.1.1), et on prend un opérateur
A, que I'on appelle amortissement. On considere I’équation

Ou+ P(u)+A(u) = 0 (t,z) €]0,T[xQ,
u(0) = u° x €, (1.1.3)
Bu = 0 (t,z) €]0,T[x08.

On se place ici dans un cadre ou les solutions de (1.1.3) sont globales : on prend T' = +o00
et on suppose que pour toutes les données initiales u® € Fq considérées, il existe une unique
solution w : [0, +o00[ — Fq de (1.1.3).

Définition 1.1.10 (Stabilisation). On dit qu’il y a stabilisation pour l’amortissement A si
pour tout u’ € Fg, il existe des constantes C, A > 0 telle que la solution u de (1.1.3) vérifie
[u(®)]l 7, < Ce=, pour tout ¢ > 0.

Pour I’équation des ondes, on prendra un amortissement de la forme A(u) = vy9,u, ou =y
est une fonction positive bornée. Cette notion est parfois appelée stabilisation exponentielle.
Des formes plus faibles sont possibles, mais elles ne seront pas étudiées ici.

1.2 Equations des ondes linéaires

1.2.1 Définitions, existence des solutions

Soient 2 'intérieur et 0f2 la frontiere d’une variété riemannienne a bord, de dimension d > 1,
de métrique g. On supposera toujours que g et 9€) sont lisses, et que €2 est connexe. On note

12



1.2. Equations des ondes linéaires

A = A, lopérateur de Laplace-Beltrami. L’équation des ondes linéaire associée est

Ou—Au = F (t,z) € R x Q,
(u(0), 9u(0)) = (ul,ul) r e, (1.2.1)
u = f (t,ﬂf) € R x 89,

avec, par exemple, une donnée initiale (u’,u') € H'(Q) x L*(Q), un second membre F €
Ll (R,L?(£2)), et une donnée au bord de type Dirichlet f € L2 (R,L?*()). On utilisera
parfois la notation [J = 92 — A. On construit généralement la solution de (1.2.1) en prenant

le point de vue des semi-groupes. On note

A= (2 o ) . D(A) CH —H
avec H = HE(Q) x L?(Q), et D(A) = (H?(Q) N H(Q)) x HL(). On peut montrer que
I'opérateur non-borné A vérifie les hypotheéses du théoréme de Hille-Yosida (voir par exemple
[Vra03], Theorem 3.1.1), qui indique que A est le générateur infinitésimal d’un semi-groupe
fortement continu S(¢). On a alors S(t) (u®,u') = (u(t),du(t)), pour t € R, ou u est la
solution de (1.2.1) avec f = F' = 0. La solution avec f = 0 et F' # 0 est ensuite donnée par
la formule de Duhamel

t
(u(t), Opu(t)) = S(¢) (u”,u?) +/O S(t—s)(0,F(s))ds, teR. (1.2.2)

On construit la solution dans le cas f # 0 par une méthode de dualité (par exemple, voir le
théoreme 1.3.2).

Equation de Klein-Gordon. Pour 8 > 0, 'équation

OPu—Au+ fu = F (t,z) e R x Q,
(w(0),0u(0) = (Wul)  weQ,
u = f (t,x) € R x 09,

s’appelle I’équation de Klein-Gordon. Le terme Su est appelé terme de masse. On essayera
dans cette these de traiter a la fois le cas de ’équation des ondes, et le cas de I’équation de
Klein-Gordon, quand c’est possible : pour cela, on prendra généralement 3 € R, on notera

Jully = [ (1l + Blul?) da,  u € (),

et on supposera que l'inégalité de Poincaré HUHH(} > |Jul| 2 est vérifiée, pour u € H(€2). Si
le domaine € est tel que cette inégalité est vraie pour f = 0 (comme par exemple dans le
cas ou {2 est un ouvert borné), alors un résultat qui prend cette inégalité comme hypothese
sera valide pour ’équation des ondes et ’équation de Klein-Gordon, et & 'inverse, si € est
tel que cette inégalité est vraie seulement pour 5 > 0 (comme par exemple dans le cas ou
Q = RY), alors un résultat qui prend cette inégalité comme hypotheése sera valide seulement
pour I’équation de Klein-Gordon.

Remarque 1.2.1. D’autres types de données au bord sont possibles pour 1’équation (1.2.1),
comme par exemple des données au bord de type Neumann. Dans cette thése, on ne considé-
rera que le cas des données au bord de type Dirichlet, homogene (u|39 = 0) ou inhomogene

(ujp = f #0).
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Chapitre 1. Introduction générale

1.2.2 Bicaractéristiques

On introduit ici des courbes qui jouent un réle particulier dans 1’étude des équations des ondes.
Ces courbes sont définies dans ’espace cotangeant 7™ (R x ), dont on notera (¢,x,,£) les

variables. Le symbole principal de 'opérateur des ondes est p(t,z,7,§) = | |32E — 72 On
introduit le champ hamiltonien de p, défini par
H — (319 Op . 9 Op _ Op _ap>
P or’ 9&’ T0¢yT otT Oxy’ " Oxq)

Les courbes intégrales associées a H), sont appelées courbes hamiltoniennes de p. Par défini-
tion, une courbe hamiltonienne et donc une solution maximale s — (t(s),z(s), 7(s),&(s)) de
I’équation différentielle ordinaire

T E)() = Hy (), 2(5), 7(5),6(5)), s €T

sur un intervalle I C R. Comme H,p = 0, la fonction s — p(t(s),z(s),7(s),&(s)) est
constante ; on appelle bicaractéristique de p une courbe hamiltonienne de p sur laquelle p = 0.
Les singularités des solutions d’équations des ondes sont transportées le long des courbes bi-
caractéristiques.

Dans le cas Q = RY avec la métrique euclidienne, les bicaractéristiques de p sont les
courbes de la forme

(t(s),2(s),7(s),&(5)) = (=2705 + t0, 2608 + 0,70, 0) s € R,

pour (to, xo, T, &) vérifiant 78 = |§0|2. Dans le cas d’une variété lisse sans bord €2, on peut
montrer que les bicaractéristiques sont définies sur R, et que la fonction s — z(s) est une
géodésique, a une reparamétrisation pres.

Projection sur x d’une bicaractéristique généralisée.

FIGURE 1.2 : Les bicaractéristiques généralisées correspondent aux rayons de 'optique géo-
métrique.

La compréhension de la propagation des singularités d’une solution de 1’équation des
ondes dans le cas d’une variété a bord est due au travail fondateur de Melrose et Sjostrand
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1.3. Systémes d’équations des ondes linéaires a différents niveaux de régularité

([MS78], [MS82]), qui ont introduit les bicaractéristiques généralisées. Ces courbes coincident
avec les bicaractéristiques en dehors de la frontiere. On se contente ici d’une description
approximative (Figure 1.2) de leur comportement au bord. Si une bicaractéristique rencontre
la frontiére de maniere transverse, elle rebondit comme le ferait un rayon lumineux, selon
les lois de l'optique géométrique (on parle de point hyperbolique). Si une bicaractéristique
rencontre la frontiére de fagon tangente, on distingue deux cas : si c’est possible, on prolonge
la bicaractéristique de fagon a ce que le seul point d’intersection avec le bord soit le point
de contact (on parle d'un point diffractif), et sinon, la bicaractéristique est prolongée par
une trajectoire a l'intérieur du bord. On peut rendre cette définition rigoureuse, montrer que
les bicaractéristiques existent globalement, et sont uniques si aucun contact d’ordre infini
n’a lieu entre la frontiére et une bicaractéristique. L’unicité permet de définir un flot. Les
bicaractéristiques sont de plus continues, hormis au niveau des points hyperboliques.

Toujours de fagon approximative, on dit qu’un point de contact (¢(s), z(s), 7(s),&(s)) entre
une bicaractéristique et la frontiere est non-diffractif si dans un voisinage |s — €, s + €[, la
bicaractéristique généralisée ne coincide pas avec une bicaractéristique classique. En de tels
points, le contact avec le bord affecte la dynamique. Enfin, on appelle géodésiques généralisées
les projections sur x des bicaractéristiques généralisées.

Remarque 1.2.2. Dans toute cette these, on supposera qu’il n’y a pas de contact d’ordre infini
entre le bord et les bicaractéristiques.

1.3 Systemes d’équations des ondes linéaires a différents ni-
veaux de régularité

Nous commencgons par 1’étude d’équations des ondes linéaires avant de nous consacrer a
des questions concernant des équations non-linéaires. Un travail effectué sur des problémes
inverses pour des systemes d’équations des ondes, avec Lauri Oksanen, 'année précédant
cette these, a naturellement mené & une question de contrdle. On présente ici ces systémes
d’équations des ondes linéaires couplées, qui s’écrivent de fagon équivalente sous la forme
d’équations des ondes & valeurs vectorielles.

1.3.1 Définitions, existence des solutions

On considere €2 'intérieur et J€) la frontiere d’une variété riemannienne compacte a bord,
de dimension d > 1, de métrique g, et on fixe un entier N > 1. On note = Q U 9. Soit
X € €2 (Q, TQ®CN*N) un opérateur différentiel d’ordre 1, donné dans une carte (U, z) par

9 .
X = XJW’ avec X7 € ¢°°(U,CN*N) pour j € [1,d].
x
On prend également ¢ € €°°(Q,CV*N), On note P = A — X — ¢, ot A = Aldgw~ est la
version vectorielle de 'opérateur de Laplace-Beltrami, définie composante par composante.
L’adjoint de P, noté P*, est de la méme forme que P.

Conditions de compatibilité. Si u est une fonction réguliere qui vérifie u(0) = u® et
uppq = f, alors (u0)|8£2 = f(0). Si cette condition n’est pas vérifiée, alors une solution de

(1.2.1) aura nécessairement une régularité assez faible. Pour construire des solutions a diffé-
rents niveaux de régularité, il faut donc introduire des espaces de fonctions vérifiant certaines

15



Chapitre 1. Introduction générale

conditions, appelées conditions de compatibilité. Notons Py : 2'(Q,CN) — 2'(Q,CN) lac-
tion de P au sens des distributions. On pose K° = L2(©2,C"), et pour m € N*,

Km = {U c Hm(Q,(CN), P@k/u € H&(Qa(CN) pour ke |:|:0’ \\n7l2_1Ji|:| } ’

ot |-] est la fonction partie entiere. On a par exemple ' = H}(Q,CV) et K2 = H?(,CN)N
H(9,CN). Pour m € N, K™ est un espace de Hilbert pour le produit scalaire de H™(£2, CV).
On définit ensuite K° pour s > 0 par interpolation. On note K2, pour s > 0, ’espace obtenu
en remplacant P par P* dans la définition précédente, et on définit, pour s < 0, K® comme
le dual de K%, et K comme le dual de K£~*. On dispose ainsi d’une échelle de régularité
compete, similaire & une régularité de type Sobolev, qui généralise les domaines itérés du
laplacien de Dirichlet. Pour s; > sz, on peut définir une injection naturelle de K°' dans
K2, que 'on notera tjics1_xs2, et pour s € R, on peut donner un sens a ’action de P en
tant qu’opérateur de K*T! dans K571, que I'on notera P,. On peut démontrer que toutes les
formules naturelles faisant intervenir P, et les injections sont vraies (voir Proposition 3.1.8).
Ces notations, claires, mais un peu lourdes, sont nécessaires pour définir rigoureusement des
solutions d’équations des ondes de faible régularité.

Systéemes d’équations a différents niveaux de régularité. Soient T > 0, et © =
(1, ,0N) € €((0,T) x 02,CN). On note

©1 0 0

0 O, 0
diag(©) = .

0 0 --- Oy

Pour s € R, on considérera deux types de systemes d’équations des ondes : les équations avec
donnée au bord homogene,

O?u —Pu = 0 (t,x) €]0,T[x€,
(u(0,-), 0u(0,-)) = (ul,ul) x €, (1.3.1)
u = 0 (t,z) €]0,T[x09,

et les équations avec donnée au bord inhomogene,

0?v — Py = 0 (t,x) €]0,T[x€Q,
(v(0,-),00(0,-)) = 0 x € Q, (1.3.2)
v = diag(O)f (t,x) €10, T[x09Q,

avec (u®,ut) € KT x K¢, et f € H*((0,T) x 99, CN). On dispose d’un résultat d’existence
et d’unicité pour ces deux équations.

Théoréme 1.3.1 (Solution d’un systeéme d’équations des ondes avec donnée au bord homo-
géne). Soient T >0, s € R et (u¥,ul) € KT x K. II existe un unique

u € €°([0,T), KTy n €t ([0, T], K%) n€>([0,T], K1)

tel que (u(0),0u(0)) = (u®,ul) et O?u(t) = Pu(t), pour tout t € [0,T], que l'on appelle solu-
tion de I’équation (1.3.1) avec donnée initiale (u’,u'). On a également les résultats suivants.
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1.3. Systémes d’équations des ondes linéaires a différents niveaux de régularité

(i) Pour tout § > 0, si 4 est la solution de I’équation (1.3.1) avec donnée initiale

(LICS+1—>’CS+1_6U’O7LICS—>ICS_6U1> ;
alors pour tout t € [0,T], on a tyest1_ycst1-su(t) = (t).

(ii) On peut définir une dérivée normale au bord de u, notée O,u, qui est un élément de
H*((0,T) x 0, CN), et qui coincide avec la dérivée normale usuelle si u est suffisam-
ment réguliére.

(iii) On suppose ici que s > 0. Pour F € L'((0,T), H5(Q,CYN)), on définit la solution de

O?u—Pu = F (t,z) €]0,T[xQ,
(u(0,-), 0u(0,-)) = (u®ul) x €9, (1.3.3)
u = 0 (t,z) €]0,T[x 09,

avec la formule de Duhamel (1.2.2). Cette solution vérifie u € €°((0,T),K5+1) N
EH((0,T),K?), et on peut également donner un sens H*((0,T) x 9Q,CN) a sa déri-
vée normale.

Théoréme 1.3.2 (Solution d’un systeme d’équations des ondes avec donnée au bord inho-
mogene). Soient T >0, s € R, © € €°((0,T) x 9, CN), et f € H*((0,T) x Q,CN). Pour
s <0, on définit la solution de I’équation (1.3.2) avec donnée au bord f par dualité avec les
solutions de (1.3.3) au niveau de régularité |s|. Si s > 0, on définit la solution comme pour
s = 0. Dans tous les cas, on a

v e €°0,T), H(Q,C) n€L((0,T), H*1(Q,CN)) n€2((0,T), H*2(Q,CN)),

et 07v = P3v au sens 2'((0,T) xQ,CN). De plus, si s > 1, alors v(t)j9q = (diag(©) f) 11 xa0

dans HS_%((?Q, CN), au sens des opérateurs de trace usuels sur les espaces de Sobolev.

Une construction rigoureuse des solutions d’une équation des ondes avec donnée au bord
de type Dirichlet inhomogene, a différents niveaux de régularité, se trouve dans l'article de
Lasiecka, Lions et Triggiani [LLT86]. Par rapport aux résultats de [LLT86|, la principale
nouveauté des théoremes 1.3.1 et 1.3.2 réside dans le fait de considérer des systémes. Une
version détaillée, avec une démonstration complete, de ces deux théorémes, est donnée au
chapitre 3.

1.3.2 Schéma de démonstration des théorémes 1.3.1 et 1.3.2

Expliquons, de facon approximative et simplifiée, les étapes de la constructions des solutions.

La premiere étape, tres classique, consiste a prendre un point de vue semi-groupe, et
a construire la solution de (1.3.1) pour s > 0 en utilisant le théoreme de Hille-Yosida. La
seule difficulté consiste a vérifier que les espaces contenant les conditions de compatibilité
correspondent bien aux domaines itérés du générateur infinitésimal considéré.

L’idée de la deuxiéme étape est de construire la solution de (1.3.1) pour s < 0, en utilisant
la construction pour s > 0, et le fait que si u est une solution, on souhaite faire en sorte
que PFu soit également une solution (pour une régularité plus faible), pour k& € N. Plus
précisément, on démontre qu'’il existe z € C tel que 'opérateur P + zId est un isomorphisme
entre deux niveaux de régularité, qui préserve les conditions de compatibilité. Etant donnée
une donnée initiale (uo, ul) de régularité s < 0, on considere alors la solution @ de donnée
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initiale ((P + 21d) 0, (P + zId)F ul), avec k assez grand, puis on définit la solution de

donnée initiale (u®,u!) par u = (P + 21d)* 4.

La troisiéme étape consiste a terminer la démonstration du théoreme 1.3.1, en mon-
trant notamment les résultats concernant la régularité de la dérivée normale, et ceux sur
les solutions de I’équation avec terme source. Pour la dérivée normale dans le cas s > 0, la
démonstration est assez classique et suit essentiellement [LLT86]. Pour une solution de régu-
larité s < 0, on emploie la stratégie suivante, en supposant ici pour simplifier que I'on peut
prendre z = 0 dans la deuxiéme étape : par définition, une solution peu réguliere u est de la
forme P¥, avec @ une solution assez réguliére, et qui a donc une dérivée normale bien définie.
Poser d,u = P¥9, @ n’ayant pas de sens, on écrit P*i = 92¥4, puis on prend comme définition
Oyu = 9%, 1. Cette formule est un peu compliquée, mais on montre qu’elle implique toutes
les propriétés naturelles attendues. Pour les solutions avec terme source, on les définit avec
la formule de Duhamel, et on montre les résultats de régularité annoncés.

Dans une quatrieme étape, on peut alors démontrer le théoreme 1.3.2 pour s < 0, par
dualité avec les résultats du théoreme 1.3.1 pour s > 0. Pour montrer les propriétés de
régularité annoncées, si f est une donnée au bord réguliere, I'idée consiste a considérer une
fonction f réguliere, définie sur tout le domaine, et coincidant avec f au bord. On montre
alors que si v est la solution de (1.3.2) avec donnée au bord f, alors v — f est une solution
de I’équation homogene (1.3.1).

Enfin, dans une cinquiéme et derniere étape, on démontre le théoreme 1.3.2 pour s > 0.
La solution pour s > 0 est définie comme la solution pour s = 0, et on démontre par
récurrence sur s € N* qu’elle vérifie les résultats de régularité attendus. L’idée de considérer
v — f fonctionne & nouveau pour le cas s = 1, mais pas pour les cas suivants, & cause des
conditions de compatibilité. Pour I’hérédité de la récurrence, on gagne un cran en régularité
en considérant la dérivée en temps d’une solution.

1.4 Equations des ondes non-linéaires

Toutes les équations non-linéaires considérées sont a valeurs dans R.

1.4.1 Equation des ondes cubique

Soient € lintérieur et 9 la frontiére d’une variété riemannienne a bord de dimension 3,
supposée lisse et connexe. Soit 8 € R tel que I'inégalité de Poincaré

fully = [ (1VuP +BluP) do 2 fullfs, u e H(), (L.4.1)

est vérifibe. Pour (u®,u') € H}(Q) x L3(), on considere 1'équation des ondes (ou de Klein-
Gordon) cubique donnée par

Pu—Au+pu = +u? (t,z) e R x Q,
(u(0), Ou(0)) = (ul,ul) x €, (1.4.2)
u = 0 (t,z) € R x 0N.

On dit que cette équation est défocalisante quand la non-linéarité est —u?, et focalisante quand
la non-linéarité est +u3. Ces deux types d’équations ont des propriétés tres différentes.

Existence locale, explosion. Dans les deux cas, on peut démontrer I’existence locale
et 'unicité des solutions, par une méthode de point fixe. L’idée, trés classique, consiste a
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considérer 1’équation

Ou—Au+pu = +U3 (t,z) €] —e,e[xQ,
(u(0), 9u(0)) = (u®,ut) x€Q,
u = 0 (t,x) €] —e,e[x0Q,

avec e > 0, et U € X. = €°(] —¢,¢[, HY(Q)) N €1 (] —¢,¢[, L*(2)). Une estimation d’énergie
pour I’équation des ondes linéaire avec terme source donne alors

il % ()] I [ T e

d’apres 'injection de Sobolev Hi (Q2) < L%(€2). Si € est suffisamment petit, on peut également
montrer que 'opérateur U — u est contractant. Le théoréme de point fixe de Banach-Picard
permet alors de construire la solution u sur | — e, e[. On obtient aussi un critére d’explosion :
si la solution de (1.4.2) n’est pas définie sur R, alors il existe un temps 7' > 0 tel que

+w|
HxL? L1(J—eel,L2(22

|| (u(t), &gu(t))HHéxLz — +o00, quand t — T~

On définit 1’énergie d’une solution au temps t par

B (u(t), (1)) = 5 Nu®)lFg + 5 10u®)l3s (o).

Cette énergie est constante au cours du temps. Dans le cas d’une non-linéarité défocalisante,
on a donc

S e + 5 10wl < B @), oue) = B (u,07),

impliquant que toutes les solutions sont globales. Ce raisonnement ne fonctionne pas pour
une non-linéarité focalisante : le fait que I’énergie soit constante ne donne pas de contréle sur
la taille de la solution. On peut montrer qu’il existe des solutions qui explosent en temps fini
(voir théoreme 2.3.1). Un exemple explicite, dans le cas d’une variété compacte sans bord,
avec 8 = 1, est donné par la fonction

sin(g\@—)’ (t,z) € ]—g,g{xﬂ.

u(tv ZL‘) =
Solutions stationnaires. On appelle solution stationnaire une solution de (1.4.2) indé-
pendante du temps. Si u(t) = u® est une telle solution, on voit en intégrant par parties
que
0’ 4
I

o]y =%
Hg

En particulier, la seule solution stationnaire de I’équation cubique défocalisante est zéro.

A Dinverse, on peut montrer que des solutions stationnaires non-nulles existent dans le cas

focalisant. On a notamment le résultat suivant, démontré en 1975 par Payne et Sattinger

[PST75].

Théoréme 1.4.1. On suppose que Q est un ouvert borné de R3. Il existe une unique solution
stationnaire positive de I’équation cubique focalisante, appelée état fondamental, et notée Q,
d’énergie E(Q,0) > 0 minimale.

On verra que I’énergie de ’état fondamental joue un role particulier dans I’étude des solu-
tions de I’équation focalisante. Supposer que € est un ouvert borné de R? n’est pas nécessaire
pour construire un état fondamental : on fait cette hypothése pour assurer son unicité. Dans
le cas Q = R%, on peut montrer que I’état fondamental est unique aux translations pres, et
est radial (voir [Cof72]).
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1.4.2 Equation non-linéaire plus générale

Soient maintenant Q lintérieur et 9 la frontiére d’une variété riemannienne & bord de
dimension d > 2, lisse et connexe. Soit S € R tel que 'inégalité de Poincaré (1.4.1) est
vérifiée. On prend une non-linéarité f € €1 (R, R) vérifiant f(0) = 0, et

|f(s1) — f(s2)| < Cls1 — s2 (1 + [sp [Pt + |52’p°_1> , S1,52 €R,

avec C' >0 et 1 < pyp < +00. On considere ensuite I’équation

Pu—Au+pu = f(u) (t,z) e R x Q,
(u(0), 9u(0)) = (ul,ul) x € Q, (1.4.4)
u = 0 (t,z) € R x 09,

pour (u’,ul) € H}(2) x L*(Q). Pour montrer l'existence locale de solutions, en regardant
(1.4.3), on voit qu’il est naturel de chercher des estimations sur || f(u)ll11(_. o £2(q))> PoOUr

€>0.S1d>2etpyg < d 5, alors l'injection de Sobolev H () < L%(Q) donne

[0l 1 e e r2)) S € Null oo qcepmi@) »

ce qui permet de construire localement la solution. Ce point de vue n’est pas optimal : on
peut en réalité construire la solution localement pour certains exposants py > 1 ne vérifiant
pas la condition pg < ﬁ, en utilisant des estimations appelées inégalités de Strichartz.

Théoréme 1.4.2 (Inégalités de Strichartz (locales en temps)). Il existe une famille de couples
d’exposants A C {(p, q),1<p<+400,2<g< %}, vérifiant la propriété suivante. Pour
tous (p,q) € Aq et T > 0, il existe une constante C' > 0 telle que

1wl 2o (jo,1),L902)) < C (H(U u )HH1 @xe@ T HQHLl([O,T],L2(Q))) :

pour tous (u®,ul) € HH(Q) x L*(Q), and g € L*([0,T], L*(2)), ot u est la solution de

OPu—Au+ pu = g (t,x) € R x 0,
(0),0m(0) = (WOul)  zen,
u = 0 (t,x) € R x 0.

L’ensemble A dépend de la géométrie de 2. Si 3 < d < 5, et si  est une variété sans
bord, on peut montrer que

2d 1 d_d
,q), 1<p< 2<qg< ——, d 3), —+—-—>-—1; CAq.
{(pq) p<o0, 25¢< 7 (¢.d) # (+00,3), PR } 0
En particulier, dans ce cas, on trouve (pg, 2pg) € Aq pour1<p0<%,avecpio—l—i>d—l

si pg < d+2 , ce qui permet de construire localement la solution. On dit que § d+2 est I’exposant
cmtzque et on parle de non-linéarité sous-critique, critique ou sur-critique, selon la position
de py par rapport a cet exposant.

Si Q est une variété a bord, déterminer ’ensemble Aq n’est pas simple : des contre-
exemples de Ivanovici [Ival2] montrent que les inégalités de Strichartz ne sont pas vérifiées
pour tous les exposants du cas sans bord. Dans le cas ot il existe gy > pg tel que (qo, 2po) € Aq,
la méthode précédente permet de construire localement la solution. Cependant, comme dans
le cas cubique, sans hypothese supplémentaire sur f, les solutions ne sont pas toutes globales.
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On dispose également d’une fonctionnelle d’énergie, qui généralise celle du cas cubique :
on note F(s) = [; f(o)do, et on introduit

B (u(0).00(0) = 3 N0l + 5 1003 — [ Fu)de, teR

En multipliant équation (1.4.4) par Ou et en intégrant par parties, on voit (au moins
formellement) que l’énergie est une quantité conservée au cours du temps. Dans certains
cas, comme par exemple si F'(s) < 0 pour tout s € R, cela implique en particulier que toutes
les solutions sont globales. Comme dans le cas cubique, on peut démontrer pour certaines
non-linéarités que des solutions stationnaires ou explosives existent. On retrouve la valeur de
I’exposant critique comme étant celle qui permet d’assurer que ’énergie est bien définie grace a
I'injection de Sobolev Hg () — L%(Q) . en effet, en prenant par exemple f(s) = s ||,
on trouve

+1
<@g, ter

/Q F (u(t)) de

: 2d ’ NI K d+2
si po + 1 < 75, cest-a-dire pg < 755

1.4.3 Comportement en temps long

L’étude du comportement en temps long des solutions d’équations des ondes non-linéaires est
un domaine de recherche tres actif. De nombreux cas ont été considérés : par exemple, selon le
domaine (2 = R%, ou bien Q = R¥\ K, avec K compact), selon la non-linéarité (notamment le
cas ou f est une puissance, focalisante ou défocalisante, sous-critique, critique ou sur-critique),
selon I'énergie des données initiales (par rapport a ’énergie de ’état fondamental dans le
cas focalisant), ou encore selon la régularité des solutions (solutions dans H® x H*~!, pour
différentes valeurs de s, ou bien solutions dans les espaces de Sobolev homogenes Hsx H s=1),
On ne présentera bien siir pas tous ces résultats : on se contentera ici du cas de ’équation de
Klein-Gordon cubique, f(s) = £s3, sur @ = R3. On commence par une définition.

Définition 1.4.3. Soient u une solution de (1.4.4), et ¢ une solution stationnaire. On dit
que u est une solution scattering vers ¢ en +o0o si u existe sur R4, et s’il existe (vo,vl) €
HE () x L2(Q) telle que la solution v de I’équation linéaire

v —Av+pv = 0 (t,z) e R x Q,
(0(0),00(0) = (,01)  weQ,
v o= 0 (t,x) € R x 09,

vérifie (u — v, Oyu — O) (t) — (p,0) dans H} () x L}(Q), quand t — +oo.

On dit qu’une solution u est scattering vers ¢ en —oo si la solution t — u(—t) est scattering
vers ¢ en +o0o. On dit simplement qu'une solution est scattering si elle est scattering vers
0. Par définition, une solution scattering est une solution asymptotiquement proche d’une
solution de I’équation linéaire. Ce comportement est un phénomene dispersif, et ne sera
étudiée que lorsque  est non-borné, comme par exemple dans le cas © = R? On peut
montrer dans certains cas qu’une solution est scattering si et seulement si elle a une norme
de Strichartz globale en temps finie. On sera donc amené a démontrer des résultats analogues
au théoreme 1.4.2, dans le cas T' = +o0.

Décrivons maintenant les résultats connus concernant le comportement en temps long
des solutions dans le cas f(s) = s, 3 = 1, et Q = R3. Le cas défocalisant f(s) = —s> a
été considéré par de nombreux auteurs, et dans ce cas, toutes les solutions de (1.4.4) sont
scattering (vers 0) en 400 et en —oo (voir par exemple l'article de Brenner [Bre84]). Le
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cas focalisant f(s) = s> présente des phénomenes plus variés. En 1975, Payne et Sattinger
[PST75] ont établi une partition explicite des données initiales d’énergie E (u°,u!) < E(Q,0)
en deux sous-ensembles Kt et K, K~ contenant les données initiales des solutions qui
explosent en temps fini positif et négatif, et X+ contenant les données initiales des solutions
définies sur R (voir théoreme 2.3.1 ci-dessous). En 2011, Ibrahim, Masmoudi et Nakanishi
[IMN11] ont démontré que les solutions avec données initiales dans K sont toutes scattering
(avec une méthode introduite par Kenig et Merle [KMO08]). Le comportement des solutions
d’énergie initiale B (u°,u') < E(Q,0) + ¢, avec € > 0 petit, a ensuite été classifié par
Nakanishi et Schlag dans [NS1la] (cas radial) et dans [NS12] (cas non-radial). En temps
positifs ou négatifs, une solution peut exploser, étre scattering vers 0, ou étre scattering vers
Q; cela donne donc neuf types de comportements possibles pour une solution, et chaque
combinaison possible en —oco et 400 peut se produire. Dans le cas de ’équation des ondes
critique, 'existence de solutions dites hétéroclines avait été démontrée par Duyckaerts et
Merle [DMO08]. Dans le cas d’'une donnée initiale d’énergie plus grande, des expérimentations
numériques ont été effectuées (voir par exemple [DS11]). On pourra consulter le livre [NS11b]
pour une présentation pédagogique de ces résultats.
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Chapitre 2

Résumé des travaux

Chacune des sections suivantes correspond a un chapitre de cette these.

2.1 Changement de régularité pour la contrélabilité de sys-
temes d’équations des ondes

2.1.1 Reésultats principaux et contexte bibliographique

On se place ici dans le cadre des systemes d’équations des ondes couplées, présenté dans
la section 1.3. On fixe s € R, T' > 0 et © € €>°(]0, T[x99,CY). On s’intéresse aux deux
propriétés suivantes.

Définition 2.1.1 (Observabilité H® pour ©). On dit qu’il y a observabilité H® pour O s’il
existe C' > 0 tel que pour tout (u’,u') € K1 x K%, la solution u de (1.3.1) vérifie

()]

Définition 2.1.2 (Controlabilité exacte H® pour O). On dit qu'il y a contrélabilité exacte
H? pour © si pour tout (¢, ') € K3 x K271, il existe un controle f € H*((0,T) x 092, CV)
tel que la solution v de (1.3.2) vérifie (v(T), 0w (T)) = (¥, pl).

ortgs = C |diag(©)0vul| s (0,1 xa0,c7) -

Le lien entre controlabilité et observabilité est donné par le résultat suivant.

Lemme 2.1.3. Pour tout s € R, la contrélabilité H® pour © et 'observabilité H—° pour ©
sont équivalentes.

La condition suivante, fondamentale, a été introduite par Bardos, Lebeau et Rauch
[BLR92|. Dans le cas d’'un domaine sans bord, l'utilisation des bicaractéristiques dans des
problémes de controle a été initiée par Rauch et Taylor [RT74].

Définition 2.1.4 (Condition de contréle géométrique GCC). Soient I' C 9 un ouvert,
et T > 0. On dit que (I',T) contrile géométriguement €2, si pour toute bicaractéristique
généralisée s — (t(s),x(s),7(s),&(s)) (associée a 'opérateur des ondes scalaire 97 — A), il
existe un point non-diffractif (¢(s),z(s),7(s),&(s)) tel que t(s) € ]0,T[ et z(s) € T'. On dit
que I" vérifie GCC si un tel temps T existe. On note Tgoc(I') Vinfimum des 7' tels que (I', T')
controle géométriquement ().

Dans le cas scalaire, Bardos, Lebeau et Rauch ont montré le résultat suivant.
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Théoréme 2.1.5. On suppose ici que N = 1. Soient I' C 02 un ouvert qui vérifie GCC
et tel que Taec(T) < T. Soit © € €2°(]0, T[x 09, C) vérifiant O(t,x) # 0 pour tout (t,x) €
[to,t1] X T, avec 0 < tg < t1 < T et t; —tg > Tacc(l). Alors pour tout s € R, il y a
controlabilité H® pour ©.

Dans le cas particulier © = (0,--- ,0), avec 6 € €°(]0, T[x 9, C), le terme de contrdle
agit de la méme fagon sur toutes les composantes de la solution, et on peut raisonnablement
conjecturer que le théoreme 2.1.5 est vrai. Dans le cas général, on peut conjecturer qu’une
condition géométrique plus compliquée est équivalente a la contrélabilité H®. Dans le cas
d’un controle interne, ce travail a été effectué par Cui, Laurent et Wang [CLW20] (au niveau
de régularité s = 0).

Dans le cas scalaire (N = 1), Burq et Gérard [BG97] ont montré que la condition de
contrdle géométrique est essentiellement équivalente & la contrélabilité L? (et donc a la contro-
labilité H*®, d’apres le théoréeme 2.1.5), toujours dans le cas N = 1. Une conséquence de ces
résultats est que la contrdlabilité H® est en réalité indépendante de s € R. Cette remarque
souleve la question naturelle suivante : peut-on déduire la contrélabilité H*!, pour un certain
s1 € R, de la contrélabilité H*2, pour un certain so # s1, sans passer par la condition géomé-
trique de contrdle ? On donne une réponse positive a cette question, pour tout N > 1, avec
le théoréme suivant, qui est notre résultat principal concernant les systemes d’équations des
ondes linéaires.

Théoréme 2.1.6. Soient s1,s9 € R. Si 51 > s9, alors pour tout © € €>°((0,T) x 9Q,CN),
la controlabilité H%' pour © implique la contrélabilité H*2 pour ©. Si s1 < sa, alors pour tout
Ol = (61,---,0%) € €°((0,T) x 9Q,CN) et ©2 = (03, ,0%) € €°°((0,T) x 9Q,CN),
vérifiant @% # 0 sur supp @i pour tout k € [1,N], la controlabilité H** pour © implique la
controlabilité H*? pour ©2.

De fagon équivalente, avec le lemme 2.1.3, on peut changer le niveau de régularité d’'une
inégalité d’observabilité.

Théoréme 2.1.7. Soient s1,s0 € R. Si 51 < s9, alors pour tout © € €>°((0,T) x 9Q,CN),
l’observabilité H*' pour © implique l'observabilité H*? pour ©. Si s1 > sa2, alors pour tout
ol = (01,---,0%) € €2((0,T) x 0Q,CN) et ©2 = (03,---,0%) € €>((0,T) x 99Q,CN),
vérifiant @i % 0 sur supp @}c pour tout k € [1,N], lobservabilité H' pour © implique
Uobservabilité H*? pour ©2.

Remarque 2.1.8. Le fait d’utiliser deux fonctions différentes, ©1 et O, peut étre évité en
prenant une définition de l'observabilité qui fait intervenir des ouverts. Considérons s €
R, 7! € ]0,T[, et T'y,--- ,I'y des ouverts de 9. On dit qu’il y a observabilité H® pour
(T",T'1,--- ,T'n) si pour tout © = (O1,---,0x) € €2((0,T) x 9Q,CN) tel que pour tout
k € [1,N], ©r # 0 sur {T%T,T%T/} x Tk, 'observabilité H® pour © est vraie (au sens
de la définition 2.1.1). Avec ce point de vue, le théoréme 2.1.7 donne I’équivalence entre
I'observabilité H*' pour (17",T'1,---,T'ny) et Pobservabilité H*2 pour (1',T'y,---,'x), pour
tout s1,s9 € R.

Les solutions & un tres faible niveau de régularité ne sont pas simples a définir et & ma-
nipuler, et grace au théoreme 2.1.6, pour démontrer qu’une certaine condition géométrique
implique la controlabilité H® pour tout s € R, il suffit de montrer par exemple que cette
condition implique la contrélabilité L?. Au niveau de régularité L?, une stratégie pourrait
consister a utiliser des mesures de défaut, dans l'esprit de l'article [Bur97a] (voir Burq et
Lebeau [BLO1] pour le cas des systémes). Un résultat analogue a celui de Cui, Laurent et
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Wang [CLW20] pour le cas du controle au bord au niveau de régularité L2, avec le théo-
reme 2.1.6, donnerait immédiatement une caractérisation du contréle au bord au niveau de
régularité H®, pour s € R. De plus, la stratégie employée pour démontrer le théoréme 2.1.6
pourrait s’appliquer dans d’autres contextes, ou une condition géométrique équivalente a la
controlabilité n’est pas connue.

Un résultat de changement de régularité analogue est vrai pour la controélabilité (ou 1’ob-
servabilité) interne, avec une démonstration plus simple. En utilisant les propriétés de contrd-
labilité interne démontrées par Cui, Laurent et Wang [CLW20], on obtient une caractérisation
de la controlabilité interne de systémes, a tous les niveaux de régularité s € R.

Un projet en collaboration avec Lauri Oksanen, commencé avant le début de cette these,
s’intéresse a des problémes inverses pour ’équation (1.3.2) dansle cas © = (6,--- ,0), avec 0 €
€¢>°(]0,T[x 09, C). La méthode employée utilise des solutions concentrées dans une certaine
région de ’espace donnée, a la fois au niveau de régularité s = 0 et a un niveau de régularité
élevé s > 1. Actuellement, notre résultat principal concernant les problémes inverses prend
la contrélabilité H®, pour tout s > 0, comme une hypothese. Un résultat analogue a Cui,
Laurent et Wang [CLW20], dans le cas du controle au bord, mais avec I'hypothése restrictive
© = (0,---,0), permettrait d’énoncer notre résultat principal en prenant seulement comme
hypothese la condition de contréle géométrique.

Les propriétés connues concernant la régularité du controle sont de natures tres différentes
du théoreme 2.1.6. Des auteurs se sont intéressés a la question suivante : si on suppose que
la controlabilité L? est vraie, on peut alors considérer un opérateur qui, & un état final &
atteindre donné, associe un contréle emmenant la solution de zéro a cet état final. Un tel
opérateur n’est pas unique, mais la méthode HUM (Lions [Lio88]) en fournit un naturelle-
ment, qui donne est le contréle de norme L? minimale. Il est naturel de se demander si cet
opérateur préserve la régularité. Explicitement, si on considere par exemple I'opérateur HUM
g H(Q) x L*(Q) — L3((0,T) x 09), alors étant donné (u®,ul) € H* N HE(Q) x HI(Q),
a-t-on g (u®, u') € H((0,T) x 9Q) ? Dehman et Lebeau [DL09] ont initié I'’étude de la régula-
rité de 'opérateur HUM pour un controle interne, et Ervedoza et Zuazua [EZ10] ont ensuite
considéré le cas d’une équation réversible assez générale. Dans le cas de la contrélabilité au
bord pour I’équation des ondes, pour une donnée au niveau de régularité s > 0, le théoreme
5.4 de [EZ10] donne un contrdle dans ’espace

s
H*((0,T),L*(02)) N %k([O,T},HS‘k_%(GQ))7
k=0

alors que le théoreme 2.1.6 montre qu’il existe un controle dans H*((0,7") x 092). Le désavan-
tage de ce controle, par rapport & celui donné par [EZ10], est qu’il n’est pas construit de la
méme facon & tous les niveaux de régularité : on sait seulement que si un résultat de controle
est vrai a un niveau de régularité, alors il est vrai aux autres niveaux de régularité, sans faire
le lien entre les controles eux-mémes.

2.1.2 Schémas de démonstration

Schéma de démonstration des théorémes 2.1.6 et 2.1.7. D’apres le lemme 2.1.3, il
suffit de démontrer le théoreme 2.1.7. L’idée de la démonstration est tres naturelle, et consiste
essentiellement & se demander si une inégalité d’observabilité, appliquée & AT u, avec r € N*,
permet d’obtenir une autre inégalité d’observabilité. Pour simplifier, on omet les indices sur
I'opérateur P, et les injections entre les différents espaces de régularité. Par interpolation, il
suffit de montrer que I’observabilité H* implique I’observabilité H5¥2" pour s € R et r € N*.
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Commencons par regarder le cas le plus simple, qui est celui ou ’on souhaite augmenter
le niveau de régularité d’une inégalité d’observabilité. Supposons 'observabilité H® pour ©
vraie, pour un certain s € R, et expliquons comment montrer I'observabilité H*+t? pour ©.
Soit u une solution de (1.3.1) de donnée initiale (u°,u!) € K573 x K2, On peut démontrer
que 9}u = Pu = 1, ot 7 est la solution de (1.3.1) de donnée initiale (Pu®, Pul) € K5+ x 5.
L’observabilité H® pour © donne donc

| (Pt Pu)

< Hdiag(@)a,,afuu .

K xKCs H((0,T)xdQ,CN)

On utilise une inégalité elliptique & gauche, et la continuité de la dérivée en temps (entre
H*T2 et H?), pour obtenir 'inégalité d’observabilité faible

[(w0)

11 reste & montrer que cette inégalité d’observabilité faible implique 1'observabilité H*+2 pour
O, c’est-a-dire que le terme de reste a droite peut étre retiré. Par compacité de 'injection
o3 X 52 s K5H2 x K51l suffit de démontrer que lopérateur (u®,ul) € K5T3 x K572
diag(©)d,u est injectif. La stratégie habituelle, a ce stade, consiste a utiliser un résultat de
prolongement unique. On s’en passe ici, en utilisant & nouveau ’observabilité H® pour O.
En notant ¢ l'injection de K%3 dans K1, si u est une solution avec donnée initiale dans
Iespace K513 x K52 qui vérifie diag(0©)0,u = 0 dans H*2, alors tu est une solution avec
donnée initiale dans l'espace K*T! x k¥, qui vérifie diag(©)d,u = 0 dans H*. L’observabilité
H? pour © permet donc de conclure.

Regardons maintenant le cas ou l’on souhaite diminuer le niveau de régularité d’une
inégalité d’observabilité. On considére s € R et O! = (@%, e ,@}V) tels que 1'observabilité
H?® pour ©! est vraie. D’apres le cas précédent, on peut en fait supposer s > 0 : cela sera utile
dans la démonstration, mais nécessite de démontrer ensuite 1’'observabilité H5~2", pour tout
r € N*, et pas seulement ’observabilité H*~2. Comme dans la démonstration des théorémes
1.3.1 et 1.3.2, on consideére z € C tel que 'opérateur P + zId est un isomorphisme entre deux
niveaux de régularité, qui préserve les conditions de compatibilité. Soient r € N*, (u® ul) €
JCSTI=2 5 IC5727 et u la solution de (1.3.1) de donnée initiale (u°,u'). L’observabilité H*
pour ©', appliquée & la solution @& = (P + zId) ™" u, donne

(P + 1), (P 4 21d) " u?) | < ||aiag(©"),

. 0,1
ooty poorr S 14188(@)Boull o2 0,y xa0,0v) + H(“ U )‘ o2yt

(2.1.1)

s xKCs ’HS((O,T)XQQ,(CN) '

A gauche, pour obtenir le terme || (u, ul)|

JosH1—2r 5 fos— 29 a un terme de reste pres, on utilise

simplement la continuité de Popérateur (P + zId)". A droite, on rencontre une difficulté. Dans
le cas z = 0, on a u = P"%i = 071, on voit donc que I'inégalité dont on a besoin, & un terme
de reste pres, est

Hdiag(@l)&,ﬁ

< |diag(©")a, 07"

‘HS((O,T)xaﬂ,CN ’HS—QT((O,T)XE?Q,CN) '

Dans le cas z # 0, une estimation de ce type peut également étre utilisée, quitte & modifier
le terme de reste. Cette inégalité, non-triviale, exprime ’ellipticité de la dérivée en temps sur
les dérivées normales de solutions. Plus précisément, on démontre le résultat suivant.

Théoréme 2.1.9 (Ellipticité de la dérivée en temps sur les traces Neumann de solutions).
Pour © € €>°((0,T) x 0Q,CN), s > —1, et r € N*, il existe C > 0 tel que pour tout
(u0,ut) € KT x K2, on a

(|diag(©)dyull g ((0,1)xo0,cM)
<C (Hdiag(®>8?”9uu

+[of)

1
+ ]
’HHT((O,T)xaQ,(cN) K+ 3 Kz )’
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ot u est la solution de (1.3.1) de donnée initiale (u°, ul).

Expliquons comment terminer la démonstration du théoréme 2.1.7. En utilisant le théo-
reme 2.1.9 et 'estimation (2.1.1), on obtient 'inégalité d’observabilité faible

(G

On souhaite ensuite retirer le terme de reste, en utilisant uniquement I’observabilité H® pour
©'. On ne peut malheureusement pas faire cela en toute généralité : on consideére donc ici ©2 =
(0%, ,0%) € €°°((0,T) x 99, CN), vérifiant ©2 # 0 sur supp O1 pour tout k € [1, NJ.
Par compacité de I'injection KST1727 x 5727 — K52 ICS_%_QT, il suffit de montrer que
I'opérateur (uo,ul) + diag(©?)d,u est injectif. Un argument classique permet de montrer
que son noyau est de dimension finie, et est stable par 'opérateur (u®, u!) — (9,u(0), 9?u(0)),
ce qui permet ensuite de conclure.

< Hdiag(@l)&,u

0,1
JCsH1=2r x [Cs—2r ‘H5*2T((O,T)><89,(CN) ’ SR sl R

Schéma de démonstration du théoréme 2.1.9. Pour comprendre ellipticité de la dé-
rivée en temps sur la dérivée normale de solutions, il faut avoir une approche microlocale. On
commence par se ramener au cas d'un demi-espace, et on note (¢, z,7,£) un point de ’espace
cotangent. On écrit Op(p) pour 'opérateur pseudo-différentiel de symbole p, et Op.(p) pour
Iopérateur pseudo-différentiel tangentiel de symbole p. L’idée est ensuite de décomposer 0, u
en deux termes, un sur lequel 0; est elliptique, qui sera le terme principal, et un autre sur
lequel I'opérateur des ondes est elliptique, qui sera un terme de reste. Plus précisément, on
écrit

[diag (@)l s (0.7 xom,c) < ||ia(©) O (xian—0)dn| . (oo

+ Hdiag(@) Op; (1 = X|zn=0)0vu (2.1.2)

’Hs((O,T)XBQ,(CN) ’

avec x une fonction lisse & déterminer. Dans les grandes lignes, on construit y en assurant les
propriétés suivantes : il existe des constantes cg, c1,co > 0 telles que si 72 + |£]? > ¢o, alors

X|an=0(z,7,&,0) =1, si 2> (1+72+1¢P?),
Xjan=0(2,7,€',0) =0, si <G A+ 4¢P,

x(z,7,§) =0, si ¢ =72 > e3 (T2 4 [€7),
X(@, 7€) =1, si |62 =72 < (72 + &%)

Le symbole x|gn—q(x, T, 0)7~2" est alors bien défini, et le premier terme & droite de (2.1.2)
donne le premier terme a droite de I’estimation du théoréme 2.1.9. On montre ensuite que le
deuxiéme terme a droite de (2.1.2) est un reste, en utilisant le fait que u est une solution de
I’équation des ondes, ainsi qu’une parametrix de Op(1 — x)P.

2.1.3 Perspectives

Pour terminer le projet en cours avec Lauri Oksanen, il faut montrer I’'observabilité L? pour
©=(0,---,0), avec 0 € €°(]0,T[x 0%, C) satisfaisant la condition géométrique de controle,
ce qui peut-étre fait en utilisant des mesures de défaut, ou en adaptant la démonstration
originale de Bardos, Lebeau et Rauch [BLR92|. Il serait intéressant d’essayer de démontrer
des résultats analogues au théoreme 2.1.7 pour d’autres équations au dérivées partielles, pour
lesquelles une condition géométrique caractérisant 1’observabilité n’est pas connue.
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2.2 Estimations uniformes de solutions globales d’équations
des ondes non-linéaires focalisantes

2.2.1 Reésultats principaux et contexte bibliographique

On s’intéresse ici a la question suivante : une solution globale en temps positifs, donc qui
existe pour tout t € R, est-elle nécessairement bornée dans l'espace d’énergie HJ(£2) x
L?(2) ? Une réponse positive & ce genre de question est d'une grande aide pour classifier le
comportement des solutions d’une équation, puisqu’elle donne acces a des résultats dits de
compacité asymptotique (voir théoréme 2.3.4). L’équation que l'on a en téte est 1’équation
des ondes cubique amortie sur un domaine borné, mais on consideére ici une non-linéarité un
peu plus générale. L’idée est de généraliser les résultats de Cazenave [Caz85] a une équation
amortie.

Soient € l'intérieur et 02 le bord d’une variété compacte de dimension d > 3. Comme
précédemment, on fixe 8 € R tel que I'inégalité de Poincaré

2
-]

:/ (17l + Bluf?) de/ u?de, we HMQ), (2.2.1)
Q Q

1
HO

est vérifiée. On consideére ensuite 1’équation des ondes (ou de Klein-Gordon)

Ou+~voiu+ Pu = f(u) (t,z) e R x Q,
(u(0), 9u(0)) = (u®,ut) x €, (2.2.2)
u = 0 (t,z) € R x 09,

pour une donnée initiale (u®,u') € H}(Q) x L*(Q) a valeurs réelles un amortissement vy €
L>®(Q,R}), et une non-linéarité f € ¢*(R,R). On note F(s) = [; f(7)dr, et on fait les
hypothéses suivantes. On suppose que f(0) = 0, et qu'il ex1ste l<p< —l—oo, 1 < pyg < 400,
C >0, e >0 tels que

[F(s1) = F(2)| < Cls1 = sof (14 [s1P 4 [s2P71) 51,50 € R, (2.2.3)
sf(s) > (2+¢)F(s), seR, (2.2.4)
et
lulP5™ < c/ Flu)de, ue HM(Q). (2.2.5)
Q

On supposera toujours que €2 et f sont tels que 'on dispose d’'une théorie de Cauchy locale :
plus précisément, on suppose que pour toute donnée initiale (u U ), il existe un temps
maximal d’existence T € ]0,+o00| et une solution u € ‘50([0,T),H0( ) NEL([0,T), L3())
de (2.2.2).

Pour (u’,ul) € H}(Q) x L3(), on introduit la fonctionnelle d’énergie

.~ | P

Si la solution u de (2.2.2) existe sur un intervalle [0, 7], alors on a I’égalité d’énergie

B (i) = ],

H} 2H

E (u(tr), du(ty)) = E (u(to), dyulto)) / /ﬂatu\ dtde, 0<ty<t,<T.

Notre résultat principal est le suivant.

Théoréme 2.2.1. On considére [ vérifiant (2.2.3) pour un certain p < %, (2.2.4), et
(2.2.5).
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(i) Il existe C = C(f,7) > 0 tel que pour tout (u°,u') € HL(Q) x L*(Q), si la solution u
de (2.2.2) existe sur Ry, alors

E (v, u') > B (u(t), u(t) > —C, >0,

(ii) 1l existe co = co(f,y) > 0, c1 = c1(f,y) > 0, et ca = ca(f) > 0 tels que pour tout
(u®,ut) € H}(Q) x L3(Q), si la solution u de (2.2.2) existe sur Ry, alors

u(t)]|72 < Huo’ ZLQ e 2! 4 (co +a ‘E (uo,ul) ’) (1 - eiCZt) , t>0.

(iii) On suppose de plus que f vérifie (2.2.3) pour un certain p < %. Alors il existe ¢ =
c(f,v) > 0 tel que la fonction « : s — cexp(cs) vérifie la propriété suivante. Pour tout
(u®,ut) € HJ(Q) x L3(R), si la solution u de (2.2.2) existe sur Ry, alors

Iw®. Bl e < (| () [, ) 220

1
HjxL?

De plus, il existe T > 0, qui dépend de f, v et H(uo,ul)HHéxLQ, tel que

@), gy xze < o (|B (w0 0)]), t= T
Par exemple, si f est donnée par
f(s) = A1s|s|® 4o 4 Aps|s| Tl s eR,

pour n € N* A\, Ay >0,et 1 <pg<a; <--- <a, <p,alors f vérifie (2.2.3), (2.2.4),
et (2.2.5). Notons que le fait que €2 est borné est utilisé pour obtenir (2.2.5). Les points ()
et (ii) du théoréme 2.2.1 peuvent étre appliqués a f si p < %, et le point (7ii) peut aussi
étre appliqué si p < dg. En particulier, le théoreme 2.2.1 implique que toute solution globale
(en temps positifs) de I’équation cubique sur une variété compacte de dimension 3 est bornée
dans 'espace d’énergie.

Commentons les hypotheses du théoréeme 2.2.1, et comparons-les a celles faites par Ca-
zenave dans [Caz85]. Notons déja que les cas d = 1,2 peuvent étre traités en adaptant les
méthodes de [Caz85] et les idées de la démonstration du théoréme 2.2.1 : ce n’est pas fait ici
seulement par souci de simplification. Pour avoir une théorie de Cauchy locale, il est natu-
relle de supposer (2.2.3) avec p < %, ce qui revient a dire que f se comporte comme une
puissance, et est sous-critique. Dans le cas d’une variété a bord, les estimations de Strichartz
ne sont pas valides avec tous les couples d’exposants du cas sans bord, d’ott notre hypothese
supplémentaire sur la théorie de Cauchy. L'inégalité (2.2.4) traduit le caracteére focalisant de
la non-linéarité, et est exactement ’hypothese faite par Cazenave. Enfin, (2.2.5) est également
une hypothese focalisante, et ne figure pas dans 'article de Cazenave : c’est une hypothese
supplémentaire, qui nous permet de traiter le terme d’amortissement. Notons que (2.2.5) est
une hypothése "prés de 0", et peut étre remplacée par F(s) = s?*¢, pour s proche de 0. La
question de savoir si le théoréme 2.2.1 est vrai sans I'hypothese (2.2.5) (ou une hypothese
analogue) est ouverte, a notre connaissance. Le fait de supposer © borné sert uniquement
a assurer l'existence de non-linéarité vérifiant toutes ces hypotheses. Notons également que

Cazenave suppose que p < ﬁ dans tout son article, mais une lecture attentive montre que

cette hypotheése n’est utilisée que pour la démonstration de la borne H?!.
Des résultats analogues a ceux de [Caz85] ont été démontrés par d’autres auteurs. Feireisl
[Fei98] a considéré le cas Q = R?, avec un amortissement constant en espace et en temps, et
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une non-linéarité vérifiant la condition restrictive 1 < p < min (%, ‘%4). Le Lemme 4.2 de

[Fei98] indique qu’une solution avec une énergie bornée est globale (en temps positifs), et est
bornée dans H'(R%) x L?(R%). Cependant, [Fei98] ne semble pas contenir de démonstration
du fait qu’une solution globale a une énergie bornée.

Des questions reliées ont été étudiées par Burqg, Raugel et Schlag. Dans [BRS17], ces
auteurs ont démontré qu’une solution radiale globale est bornée dans ’espace d’énergie, dans
le cas Q = R%, avec un amortissement égal & une constante, pour une non-linéarité sous-
critique générale. La démonstration utilise des arguments de systémes dynamiques. Dans
[BRS18], les mémes auteurs ont considéré le cas d’un amortissement constant en espace, et
qui tend vers zéro quand t tend vers linfini, toujours avec = R? et pour des solutions
radiales. La démonstration du fait que les solutions globales sont bornées utilise la méthode
de Cazenave pour la borne L?, et le fait que 'amortissement tend vers zéro lorsque t tend
vers l'infini.

2.2.2 Schéma de démonstration du théoréme 2.2.1

Considérons une solution w définie sur R4, et notons M(t) = Hu(t)”%g, pour ¢ > 0. L’idée
de s’intéresser a cette quantité M n’est pas nouvelle, et sert notamment pour montrer que
certaines solutions sont explosives (voir par exemple [PS75], et le théoréme 2.3.1 plus bas). On
peut montrer, en utilisant la dérivée seconde de M, les hypotheses faites sur f, et 'estimation
d’énergie, qu'il existe une constante C' > 0 telle que si E (u(T"), dyu(T")) < —C pour un certain
T > 0, alors

M'(t) =1, t>T. (2.2.6)

et
(M'())* < SM(t)M"(t), t>T, (2.2.7)

pour un certain ¢ € ]0, 1[. L’inégalité (2.2.6) implique que M (¢) tend vers l'infini quand ¢ tend
vers 'infini, et (2.2.7) implique alors I’explosion en temps fini de u, ce qui contredit notre
hypotheése de départ. Cela démontre (7). Notons que dans le cas d’une équation sans amor-
tissement, on retrouve, avec ’expression explicite de la constante C', le fait qu’une solution
globale a une énergie positive, ce qui avait déja été démontré par Cazenave dans [Caz85].

Pour démontrer (i), on utilise le fait que 1’énergie est bornée, l'expression de M”, et
I'inégalité d’énergie, pour obtenir une estimation de la forme

M"(t) = (4+¢) [Bru(t)|[72 + C1M(t) = Co, ¢ 20, (2.2.8)

avec ', Cq,Cy > 0. En particulier, la fonction My : t — Cy M (t)—Cy vérifie M/ (t) > C1 My(t),
pour tout ¢ > 0. Une telle inégalité laisse deux possibilités : ou bien My est bornée, ou
bien My(t) tend vers 'infini quand ¢ tend vers l'infini. Dans ce dernier cas, on obtient une
contradiction en utilisant (2.2.8), comme dans la démonstration de (7). Donc My est bornée,
ce qui permet de conclure. L’inégalité (2.2.8) implique également une estimation de la forme

IM'(t)| S M"(t)+1, t>0.

En intégrant cette inégalité, et en utilisant le fait que M est bornée, on en déduit que M’ est
bornée.

Enfin, expliquons comment démontrer (7ii). L’hypothese restrictive p < d%‘lz permet de
considérer la dérivée de la norme H'. En effet, en définissant

Ex(t) = 5 [u(t) iy + 5 10w(®) 32 = B (u(0).0u() + | Plu@)da, ¢ 0,
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on trouve

Bl (t) = —/Q'y|8tu|2das+/Q8tu(t)f(u(t)), t>0.

Pour étudier E¢, il est donc naturel de supposer f(u(t)) € L?(f2), pour tout ¢ > 0, consé-
2d
quence de l'injection de Sobolev H!(Q) < Li-2(Q) et de ’hypothese p < d%JZ' On en déduit

Bl (1) S 10l (el + lu(®)ly) S B2 (1 + E2(t), t20,

en utilisant de plus le fait que p < d%d2 (et d > 3) implique p < 3. On complete la démons-
tration en intégrant cette inégalité, et en s’appuyant sur (2.2.8) et sur I'estimation obtenue
sur M'.

2.2.3 Perspectives

Chronologiquement, on s’est intéressés a ces questions a la fin de notre étude de I’équation
cubique sous I’énergie de I’état fondamental. Le théoreme 2.2.1 permet de rendre plus géné-
ral le résultat de compacité asymptotique qui sera présenté plus loin (théoreme 2.3.4), qui
pourrait étre utilisé pour étudier I’équation cubique amortie un peu au-dessus de ’énergie de
I’état fondamental. Il serait intéressant d’essayer de généraliser le théoreme 2.2.1 dans deux
directions : ou bien en affaiblissant I’hypotheése (2.2.5), qui sert a contrdler ’amortissement,
ou bien en affaiblissant 'hypothese p < % (dans le cas de ’équation non-amortie pour
commencer). Ces deux questions semblent complétement ouvertes.

2.3 Stabilisation de I’équation des ondes cubique focalisante
sur un domaine borné

2.3.1 Reésultats principaux et contexte bibliographique

Soient €2 l'intérieur et 992 la frontiere d’une variété riemannienne compacte & bord de dimen-
sion 3, et soit 5 € R tel que I'inégalité de Poincaré (2.2.1) est vérifiée. Pour v € L (Q,R,),
on considere ’équation des ondes (ou de Klein-Gordon) cubique focalisante amortie

0?u — Au+yOu+ fu = u3 (t,z) € Ry x Q,
(u(0),0u(0)) = (u®ul) T €, (2.3.1)
w = 0 (t,2) € Ry x 99,

avec donnée initiale réelle (u®, u') € HE(Q) x L*(Q). On note

ol = f,(ef ) .

et on introduit deux fonctionnelles, 1’énergie statique et 1’énergie, définies par

2

160 =5 oy = gl e B () =005

4
L4

Comme précédemment, si u est une solution de (2.3.1) qui existe sur un intervalle [0, 7], on
a I’égalité d’énergie

t1
E (u(t1), Opu(t1)) = E (u(to), Oru(to)) — / / v|0pul® dtdz, 0<to<t; <T.
to Q
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La construction de Payne et Sattinger [PS75] d’un état fondamental (voir théoreme 1.4.1)
est valide dans le cas d’une variété €2, mais 'unicité ne semble pas étre démontrée en toute
généralité dans la littérature. Si u € H(Q) est une solution stationnaire, alors en notant
K(u) = Hquqé — |lul|74, on vérifie que K (u) = 0. On peut montrer que

mo = inf{J(u),u € HY(Q),u#0,K(u) = O} > 0,

et on verra que ce niveau d’énergie mg permet de faire fonctionner des arguments de type
puits de potentiel. Dans ce qui suit, on note ) un état fondamental, c’est-a-dire une solution
stationnaire telle que J(Q) = mg : on sait que @ est unique (au signe pres) si €2 est un ouvert
de R3, mais on ne s’en servira pas. On introduit ensuite une partition des données initiales
d’énergie inférieure a mg, on notant

H T = {(u0ut) € H}(Q) x L2(Q), E (u°,u') < mo, K(u°) >0},
A~ = {(u®ul) € H}(Q) x L2(Q), E (u°, u') < mo, K(u) < 0}.

Notre premier résultat sur I’équation (2.3.1) est le suivant.

Théoréme 2.3.1. Soit v € L°(Q,Ry). Les espaces H T et A~ sont invariants par le flot
de l’équation (2.3.1). De plus, une solution ayant une donnée initiale dans H ™t est définie
sur Ry, et une solution ayant une donnée initiale dans &~ explose en temps fini.

Ce résultat a été montré par Payne et Sattinger [PS75] dans le cas v = 0. L’équation
(2.3.1) avec v = 0 étant réversible, le résultat original de Payne et Sattinger est valide en
temps positifs comme en temps négatifs, ce qui n’est pas le cas du théoreme 2.3.1. On peut voir
I’explosion d’une solution initiée dans £~ comme un résultat de non-stabilisation : aucun
amortissement v n’empéche ’explosion, donc en particulier, aucun amortissement ne permet
de stabiliser la solution. Pour une solution initiée dans J#*, on a un résultat de stabilisation.
Commencons par rappeler la condition de controle géométrique (déja introduite dans le cas
de la controlabilité au bord a la définition 2.1.4).

Définition 2.3.2. Soit w C Q un ouvert, et T > 0. On dit que (w,T) vérifie la Condition
de Controle Géométrique (abrégée en GCC), si pour toute bicaractéristique généralisée s —
(t(s),z(s),7(s),&(s)), il existe un point (t(s), z(s), 7(s),£(s)) tel que t(s) € |0, T et x(s) € w.
On dit simplement que w vérifie la GCC s’il existe T' > 0 tel que (w,T") vérifie la GCC.

On a le résultat de stabilisation suivant.

Théoréme 2.3.3. Supposons que ~y(x) > « pour presque tout x € w, avec o > 0 une
constante et w C 0 un ouvert vérifiant la condition de contréle géométrique. Alors pour tout
Eo € [0,mg], il existe C > 0 et A > 0 tels que pour tout (u®,u') € #+ tel que E (u°,u') < Ey,
la solution u de (2.3.1) vérifie

lu(®) gy + |0u(t)| 2 < Ce™™, >0,

Le théoreme 2.3.3 peut étre vu comme l'extension au cas focalisant (et sous l'énergie
de I’état fondamental) d’un résultat de Joly et Laurent [JL13], qui démontre une propriété
de stabilisation analogue pour toutes les solutions de la version défocalisante de (2.3.1).
L’article de Joly et Laurent couvre le cas d'un domaine 2 de dimension 3 qui peut étre non-
borné, et une non-linéarité de type puissance sous-critique ; les méthodes utilisées permettent
probablement de démontrer le théoreme 2.3.3 dans ce cadre, mais nous ne l'avons pas fait
pour simplifier.

La démonstration du théoréme 2.3.3 est fondée sur un résultat appelé compacité asymp-
totique, qui implique le théoréeme suivant.
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Théoréme 2.3.4. Soient v € L>®(Q,R;) vérifiant les hypothéses du théoréme 2.3.3, et
(u®,ut) € H(Q) x L*(Q) tel que la solution associée u de (2.3.1) existe sur R .

(i) Pour toute suite (T, )nen telle que Ty, — 400, il existe une extraction ¢ : N — N et une
solution stationnaire w de (2.3.1) telle que

n—oo

(u(T¢(n) + ‘), 6tu(T¢(n) + )) —_— (w, 0)
dans L2 (R, H (Q) x L3(Q)).

(ii) Supposons qu’il existe un ensemble au plus dénombrable de solutions stationnaires w de
(2.3.1) telles que
J(w) = liminf E (u(t), Opu(t)) .

t——+o0

Alors il existe une solution stationnaire w de (2.3.1) telle que

t—-+o0

(u(t+ ), 0u(t+ ) —— (w,0)
dans L2 (R, H} () x L*(Q)).

Par exemple, si liminf; o E (u(t), 0u(t)) < my, on a nécessairement w = 0 dans (77), et
si Q est un ouvert de R?, alors liminf;_, 1o E (u(t), dyu(t)) = mo implique w = £@Q. Comme
mentionné précédemment, la démonstration de ce théoreme utilise le fait qu’une solution
globale est bornée (théoreme 2.2.1).

Comparons nos résultats a ceux existants dans la littérature. Dans le cas défocalisant,
I’énergie d’une solution est positive et correspond essentiellement a sa taille. En plus de
Particle [JL13] déja mentionné, Joly et Laurent [JL14] ont considéré le cas d’une non-linéarité
qui est seulement asymptotiquement défocalisante, et ont établi un résultat de controlabilité
dit semi-global : pour tout sous-ensemble borné de H{(2) x L%(Q), il existe un temps 7T tel
que la contrélabilité de cet ensemble dans lui-méme est vraie en temps 7. Pour le type de
non-linéarité considéré, des solutions stationnaires existent, mais il n’y a pas de phénomene
d’explosion en temps fini. Dans le cas focalisant, pour un domaine égal a I’espace entier ou
bien a l'extérieur d’un obstacle étoilé, Alaoui, Ibrahim, et Nakanishi [AIN10] ont démontré
la stabilisation des solutions initiée dans K (avec I'hypotheése que amortissement est plus
grand qu’une constante strictement positive en dehors d’une boule). Le fait de supposer que
I’obstacle est étoilé est plus fort que la condition de controle géométrique. Dans le cas de
’équation de Klein-Gordon radiale cubique focalisante sur une boule de R3, Krieger et Xiang
[KX20] ont étudié la stabilisation et la stabilité au voisinage de la solution stationnaire u = 1,
avec des conditions de dissipations aux bord.

Les articles de Burqg, Raugel et Schlag mentionnés plus haut contiennent des résultats a
mettre en paralléle avec le théoreme 2.3.4. Dans [BRS17], ces auteurs ont montré une propriété
de dichotomie pour I’équation de Klein-Gordon radiale focalisante amortie sur ’espace entier,
avec un amortissement constant en temps et en espace : une solution peut exploser en temps
fini, ou bien étre globale (en temps positifs), bornée, et converger vers un état stationnaire.
Notons que supposer que 'amortissement est constant est une hypothese plus forte que la
condition de contrdle géométrique. Une propriété similaire est démontrée dans [BRS18| pour
un amortissement constant en espace et qui tend vers 0 quand ¢ tend vers +oc.

2.3.2 Schémas de démonstration

Schéma de démonstration du théoréme 2.3.1. La démonstration du fait que KT et X~
sont invariants par le flot de ’équation (2.3.1) est similaire au cas de ’équation non-amortie,
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car I’énergie est décroissante. C’est dans cette démonstration que 1’on voit le réle de puits de
potentiel joué par myg : intuitivement, on ne peut passer de £ a K~ qu’en passant au-dessus
de I’énergie de Q. Une représentation schématique de Xt et K~ est donnée a la figure 2.1.

-

FIGURE 2.1 : Les ensembles K (en gris foncé) et K~ (en dégradé).

Donnons un peu plus de détails, en expliquant comment démontrer que pour tout § €
10, mg|, si u € HE(Q) vérifie J(u) < mg — 3§ et K(u) < 0, alors il existe ¢ = ¢(§) > 0 tel que
K (u) < —c. On commence par montrer I'inégalité de Poincaré explicite

lull el Qe < llullyy, v € Hy(€),

et on en déduit que si u € HE(Q) vérifie J(u) < mg — 4§, alors « (Hu”H&) < J(u) < mg— 9,

avec

z? zt

a:r€eER— — — ——.
2 4Ql74

Le graphe de « (figure 2.2) fait clairement apparaitre le puits de potentiel. On voit qu’il
intersecte la droite y = mg — § en exactement deux points, dont on note z% = a:i(é) les
abscisses. La condition K (u) < 0 implique alors ||ul| 2 zt, ce qui permet de conclure.

mor----------------->

1

I
P | R

I

I

I

e QI =t

FIGURE 2.2 : Le graphe de a.

Une fois 'invariance de KT et K~ établie, le fait qu'une solution initiée dans KT est
globale suit immédiatement, en écrivant, pour (u®,ul) € KT et t > 0,

B (u(t), Dru(t)) = K Cu®)+ 5 Ol +5 10022 > ) +3 10l (232)
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Pour montrer qu’une solution initiée dans K~ explose en temps fini, on utilise des arguments
analogues a ceux présentés dans le schéma de démonstration du théoreme 2.2.1, en faisant
attention au fait que quand ¢ tend vers l'infini, I’énergie peut ou bien tendre vers —oo, ou
bien converger vers une limite finie.

Schéma de démonstration du théoréme 2.3.3. La démonstration est fondée sur le
résultat principal de la démonstration du théoreme 2.3.4, que I’on n’énonce pas pour simplifier,
qui est essentiellement une version du théoréme 2.3.4 qui s’applique a une suite uniformément
bornée de solutions globales, le long d’une suite de temps.

L’équation (2.3.2) montre que dans K, I’énergie d’une solution controle sa taille, ce qui
permet d’adapter les méthodes utilisées par Joly et Laurent [JL13] dans le cas défocalisant.
En utilisant (2.3.2) et l'estimation d’énergie, on ramene ’étude de la stabilisation & la dé-
monstration d’une inégalité d’observabilité : il suffit de montrer qu’il existe 7' > 0 et C > 0
tels que

T
E (uo,ul) < C/ / v(z) |8pu(t, z)* dadt,
0o Jo

pour tout (u®,u') € #F vérifiant E (u°,u') < Ey. On raisonne par 1’absurde et on applique
le résultat principal de la démonstration du théoreme 2.3.4, ce qui fournit une suite de temps
T,, — 400 et une suite de données initiales F (u%, u,ll) — 0, telles que

E (un(T), Optin(Tn)) 2 E (b, ), neN. (2.3.3)
_1

On considere la suite v, = E (ud,u})” 2 u,. En utilisant (2.3.3), la formule de Duhamel, et

la stabilisation du semi-groupe linéaire, on obtient une contradiction. Si cette démonstration

est assez courte, c’est parce que toute la difficulté est dans la démonstration du théoreme

2.3.4.

Schéma de démonstration du théoréme 2.3.4. On utilise ici encore une méthode in-
troduite par Joly et Laurent dans le cas défocalisant. On donne seulement les idées de la
démonstration, de facon un peu approximative. La premiere étape consiste a appliquer un ré-
sultat de Dehman, Lebeau et Zuazua [DLZ03], qui indique qu’une non-linéarité sous-critique
donne un gain de régularité. Plus précisément, on montre que si u est une solution de (2.3.1)
telle que

w e (0, T), H(Q) 0 HY () N €°(0,T), H3 (%),

pour un s € [0, 1], alors on a u® € L*([0, 7], H3™(f2)), pour un certain € > 0 que 'on peut
expliciter. Notons S le semi-groupe linéaire associé & 1’équation (2.3.1) sans le terme u3. En
appliquant la formule de Duhamel, et en utilisant la stabilisation du semi-groupe linéaire et
le résultat précédent sur des blocs de taille 1, on montre que la suite

(((T), () = S (w0, ') (T))
est bornée dans H!7¢(Q) x H*(f2). Le théoréme de Rellich entraine donc la convergence forte
de la suite dans H(2) x L?(€2), et on démontre en itérant le raisonnement précédent que la
limite 1, est une solution globale de (2.3.1) vérifiant (uqo(0), Oruee(0)) € H*NHE(Q) x HE (Q)
et Oy = 0 sur le support de . On applique ensuite un résultat de Hale et Raugel [HRO03],
qui montre que u est analytique en temps. On en déduit par régularité elliptique que uq est
lisse par rapport a la variable d’espace. Un résultat de prolongement unique, dii & Robianno
et Zuilly [RZ98], qui concerne les équations a coefficients partiellement analytiques, permet
de conclure que us, est une solution stationnaire de (2.3.1).
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2.3.3 Perspectives

La question naturelle suivante est d’étudier (2.3.1) un peu au-dessus de ’énergie de ’état
fondamental. On pourrait par exemple essayer de montrer, avec I’hypothese du théoreme
2.3.3 sur 7, qu'il existe € > 0 tel que pour toute donnée initiale (u’,u') € HI(Q) x L3(Q)
vérifiant E(u®,u') < mg + ¢, si u est la solution associée, alors ou bien u explose en temps
fini, ou bien u converge a vitesse exponentielle vers une solution stationnaire v, qui peut étre
la solution nulle, ou un état fondamental.

Une autre question intéressante serait d’étudier plus en détails les solutions explosives de
I’équation amortie. On sait que si (u®,u') € K, alors pour tout amortissement =, la solution
u de (2.3.1) explose en temps fini, mais on peut se demander si vy a une influence sur la durée
maximale d’existence de la solution. Plus précisément, si on note Texp(7y) le temps T > 0 tel
que u existe sur [0, 77, et

t—T~
()l gz + 10ru(t)| L2 —— +o0,

alors peut-on établir une majoration ou une minoration de Texp(y) en fonction de 7

2.4 Controlabilité locale et controlabilité a zéro des solutions
scattering

2.4.1 Résultats principaux et contexte bibliographique

On s’intéresse ici a la controlabilité locale, avec pour objectif de montrer un résultat assez
général, avec un domaine qui peut étre non-borné, a bord, une non-linéarité qui n’est pas
seulement une puissance, et en se placant au voisinage d’une trajectoire qui n’est pas nécessai-
rement la solution nulle. Dans le cas d’un domaine non-borné, avec des hypotheses légerement
plus fortes, on a aussi la controlabilité a zéro des solutions scattering. On a regroupé ces deux
résultats dans un méme chapitre pour deux raisons : premierement, la controlabilité locale (au
voisinage de la solution nulle) est utilisée pour démontrer la controlabilité a zéro, et deuxie-
mement, les deux démonstrations nécessitent d’énoncer des inégalités de Strichartz avec un
ensemble d’exposants aussi grand que possible.

Soient d € [2,5], et  'intérieur d’une variété riemannienne lisse de dimension d, avec
ou sans bord, qui peut étre ou bien compacte, ou bien une perturbation compacte de R?,
c¢’est-a-dire le complémentaire dans R? d’un ouvert borné, avec une métrique euclidienne hors
d’une boule. Pour raccourcir les énoncés, on dit que 9 = 0 si Q est égal & R? ou bien & une
variété compacte sans bord, et 9Q # () si © est ou bien une perturbation compacte de R?
(avec Q # RY) ou bien une variété riemannienne compacte a bord, avec un bord non-vide. Si
00 # (), alors on note 99 le bord de Q, et Q = QU N, et si OQ = 0, alors on note Q = .
De plus, on dit que © est non-borné si Q est une perturbation compacte de R? (ce qui inclut
le cas Q = R?). Comme précédemment, on fixe f € R tel que I'inégalité de Poincaré (2.2.1)

est vérifiée, et on note H“OHEI = fa (|Vu0|2 + /B|u0\2) dz
0
On considére une non-linéarité f € (R, R) telle que f(0) = f/(0) = 0, et vérifiant I'une
des deux hypotheses suivantes. Pour la controlabilité locale, on suppose qu’il existe Cy > 0
et a tels que

1 < -
| (s)] s Co (1+ s pour tout s € R, (2.4.1)
27

2<a< Pz et (a=2sid=5et 0N£).

Pour la controlabilité & zéro, on suppose que ) est non-borné, et qu’il existe Cy > 0 et
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ap < a1 tels que

1£7(s)| < Co (|s|*0~2 + |s]*172) pour tout s € R, (2.4.2)
2<ap<ar < HZ et (d£5si00#0D). o
Sid = 2, alors a, ag et a; peuvent étre arbitrairement grands. Notons que la condition (2.4.2)
implique f”(0) = 0. Aucune hypotheése de signe n’est faite sur f, qui peut donc en particulier
étre focalisante ou défocalisante. On peut par exemple prendre

fls) = Z)\js\s|a1_1, s € R,
=0

avecn € Ny Ag,--- , A\ €ERy et 2 < ap < -+ < oy, en ajustant la taille des exposants pour
que f vérifie (2.4.1) ou (2.4.2). Enfin, remarquons que ’hypothése faite pour la controlabilité
a zéro est plus forte que I’hypothese faite pour la contrélabilité locale : plus précisément,
(2.4.2) pour oy < o implique (2.4.1) pour o = a;.

Pour une donnée initiale réelle (u',ul) € H}(Q) x L*(Q), on considére I'équation des
ondes (ou de Klein-Gordon)

Ou+pu = f(u) (t,x) € R x Q,
(u(0), 9u(0)) = (ul,ul) r e, (2.4.3)
w = 0 (t,z) € R x 9.

Dans le cas 92 = (), la condition de bord est & retirer.

Introduisons maintenant la controlabilité locale au voisinage d’une trajectoire. On consi-
dére un temps 7' > 0, une fonction a € (2, R) servant a délimiter la région ou le contrdle
agit, et une donnée initiale (u% u') € H} () x L%(Q) telle que la solution u de (2.4.3) associée
existe sur [0, 7.

Définition 2.4.1. On dit qu’il y a contrélabilité locale au voisinage de u en temps T s’il
existe § > 0 tel que pour toute donnée initiale (u®,u') € H(Q) x L*(Q) telle que

(o 01) = (')

il existe un controle g € L*((0,T), L?(2)) tel que la solution u de

)

<
H}xL?

Ou+pu = f(u)+ag (t,z) €]0,T[x1,
(u(0), 9u(0)) = (u®ut) x €, (2.4.4)
u = 0 (t,x) €]0,T[xQ,

vérifie (w(T), 0u(T)) = (u(T), 0pu(T)).

On dit qu’une fonction lisse F' : (0,7) x © — R est analytique en temps si pour tout
(to, o) € (0,T) x Q, il existe un voisinage O C (0,T) x Q de (o, xo) tel que

00 t—t k
F(ta) = Y ok e o
k=0 :

Notre résultat de controlabilité locale est le suivant.

Théoréme 2.4.2. Soient f vérifiant (2.4.1), et (u°, ul) € H(Q) x L2(Q) une donnée initiale
telle que la solution u de (2.4.3) associée existe sur [0,T]. On fait les hypothéses suivantes.
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(i) On suppose qu’il existe un ouvert w C Q et une constante ¢ > 0 tels que a > ¢ sur
w, avec (w,T) vérifiant la condition de controle géométrique. Si Q0 est non-borné, on
suppose de plus qu’il existe Ry > 0 tel que RY\B(0, Ry) C w.

(i) On suppose que f'(u) € L>((0,T) x Q), et que f'(u) est lisse et analytique en temps.
Si Q est non-borné, on suppose de plus que pour tout t € [0,T],

V£ (u(t, )| + | f (u(t,z

ot V est le gradient par rapport a la variable d’espace x.

0,

Alors il y a contrélabilité locale au voisinage de u en temps T.

Passons maintenant a la contrélabilité a zéro. On rappelle que si {2 est non-borné, alors
B >0, et (2.4.4) est 'équation de Klein-Gordon.

Définition 2.4.3. On dit qu’il y a controlabilité a zéro en temps long pour (uo, ul) € HLH(Q)x
L?(Q) s'il existe T > 0 et g € L'((0,7),L*(2)) tel que la solution u de (2.4.4) vérifie
(u(T), 0wu(T)) = 0.

On aura besoin de supposer que le domaine €2 considéré est non-captif, ce qui correspond
au fait que toutes les géodésiques généralisées sortent de tout compact en temps fini. Cette

condition implique des inégalités appelées estimations de résolvante : pour simplifier, on prend
ces estimations comme définition de non-captif.

Définition 2.4.4. On suppose ici que €2 est non-borné. On dit que 2 est non-captif si pour
tout x € €:°(Q), il existe une constante C' > 0 telle que

V14| Hx(—A + )71 Xu’

On rappelle que 'expression solution scattering désigne une solution scattering vers 0 au
sens de la définition 1.4.3. Notre résultat de controlabilité a zéro est le suivant.

L S Cllullpz, ue L*(Q), Im\#0.

Théoreme 2.4.5. On suppose que §2 est non-borné et non-captif, et on prend f vérifiant
(2.4.2). On considére un ouvert w C Q wvérifiant la condition de contréle géométrique, et tel
que RN\ B(0, Ro) C w pour un certain Ry > 0. On suppose qu’il existe ¢ > 0 tel que a > ¢ sur
w. Alors pour tout (u®,ul) € H} () x L?(Q), si la solution u de (2.4.3) est scattering, alors
il y a contrélabilité a zéro en temps long pour (u®,u').

De nombreux auteurs ont démontré des propriétés de controle pour des équations des
ondes non-linéaires, dans des cadres variés. Plus I'hypothese sur la non-linéarité est forte
(par exemple, une non-linéarité asymptotiquement linéaire, ou logarithmique), plus le résultat
obtenu est fort (par exemple, controlabilité exacte au lieu de controlabilité locale). Certains
auteurs ont considéré le cas du controle au bord, ou le cas de la dimension 1. On ne fera
pas ici une bibliographie exhaustive de tous ces résultats. Dans un cadre ou la stabilisation
et la controlabilité locale au voisinage de zéro sont vraies, alors la contrélabilité exacte en
temps long est vraie : cet argument est utilisé par Dehman, Lebeau et Zuazua [DLZ03], puis
par Laurent et Joly [JL13] pour une non-linéarité défocalisante sous-critique en dimension 3.
Pour des résultats de controlabilité au bord, on fait référence a Lasiecka et Triggiani [LT91;
LT05], Lei et Zhou [ZL07], Ton [Ton19], et Zuazua [Zua90]. Le théoréme 2.4.2 semble étre le
premier résultat de controlabilité locale au voisinage d’une trajectoire dépendant du temps
pour I'équation des ondes non-linéaire : en ce sens, les résultats les plus proches sont ceux
de Rosier et Zhang [RZ09] et Laurent [Laul0] sur I’équation de Schrédinger. Notons que le
résultat de controélabilité locale de [Laul0] repose sur le prolongement unique pour 1’équation
linéarisé, qui est pris comme une hypothese.
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2.4.2 Conséquences

On donne ici différents exemples d’applications des résultats de cette section et de la précé-
dente.

Exemples dans des cas focalisants. On considere ici deux exemples explicites. Pour
le premier, reprenons I’équation des ondes cubique sur un domaine borné de dimension 3,
dont on note @ un état fondamental. On vérifie facilement que si € > 0 est assez petit,
alors ((1-¢)Q,0) € KT et ((1+¢)Q,0) € K~. Le théoréme 2.3.1 implique donc que la
solution de (2.3.1) (avec v = 0) de donnée initiale ((1 + ¢)@,0) explose en temps fini, et le
théoreéme 2.3.3 implique qu’il existe un amortissement ~, dont le support vérifie la GCC, telle
que la solution de (2.3.1) de donnée initiale ((1 —¢)@,0) et d’amortissement ~, tend vers
zéro a vitesse exponentielle. En appliquant la contrélabilité locale (théoreme 2.4.2) plusieurs
fois, et en utilisant la réversibilité en temps de ’équation, on obtient donc des résultats de
controlabilité en temps long permettant de passer d’un voisinage de (@, 0) a un voisinage de
zéro, ou bien d’une donnée initiale explosive de la forme ((1 + €)@, 0) & zéro, ou encore d’un
voisinage de zéro a une donné initiale explosive de cette forme. Notons que la stabilisation des
solutions de donnée initiale dans KT et la controlabilité locale au voisinage de zéro impliquent
la controlabilité exacte en temps long dans K.

Pour notre deuxieme exemple, on s’intéresse a 1’équation de Klein-Gordon cubique fo-
calisante sur Q = R3, avec 8 = 1. La dichotomie du théoréme 2.3.1 est toujours valide, et
Ibrahim, Masmoudi et Nakanishi [IMN11] ont montré que les solutions avec donnée initiale
dans KT sont scattering. En utilisant de plus le fait que ((1 +¢)@,0) € KT, la contrdlabilité
locale (théoreme 2.4.2) et la contrélabilité a zéro des solutions scattering (théoreme 2.4.5),
on obtient les mémes résultats de controlabilité en temps long, entre un voisinage de (Q,0),
un voisinage de 0, et certaines solutions explosives. On peut également obtenir ces résultats
sans utiliser le fait que les solutions avec donnée initiale dans Kt sont scattering, mais en se
basant sur I'existence d’une solution hétérocline : il existe une solution W qui est scattering
(en temps positifs) et qui vérifie

(W (£), BW (£)) — (Q,0)|| 1 2 =2 0.

L’existence d’une telle solution a été démontrée a 'origine pour 1’équation des ondes critique
par Duyckaerts et Merle [DMO08]. Pour une démonstration dans le cas de I’équation de Klein-
Gordon, on pourra consulter le livre [NS11b], ou les articles [NS12; NS11a], de Nakanishi et
Schlag. Remarquons que dans cet exemple, on a aussi la contrélabilité exacte en temps long
dans KT, en utilisant le fait que les solutions de donnée initiale dans K+ sont scattering, la
controlabilité locale au voisinage de zéro, et la controlabilité a zéro des solutions scattering.

Exemples dans des cas défocalisants. Pour certaines non-linéarités défocalisantes, des
auteurs ont montré que toutes les solutions sont scattering (voir par exemple Brenner [Bre84],
Ginibre et Vélo [GV89], Nakanishi [NakO1]). Dans le cas d’un domaine non-borné et non-
captif, si la non-linéarité vérifie de plus (2.4.2), alors la controlabilité a zéro des solutions
scattering (théoreme 2.4.5) implique la contrélabilité & zéro de toutes les solutions. En par-
ticulier, en utilisant comme précédemment la contrélabilité locale au voisinage de zéro, et la
réversibilité en temps de 1’équation, on obtient un résultat de contrélabilité exacte en temps
long.
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2.4.3 Schémas de démonstration

Schéma de démonstration du théoréme 2.4.2. L’idée de la démonstration, assez clas-
sique, est de linéariser I’équation au voisinage de la trajectoire considérée, d’établir la contro-
labilité exacte du probleme linéarisé, et d’en déduire la contrdlabilité locale de 1’équation
non-linéaire avec un théoréme de point fixe. Donnons un peu plus de détails. Fixons u une
solution de (2.4.3) qui existe sur [0, 7], de donnée initiale (u’, u') € H} () x L?(Q). Pour tout
(u®, ut) € H}(Q2) x L2(£2) proche de (u’, ul), on cherche un contréle g tel que la solution u de
I’équation avec donnée initiale (u®,ul) et contréle g vérifie (u(T),du(T)) = (u(T), du(T)).
En écrivant u = u+ h, on voit que de fagon équivalente, pour tout (k% k) € H}(Q) x L?(Q)
proche de zéro, on cherche g tel que la solution A de

Oh+ph = f(u+h)— f(u)+ag (t,x) €10, T[x9,
(W(T),0.0(T)) = 0 r e,
ho= 0 (t,x) €]0, T[x,

vérifie (h(0),0:h(0)) = (hY, h'). La premitre étape de la démonstration consiste a vérifier que
h (et donc u) existe sur [0,7] si g est assez petit.

On étudie ensuite, dans une deuxiéme étape, la controlabilité exacte pour I’ équation li-
néarisée au voisinage de u, qui est

O¢+ 8o = f(u)g+ag (t,z) €]0, T[x1,
(o(1),0e0(T)) = 0 e, (2.4.5)
¢ = 0 (t,z) €]0,T[xQ.

On voit que (2.4.5) est une équation des ondes linéaire avec un potentiel qui dépend du
temps, ce qui justifie notre hypothése forte sur la régularité de f’(u). Notons également que
le domaine 2 n’est pas supposé borné, ce qui peut rajouter une difficulté supplémentaire.
Pour démontrer la contrdlabilité exacte de (2.4.5), avec I'hypotheése que le support de a
vérifie la GCC, on proceéde comme suit. D’apres la méthode HUM, il suffit de démontrer
une inégalité d’observabilité. On commence par considérer le cas ou f'(u) = 0. Si Q est
compact, alors la controlabilité exacte (ou l'observabilité) de (2.4.5) est connue depuis le
travail fondateur de Bardos, Lebeau et Rauch [BLR92]. Si © est un domaine extérieur, on
utilise le fait que la région ou agit le contrdle contient le complémentaire d’une boule. On
propose deux arguments : le premier, plus astucieux, consiste a couper la solution en deux,
A utiliser I’observabilité sur un domaine compact et I’observabilité sur R?, et le second, plus
classique, repose sur 'utilisation d’une mesure de défaut microlocale. Une fois 1’observabilité
établie dans le cas f/(u) = 0, on utilise la décroissance en I'infini du potentiel et un argument
de compacité pour se ramener a ’absence de solutions invisibles pour I’équation (2.4.5). On
fait alors appel au résultat de prolongement unique de Laurent et Léautaud [LL15] pour des
équations & coefficients partiellement analytiques, qui permet de conclure.

La troisiéme et derniere étape consiste a appliquer un théoreme de point fixe. Prenons
(RO, h1) € HL() x L2(Q2). Pour H : [0,T] x Q — R, on note NLy(H) = f(u+ H) — f(u) —
f/(u)H, et on utilise la controlabilité de 1’équation linéarisé pour trouver un controle g(H)
tel que la solution de

Oh+ph = f'(u)h+NLy(H)+ ag(H) (t,x) €]0,T[xQ,
(WMT),0h(T)) = 0 x e,
h = 0 (t,z) €10, T[xQ,

vérifie (h(0),;h(0)) = (h°, h!). On montre alors que I'opérateur H — h admet un point fixe
si (ho, hl) est suffisamment proche de zéro, a I’aide d’estimations de Strichartz.
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Schéma de démonstration du théoréme 2.4.5. On commence par un exemple intro-
ductif tres simple, qui est le cas de I’équation linéaire, avec un contrdle agissant sur tout le
domaine Q. Fixons ¢ € €°°([0,T],R) telle que ¢(t) = 1 pour ¢ proche de 0, et ¢(t) = 0 pour
t proche de T'. Si u est une solution de Ou + fu = 0, alors la fonction v : (¢,x) — ¢(t)u(t, x)
est solution de

Ov+Bv = (04 8)(¢u) (t,x) €]0,T[x€,
(v(0),0,0(0)) = (u(0), ru(0)) z €,
v o= 0 (t,x) €]0,T[x9,

et vérifie (v(T),0ww(T)) = 0. Le terme (O + 53) (¢u) peut donc étre vu comme un contrdle,
permettant de passer d'un état (u(0), du(0)) & 0. On va imiter cette stratégie pour démontrer
la controlabilité a zéro des solutions scattering. Il y a deux obstacles : la présence de la non-
linéarité, et le fait que la région ou agit le contrdle n’est pas égale a tout I'espace.

On considere une donnée initiale (u®, u') € HE(Q) x L?(€2) telle que la solution correspon-
dante uny, de (2.4.3) est asymptotiquement proche d’une solution uj, de I’équation linéaire
Oug, + Sur, = 0. On montre ensuite que si T' > 0 est assez grand, alors on a les trois propriétés
suivantes. Premierement, par hypothese, si T" est assez grand, alors la quantité

[(unL(t), Oruni(t)) — (ur(t), Orur () gy 12

est petite, pour tout ¢t > T.

Deuxiemement, le domaine considéré est non-captif, ce qui implique la décroissance locale
de ’énergie : I'énergie de uy,(t) sur une boule tend vers 0 quand ¢ tend vers I'infini. Pour le
montrer, on utilise la stratégie de [Bur03], avec une idée supplémentaire due & [Bur|, fondée
sur deux arguments T7T*, a deux niveaux de régularité différentes. En notant B une boule
dont le complémentaire est inclus dans la région ou le contrdle agit, on peut donc supposer
que la norme Hg x L? de (1gur(t), 1 g0suy(t)) est petite, pour tout ¢t > T.

Troisiemement, on dispose d’une inégalité de Strichartz globale en temps. Le fait que uny,
est scattering permet de montrer que

uny, € L%(]0, 4-00[, L?*(Q)), i=0,1, (2.4.6)

ol o et g sont les exposants apparaissant dans (2.4.2). Pour cela, on commence par montrer
que uy, vérifie (2.4.6), en adaptant la stratégie de [Bur03] et [BSS09], qui repose sur la décrois-
sance locale de I’énergie. En utilisant le fait que ur, et uny, sont proches, et des estimations
de Strichartz locales en temps, on obtient (2.4.6). En particulier, on peut choisir 7" tel que la
quantité
[[unt || oo (1T +oo[,L2%0) T HUNLHLal(}T,+oo[,L2a1)

est petite.

On choisit maintenant 1" vérifiant les trois propriétés précédentes. On prend ensuite ¢ €
¢ (R4, R) telle que ¢(t) = 1 pour t < T, et ¢(t) =0 pour ¢t > T + 1. On note v = Yunr,, et

g =T\ p(Ov+pv—f(v).

La fonction g peut étre utilisée comme un contréle, permettant de passer de (u° u') & un
état proche de zéro. On conclut avec la controlabilité locale au voisinage de zéro.

2.4.4 Perspectives.

Dans nos exemples, on a seulement utilisé la controlabilité locale au voisinage d’une solu-
tion stationnaire. Il serait intéressant de chercher des trajectoires de I’équation vérifiant les
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hypotheéses du théoreme de controlabilité locale, mais qui dépendent du temps, et d’en dé-
duire d’autres résultats de controlabilité. Une autre question a étudier est celle d’essayer de
généraliser les théoremes 2.4.2 et 2.4.5 a des plus grandes dimensions.

Nous avons mentionné plus haut que certaines solutions explosives peuvent étre contro-
lées. Cependant, ces résultats concernent des données initiales tres proches d’une solution
globale, donc des solutions explosives qui ont un temps d’existence assez long. Peut-on mon-
trer des résultats de controlabilité plus généraux pour des solutions explosives 7 Une premiere
conjecture pourrait étre la suivante : pour toute donnée initiale (u", u') telle que la solution
associée a un temps maximal d’existence fini 77, il existe un controle g satisfaisant une hypo-
these géométrique naturelle telle que la solution avec donnée initiale (u°, u') et avec contréle
g a un temps maximal d’existence 75 > T}. Par vitesse finie de propagation, une condition
géométrique nécessaire est que tous les points de §2 ot la solution explose aient une distance au
support du controéle plus petite que T;. Il serait intéressant de se demander si cette condition
géométrique est également suffisante pour que la conjecture soit vraie.
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Chapter 3

Change of regularity in
controllability and observability of
systems of wave equations

This chapter is based on the article [Per23a], which has been prepublished and submitted in
a journal.
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Introduction

Let (M, g) be a n-dimensional compact Riemannian manifold with boundary. We write 0M
for its boundary and Int M = M\OM. Let N be a positive integer. Consider a first-order
differential operator X € €>°(M,TM ® CV*N), acting on functions from M to CV, given in
a coordinate chart (U, z) by

0 _
X = XJ@, with X7 € €U, C"*N) for j € [1,n].
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Consider also ¢ € €>°(M,CN*N), and write P for the operator P = A — X — ¢, where

A = Aldcw is the (vectorial) Laplace-Beltrami operator associated with the metric g. Denote

by P* the adjoint of P. It has the same form as P. We will define a family of spaces of Sobolev

type, written K¢ and K%, corresponding to compatibility conditions adapted to P and P*.
Consider s € R, T'> 0,0 = (O1,---,0y) € €>((0,T) x OM,C"), and set

® 0 -~ 0
0 6, --- 0
diag(®) = | . o )
0 0 --- Oy
Solutions of the wave equations
Ofu—Pu = 0 in (0,7) x M,
(u(0,-), Bu(0,-)) = (u®ut) in M, (3.0.1)
u = 0 on (0,T) x OM,
OPv— Py = 0 in (0,7) x M,
(v(0,-),0w(0,-)) = 0 in M, (3.0.2)
v = diag(0)f on (0,T) x OM,

are given, for (u®, ul) € K3t x K¢ and f € H*((0,T) x OM,CY). We write d,u = (9,1den) u

for the normal derivative of w.

Definition 3.0.1 (H®-observability for ©). We say that H*-observability for © holds if there
exists C' > 0 such that for all (u®,u!) € K x K%,

()]

Definition 3.0.2 (H%-exact controllability for ©). We say that H%-exact controllability for
O holds if for all (¢°, p!) € K2 x K371, there exists f € H*((0,T) x OM,C") such that

cotxfs = C || diag(©)dyull s 0,y xon1,0M) -

(0(T), 80(T)) = (¢, ")

A duality property for solutions of (3.0.1) and (3.0.2) implies that the classical controlla-
bility - observability equivalence is satisfied.

Lemma 3.0.3. For s € R, H?-exact controllability for © and H*-observability for © are
equivalent.

The main result of this chapter is the following.

Theorem 3.0.4. Consider s1,sy € R. If s1 < sa then for all © € €>°((0,T) x OM,CN),
H5 -observability for © implies H®2-observability for ©. If s; > so then for all O =
(©1,---,0L) € €°((0,T) x OM,CN) and ©2 = (0%, ,0%) € €>((0,T) x OM,C") such
that for all k € 1, N], @z = 0 on supp 9,1“ H*'-observability for ©' implies H*?-observability
for ©2.

An analogue of Theorem 3.0.4 for internal controllability holds, with a simpler proof
(see Appendix 3.A). We refer to Section 2.1 for a discussion about Theorem 3.0.4 and its
connection to the existing literature.
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Outline of the chapter. In Section 3.1, we gather some basic results about the spaces
K# and wave systems, and we prove the controllability / observability equivalence (Lemma
3.0.3). In Section 3.2, we show the ellipticity estimate for 9? acting on Neumann traces of
solutions. In Section 3.3, we prove Theorem 3.0.4. In Appendix 3.A, we briefly explain how
the methods of the proof of Theorem 3.0.4 can be adapted to the case of internal observability.
Proofs of the results of Section 1 are provided in Appendix 3.B.

Notation. For x € M and U,V € T, M, we write (U, V), for the inner product of U and
V' with respect to the metric g. The gradient with respect to ¢ of a function v : M — C is
denoted by Vu, and the divergence with respect to g of a vector field X on M is denoted
by div X. We write dV, for the Riemannian density on M. Finally, (-,-)x x denotes the
bilinear duality product between a Banach space X’ and its dual space X’, and (-, )3 denotes
the inner product of a Hilbert space H, which is linear in the first variable and antilinear in
the the second. We write (71, -+ ,mn) for the projections associated with the canonical basis
of CN.

3.1 Controllability - observability equivalence

3.1.1 Adjoint operator

Here, we give the precise expression of the adjoint of P. The operator X is compatible

with change of coordinates, meaning that for a second set of coordinates (Z!,---,4"), with
X = X"a‘?i, one has
T 8~z
~ . x .
X'=—X7, ie[l,n]. 3.1.1
s [1.n] (3.1.1)
Denote by (e1,---,en) the canonical basis of CV, and consider v = (u',---,uV) €

€>°(M,C"). We use Einstein summation convention in M (for indices between 1 and n) but
not on CY (for indices between 1 and N). One writes
N 14
 Ou
Xu= Z Xie—.ek,
k=1 Ox?
where X,Z:E is the coefficient (k,¥) of the matrix X/. For k,£ € [1, N], write X, = X,ZK%,
so that
N
Xu= Z <Vue,ng> ek-
k=1 g
Using formula (3.1.1), one sees that Xy is a vector field for all k, ¢ € [[1, N]. We will use the
notation

N
(X, V),u= > (Xp,V),u'er € CV,
k=1
if V is a vector field on M and u = (ul,--- ,u) is a function with values in CV. With

integration by parts, one derives the following results.
Lemma 3.1.1. For u,v € H*(M,C"), one has
(X, v) poag,ony = (U XT0) o ony + (X V) g1, 0) p2907 08 5
where X* is the first-order differential operator given by
N
_ IERNY'
X*)f = — vok, X —((divX)v) , £e€][1,N].
(x)f = =32 (V" i) = (A X)v), € L]
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Lemma 3.1.2. For u,v € H*(M,C"), one has

<PU7U>L2(M,(CN) = (u, P*U>L2(M,<CN) + (X, V>9u7U>L2(8M,<CN)
+ (Ovu, U>L2(aM,<cN) - <u7aVU>L2(6M,(CN) )
with P* = A — X™* — ¢*, where ¢* denotes the adjoint of q.

Remark 3.1.3. In particular, if u,v € H*(M,CN) N H}(M,CY), then
<P’LL7 U>L2(M,(CN) = <'LL, P*U>L2(M,(CN) .

Remark 3.1.4. The operators P and P* are of the same form. Indeed, set X = (X7 ) J
and let § € €°°(M,CN*N) be given by gre = —div Xy + qoi, for k,¢ € [1,N]. One has
PF=A—-X—4g.

3.1.2 A family of spaces of Sobolev type

Denote by Py the action of P on distributions, that is,
Py : 9'(M,CN) — 2/ (M, CN),

with <P9/u, ¢>9/7@ = <u, P*¢>9/7@ for u € .@/(M, (CN) and qb S .@(M, (CN)
We define a Sobolev-like regularity, adapted to the operator P. Write K = L?(M,C")
and for m € N*, set

Km:{ueHmMLCN%%mefﬁMLCNHmkGﬂ&{mglﬂ},
endowed with the H™ inner product. Here, |-| is the floor function. Note that XK' =
H(M,CN) and K? = H?(M,CN) N H}(M,CV). For m € N, one checks that K™ is a
complete subspace of H™(M,CY), and, in particular, is a Hilbert space.

The space K? is defined for s > 0 by interpolation. Since the operators P and P* are
of the same form, one can define the space K for s > 0, by replacing P with P* in the
previous definitions. Then, for s < 0, define K? as the dual of K_°, and K as the dual
of K7%. Note that for m € N sufficiently large, Hy*(M,C"Y) is not dense in K™, so that
K=m ¢ H=™(M,C"). For s > 0, set

lullcs = llull = (ar,emy,

and for s < 0, set

ol <1},

the usual norm of a dual space. For s € R, a norm on K{ is defined similarly.
Next, we define the natural action of P on I®. With interpolation, the definition of
P, : KTt — K51 is only needed for s € Z.

lullcs = sup {| (2, v) o s

Definition 3.1.5 (Definition of B;). (i) Suppose s € N*. Then the operator B, : ™! —
K1 is the differential operator P on K*t1. It is a bounded operator. The operator
P K3t — K371 is defined similarly.

(ii) Suppose s € Z, s < —1. Define B, : KTt — K71 as the adjoint of P*, : K75t —
K571 and PF: K3t — K371 as the adjoint of Py : K51 — L7571,
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(iii) If s = 0, then K5t = K5t = HI(M,CY) and K71 = K7 = H-Y(M,CV). For
u € HY(M,CV), define Pyu € H=Y(M,CN) by

N
<P0u,v>H71’Hé =— Z <Vuk,W>L2
k=1

(M) - <(X + q)u’§>L2(M,(CN) , V€& Hé(M, (CN)

This gives an operator Py : K! — K~1. The operator Pf : K — K ! is defined
similarly.

iv) For r € N and s € R, also define = Idgs, : — K°7" by
F N and s € R, also define P = Idys, P7 : K5+ — K" b

Pyr— Pyr— P_ P
ro. s+r Fs+r—1 s+r—2 Fs+r-3 s—r+43 s—r+2 Fs—r+l S—r
Py st Sl e K AEARN

and P : ICST7 — K57 similarly.
Note that for all s € R, as K*T! and IC*~! are Hilbert spaces, one has
R =(P%)". (3.1.2)
We check that our definitions make sense in the following lemma.

Lemma 3.1.6. For s € R and r € N*, the operator PI : K577 — K577 is well-defined and
continuous. The same is true for P*" : K3t" — K", If s € R and r € N* are such that
s —r > —1, then for u € K" and v € K°" such that v = Plu, one has v = P}u in
9'(M,CN).

Proof. By definition of P/, we can always assume that » = 1, and by interpolation, we may
assume that s € Z. The connection between P; and Py follows from our definition of P; for
s> 0.

Consider s € N*. For u € K1, one has v € H*t1(M,C") and Pu = Pyu in 2'(M,CN),
implying Pu € H*~Y(M,CY) and

IRl o1 S Nlullgasr-

Thus, we only have to check that the boundary conditions of the definition of the spaces K*®
are such that the operators P, are well-defined. For s = 0, the result is true.
Assume that s is even and write s = 20. By definition, u € K21 gives

Pk e HY(M,CN) for k € [0,0].
As Pyu = Pu in 2'(M,CV), one has
PX (Pu) € HY(M,CN) for k € [0,0 — 1],

that is, Pu € K201,
Assume that s is odd and write s = 20 4+ 1. By definition, u € ?°*? gives

Pru e HY(M,CN) for k € [0,0].
If o = 0, one has Pu € K27, If ¢ > 1, then as Ppru = Bu in 2'(M,CYN), one has
PY (Pu) € HY(M,CN) for k € [0,0 — 1],

that is, Pu € k2.
Finally, the adjoint of a continuous linear operator between Hilbert spaces is a well-defined
continuous operator, so the result is true for s € Z, s < —1. O
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Remark 3.1.7. (i) The fact that v = P/u implies v = Pju does not hold for s < —1,
because K* is not included in 2'(M,CN) if s < —1.

(ii) The previous definitions are very natural, but note that some non-intuitive phenomena
can occur when dealing with the operator P, : KTt — K71, To illustrate this, take
N =1,P = A and s = —1. In that case, one has P = P_; for s € R. Recall that
by definition, H=2(M) is the dual of HZ(M). The constant function u = 1 belongs
to L?(M), and is sent to zero by the differential operator A : L*(M) — H~2(M).
However, by definition, the operator P_y : L?(M) — K~2 is the adjoint of the operator

P, : K? = H* (M) N H (M) — L*(M),
implying

<P_1u, 'U)]C—ZJCQ = <1,m> = <1, A@)LQ(M) = (178V5>L2(8M) , V& ]CQ.

L*(M)
Hence, the function u = 1 is not sent to zero by the operator P_y : L?(M) — K~2.

In the following proposition, we gather the properties of the spaces K that are needed
for what follows.

Proposition 3.1.8. (i) Embeddings properties. For s € R and § > 0, the map
L]Cs+5_>]€s : ICS+5 —> ’CS

is a well-defined, compact embedding with a dense range. If s + 6 < 0, the embedding
corresponds to a restriction operator. If s+ > 0 > s, then the embedding is defined
by using L>(M,CN) as a pivot space. The operator P commutes with the embeddings:
more precisely, forr € N, s € R and § > 0, one has

F?gr o L,Cs+'r+5_)]cs+7“ = L]Csfr+(5_>,Csf'r ¢} PST-“,-(S . ICS+T+6 — ,CS_T. (313)
(ii) Elliptic estimate of P. Consider s € R, r € N*, and w € K571, We already know that

P w e K571, Assume that there exists v € K*™" such that P™_jw = txcs—r_yjcs—r—1(v).
Then there exists u € K5t" such that

Lics+rsics+r—1(u) =w  and Plu=w.
Moreover, there exists C > 0 such that
[ullicssr < C(IPTullcsmr + [txcstricotratlssr), w€ K. (3.1.4)
(iii) The shift operator. For s € R and r € N*, there exists a continuous isomorphism
S KT — K577 such that the following property holds: for r,r’ € N, s € R and

6 >0,
ST =8, 08, KT 5 KT (3.1.5)

597“_1 o Ps—l—'r — Ps—r OKS:ST+1 :Ics+r+1 N K:s—r—1’

and
‘SST (o) LK5+T+6_>]C5+T == LK:57T+5_>]C57T (¢] ‘SST-F(S : ’CS+T+6 — ’CS_T. (316)

In addition, for r € N and s € R, one has
H(Psr - SST) UHK:S_T S CT’S ||LK5+T_)]C5+T71'U/”’CS+T_1 5 u E ICS+T, (317)

for some Cy.s > 0. The operator S} will be defined by P + iptics+1_yycs—1, for p € R
chosen sufficiently large.
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Remark 3.1.9. If we omit the embedding notation, then (%) can be written as
wue K P and P ju e K57 = wue K5

Note that we cannot replace P/ ju € K*™" by Pju € K*". With the same example as
in Remark 3.1.7, take N = 1, P = A, s = 0, »r = 1, and let u be the constant function
u=1¢€ K= L?M). One has Pyu = 0, implying Pyu € K=t = H=1(M). However, u does
not belong to the space K = HE(M).

Remark 3.1.10. By definition, for s € R and § > 0, one has

cerssie = (oo yees ) (3.1.8)

The proof of Proposition 3.1.8 is given in appendix. The proof of our main result will use
the following interpolation lemma.

Lemma 3.1.11. For n € [0,1], s € R, one has [IC”Z,ICS]77 = KC5T2720 with equivalent
norms, where [ICSH,ICS}H denotes the complex interpolation space between K52 and IC°.

Proof. First, note that the result is standard for s € [~2,0], as K* = D(AZ2, )N for s € [-2,2].
Second, we prove Lemma 3.1.11 for s > 0, using the shift operator and the definition of
complex interpolation spaces (see, for example, [BL76]). If Ay and A; are subspaces of a
Banach space X, we write .# 4, 4, for the set of continuous functions

f:{z€C,0<Rez<1} — Ay + 4

satisfying the following two properties: f is analytic on the open strip {z € C,0 < Rez < 1},
and for j = 0,1, the function ¢ — f(j+t) maps continuously R to A;, and tends to zero as |t|
tends to infinity. To ease notation, we omit embeddings and subscripts of the shift operator,
identifying K° and ts_x—2 (K*), for s > —2, and writing S¥ = SF , : K72 5 K2
Consider s > 0, k € N such that s — 2k € [-2,0], and n € [0, 1]. By definition, one has

{ICSJFQ, ICS} = {u € K52 + K5, u = f(n) for some f € Q%CSHJCS} .
"
As {Sk of, f¢€ {%CSH,K;S} = Fest2-2k jcs—2k, ONE has

u € [ICS+2, ICS} <« S*y = v for some v € [IC5+2_2k, ICS_%} )

n 7
-1
= u= (Sk) v for some v e K5H2-2k=2n,

— ue 5T
by the case s € [—2,0], and Proposition 3.1.8. Third, for s < —2, using Corollary 4.5.2 and

Theorem 4.2.1 of [BL76], one obtains ([K5+2,Ks]n), = [IC;S,IC*_S_QL_T] S
and P* are of the same form. This completes the proof. O

,as P

3.1.3 Solutions of the wave equations

Most of the ideas used here can be found in [LLT86]. For wave equations with Dirichlet
boundary condition, one has the following theorem.
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Theorem 3.1.12. Consider s € R and (uo,ul) € It x K5, There exists a unique
ue R, KTHNEUR, L) NEHR, K1)

such that (u(0),0u(0)) = (u°,u') and O?u(t) = Pu(t) for all t € R. We will say that u is
the solution of the wave equation

0?u—Pu = 0 in R x M,
(U(Oa ‘)7 8tu(0, )) = (U'O? ul) in M7
TRES 0 on R x M.

The following additional results hold.

(i) One has
= ﬂ Cgk(R,KS—H_k),
keN

and OFFu(t) = PE L u(t) € K172 for k € N, and t € R. For allk € N and T > 0,
there exists C' > 0 such that

HaquLOO((O,T),ICHl*k) =C H (uo’ul)‘

In particular, if s > —2, then u € H*YY((0,T) x M,CN) for all T > 0, with the
corresponding inequality.

, (uo,ul) e K5t x K.
]Cs+1X]Cs

(ii) For 6 >0, if 4 is the solution with initial data

(L]Cs+1_>’(:s+lf6u0,[/]Cs_ﬂCsf&ul) 5

then for t € R, one has tys+1_ycst1-su(t) = a(t). In particular, a solution can be
approzimated by solutions with higher regularity.

(iii) Consider T > 0. A normal derivative O,u at the boundary, that lies in H*((0,T") x
OM,CN), can be defined extending the usual normal derivative if u is sufficiently
smooth. For § > 0, one has

a,, (LK5+1_)]C5+176'U/) == LHS_)Hsféauu,

where tys_, ys—s denotes the embedding from H*((0,T) x OM,CN) into H*=°((0,T) x
OM,CN). There exists C > 0 such that

KCs+lxcs (UO’UI) € KK,
X

HaVUHHS((o,T)XaM@N) <C H(uo,ul)‘
For k e N, ﬁt%u is the solution associated with (Psﬁl_kuo’ Rsk—k;ul) c JCst1-2k o ]Cs—2k;
and one has
8,02y = 92,1 € H™2%((0,T) x OM,CN).

(iv) Assume that s > 0. For F € L*((0,T), H§(M,CN)), we define the solution of

(u(0,-),9u(0,-)) = in M,

M,

O#u—Pu = F in (0,T) x M,
0

u = 0 n (0,7) x OM,
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using the Duhamel formula. One has v € €°((0,T),K5t) N €((0,T),K*), du €
H*((0,T) x OM,CN), and there exists C > 0 such that

[[(w; Ouw) | oo 0,7y jco+1 xicsy + NOvttll grs 0,y xonr,evy < CIF | o), i) -
for all F € L*((0,T), H5(M,CN)). If in addition F € €°((0,T), H*~*(M,CY)), then
u € €%((0,T), K571, with 0?u = PBu+ F and
2
0] e 0.2 51y < € UF Lo myzareny + 1P e oy sy
for some C > 0 independent of F.

Using Theorem 3.1.12-(3), Theorem 3.1.12- (%) and Proposition 3.1.8-(%ii), one obtains the
following corollary.

Corollary 3.1.13. Consider s € R, r € N, (u%,ul) € K1 xK*, and denote by u the solution
with initial data (uo,ul), given by Theorem 5.1.12. Then, w =& ., u is the solution of

OPw — Pw = 0 in (0,T) x M,
(w(O,),@tw(O,)) = (woawl) in M,
wo o= 0 on (0,T) x OM,

where (w9, w') = (8, 1 ul, 8 ul) € K72+l x 52,

For wave equations with inhomogeneous boundary condition, one has the following theo-
rem.

Theorem 3.1.14. Consider T >0, © € €>°((0,T) x OM,CV), s € R and f € H*((0,T) x
OM,CN). If s <0, we define the solution of the wave equation

Ofv — Py = 0 in R x M,
(v(0,), 0p0(0,-)) = 0 in M, (3.1.9)
v = diag(0)f on R x OM.

by duality with Theorem 3.1.12-(iv): v is the unique element of L>=((0,T), H*(M,C")) such
that

(W2 F) poeaey 111y = — (> d1ag(©)0vw) o

for all F € LY((0,T), Hy*(M,CN)), where u is the solution associated with F defined in
Theorem 3.1.12-(iv). If s > 0, we define the solution of the previous wave equation as in the
case s = 0. In any case, one has

v e €(0,T), H*(M,CN) N € ((0,T), H* (M, CN) n€2((0,T), H~2(M,CN)),

v =Py in 2'((0,T) x M,C"), and there exists C > 0 such that
2 .
s N
3 08l sy < M Mrsimpeaniomy £ € H(O.T) x OM,CY),
J:

If s = 1, then v(t)opr = (diag(®)f) gy xon i HS_%(OM, CN), in the sense of classical
Sobolev trace operators. In addition, as © is compactly supported in (0,T) x OM, one has
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(v(T),0v(T)) € K$ x K571, with the following duality equality: for (u®,ul) € K751 x K5,
if u is the solution of

O?u—Pu = 0 in (0,T) x M,
(u(T, "), 0u(T, ")) = (ul,ul) in M,
u = 0 on (0,T) x OM,

then

<8Uu7diag(®)f>H*S7H8 ifs>0

<UI’U(T)>/Cfs+1,/ci—1 _<u0’atv(T)>/cfs,ic;‘ - { (f, diag(@)&,,umsﬂas if s<0 ° (3.1.10)

The proof of Theorems 3.1.12 and 3.1.14 is given in appendix.

3.1.4 The duality argument

Here, we prove Lemma 3.0.3. The proof is based on the following classical result. In our
applications, X and Y will be Hilbert spaces.

Theorem 3.1.15. Let X and Y be Banach spaces, and K : X — Y be a linear continuous
operator. Assume that X is reflexive. Then K is surjective if and only if there exists C > 0
such that

[ellyr < CIE )|, L€Y" (3.1.11)

Proof. Assume that (3.1.11) holds, and consider y € ). For z € X, one has y = Kz if and
only if
ty=(K*0)z, (&), (3.1.12)

by the following lemma, which is a classic consequence of the Hahn-Banach theorem.

Lemma 3.1.16. Let X be a normed vector space. For x € X, x = 0 if and only if bx =0
forall e X'.

By (3.1.11), K* is one-to-one, implying that the operator

v: ImK* — )
K +—s ¢

is well-defined. Note that (3.1.11) also implies that 1 is continuous. In addition, (3.1.12) is
equivalent with
(wf) y=1/lx, [cImK*

For / € Im K*, set W/ = (1%7) y. Using the Hahn-Banach theorem, one can extend ¥ into
a continuous linear form (still denoted ¥) on X’. As X is reflexive, there exists € X’ such
that
Ul =/lz, (eX,
yielding y = Kx. Hence, K is surjective.
Conversely, assume that K is surjective. Then K* is one-to-one, implying that the oper-
ator
A: Y — ImK*
{ — K%
is an isomorphism. Note that A is continuous. We claim that Im K* is closed. Together with

the Banach isomorphism theorem, it implies that the inverse of A is continuous, yielding
(3.1.11).
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3.1. Controllability - observability equivalence

To prove that Im K* is closed, consider a sequence (Kp)peN of elements of )’ such that

(K"‘Ep)peN converges in X’ to a limit ¢ € X’. Consider y € J. As K is surjective, there exists
x € X such that y = Kz. One has

ly = (K"lp)x P20 U,

implying that the sequence (@,)pEN converges pointwise. Write ¢ for its limit. Then ¢ is linear,
and by the Banach-Steinhaus theorem, ¢ is continuous. In addition, one has

((Kz) = lim (K*0,)z ={zx, z¢cX,

p—o0

yielding K*¢ = . This completes the proof. O

For s € R, if one denotes by H((0,T) x M, CY) the closure of €°((0,T) x M, CN) in
H3((0,T) x OM,CN), then H§((0,T) x OM,C") is the dual of H;*((0,T) x M, CN) for all
s € R. Consider s € R, T > 0 and © € €>((0,T) x OM,CY). By Theorem 3.1.14, one can
define

K: H§((0,T) x oM,CN) — K x kst

f —  (v(T),0p(T))
where v is the solution of
0?v— Py = 0 in (0,7) x M,
(v(0,-),0(0,-)) = 0 in M,
v = diag(0)f on (0,7) x OM.

Note that in the definition of H?®-exact controllability, one can consider f € H{((0,T) x
OM,CN) instead of H*(0,T) x OM,CN). Hence, H*-exact controllability for © holds if and
only if the operator K is surjective. By Theorem 3.1.14, the adjoint of K is given by

K*: K5t x K= — Hy*((0,T) x 0M,C")

(ul,u?) — diag(©)0,u
where w is the solution
OPu—Pu = 0 in (0,7) x M,
(U(Ta')>atu(Ta )) = (_uO’ul) in M, (3113)
u = 0 on (0,7) x OM.

By Theorem 3.1.15, H®-exact controllability for © is equivalent with the inequality

0,1 : 0,1 —s+1 —s
H(u LU )HIGS“XK?S S [ diag(©)dvull gr—s (o, ryxom,cv) - (u U ) ex x K%, (3.1.14)
where wu is the solution of (3.1.13). One has

1 (0), Dyu(O) st S | () S 11((0), Brru(0) | c—es1 e+

HIC—S‘HXIC—S

for (u® ul) € K751 x K=%, where u is the solution of (3.1.13), implying that (3.1.14) and
H~*-observability are equivalent. This completes the proof of Lemma 3.0.3.
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Chapter 3. Change of regularity in controllability and observability of systems

3.2 Ellipticity of the time-derivative on Neumann traces

3.2.1 Statement of the main estimate and beginning of the proof
The main result of this section is the following theorem.

Theorem 3.2.1 (Ellipticity of the time-derivative on the Neumann trace). Fors > —1, © €
€2°((0,T) x OM,CN), and r € N*, there exists C > 0 such that for all (u,u') € K1 x K,
one has

[diag(©)0vull grs((0,1)xonm,cv)

: 2r 0 1
<C (Hdlag(@)at dyu ’HS*2T((O,T)><8M,(CN) + Hu ’ICS+% + Hu ‘ IC'“%)
where u is the solution of
fu—Pu = 0 in R x M,
(w(0,),8u(0,)) = (uu')  in MM,
u = 0 on R x OM.

Remark 3.2.2. For clarity, embeddings have been omitted in the statement of Theorem 3.2.1.
The notation ||u| + Hu1||lcs_% stands for

KstE

0 1
H%sﬂwc”%“ ‘;CH% + HL;CMKS*%U ’;CS*% :

Proof. Let (07);e; be a finite family of open subsets of M satisfying the following properties:

(i) One has
U (07 nom) = om.

Jj€J
(ii) For each j € J, there exists a smooth diffeomorphism x/ such that
K0l — O'NnoM
where 07 is a non-empty subset of R 1.

(iii) We can use boundary normal coordinates on each O7: more precisely, we assume that
there exists & > 0 such that for all j € J, the map

R 07 x[0,0) — 0’
(m/’xn) — ’Y(an(w’)vxn)
is a smooth diffeomorphism, where for y € 9M, v, is the inward-pointing unit vector

normal to the boundary at y, and v(v,; (@) -) is the geodesic starting from 7 (z’) and
of initial velocity v ().

It is well-know that in the coordinates given by &7, the Laplace-Beltrami operator becomes
an elliptic operator P7 on R’} with principal part

PP =32+ Y oB(2)0w0m. (3.2.1)
1<p,q<n-—1

The coefficients (a?q) can be smoothly extended to R in such a way that P? is an elliptic
operator on R™.
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3.2. Ellipticity of the time-derivative on Neumann traces

We take a partition of the unity associated to the sets (O7) jeg: there exists a family of
functions (1)7)jes such that for each j € J, ¢/ € €>°(07,[0,1]) and such that

> (W) =1
jeJ
in a neighborhood of M in M. Also, take 1/° € €>°((0,T), [0,1]) such that ¢°© = ©.
Consider (u®,u') € K1 x K. We start the proof by writing

|diag(©)dyull s 0,1y xanr,cny = I1diag(©)Ouull gs mxonr,cmy
= H@Z)O diag(©)d,u

Hs(RxOM,CN)

< 3 | w)2° diag(©)dyu

jed

. . (3.22)
He(Rx (0INIM),CN)

For j € J,t € R and x € R", we define
w (t,x) = YO ()97 (# (2))u(t, & (z))  and  ©7(t,2") = ¢ (v (2")O(t, # ().

Note that those functions are well-defined because v7 is compactly supported in O7. As
ujgnr = 0, one has

Dl (t,7/,0) = (B0 (K () D (£, (2')) . (3.2.3)

By definition of the H*—norm on a Riemannian manifold, coming back to (3.2.2), we thus
have

| diag(©)0ull < 0.y xonrcm) S D [[diag(©7)a,ul |
jedJ

= Z Hdiag(@j)&,ujH

jedJ

Hs(RxO03,CN)

Hs(RxRr—1,CN) "

Recall that (71,---,7y) denotes the projections associated with the canonical basis of CV.
By definition of the H*(R x R"~!,C")-norm, one has

N
Idiag(©)auull i o ryxontcn) S 3 O ||(14€7) 0 (mi) Hmmxw—l) ' (3:2.4)
k=1jeJ

We see that we are reduced to the study of scalar functions defined on the half-space
R x R. We gather the properties satisfied by the functions mpu’. First, as s > —2, one
has mpu! € H*TH(R x R") by Theorem 3.1.12. Second, one has mpu’(t,2/,0) = 0 for all
(t,z") € R x R"! by the Dirichlet boundary condition, and

Oy (mpu!) € H (R x R"™)
by Theorem 3.1.12 and (3.2.3). Third, we know that
O*u— Au=—Xu—qu

where A is the Laplace-Beltrami operator, so by the Leibniz formula, there exists a differential
operator R’ of order 1, supported in (0,7") x O7 such that

(07 = P7) i (t, 2) = Ru(t, ¥ (x))
where PJ is defined by (3.2.1). In particular, one has

(07 = P7) () € H*(R x RY).
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Chapter 3. Change of regularity in controllability and observability of systems

Proposition 3.2.3. Suppose
P=0}-09% — Z ()00,

1<4,j<n—1

on Ry x R?

" where the coefficients (o) are such that

S+ > a¥(@)&g

1<i,j<n—1

is uniformly elliptic on R™. Take § € €°(R x R"~1 C). There exists C > 0 such that

HG&,UHHs(Ran_l) < C (HQ@ET&,U

1Pl

H5727‘(R><Rn71) (RXRZL)

+ HaVUHHs—l(RXRn—l) + ||UHHS+%(R><R")) :
+

for allu € H*"H(R x R7) such that Pu € H* (R x R7), Ujg,—0 = 0 and O,u € H*(R x R 1),

A proof is given in section 3.2. This proposition allows us to complete the proof of
Theorem 3.2.1. One obtains

() e, sy % [ () 22D

+][(0F = ) )

Hs—QT(]RXRn—l)

/ + e

8V7rku]‘

1 a1 .
H*"2(RxR?) Hs—1(RxRn—1) H*"2 (RxR?)

Using (3.2.4) and the definition of the H*-norms of vectors, one has
| diag(©)dull s o1y xanrcmy S D || ding(©7)07 0,07
jeJ

S0P e

H372T(RXRn717(CN)

0. e e '
Y7 s xR CN) H*F2 (RxRY,CY)

We estimate the terms on the right-hand side one by one.

First term. We prove
> |diag(e7)37 o, |

Je€J
< Hdiag(@)@fr&ju

H‘Q_QT(RXRn_I,CN)

-2 omyonreyy T 19Ul 0 xonrey (3.2.5)

meaning that the first term yields the main term of the estimate up to a remainder term.
Using (3.2.3) and the Leibniz formula, one finds

Hdiag(@j)afrﬁyuj’

Hs=2r(RxR»—1,CN)
2r

S |[diag(®) (w7 0 w7) O g0 D u(t, m(a:’))HHS_W(Ran_I o
k=0 ’

As 17 is supported in a coordinate chart of M, one has

|diag(©7)3" 9,7 | diag(©) (v7) AFu0dra,u

2r

< E
Hs=2r(RxRn—1,CN) ™~ Hs—2r Ny
’ k=0 ((O»T)XaMz(C )
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3.2. Ellipticity of the time-derivative on Neumann traces

One has

and for k € [1,2r],

This gives (3.2.5).

diag(0©) (W) ’ 007" O, u

‘HS—QT((O,T)XBM,(CN) ’

S ||diag(©)07 0,u
Hs=27((0,T)xOM,CN)

A 2
diag(®) (v)" of v 07" *o,u ooy, 107l @onem):

Second term. For the second term, one has

N (Carid

jeJ

<
mbmamy.on) ~ et o myanery

This holds since for all j, there exists a differential operator R’ of order 1, supported in
(0,T) x 07 such that
(07 = P7)w/(t,2) = RIu(t,# (x)).

Third and forth term. Arguing as above, one finds

>

jeJ

o | + |||

Hs—1(RxRn—1,CN) Hs+%(RxR1,<cN)>
S N0vullgearomyxonreny + 1l yort (o gywaremy -

Conclusion. Gathering all our estimates, one finds

Idiag(©)dutl e o:rywonscn S [ ding(@IFF Bty onsem

10wl a1 o,myxomeny + HUHHH%((O,T)XM,(CN) '
By Theorem 3.1.12, one has

10wl 10y woma.ony S Mullis + i

and

< 0 1
HUHH(S’%)“((O,T)xM,(CN) N L

as s — % > —2. This completes the proof. O

3.2.2 Analysis in a half-space.

Here, we prove Proposition 3.2.3. Write S™(R; x R?) for the set of symbols of order m,
ST (R¢ x RY) for the set of tangential symbols of order m, and U™ (R; x R%) and W' (R; x RY)
for the associated sets of pseudo-differential operators. Let p be the principal symbol of P,
that is -
plz, 7,8 =—m"+&+ Y. aV(2)6g;
1<i,j<n—1
Write -
€E=" > aY(@)&g and pla7.) =" +[¢;

1<4,j<n—1
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Chapter 3. Change of regularity in controllability and observability of systems

so that p(z,7,&) = €2 + p(z,7,¢&). On the boundary, we sometimes use the notation |¢/|,, =
’6/’(1’,0)'

Consider v € H5T(R x R" ) satisfying the assumptions of Proposition 3.2.3. The idea of
the proof is to split miscellaneously 60, u into two terms: one on which 0 is elliptic, and one
on which the wave operator is elliptic. More precisely, let xo € €°°(R4, [0,1]) be such that

Xo=1on [%,4—00) and xo = 0 on {0, %} We define
p($7 T’ 6/) ) .

x,T, N = <
X( 5) X0 1+7_2+|€,|§

Then x € S?(Rt x R™) by Lemma 18.1.10 of [H6r07]. One has x(z,7,&') = 1if 1+ 72+ |¢')2 <
4p(x,7,&"), and x is supported in the set

{@7.¢) eR xRx R 1472 +|¢2 < 5p(a, 7€)} .

One can write

2

0y (o) @10 .

9 2
100,013 g1y < 0O (1 = Xpor—0) (@) He k1)

Hs(RxR?—1
We will study the two terms on the right-hand side separately: for the first one, d; turns out
to be elliptic, and for the second one, P is elliptic.

Remark 3.2.4. We use the notation Op, both for tangential pseudo-differential operators on
R¢ x RY and for pseudo-differential operators on the boundary R; x R~ ! They coincide at
zp =0 up to a % factor.

Ellipticity of the time-derivative
We prove the following estimate.

Lemma 3.2.5. There exists C > 0 such that

o0p:(1 = xin—) @i, < (|joapr o,

‘2
Hs(RxRn—1) —

2
Hs—2r(RxRn—1) + Hal’uHHS—l(RX]Rn—l)) .

Proof. Let x1 be a smooth compactly supported function such that yi(z',7,&) = 1 if 72 +

1€')2, < 1. Write
) 2
) < HGOPT (X1(1 - X\w”=0)) (8VU)HHS(R><R"‘1)

2
om0 3 ) 0 -

H@ Op; (1 = Xjzn=0)(Ovu) HHS(Ran_1

As X1(1 = Xjzn=0) € ST®(R; x RZ,‘I), one has

H€ Op; (Xl(l - X|xn:0)) (&AL)HQ

2
He(RxRn-1) S ||3VU”H571(Ran71)-

Thus, to complete the proof of the lemma, it suffices to show that

100p,; (1= x1) (1 = Xjar—0)) @“)HQ

2
‘H572T(RXRn71)

Hs(RxRn—1)

S oo

+ 100l Fro-1 (-1 - (3.2.6)
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3.2. Ellipticity of the time-derivative on Neumann traces

Set x2 = (1 —x1)(1 — Xjzn=0) € SO(R; x Rgfl). If (2/,7,¢&") € supp o, then 72 + |£’|i, >1
and
1472 4 1E L > 4 (1€ - 7).

Combining those two inequalities, one finds
2(P+IER) + 147 IR > 244 (I - )
that is
> 14 €. (3.2.7)

In particular, Yo(z',7,&') = 772" xa(2/, 7,&') is well-defined. Using (3.2.7), one finds Y2 €
S~ (R x R, Since Op;(x2) = Op;(X2)97", one has

2 2

o opT(XQ)(auu)HHS(Ranfl) < |[op,(x2) (007" ”“)HHst
onte]
and this gives (3.2.6), as [Q,OPT()ZQ)} e (R x szl)' =

Ellipticity of the wave operator

We denote by u and f the extensions by 0 of v and f on the whole space. In the sense of
distributions on R™*!, since u), _o = 0, one has

Pﬂ:i'i_(s:c”:O ® dyu,

and this holds in fact in .#”(R"*1). As Op,(x) sends ./(R"*!) to .#”(R"*1), one has

POp;(x)u+ [OPT(X), P] u=0p;(X)f + dan=0 @ (OpT(xwzo)&/U) (3.2.8)
in .7/ (R"+1).
To get an estimate on OPT(X|xn:0)8uU; we apply a parametrix of P. Thus, one has

to find a non-tangential symbol ¥ of order 0 supported where P is elliptic, and such that
X(x,7,8) =11if (z,7,&) € supp x. If (z,7,&) is such that (z,7,&) € supp x, then

L2+ €2 <5 (| - )
and this implies
L2+ 2+ €2 <5 (1€ + & —72) = 5p(a, 7€),

Set

_ p(z,7,§) )
Z,T, =
X m,8) =n (1+£%+ €]+ 72
where 1 € €*°(Ry,[0,1]) is such that n(c) = 1if ¢ > £, and n(s) = 0if ¢ < 5. Then ¥
is supported where P is elliptic, and x(z,7,&) = 1 if (x,7,£’) € supp x. The function Y is a
symbol of order 0 by Lemma 18.1.10 of [H6r07].
Set Q = Op(q) € ¥2(R; x R?), with

X(x? T’ 5)

1) = )
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Chapter 3. Change of regularity in controllability and observability of systems

Pseudo-differential calculus gives QP = Op(X) + Ri, with Ry € U~}(R; x R?). Note that
one can construct @ € W2(R; x R?) such that

QP — Op(x) € ¥™(R; x R})

as in Theorem 18.1.9 of [Hor07], but such a refinement is not needed here.
Applying @ to Equation (3.2.8), one finds

Op(X) Op, (X)u + R1 Op; (x)u + Q [Op; (x), P| u
= QOp,(0)f + Q (8un=0 ® (Op; (xjar=0)dut) ) (3.2.9)
Since uj,,_o = 0, one has
Op(X) Op; ()Y, =0 = OP;(X) Yz, =0 + OP(X — 1) Op; (X) Yz, =0 = OP(X — 1) Op1(X) Uz, 0-

Thus, computing the trace of (3.2.9) at ™ = 0 gives

Q (0un=0 ® (OP; (Xenz0)tt)) = =QOpy(X)f, _o + Ratiz,—o (3.2.10)

|zn=0

where the rest Rsu is
Rzu = Op(x — 1) Op; (x)u + 1 Op;(x)u + Q [OpT(x), P} u.

Lemma 3.2.6. There exists C' > 0 such that

|QOP (01 0|

ey <€ (b ) (3:2.11)

and

| Bstanzol| s sy <€ (HayuHHsl(Rang lull s (RXM)) L (3212)
Proof. As s > —1 and as @ is of order —2, one has

|QOp;(0)f 0| < [l op, 0/

< [lop,(0)f|

H”z (RxR™) ™

1 .
Hs+1(RxRn—1) H*™2 (RxR?)

As x € WY(R; x R?), one obtains (3.2.11). Next, we prove (3.2.12).

Term 1. For the term Op(x — 1) Op,(x)u, we use Theorem 18.1.35 of [H6r07].

Lemma 3.2.7. The symbol 1 — x satisfies the assumption of Theorem 18.1.85 of [Hor07]:
there exists € > 0 such that
1 —x(z,7,§) =0

if elénl > 1 and |(7,£')] < €l&nl.
Proof. There exists C' > 0 such that
€3 < cle')?
for all (z,¢’). Hence, if €|&,| > 1 and |(7,£')| < €|&,], then

&Iz —1° &1 & — e
> >
THE |2 4+72 T 14+ 24|12 +72 = 14 €2 4 262 + 282
& — % 1— ¢

> >
T 222 4 &2 4 222 + 262 T 1+ ce? 422
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3.2. Ellipticity of the time-derivative on Neumann traces

Thus, if € is sufficiently small, one has

&+l -
T+ &+ IeE+

1
>
5

implying x(z,7,&) = 1. O

Thus, one has Op(x — 1) Op,(x) € ¥(R; x RZ), with vanishing symbol. Hence, Op(Y —
1) Op;(x) € ¥=°(R; x R}), yielding

HOp(Sc —1) OpT(x)@\xn:o’ = HOp(fc -1) OPT(X)ﬂ’

S lull

3
Hs+1(RxR—1 H**2 (RXR?)
3_N
HP2 N (RxR?)

for any N > 0.

Term 2. For the term Ry Op,(x)u, as Ry € U~1(Ry x R?), one has

| R 0P ()| 710y ()

Hs+1(RxRn—1 H”%(Rxw) S HUHH”%(Ran)‘
+ +

Term 3. Pseudo-differential calculus gives @ {OPT(X); P} € U 1(R; x R?), yielding

|@ [0p; (), P| Opy ()10 <@ [0p;(x). P] 0p, ()

3
Hs+1(RxRn—1 H*t 2 (RXR™)
S Nl et :
~ H*'2 (RxR™)

Gathering all those estimates, one finds (3.2.12). This completes the proof of Lemma 3.2.6.
O

We now turn to the study of the left-hand side of (3.2.10).

Lemma 3.2.8. There exists C' > 0 such that

HOPT(Xkc”:O)aVu Hs(RxRn—1)

+ Hal/uHHSl(Ranl)) .

<cC (HQ (6m=0 @ (0P (X|enz0)Ott) )

|z =0 Hs+1(RxRn—1)

Proof. The idea is to find a pseudo-differential expression of

Op(q) (drm=0 © (Op; (X|on—0)Bur)

|lzn=0"

By definition, one has

Op(q) (8rm=0 @ (0D (Xen—0)Osu) ) (t,2') = Opy(4r) OP4(Xjan—0)Bou(t, ) (3.2.13)

|zn=
where ¢; is the symbol

, N X($/,0,7—7 g)
¢ (2,7, &) = /R €2+ p(a',0, 1, 5’)d§n'

Lemma 3.2.9. One has ¢; € S™HR; x R,
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Chapter 3. Change of regularity in controllability and observability of systems

Proof. Note that an explicit formula for ¢; is not needed. The idea of the proof is to write
¢ = a X (F ob) where a is a symbol of order —1, F'is a smooth function, and b is a symbol
of order 0, so that the conclusion will be a consequence of Lemma 18.1.10 of [H6r07]. Recall

that
p(z,7,€) >
ERCEAEEs

w6 = (

where 7 is a real nonnegative smooth function such that n(c) = 1if o > £, and n(s) = 0 if
o < {5. Write ¢/, instead of |¢’ |(2',0), and set

2~

T = T e

Then b € S°(R; x R”;) and a change of variable gives

:ch

2 b / !
o’ + (wmi))da

/1+|§/|2 _1_7.2/]1gc72+bx Tf’) ( o2 +1

1 o+ o
n _
F(U)—/H§02+U/n<02+l>da.

Lemma 3.2.10. The function F' is smooth.

Set

Proof. Consider ¢’ € R and write

(0) o?+ o
o) = —5—nr
g o2 +1

for o € R. Note that if ¢’ > é, then g(o) > % for all o € R, so that

1

Hence, we may assume that o’ < % In particular, as o/ < 1, the function ¢ is a bijection
from R4 to [0’,1]. A change of variables gives

(o) do
o/1—ovo—o

As n(o) =0 for 0 < 55, one finds that if o/ < {5, then

10’

o) = /110 a\/%i}mda’

implying that F' is smooth on (—oo, 10} Finally, note that

L (e (- o))
R A o v

by a last change of variable. As ¢’ + (1 — o’)o > % for o € (0,1), this proves that F' is

smooth on [{5, £]. O

Lemma 18.1.10 of [H6r07] gives ¢; € S™H(R; x RZTl), completing the proof of Lemma
3.2.9. O
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With the same construction as for x, consider y3 € SO(R;xR”, ') such that x3(z',7,¢') = 1
if (2/,0,7,¢") € supp x and 1+72+|¢'|2 < p(a’,0,7,€") on supp x3. The function y3(a’, 7,¢") =
V@', 0,7,&)xs(x, 7, &) is well-defined, and one has Y3 € S'(R; x R:fl). By Lemma 3.2.9,

one obtains

Op; (X3) OPr (d1) OP; (Xja=0) = OPy (VP4r Xja,=0) + Ra

where Ry is a tangential pseudo-differential operator of order —1. As x(2/,7,§) = 1 if
(x,7,&") € supp x, one has

/ !/ / / / ! 1 ,707 ) !
qT(w,O,T,S)x(x,O,T,S)—x(w,O,T,i)/RgQH(x, T = 3’%

and this gives

OpT (>~<3) OpT(QT) OpT(X\xn:O)auu =TT OpT(X|xn:0)3yu + R40,u.

This yields

0P (X2 =0) 5 0py () Opy (47) Oy (X, —0) s

+ ”R48VUHHS(R><IR"—1) :

‘HS(RXR"* Hs(RxRn—1)

As x3 is of order 1 and Ry of order —1, this gives

< ||Ops(ar) Op; (s =0) D0

|Op; (xjan o)

Hs(RxRn—1) Hs+1(RxRn—1)

+ 100wl o1 acn-1) -

Using (3.2.13), one obtains

He(RxXRA-1) N HOp(q) <5x":0 ® (OPT(X|xn:o)8uu))

0Py (X2 —0) Dy "
|zn=0 Hs+1(RxRn—1)

+ ||8yu||Hs—1(RX]Rn—l) .
This completes the proof of Lemma 3.2.8. O

Using Lemma 3.2.6 and Lemma 3.2.8 in (3.2.10), one finds the estimate of Proposition
3.2.3.

3.3 Change of regularity in observability inequalities

We prove our main result, Theorem 3.0.4, that is, the equivalence between observability at
different levels of regularity. First, we show that for all » € N and s € R, H®-observability
for © implies H*t?"-observability for ©. Second, we show that for all r € N and s > —1,
H*-observability for © implies H*~2"-observability for ©, for all © such that 7,0 # 0 on
supp 10, for all k € [1, N]. This is enough to give the full conclusion, by Lemma 3.1.11.

3.3.1 Increasing the level of regularity

Consider © € €>°((0,T) xOM,C"), s € R and assume that H*-observability for © holds. We
prove that H*t2-observability for © holds, implying by induction that H*+2"-observability
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Chapter 3. Change of regularity in controllability and observability of systems

for © holds for all r > 1. Consider also (u®,u!) € K*3 x K5+2, and write u for the solution
with initial data (u® u'). We show that

[(w0)

For t € (0,T), set (t) = Poyou(t). Then, @ is the solution of

O3 JCs 2 S Hdiag(@)av“HHsH((o,T)xaM,cN) .

0?1 — Pl = 0 in (0,7) x M,
(a(07 ')a ata(oy )) - (|38+2u07 Ps-l-lul) in Ma
U = 0 on (0,7) x OM.

Since (P2u®, Ppiut) € K51 x K¢, H®-observability for © gives

0
Reou HICS'H +

PS_HUlH}CS S [|diag(©)0uall s (0.1yxanr,cvy -

By Theorem 3.1.12, one has (t) = Poou(t) = d2u(t) in K5+ for all t € [0,T], and 9,4 =
0,0%u = 9?0,u. Hence, the previous estimate reads

0
Porou H’CSﬂ +

Pooru!| . < |diag(@)0F 0w

H#((0,T)xOM,CN)

Using the ellipticity estimate for P (Proposition 3.1.8- (7)), one finds

U + ||lu diag(©)0; 0, u
H Ks+3 sz ™~ 8(©)2; 0y Hs((0,T)xdM,CN)
0 1
-+ HL;@-&-SHKHQ’UJ HICSJr? + ’ Lics+2 sy jcs+1 U HICSH .

To estimate the term with the normal derivative, note that
diag(©)020,u = 07 (diag(0©)d,u) — 20; diag(©)d;0,u — 07 diag(©)d,u,
implying

Hdiag(@)@f@,,u

‘Hs((O,T)xaM,(CN) S [ diag(©)dpull grave 0,1y xonr,cny T 10vull s 0,1y xom,cv) -

where the embedding ¢gs+2_, gs+1 has been omitted. By Theorem 3.1.12, if v is the solution
of

v —Pv = 0 in R x M,
(v(0,-),00(0,4)) = (1xsrs_yieor2t®, tcstayesriul) in M,
vo= 0 on R x oM,

then tycs+3_ypos+2u = v and tgs+2_, gs+10,u = Oyv. Hence, using Theorem 3.1.12 again, one
obtains

10vtt]| pres10,1) xonr,evy = 1000l gres1 0.1y xonr, v
S v (0)[[gsre + 10¢0(0) [ ot

_ . 0 1
— HL;C3+3_>,Cs+2u HICS"'Q + ‘ Lics+2 sy jcs+1U ‘]CS-H ,
yielding
0 1 < .
[ s + [ v S Iing®)Duul gz o 2y conric
0 1
+ HLIC5+3_>]C5+2U H}CS+2 + L’Cs+2_>]Cs+1u H]CS+1 .
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3.3. Change of regularity in observability inequalities

To complete the proof, we prove that the remainder terms on the right-hand side can be
removed. The embedding

K: K3 x ot — 5+ oo
0,1 0 1
(u?, ut) — (besaest2u?, tes+2 st ut)

is compact, by Proposition 3.1.8-(7). We show that the operator

A K x Kst2 —  H572((0,T) x OM,CN)
(u®, ul) — diag(©)d,u

is one-to-one, using the fact that the operator

st x K8 — H3%((0,T) x OM,CN)
(w0, ut)  — diag(©)d,u

is one-to-one, by H*-observability. Consider (u’, u') € K3 xK**2 such that diag(©)d,u = 0.
As above, one has txs+3_cs+1u = v and tgs+2_, gsOyu = J,v, where v is the solution of

Pv—Py = 0 in R x M,
(U(O, '), 6tv(0, )) = (L]C.9+3*>)Cs+1 ’LLO, L]Cs+24>K:sU1) in M,
vo= 0 on R x oM.

Since diag(©)0,v = 0 in H*((0,T) x OM,CY), H*-observability gives
(L]Cs+3_>’Cs+1UO7 LIC5+2—>ICSu1) = 0.

Thus, one finds (uo, ul) = 0, and H*T2-observability is a consequence of the following lemma.
Here, A is one-to-one: the information from Lemma 3.3.1 about the kernel is used below.

Lemma 3.3.1. Let X, Y and Z be Hilbert spaces. Consider two continuous linear operators
A: X Y and K : X — Z. Assume that K is compact and that there exists C > 0 such
that

el < (1Azly + K2l ), =€

Then the kernel of A is finite-dimensional. If moreover A is one-to-one, there exists C' > 0
such that for all x € X, one has

[z]lx < C"[|Az]y,, z€X. (3.3.1)

Proof. Let (z,,)nen be a bounded sequence of elements of Ker A. Up to a subsequence, as K
is compact, we may assume that the sequence (Kz,,) converges. Writing

|Zn — xm“){ S Kz, — me”z )

one finds that (z,)nen is a Cauchy sequence. This proves that the unit ball of Ker A is
compact, implying that Ker A is finite-dimensional.

Now, we assume that A is one-to-one. We prove (3.3.1) by contradiction : we assume
that there exists a sequence (xy,)nen such that ||z,||x =1 for all n € N and

Az, 2225 0.
Up to a subsequence, we can assume that the sequence (Kx,) converges. One has
|20 — 2mlly S ||Aany + ||Axm||y + | Kzn — Kol 2,

implying that (z,)nen is a Cauchy sequence. Write x € X its limit. For n € N, using
|zn]lx = 1, one finds ||z||x = 1. As A is continuous, one also has Az = 0, a contradiction. [
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Chapter 3. Change of regularity in controllability and observability of systems

3.3.2 Decreasing the level of regularity

Consider ©! € €>°((0,T) x 9M,CV) and assume that H*-observability for ©! holds. As the
level of regularity can be increased, by the part of the proof of Section 3.1, we may assume
that s > 1, without loss of generality. We prove that for r € N*, H5~?"_observability for ©2
holds, for all ©2 € €>°((0,T) x M, C") such that 7,02 # 0 on supp 7,01, for all k € [1, NJ.
Consider (u®,u!) € K72"F1 x 5727 and denote by u the associated solution.

Following the proof of Section 3.1, one might be inclined to define @(t) = P~"u(t). How-
ever, this is not always possible, for example if P = A + A, with A in the spectrum of
the Dirichlet Laplacian. To overcome this difficulty, we use the shift operator of Propo-
sition 3.1.8- (7). We introduce (@°,@') as the unique element of K51 x K such that
(w0, ul) = (87, 18°% 8, a'), and set @ as the solution associated with (@, a').

By H*-observability for ©!, one has

|

. . ’ .
Since 8!, ; and 8/, are continuous, one has |ju
implying

[+

Now, Theorem 3.2.1 gives

[+

Note that embeddings in the remainder terms are omitted here, as s > 1 (see Remark
3.2.2). Using Proposition 3.1.8- (%), one finds

|

+|a'|,.. 5 |diag©")0,a

s+t ’Hs((O,T)xaM,CN) '

°l

'l

°l

'l

’C572T'+1 + Hu ]CS*Z”' g Hﬂ ICS+1 + H'I] ICso

+w]

< Hdiag(@l)&,ﬂ

Cs—2r ~

Kos—2r+1 ‘HS((O,T)XBM,(CN) '

+ ||a@°

’[Ll

< "diag(@l)afTBV&

s+% +

[ | 4
KCs—2r+1 Cs—2r HS*2"“((O,T) XBM,(CN) Kc K52

~1

~0 i

u

+

Kst+d

—1
_ T 0
oh H(5+> O lumzrin a4 Y

-1
T 1
" H (801) ot

Kst+d

1
Ko72

-1 —1
With the continuity of (8’" 1) and (S" 1) , one obtains
s—Tr+35 S—r—3

~0 ~1 < 0
Hu ‘IC”% + Hu ‘ICS’% ~ H%cs—?wuic“?”%u ‘1@*2”% + HLICS—”%KS*”*%U ‘ICS*QT*% ’
implying

’ -y R

U + [|u diag(©")d i
H JCs—2r+1 cs—2r ™ g( ) t v Hs=27((0,T)x0M,CN)

0 1
* H%sﬂrﬂ—ﬂ@*%'%u ‘ICS’%*% + HL/@*%—»@*”*%u ‘1@5*2“% ’

Next, we want to replace Hdiag(@l)afrayﬁHHS,QT((O’T)X6M7CN) by

Hdiag(@l)&,u

‘HS*QT((O,T)XBM,(CN) ’

up to a remainder term. The idea is the following: if S . = P/, as in the case P = A for
example, then we can prove that 9?"@ = u. In the general case, one has the following lemma.
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3.3. Change of regularity in observability inequalities

Lemma 3.3.2. For s € R, r € N*, © € €°((0,T) x OM,CY), (1°,v') € K1 x K2, and v
the solution associated with (v°,v'), one has

Hdiag(@)@frayv

‘gr?r((o,T)xaM,cN) S [ldiag(©)dy (S 119)l|pre-2r 0,1y xans,)

+ HL’C3+14)]CS'UOHICS + HL}CS*)K:S_I/UI‘

Cs—1 "
A proof of Lemma 3.3.2 is given below. Arguing as above, one finds
[ T—-1
ICs ICs 1
5 Hblcsfzrﬂ_},csfzruoH,Ck% + HLK572'F_>K572T71 ul‘ (o—2r—1
S HLics—zwuick%%uo‘ co2rh T H%s—?rwc“”*%u Ks2r-b
As &, 1@ = u, by Corollary 3.1.13, Lemma 3.3.2 gives
[ R L P SR [
S T (e Uy

Note that (3.3.2) holds true if ©! is replaced by some ©2 € €>((0,7) x OM,C") such
that 7,02 # 0 on supp m,©!, for all k € [1, N]. To complete the proof, we show that the
remainder terms on the right-hand side of (3.3.2) can be removed, when ©! is replaced by
such ©2. The embedding

K - ,Cs—2r+1 % K:s—2r — ]Cs—2r+% % ]CS—QT—%
0,1 0 1
(u , U ) — (LIC572T+1_>]C3_2T+%U ) L}Csf2r_>lcs_2r_%u )

is compact, by Proposition 3.1.8-(7). For s’ € R and © € €>°((0,T) x dM,C"), introduce

Agy: Kt xK¥ — HY((0,T) x dM,CN)
(WO, ut)  — diag(©)d,u '

By (3.3.2) and Lemma 3.3.1, the kernel of Ag: 5, is finite-dimensional. Note also that
H*-observability for ©! implies that Ag1 4 is one-to-one.

Lemma 3.3.3. Consider s € R and ©' € €°((0,T) x OM,CN) such that Ag: , is one-to-
one, and such that for all r € N*, the kernel of Ag1 s_o, is finite-dimensional. Then, for
r € N* and ©2 € €2°((0,T) x OM,CN) such that m,02 # 0 on supp 10!, for all k € [1, N],

Ag2 s_oy is one-to-one.

A proof of Lemma 3.3.3 is given below. Now, using (3.3.2) with ©2 instead of ©!, and
Lemma 3.3.1 again, one concludes that H*~?"-observability for ©2 holds. As explained in the
beginning of Section 3, this completes the proof of Theorem 3.0.4.

Now, we prove Lemma 3.3.2 and Lemma 3.3.3.

Proof of Lemma 3.53.2. By interpolation, one may assume that s € Z. By Theorem 3.1.12,
one has 02"0,v = 9,0?"v = 0,P"_,. 11v. The triangular inequality gives

Hdiag(@)@?&,v ‘HS*QT((O,T)XBM,CN)

S |[diag(©)0, (S8 +1v)

Hs=27((0,T)xOM,CN) + ||8V (P;;erv - ‘S@rfﬂrlv) HHS*QT((O,T)XBM,(CN) )
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Chapter 3. Change of regularity in controllability and observability of systems

Set w = (P, .1 —S/_,,1) v. By Theorem 3.1.12 and Corollary 3.1.13, w is the solution of

Pw—Pw = 0 in (0,T) x M,
(w(07 )7atw(07)) = (’U)O,’wl) in M7
w o= 0 on (0,T) x OM,

where (w? w!) = (P, — 8, 1) 0", (P, —S,) v'). Hence, using Theorem 3.1.12 and
Proposition 3.1.8- (%), one obtains

1
—

s + HL’CS_)]Cs—l’Ul’

0
HanHHS_2T((O,T)XaM,CN) S Hw ‘ KCs—2r

<

L]Cs+1_>]Cs’UOH

K< cs—1"’

and this gives the desired result. O

Proof of Lemma 3.3.3. For ' € Rand © € €2°((0,T) x 9M,CY), denote by Ng ¢ the kernel
of Ag ¢, that is,

No s = {(uo,ul) e K& x K, diag(©)d,u = 0} .
Note that by definition, one has

Ng ¢ C Né s e R, (3.3.3)

s’
if 7,0 # 0 on supp 1,0, for all k € [1, N], and for s; > s, the map

(I)sl,sg (@> : N@,s1 — N@,SQ
0

(W0, ut) > (esitipestrul, tes Sz ut)
is well-defined, injective, and compact.

Consider ©% € €>°((0,T) x 9M,CY) such that 7,02 # 0 on supp 7,01, for all k € [1, N].
We claim that Ng2 _o, is finite-dimensional for all » > 0. Indeed, for r € N, it follows from
the assumptions of Lemma 3.3.3 and (3.3.3). For r > 0, as q)372r,57[2rj71(@2) is one-to-one,
Ng2 4_o, is isomorphic to a subspace of Ng2 ,_|2,|_1, and hence, is finite-dimensional.

Consider r > 0. We prove that

@s,gm,gr,l(@Q) is an isomorphism. (3.3.4)

It suffices to show that @5_2T,3_2r_1(®2) is onto. Consider (uo,ul) € No2 59,1, and write
Ut) = (u(t),du(t)) for t € R, where u is the solution associated with (u®,u'). As the
distance between supp 71,0! and (supp 7rk€)2)[3 is positive for all k € [1, N], there exists € > 0
such that for ¢ € [0,¢), U(t) € Not 5_9,_1.

For t € (0,¢), set V; = +(U(t) —U(0)) € Not 4_9,_1. One has

1
et s (t(u(t) _ uﬂ)) 0% u(0) = ul € K2 (3.3.5)
and )
+
R (t(&gu(t) _ u1)> 1200 920(0) = Bgpul® € KT (3.3.6)

As Ngt1 5_9,_1 is finite-dimensional, the norm of JC3=2r+L % K572 is equivalent to the norm

0,1\ _ 0 1
N(u ,U > — H(L}Cs—2r+14)]Cs—2ru ,L’Cs—2r*>}Cs—2r—1’U/ )’]CS*27”><]CS*27"*1 .
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By (3.3.5) and (3.3.6), (V4)t>0 is a Cauchy sequence for the norm N, and thus, it converges
in Ng1 Write (v°,v!) for its limit. Using (3.3.5) and (3.3.6) again, one finds

,5—2r"
(L’C572r+1_>’<:572r7)0, L’CS*QT_)ICS*QT*lv:l) = (ul, F?S_QTUO) .

By Proposition 3.1.8-(4), there exists @ € K572"*2 such that u® = tjcs—2rt2_js—2r1° and
v! = P,_g,11@°. One has

(L]C572T+2_)]C572r+11]0,LK572T+1_>K5727“UO> == (u(),ul) .

This gives (I)S_QT’S_QT_1(62) (ﬂ
the solution associated with (
and

0.0%) = (u¥,u), if we show that (a@°,v°) € Ngz 4 9, ;. If @ is
0
U

0), then by Theorem 3.1.12, one has tjcs—2rt2_ycs—2r+1% = U

LHs—2r+1*)Hs—27‘ayﬂ == a,,u.

As diag(©%)0,u = 0 € 2'((0,T) x OM,C"), this implies (@° 1°) € Ngz2 4 o, 1, completing
the proof of (3.3.4).

By iteration, one obtains an isomorphism between Ng2 ; and Ng2 ;_o, for 7 € N*. As
Not s = {0}, (3.3.3) gives Ngz2 s = {0}. This completes the proof of Lemma 3.3.3. O

3.A The case of internal observability

Here, we explain how to adapt the methods of this chapter to the case of internal observability.
Consider y € €>(M,C").

Definition 3.A.1 (K*®-observability for (x,T")). We say that *-observability for (x, T") holds
if there exists C' > 0 such that for all (u%,ul) € K% x K571,

[(w.0)

where u is the solution of (3.0.1) with initial data (u®,ul).

oot = C ([diag(x)ull 20,1y 5 »

Note that the multiplication operator u € K* — diag(x)u € K* is well-defined, and
commutes with the embeddings of Proposition 3.1.8. As in the boundary case, one can prove
that KC3-observability for (y,7') is equivalent with a controllability property, for the equation
(3.0.1) with a source term of the form diag(x)F, with F € L?((0,7),K,*). One can check
that the solution of such a system is well-defined, by adapting the proof of Theorem 3.1.12.
The analogue of Theorem 3.0.4 is the following result.

Theorem 3.A.2. Consider 51,52 € R, and x € €(M,CN). If s1 < s, then for all
T > 0, K -observability for (x,T) implies K%2-observability for (x,T). If s1 > s2, then for
all 0 < Ty < Ty, K51 -observability for (x,T1) implies K2-observability for (x,Ts).

The proof of Theorem 3.A.2 is simpler than that of Theorem 3.0.4, so we only sketch it.
To increase the regularity level, one uses the following lemma.

Lemma 3.A.3. Consider s € R and x € €>(M,C"). There exists C > 0 such that
ldiag(x), P] ulles < Cllegsizgsrullern,  we L2
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Chapter 3. Change of regularity in controllability and observability of systems

Sketch of proof of Lemma 3.A.3. By interpolation, it suffices to prove Lemma 3.A.3 for s € Z.
For s € N and u € K**2, one has

lldiag(x), Rl ullics = llldiag(x0), Pl ull s ar,eny S Nl gseraremy = llexcsvz sl

and the same holds for P*. Now, consider s € Z, s < —1, and u € K*2. Note that

‘IC_S = 1}’

as Ly—s+1_,-—s has a dense range. For v € ICo5Tt, using the case s € N, one finds

| [diag(x), Pog1] | s

=sup {‘<[diag(x), Pot1] u, L,C;s+1_>,c:sv> IRy Smany

Li-—s+1 —sU
ICS,K:S ’C* —)IC*

’<[dlag( )s Bl te—str - sv> = ‘<LK5+2_>K:5+IU, [diag(x), P*] v>,€s+17,€;3_1

s Ke

5 |’LK5+2_>]C5+IUHICS+1 LIC:5+1_>K:;S’U "C_s 5
*

and that completes the proof of Lemma 3.A.3. O

Lemma 3.A.3 and K*-observability for (x,7T") yield

[(w.0)

for (u®,u') € K572 x K51, The remainder term is compact, and K*-observability for (x,T)
implies that the operator (u®, u') € K*2 x K**1 s diag(x)u is one-to-one. This proves that
JC3-observability implies K*T2-observability.

To decrease the regularity level, one relies on the following result about the shift operator

of Proposition 3.1.8. We use the notation S;! = (81) , for s € R.

T g Hdiag(X)UHLz((O’T)’;Cerz) + H (LICSJFQ—)]CS‘HU/Ov LIC5+1—>/CSU1> ‘ s Cs )

Lemma 3.A.4. Consider s € R and x € €°°(M,CN). There exists C > 0 such that
H {diag(x),S;_ll} UHKS < Olies—2pes—sul[esms,  u € K2
Sketch of proof of Lemma 3.A.4. Using Proposition 3.1.8 and Lemma 3.A.3, one finds

|[diag(x), 74 v

=874 (851—1 (diag(x)SS 1u) diag(x )S;_ls;llu)HKs

ics
<|IsL, (diag(x)Ss 1u> diag(x )S;—lss_—llul,cs_z
= ||R-1 (diag(x)Ss 1“) diag(x )PS*I‘S:S‘?—IWHKS*2
< L;cs_ucrlg;llu cs—1
S Nlexcs-2pes-sull s s
for all u € K372, -

Assume that KC%-observability for (,71) holds. Then, Lemma 3.A.4 gives

[(w.0)

o-aos > 180Ul L2(o13) ko-2)

0 1
+ H(LK:S_QHICS_SU ,L’CS—S*HCS—4’U: )‘ ICS*3><IC5*47
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3.B. Proof of the results of Section 3.1

for (u®,u') € K572 x K*73. For T > 0 and s’ € R, set

Arg: K& x K1 — L2((0,T),K%)
(W ut)y  — diag(x)u

)

and write Ker A7 o for the kernel of that operator. Then Ar, s is one-to-one, Ker Ar, s
is finite-dimensional, and to complete the proof of Theorem 3.A.2, it suffices to prove that
AT, s—2 is one-to-one, for all T5 > T4. For s; > so and T" > 0, introduce the embedding

Pr 50 KerAry, — Ker A7,
(WO, ut) (s iz u®, s -1 s —1ut)

Consider Tp > T} and o € {0,1}. We prove that &7, s s—o—1 is an isomorphism. Take
(u®,ut) € Ker Ap, 5—g—1. For t € (0, T3], set

Vi =~ (@), du(t)) — (u,u")).

As Ty > Ty, one has V; € Ker A7, s_,—1 for all t > 0 sufficiently small. In addition, V;
converges to a limit as t — 07, for one particular norm on Ker AT, s—5—1, and hence for
any norm on Ker A7, s_,_1, as Ker A, s_,_1 is finite-dimensional. This gives (uo,ul) €
O7, s—g,5—o—1 (Ker Ap, s ). Hence, @7, 55 s—o—1 is an isomorphism, implying in particular
that Ker Ap, —o is isomorphic to Ker Az, ; = {0}. This completes the proof of Theorem
3.A.2.

3.B Proof of the results of Section 3.1

3.B.1 Proof of Proposition 3.1.8

We start by giving some details about (7). If s > 0 then the map tjcers_ s @ KT — K3
is just a natural inclusion, and is thus one-to-one. It is an embedding, and it will often be
omitted. If s + ¢ < 0, then by definition txs+s_,xs is the restriction operator

’Cs+5 s
u — ’LL“C*—S

In Step 5 below, we prove that i e has dense range, implying that txs+s_ s is one-
to-one if s + & < 0. By definition, if s+ > 0 > s, one has

<LICS+6—>’CS (U), v>ICS7IC:5 = <’U,,E>L2(M7(CN) )

for u € K9 and v € K;° = Ile'. As 2(M,CN) c K;*, one sees that K, is dense in
L?(M,CY). This implies that tjs+s_,xs is one-to-one in the case s +46 > 0 > s.
To prove (7ii), one can always assume that r = 1: the operator S; is then defined by

r s+r 8514»7'71 s+r—2 Ssl+r73 5;177,+3 s—r4+2 Sslfr+l s—r
S festr Bl st Jos T 2ol jesr

Note that in particular, (3.1.5) holds true by definition.

The proof is organized as follows. First, we prove (i) for s € N, s > r, except the
inequality. Second, we construct the shift operator in three steps. Third, using the shift
operator, we prove (7). Finally, we complete the proof of (ii) and (7ii). We often assume that
s € Z: the case s € R follows by interpolation.
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Chapter 3. Change of regularity in controllability and observability of systems

Step 1: Proof of (ii) for s € N, s > r (except the inequality). As s—1r > 0 here,
we know that P/ ju = Pju for all u € KCst7=1. Hence, all equations of this step can be
understood in 2'(M,CY) (or in H~1(M,C")), and we omit embeddings.

We prove by induction on r € N that for all s € N, s > r, and all u € Kt~ if
P ju € K577 then u € K*T7. It is true for r = 0, as P? | = Idxs—1. Take 7 € N such that the

S

result holds. Consider s € N, s > 7+ 1, and u € K*" such that P’ "'u € K577~ We want
to show that u € K**t"*1. By induction, we only need to prove that v = P"u € K517,

We start by proving that v € H**1="(M,C"). By definition of P", we know that v € *~7.
One has P,_,_1v = Ffffllu, so that P_,_1v € K*7"~! by assumption. In particular, one has
ve H(M,CN)and B,_,_jv € H""1(M,CN): this gives

Av=P_, v+ (X +qveH T YMCY),

with equality in 2'(M,CN). As s—r > 1, one also has v € H}(M,C"). Thus, by a standard
elliptic regularity result, applied componentwise, one finds v € H*T1="(M, CV).
Now, we prove that v = Py € K317, Assume that s —r is odd and write s —7 = 20 + 1.
By definition, the fact that u € K" gives PYu € H}(M,CY) for k € [0,0+7]. As v = Pju,
this implies
Prv e HY(M,CN) for k € [0, 0],

yielding v € K*717". Now, assume that s — r is even and write s — r = 20. By definition,
u € K5t gives Pu € H}(M,CN) for k € [0,0 + r — 1], implying

Prv e HE(M,CN) for k € [0,0 — 1].

As P_,_qv =Py € K57"~1 one also has Pgv € H¢(M,CYN), so that v € K3+,

Step 2: Injectivity of the shift operator for s € N. Consider p € R. We show that
for |p| sufficiently large and for s € N, the operator

P+ip: K1 — st
v  — (R+ip)u

is one-to-one, where the embedding K**! <« K*~! has been omitted (as explained in the
beginning of the proof, this embedding is indeed an embedding even if s = 0). Consider
s € Nand u = (ul,---,u") € K+ such that (B +4u)u = 0. Write (7,---,my) for the
projections associated with the canonical basis of CV. If s = 0, one has

Pou = —ipu € K' ¢ L2(M,CN),

so that Step 1 gives u € K2. Hence, v € K? for all s € N.
For k € [1, N], one has

—AuF 4 (Xu + qu) + ipu® = 0.
Multiplication by u*, integration on M and an integration by parts give
k12 o0 k2 %
’Vu ’ +iplu”| ) de = — | uFm (Xu+ qu)de. (3.B.1)
M M
Computing the real part and using the Cauchy-Schwarz inequality yields
2
k
/M ’VU ‘ do < [|Xu+ quHL2(M,(CN) H“||L2(M,<CN) S HUHHl(M,CN) ”UHL2(M,<CN) :
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By the Poincaré inequality, one obtains

2
HuHHl(M,(CN) S ”uHHl(M,(CN) HU||L2(M,<CN) :

Thus, there exists C' > 0 depending only on X and ¢ such that

||u||H1(M7(CN) <C ||u||L2(M7(cN) . (3B2)

Now, compute the imaginary part of (3.B.1) and use the Cauchy-Schwarz inequality to
find

il [l ey < I Xu =+ qull 2 omy lull 2 arevy S lull ey el 2 greny -

Together with (3.B.2), this gives

Il lullz2eareny < Cllull 2ar,eny s

with C' > 0 depending only on X and q. Thus, for |u| chosen sufficiently large, one has u = 0.

Step 3: Surjectivity of the shift operator for s =0. We prove that

Po+ip: H(M,CN)

— HYM,CV)
U —

Po + ip) u

is onto. By definition of the operator Py : H}(M,CN) — H=Y(M,CY), we need to show that
for v € H=1(M,C"), there exists u € Hi(M,C") such that

— (Y, V) pa ey + (i = (X + ), @) 2aromy = (v,8) ¢ € Hy(M,CN),

H-1H}’

where one has used the notation

N
(Vu, Vo) 2 areny = Z <Vuk’v¢k>L2(M).

Using the Lax-Milgram theorem, it suffices to prove a coercivity inequality of the form
2 . N
‘_ HVU||L2(M,<(:N) + (ipu — (X + Q)U7U>L2(M,<CN)’ 2 ”UH%P(M,(CN)J u € H&(M7(C ).

(3.B.3)
Take u € H} (M, CN). Using the triangular inequality, one has

Va2 s o) + fisu = (X + @), w) g o
‘ L2(M,CN) L2(M,C )’ (3.B.4)

> ‘— IVullZ2garcvy + WHUH%Z(M,CN)‘ - ‘((X + Q)U7U>L2(M,<CN)‘ :

Using the Cauchy-Schwarz and Poincaré inequalities, one obtains
’((X + Q)U,U>L2(M,CN)‘ S ull graremy 1l 2oy S TVUll 2aney 1l p2areny -
For € > 0, one writes
2 1 2
‘<(X +q)u, U>L2(M,(CN)’ < a (elVulpaareny + 2 llullzzarery ) -
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Chapter 3. Change of regularity in controllability and observability of systems

For the other term of (3.B.4), simply write

| IVl sem) + itllulaqaren)| > e (IVullFaqen) + llllelzaren ) -

Thus, coming back to (3.B.4), one obtains

‘— ||VUH%2(M,CN) + <Z/«LU - (X + Q)U, u>L2(M,(CN)‘
9 c1 2
> (cg — c1€) Hvu||L2(M7(cN) + <62|M| - €> ||U”L2(M,<CN)-

We choose € so that co — cie > 0. Then, for |u| sufficiently large, the coercivity inequality
(3.B.3) holds.

Step 4: Construction of the shift operator. We start by the case s € N. As above, we
omit the embeddings. We proceed by induction on s € N and prove that P, +ip : K571 —
)5~ is onto. By Step 3, it holds for s = 0. Assume that it holds for some fixed s € N. Take
v € K*. We show that there exists u € K**2 such that v = (Py1 + ip) u.

As v € K% C K571, there exists u € K5+ such that v = (P +iu)u. We apply Step 1.
One has v € K*T!, v € K%, and Pu = v —ipu € K5, As s > 0, this gives v € K2

Together with Step 2, this shows that P, 4+ ip : K5t — K%~ is an isomorphism for all
s € N. Note that as P and P* are of the same form, the operator P* —ip : K$T2 — K2 is also
an isomorphism for all s € N. Now, for s < —1, we define S} : K¥*! — K*~! as the adjoint
of P* —ip : K75t — K571 it is an isomorphism. Note that for s € Z, S} : K5+ — KC571
is a continuous isomorphism between Hilbert spaces, so its inverse is continuous. As S} is
now defined for s € Z, we can define S} : K5*! — K51 for s € R by interpolation.

Step 5: Proof of (i). Note that at this stage, the injectivity of the operator tjsts_xs is
yet to be proven if s+ ¢ < 0. To that purpose, the commutativity property (3.1.6) is needed.
We start by proving (3.1.3). It suffices to prove it for r = 1, that is

PS O Lpcs+14+6 ypcs+1 = Lycs—146 _ypcs—1 O F?9+5 . ]Cs+1+6 — ’Cs_l. (3B5)

By interpolation, it suffices to prove it for s € Z and § € N*. If s > 0, then (3.B.5) is true as
it holds in 2'(M,CY). Similarly, one has

Pro Lcs+1+6_jos+1 = Lyes—146_ jos—1 O ;&-6 : /Ci—H—HS — /Ci_l, s> 0. (3.B.6)
Computing the adjoint of (3.B.6) and using (3.1.2) and (3.1.8), one finds
LK,g,l_)K,g,l,(; ¢} Pfg = r5_¢§©° LIC*§+1—>IC*5+1*5’ S Z 0,

and this gives (3.B.5) for s = —5— 4, that is, in the case s < —1 and s+ < 0. Thus, (3.B.5)
only remains to be proven for s < —1 and s+ ¢ > 1. In this case, for u € K571+ ¢ K2 and
v € K175 C K2, one writes

" _
<Ps o L’Cs+1+6_>l(:s+1u7’U>ICS_17’C175 = <L]Cs+1+6_>,€s+1u, P—SU>IC5+1,IC;S_1 = <u, P_*S’U>L2(M cN) ,

ass+14+d>0>s+1. Using —s > 0 and s+ 0 > 0, one has

<P§ O Lxcs+1+6 L pcs+1U, U>K571,IC1_S = <U, ng,l}> = <F?S+5’UJ,5>L2(M7(CN) .

L2(M,CN)
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3.B. Proof of the results of Section 3.1

Ass—1+d6>02>s—1, one finds

<Ps e} LIC3+1+§_>’C5+1/U/7/U>’CS_1JC}(75 = <L’Cs—1+5_>](:s—1 e} Ps+5u, U>ICS—1,IC175 y

and this gives (3.B.5).
Now, we prove that it implies the commutativity property (3.1.6). The case r =1, s € Z
and § € N* suffices, that is,

(Ssl o LK5+1+6_>]C5+1 - LIC571+5_>,C571 O ‘9.51—1—5 (3B7)
For s > 0, one has S! = P, + iptjst+1_xs—1 by definition, yielding (3.B.7) as a direct conse-

quence of (3.B.5). For s < —1, one has

5:91 = (P—*s — Z’,LLLK*S#»l‘)]Cfsfl)* N
implying S} = P, +ipticst1_cs—1 by (3.1.2) and (3.1.8). Hence, (3.B.7) is also a consequence
of (3.B.5) in that case.
Now, we complete the proof of (7). As Z(M,CN) c K, K9 is dense in K!. Take
s € N. If s = 20, then using (3.1.6), one can factor the map txs+s_,xs into

So oy—1
Lariy e o KOHE 20y 08 IR g0 (&) e (3.B.8)

and this proves the density of 519 in K. Similarly, if s = 20 + 1 then one writes

o 7 -t
:,CertS S isi0 ]C1+5 K LKL Kl (31+o) s KCS. (3.B.9)

L’Cs+5*>’Cs

This proves that all the maps of (i) are embeddings. The rest of the proof of (7) is
similar, using (3.B.8), (3.B.9). For the compactness property, note that for 0 < ¢ < %, one
has K° = H°(M,C"), implying the compactness of 1,s_,xo by the Rellich theorem.

Step 6: End of the proof of (ii). Consider s € Z and r € N* such that s < r — 1, the
case s > r having been carried out in Step 1. Take w € K*T"~! and v € *~" such that

Psr_lw = LICS*T_}’CS*T*IU- <3B10)
We seek u € K317 such that
L[CS-H”*)]CS-H"—I'LL = w (3B11)
and
Plu=w. (3.B.12)

Note that (3.B.11) implies

L}Cs—r*)]Cs—r—l (PSTU - 'U) — PST_:[ (¢] L’Cs+r4)]Cs+r—lu - L’CS—T‘*)’CS—T‘—I/U
=P

r 1w - L]Cs—'rg)]Cs—r—l'U — 0

and this gives (3.B.12) since tjs—r_,js—r—1 is one-to-one. Hence, it suffices to find u € K527
such that (3.B.11) holds. Note that such a u is unique since txs+2r_jcs+2r—1 is one-to-one. If
s+ r > 1, the embedding could be omitted. If however s +r < 0, (3.B.11) means that u is
an extension of w as a continuous linear form.

Take 0 € N such that s —r — 1+ 20 > 0. Applying (‘S;"_T_Hg)f1 to (3.B.10), one finds

r o -1 _ o -1
PS+20'71 e} (‘SS+T‘+O'71) w = LKS*T+2(T_>’CS*T+2O’71 o (‘SS*T‘%’O‘) V.
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Chapter 3. Change of regularity in controllability and observability of systems

Apply Step 1 with W = (8%,.o_;) ' w € K542 and 3 = s + 20 > r: there exists
U € K*t7+29 guch that

W = LICS+T+20_>’CS+T+20‘—1 U
Hence, one finds

ag g
w = ‘S@+T+O’—1 e} L}Cs+r+20'*>’Cs+r+2o'—1U — Lms+r*>’Cs+r—1 e} S+7‘+0’U7

and this is (3.B.11) with v = 87, ,U.
We now prove (3.1.4) by induction on r € N*. We start with the case r = 1. Take s € R
and v € K11, and write

-1
Jull = | (82) o st

<)

8l

ICS+1 ]Cs—l :

Using the definition of S} and the triangular inequality, one obtains
[ullics 1 S IBsullics + llcsrires-1ulleo-r s
a better estimate than (3.1.4) in the case r = 1, since one has
st spes—1ull a1 = [t ies—1 0 testi st [jes—1 S Mot spes ulles -

Now, we take r € N* such that (3.1.4) holds, and we prove that (3.1.4) also holds for
r+ 1. Take s € R and u € K*t"*1. We want to show that

PSrJrlu’

HU’H’CS+T+1 S./ + HLICS+T+1—>ICS+TUH]CS+7' .

Cs—r—1

By induction, one has

H'U/H]Cs+'r+1 5 HPSC’_]_U’ Cs+1—r =+ HLICSJF"'JrlﬁKerTuHK:S"'T .

The case r =1 gives
IR ullicasi—r S 1R 0 Ryt carar + [lecs—reisie—r 0 Rlqullcor -

Using the definition of P’+! and the commutativity property (3.1.3), one finds

+ R 0ttt estrt|ear

H %&1“! Cst+1—r S/

R@T+1UH
KCs—r—1

<

~

Rgr—&—lu‘

jos—r—1 + |‘LKS+T‘+14)ICS+T‘U||’C3+T .

This completes the proof of (ii).
Step 7: End of the proof of (7). Consider s € R. We prove (3.1.7), that is,
IR = &) ullica—r S Nucs+riestr—1tf|jgorr1,
for r € N* and u € K5t". Note that this is true for r = 1: one has
[ (B =& s = s erallss Nl il
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for all w € I°T1. Now, assume that the result is true for some r € N*, and take u € 5t7+1.
We write

PST-H - SST—H =Fs—r© s:-l - Ssl—fr © sr—i-l
= Fs—r© Ps?:i-l — (R +ipptges—rt1gcs—r—1) © sr+1
=P o (Pli =8 1) — iptgs—r+1_jes—r-1 08,
= P o (Pl — STr) — STy © i cses

and we use the continuity of B,_, and &/ ; to find

— S ||(F?sr+1 - sr+1) U||;cs—r+1 + [lestrirspstr—10|estr—1 -

H (F?Sr-i—l . 5:+1) u‘

By induction, we get

s

Cs—r—1 7~

H LICS+T+1_>ICS+TUHICS+T 5

and this completes the proof.

3.B.2 Solutions of the wave equations
Proof of Theorem 3.1.12

The proof of Theorem 3.1.12 is organized as follows. First, we check that the assumptions of
the Hille-Yosida theorem are fulfilled, to construct the solution for s > 0, with the regularity

result
s+1

we (R,
k=0
Second, we construct the solution for s < 0 by using the shift operator of Proposition 3.1.8-
(7). Third, we prove Theorem 3.1.12-(4i) and the regularity result

o0
u € ﬂ FER, LR seR.
k=0

Fourth, we construct the solution of the wave equation with a source term as is Theorem
3.1.12- (iv). Finally, we prove the results about the normal derivative. Note that by interpo-
lation, we can always assume that s € Z.

Step 1: Construction of the solution for s > 0 with the Hille-Yosida theorem. We
write X' for the Hilbert space X! x K° and A : X — X for the unbounded operator

0 -Id

with domain D(A) = K? x K'. We also write U = (,',) so that the wave equation reads
(formally at first)

0
QU + AU =0 with U(0) = (Zl>

Lemma 3.B.1 (The irerated domains of A). For k € N, one has
D(AF) = KA x K, (3.B.13)
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Chapter 3. Change of regularity in controllability and observability of systems

Proof. By definition, one has D(A%) = K! x K,  D(A') = K2 x K!, and
D(AR) = {U € D(4"), AFU € D(A)}, ke N",

Note that we can omit the embeddings here, as we are only working with subspaces of
L?(M,C"). Consider k € N such that (3.B.13) is true. The fact that

’Ck—i-? % ]Ck—l-l C D(Ak—i-l)

follows from the definitions. Take U = (u’,u!) € D(A¥1). One has U € D(A*) and
AU € D(A¥). This gives u' € KF1 u® € K¢ and Pu® € K*. By Proposition 3.1.8-(ii),
one finds u° € K*+2 and so U € KF2 x KCF+1, O

Lemma 3.B.2 (Assumptions of the Hille-Yosida theorem). The operator A is closed, and
D(A) is dense in X. There exists w € R such that the resolvent set of A contains (—oo, —w)
and such that for all A < —w and all k € N*, one has

1

|2 iy < o

where Ry(A) = (\ldy — A)~'. The same is true for the operator —A.

The proof of Lemma 3.B.2 is given below. Consider s € N and

UO
€ K x K* = D(4°).

ul

Using the Hille-Yosida theorem (see for example [Vra03], Theorem 3.3.1 and Corollary 2.4.1),
together with Lemma 3.B.1 and Lemma 3.B.2, one obtains that there exists a unique solution

Ue (¢ (R DA =¢"R KT x K5

1=0 1=0
of
U+ AU = 0
U = (uu')’
One can check that in fact, U is of the form (u, dyu), with
s+1
uwe ()€ R K.
1=0

Note that this gives u € H**1((0,T) x M,CN).

Proof of Lemma 3.B.2. The fact that D(A) is dense in X is well-known. We prove that A is

closed. Consider a sequence ((ul),u;)), of elements of D(A) such that

0 0 0 0
() = () e mna a(2) 22 (1) e
Uy, U Uy, v

By definition one has

— . — .
DI % in K and Prud % ol in KO

78



3.B. Proof of the results of Section 3.1

In particular, this gives u! = —v% € K!. One also has u? — u? in K! yielding Pyu? — Pyu®
in =1, This implies Pyu® = —v! € K, so the ellipticity estimate for P (Proposition 3.1.8- (44))
gives u® € K2. Thus, A is closed.

Now, we show that there exists w € R such that if A € R satisfies |A| + w > 0 then

[(Ald = A) Ull = (]A[ + @) |U]|x (3.B.14)
for all U € D(A). Recall that X is a Hilbert space for scalar product associated with the
norm )

() e =[]
X

Consider U = (u°,u') € D(A), and write

2

e

L2(M,CN)

I(AId = A) U5 = AP UNR + [AU|% = 2Re (AU, AU)
> N2 |U|I% — 2ARe (U, AU) » . (3.B.15)

By definition, one has

Re (U, AU) ,» = — Re <vu0,vu1> - Re<P1u0,u1>

L2(M,CN) L2(M,CN)

= —Re<Vu0,Vu1> —Re<(A—X—q)u0,u1>

L2(M,CN) L2(M,CN)

Integrating by parts, one finds
_ 0,1
Re (U, AU) , = Re <(X +9)u'u >L2(M7CN) ,
and using the Cauchy-Schwarz and Poincaré inequalities, this gives

[Re (U, AU) x| 5 || Vu*| S Ul

o'
L2(M,CN) L2(M,CN)

Coming back to (3.B.15), one finds that there exists ¢ > 0 such that
|\l = A) U3 = (1A = elA]) 1015 = (M = o) U1

for |A\| > ¢. This gives (3.B.14) with w = —c.
Next, we show that the operator \Id — A : D(A) — X is onto if |\| is sufficiently large.
Consider (v°,v!) € X. We seek (u®,u') € D(A) such that

’LLO ’UO
w-a(d)-4)

which reads

ul = =00+
A-X—qu’ =20 = —ov! =0
Using the Lax-Milgram theorem and the ellipticity of P, it follows if the coercivity inequality
|| 2 || +{(X + gy, ) > IVa0|22, 1, ey (3.B.16)
L2(M,CN) L2(M,CN) " 2meNy| Y LA(M,CY)

is proven. As above, for ¢ > 0, write

1
{00+ @) < eVl ap vy + < I8 ar vy

L2(M,CN)
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Chapter 3. Change of regularity in controllability and observability of systems

and find, for ¢; > 0, cg > 0, by choosing ¢ sufficiently small,

96y 2 1 oy + 0 ),
=z HVUO‘ ;(M,(CN) + ()‘2 - 02) Hu(]’ ;(M#CN)

2 IVl |[72 0 oy

for |A| sufficiently large. This gives (3.B.16).
At this stage, one has proved that there exists w € R such that (—oo, —w) is contained in
the resolvent set of both A and —A, and for A such that |[A| +w > 0, one has

1
Ry(A < —
” >\( )Hﬁ(X) = |w+ |)‘H

This completes the proof of Lemma 3.B.2. O

Step 2: Construction of the solution for s < 0. The idea of this step is to construct
the solution with the shift operator and the solution in K2 x K2 or K2 x K!, depending of the
parity of s. Consider s € Z, s < 0. There exist 0 € N* and a € {1, 2} such that s = —20 + a.
Take (u®,u') € K51 x K*. Let (@° @') be the unique element of X! x K such that

0 1\ o ~0 o ~1
(u U ) - ( s+1+0 U 7$s+au ) :

Let @ be the solution associated with (@°, @') defined above. Set u(t) = 8%, ,a(t), for t € R.
We will refer to u as the solution of

O?u —Pu = 0 in R x M,
(U(O, ')7 8?5“’(07 )) = (UO, ul) in M;
u = 0 on R x OM.

We prove that
ue AR, KCTH NEHR, K NEHR, K51,

and that 0?u = Pu. In particular, if s = —1 or —2, it implies u € H*T1((0,T) x M,C") for
T > 0, using the embedding
(0, T), H (M, C")) — H'((0,T) x M,C")

for the case s = —2.

Continuity. The continuity of u is a consequence of that of the shift operator &7 |,

and that of %. In addition, for 7" > 0, one has

~ ~0 ~1 0,1
el qoarerty S Nl oy S (28| s (8% 0" s o

First-order time-derivative. We show that

u(t+¢) —u(t)

Lics+151Cs ( ) =0 Ssﬁraata(t) e’ teR.
By Proposition 3.1.8, one has

(o2 _ g — (e}
Lestioks © Syite = Sho O catinge = 8 g
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where the last embedding can be omitted as it is just an inclusion. Hence, for ¢ € R and
€ € R, we can write

t+e)—ut o o~
LiCs+1Cs (W) _‘%Jraatu(t)‘

e 0

ICs

ICs

< at+¢e) —a(t) (1)
3 Ko
=%0.

As above, one also has

T > 0.

< 0 1)‘
Katlx o+l ~ H(u U

Second-order time-derivative. As above, one shows that u € €2(R, K°~ 1), with

~ ~0 ~1
10eull oo 0,170y S N0l oo 0,77 10y S H(“ oy )‘ Ko+l ics

pu(t) = 871, ,000(t). tER,

T>0.

HatQUHLOO([O,T},ICS—l) S H(uo’ul)’

In particular, for ¢ € R, one finds 07u(t) = 87 1, ,0%u(t) = S 1, ,Pi(t), and by Proposition
3.1.8-(iii), this gives

Ks+ixics

Ofu(t) = RS 14,u(t) = Ru(t).

Step 3: Regularity, uniqueness and approximation. Here, we prove the uniqueness
result of Theorem 3.1.12 for s € Z, the regularity result (i), and then (%) and the uniqueness
result of Theorem 3.1.12 for s € R.

Uniqueness for s € Z. For s € N, the uniqueness result of Theorem 3.1.12 is given
by the Hille-Yosida Theorem. Consider s € Z, s < 0, and (u’,u!) € K1 x K. Let
v € FOR,KH) N EHR,K%) N E?(R, K1) be such that d?v(t) = Rw(t) for all t € R,
and (v(0,-),9(0,-)) = (u®,ul) in M. As above, let o € N* and a € {1,2} be such that
s = —20 + «a. For t € R, define

0(t) = (8%140) " v(1).

As in Step 1, one shows that & € (R, K1) N €Y(R,KY) N (R, K1), with 9,5(t) =
(Ss‘ﬂrg)_l Ow(t) and 029(t) = (550—1+a)_1 d?v(t). By Proposition 3.1.8- (%), one finds

B70(t) = (87 114) o RU(t) = Py o (S 11s)  0(t) = RaB(1).

Hence, the functions © and @ (defined in the previous step) satisfy the same wave equation.
Using the uniqueness in the case s > 0, one finds ¥ = 4, and so

u(t) = & 1400(t) = 8145 0(t) = u(t).
The regularity result (i). Take s € Z and (u’,u!) € K1 x K. We know that
ue R, KTHNEUR, L) NEAR, K57,
and we show that
uwe [ CFR TR,
keN
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Chapter 3. Change of regularity in controllability and observability of systems

One can prove that
Puc (R, KHNEH R, K 2)NEHR,K73),

and 0? (Ru) = P._5 o Pu. For example, to show that Pu € €1(R, K*~2), write

Pau(t + &) — Ru(t
R < u( Ei u( )> — B_10su(t) s
t+e)—u(t
_lp_, (%Hw <w> N atu@)) ‘ o
t+e)—u(t
5 Lics+1_5KCs (W) - atu(t) o
e—0
— 0.

By uniqueness, Pu = 9%u is the solution associated with the initial data (Pu® P_jul),
implying
ue F3R,KLTHNEHR, L573).

One also has

= IR 10l e 0,1 ge5-2) S 103l e 01y 100y S || (w0 t))|

| ’
Loo((0,T),KC5—2) s+ KCs

and
¢

for T' > 0. The result follows by iteration.
Proof of (4i). Take s € Z and 6 > 0. For (u®,ul) € Ks+9F1 x 579 if u is the solution
with initial data (u®, u'), then arguing as above, one has

P2 uH < |7 e s H(u ul)‘
Lo ((0,T),KC5— 3) s—1 Loo((0,T),Kc5—3) ™~ H HL ((0,7),KCs+1) ~ Kol jcs

Lics+6+1_jcs+1U € %O(R, ICS+1) nNet (R, %) N ¢*? (R, ICS_I),
with Op (tjcstot1_ypst1U) = Liesto_yjosOpu and
8,? (L,Cs+5+1ﬁ,cs+1u) = L;Cs+5—1ﬁlcs—1a,52’u = lics+6—1_4)cs—1 O Ps+5u = Pg O Lycs+6+1_ypcs+1U.

By uniqueness, one finds

Lics+6+1_ypcs+1U = U,

0 txcsts_yicsu'). By interpolation, this

where @ is the solution associated with (txstsr1_cst1u
is in fact true for all s € R.

We prove the approximation result of (ii). Consider s € R, § > 0, and (u°,u!) € K51 x
K. Let u be the solution with initial data (u",u'). By Proposition 3.1.8-(%), there exists a
sequence ((a@f, @t)), oy of elements of K519 x K519 such that, writing u) = tjcet14s_y 0010}

and uj, = tjcsts_ sy, one has
k— .
(ug,u}c) === (uo,u1> in 5T % Ko

Denote iy € €°(R, C5T19) N €1 (R, £59) and up € €0(R, L5 N EH(R, K*) the solutions
with initial data (uk, a}) and (ul,ut). One has testits_yjst1ly = ug for all k € N, and
2
J (g, — 0,1\ _ (,0 .1 k—00
3 [0 0 = 0 e ey S (i) = () [ 5
J:

0,
KCstix s
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3.B. Proof of the results of Section 3.1

for T' > 0. Hence, one obtains

.~ k—oo
Lics+1+6 Ly jes+1 UL — U,

in €°([0, 7], Kt ne ([0, T), K*) N€2([0,T], K5~1). In Step 5, we define the normal deriva-
tive of a solution, and we show that

0o, 1
10vull s 0,1y xonr,v) S H(“ » U )‘ st ks

for all (u®, ul) € K5+ x K%, Hence, we also have

01 01
100 (ur) = Ovull s 0.1y xons,cvy S H(“kauk) - (“ U )‘ PR

and so

8, (ur) =2 9,u,

in H*((0,T) x OM,CN).

Uniqueness for s € R. Lastly, we show that (i) implies the uniqueness result of
Theorem 3.1.12 for s € R. If u and v are two solutions of the wave equation starting from
(u®,ut) € K51 x K*, then using the uniqueness result for § € Z such that s > 3, one has

Lics+H1 5 1c3+1U = Lpcs+1 5 c5+1 0.

This gives u = v, as the map ¢js+1_,xs+1 is one-to-one.

Step 4: Study of the Duhamel term. In this step, we construct the solution of the
wave equation with a source term. We define the solution of

O?u—Pu = F in (0,T) x M,
(u(0,-),0u(0,-)) = 0 in M, (3.B.17)
u = 0 on (0,T) x OM,

for F € LY((0,T),H§(M,CN)), s € N. The solution could be constructed with F €
LY((0,T),K*) instead, but this is of no use for our main results.

Consider s € N, T' > 0 and F € 4°([0,7], H§(M,CN)). For 7 € [0,T], let u, be the
solution of

OPu, — Pu, = 0 in (0,7) x M,
(u(0,-), 9u(0,-)) = (0, F(7)) in M,
u = 0 on (0,T) x OM.

As in the classical Duhamel formula, the solution of (3.B.17) is given by
t
U(t) = / wr(t —7)dr, te0,T).
0

The function V¥ is a one-parameter integral, and as H§(M,CY) C K?, one has
ur € €°([0, 7], K5TH N € ([0, T),K*) N €>([0,T], K1), 7e]0,T].
Thus, the following regularity results hold. First, one has ¥ € ([0, T], K1), with

T
1] oo (f0,77 105 1) S/ sup |Jur(t)]| st d7
0 tel0,17]

T
S [ 000 00O e e dr

S NE N Loy = IF N Lro,my, me) -
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Chapter 3. Change of regularity in controllability and observability of systems

Second, one has ¥ € ¢1([0,T], K*), with
t
0, (t) = / Our(t — 7)dr, te0,T),
0

and

T
100 oz < [ b N0k (B)le A7 S IF o ey
0 te€0,T]

As €°([0,T], H5(M,C")) is dense in L'((0,T), H(M,CN)), the previous results hold for all
F e L'((0,T), H§(M,CN)). Third, one has ¥ € €2([0, T], K*~!), with

02U (t) = Dyuy(0) + /0 " QPu(t— 7)dr = F(t) + PU()

for t € [0, T, and

T

0] o902y < Wiy + [ sup [[oFur )

dr

jos1
S I N poe o7y, 0c5-1) + 1 L2 o,y 1) -
As €°([0,T), H§(M,CY)) is dense in
LY((0,7), Hy(M,CN)) n%°([0, T}, H*~(M,CN)),

the previous results hold for F' in the latter space.
The following duality result will be useful later.

Lemma 3.B.3. For Fy, Fy € L?((0,T) x M,CN), one has

<U7F2>L2((O,T)><M,(CN) = <F1’ U>L2((0,T)><M,(CN) + <u07 atU(T)>L2(Mch) B <u1’ U(T)>L2(M7(CN) )

(3.B.18)
where u and v are the solutions of
Ru—Pu = F in (0,T) x M,
(U(T, ')7 atu(T7 )) = (UO, Ul) n M,
u = 0 on (0,T) x OM,
O?v—Pv = I in (0,T) x M,
(U(O,')7at'l)(0,‘)) = 0 m M,
v = 0 on (0,T) x OM.

Proof. For 1, Fy, € €°([0,T],K!), an integration by parts gives (3.B.18). Both sides of
(3.B.18) are continuous with respect to the norm of L2((0,T) x M,CY), (3.B.18) holds for
all Fi and F» in L%((0,T) x M,C") by density. O

Step 5: Regularity of the normal derivative. Consider T' > 0. If s = 0, then the
standard scalar proof works without any change (see for example [LLT86]). In addition, for
(u®,ut) € Kt x K and F € L*((0,T),K°), if u is the solution of

0?u—Pu = F in (0,T) x M,
(U,(O, ')7 8tu(07 )) = (uov ul) in Ma
u = 0 on (0,T) x OM,
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3.B. Proof of the results of Section 3.1

then one has

10vull 20,y xonr,cny S H(“Ovul) ’ ixxo T W 21 o,7.0)
Case s > 0. For s € N*| we prove that
dyu € H((0,T) x oM, CN)

with

Hal’uHHs((O,T)XaM,CN) 5 H(U07U1)‘ K15 Cs + HFHLI((O,T),HS) (3B19)

for (u®,ul) € Kt x K% and F € LY((0,T), H5(M,C")), where u is the solution of the wave
equation with initial data (u’,u!) and with source term F.

We start with the case F' = 0. By density it suffices to prove that for (u°,u!) € K572 x
IC*Tt, one has

||3VUHHs((o,T)XaM,<cN) S H (u07u1)‘

Ks+ixics
Consider k € [0, s], and let Ly,--- , L be smooth vector fields on the Riemannian mani-
fold OM. We prove
Ly Ly *9,u € L*((0,T) x 9M,CM). (3.B.20)

For j € [0, k], there exists a smooth vector field Ej on M such that I:j = L; on the boundary.
Define
v = L1 ce ﬂkf)f_ku

Note that v € €°F(R, K**2), so that v € H?(M,C"). As s is positive here, we can omit
the subscript of P and use the usual differential operator P. We can write

(8E—P)v: [(8E—P),I~/1---I~/k8t5_k}u:Ru

where R is a differential operator of order s + 1. As u € H*2((0,T) x M,C"), one has
Ru € HY((0,T) x M,C"). We claim that

(v(0),9pv(0)) € H3 (M) x L*(M). (3.B.21)

Then, by the standard case, one has

10012 01y orewy S 10(0), 00 (0)) et o + 1Rl 2o rynriemy S | (4% ) s e
implying (3.B.20). Indeed, if N is a smooth vector field on M that coincides with the unit
normal vector at the boundary, then one has

O = W)y = (Lo Ledp )+ (RO} Hu)

where R is a time-independent differential operator of order k — 1. Hence, using u €
€*7F((0,T), ") and the fact that for j € [0,k], the vector field L; is tangent to the
boundary, one finds (3.B.20).

One has 9 *u € €°(R, K**2), and (3.B.21) follows if one proves that w € K¥2 implies
Ly Lyw € H}(M,CN). For w € H*'(M,CN), one has

(I:lfjkw) =Li--- Ly (w‘3M> EH%(aM,CN).

oM
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Chapter 3. Change of regularity in controllability and observability of systems

Indeed, it is true if w € €>°(M,C") and both sides are continuous with respect to the norm
of H*1(M,CN). Thus, for w € H*1(M,CN)n HE(M,CN), one has

(i Lyw) =0 € H3@M.C)

and this gives (3.B.21).
Now, we prove (3.B.19) in the case F' # 0. Note that the previous proof gives

0,1
10l e 0,7y xonr,cm) S || (%50 | on, o + IF e 0y 1.0

a weaker result. By linearity, we may assume that (uo,ul) = (0. By density, it suffices to
prove that for F' € €°°([0,T], €>°(Int M,C")), one has

1001 g5 0,y xona,evy S NF I pro,m), 19

where ¥ is the Duhamel term defined above. Consider k € [0,s], and let Lq,---, L; be
smooth vector fields on the Riemannian manifold 0M. We prove

Ly L,0:7 50,0
H |

L2((0,T)xdM,CN) ™~ SIF HLI ((0,7),H¢) -
For 7 € [0,7] and k € N, one has
O, (0) =0, 2ke]0,s],

and
O+ (0) = PFF(1), 2k+1 € [0, ¢].

Hence, for k € [0, s], there exists a differential operator Ry such that
OFU(t) = (RLF)(t) + /0 O (t — r)dr.
As F(t) is compactly supported in Int M, this gives
080, W(1) — /0 "0k Oyun(t — r)dr.

Hence, one has

HL1 Ly

((0,T)yxOM,CN)

- H/ Tr<ily--- Lkaf_kayuT(t —7,2)dT
0

L2((0,T)xdM,CN)

dr

T
< . s—k
—/0 HLI L0; " Ovur L2((0,T)xdM,CN)

T
5/0 10vtir || s 0,7y xomr,cvy AT

By (3.B.19) in the case F' = 0, we get

HLl...Lka

T
omeoneny S . 1FE e dr = 1Pl om0
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3.B. Proof of the results of Section 3.1

The case s < 0. Note that in the sense of classical trace theorem, the normal derivative
of a solution does not exist in that case. Take s € Z, s < 0, and (u®,u!) € K1 x K. There
exist 0 € N* and « € {1,2} such that s = —20 + a. Let (@’ @') be the unique element of

Kot x K% such that
0,1 ~0 ~1
(u U ) = ( 1ol s Se ol )
Recall that the solution u associated with (u%, u') is defined by u = 8%, , %, where @ is the
solution associated with (ﬂo, ﬂl). Using Proposition 3.1.8, we can write
ut) =8y 008 (alt))

= (P2 + tpupcsss o) 0 -+ 0 (R + oy ca—1) (U(t))
Z (o), ., _

=y (k) (i) F tpcasi-ae_ oo (Poig—&—l—ku(t))
k=0

and by Theorem 3.1.12-(7), we get

u(t) = f: (Z) (i) Frcass-any o (0FFa(1))

k=0
for t € R. As 9,4 € H((0,T) x OM,CY), we define d,u by

(e

o\, . o -

8,,u = Z <k-> (’L,u) kLHa—2k_>Hs (8'5216811”)
k=0

where ¢ ga—2k_, s is the embedding from H*2£((0,T) x OM,CN) to H*((0,T) x OM,CN).

Clearly, one has

Hal/u”HS((O,T)xaM,(CN) S EJ: HLHO‘_%%H‘“ (81%%‘9”@)“

s N
—~ Hs((0,T)x&M,CN)

G| e G
KCatlx o

To complete the proof, one has to show the two additional results of Theorem 3.1.12-(77i).

Connection with the usual normal derivative. Here, we show that our definition
of the normal derivative of a solution coincide with the usual normal derivative for a regular
solution. More precisely, we prove that for all s € R, § > 0 and (u°,u!) € K30+ x [C5F9,
one has

S ||6Vﬂ”Ha((0,T)><8M,(CN) < ’ CsHlxfCs

81/ (LK5+6+1_>]C5+1U) — LH5+6_>H581/U. (3B22)

By interpolation, it suffices to prove (3.B.22) for s € Z.

Lemma 3.B.4. For s € Z, s < —1, and (u°,u!) € K? x K1, one has

81, (LK2_>ICS+1U) = LH1_>H58V’LL.

Proof. Write s = —20 + a, with 0 € N* and o € {1,2}, and let (@°,@') € K x K be
given by

0 1 ~0 ~1
(LICQHICS‘HU y LK s U ) = ( scfi—l—i—au 7‘3910“ ) :

One has tx2_,csr1u = 8% 1,4, where @ is the solution with initial data (@, @'). By definition,
one has

Z (o), .o .
By (o yieoriu) = Y <k> (i) L pga-siy e (0FF0,0) . (3.B.23)
k=0
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Chapter 3. Change of regularity in controllability and observability of systems

Writing
~ ~ o —1 o —1
(uo,u1> = (( o) O L2 s+ (uo) (She) T ot ies (u1)>
~1 —1
= (LKQJ-Q—Q*)/C(H—I o (8%, 5) (uo) slczo+1_spca © (ST4,) (ul)) ,
one finds @ = t20+2_,jca+1v, Where v is the solution with initial data
((8540) ", (S7,0) ") € K272 K27,
One also has u = 8, ;v. As 02%9, 0 = 9*0,v in 2'((0,T) x OM,CN), one finds
00,0 = Lpp2o41-2k_ jra—2002F D v
for all k£ € N. Coming back to (3.B.23), one obtains
" (o
Oy (trc2pes+1u) = Z (k) (iﬂ>0_kl/Hl+2072k—>H5‘ (8?’“8,,@) .
k=0
For k € [0, 0], one has 1 + 20 — 2k > 1 implying
" (o
8V (L;C2_>,Cs+1u) = Llgl s pgs Z (kﬁ) (iu)gikLHH-za—zkﬁHl (8152168”0) . (3.B.24)
k=0
Omitting the embeddings in H'((0,7) x OM,C"), one finds
7 (o
3 < k) (i) Fgpriaeay (07 0,0) = 0, (SEyqv) = Do
k=0
Together with (3.B.24), this completes the proof. O

To prove (3.B.22), we distinguish three cases. First, if s +1 > 0 then (3.B.22) is true.
Second, if s+1 < —1 and s+ d+ 1 > 2, then using Lemma 3.B.4 and the first case, one finds

8V (L;Cs+5+1%,<s+1’u) = 81/ (LIC2—>ICS+1 (¢} L]Cs+5+1ﬁlc2u)
= LH1—>H58V (I’ICS+§+1—>’C21’L)
=Ly _pgs O bys+oy g (Opu)

- LH8+6 S Hs 8V’U/.

Finally, if s+ 1 < —1 and s+ 0 + 1 < 2, then we consider an approximation of u: take a
sequence ((ug,uy)), oy of elements of K? x K! such that

(L;C2_>,Cs+5+1u2,L;C1_>,Cs+(su]1€) k_)—oo> (uo,u1> .
For k € N, let uy, be the solution associated with (u),u). Set
Wl = Lcs+o+1 5 cs+H1U — Lz s es+1UE -
As wy, is a solution of the wave equation, one has
10y (txcs+s+1 s xcs+1u) — Oy (LK2—>K8+1Uk)HHs((o,T)xaM,cN) S Hwe(0), 0pwe (0)) [l s -
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3.B. Proof of the results of Section 3.1

Writing
0).0 0)) = 0 _ 0 1 _ 1
(wk( ), twk( )) = \ls+o+1 4 cs+1 (U L2 sjes+o+1UE |y Lics+ ypcs | U Licl s+ Uy,
one finds

100 (ticstor1spesrrwe) = O (b2 siestrwe) | s 0.1y xonr,cv)

k—o0

% 0. (3.B.25)

0 0,1 1
S H (u T es s UE, U — LIC1—>ICS+5uk)‘ OS84T 5 JC5+8

On the other hand, using Lemma 3.B.4, one has
lerrs s mrs Ot — Lpr s s Ot || grs 0,1y o,
= ||LHS+5—>H5 (6l,u - LH1—>H5+56VUIC)”HS((O,T)XBM,(CN)

= [ltgrstos s (Opu — Oy (g2 pestot uk))HHS((O,T)x@M,CN)

=[|0vu — Oy (L2 pestont Uk)||Hs+6((o,T)xaM,<cN) :

As above, one finds

k
HLHS-‘—§_>H38V’LL — LHl%HsaVuk||Hs((O,T)><aM,(CN) ﬂ O (3B26)

Lemma 3.B.4 gives ty1_,ysOyur = Oy (txc2_yxs+1ug), and with (3.B.25) and (3.B.26), this
completes the proof of the third case.

The normal derivative and the time-derivative commute. Take s € R, k € N and
(u®,ul) € K51 x K¢, Here, we show that

0,0 u = 02*d,u. (3.B.27)

Note that the left-hand side is well-defined as we know that 9?*u is a solution of the wave
equation. By interpolation, we may assume that s € Z. If s — 2k > 0, then (3.B.27) holds
true, so we can assume that s — 2k < —1. As above, using an approximation, it suffices to
prove that

61,83’“ (LIC2I@+1_>]C5+1U) = 83"3&, (L,C2k+1_>lcs+1u) (3.B.28)

for all (u®,ul) € K21 x K2k, Using (3.B.22), one finds
Dy (txcanrs o) = By (oo OFF0) = 1 oo (0,075) .

Note that 0,0 u = 02%0,u, as (u%,u') € K x K2, One has d,u = ty2r_,g=Oyu in
2'((0,T) x OM,C"), implying

0%, u = 0% Lo, ysOyu
in 2'((0,T) x M, CN). This gives
LL2_>H572k8tQkayu = 8t2kLH2k_>H56Vu.

Hence, one obtains

auatQk (Lpcoks1_josrit) = agkLHgk_}Hsﬁyu,

Using (3.B.22) again, one finds (3.B.28).
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Chapter 3. Change of regularity in controllability and observability of systems

Proof of Theorem 3.1.14 in negative regularity
Here, we prove Theorem 3.1.14 for s < 0. An integration by parts gives the following identity.

Lemma 3.B.5. For u and v in
([0, 7], H*(M,CN))n ¢ ([0,T], H' (M, C")) N €>([0, T, L*(M,C"))
one has
2 o 2 p*
<(8f P) u’U>L2((O,T)><M,(CN) <u’ <8t P )U>L2((O,T)><M,<CN)
T
= [(@ru(), v(#) p2ar.ey = (W), B0 (B p2aremy] | = (X v) u0)

— (v, v>L2((0,T)><8M,(CN) + (u, 3VU>L2((0,T)xaM,<cN) :

L2((0,T)xdM,CN)

Step 1: Definition of the solution. Take f € €°((0,7) x OM,CN). If there exists a
smooth solution v of (3.1.9), then for all smooth function u, one has

(0 =P) 0} sy = QD)D) p2ap vy = (D), 00 (T) paaren
- <<X7 V)gu+ Opu, diag(@)f>L2((07T)XaM7CN) + (U, 0uv) 12((0,1) xO0,CNY -
In particular, if u is such that u| ryxan = 0 and (u(T'), yu(T)) = 0 then

2 _ :
<(at B P) Uy U>L2((0,T)><M,(CN) =~ {Oyu, diag(©)f) 12 (0,r)xan,v) -

Hence, if u is a smooth solution of

#u—Pu = F in (0,7) x M,
(u(T,-),0u(T,-)) = 0 in M, (3.B.29)
u = 0 on (0,7) x OM.

then one has
(F,0) r2(0m)xm,cny = — (Ovut, diag(©) f) 20 1y xanr,cny -
We use this as the definition of v. More precisely, take s < 0 and define

Ly LN((0.T), Hy*(M,CV)) — Hy*((0,T) x 9M,CN)
F —> —diag(©)d,u

where u is the solution of (3.B.29). By Theorem 3.1.12, the operator L, is well-defined and
continuous. For f € H*((0,T) x OM,C"), we define the solution v of (3.1.9) by v = L*f.
One has v € L=((0,T), H*(M,CN)). In the next step, we show that v is more regular.

Step 2: Regularity of the solution. Consider s < 0. In this step, we show that for
f € H*((0,T) x OM,CN), one has

v=Lf) € €°0,T], H*(M,CN)) n € ([0, T), H*~ (M, CN)) n€*([0, T], H**(M,CN))
(3.B.30)
with an inequality, and 0?v = Pyvin 2'((0,T) x M, CN). To get (3.B.30) for all f, it suffices
to show that (3.B.30) holds for f smooth, with an inequality of the form

lv

gty (e m-2) < 1 g oy xoneny - (3.B.31)
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3.B. Proof of the results of Section 3.1

Proof of (3.B.30). Suppose f € €°((0,T) x M, CN), and denote by f € €>((0,T) x
M,CN) an extension of diag(©)f. One writes v = f 4 w, where w is a solution of the wave
equation with homogeneous Dirichlet boundary condition, as follows. Set

— (87 = P*) F € 6>((0,T) x M,C").

Since F' € L'((0,T), L2(M,CN)) n€°((0,T), H~*(M,CN)), the solution w of

OZw—P'w = F in (0,T) x M,
(w(0,-),w(0,-)) = 0 in M, (3.B.32)
w = 0 on (0,T) x OM,

is well-defined, and
w € €°([0, T, Hy (M, CN)) n&([0,T], L*(M,CN)) n€*([0, T), H (M, CN))

by Theorem 3.1.12- (). We claim that v = f + w, that is,

<U) ¢>L°°((O,T),HS),LI((O,T),HJ y = <w + f ¢>L2( 0,T)x M, (CN) (3B33)

for all ¢ € L*((0,T), Hy*(M)). By density, it suffices to prove (3.B.33) for ¢ € €°°((0,T) x
Int M, C"). Note that Lemma 3.B.5 does not apply to w + f, due to the lack of regularity of
w. However, it applies to f, and Lemma 3.B.3 can be used for w. Consider ¢ € €°((0,T) x
Int M,C"), and let u be the solution of

RPu—Pu = ¢ in (0,7) x M,
(u(T,-),0u(T,-)) = 0 in M, (3.B.34)
u = 0 on (0,7) x OM.
One has
<w+f ¢> ((0,T)xM,CNV)

- <w7$>L2((O,T)><M,(CN <f ¢>L2 (0,T)x M,CN)

_ — 2 p* - . —
= (£, “>L2((0,T)XM,<CN) T <(at ) f U>L2((o,:r)xM,¢:N) <f’ ayu>L2((0,T)><8M,(CN)
= — (diag(©) f, 8VH>L2((0,T)><8M,(CN) ’

where one has used the fact that f is compactly supported in (0, 7). This implies

<w+f ¢> ((0,T)x M,CN) <f’ s¢>L2(0T)><BM(CN) <U’¢>L°°((0’T)’H5)’L1((O’T)»Ho_s)’

as v = L%f. This proves (3.B.33). In particular, this gives (3.B.30). Note that, for now,
(3.B.30) has only been proved for smooth f.
Proof of (3.B.31). We prove (3.B.31) for f smooth. First, note that the operator

L:: H5((0,T) x OM,CN) — L>((0,T), H*(M,C"))
is continuous, as Ly is continuous. This gives
0ll oo 0,7y, = (v, )) S s 0,1y ona,cvy »
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Chapter 3. Change of regularity in controllability and observability of systems

implying v = L:f € €°([0, T, H*(M,CN)) if f € H*((0,T) x OM,CN).
Second, we prove
10s0l Loe 0.7y, -1 ar, e yy S ks 0.7y onr, vy - (3.B.35)

Consider f € €°°((0,T) x OM,C"), and ¢ € €°((0,T) x Int M,C"). By definition, one has

(Orv, ¢>@/((0,T)XM,<CN),9((0,T)xM,(CN) =— (v, af<b>L°°((0,T),HS),Ll((OyT)yHo_S)

= <diag(@)fa ﬂ>L2((07T)><8M,(CN)

where @ is the solution of

O?u—Pu = 00 in (0,T) x M,
(’EL(T, )7 atﬂ(Tv )) = in M?
@« = 0 on (0,7) x OM.

Note that @ = 0yu, where u is the solution of (3.B.34). Indeed, one has d;u(T") = 0 and
O*u(T) = Pu(T) + ¢(T) =0
as ¢ is compactly supported. Hence, one finds
‘<atv7(z))@’((O,T)XM,CN),@((O,T)XM,(CN)‘ < ||diag(©)dy,Ovuull gr—s (0,ryxonr,cn) I1f 1 s 0,0y ona,0vy -
By Theorem 3.1.12, one has
| diag(©) 8, Orul| gr-s (0.1 xanreny S N0vull gr-strqomyxonrevy S N8l Loy, ms++ ey -

As €2°((0,T) x M,Int CN) is dense in L*((0,T), Hy *T' (M, CN)), this gives (3.B.35).
Third, the proof of

5 <
HatUHLOO((QT%HS_Q(M’CN)) S s o,y xons,emy

is similar: one writes
2
‘ <at v, ¢>

: 2
< Hdlag(@)ayat UHHfs((QT)XaM’CN) 1 W #r= 0,7y xonr,08)

2'((0,T)xM,CN),2((0,T)x M,CN)

S H¢||L1((o,T),HO—SJr?(M,CN)) HfHHs((o,T)xaM,CN) :

Note that the equality 9,0?u = 829, u is obvious, as ¢ is smooth.

Connection with the wave equation. We show that for f € H*((0,T) x 0M,C"),
one has

O}v—Prv=0, in2'(0,T)x M,C"). (3.B.36)

Asv=L:f € L=((0,T), H*(M,C")) is continuous with respect to f € H*((0,T)x OM,CN),
we may assume that f € €°((0,T) x dM,CN). As above, write v = w + f, where f €
€>°((0,T) x M,CN) is an extension of diag(0)f, and w is the solution of (3.B.32). For all
t € [0,T7], one has d?w(t) — Pjw(t) = — (87 — P*) f(t) in H~*(M,C"). Hence, one obtains

(2 =P ) w(t) = — (92 = P*) f(&) + (9F = P*) F() =0, te[0,T),
in H=1(M,CN). This gives (3.B.36).
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Step 3: The additional regularity result. Here, we complete the proof of Theorem
3.1.14 for s < 0, by proving

(v(T), 80 (T)) € K3 x K™

and the duality equality (3.1.10), for f € H*((0,T) x OM,CN) and s € Z, s < 0. We start
with some remarks. We know that v(T) € H*(M,C"), that is, v(T) is a continuous linear
form on Hy *(M,CN). As one has H, *(M,CN) C K%, we prove that v(T') can be extended
as a continuous linear form on ~%. Such an extension is not unique: however, we seek an
extension such that (3.1.10) holds true, and

[o(T)]

K3 S HfHHS((07T)XaM7cN) . (3B37)

The same remarks can be made for 9,v(7T).

Consider f € €°°((0,T) x OM,CN), and write v, f, F and w as above. Because of
the support of f, one has (v(T),dw(T)) = (w(T), dw(T)) in H*(M,CN) x H*=1(M,CN).
Consider (u®,u') € K% x K!, and write u for the solution of

O2u—Pu = 0 in (0,7) x M,
(u(T,-),0u(T, ")) = (u°ut) in M, (3.B.38)
u = 0 on (0,T) x OM.

Applying Lemma 3.B.5 to u and f, one finds
<u, (8152 B P*) f>L2((0 TYxM,CN) <a”u’diag(@>f>L2((0,T)X3M7CN) :

By Lemma 3.B.3, one has

(u, F) 20,1y xarcvy = <U0a3tw(T)> - <U1aw(T)>

L2(M,CN) L2(M,CN)

Thus, one obtains

(u',0(T)) — (u°,00(T)) = (Dyu, ding()f) 120 1yxonren) -

L2(M,CN) L2(M,CN)
If s < —1, then this is in particular true for all (u®, ul) € HO_SH(M, CcN) x Hy*(M, CcM). If
s = 0, then this is true for all (u,u') € Hy *™(M,CN) x Hy*(M,CN) by density. Hence,
one has

<U(T), u1>

— (B (1),u?) = (f,diag(©)d,u) ;. 1+ (3.B.39)

Hs Hy® Hs=1, g st

for all f smooth. By density and continuity, this is true for all f € H*((0,T) x OM,CN).
Yet, the right-hand side is well-defined for (u®, u') € K=**1 x K%, and one has

<[ ()]

Hence, (3.B.39) yields a unique extension of (v(T'), 9v(T)) as a linear form on K=% x K179,
which satisfies (3.1.10) and (3.B.37).

0

’(f, diag(@)({)ywHS’Hfs (s s HfHHS((O,T)xaM,CN) :
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Chapter 3. Change of regularity in controllability and observability of systems

Proof of Theorem 3.1.14 in positive regularity

Here, we prove Theorem 3.1.14 for s > 0. We know how to construct the solution v of (3.1.9)
if f € L2((0,T) x OM,C"), and one has

v e €([0,T], L*(M,CY)) n ([0, T], HH(M,C")).
If f € H5((0,T) x OM,CY) with s > 0, one can define v as in the case s = 0. We show that
v e €°([0,T), H* (M, CY)) N ((0, T), H*~ (M, CY)) n€*([0, T], H*~*(M, C")).

We will need the following regularity result, which is an easy consequence of the corre-
sponding scalar result. Set W = {u € L2(M,CN),Pypuec H (M, (CN)}.

Lemma 3.B.6. The Dirichlet trace H'(M,CN) — H%(M, CN) has a continuous extension
as an operator from W to H_%(OM, CN), and there exists C > 0 such that

lwone |, < € (IPsullyraremy + lull zareny) - we W.

(OM,CN) —

In addition, for m € N, if u € L*(M,CN) satisfies Ppru € H™ Y(M,CV) and uom €
H™Fs 2(M,CN), then u € H™ (M, C") and

Jull s ey < € (IPorullgmscarom + [stone] s ey + Nellzziareny)

with C' > 0 independent of u.

Proof. This result is well-know in the scalar case N = 1. We show that the vector-valued
case is a consequence of the scalar case.

Take u = (u!,--- ,u") € L2(M,C") such that Pyu € H-Y(M,CN). Write (71, ,7n)
for the projections associated with the canonical basis of CV. For k € [1,N], one has
uf € L?(M,C) and

Agru® — 7% (Xu + qu) € H1 (M, C)

so that Ag:u* € H=1(M,C). Hence, the scalar case gives uan € H_%(M, CcV), with

|Agrullg-1arevy + lull p2areny -

wonr| -3
H OMI| ;=3 (apr,cN) S|

Writing

HAJ’UHH 1(M,CN) < ||PJ’UHH 1(M,CN) + ”XU‘FQUHH 1(M,CN)
S IPrull g aremy + lull 2aremy

one obtains the first part of the lemma.

We prove the second part of the lemma by inductlion. Start with m = 0 and u €
L2(M,CN) such that Pyu € H~1(M,CN) and wjpy, € H2(M,CN). As above, for k € [1, N],
one has Agu¥ € H=1(M,C), so the scalar case gives u € H'(M,C") and
+ llull g2 ar,omy

lellsarem S 18zl areny + [wort] g oryen,

< Pl s aremy + 1Xu + qull g aremy + [ + 2 em)

H2 (OM,CN)

< ”P@’UHH L(M,CN) + Hu|aMH =+ ||u||L2(M,(CN) :

H2 (OM,CN)
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3.B. Proof of the results of Section 3.1

Finally, assume that the result holds for some m € N. Take u € L?(M,C") such that
Pyu € HmHD=1(M, CN) and ujpn € Hm+1+%(M, CM). By induction, v € H™(M,CN)
and

el ar.cmy S 1Pl s areny + [wiona |y y gy ey + Mllzzareny - (3:B.40)
Hence, for k € [1, N], one has
AgruF = 7% (Ppu+ Xu + qu) € H™(M, C)
so the scalar case gives u¥ € H™*2(M,C) and
HUHHm+2(M,<cN)

SAgll gmaevy + Hu|‘9MHHm+%(aM,@N) + llll Lo (ar,omy

< Porullpmqar.emy + 1 X0+ qull rmagem + [w10a1 | e g g e,  Nllz208,0m)

SRzl g arony + [wll s ar vy + Hu|8MHHm+%(6M,CN) + llull g2 ar,ony -
Using (3.B.40), one finds

ol iz ar ey S IRl gm aaeny + [0 | g gy + 1l 2anem)

and this completes the proof. O

We prove Theorem 3.1.14 by induction on s > 1.

Step 1: The case s = 1. Consider f € H'((0,T)x0M,C"), and write v for the associated
solution. From the case s = 0, one has

ve €°0,T], L2(M,CN)) ngL(o,T), H (M, CN)) n€%([0, T], H2(M,CN))
and 0}v = Pjv in 2/((0,T) x M,CN). We prove first that
ve €H0,T], LA (M,CN))n€?([0,T], H (M, CN)) (3.B.41)
with an inequality. Then, using Lemma 3.B.6, we show that
v e €°(0,T), H (M, C"N)), (3.B.42)

with an inequality, and
U(t)|aM = (diag(@)f)‘{t}XaM (3.B.43)

in Hz(0M,CN) for all t € [0,T).
We prove (3.B.41). Let © be the solution of

0?0 — P* = 0 in (0,T) x M,
(9(0,-),0:9(0,-)) = 0 in M, (3.B.44)
0 = 0O(diag(©)f) on (0,7) x OM.

For © € €>2((0,T) x dM,CN) such that for all k € [1, N], 7,0 = 1 in a neighbourhood
of supp 7,0, one has 0, (diag(0)f) = diag(©)0; (diag(®©)f), implying that v is well-defined.
One has

s (diag(©)f) € L*((0,T) x oM, CN),
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Chapter 3. Change of regularity in controllability and observability of systems

yielding o € €°([0, T), L*(M,CN)) n€*([0,T], H~(M,CY)) by Theorem 3.1.14 in the case
s = 0. We show that dv = 0. Consider ¢ € €>°((0,T) x Int M,C"). Let u and @ be the

solutions of

#u—Pu = ¢ in (0,7) x M,
(w(T,-),0u(T,-)) = 0 in M,
u = 0 on (0,T) x OM,
02— Pi = 0 in (0,7) x M,
(ﬂ(T, )7 at’a(Tv )) = in M,
@ = 0 on (0,T) x OM.

One has 0yu = 4, yielding, by definition of v and ¥,

(O, @) poe (0,1, 1), £ (0:1), ) = <v’8t$>L2((0,T)><M,(CN)
= (f, diag(©)0u i) 12((o 7y x oo
= — (0 (diag(®)f) , W) 12((0 1) xoM,CN)

= (0, ) oo ((0,1),2),L1((0,T),L2) -

This gives (3.B.41). In addition, one has

lvllero,,L2)ne20.07,5-1) S 10ll0((0,77, 20091 (0,17, 5-1) T 10l 0,77, 22y (fo,77, - 1)
S Iz o,myxanreny + 106 (diag(©) )Nl L2(0,m)xans,cvy
Sl 0,1y xons,evy-
Now, we prove (3.B.42). Consider f € €°((0,T) x dM,C"), and write v = w + f as in

the proof of Theorem 3.1.14 in negative regularity. As w € €°([0,T], H}(M,CV)), (3.B.42)
is true for f smooth. To get (3.B.42) for all f, we prove

10l oo 0y, 1 (.03 )) S I o,y cona,eny - (3.B.45)

For t € [0,T1], one has
Py ou(t) = d2v(t) € H-Y(M,CN)

and

v(t) o = w(t)jonr + f(t)|6M = 0+ (diag(©) f) i xom (3.B.46)
in H%(aM, C™). Hence, Lemma 3.B.6 gives

L@l areyy S 0700,y en + (D8O 0 xont | 1 arewy T 1Pl
S I e o,y xonaeny -

for all ¢ € [0,T]. This gives (3.B.45). By density, it holds for all f € H'((0,T) x OM,CN),
yielding (3.B.42). Note also that (3.B.43) holds for smooth f by (3.B.46). As both sides of
(3.B.43) are continuous with respect to f € H'((0,7) x OM,C"), we obtain (3.B.43) for all
fe HY0,T) x oM, CN).
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Step 2: The case s € N*. We show by induction on s € N* that
v e ([0, 7], H(M,CY)) n & ([0, T], H*~H(M,CY)) N €*([0, T), H*~*(M,CY)), (3.B.47)

if f e H*((0,T) x OM,C"), with an inequality, and v(t)an = (diag(©)f) gy xons for all
t € 0, T], with equality in H s=3 (M,C"). Assume that the result holds for some s € N*, and
consider f € H**1((0,T) x OM,CV).

By induction, one has v(t)on = (diag(©)f) 1 xon 0 H‘g*%(M, CN) for t € [0,7]. In
particular, this gives v(t)gns € Hs+%(M, CM). As in the case s = 1, one has ;v = ¥, where
0 is the solution of (3.B.44), and this gives

vl 0,77, m9) @20, -1y S N FI s+ 0,1 xana,0M)

since ¥ fulfills (3.B.47). In particular, one has P},v(t) = 9fv(t) € H1(M,C") for ¢ € [0,T).
Hence, for ¢ € [0,7], Lemma 3.B.6 gives v(t) € H*+1(M,C"), and

0@ arer aremy S IR0 -1 aremy + [0 @]

< ||ozv(e)]

HS+%(8M,(CN) + ||v(t)||L2(M,CN)

S+ H(diag(@)f)|{t}X@M’

S s o,y xona,ey -

HoL(M.CN a+donremy T IPe o). 2)

This gives v € L>®([0,T], H*1(M,C")). To complete the proof, it suffices to show that
v e ¢°([0,T), H (M, CN))
for f smooth. For such f, Lemma 3.B.6 gives
lo(t + &) = v(®llgessaremy S ||GFu(E +€) — (@)
+fE+e) = FB)l

Hs_l(M,(CN)

H* 3 (OM,CN) vt +e) = v®lzaren) -

and one concludes

e—0
[o(t + &) = v() || gros1 arony — 0.

This gives (3.B.47).

Step 3: The additional regularity result. Here, we complete the proof of Theorem
3.1.14 by proving
(v(T), 9 (T)) € K& x K71 (3.B.48)

for f € H*((0,T) x 9M,C") and s € N*. We will also prove the duality equality of Theorem
3.1.14. As K2 x K21 is a closed subspace of H*(M,CN) x H*=Y(M,CN), it suffices to prove
(3.B.48) for f smooth. We proceed by induction. The result is true for s = 0, but one has to
treat the case s = 1 separately.

Case 1: s = 1. Take f € €>((0,T) x OM,C"), and write v for the associated
solution. We prove that v(T) € H}(M,CN). Write v = w + f as above. One has
w € €°([0,T], H} (M, C")), implying

u(T) = w(T) + f(T) = w(T) € Hy(M,C"),

since f is compactly supported in (0,7) x M. Note that w € €°([0,T],K3) for s > 2 is not
always true, preventing a straightforward generalization of this argument.
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Chapter 3. Change of regularity in controllability and observability of systems

Case 2: s odd. Assume that the result holds true for some odd s € N*. Write s = 20 41,
and consider f € €((0,T) x OM,CN). We prove that (v(T), 9 (T)) € K2+2 x K20+1. By
induction, one has (v(T),0w(T)) € K2+l x K2, and as f € H**1((0,T) x OM,CV), we
know that

v e ([0, T], HT (M, CN) n€ ([0, T), H*(M,CN)).

By definition, H2°t2(M,CN)) N K20+ = K242 implying v(T) € K2°t2. Set © = O,
solution to (3.B.44). By induction, one has 9;v(T) = #(T) € K2+, completing the proof in
the case s is odd.

Case 3: s even. Assume that the result holds for some even s € N*. Write s = 20,
and consider f € €>((0,T) x OM,CN). We show that (v(T),0w(T)) € K2t x K20,
By induction, one has (v(T),dw(T)) € K27 x K271, and we know that (v(T),dv(T)) €
HsH (M, CN) x H*(M,CV), yielding 9;v(T) € K2° as above. The definition of X2°+! reads

K27+t = {u e B¥ (M, CV) NKE B Tu € Hi(M,CV))},

implying that one has v(T) € K21 if P}, 7v(T) € H}(M,C")). Again, write o = dyv. One
has P, v(T) = 0}v(T) = 0,(T), and by induction, one finds 9,5(T) € K2°~1. Thus, as o > 0,
one obtains

s v(T) = P, 100(T) € Hy(M,CN),

completing the proof in the case s is even.

Finally, we prove the duality equality of Theorem 3.1.14 for s > 1. Consider s > 1,
f € H((0,T) x OM,C"N) and (u°,u!) € K=51 x K=%. Write u for the solution of (3.B.38).
We show that

<u1, U(T)>

With the approximation result of Theorem 3.1.12, consider a sequence ((u,u})) pen Of
elements of C? x K! such that

— (u,00(T)) = (Ou, diag(©) f) -« s - (3.B.49)

s+ st K—=s,K8

(LK2_>]C75+1U(]3:,LK1_>K:75U%:) koo, (uo,ul) in L5 x K78,
If uy, is the solution of (3.B.38) associated with (ug, ui), then one has

Lo st 2% 4 in ¢°([0,T), K5 n€ ([0, T), K%),

and
Oy (Lycz_yjc-s+1Ug) k2o 9u in H=5((0,T) x OM,CM).

The duality equality of Theorem 3.1.14 for s = 0 gives
(ut, v(T)) — (u, (1)) = (diag(©)d,uy, f) 2 Ny -
k> L2(M,CN) k> L2(M,CN) virs J [ L2((0,T)x0M,CN)
Since (v(T), 0 (T)) € K x K371, one finds

<LK2HK—3+1U;£,’U(T)>K75+1 1 T <LK1%K—5U2,8{U(T)>

= (L1 g-sOpug, diag(@)uﬂH*S,H(ﬁ :

K==,k

From Theorem 3.1.12, one has tgi1_, g—sOyup, = Optyce_yc-s+1ug, yielding (3.B.49).
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Chapter 4

Uniform estimates for solutions of
nonlinear focusing damped wave
equations

This chapter is based on the article [Per24], which has been prepublished and will be sub-
mitted in a journal shortly.
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Introduction

Setting and main result. Let Q) be a compact Riemannian manifold of dimension d > 3,
with or without boundary. Let 5 € R be such that the Poincaré inequality

/ (!Vu\z + ﬁ\u|2) dz 2 / lul?dz, we H(Q), (4.0.1)
Q Q

is satisfied. For real-valued initial data (u®,u') € H}(Q2) x L%(Q), v € L®(Q,Ry), and
f € €1 (R,R), consider the semilinear wave (or Klein-Gordon) equation

Ou+~v0u+Pu = f(u) in R x €,
(u(0), 9u(0)) = (u®ul) in (4.0.2)
u = 0 on R x 99.

Set F(s) = [y f(r)dr. We assume that f(0) = 0, and that there exist 1 < p < +o0,
1 < pg <400, C' >0, e >0 such that

|f(s51) — f(s2)] < C|s1 — 82 (1 + [s1 P+ |82’p_1) , 81,52 €R, (4.0.3)
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sf(s) > (2+¢)F(s), seR, (4.0.4)

and
lulst < o / Flu)dz, ue HY(Q). (4.0.5)
Q

The fact that 2 is bounded will only be used to ensure the existence of a nonlinearity satisfying
(4.0.3), (4.0.4) and (4.0.5). We will always assume that 2 and f are such that the Cauchy
problem (4.0.2) can be solved locally (see Theorem 4.1.1 for a precise statement).

For (u® u') € HL() x L?(), write HuOHiIé = Jq (‘VuOIQ + ﬁ\u0]2) dz and set

F (uo,ul) = % HuoHiIé + % Hul‘ ; — /QF(uo)dx.

For (u%,ul) € H}(2) x L?(Q), if the solution u of (4.0.2) exists on some interval [0, 7], then
one has the energy equality

E (u(tr), du(ty)) = E (ulto), drulto)) — /ttl /ny O dide, 0<to<t <T. (4.0.6)

The objective of this chapter is to prove the following theorem, which generalizes the
results of [Caz85] to the case of a damped equation.

Theorem 4.0.1. Assume that f satisfies (4.0.3), with p < %, (4.0.4), and (4.0.5).

(i) There ezists C = C(f,v) > 0 such that for all (u°,u') € HE(Q) x L*(Q), if the solution
u of (4.0.2) exists on Ry, then

E (u,u') > B (u(t), u(t) > ~C, >0,

(ii) There exist co = co(f,y) > 0, c1 = c1(f,y) > 0, and ca = co(f) > 0 such that for all
(u®,ut) € H}(Q) x L3(Q), if the solution u of (4.0.2) exists on Ry, then

||u(t)H%2 < Huo‘ ; e 2t 4 (co + ‘E (uo,ul) D (1 - 6_02t> , t>0. (4.0.7)

(iii) Assume, in addition, that f satisfies (4.0.3) with p < %. Then, there exists ¢ =
c(f,v) > 0 such that the function « : s — cexp(cs) satisfies the following property. For

all (u®,u') € HE(Q) x L%(2), if the solution u of (4.0.2) exists on Ry, then

(0. 00t gz < o (a0t

2
> 0. 0.
H3XL2>’ >0 (4.0.8)

In addition, there exists T > 0, which depends on f, v and H(uo,ul)HHéxLQ, such that
(), ) | g1 po < o (|B (w0 ut)]), > 1 (4.0.9)

All constants in this chapter may depend on 2. Note that when we specify that a constant
depends on f, it depends, in fact, only on the constants appearing in (4.0.3), (4.0.4), and
(4.0.5). We refer to Section 2.2 for a discussion about Theorem 4.0.1 and its connection to
the existing literature.
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4.1. Preliminaries

Examples. A typical example of f satisfying (4.0.3) for some p > 1, (4.0.4), and (4.0.5)
for some pg > 1, is given by

f(s) = )\13|s]°‘1_1 4.+ )\ns|s|a"_1, s €R,

with n € N*, A\; > 0 for all i € [1,n], and pg < oy < -+ < ay, < p. Assumption (4.0.5) is
satisfied by such f since €2 is bounded. As previously mentioned, the fact that € is bounded
will not be used elsewhere in this chapter. Theorem 4.0.1-(7) and Theorem 4.0.1- (%) can be
applied to such f if p < %, and Theorem 4.0.1- (i) can also be applied if p < ﬁ. For
example, Theorem 4.0.1 applies to the focusing cubic wave equation on a compact manifold

of dimension 3.

Outline of the chapter. In Section 1, we recall the local Cauchy theory for (4.0.2), and
the expression of the derivative of the square of the L?-norm of a solution. In Section 2, 3
and 4, we prove respectively the energy bound (Theorem 4.0.1-(4)), the L?-bound (Theorem
4.0.1-(ii)), and the H'-bound (Theorem 4.0.1-(4i)). An appendix contains proofs of some
elementary lemmas.

4.1 Preliminaries

We recall the local Cauchy theory for (4.0.2).

Theorem 4.1.1. Consider f satisfying (4.0.3) for some p < %. For any real-valued initial

data (u®,u') € HE(Q) x L?(), there exist a maximal time of existence T € (0,+00] and a
unique solution u of (4.0.2) in €°([0,T), H} () N€*([0,T), L*(Q)). If T < +oo, then

Iut), Bt sz~ o0

The proof of Theorem 4.1.1 relies on Strichartz estimates and a fixed point argument
(see for example [GV89]). If Q is a manifold without boundary, then Theorem 4.1.1 follows
from the Strichartz estimates proved in [KT98]. In the case of a manifold with boundary,
we assume that f is such that Theorem 4.1.1 holds true : we refer to [BSS09] for Strichartz
estimates for a large range of exponents. Ivanovici’s counterexamples in [Ival2] show that
Strichartz estimates are not true for the full range of exponents in the case of a manifold
with boundary.

Lemma 4.1.2. Consider u a solution of (4.0.2) on some interval [0,T], and set M(t) =
|u(t)|32, for t € [0,T]. Then M € €>([0,T),R), and for t € [0,T], one has M'(t) =
2 [qu(t)opu(t)dx, and

M) = 2[00l — 2 a0l +2 [ w0 f @Oz =2 [ qudauiar.  (@1)
Proof. First, note that u € €°(Ry, H}(Q)) N € (R, L?(Q2)) implies M € €1 (R, R), with
M'(t) = 2 [ou(t)du(t)dz for all t € [0,7]. By Theorem 4.1.1, there exists £ > 0 such that
u is defined on (—e,T + ¢). We show that (4.1.1) holds true in D'((—e,T + ¢),R). Consider
¢ € €°((0,400),R), and write

[ @@t =2 [ @ue).0r (wé) (1) - dru(t)o(0) 2 d.
R R
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One has u¢ € H}((—e, T + ¢) x Q). Consider a sequence (u,),, of elements of €>°((—¢, T +
g) x 2, R) that converges to u¢ in H((—e,T+¢) x Q). For n € N, using the equation satisfied
by u, one obtains

/IR (Opu(t), Opun (t)) 2 dt = —

= / / (VuVun + YO uty, + Putt, — u3un) dadt.
RJQ

<82u U >
E5 T D (—e, T+€)x Q) D((—e,T+e) x Q)

In the limit n — 400, one obtains

/R (Bpu(t), B (ud) (1)) 12 dt = /R /Q (Vu¥ (ug) +yudyus + fu’ — u') dudt

and as ¢ is independent of x, this gives
/ M'¢'dt = 2/ / <|Vu|2 + yudpu + Pu? — ut — (8tu)2) ¢dzdt.
R R JQ

This proves that (4.1.1) holds true in D'((—e,T + €),R). As the right-hand side of (4.1.1)
depends continuously on ¢ > 0, it implies that M € €2([0,T],R), and (4.1.1) holds true in a
strong sense. ]

4.2 The energy bound

Here, we prove Theorem 4.0.1-(i). Consider (u’,u') € HE(Q) x L*(Q) such that the solution
u of (4.0.2) exists on Ry. By (4.0.5), there exists Cyp = Cy(f) > 0 such that

L
2 [ udu(tds] < Co i ([ Fu)an) ™+ 5 ool ez, @2

where ¢ is given by (4.0.4). Using (4.0.4) and (4.2.1) in (4.1.1), one finds

M"(t) > (2 — ) |Opu(t)||52 — 2 Hu(t)||12gé

+224e) /F ))da = Co |12 (/Q F(u(t))dx)"““, F>0. (4.2.2)

po+1

2 =
Write Iy = (C(]”Z:”L"(’) " > 0, so that

2
I>Iy = 22+ —Co|yl2e IP0T > (4+¢)l.

Assume by contradiction that there exists Ty > 0 such that E (u(Tp), 0pu(Tp)) < —Ip. Then
for t > Tp, one has [, F(u(t))dz > —F (u(t), yu(t)) > Io, yielding

M0 2 (2 5) 0w~ 2u®)lfy + (4+2) [ Fu@)ds, 21

By definition of the energy, this gives
M) > (44 2) 10wl + 5 Ty - 4+ E@O.000), 12T (123)
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One has E (u(t), du(t)) < 0 for t > Ty, implying
£
M (t) > (4 + 4> o)., > T
In particular, one obtains

(M'(£)? < (1 + 156>_1 MEM"(t), t>Tp.

We use the following lemma.

Lemma 4.2.1. Consider T >0, M € €%([T,+o),Ry) and 0 < § < 1 such that (M'(t))?* <
OM(t)M"(t) fort > T. Then M is non-increasing. In particular, one has M(t) < M(T) for
t>1T.

By (4.2.3), one has M"(t) > —(4 + ¢)E (u(Tp), Ou(Tp)) > 0 for t > Tp, a contradiction
with Lemma 4.2.1. Hence, one has F (u(t), Qyu(t)) > —1I for all ¢ > 0.

Remark 4.2.2. If v = 0, then Iy = 0 : we recover the fact that a global solution of the
undamped equation has a non-negative energy.

4.3 The L*(Q)-estimate

Here, we prove Theorem 4.0.1-(7i). Consider (u®,u!) € H}(Q) x L%(Q) such that the solution
u of (4.0.2) exists on Ry. We split the proof into 2 steps.

Step 1 : an estimate on M". Set rg= zﬁ € (0,1). Using (4.2.2) and the definition of
the energy, one finds

3
M0 2 (44 ) 10Ol + =[Oy — 202+ 2B (w(t) dru(t)
2 (1 2 1 2 "
= ol (5 @) + 5 o)y - B u(e).0mie)) ", ¢=0,
with Cp = Cop(f). There exists C; = Ci(7, f) > 0 such that

M"(t) > <4 + 34€> [Ou(t)]|F2 + e ||u(t)\|12qé —2(24¢)FE (u(t), dpu(t))

C ; 1 "o
=5 107 = C1 |5 lu(®)llfy — B (u(), dpu()| . t=0.

By Theorem 4.0.1-(4), one has sup;~q |E (u(t), dyu(t))| < +oo. Hence, there exists

Cy=Co (% f; Sup !E(U(t),é’tU(t))\> >0
such that

eX? —2(2+4¢)E (u(t), du(t)) — Cy 5

yielding

3e

C ro | E
M"(t) > (4 + 4) |Osu(t)||3> — ?1 ||6tu(t)||izo + 3 ||u(t)||§{3 —Cy, t>0.
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Chapter 4. Uniform estimates for solutions of nonlinear focusing damped wave equations

Note that Cy can be chosen of the form

Cy=Co+Cy igg |E (u(t), Opu(t))],

with Cy = Cy (v, f) and C; = C (v, f), and that using Theorem 4.0.1-(7) and the fact that
the energy is non-increasing, one has

sup | (u(t) 0u(t)| < m (|2 ()| €o) < [ (u ') + G

for some Cy = Co(f,~) > 0. Finally, there exists C3 = Cs (7, f) > 0 such that

3 C
(4+4€)X2—21X2”’ > <4+;>X2—03, X >0,

and this gives

" € 2 € 2

M0 = (44 5) ol + 5 lu(®lfy - Co— G, 20,

Summarizing up, one obtains

M0 2 (44 5) Il + Cullute)ly - s, 20, (4.3.0)
for some Cy = C4(f) > 0 and C5 > 0 of the form

Cs5 = é3 + 04 ‘E (uo, ul)‘ (4.3.2)

with ég = ég(f, ~v) > 0 and 64 = é4(f, ~v) > 0.

Step 2 : proof of (4.0.7). The proof is based on the following elementary lemma.

Lemma 4.3.1. Consider My € €*(R.,R) such that there exists C > 0 such that M/ (t) >

CMy(t), for allt > 0. Then either My(t) — 400 as t — 400, or My(t) < MO(O)e*\Et, for
allt > 0.

By (4.3.1) and the Poincaré inequality (4.0.1), one has
5

M) = (44 5 ) 10 + Co lu@)lf ~ Cs, 120, (4:33)
for some Cg = Cs(f) > 0. Set My(t) = CsM(t) — C5, t > 0. By (4.3.3), one has M/ (t) >
CeMy(t), for all t > 0. Assume that My(t) — 400 as t — +o0o. Then, there exists 7' > 0
such that My(t) > 0, for t > T, implying

(0= (14 5) o). ¢=T.
by (4.3.3). This gives
—1
(M'(1))? < <1 + ;) MEM'(#), t>T.

Applying Lemma 4.2.1, one finds that M is bounded, a contradiction with My(t) — +oo.
Hence, by Lemma 4.3.1, one obtains Mo (t) < My(0)e~ Vst for all ¢ > 0, that is,

M) < 2+ (MO - 2 ) eV iz0
Cs Cs

Using (4.3.2), one obtains (4.0.7).
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4.4. The Hl-estimates

4.4 The H'(Q)-estimates

Here, we prove Theorem 4.0.1-(%ii). We first need an estimate on M’. Note that it does not
require the restrictive condition p < d%‘lQ.

Lemma 4.4.1. Assume that d > 3, and that f satisfies (4.0.3), with p < %, (4.0.4), and
(4.0.5). Then, there exist co = co(f,v) >0, c1 = c1(f,y) > 0, and co = ca(f) > 0 such that

for all (u®,u) € HL(Q) x L?(Q), if the solution u of (4.0.2) exists on R, then

M’(O)e_c2t — (CQ +c ‘E (uo,ul)D (1 — e_czt) <M'(t)<co+ e ’E (uo,ul)

. t>0.
(4.4.1)

Proof. We use (4.3.2) and (4.3.3) : there exist Cy = Cy(f) > 0 and Cy > 0 of the form

Co+C4 ’E (uo, u1> , (4.4.2)
with éo = éo(f, ~v) > 0 and él = él(f, ) > 0, such that
M"(t) > (4 + ;) 10:u(t) 172 + Collu(®)|72 — C1,  t>0. (4.4.3)

For n > 0, using (4.4.3), one finds
/ 2 1 2
[M'(#)] < nllOpu(t)llz2 + p Ju(t)]72
e\t 1 e\ ! 9 e\ !
<n 4—1—5 M"(t) + ;—C’on 4—1—5 lu(@)|7- +Cin(4+=) , t>0.
Choosing 7 such that % =Con (4+ %)71, one obtains

|M'(t)| < CoM"(t) + C5, t>0, (4.4.4)

with Co = Co(f) > 0 and C5 > 0 of the form (4.4.2). Integrating (4.4.4), one finds

t t
(M(tg) — Cs) e 2 < (M'(t)) — C3)e 2, 0<ty<ti, (4.4.5)
and "
M/(O) + (3 < (M/(tl) + Cg) eC2, t1 >0. (4.4.6)

If there exists tg > 0 such that M’(t9) — C5 > 0, then (4.4.5) implies that M'(t) — +oc as
t — 400, a contradiction with Theorem 4.0.1- (7). Hence, one has M’(t) < Cs, for all t > 0.
This gives the upper bound of (4.4.1). The lower bound of (4.4.1) is given by (4.4.6). O

Now, we prove Theorem 4.0.1-(%i). Consider (u°,u') € H}(Q) x L?(Q) such that the
solution u of (4.0.2) exists on R. Set

B(t) = 5 Ity + 5 1003 = B u(t). 0u(t) + [ Flu()da, ¢>0,
By (4.3.1) and (4.3.2), one has

Eg(t) < CoM"(t)+Cy, t>0, (4.4.7)

for some Cy = Co(f) > 0, and C1 > 0 of the form Co+C1 |E (u°,ub)], with Co = Co(f,v) > 0
and Ch = C1(f,v) > 0.
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Remark 4.4.2. Note that without the restrictive assumption of Theorem 4.0.1- (%), Lemma
4.4.1 and (4.4.7) imply

T
/ Es()dt <1+T, T3>0,
0

with a constant depending on f, v, and (uo,ul). This is an average estimate of Fo. It
won’t be used later on : to derive a non-average estimate, it seems necessary to estimate

the derivative of FE ¢, which is undefined without the additional assumption of Theorem
4.0.1- (44i).

For the rest of the proof, we write C' and C’ for some positive constants, that may change
from line to line, and which depend on €2, f and . We assume that f satisfies (4.0.3) with

p < 7%. Together with the Sobolev embedding H'(Q) — L%, it gives f(u(t)) € L*(Q),
implying

[ 10a(® f(®)dz < C 1ol (@l 2 + lu®ly) . ¢2 0. (448)

In particular, the derivative of E¢ is well-defined, and using also (4.0.6), one has

By(0) =~ [ vlowf e+ [ duf@®)ie < [ du(o s, t20
Together with (4.0.1) and (4.4.8), one finds
Ey(t) < Cut)ll 2 llu(®)ll gy (1 + @) . ¢ >0,

_d_

Using a second time the fact that p < %5,

and d > 3, one has p — 1 < 2, implying
E'y(t) <CEg(t)(1+Eg(t), t>0.

Integrating, this gives

Ey(t) < Eylty) exp <c /t“ (1+ Ey(s)) ds) C H> >0, (4.4.9)

Estimate for ¢t < 1. Choosing tg = 0 in (4.4.9) and using (4.4.7), one finds
1
Eg(t1) < E4(0)exp (/ (C+C'M"(s)) ds) , 1>t >0.
0

Note that |E (u®,u!)| < E4(0), with a constant depending on f, and that |M'(0)| < E£(0).
Hence, using Lemma 4.4.1, one obtains

Eg(t1) < Eg(0)exp (C+ C'E4(0)), 1>t >0,
We choose the function « of Theorem 4.0.1-(74) so that a(s) > 2sexp (C' + 2C's), for all
s €[0,1].

Estimate for ¢ > 1. Integrating (4.4.9), and using (4.4.7), one finds

t1

Eg(t) < ( /t " ey o) dt> exp ( /t

(C+C'M"(s)) ds> L >l (44.10)
1—1 1—1
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4.A. Proof of the elementary lemmas

Lemma 4.4.1 gives

! M"(t)dt < 2 (co +c ’E (uo,ul) D + | M (0)] e2=t) gy > 1, (4.4.11)
ti—1

where ¢y, ¢1 and ¢y are the constants of Lemma 4.4.1.
Using (4.4.10) and (4.4.11), we can complete the proof of Theorem 4.0.1-(%i). We first
prove (4.0.8). By (4.4.11), one has

M"(t)dt < C+ C'E(0), t1 > 1.
t1—1

Hence, (4.4.10) gives
Eg(tl) < (C + C,Eg<0)) exp (C —+ C/Eg(O)) , t1>1,

We choose the function « of Theorem 4.0.1-(74) so that a(s) > (C + 2C"s) exp (C + 2C's),
for all s > 1. This completes the proof of (4.0.8).

Finally, we prove (4.0.9). There exists T' > 0, which depends on f, 7, and E«(0), such
that

|M'(0)] 2071 < ¢, >T.

Hence, (4.4.10) and (4.4.11) imply

Eg(ty) < (C +C’

E (uo, ul) D exp (C +

E (uo,u1> D , t1>T.

Up to increasing the constant ¢ defining the function «, this completes the proof of (4.0.9).

4.A Proof of the elementary lemmas

4.A.1 Proof of Lemma 4.2.1

Assume by contradiction that there exists Ty > T such that M'(Tp) > 0. In particular, one
has M(Tp) > 0. We claim that M(¢t) > 0 for all ¢ > Ty. Indeed, assume by contradiction
that there exists 77 > Ty such that M (T}) = 0 and M(t) > 0 for ¢t € [Tp,T1). Then, one has
M"(t) > 0 for t € [Ty, T), implying that M'(¢t) > M'(Ty) > 0 for t € [Ty, T1). In particular,
this gives 0 = M (11) > M(Tp) > 0, a contradiction.

As M(t) > 0 for all t > Tp, one has M"(t) > 0 for ¢ > Tp, implying M'(t) > M'(Tp), for
t > Tp. In particular, M (t) — +o0 as t — +oo. Integrating two times the inequality

M) _ M()

<9

one obtains

oy M) LN 1
(t TO)M(T0)§§(5 1) (M(To)l_l M(t)§—1>’ t> T

For ¢ sufficiently large, this gives a contradiction.

9
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Chapter 4. Uniform estimates for solutions of nonlinear focusing damped wave equations

4.A.2 Proof of Lemma 4.3.1
Set m(t) = My(t)e¥Ct, t > 0. One has m” > 2v/Cm/, implying

m'(t0) ( avCitr—to)
m(tl)zm(to)‘FW(@ ! 0_1>7 t1 > 19 > 0.

This gives

/
Mo(t) > mito)e™ ¥ 4 T-00) (eVCt=20) —=VOH) 1y >4y > 0.

27/ C

If there exists to > 0 such that m/(tg) > 0, then My(t) — +oo. Conversely, if m/(t) < 0 for
all ¢ > 0, then one has m(t) < m(0) for ¢ > 0, that is, My(t) < Mo(O)e_mt, for t > 0.
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Chapter 5

The damped focusing cubic wave
equation on a bounded domain

This chapter is based on the article [Per23c], which has been prepublished and submitted in
a journal.

Contents
5.1 Preliminaries . . . .. .. ... e e 112
5.1.1 The Cauchy problem and some properties of the linear equation . . 112
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5.2 The damped equation below the energy of the ground state . . 118
5.2.1 Global solutions . . . . . . .. .. ... 118
5.2.2 Blow-up solutions . . . . . .. ... L L 120
5.3 Convergence towards a stationary solution . . ... ... .. ... 122
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Introduction

Let ©2 and 02 be the interior and the boundary of a smooth compact connected Riemannian
manifold of dimension 3. Let 8 € R be such that the Poincaré inequality

[ (19ul + 8luf) da 2 [ uPda
Q Q

is satisfied, for all u € H}(Q). This specifically requires 3 > 0 if 9Q is empty. For real-valued
initial data (u®,u') € H}(Q) x L?*(Q), consider the cubic wave (or Klein-Gordon) equation

Ou+ pu = u3 in R x Q,
(u(0), 9pu(0)) = (ul,ul) in Q, (5.0.1)
u = 0 on R x 99).
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Chapter 5. The damped focusing cubic wave equation on a bounded domain

For (u°,u') € H(Q) x L*(), write ||u0||?{5 = fq <|Vu0|2 + B|u0|2) dz and set

7@ = 5 Jo = 7 [l e B (t) = 3+ 5 ol

4
LA

L2’

The functionals J and E are respectively called static energy and energy. The energy of a
solution of (5.0.1) at time ¢t € R is defined by E (u(t),dru(t)), and is conserved. Let @ be a
ground state of (5.0.1), that is, a positive stationary solution of (5.0.1) of minimal energy

E(Q,0) = J(Q) = mo > 0.

See Theorem 5.1.6 for a precise definition. For u’ € H}(Q), write

=i - o[ 502
and set
A = {(u’ul) € HJ(Q) x L*(Q), E (u°,u') < mo, K(u°) > 0},
A~ ={(u®ul) € HE(Q) x L3(Q), E (u®,ul) < mo, K (u®) < 0}.

The following result is due to Payne and Sattinger [PS75].

Theorem 5.0.1. The spaces X and ¢~ are stable under the flow of (5.0.1). A solution
starting from ¢ T is defined on R, and a solution starting from &~ blows up in finite positive
and negative times.

For v € L*°(Q, R, ), our main focus is the damped equation

Ou + v0u + fu = u? in Ry x €,
(u(0),0u(0)) = (u®ut) in Q, (5.0.3)
u = 0 on Ry x 09,

with (u%,ul) € HE(Q) x L3(Q). For t > 0, the energy equality is

E (u(t),0mu(t)) = E (uo, ul) — /Ot/ﬂfy(x) Byu(s, x)|* dads.

In particular, the energy of a solution is nonincreasing. The first result of this chapter is the
following theorem.

Theorem 5.0.2. Consider v € L>®(Q,Ry). The spaces #+ and £~ are stable under the
forward flow of (5.0.3). A solution of (5.0.3) initiated in S is defined on Ry, and a
solution of (5.0.3) initiated in &~ blows up in finite time t > 0.

In particular, below the energy of the ground state, a blow-up solution of (5.0.1) cannot
be stabilised by the addition of a damping term of the form 0, u.

We will use the notion of generalized geodesic, for which we refer to [MS78]. Recall that
we always assume that no generalized geodesic has a contact of infinite order with 9 (see
[BLR92] for some details about this assumption).

Definition 5.0.3. For w C 2, we say that w satisfies the Geometric Control Condition (in
short, GCC) if there exists L > 0 such that any generalized geodesic of  of length L meets
the set w.
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The second result of this chapter is the following theorem, which can be seen as an
extension of the stabilisation property proved in [JL13] to the focusing case.

Theorem 5.0.4. Suppose y(x) > a for almost all x € w, with & > 0 a constant and w C
an open set fulfilling the GCC. Then for any Ey € [0,myq), there exist C >0 and X\ > 0 such
that for all (u®,u') € T, the solution u of (5.0.3) satisfies

[u()ll s + |0u(t)l| 2 < Ce™, ¢ >0,
if E (u¥,ul) < Ey.

For a solution starting from # T, we will see that the energy can be used almost as in
the defocusing case, allowing us to adapt most of the arguments of [JL13]. Note that C and
A depend on Ej (see Remark 5.4.2).

The proof of Theorem 5.0.4 will rely on an asymptotic compactness result, which roughly
states that for all uniformly bounded sequence of global solutions of (5.0.3), one can find a
subsequence which converges to a stationary solution of (5.0.1) along a time-sequence; see
Proposition 5.3.1 for a precise statement. It implies the following theorem.

Theorem 5.0.5. Consider v € L>®(Q,R) satisfying the assumption of Theorem 5.0.4. Let
(u®,ut) € HE(Q) x L*(Q) be such that the associated solution u of (5.0.3) exists on R

1. For all sequence (Ty)nen such that T,, — +oo, there exist an increasing function ¢ :
N — N and a stationary solution w of (5.0.1) such that

o0

(u(T¢,(n) + ‘), 8tu(T¢(n) + )) nroo, (w, O)
in LS (R, H (Q) x L2(Q)).

2. Assume that there exists an at most countable number of stationary solution w of (5.0.1)
such that
J(w) = liminf F (u(t), Opu(t)) . (5.0.4)

t——+o0

Then there exists a stationary solution w of (5.0.1) such that
(u(t +), Dyt + 1)) == (w,0)
in LS (R, H} (Q) x L3(Q)).

Remark 5.0.6. For example, if ) is an open subset of R? and lim inf E (u(t), dyu(t)) < J(Q),
then there are at most 3 stationary solutions satisfying (5.0.4), which are 0, @ and —Q (see
Theorem 5.1.6).

Remark 5.0.7. The proof of Theorem 5.0.5 relies on the uniform estimates of Theorem 4.0.1.

On the one hand, observe that Theorem 5.0.5 applies to any solution defined on R, while
Theorem 5.0.4 only applies to solutions with energy below the energy of the ground state. On
the other hand, Theorem 5.0.4 provides an exponential convergence rate, whereas Theorem
5.0.5 provides no convergence rate. We refer to Section 2.3 for a discussion about the results
of this chapter and their connection to the existing literature.

Outline of the chapter. In Section 5.1, we recall some basic facts about (5.0.3) and the
stabilisation of the linear version of (5.0.3), and we prove some technical results related to
the ground state Q. In Section 5.2, we prove Theorem 5.0.2. In Section 5.3, we establish
the asymptotic compactness result (Proposition 5.3.1), and we show that it implies Theorem
5.0.5. In Section 5.4, we first prove an easy stabilisation property in the case of a positive
damping, and then we prove Theorem 5.0.4, by adapting the proof of [JL13].
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Chapter 5. The damped focusing cubic wave equation on a bounded domain

5.1 Preliminaries

5.1.1 The Cauchy problem and some properties of the linear equation

In this chapter, we only consider real-valued solutions of wave equations. For s € [0,1], let
HE(Q) denote the complex interpolation space between L?(2) and HE(Q). Define

X° = (H™(Q) n HY(Q)) x H5(9). (5.1.1)
For example, one has X° = H}(Q) x L?(Q) and X! = (H?(Q2) N HL(Q)) x H}(Q). For s > 0,

write D (A®) for the iterated domain of the Dirichlet Laplacian (defined by interpolation for
s ¢ N). Then for s € [0, 1], one has

X*=D(A%) x D(A%) (5.1.2)

so the norm of X® can be represented by a Fourier series. Consider the unbounded operator
A: X% —» X0 with domain D(A) = X' defined by

([ 0 W
a0,

Write et for the associated semi-group. The following result about the Cauchy problem
corresponding to the linear version of (5.0.3) is well-known.

Theorem 5.1.1. For s € [0,1], (u° u!') € X%, v € L®(,R,), and g € L (R, H3(Q)),
there exists a unique solution

u € R, H'TH(Q)NHH(Q) N €HR, HS(Q))

of the linear damped wave equation

Ou 4+ vOiu + fu = g in R x Q,
(u(0), du(0)) = (u®,ul) in Q, (5.1.3)
u = 0 on R x 09.

In addition, for T > 0 and s € [0,1], there exists Cs1 > 0 such that for all (u°,u') € X?,
v € L®(Q,Ry), and g € Li (R, H§(R)), one has

[ull oo 0,7y, z1 452y + 110ctll oo (0,7, 115) < Cisr (H(UO,UI) Hx + HQHLl((o,T),Hg)) :

Remark 5.1.2. By the energy estimate, we can assume that Co 7 S Cp for 0 < T < 1.

To construct the solution of (5.0.3), one uses Strichartz estimates (see for example Theo-
rem 2.1 of [JL13]).

Theorem 5.1.3 (Strichartz estimates). Let T' > 0. There exists a constant C > 0 such that

for all (q,r) satisfying
l—i-%—} and 6[7—1—00}
qg r 2 % |

and for all (u°,u') € X°, g € L*([0,T],L*(Q)), the unique solution u of (5.1.3) associated
with (u®,ul) and g satisfies

lull oqory.ery < C (el + 22 + lgll ooy ) -
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5.1. Preliminaries

Using those estimates, the solution of the Cauchy problem (5.0.3) can be constructed
locally (see [GV89]). Unlike the defocusing case, it cannot be proven that the solution is
global in time.

Theorem 5.1.4. Consider v € L®(,R,). For any (real-valued) initial data (u®,ul) € X©,
there exist a mazimal time of existence T' € (0,+00] and a unique solution u of (5.0.3) in

€00, 7), H Q) N € ([0,T), L*(Q)). If T < +o0, then
lu(t) ]| gy = +o0. (5.1.4)

Proof. We only prove (5.1.4). If T' < +o00, then the Cauchy theory gives

t—=T~
()13 + 10eu(®)] 2 — +oc.

As the energy of a solution is nonincreasing, it implies

[u@lls = +oo,
yielding (5.1.4) by the Sobolev embedding H'(Q) — L*(Q). O

In what follows, we refer to u as "the solution of (5.0.3) with initial data (u°,u!) (and
damping «)". Finally, we will need the fact that the GCC implies the stabilisation of the
linear equation. More precisely, we will use the following result, which is due to Bardos,
Lebeau and Rauch [BLR92].

Theorem 5.1.5. Assume that v € L>®(Q,R,) satisfies y(x) > « for almost all x € w, with
a > 0 a constant and w C Q an open set fulfilling the GCC. There exist C > 0 and A > 0
such that for all s € [0,1], and all (u®,u') € X*, if u = e (u°,ul) is the solution of (5.1.3)
with g = 0, then

ICu(®), ()l < G| (uu!)| . =00

Hxs ’
5.1.2 Ground state and some related properties
Consider u € H} (), u # 0. For A € R, set j(\) = J(\u), that is

A2 A

. 2 4
I = 5 llullgy = 7 llullza-

Write A* = A*(u) > 0 for the positive argument of the maximum of j. Using j'(A*) = 0, one
finds K (A\*u) = 0, where K is defined by (5.0.2). Set

mo = inf {J (\*(w)u) ,u € HY(9),u 0}
:inf{J(w),weHé(Q),wyéO,K(w) :0}. (5.1.5)

The fact that equality (5.1.5) holds is clear, because for w € H}(2), w # 0, there exists a
unique A > 0 such that
Ml — A a4 = 0

so that if K(w) = 0 then A\*(w) = 1. Note that if u € H{(Q) satisfies K(u) < 0, then
A*(u) € (0,1). Note also that one has

[ (0t =) s

S lhw = vll 2 (lellsgo) + ol )
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Chapter 5. The damped focusing cubic wave equation on a bounded domain

so that K and J are continuous by the Sobolev embedding H'(Q) < L5(Q2). The following
result is due to Payne and Sattinger [PS75], in the case of a bounded subset of R™. The
extension to the case of a compact manifold is straightforward, except for the uniqueness
part.

Theorem 5.1.6. One has mo > 0, and there exists w € H}(Q) such that w # 0, K(w) = 0,
and J(w) = mg. Such a function w is a critical point of J, does not change sign, satisfies
w € H?(Q), and —Aw + Bw = w3. In addition, if Q is a subset of R, then J has evactly
two critical points: w and —w.

Proof. We start by proving that mg > 0. Consider w € H} () such that w # 0 and K (w) = 0.
The Sobolev embedding H'(Q2) — L4(Q) gives

4
lwliz, = llwllze < lhwll, -
This yields ||w||H01 > 1, and as K(w) = 0, one obtains

Tw) = Flwly 21
This proves that mg > 0.

We now prove that w exists. Consider a sequence (wy),,cy of elements of Hj(€2) satisfying
wy, # 0 and K(wy,) = 0, for all n € N, and such that J(wy,) — mg as n tends to infinity.
Up to a subsequence, we may assume that there exists w € Hg () such that w,, converges to
w weakly in H'(2) and strongly in L*(Q). Using the fact that K (w,) = 0 for all n € N, one
finds

1 L !
mo = 3 Jimn lenllfy = 3 Jimn frenlifs = gl

and in particular, w # 0. As w, converges to w weakly, one has ||w”H3 < lim||wn|\Hé.
Assume by contradiction that

gy < tim el
This implies K(w) < 0. Write j(A) = J(Aw), and A\* = X*(w) > 0 for the unique A > 0
such that K (Aw) = 0. Note that j'(\) = K2 j/(x) > 0 for A € (0,A*) and j'(\) < 0 for
A € (\*,00). This yields A* < 1. By assumption, one has

J(N* Ay 2, A
(W) <5 dim lwnlligy =

As 2)02 — \* < 1 for A € (0,1), one finds J(A\*w) < my, a contradiction with the definition of
mg. Hence, one obtains

ol = mo (20092 — (A7)

ol = lim Jfeal

implying that w, — w in H'(Q) as n — oo. This gives K (w) = 0 and J(w) = my.
As K(w) = 0, one has

— w3 _
<Aw + fw — w ’w>H*1(Q)><Hé(Q) 0. (5.1.6)
The differential of J and K are given by
dJ(u)(h) = / (Vu - Vh+ puh)dx — / wdhdz, w,h € HH(Q),
Q Q

and

dK (u)(h) = 2/Q (V- Vh + fuh) de — 4/Qu3hdx wh € HY(Q),

114



5.1. Preliminaries

Hence, there exists a Lagrange multiplier A € R such that the Euler equation
(—Aw + pw — wg) + A (—2Aw + 20w — 4w3) =0
holds in H~1(Q). Rewriting that equation, one finds
(1+2A) (—Aw + fw — w3) —2Aw?® = 0.

By (5.1.6), this implies

A/ whdz = 0.
Q

As w # 0, this gives A = 0, yielding —Aw + fw — w? = 0. Hence, w is a critical point of .J.
By elliptic regularity, one has w € H?().
To establish the sign and uniqueness of w, we refer to [PS75]. O

In what follows, we denote by () a nonnegative critical point of J and refer to it as a
ground state of (5.0.1). To our knowledge, the uniqueness of @) has not been proven in the
literature in the case of a general compact Riemannian manifold 2. However, it will not be
used anywhere in this chapter.

We prove some technical results for later use. The first one states that a function w such
that K(u) < 0 is far from the zero function.

Lemma 5.1.7. Let (u,) be a sequence of elements of H}(Q) such that K(u,) < 0 for all

n—0o0

n €N, and K(u,) ——— 0. Then, liminf J(uy,) > myg.

Proof. For n € N, one has J(u,) = 1K (un) + 1 ||un\|12qé, implying

1
liminf J(u,) = 1 lim inf ||unH12L101 .

If liminf J(u,) = 400, the result holds. Otherwise, up to a subsequence, one can assume

that (J(uy)),, and (HunH Hé)n converge. In particular, (u,) is bounded and we can assume

that (up to a subsequence) it converges weakly in Hi(Q2) and strongly in L*(2). Denote by
u € HE(Q) N LAY the limit. For n € N, using the Sobolev embedding and the fact that
K (uy) <0, one obtains
4 4 8
[unllze S llunllzy < llunllza -

As uy, # 0, this gives |lul|;« 2 1, and u # 0 as a result. One also has

. 2
lullFpy < Tim [ 7 < llull7a,

yielding K (u) < 0. We split the end of the proof into two cases.
First, assume that K(u) = 0. Then HuHHé = lim HunHH&, and hence, (uy), converges to

u strongly in H}(2). In particular, by definition of mg, one has
lim J(uy,) = J(u) > mg

so the proof is complete in that case.
Second, assume that K (u) < 0, that is,

ey < i ]
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Chapter 5. The damped focusing cubic wave equation on a bounded domain

As above, there exists A* € (0,1) such that K (A\*u) = 0, and my < J (A*u). The fact that
K (Au) =0 gives

TOu) = 3 IXullh
Writing J(un) = 3K (un) + 3 [tin |14, one finds lim J (u,) = : ||ul|24. This gives
mo < J (N u) = (W) lm J (u,) < lim J (uy,),
implying the result in the second case. O

The second result will allow us to improve inequalities of the form K(u) > 0 or K(u) <0
for functions such that J(u) is strictly below my.

Lemma 5.1.8. Consider 6 > 0. There exists ¢ > 0 such that for all u € HI(Q) with
J(u) < mg— 0, one has:

(i) if K(u) >0 then K(u) > c\|u||§{3
(71) if K(u) <0 then K(u) < —cHuHiIé and K(u) < —c.

Remark 5.1.9. The proof can be carried out by contradiction, but it does not provide any
information regarding the size of the constant. Our proof gives the following explicit estimates

o if w is such that J(u) < mo — d then K(u) > 0 implies K (u) > 1/%0“u|| and K(u) <0

implies

21
Hy»

(5+\/m06
K(u) < =46 —4y/mod  and  K(u) < —mﬂu\@[&-

Proof. We split the proof into 3 steps.

Step 1: an explicit Sobolev embedding. We prove that for u € H&(Q), one has

ulla lQl L < [lell - (5.1.7)

Consider u € H}(Q),u # 0. As above, write j(A\) = J(Au) for A € R. Then

[[ll 2
*= T (5.1.8)
[ll7
is the positive argument of the maximum of j, and one has
J (Nu) > J(Q) = my. (5.1.9)

Note that K (A*u) = K(Q) = 0 implies

4
Xl

QI
. .

J (\*u) .

and J(Q)
Together with (5.1.8) and (5.1.9), this gives (5.1.7).
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5.1. Preliminaries

Step 2: estimation of ||u||Hé Here, we show that there exist % and 2~ such that 0 <
T < ||Q||?{é < 2", satisfying the following property: if u € HJ(£2) is such that J(u) < mg—9,
then K (u) > 0 implies ||UHH3 <z~ and K(u) < 0 implies ||“HH3 > at.

Consider u € H}(2). For z > 0, we put

-2 4]el

so that (5.1.7) gives « (HUHHg) < J(u) < mg —3d. The graph of « is given in the following

figure. Note that the maximum of « is myg, and is reached at = = [|Q||3,

mor----------—--—---->

|

|
T | R

|

|

|

1

There exists a unique = > [|Q||2, such that a(z¥) = mo — §, and if 6 < my then there
exists a unique z~ < [|Q||2, such that a(z™) = mg — §. Explicitly, one has

+ = 2\/ mo + \/moé.
First, assume that K(u) > 0. One has

2 2
ol . ol Q)
4 = 4 4

= J(U) <myg _67

implying HuH?{é <4dmp = [|Q|}4. As a (HUHH1) mo — 9, this gives HuHHé <z
Second, assume that K (u) < 0. Then, using (5.1.7), one obtains

a1\ *
lull < llullzs < )
Ho - 1Qllzs )

vielding [[ully > Q2. As a (|lull ) < mo — 3, this gives [Jul| gy > =+,

Step 3: end of the proof. First, assume that K(u) > 0. Then using (5.1.7) and step 2,
we obtain () as follows

R
(U) - ||u”Hé - ||Q||Zi4 - HUHH(} HQ||4 ” HHl

Second, assume that K (u) < 0. Using step 2 and J(u) < mgy — J, one obtains

K (u) = 4J(u) = |[ullf; < 4(mo — ) — (27)% = —46 — 4/mod.
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Chapter 5. The damped focusing cubic wave equation on a bounded domain

That gives the second inequality of (ii). For the first inequality of (ii), it suffices to find a
constant C' > 0 such that

K(w) < 4mo — 5) — %y < ~Cllul,
using [lufl 71 > 2. Tt holds if one chooses

C<1_4(m0—5) _ 5+\/m05

o (Z'+)2 mo + \/77105.

The proof is complete. O

5.2 The damped equation below the energy of the ground
state

Here, we prove Theorem 5.0.2. To begin with, we check that the spaces .# and ¢~ are
invariant under the flow of the damped equation.

Lemma 5.2.1. Suppose (u®,ul) € #*, v € L>®(Q,Ry), and u is the solution of (5.0.3). If
t >0 is such that u exists on [0,t], then (u(t),0u(t)) € A *.

Proof. Consider (u®,u') € £+, and assume by contradiction that there exists 0 < to < ¢
such that (u(to),Gru(to)) ¢ £ +. As E (u(to), du(to)) < E (u®,u') < myg, there exists a

n—00

sequence (tp), such that 0 < t, < ¢, K(u(t,)) < 0, and K(u(t,)) — 0. Lemma 5.1.7
gives lim inf J(u(t,)) > mo, a contradiction with

J(u(tn)) < B (ultn), du(ts) < B (uu') <mo, neN.

The proof for (u®,ul) € #~ is the same. O

5.2.1 Global solutions

The following result is straightforward, as in the case of the undamped equation.

Theorem 5.2.2. Suppose (u®,u') € # 7+, v € L>®(Q,R;), and u is the solution of (5.0.3).
Then u is defined on R..

Proof. Using Lemma 5.2.1 and the fact that the energy is nonincreasing, one obtains
1
B (u’,u') = B (u(t), dru(t)) = J(u(t)) + 5 |9u(®)|22
1
K(u(t) + 7 HU( Win + 5 HatU( t)l[72

()7 + 5 ||3tU( Iz2 -

>

NN

Hence, there is no blow-up, and w is defined on Ry by the Cauchy theory (see Theorem
5.1.4). O

The previous proof also gives the following lemma.
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5.2. The damped equation below the energy of the ground state

Lemma 5.2.3 (Equivalence between the energy and the square of the H} x L? norm for
solutions in # ). For all (u°,u') € & and v € L=(Q,R,), one has

2 (u(t), Dyu(t)) < [u(®)]| 3y + 10ut) |22 < AE (u(t),0pu(r)), 20,

where u is the solution of (5.0.3) with initial data (u®,ul).

We will use this to prove the stabilisation of a solution starting from #*. one has the
following source-to-solution continuity result.

Lemma 5.2.4. Consider T >0, Cy > 0, and v € L*(Q,Ry). There exists C > 0 such that
for all (u®,u'), (v0,0') € HY(Y) x L3(R), if the solutions u and v of (5.0.3) with initial data
(u®,ut) and (v°,v') are defined on [0,T] and satisfy

21 (10 0D ez + 100, 00Oy cs2) < Cos (5.2.1)

then one has

S [(u(t), dru(t)) = (v(t), Opv(E)l| g2 2 < C ll(ulto), drulto)) = (v(to), v (to))ll gy x 12

forty € {0, %,T}.

Proof. 1t suffices to prove the result for tg = 0 and for {5 = 7'. In both cases, we can assume
that T is arbitrary small: the result for large T" follows by iteration. We assume that tg = 0,
the other case is similar.

Set w = u — v, solution of

Ow + yow + fw = u? — o3 in Ry x €,
(w(0),0w(0)) = (uul) — (%0 in Q,
w o= 0 on Ry x 99.

Assume that T" < 1. Then, by Theorem 5.1.1 and Remark 5.1.2; there exists a constant
independent of T, (u°,u!) and (v%,v!) such that

sup_(Jw(®)l gy + 10w(®)]2) S [|(u!) = (,0")

te[0,T]

L((0,T),L?)

3 .3
ere [ =]

Holder’s inequality gives

<

3 3
‘ L1((0,T),L2) ™

|u* v

2 2
T |lu = vll poo (0,1, 6 (HUHLOO((O,T),LG) + HUHL‘X’((O,T),L6)) :
Using (5.2.1) and the Sobolev embedding H'(Q2) < L5(f), one finds

o =

2 2
oy ~ T lllzoeom),my) (Il oy, 8) + Nl e 0.t
S Tlwll poo 0,1y, 12 -

Hence, for T sufficiently small, one obtains

sup (Jlw(®)l gy + 190w (®)]z2) S || (u ') = (2°,01) |

1
te[0,T] H}xL?

and this completes the proof. ]
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5.2.2 Blow-up solutions

Here, we prove that a solution initiated in J# ~ blows up in finite time.

Theorem 5.2.5. For v € L*(Q,Ry), if u is the solution of (5.0.3) with initial data
(u®,ut) € 2, then the mazimal time of existence of u is finite.

Proof. Take (u’,u') € #~ and assume by contradiction that u(t) exists for all + > 0. As
in the original proof of Payne and Sattinger [PS75], set M (t) = |[u(t)||72. Then by Lemma
4.1.2, one has M € €%(R,,R), with

M(t) = /ﬂ w(t)dyu(t)de. (5.2.2)
and
M) = 2 )y + 2 [ + 21001 2 [ ez (5:23)

One has
M(t) = —2K (u(t)) + 2 | dpu(t)]|%e — 2 /Q u(t)Byu(t)d.

Write E(t) = E (u(t), 0u(t)) for the energy. Recall that the energy equality is
E(t) = —/ + |Bru(t)[? da.
Q

As the energy is nonincreasing, either it is bounded or it tends to —oo as t tends to infinity.
We treat these two cases separately.

Case 1: bounded energy. For all e >0, as v € L*(R), one has

2 1 2 2 1
2 [ udu(t)ds| S e u®ly + 2 [ 11000 do =< u(olfy - B,
This gives
C

M(8) > 2K (u(t)) ~ Cre [u(®)3y + 2 Jou(d)2: + L E(0) (5.2.4)

for some C7 > 0. Inequality (5.2.4) has two consequences.
First, we use Lemma 5.1.8 (43): for ¢ > 0, one has
J((®) < B (u(t), ou(t) < B (u,u') < mg

so there exists Cy > 0 such that

K (u(t)) < —Cs ||u(t)|ﬁ{é and K (u(t)) < —Cq, t=>0. (5.2.5)

Using this in (5.2.4) and taking e sufficiently small, one obtains
Gy 2 2 2
M(t) = —E'() Z Ilu(®)l7zy + 1072 = a5 -

Note that by (5.2.5), one has ||“(t)||H3 2 1 for t > 0. Hence, one has M"(t) — %E’(t) 21,

implying
M'(t) — %E(t) — M'(0) + %E(O) >t
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5.2. The damped equation below the energy of the ground state

for all ¢ > 0. As the energy is bounded, this gives
M) 252 0o and  M(t) 252 too.

Second, we use the energy equality. By definition, one has
2 2
AB(t) = 2[|0pu(t)[|72 — [lu(®)[

K (u(t))
for all t > 0. Using this in (5.2.4), one obtains
(t) > 6]|0pu(t) |72 + (2 = Cae) u(®) |y — 8E().

C
M'(t)— 2LE
€
Set C = % As the energy is bounded and as M (t) tends to infinity, for € chosen sufficiently

small and ¢ sufficiently large, one obtains
M"(t) = CE'(t) > 6|u(t)] 72

Together with the Cauchy-Schwarz inequality, this gives
2
() < 4 (/ |u(t)|2dx) (/ |8tu(t)|2dm) < SM(t) (M"(6) - CE'(1)), ¢2 0 large.
Q Q

Dividing by M (t)M’'(t), and using M'(t) — +oo and E’(t) < 0, one writes
"
)<: <M @ _ CE®)

M (M0 E O 2
M(t) — 3 \ M'(t) M'(t)) — 3\ M'(¢)
for ¢ large. Consider T' > 0 such that the previous inequality holds for all ¢ > T'. Integrating,
2C
—5 (E(t)— E(T)), t>T.
In (M'(t)) for t large,

(In (M'()) = In (M'(T)))

one obtains
In(M(t)) —In (M(T)) <
As the energy is bounded and M (t) — +o0, this gives In (M (t)) <

Wl o

t>T', T large.

~—

M'(t

yielding
> 1,
M(t)

ol

Integrating between t; and to with 7" < t; < t9, one finds
3 3
+ >ty —11.

M(t2)s  M(t1)s

Wl

Letting ¢ tend to infinity gives a contradiction.
In that case, by definition of the energy, one has

Case 2: the energy tends to —oo
lu®)ll s 2% oo,

For ¢ > 0, as v € L*°(R4) and as Q is bounded, one has
1 1
<z ()72 + € 1Bru()llZ: < B lu(t)]Zs + € 1 dru(t)||Z2

‘Q/QVU(t)ﬁtu(t)dx
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Chapter 5. The damped focusing cubic wave equation on a bounded domain

and together with (5.2.3), this gives

C
M"(t) = =2 Ju(t) |3 + (2 = Ce) | Beul®)l|72 +2 |Jult)| s - - lu(t)] 74

for some C' > 0. Consider € > 0 such that 2 — Ce > % For t sufficiently large, one has

c 3
2u(®)ls = = lu@lEa = 5 lu)lf

and one obtains
M) > ~2 )y + 5 102+ 5 [u@)]Ee, 1> 0 large
By definition of the energy, one has
lu()lI70 = 2 10pu(t) 72 + 2 u(t)|| 7 — 4E(2)
and for ¢ sufficiently large, this gives
M"(t) > % 10u(t)l|72 + l[u(®)l[7; — 6E().

In particular, one has M"(t) — +o00, and consequently M (t) — +oo. For t sufficiently large,
one also has M"(t) > 3 |0su(t)]|32. Using (5.2.2) and the Cauchy-Schwarz inequality, this
gives

8
M'(t)? < §M(t)M”(t), t > 0 large.
For o > 0, set M(t) = M(t)~®. For t sufficiently large, one has
(1) = aM(t)™2 ((a+ 1) M () = M(£)M" (1))

<a (S(a +1)— 1) M)~ M" (1)

Hence, M is a concave function for ¢ sufficiently large if a is chosen sufficiently small. As
M >0 and M(t) — 0, this gives a contradiction. O

5.3 Convergence towards a stationary solution

5.3.1 Convergence of a bounded sequence along a time sequence

Here, we show the following proposition.

Proposition 5.3.1. Consider v € L™(Q,Ry) satisfying the GCC. Let (up,uy), oy be a

sequence of elements of Hi(Q) x L*(Q), and for n € N, write u,, for the solution of (5.0.3)
with initial data (ug, up). Let (T)nen be a time-sequence satisfying T,, — +o00. Assume that
each u, exists on Ry, that there exists C' > 0 such that

[un (D)l gy + [10run @)l <C, £20, neN, (5.3.1)
and that for all T > 0,
TnT n—00
/ / v |0y | dadt 2222 0. (5.3.2)
=T JQ

Then there exist an increasing function ¢ : N — N and a stationary solution w of (5.0.1)
such that for all T > 0,

T, (Hud’(”)(Td’(”) ) - “’HHO1 + Hat%(n)(qu(n) +t)’ L2> LimiNY()

te[-T,T)

Proof. We divide the proof into three steps.
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5.3. Convergence towards a stationary solution

Step 1: asymptotic compactness. We use Corollary 4.2 of [JL13] (which relies on a
result from [DLZ03]), which we copy here for convenience.

Lemma 5.3.2 (Corollary 4.2 of [JL13]). Take f € €*(R,R) such that

f0)=0, af(z) >0, |f@)] <A+, |f(@)] <A+ )P

with 1 < p < 5. Consider R>0,T >0,0<s<1, andsetezmin(l—s,g)%p,nlf’p) > 0.

There exist C > 0 and (q,r) satisfying

1 3 1 €[7+
4T == — 400
g r 2 9 2’

such that the following property holds: if u € L([0,T], H**(Q) N H}(Q)) satisfies

1wl Lago,m,0m) < R,

then f(u) € LY([0,T), H3™(Q)), with
1f I pro,r), meve) < C lwll oo o7, 145y -

We will use this lemma with f(x) = 3. Recall that X* is defined by (5.1.1). We prove
the following corollary.

Corollary 5.3.3. Consider T >0, 0 < s < 1, Cy > 0, and set ¢ = min (1 — s, %) There

exists C' > 0 such that for all (u°,u') € X, if the solution u of (5.0.3) with initial data
(u®,ut) exists on [0,T] and satisfies u € L>([0,T], H'*5(Q) N HE(Q)), with

[ll oo (0,77, 22) + 190l oo 10,1, 22) < CO,
then one has u3 € L'([0,T], Hit*(Q)), with
[+

Proof. The function f(x) = 23 clearly satisfies the assumption of the previous theorem. By
Strichartz estimates (Theorem 5.1.3), one has

LY([0,T],HST) <C HUHLOO([O’T]’HHS) .

lull Lago,r),0m) S ||U3||L1([0,T],L2) + ||UOHH5 + Jlutl e

for all (q,r) satisfying % +3=1landge [%, —i—oo}. Using the Sobolev embedding H!(2) <
L5(£2), one obtains

[ull Lapo,ry,r) S HuH:IiOO([O,T],Hé) + HUOHH(} + [Jut]|2 < CF + Co.
Hence, we can apply Corollary 4.2 of [JL13]: it gives
[+

with a constant depending only on Cy. This completes the proof of Corollary 5.3.3. O

<
LY([0,T),HyTe) ™ Hu”L""([O,TLHHs)
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Chapter 5. The damped focusing cubic wave equation on a bounded domain

We will use this result to find a subsequence of (u,(7,), Oiu,(T},)) which converges in
H}(Q) x L*(Q). Recall that
0 Id
A=

is the infinitesimal generator of the linear part of (5.0.3), that !4 is the associated semi-group,
and put
U, = (upn,Ou,) and F, = (0, ui)

We will use the well-know fact that the GCC implies the stabilisation of the linear version of
(5.0.3), as stated in Theorem 5.1.5. Using the Duhamel formula, we can write

[T ]—1 T,
Un(Ty) = €40, (0 Z kA/ eAF, (T, — k — s)ds + eSAE, (T, — s)ds
[T
TnJ 1
= U, (0 Z g+ I,

We show that the Duhamel term is bounded in X¢, with ¢ = %. To do so, write

1
nsllxe < [
0

1
S [ IFT = k=9l ds
0

! 3
= /0 Hun(Tn — k- 8) HHS ds.

AR, (T, — k — S)HXE ds

By (5.3.1), one has

[un (T — k — ')HLOO((O,l),Hg) < HunHLoo((o,oo),Hg) SL

Hence, we can apply Corollary 5.3.3 (with s = 0) to find ||1,, x|/ xe S 1. Similarly, one shows
IIIn]|xs < 1. Using the linear stabilisation (Theorem 5.1.5), we see that there exists A > 0
such that

[T]-1 [Tn]-1
Yo L+ <> eMr1g
k=0 Xe k=0

We have proved that the sequence <Un(Tn) — eT"AUn(O)) is bounded in X¢. By Rellich’s
n
theorem, there exists U (0) € H(2) x L?(Q) such that up to a subsequence, one has

Un(Ty) — €740, (0) =25 UL (0)

in HJ () x L*(Q). Using linear stabilisation again, one finds Uy, (T},) =% Uno(0) in Hg () x
L2(9).

Let 1o be the solution of (5.0.3) with initial data U (0). We show that uq, is defined on
R. Consider T' > 0. For n and m sufficiently large, Lemma 5.2.4 gives

sup (Hun(Tn +1t) = um (T + t)”?{l + [|Ogun(Th + 1) — Oyt (Tin, + t)”%?)
te[-T,T] 0

S lun(Th) — Um(Tm)H%{& + | Opun(Th) — 8tum(Tm)H%2
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5.3. Convergence towards a stationary solution

so that (u, (T, + -)),, is a Cauchy sequence in €°([—T, T, H} (2)) N € ([-T,T), L*(Q)). The
limit is a solution of (5.0.3) on [—T,T], and coincides with us, near 0. Hence, uo, is defined
on R. Note that (5.3.1) gives

//7\3tuoo| dzdt = 0.

Hence, one has E (uso (), Ottioo(t)) = E (uoo(0), Oruse(0)) for all ¢ € R, and Oruoo(t, z) = 0 for
all t € R and almost all x € w.

and (5.3.2) implies

Step 2: regularity of the limit. To ease notations, write © = uy. In this step, we will
use Corollary 5.3.3 again to show that

(u(0), 9u(0)) € H*(Q) x H}(Q) (5.3.4)
and we will use a result of [HRO03] to prove that for all o € (%, 1),
u: R — H'T(Q)N HY(Q) is analytic. (5.3.5)
Finally, we will see that it implies
ueE (R x Q). (5.3.6)

Proof of (5.3.4). As above, set U = (u, dyu) and F = (0,u%). By Duhamel’s formula, one
has

Ut) = AUt — n) + / ARt — 5)ds
= MUt —n)+ ZekA/ e (t —k — s)ds
for t € R and n € N. By (5.3.3), linear stabilization gives

Ut —n) 220, teR,

in X°. Furthermore, one has

1
/ eSAF(t—k:—sds
0

5 [IFG k=9l ds

N

LY (ft—k—1,t—k],L2)

implying

<1

1
/ esAF(t —k— s)ds S HuHiw([tfkfl,tfk},Hé) ~
0 X0

by the Sobolev embedding H'(Q2) — L%(Q). In particular, using linear stabilization again,
one finds

1
ekA/ SAF(t —k — s)ds
0 X0
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Chapter 5. The damped focusing cubic wave equation on a bounded domain

for some C' > 0 and A > 0. This gives

00 1
U(t) = Z ekA/ eSAF(t —k—s)ds, teR, (5.3.7)
k=0 0
in XY.
Next, we prove
UecL®R,X" (5.3.8)

by using Corollary 5.3.3 two times. First, by (5.3.3), Corollary 5.3.3 with 7'=1 and s = 0
gives

<1

<1, teR, keN,
Ll((O,l),Hg)

Jute =1 =

where € = %. In particular, using linear stabilisation in X¢, one has

< 6—/\k
LY((0,1),Hg) ~

)

1
ekA/ SAF(t —k — s)ds
0

< e Mk Hu(t - k- )3‘

XE

implying that equality (5.3.7) holds in X¢, and U € L*°(R, X¢). Second, Corollary 5.3.3 with
Tzland:s:%gives

e

, <1, teR, keN
LY((0,1),Hy™)

where ¢’ = 2. As above, this proves that equality (5.3.7) holds in X, and that (5.3.8) holds
true. In particular, (5.3.4) is true. Note that using the Sobolev embedding H?(£2) < %€ ()
(see for example [AF03], 4.12 Part Il withn = 3, m =p =2, j = 0), one finds u € L*(Rx Q).

Proof of (5.3.5). Following [JL13], we use Theorem 2.20 of [HRO03] (applied with hypothe-
ses (H3mod) and (H5)), which we copy here for convenience.

Theorem 5.3.4. Let Y be a Banach space. Let P, € Z(Y) be a sequence of continuous
linear maps and let Q, = 1d — P,. Let A : D(A) — Y be the generator of a continuous
semi-group et and let G € €Y(Y,Y). Let U be a global solution in'Y of

oU(t)=AU(t)+ GU(t)), teR.
We further assume that:
(i) {U(t),t € R} is contained in a compact set K of Y.

(ii) For any y € Y, P,y converges to y when n goes to infinity and (P,) and (Qy) are
sequences of L (Y) bounded by a constant Cy.

(iii) The operator A splits as A = Ay + By, where By is bounded and Ay commutes with P,.

(iv) There exist M and X\ > 0 such that HetAHz(Y) < Me M for all t > 0.

(v) G is analytic in the ball By (0,7), where r is such that r > 4Cysup,cg |U(¢)|ly. More
precisely, there exists p > 0 such that G can be extended to an holomorphic function of
By (0,7) +1iBy (0, p).

(vi) {DG(U(t))V,t € R, ||V|ly <1} is a relatively compact set of Y.

Then the solution U : R — Y is analytic.
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5.3. Convergence towards a stationary solution

1
2
(k) ey for a basis of normalized eigenvectors. We will apply this theorem with ¥ = X,
For n € N*, let P, be the restriction to Y of the L?(M) x L?(M) orthogonal projection on

the vector space generated by the vectors

Consider o € ( 1). Write (Ag),en for the eigenvalues of the Dirichlet Laplacian, and

(90130)7"' ,(QOn,O),(O,wl),-" ) and (Q‘pn)

By (5.1.2), we can equip Y with a norm represented by a Fourier series, using the sequence
(k) gen- This implies P, € Z(Y) and Q, =1d — P, € Z(Y), with

||Pn|‘g(y) <Cp and ||Qn||ff(y) < Cy (5.3.9)

for some Cy > 0.

Let G : Y — Y be given by G (u,u!) = (0,(u?)3). Note that G is well-defined as
H™(Q) N H}(Q) is an algebra, as o > 1. We need to use a smooth version of the damping
v. Recall that w is an open subset of Q satisfying the GCC, and that v(x) > a > 0 for
almost all z € w. Recall also that u satisfies y0;u = 0 and Ou + Bu = u3. By continuity of
generalized geodesics (see for example Theorem 3.34 of [MS78]), there exists an open subset
@, compactly included in w, such that the GCC holds for @. Consider ¥ € € >°(w, [0, 1]) such
that 4 = 1 on @. one has ¥9u = 0, implying

Ou + 30u + Bu = u®.

Let A be the infinitesimal generator of the linear part of this equation, that is

0 -1 0 0
P 3
Now, we check that the assumptions of the previous theorem are satisfied. One has
U c L®(R,X"'), and as « < 1 the embedding X' — X is compact by the Rellich theorem,
so (i) is clear. The fact that for all y € Y, P,y converges to y when n goes to infinity is
obvious when the norm of Y is expressed as a Fourier series. Together with (5.3.9), this

gives (ii). As ¥ is smooth, (i) is clear. We have already used the fact that (iv) is true (see
Theorem 5.1.5). For (u’,u!) € Y and (vg,v1) € Y, the function

2e€Cr— G ((uo, u1> + z(vo, v1)) = (0, (uo + zvo)S)

is well-defined and analytic, as H'*%(Q) N HZ(Q) is an algebra, so (v) is true.
Finally, we check that (vi) holds. one has

{DGU®)V;t € R, [V]ly <1} = {(0,u(t)v0) ,t € R, [[vo]l rrsargy <1}

Take t € R and vy € H*(Q) N H} () such that [voll gr1+anmy < 1. For e > 0 sufficiently
small, using again the fact that H'*®(Q) N H}(Q) is an algebra, one obtains

e

2 2 2
e S HOP00] o S IO oy ol ivacsy S lule )

The embedding H§ ™ (Q) — HE(S) is compact by the Rellich theorem, so (vi) is true. The
previous theorem gives (5.3.5).

Proof of (5.3.6). One has 0fu(t) € H'**(Q)NH(Q) for all k € Nand all @ € (%, 1). This
will give (5.3.6) by standard elliptic regularity properties and a bootstrap argument. More
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Chapter 5. The damped focusing cubic wave equation on a bounded domain

precisely, we use the following result, which can be found (for example) in [GT01], Theorem
9.19. Note that for £ € N and A € (0, 1), the norm of €*(Q) is given by

0fv(x) — dfv(y) —
@ta = max (H@fUHLm(Q) +  sup ’ . veENQ).

[v

A
1B1<¢ z,yeQ,x#y ‘CL' - y‘

Theorem 5.3.5. Let O be a smooth Riemannian manifold, with or without boundary. Let
u € H*(O)N HYO) be such that Au = f € €“NO), with £ € N and X\ € (0,1). Then
u € €A (@)

Set o = 3. We will use the fact that there exists A € (0,1) such that the Sobolev
embedding H'T%(Q) — ¥%*(Q) holds true (see for example [AF03], 4.12, Part II with n = 3,
p=2and j =1). We prove by induction on ¢ € N that for all ¢ € €°(R) and all k € N,

pofu € ¥ (R x Q). (5.3.10)

We start with £ = 0. Consider ¢ € €°(R), k € N, and let I C R be a compact interval
such that supp ¢ C I. One has dfu, 0F ™'u € €°(1, H'**(Q)), implying

O, 0FHu e L1, 4% (Q0))
by the Sobolev embedding mentioned above. For x,y € Q, t,t’ € I, one has
(6(10Fu(t,z) — Bt u(t', )|

[6(0)] |OFut 2) — Ofu(t,y)| +

IN

[ o (69kw) s,

I (Y WY Tt NN [

yielding (5.3.10) for ¢ = 0.
Now, let £ € N be such that (5.3.10) holds true. As above, consider ¢ € €°(R), k € N,
and I C R a compact interval such that supp ¢ C I. One has

(97 + ) (00fu) = 0} (¢0Fu) + ¢0f (Ofu+ fu — ).

N

As %A (R x Q) is an algebra, (5.3.10) gives (07 + A) (qb(")fu) € €% R x Q). One also has
(97 + ) (s0fu) € LI x ),

yielding ¢ofu € H?(I x Q). By Theorem 5.3.5, applied in a smooth open subset of I x
containing supp ¢ x €2, one obtains (5.3.10) for ¢ + 1. This proves (5.3.6).

Step 3: identification of the limit. Here, we complete the proof of Proposition 5.3.1 by
showing that u is a stationary solution of (5.0.1). We use Corollary 3.2 of [JL13] (which is a
consequence of Theorem A of [RZ98]), which we copy here for convenience.

Theorem 5.3.6 (Corollary 3.2 of [JL13]). Let T' € (0,+o00] and let b, (¢;)i=1,.23 and d be
coefficients in € (2 x [0,T),R). Assume moreover that b, ¢ and d are analytic in time and
that u is a strong solution of

Otu = Au+ b+ c- Vu+mou, (t,z) € (=T,T) x .
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5.3. Convergence towards a stationary solution

Let O be a nonempty open subset of Q such that u(z,t) =0 in O x (=T,T). Then u(x,0) =0
m
Or ={r € Q,d(z,0) < T}

where the distance d(z, Q) is defined as the infimum of the lengths of the €' —paths between
x and a point of O.

We apply this theorem with O = w and T' = +o00: the GCC implies that Op = Q is that
case. As u € T°(R x Q), if v = Jyu then one has

v = Av — Bu + 3uv.

As u is smooth and analytic in time, and as v = 0 on w, one obtains v = 0. Hence, u is a
stationary solution of (5.0.1), and this completes the proof of Proposition 5.3.1. O

5.3.2 Convergence of a global solution

Here, we prove Theorem 5.0.5. Let (u®,u!) € H}(Q) x L?(Q2) be such that the solution u of
(5.0.3) with initial data (u",u!) exists on R;. In a companion paper [Per24], we prove that
there exists C' > 0 such that

[y + 10u@) 2 < C, =0, (5.3.11)
By (5.3.11), the energy of u is bounded. Hence, as the energy is nonincreasing, there exists

FEoso < E (u°,u!) such that
E (u(t), du(t)) =52 B

The energy equality gives
> 2
E (uo,ul) —FEyx = / / v |Opu|” daedt < 0o
0 Q

and this allows us to use Proposition 5.3.1. More precisely, let (7},)n,en be a time-sequence
satisfying T}, — +oco. For all T' > 0, one has

TntT 2 n—00
/ / v |0wu|” dedt —— 0.
n—T JQ

Using also (5.3.11), we see that all the assumptions of Proposition 5.3.1 are satisfied by

. . 0,1 — (0 1 . ~ . .
the constant sequence (uy,uy,), .y = (u”,u'), . Hence, there exist an increasing function

¢ : N — N and a stationary solution w of (5.0.1), both depending on the sequence (7},), such
that for all T' > 0,

n—oo

)—>O.
LQ

sup (HU(T¢(n) +1t) — fw’

te[-T,T) H} + Hatu(T¢>(n) + t)‘

In particular, this implies
J(w) = lim B (w(Ty)), 0l Tyim) ) = Eoo

Now, we assume that

there is an at most countable number of stationary solution w such that J(w) = Fu.
(5.3.12)
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Chapter 5. The damped focusing cubic wave equation on a bounded domain

We show that this implies that w is, in fact, independent of (7},). Assume by contradiction
that there exist two sequences (T,) and (7)) such that for all T > 0, one has

sup (Hu(Tnth) —w| g+ ‘\atu(Tn+t)“L2) nzoo
te[-T,T) 0
and
sup (I[ulT) + 1) = /| s + 9T + 1) 2) 22 0
te|-T,T) 0

where w and w’ are two distinct stationary solutions of (5.0.1). Consider ¢ € L?(f) such

that
/wcpdx</w’g0da:.
Q Q

For t > 0, set a(t) = [, u(t,z)¢(z)dz. The function « is real and continuous. One has

. - / BT /
nh_)rlgoa(Tn) = /ngodac < /Qw pdr = lim_ a(T,)
so by the intermediate value theorem, for all ¢ € [, wedz, [, w'pdz], there exists a sequence
(tn)n such that t, — +oo and

n—00
— L.

a(ty)

Hence, for all such ¢, there exists a stationary solution w” such that J(w”) = E, and

Ez/ w”pdz.
Q

This is a contradiction with (5.3.12).

Summarizing, we have proved that there exists a stationary solution w such that for all
sequence (Ty), such that T, — +o0, there exists a subsequence (T(,))n such that for all
T > 0, one has

n—00
) ==
L2

A basic contradiction argument ends the proof of Theorem 5.0.5.

o ([T + 0w,y + outTo + 0]

5.4 Stabilisation of global solutions below the ground state
energy
5.4.1 Case of a positive damping

In the case of a positive damping, it is possible to make a short proof of the stabilization of
solutions of (5.0.3) initiated in # . That proof is based on the arguments of the proof of
Proposition 2.5 of [JL13] and on Lemma 5.1.8.

Theorem 5.4.1. Assume that v(x) > a > 0 on 2. Then for any Ey € [0,my), there exist
C > 0 and A > 0 such that for all (u®,u') € #F such that E (u°,u') € [0, Ev), if u is the
solution of (5.0.3) with initial data (u°,u'), then

lu(@)ll gy + 10eu(®)ll 2 < Ce™™, ¢ > 0.
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5.4. Stabilisation of global solutions below the ground state energy

Remark 5.4.2. Note that C' and A depend on Fy. The following result is false: there exist
C > 0 and A > 0 such that for (u°, u') € #* and ¢t > 0, one has

[u()ll g1 + |10u(t)]] 2 < Ce . (5.4.1)

n’ ’VL

initial data (u9,ul). Recall that if j(A) = J(AQ), then one has j'(\) > 0 for A € (0,1) and

n7 n

7' (\) < 0 for A > 1. In particular, this implies K(u%) > 0 and (u%,ul) € 2#*+. Hence, if

n» -'n

(5.4.1) is true, then there exists 7' > 0 such that for all n € N*, one has

Indeed, for n € N*, consider (u,ul) = ((1 — 7) Q, O) and write u, for the solution with

1
ln(Tllg < 5 19 -

By continuity of the source-to-solution operator (see Lemma 5.2.4), one has
lun(T) = Qll g *==> 0

and this is a contradiction.

Proof. Consider Ey € [0,my), and (u’,u') € T such that E (u®,u') < Ey. For e > 0, we
define

E(t) = E (u(t), du(t)) + /Q u(t, 2)pult, z)dx.

Recall that as K(u(t)) > 0, one has

B (u(t), (1)) = § Nl + 5 103, €20,

For £ > 0 sufficiently small, one finds

E (u(t), Oru(t))

N =

€ /u(t,w)@tu(t,x)da: <
Q

implying
%E (u(t), dpu(t)) < Eo(t) < gE (u(t), dpu(t)), t>0. (5.4.2)

Using the energy equality, for € > 0 and ¢ > 0, one obtains
EL(1) = [ (e =) oru(t) de — < Ju) i + < [u(®)}s ~ < [ yu®)opu(t)as.
As v > «, this gives
EL(t) < (e — @) | 0pu(t) |72 — e llu(®) | + & [[u(®) 74 —5/ vu(t)dpu(t)de
Note that for ¢ > 0, one has
J(u(t)) < E (u(t), u(t)) < E (uo,ul) < Ey < mp

so by Lemma 5.1.8 (%), there exists C' > 0 such that K(u(t)) > C ||u(t)H§{3 for all ¢ > 0. This
gives

E{(t) < (€—a)|!<9tU()HL2—€CHu()||H1—€/W (t)dpu(t)da
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Writing
3

u(t, )0t 2)dz| S 2 u(t)]|fn + e [Ou(t)])7

(L)
S~

one finds

EL(t) < (¢ — a+ C'VA) [10u(t)|[22 + = (C'VE — ©) llu()l %

for some C’ > 0. Consider T > 0. For € > 0 sufficiently small, one has
r 2 2
EAT) = B0) S = [ (lou(t)] + u(t) )
and using (5.4.2), one finds
E (u(T), iu(T)) — 3E (u(0), dyu(0 / E (u(t), dpu(t)) dt

As the energy is decreasing, this gives

E (w(T),0u(T)) — 3E (u(0),0u(0)) < —TE (u(T), 0wu(T)) .

Choosing T sufficiently large, one obtains

E(u(T),0u(T)) < pE (u(0), 9u(0))

for some p € (0,1). As (u(t),dpu(t)) € # T for all t > 0, we can iterate this process to get
E (u(nT), 0pu(nT)) < u"E (uo,ul) , neN,

This completes the proof. ]

5.4.2 Case of a damping satisfying the GCC

Here, we prove Theorem 5.0.4, using Proposition 5.3.1. We spit the proof into two steps.
Step 1: observability estimate and application of Proposition 5.3.1. To prove
Theorem 5.0.4, it suffices to show the following observability inequality: there exist C' > 0

and T > 0 such that for all (u°,u!) € #F with E (u°,u') < Ep, the solution u of (5.0.3)
with initial data (u®,u') satisfies

u Lul <C// ) [0u(t, z)|?* dzdt.

Indeed, if that observability inequality holds, then using the energy equality, one obtains
E (u(T), 0u(T)) < <1 - 1) E (u,u')

» Ut =~ C 5 .

As (u(t), Opu(t)) € Tt for all t > 0, we can iterate this process to get
L\" 0,1
E (u(nT), 0u(nT)) < (1= 5 ) E («*u'), nen
This proves that ¢t — E (u(t), 0yu(t)) decays exponentially. As K(u(t)) > 0, one has
1 2 1 2
B (u(t), du(t)) > § Ju(t)y + 3 10u(r) 3
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5.4. Stabilisation of global solutions below the ground state energy

and this gives the conclusion.

We prove the observability inequality by contradiction. We assume that there exists
a sequence (Th)n>1, satisfying T,, — +oo, such that for all n € N, n > 1, there exists
(ul,ul) € #* such that E (u,u}) < Ey and

n’ “n n)» -'n

Tn
/ / ) |Orn(t, )| dadt < E( ). (5.4.3)
For n > 1and t > 0, as K(un(t)) > 0, one has
i (8 + 1001 ()22 S B (un(8), (1)) < B (w2, ul) < Eo.

Write T), = % For all T > 0, if n € N is sufficiently large, then
T, +T
/ / + |Orun|? dadt < / / + 1Ostn|? dadt.

T, +T N
/ /’y|8tun| dedt =50, T >0.

This gives

Hence, we can apply Proposition 5.3.1: there exist an increasing function ¢ : N — N and a
stationary solution w of (5.0.1) such that

sup <Hu¢ (T +1) wH + H(‘)ﬂqb ) (T —i—t)‘ 2) 720, T >0.

te[-T

As the energy is nondecreasing, one has

J( ) = lim F (u¢( )( (;)(n)),atqu(n) (T<;/$(n))> < E() < my.

n—oo

Hence, w is a stationary solution satisfying J(w) € [0,mg): this gives w = 0. Using the
energy equality, one has

Tn
E (un( ) 8tun(T )) > E(un( n)78tun(Tn)) — / / |8tun t ZL‘)| d:L‘dt

so that (5.4.3) gives

n

E (un(T?), 8yun(T0)) > (1 - 1) E (ug, u}l) .

In particular, one obtains

0 1 n—00
B (i ufny ) " 0.
For n € N*, set ay, = /E (u9,u)). In the next step, we will consider the equation scaled by

ay, to get a contradiction.

Step 2: the scaled equation. For n € N, set w,, = Z—Z For n € N*, w, is the solution of

2.3
Uw, + fw, = a,w;,

and one has

1 E (un(T},), Oun (T,
Jon (T3 g + 10n (T = o (lun( T3y + 0T 7 ZLn Tk rin(Ta))

n n
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Using the energy equality and (5.4.3), one finds

1 1 1 1
2 2
lwnTly + Worn @I 2 5 (B (ud) - 2B (b)) =1-5 25, =2

2 -2
(5.4.4)
Recall that A denotes the infinitesimal generator of the linear part of (5.0.3), that e/ is
the associated semi-group, and set

W, = (wn, Qw,) and  F, = (0, aiwf’b) .
Using the Duhamel formula, we can write
Tn
Wi(T,) = ™AW, (0) + / eTn=9)AE (5)ds
0

[Tn] -1

1 Th
=AW, (0)+ Y eInhA / e AF, (k + s)ds + eTn=94F, (s)ds.
P 0 [T ]
(5.4.5)
As K(uy(0)) > 0, one has
1 E (u,(0), Opuyn (0
lwn(O)lI7 + 10w (O)II72 = — (len(O) 1771 + 195 (O)]72) S (il 312 il

Hence, the sequence (W,,(0)) is bounded, and linear stabilisation (Theorem 5.1.5) gives
e AT, (0) 222 0

in H}(Q) x L?(Q2). Next, write

A Sobolev embedding gives

1
/ e SAE, (k4 s)ds
0

S 1Bk + s o, 22y = ||ades]

L'((k,k+1),L2)

H}xL?

1
/ e *AF, (k+ s)ds <

0

1 3 5
H&XLQ 7” ||unHL3((k,k+1),L6) 5 Oéin ”(Una atu”)||L°°((k,k+1),Hé><L2) .

Using K (u,) > 0 and the fact that the energy is nonincreasing, one obtains

3

1 E(u,ul)?
e S AF, (k + s)ds < —T =/,
/U n( ) H}xL? 79 "

Hence linear stabilisation gives

1
e(T”_k)A/ e *AF, (k + s)ds < M) o
0

HJ xL?
where A > 0 is a constant, implying
[Tn] -1 1 [Tn]—1
> e(T"_k)A/ e *AF, (k + s)ds < > AT o < .
k=0 0 Hixz2 k=0

Similarly, one has

< Jag.

1
HjxL?

As ay(y) — 0, coming back to (5.4.5), one finds

Ty
/ eTn=9)AF (5)ds
[T ]

n—00

Wom) (To(m)) —— 0
in H}(Q) x L?(2), a contradiction with (5.4.4). This completes the proof of Theorem 5.0.4.
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Chapter 6

Local controllability around a
regular solution and
null-controllability of scattering
solutions for semilinear wave
equations

This chapter is based on the article [Per23b], which has been prepublished and will be sub-
mitted in a journal shortly.
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Introduction

Setting and main results. Let 2 < d < 5. Let 2 be the interior of a smooth d-dimensional
Riemannian manifold, with or without boundary, which is either a compact Riemannian
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Chapter 6. Local controllability and null-controllability of scattering solutions

manifold, or a compact perturbation of R? that is, the complement in R% of a smooth
bounded (possibly empty) open set, with a metric equal to the Euclidean one outside a ball.
In short, we write 0Q = 0 if Q is either R or a compact Riemannian manifold without
boundary, and 9 # ) if Q is either a compact perturbation of R? (with Q # R?) or a
compact Riemannian manifold with nonempty boundary. If 9Q # (), then we denote by 9
the boundary of €2, and we write Q = QU 09, and if 0Q = (), then we write Q = Q. In
addition, we say that Q is unbounded if  is a compact perturbation of R? (or if Q = R%).

Write H}(Q) for the closure of () in H'(2). Let 3 € R be such that the Poincaré
inequality

/Q<]Vu\2 T Bluf?) do 2 /Q ufdz, ue HY(Q),

is satisfied. This specifically requires 8 > 0 if 9Q = () or if Q is unbounded. For u € H}(Q),
we write Hu||§{3(ﬂ) = fq (|Vu|2 + B|u\2) dz.

This chapter contains a local controllability and a null-controllability result. We consider
a power-like nonlinearity f € %2(R,R) satisfying f(0) = f’(0) = 0, and the following as-
sumptions. For the local controllability result, we assume that there exist Cy > 0 and « such

that
|f7(s)| < Co(1+|s))* 2 for all s € R,

2§a<%, and (a=2ifd=>5and 00 #0). (6.0.1)

For the null-controllability result, we assume that €2 is unbounded, and that there exist Cy > 0
and ag < aq such that

|f"(s)] < Co (|s]*2 + |s|*172) for all s € R,

2<ap<ar <2 and  (d#£5if 00 £ ). (6:02)

Note that «, ap and a; can be arbitrarily large if d = 2, and that (6.0.2) implies f”(0) =
0. Note also that no assumption is made on the sign of f. A typical example of such a
nonlinearity f is given by

fls) = ZAjs|s|af_1, s € R,
=0

with n € N; Ao, -, A\, € Ry and 2 < ap < -+ < @, such that (6.0.1) or (6.0.2) holds.

Remark 6.0.1. If f satisfies (6.0.2) for some ag < aq, then it also satisfies (6.0.1) for a = a;.
Hence, any result stated with f satisfying (6.0.2) can be applied with f satisfying (6.0.1).

For a nonlinearity f satisfying (6.0.1), we consider the semilinear wave (or Klein-Gordon)
equation

Ou+pu = f(u) in R x Q,
(u(0), Ou(0)) = (u®,ul) in Q, (6.0.3)
u = 0 on R x 012,

with real-valued initial data (u®, u') € H(Q)x L?(Q). If 992 = 0, then the Dirichlet boundary
condition can be removed. The local Cauchy theory for (6.0.3) is well-known. We say that
u € H}(R) is a stationary solution of (6.0.3) if u is the solution of (6.0.3) with initial data
(u,0) and if u is time-independent. If sf(s) < 0 for s € R, then (6.0.3) is said to be defocusing.
In this case, solutions of (6.0.3) are globally defined, and the only stationary solution is 0. If
sf(s) > 0 for s € R, then (6.0.3) is said to be focusing, and blow-up solutions and non-zero
stationary solutions may exist (see, for example, [PS75]).

Consider T' > 0, a € €°(Q,R) and (u’,ul) € H}(Q) x L3() such that the solution u of
(6.0.3) with initial data (u° u!) exists on the interval [0, T].
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Definition 6.0.2 (Local controllability around u at time 7"). We say that local controllability
around u at time T holds if there exists § > 0 such that for all (v’ u') € H}(Q) x L?(Q)

tisf
satisfying H(u0u1> _ (uo’ul)HHé(Q)xLQ(Q) <4,

there exists g € L'((0,T), L?(€2)) such that the solution u of

Uu+ fu = f(u) +ag in (0,7) x €,
(w(T), 0pu(T)) = (a(T), du(T)) in €,
u = 0 on (0,T) x 09,

satisfies (u(0), 9pu(0)) = (u®,ul).
We will use the notion of generalized bicharacteristic, for which we refer to [MS78].

Definition 6.0.3. For w C Q open, we say that (w,T") satisfies the Geometric Control
Condition (in short, GCC) if for every generalized bicharacteristic s — (¢(s), z(s), 7(s),&(s)),
there exists s € R such that ¢(s) € (0,7") and z(s) € w.

Recall that a smooth function F : (0,7") x 2 — R is said to be analytic with respect to t if
for all (to,zo) € (0,T) x Q, there exists a neighbourhood O C (0,7 x Q of (tg, xg) such that

—to)"
Zat (to, = T’ (t,x) € O.

The first result of this chapter is the following.

Theorem 6.0.4 (Local controllability around a trajectory). Assume that f satisfies (6.0.1),
and consider (u°,u') € HL(Q) x L%(Q) such that the solution u of (6.0.3) with initial data
(uo,ul) exists on the interval [0,T]. We make the following assumptions.
(i) Assume that there exist w C Q open and ¢ > 0 such that a > ¢ onw and such that (w,T')
satisfies the GCC. In addition, if Q is unbounded, assume that there exists Ry > 0 such
that RN\ B(0, Ry) C w.

(ii) Assume that f'(u) € L>((0,T)xQ), and that f'(u) is smooth, and analytic with respect
to t. In addition, if Q is unbounded, assume that for all t € [0,T],

|z|—o00

[V (ut, )| + [ (u(t, z))] 0,

where V is the gradient with respect to the space variable x.

Then, local controllability around u at time T holds.

In particular, if there exists a sequence (ul,ul) € H3(2) x L?(£2) such that

n» -'n

H( tns ") B ( ’ u1)HHg(Q)xL2(Q) =0,

and such that for all n € N, the solution of (6.0.3) with initial data (u2,ul) € H}(Q) x L?(Q)
blows up in finite time, then Theorem 6.0.4 contains a controllability result for some blow-up
solutions. An example of a solution u satisfying this condition is given below.

The second result of this chapter concerns the null-controllability in a long time of scat-

tering solutions, in the case of an unbounded domain satisfying the non-trapping condition.
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Definition 6.0.5 (Null-controllability in a long time). We say that null-controllability in a
long time for (u,u') € H} () x L?(2) holds if there exist T > 0 and g € L*((0,T), L*(2))
such that the solution u of

Ou+pu = f(u)+ag in (0,7) x €,
(w(0),00u(0)) = (u°,u') in €,
u = 0 on (0,7") x 09,

satisfies (u(T), 0yu(T)) = 0.

A domain is said to be non-trapping if all generalized geodesics leave any compact set
in finite time (see for example [Mel79] and [MRS77] for a precise definition). When this
condition is satisfied, resolvent estimates can be proven (see [Bur03], Remark 2.6, and ref-
erences therein). For simplicity, we adopt these resolvent estimates as our definition of the
non-trapping condition.

Definition 6.0.6. Assume that 2 is unbounded. We say that {2 is non-trapping if for all
X € €°(Q), there exists C' > 0 such that

14+l Hx(—A + )71 Xu’

We recall the definition of a scattering solution.

2
12(9) < CHU‘HL2(Q)1 uweL (Q), Im A 75 0.

Definition 6.0.7. Consider (u°,u') € H}(2) x L?(£2). We say the solution uny, of

Ount, + funt, = f(unr) in Ry x €,
(uns(0), dpuni,(0)) = (u®ul) in Q, (6.0.4)
UNL = 0 on Ry x 09,

is scattering if uny, exists on the whole interval R, and satisfies

I (nr, (8), Deune.(6)) = (i (£), Opun (6)) | g3 2y 220y ——r O

for some solution wuy, of the linear equation

Oug, + Pup, = 0 in Ry x €,
u, = 0 on Ry x 09.

The second result of this chapter is the following.

Theorem 6.0.8 (Null-controllability of scattering solutions). Assume that Q is a non-
trapping unbounded domain, and that f satisfies (6.0.2). Consider w C € open such that
there exist Ry > 0 and T > 0 such that (w,T) satisfies the GCC, and RN\B(0, Ry) C w.
Assume that there exists ¢ > 0 such that a > ¢ on w. For (u® u') € HY(Q) x L*(Q), if the
solution uny, of (6.0.4) is scattering, then null-controllability in a long time for (uo, ul) holds.

The proof is based on a local energy decay result (Theorem 6.3.1), and global-in-time
Strichartz estimates (Theorem 6.1.3), both of which can be of their own interest.

We refer to Section 2.4 for a discussion about the results of this chapter and their con-
nection to the existing literature.
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Consequences. An immediate corollary of Theorem 6.0.4 is the following. For shortness,
once a function «a is fixed, we refer to the solution u of

Ou+pu = f(u)+ag in (0,400) x Q,
(u(0), Ou(0)) = (ul,ul) in €, (6.0.5)
u = 0 on (0,+00) x 08,

as the solution of (6.0.5) with initial data (u°,u!) and with control g.

Corollary 6.0.9. Consider f satisfying (6.0.1), u € H}(Q) a stationary solution of (6.0.3),
and a € €= (9, R). Assume that assumption (i) of Theorem 6.0.4 is fulfilled for some T > 0,
that assumption (ii) is fulfilled (for all T > 0), and that the two following conditions are
satisfied.

(i) For n € N, there exist (v2,v}) € H}(Q) x L*(Q) and g, € LL.((0,+00), L*(Q)) satis-
fying
n—oo
H( U ") (u O)HHl(Q)xL2(Q) 0,

and such that the solution vy, of (6.0.5) with initial data (v3,v}) and with control g,
exists on (0,+00), and satisfies

t—00
H(’Un(t)?8tvn(t))||Hé(Q)XL2(Q) _>—> 0, n € N.
(i) For n € N, there exist (wd,wl) € H}(Q) x L*(Q) and §, € L ((0,+00), L*(£2))

satisfying
| () - (“’O)Hﬂl(me2<m =0

and such that the solution wy of (6.0.5) with initial data (w9, w}) and with control g,
blows up in finite time.

Then, there exist a neighbourhood Oqy of 0 in HL(Q) x L*(Q) and a neighbourhood Oy of (u,0)
in H () x L%(Q) satisfying the following properties.

(i) Forj=0,1, (u’,ul) € O; and (@, ') € O1_;, there exist a time T' > 0 and a control
g € LY((0,T"), L*(2)) such that the solution u of (6.0.5) with initial data (u°,u') and
with control g satisfies

(u(T"), Opu(T")) = (aO, al) .

(i) For j = 0,1 and (u°,u') € O;, there exists a control g € Li .((0,+00),L*(Q)) such
that the solution u of (6.0.5) with initial data (uo ul) and with control g blows up in
finite time.

(iii) If n is sufficiently large, then for j = 0,1, and (u°,u') € O;, there exist T' = T'(n) > 0
and g = g(n) € L*((0,T"), L*(Q)) such that the solution u, of (6.0.5) with initial data
(wl,w}) and with control g satisfies

(0 (T") 000 (T7) = (u.).

Note that (7i) contains a null-controllability property for some blow-up solutions. The
proof of Corollary 6.0.9 is straightforward, using Theorem 6.0.4 multiple times and the time-
reversibility of (6.0.3).

139



Chapter 6. Local controllability and null-controllability of scattering solutions

We give two examples of applications of Corollary 6.0.9. If f is a focusing nonlinearity
satisfying (6.0.1) or (6.0.2), then one can prove that there exists a special stationary solution
Q of (6.0.3), called the ground state (see for example [IMN11], [PS75]). The ground state is
smooth, and decays at infinity if €2 is unbounded.

First, we consider the case Q = R¢, § = 1, with a nonlinearity f satisfying the H'-
subcritical case of [IMN11], and satisfying (6.0.2). An explicit example is f(s) = s®, with
d = 3. It is shown in [IMN11] that the set of initial data with energy strictly below the energy
of the ground state can be partitioned into two disjoint non-empty sets, X and K~ such
that a solution initiated in K is globally defined and is scattering, while a solution initiated
in I~ blows up in finite time. One can check that ((1 £¢)Q,0) € T if ¢ > 0 is sufficiently
small. Hence, assumption (i) of Corollary 6.0.9 is satisfied, for (w9, w}) = ((1 + %)Q,O)
and g, = 0. By Theorem 6.0.8, for n sufficiently large, there exists a control g,, such that the
solution vy, of (6.0.5), with initial data ((1 - 1@, 0) and with control g, is equal to 0 for
t sufficiently large. This implies that assumption (7i) of Corollary 6.0.9 is satisfied. Hence,
Corollary 6.0.9 can be applied in that case, with (u’, u!) = (Q,0). Another way to see this
is to use the existence of a heteroclinic solution in the spirit of [DMO08], that is, a solution W
which is scattering (for positive time), and satisfies

W (), W (£)) — (@ )| g1 ety 12 ety —— 0.

The existence of such a solution W is proved in [NS1la] and [NS12], in the case f(s) = s3,
d=3.

Secondly, we consider the case of a bounded domain €2, with d = 3 and f(s) = s®. In this
case, the sets KT and K~ are defined by

2 4

A= {0 € HY@) x Z0). E ) < B0 [y 0> [0}

= = {0, ut) € HH®) x T0), B (0, t) < (Q,0), [y < [l bacoy
where the energy is given by E (u%, ul) = 3
in K is globally defined, and a solution initiated in X~ blows up in finite time (see [PS75]).
In [Per23c], a stabilisation property under the GCC is shown for solutions initiated in KT.
As above, using the fact ((1+¢)Q,0) € KT if ¢ is sufficiently small, one concludes that the
assumptions of Corollary 6.0.9 are satisfied.

We give a second immediate corollary of Theorem 6.0.4.

(17 =% a0+ 3 [l |72+ A solution initiated

Corollary 6.0.10. Consider f satisfying (6.0.1), and a € €°°(2,R) such that assumption
(i) of Theorem 6.0.4 is fulfilled for some T > 0. Consider O C Hg(Q2) x L?(2) satisfying
the following condition : for all (u°,u') € O, there exists g € LL _((0,+00), L?(Q)) such that
the solution u of (6.0.5) with initial data (u®,ul) and with control g exists on (0,+00), and

satisfies

(), D) | 13 0y w1202y — 0.

Then, for all (u®,ul), (@°,a') € O, there exist T' > 0 and g € L'((0,T"), L*()) such that
the solution u of (6.0.5) with initial data (uo,ul) and with control g satisfies

(w(T"), 0(T")) = (a@°, ).

In short, if O C H}(Q) x L?() satisfies the conclusion of Corollary 6.0.10, we say that
exact controllability in O in a long time holds. If O = H{(Q) x L*(9), we simply say that
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exact controllability in a long time holds. We give three examples of applications of Corollary
6.0.10.

First, as above, consider the case of a bounded domain 2, with d = 3 and f(s) =
s3. The stabilisation result of [Per23c], together with Corollary 6.0.10, implies that exact
controllability in KT in a long time holds.

Secondly, consider the case of an unbounded domain with a defocusing nonlinearity, such
that all (finite-energy) solutions are scattering (see [Bre84], [GV89], [Nak01]). Assuming,
in addition, that € is nontrapping, that f satisfies (6.0.2), and using Theorem 6.0.8, one
concludes that the assumption of Corollary 6.0.10 is satisfied for O = H{ () x L2(Q). Hence,
in this case, exact controllability in a long time holds.

Thirdly, consider the case of a domain €2 and a defocusing nonlinearity f such that a
stabilisation property holds, as in [AIN10], [DLZ03], [JL13] for example. Then Corollary
6.0.10 implies that exact controllability in a long time holds.

Outline of the chapter. In Section 1, we recall local-in-time Strichartz estimates, we prove
some basic inequalities which follow from (6.0.1) and (6.0.2), and we construct the solutions
of (6.0.3) and of some time-dependent equation. In Section 2, we prove Theorem 6.0.4,
relying on an exact controllability result for a linear wave equation with partially analytic
coefficients. In Section 3, we establish the local decay of the energy and the global-in-time
Strichartz estimates, and we show that they imply Theorem 6.0.8.

6.1 Preliminaries

6.1.1 Strichartz estimates

Definition 6.1.1 (Local admissible exponents). Consider p, g € R.

o Assume that d > 3 and 99 = (). Then, we say that (p,q) is a pair of local admissible
exponents for 2, and we write (p,q) € Aq,if 1 <p<o00,2<¢g< d2d37 (q,d) # (+0,3),

and L +q22

o Assume that d > 3 and 99 # (). Then, we say that (p,q) is a pair of local admissible
exponents for 2, and we write (p,q) € Aq, if 1 <p < o0,

1
=+

'-Q\&.
IS

- 29<q<14 ifd=3
o 2<g< D ifg>4q

i
)

o If d = 2, then we say that (p,q) is a pair of local admissible exponents for 2, and we
write (p,q) € Ag,if 1 <p<ooand 1< g < oc.

A picture of the local admissible exponents can be found in Figure 6.1.

Theorem 6.1.2 (Local-in-time Strichartz estimates). Consider T' > 0. There exists C > 0
such that for all (p,q) € Aq, (u¥,ul) € HY(Q) x L3(Q), and g € L([0, T, L*(2)), the unique
solution u of

Ou+ pu = g mn R x €,
(u(0), 0u(0)) = (u®ul) in Q,
u = 0 on R x 99,
satisfies
0,1
lull ooy oy < C (H(u ) | o ez ||g||L1<[0,T],L2)) : (6.1.1)
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Figure 6.1: The local admissible exponents Aq, in gray.

Proof. If d = 2, then the Sobolev embedding H'(2) < L9(2) holds true for 1 < g < +o0
(see for example [AF03], 4.12 Part I Case B, with n = p = 2 and m = 1). Hence, in that
case, one has

lull oo ry20y S Wellpoe oy S || (w0t | |+ llgllzom o

HL(Q)xL2(Q

for all (p,q) € Aq.

Now, we assume that d > 3. Note that an estimate for the wave equation can be used
for the Klein-Gordon equation, as one can absorb the low-order term for 7" sufficiently small,
and iterate to get the result for large T

Case 1 : Q = R% Here, we rely on [KT98] (which is a generalisation of [Kap90], [MSS93]
and [LS95]). See [Tat02] for the case of non-smooth coefficients. The original result in R? was
proved by Strichartz [Str77]. By Corollary 1.3 of [KT98] with (¢,7,7) = (+00,2,1), (6.1.1)
holds true if 2 < p < o0, 2 < ¢ < 00, (p,q,d) # (2,00,3),

1 d d 2 d—1 d-1
- 4+-=--1 and -4+ — < ——.
P oq 2 p q 2
Note that if%—i—d = %—1, then 2 + <=1 < % is equivalent With%ﬁ %,acondition which

is weaker than p > 2. Hence, (6.1.1) holds true if 2 < p < 00, 2 < ¢ < 0, (p,q,d) # (2,00, 3),
and % + g = % — 1. Tt is well-known that

1wl Lo fo,77,51) < C (H(Uoﬂtl) ,t HQHLl([o,T],L?)) :

HH&(Q)XLQ(Q

Using also the Sobolev embedding H'(Q) — L%(Q), one finds (6.1.1) with (p, q) = (+00,2)

and (p,q) = (+oo, d%dQ). By interpolation, (6.1.1) holds true with (p,q) = (400, q), for all
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5 |- Finally, as the estimate is local in time, if (6.1.1) holds true for some (p,q),

then it also holds true for (po, ¢), for all py € [1, p].

q € {2,%}

Case 2 : (2 is a compact manifold with boundary. In that case, we refer to the results of
[BSS09] (which extend those of [BLP08]). Note that Ivanovici’s counterexamples in [Ival2]
show that Strichartz estimates are not true for the full range of exponents in the case of a
manifold with boundary. By Corollary 1.2 of [BSS09], applied with (r,s,v) = (1,2,1), (6.1.1)
holds true if 2 < p < 00, 2 < ¢ < 0,

1 d d 3421 ifd=
“+-=—--1 and {f 9-71 .
54-535

p q 2 ifd>4
If %4—% 4_1andd =3, then 2 + < 11is equivalent with ¢ < 14. Similarly, if 1 + 2=20_1
and d > 4, then 1 5+ 5 S is equlvalent with ¢ < 2(d 1) As above, (6.1.1) holds true Wlth

(p,q) = (400,q), for all ¢ € {2, d2d2], and if (6.1.1) holds true for some (p,q), then it also

holds true for (po, q), for all py € [1,p]. This proves that (6.1.1) holds true for all (p, q) € Aq.

Case 3 : Next, assume that 2 is a compact manifold without boundary. Let (Oj)j cy bea
finite family of open subsets of €2 such that each O; is included in a coordinate chart of €2,
and such that
Q=Jo;.
JjeJ
Let wj)jeJ be such that 1; € €°(0y,[0,1]) for j € J, and > ;c;¢; =1 on Q. For j € J,

let u; be the solution of

Uuj +u; = Yig in R x €,
(4;(0), Ohu;(0)) = (ju’,vjut) in €.

One has u=3",c;u;. For (p,q) € Aq and T' > 0, write

HUHLP([O,T},Lq) < Z H“jHLp([o,T],Lq) .
jeJ

If T is sufficiently small, then by finite speed of propagation, w; is supported in O’ for all
j e J. As 07 is supported in a coordinate chart of 2, we can apply Strichartz estimate in
the case of R? (with variable coefficients), to find

.0 1 .
1wl Lo (jo,r7,L0) S 126; (H(%u hju )HH(%(Q)XLQ(Q) + H%Q\Ll([o,T],m))

S H (uo’ul)HH&(Q)XLz(Q) + 9l 22 o,17,22)-

Case 4 : Finally, assume that Q is a compact perturbation of R?, and write Q = RH\U.
Fix R > 0 such that U C B(0, R) and such that the metric of QN B(0, R)C is equal to the
Euclidean one. Let (O;);.; be a finite family of open subsets of N B(0, R + 2) such that

QN B(O,R+1)c |0y
jeJ
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There exist 1)y and (¢j)j€J, satisfying the following properties : ¥; € €°(0;, [0, 1]) for j € J,
Yo € €°(R%,[0,1]), with ¢hg = 0 on B(0, R) and v = 1 on R\ B(0, R + 1), and

Yo+ Y =1
jeJ
on . Write up and (u;)jes as in the case of a manifold without boundary. Note that
Aq C Apa. Hence, applying Strichartz estimates in the case of a compact manifold for the
functions u;, j € J, and Strichartz estimates in the case of R? for ug, one completes the proof
as in the case of a manifold without boundary. O

Theorem 6.1.3 (Global-in-time Strichartz estimates). Assume that 2 is either a non-
trapping exterior domain in R, with d = 3,4, or Q = R%, with 3 < d < 5. Consider
2 < a < Y2 There exists C > 0 such that for all (v ul) € HY(Q) x

L*(Q) and

F e LY(R, L?(%)), the solution u of

Ou+ fu = F in R x €,
(u(0),0u(0)) = (u®,ut) in , (6.1.2)
u = 0 on R x 09,
satisfies
0,1

Jull o 2ey < € ([ (1) ey + 1P N1 ) - (6.0.3)

A proof of Theorem 6.1.3 is given in Section 3.

6.1.2 Basic nonlinear estimates

Here, we gather some basic estimates involving nonlinearities f satisfying (6.0.1) or (6.0.2),
which essentially result from Holder’s inequality. For u,h: (0,7) x Q@ — R, set

NLy(h) = f(u+h) — f(u) — f'(u)h. (6.1.4)

Lemma 6.1.4 (Basic nonlinear estimates - 1). Consider f satisfying (6.0.1) for some «.. For
T >0, set

XT:%O([O,T],H(}(Q)) N ¢€4[0,T], L*(Q)) N L*(0,T), L**(Q)) (6.1.5)
with

[ull x,, = max (HUHLw([o,T],Hg) 0cull Lo 10,7,y - ”UHLa((o,T),LM)) , ueXr.

(i) There exists C > 0 such that for all T > 0, and all u,v € X, one has
1) = F@) om0y < Cllw = vl (T + [ell§adory p2ey + 1015 (0m) 20)) -

(ii) Consider T > 0 and u € L*((0,T), L**(2)). There erists C = C(T,u) > 0 such that
for u,v € X, one has

INLu(u) = NLu()ll 1oy 22 < C 1w = vl (ully + ol + ey + o1%)
(iii) There exists C > 0 such that for T >0 and u € L*((0,T), L**(R)), one has

1 (@l 11 o.my.22) < € lullg (T + al§agor r2e))

for all u € Xp.
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Remark 6.1.5. If d = 2, then one has X7 = €°([0, 7], H*(Q)) n €*([0, T], L?()), and

lull ey S maxc ([1ull poe o,y - [1000ll e o 7,020 ) - 4 € X,

by the Sobolev embedding H'(Q) — LP(Q) for 1 < p < 400 (see the beginning of the proof
of Theorem 6.1.2).

Proof. As f'(0) =0 and |f"(s)| < Co(1 + |s])*2, one has
F(s1) = fls2) S ls1 = sol (14 [sa[* + [sal* 1), 1,82 € R,

implying

1) = F@lpaomeny S T e = vlleomazy + |l = ollwl* | oo

+ [l = wlfolo=|

L((0,7),L2)

for u,v € Xp. Let o/ be given by é—l— é = 1. Applying Hélder’s inequality twice, one obtains

-1 -1
[ = el oy = %= Ullzeomy. ey 1Ml e s o 1) 207 )
-1
= llu = 0ll g0,y £20) I1ull Zao7), 1209

and this gives (7).
Next, we prove (ii). For s, hi, hyg € R such that hy < hy, one has

|f(s+h1) = f(s+h2) — f'(s)(h1 — ha)]
s+h1 t "
/Sm / F(F)drdt

s+hq
<(1tls 4oy |s+h2|°‘*2)/ 1t — s|dt
S

+ha

S (1 Is 4 2l 4 s+ hol* ) [ha = ha| (] + [Bal) (6.1.6)
and (6.1.6) also holds true if hy < ho. It implies

INLuy (u) — NLu(”)HLl((o,T),L?)
S N w=v)ullpro,r),2) + 1w = v)ll 1 o,m),22)

+ H(u—v)u|u+u!‘k2’ + H(u—v)u!u—i—vla’2’

L1((0,T),L?)
) + H(u —v)vju+ v[o‘_z‘

L((0,T),L?)

+ H(u—v)v[u—i—u\a_Q‘ (6.1.7)

L1((0,T),L? L1((0,T),L?)

for u,v € Xrp.
One the one hand, Hoélder’s inequality gives

1w = v)ullprom),22) < 1w = Vllaqo,r),r20) [l Lt 0,7) 220 -

One has 1 < o/ < a, implying

6 1-0
lll o 0.1y, 2207y < Null 0,7y, 22) 1l e (0,7 220
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where 61 = 3—:% is given by 5 =60+ %. This gives

[ (w — U)UHLI((O,T) L2) S Slu— ’UHXT HUHXT (6.1.8)
On the other hand, as above, one has

|°‘—2’ (6.1.9)

|a—2‘

‘u|u+v

H(u —v)ulu+v

< _
LY((0,1),L2) — o= vllzeo1).L20) Lo ((0,1),L20")

Note that 05 = ﬁ satisfies 2a1/(_a9;2) = %‘2‘/ = 2a. Hence, applying Hoélder’s inequality with

_ 1 1 .
1= 170, T 17165y On€ obtains

Hu!quv!O‘_z‘ Lo (0T L2y = < ull o7y, £20) 10+ 01150 1) 120y (6.1.10)
Using u € L2((0,T), L?**(12)), (6.1.9) and (6.1.10), one finds
[ = oyl o2 ) S 0= Ul el aomy,eze) (U 1150y, 2o0) -
(6.1.11)

Combining (6.1.7), (6.1.8) and (6.1.11), one obtains

[INLu(u) = NLu ()| 1¢(0,7),22)
-2 -2 -1 -1
S llu—vllx, (IIUIIXT + vl x, + Nl 015, + 1ollx, el + Ivlis + lvll%, ) ;

implying (7).
Finally, we prove (7). Using |f'(s)] <1+ |s|*7 !, s € R, one finds

1/l exoiryzo) S Wellzagormy oy + 107 oy 1y

for all u € Xp. As above, using Holder’s inequality, this gives (7). O

Lemma 6.1.6 (Basic nonlinear estimates - 2). Consider f satisfying (6.0.2) for some oy <
.

(i) There exists C > 0 such that for all T > 0, one has

[ f(u) = f(v )HLl (0,T),L2)
1 1
< C ||'LL - UHLO‘O (OT L2C“0 (Hu”(zgo( OT) L2a0) + HUH(zgo (0 T) L2a0))
1 1
+C lu = vl por 02,2201y (1l (02,2200 + 1015 (ozy.220))

for all u,v € L% ((0,T), L?>*(Q)) N L*((0,T), L>**1(Q)).

(ii) Comsider T > 0 and u € L*((0,T), L?>*(2)) N LY ((0,T), L>***(Q)). Recall that NL,,
is defined by (6.1.4). There exists C = C(T,u) > 0 such that

[[NLy(u) — NLu(U)HLl((o,T),L?) <C Z [lu— UHL%‘((O,T),L%%) (HU||L%((0,T),L2%)
i=0,1

-1
10l s oy 20y + Nll 8 0.1y, 20y 10018 (0.1 20 ))’

for all u,v € L*((0,T), L**(Q)) N L ((0,T), L?**1(Q)). In addition, one can assume
that C(T,u) < C(1,u) if T € (0,1].
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(iii) There exists C' > 0 such that for all T > 0 and
u e L((0,T), L**°(Q)) 0 L ((0,T), L**1 (%)),

one has

H-f, UHLl( (0,T),L2) < ¢ Z HuH(z?lj(l[)T) L2a1) HuHLai((QT),LQO‘i) )
1=0

for all w € L2 ((0,T), L?>*(Q)) N L ((0,T), L**(Q)).
Proof. Using
[F(s1) = Fls2) S Is1 = sl (Jsa]™07! 4 [s2]207! - sa[ 4 [so ), s, €R,

one obtains

+ H\u — v|]v|°‘i*1‘

170 = SO lisoinazy & 3 ([lu=oltu| piomin)

7=

L'((0,T),L2)

As in the proof of Lemma 6.1.4, Holder’s inequality gives

—1
[l = ot Ly oy ey S 1= Plmsomy oy Nl g

implying (7).
Consider u,v € L*((0,T), L?>*(2)) N L ((0,T), L?>*(Q2)). For s, h1, hy € R, one has

|f(s+h1) = f(s+ ha) — f'(s)(h1 — ha)|
S (Is 7l 4 s+ hal ™% 4 [s 4 b 7% 4 s + bl ™) [hy = hal (Jha] + [hal)
implying
[NLu(u) — NLu(“)HLl((O,T),LQ)

DY (H(u — v)ulu+ul*?|

i=0,1

+ H(u —v)u|u+ v|ai_2‘

L1((0,T),L?) L1((0,T),L2)

H(u —v)vju+ u]o‘i_Q‘

+ H(u —v)v|u+ v\o‘i_2’

L1((0,T),L2) Ll((o,T),L2)> '
As in the proof of Lemma 6.1.4, one has

|ai—2’

H(u —v)ujlu+v L(OD.1)

i—2
S = oll s 079, 2200) Nt s (o, 2200y (1 + 0y 2200 ) o

and this gives the inequality of (7). The constant can be expressed as an nondecreasing func-
tion of [lul| fa; (0.1, £200) T [l Lai (0,7, 1201 ), implying the remark of (7i) about the constant.
Finally, one has

< [

+ Hu|u[°‘1_1‘

!
| f (u)uHLl((O,T),L2) L1((0,T),L?) LY((0,7),L2)

and as above, it implies (747). O
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6.1.3 Solutions of the wave equations

We only consider real-valued solutions of wave equations. We start with the case of linear
wave equations with time-dependent potential.

Proposition 6.1.7 (Solution of a linear wave equation with time-dependent potential).

()

(i)

(iii)

Consider f satisfying (6.0.1) for some o, T > 0. Write X for the set defined by (6.1.5),
and consider u € Xp. Then, for all (u®,u') € HF(Q)xL*(Q) and g € L*((0,T), L*(2)),
there exists a unique solution u € Xp of

Ou+pu = fl(a)utg in (0,T) x £,
(u(0), 9u(0)) = (u® ul) in Q,
u = on (0,T) x 0.

In addition, there exists C' > 0, independent of (uo, ul) and g, such that

(|

Consider f satisfying (6.0.2) for some ag < a1, and Th,To € R, with Ty < Ty. Set
Vi, my) = €011, T, Hy () N € ([T1, To), L*(2))
N L((Ty, Ty) , L**(Q)) N L ((T1, Ty) , L**1(Q)), (6.1.12)

HAO)XI2(@) + HgHLl((O,T),LQ)) :

with
lallyg, gy = mx (el oo gy gy - 190l ooy g 1)

HUHLao((Tl,TQ),L%o) , HUHLO‘I((Tl,Tg),LQO‘l)) .

Fizu € Y, 1y). For all (u°,u') € H§(Q) x L*(Q) and g € L'((T1,T2), L*()), there
exists a unique solution u € Y, 1, of

Ou+pBu = f'(wu+g in (Th,Ts) x £,
(u(Th), Opu(Th)) = (u®,ut) in Q,
u = 0 on (Th,Tz) x 0Q.

In addition, there exists C' > 0, independent of (uo, ul) and g, such that

lullyig, 2y < C (H (u®, )]

Consider V € L*>((0,T),€(Q)) satisfying
d
IV oo 0.1y x62) + D 1823V [l oo 0.7y xq) < 00 (6.1.13)
j=1
Then for all (u®,u') € L*(Q) x HY(Q) and g € L'((0,T), H (), there exists a
unique solution u € €°([0,T], L*(Q)) N€L([0,T], H~X(Q)) of

H&(Q)XL2(Q) + ”g”Ll((Tl,TQ),L2)> .

Ou+pu = Vu+tg in (0,T) x Q,
(u(0), 9u(0)) = (ul,ul) in Q,
u = 0 on (0,T) x 09.

In addition, there exists C' > 0, independent of (uo, ul) and g, such that

[wll oo (0,77, 02) T+ 10sull oo o7, 11-1) < € <H (U()vul)‘ ,t HgHLl((O,T),H—1)> :

L2(Q)x H-1(Q
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Proof. We start with the proof of (i) in the case u = 0. In that case, classical semi-group
theory gives u € €°([0,T], HE(Q)) N €1([0, T, L*(R2)), so we only need to prove

1wl Lo o,m),020) S (H(UO,UI) HHol(Q)Xp(Q) + ||9||L1((0,T),L2)> :

By Theorem 6.1.2, it suffices to show that («,2a) € Ag. That is true if d = 2. Assume that
d > 3. One has a < fl_ig, implying

1 d d+2_d-2
T

-t —=—>—". 6.1.14

2c 2c0 - 2 ( )

If 9 = () and 3 < d < 5, then a < §+2 implies 2a < d2d3, yielding (a,2a) € Aq. Now,
assume that 9Q # (. If d = 3, then a < ‘”2 = 5 implies 2o < 14. If d = 4, then o < % =3
implies 2a < Ad 31) = 6. If d =5, then a = 2 implies 2a < 2(d 1) = 4. Hence, in any case,

(o, 2c0) € Aq.
Now, we prove (%) in the case u # 0, using the case u = 0 and Picard’s fixed point theorem
in X., for € > 0 sufficiently small. Consider 0 <e <1, <T. Set

5= o)

For U € X, write u = L(U) for the solution of

i< gl 1 0,7),22) -

Ou+pfu = f(a)U+yg in (0,¢) x Q,
(u(0), 9u(0)) = (u®ul) in Q,
u = 0 on (0,e) x 992.

Using the case u = 0, one finds

L@y, < | (v S+ @U + L0012

) g
Hi(Q)xL2(Q

Lemma 6.1.4 (7ii) gives

17U 02y < CIU . (2 + al§aio 00 120 )
yielding
L), < C (64 (= + [lfal o) 120 ) U1 x.) (6.1.15)

for some C' > 0. .
Consider U,U € X, and write u = L(U) and @ = L (U) One has

Du—a)+(u—a) = f(a)(U-0) in (0,e) x &,
((u—)(0), Bulu —)(0) = 0 in ©,
u—1u = 0 on (0,e) x ON2.
Hence, the case u = 0 gives
HL(U) - L (0)’ X. S ‘ F()(U ~ U)‘ L((0,),L2)

and as above, it implies

@) =L (D), <" (+Ilidoanmn) [V -

(6.1.16)
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The constants in (6.1.15) and (6.1.16) do not depend on &, and up to increasing C or C’,
we can assume that C' = C’. To apply Picard’s fixed point theorem in a ball of radius R > 0
in X, one needs

{ C(6+(c+ HuHLQ 0).12 ) B) < R.
c (s +[al§ o0 oy ) <1

We choose ¢ such that C (a + ||lul|Ta Lga)) < %. Then, we can simply chose R = 2C4.
By Picard’s fixed point theorem, the solutlon u is constructed on [0, ], and one has

e (| A P e B

In particular, this implies

I (ue), D)) | gz 2y < 2C (H(u(’,ul) [ ||g||L1(<o,T),Lz>) :

Hence, this process can be iterated to construct the solution u on [e, 2¢]. After a finite number
of iterations, the solution w is constructed in the space X7, and satisfies

Jullx, < (20)™ <H(u u )H @xre@ T ||g||L1((O,T),L2)>

for some m € N. This completes the proof of ().

Now, we prove (7). By a basic time-translation, we can assume that [T1,75] = [0,7].
Note that both o and «; satisfy the conditions of v in (%), so that (ii) in the case u =01is a
direct consequence of (7) in the case u = 0. To prove that (i) is a consequence of (%) in the
case u = 0, one argue as above, by constructing the solution in Y]y} if € > 0 is sufficiently
small. For U € Y|y, by Lemma 6.1.6 (3ii), one has

1 1
[ (u UHLl €),[2) ~ (||u||%‘;0( (0,6),L200) T HuHCinn Oa),L2“1)> ”U”Y[o,a]
Set n(e) = HuH%&D(l(O £),L200) + Hqual(l()E) p2a1)- To apply Picard’s fixed point theorem in a

ball of radius R > 0 in Y[OH one needs

C(6+n(e)R) <R,
Cn(e) <1

where 0 > 0 is defined as above. If ¢ is sufficiently small, then one has Cn(e) < % If R =2C9,
then the previous conditions are satisfied. By Picard’s fixed point theorem, the solution u is
constructed on [0,e]. One can iterate this process as above.

Finally, we prove (%ii). The case V = 0 is well-known, and as above, using Picard’s fixed
point theorem, we prove that it implies the case V' # 0. Write Z. = €°([0,¢], L2(Q)) N
€1([0,¢], H1(Q)). By (6.1.13), one has

VU051 S €Ul (o)1) SelUllz., U € Ze.
Using this estimate, the rest of the proof of (%) is similar to the proof of (7). O

Remark 6.1.8. Note that if C'(17,T%) denotes the constant of (i), then one can assume that
C(Tl,TQ) < C(TI,Tl + 1), for Th <Tp <71+ 1.

We recall the local Cauchy theory for (6.0.3).
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6.2. Local controllability around a trajectory

Theorem 6.1.9. Consider f satisfying (6.0.1). For any (real-valued) initial data (u®,u') €
H} () x L3(Q), there exist a mazimal time of existence T € (0,+0oc] and a unique solution
u of (6.0.3) in

¢°((0,7), Hg () N €([0,T), L*(2)).

If T < 400, then

-
I l®), ()l sy (@) 2200 = +00.

For T' < T, if f satisfies (6.0.1) for some a, then u € L*((0,T"), L**(R)), and if f satisfies
(6.0.2) for some ap < aq, then

w € L*((0,T"), L**(Q)) N L**((0,T"), L**'(Q)). (6.1.17)

Proof. We only recall that the solution exists on [0,¢] if € is sufficiently small, in the case
d > 3. Set ¢ = 2a.. By (6.1.14), there exists p > « such that (p,q) € Ag. One has

[ull o (0,00, 220y < € Nl poo),00y s @ € LP((0,2), LU(R)), (6.1.18)
for some 6 > 0. Write
X =%°([0,¢], Hy()) n €'([0,¢], L*(Q)) N LP((0,¢), L(9)).

Note that (6.1.18) implies that [|ul|x < [lull g, for u € X., with a constant independent of
e € (0,1). Together with Lemma 6.1.4 (i) and (6.1.18), this gives

1) = F@)lpoeynzy S I = vllg. (e + @D Jull ! + @D %), wve Xe.

Using this estimate, Theorem 6.1.2, and Picard’s fixed point theorem, one can construct
the solution in X, if € € (0, 1) is sufficiently small. Note that if f satisfies (6.0.2) for some
ap < aj, then (6.1.18) holds for ap and «aq, implying (6.1.17). O

6.2 Local controllability around a trajectory

The proof of Theorem 6.0.4 is organized as follows. First, we prove that local controllability
around u can be reduced to local controllability around 0 for a modified nonlinear equation,
and we check that the solution of the controlled equation exists if the control is sufficiently
small. Secondly, we show an exact controllability result for the linearized equation. Third,
we complete the proof of local controllability.

Consider f, a, T and u satisfying the assumptions of Theorem 6.0.4.

6.2.1 The linearized equation

Local controllability around u can be reformulated as follows. Consider g € L'((0,T), L?(f)),
and denote by u the solution of

Uu+ fu = f(u) +ag in (0,7) x £,
(W(T),0u(T) = ((T),0u(T)  =nQ,
u = 0 on (0,7) x 09.

We prove below that u exists on [0,7] if g is sufficiently small. Set h = w — u. Then
(u(0), 9pu(0)) = (u°,ul) € HH(Q) x L?(Q) if and only if (k(0),9:h(0)) = (u°,ul) — (v’ ul),
and h solves

Oh+ Bh = f'(u)h+ NLy(h) + ag in (0,7) x 9,
(h(T),00(T)) = (0,0) in Q, (6.2.1)
h = 0 on (0,T) x 09,
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Chapter 6. Local controllability and null-controllability of scattering solutions

where NLy(h) is defined by (6.1.4). Hence, local controllability around u is equivalent to
local controllability around zero for this modified Klein-Gordon equation. We prove that h
(and so u) exists on [0, 7] if ¢ is sufficiently small.

Lemma 6.2.1. If g € L'((0,T), L?(Y)) is sufficiently small, then the solution h of (6.2.1)
is well-defined on [0,T].

Proof. We use Picard’s fixed point theorem in Xp (defined by (6.1.5)). For H € Xp, write
h = L(H) for the solution of

Oh+Bh = f'(u)h+NLy(H)+ ag in (0,7) x Q,
(h(T),(T)) = 0 in Q,
ho= 0 on (0,T) x 9.

By Proposition 6.1.7 (%), one has

HL(H)HXT < [INLu(H) + ag||L1((0,T),L2) S HNLu(H)HLl((o,T),LZ) + ”g”Ll((O,T),L2)’

and by Lemma 6.1.4 (47), this gives
ILCH) xS IH e, + 1 15 + 9l o122 -

Similarly, for H, H € Xr, one finds
|ean - v, <o -, (17, + 2]+ 1ms 7).

To apply Picard’s fixed point theorem in a ball of radius R € (0,1) in X7, as a > 2, one
needs

C (lgllp: o,ry,12) + BZ) <R
CR<1

for some C' > 0. We choose R = 2C ||gl| 11(0.1),12)- I 9]l 1((0,7),12) I sufficiently small, then
the previous conditions are satisfied. This completes the proof. O

6.2.2 Exact controllability for the linearized equation

Here, we prove the following exact controllability result.
Proposition 6.2.2. There exists a continuous linear operator

g: HYQ)x L*(Q) — LY(0,T),L*(Q)).

(uo,ul) — g (uo,ul)

such that for (u®,ul) € H} () x L3(Q), the solution of

Ou+Bu = f'(u)u+ ag(u’ ut) in (0,T) x Q,
(w(T), Bu(T)) = (0,0) in Q, (6.2.2)
u = 0 on (0,T) x 08,

satisfies (u(0), 0pu(0)) = (u® ul).

Remark 6.2.3. The two main difficulties of Proposition 6.2.2 are the following.
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6.2. Local controllability around a trajectory

(i) As the potential f’(u) is time-dependent, we need unique continuation for wave equa-
tions with partially analytic coefficients, to prove that there is no nonzero solution of
the dual equation which is equal to zero on the support of a.

(ii) As the domain  may be unbounded, the embedding H(Q)) < L?(2) may fail to
be compact. In that case, our proof relies on the assumptions that |V f'(u(t, z))| +
|f'(u(t,z))] — 0 as |z| — oo, and that a > ¢ > 0 on the complement of a bounded
region.

Proof. We show that the operator

L: L*(0,T) xQ) — HI(Q) x L?(Q).
g — (u(0), 8yu(0))

is onto, where u is the solution of (6.2.2).

Step 1 : the dual problem. For the duality between H} (2) x L2(Q) and L?(Q) x H~1(£2),
we choose

((°,0"), (w0,
Fix (v°,v!) € L2(Q) x H~1(Q). By definition, L*(v°, v') satisfies

<L*(vo,v1),g> = <(U0701)7L(9)>

L2((0,T)xQ)

1)>L2(Q)xH*l(Q),Hé(Q)xLQ(Q) - <U1’uO>H*1(Q),Hé(Q) B <U0’u1>L2(Q) ’

2
L2(Q)x H=1(Q), H () x L2(0) , g€L ((O,T) X Q)

In particular, if v is a function such that (v(0), 9v(0)) = (v°,v!), then one has

T
*0,0 1 —
(L0 0.9) oy = b 0 (= 000 u(0) 110 sy + (010, (1) )

for all g € L2((0,T) x Q). If, in addition, v is smooth, then
*(,0 1
(L7 ("0 )79>L2((07T)XQ)
T
:/0 <<_8t2v(t) + Av(t) — po(t) + f’(u(t))v(t),u(t)>

for all g € L2((0,T) x Q). This shows that for (v°,v!) € €>°(2)2, one has

pagey @), g(t»wm) dt

L*(0%, ') = av (6.2.3)
where v is the solution of
Ov+pv = f(a) in (0,7) x Q,
(v(0),0w(0)) = (v°,vh) in Q, (6.2.4)
Vo= 0 on (0,7) x 09.

By definition, L* is a continuous operator from L?(Q) x H=(Q) to L?((0,T) x Q). Thus, for
(00, v1) € L2(Q) x H~1(Q), one has

L*(0% 0t = Jim L* (02, v})
where ((v5,v})),cy 1S a sequence of elements of °(2)? converging to (v°,v') in L*(Q) x
H~1(Q)). This proves that (6.2.3) holds for all (v°,v') € L?(Q) x H~Y(Q), where v is the
solution of (6.2.4) given by Proposition 6.1.7 (7).
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Chapter 6. Local controllability and null-controllability of scattering solutions

Step 2 : a compactness property. Write L* = A + K, where A is the operator from
L2(2) x H71(Q) to L?((0,T) x Q) defined by A(v°,v!) = a¢p, where ¢ is the solution of

O¢+ B¢ = 0 in (0,7) x £,
(¢(0)76t¢(0)) = (Uovvl) in Q7
¢ = 0 on (0,T) x 09Q.

By definition, K (v°,v') = aw, where w is the solution of

Ow+ pw = f'(u)v in (0,7) x €,
(w(0),Bpw(0)) = 0 in €,
w = 0 on (0, T) X 89,

and v is the solution of (6.2.4).
We show that K is compact. Let ((v),v})), .y be a bounded sequence of elements of

n» -n
L2(Q) x H71(Q2). We want to show that there exists a subsequence of (K (vY, v}b))neN which
converges in L2((0,T) x Q). If Q is compact, then the proof is a consequence of Rellich’s

theorem. Indeed, in that case, we can assume that ((v]),v})), oy converges in H'(€) x

H~2(Q) up to a subsequence. One has
lawn — awn|| 20,7y x0) S (W (Wn = va) || 11 0.7),1-1

S |8 vh) = (0 vm)|

)

L2(Q)x H-1()

implying that the sequence (awy,), oy converges.
Now, assume that €2 is not compact. We use the following extension of Rellich’s theorem.

Lemma 6.2.4. Consider U a (possibly empty) smooth bounded open subset of R? and s € R.
Let V € €°(RN\U) be such that

851/(1'
[BI<|s—1]

0.

Then the operator
HS(RN\U) — HYRNU)
U — Vu

is compact.

A proof of Lemma 6.2.4 can be found in Appendix A. We apply Ascoli’s theorem to the
sequence (f'(u)vp),cy- For all n € N, one has f'(u)v, € €°([0,T], H (), and

[ACHCITS] PRTTEEY (CHRE] IR

Hence, the sequence (f’(u)vy,),cy is equicontinuous. Applying Lemma 6.2.4 with s = 0, one
finds that for all ¢ € [0, T, the set

{f'(u(®))va(t),n € N}

is relatively compact in H~*(2). Hence, by Ascoli’s theorem, the sequence (f'(u)vy),cn
converges in L*([0,7], H1(2)), up to a subsequence. Then, as

|awy, — awm||L2((o,T)xQ) < Hf/(u)(vn - Um)HLl((O,TLH*l) S ||f’(u)(vn - Um)HLOO((O,T),H*l) )

one finds that the sequence (awy,),y converges. Hence, K is compact.
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6.2. Local controllability around a trajectory

Step 3 : observability for a wave equation with constant coefficients. One has

@) < [[Ae® oY)

L2(Q)xH-1(Q) L2((0,T)xQ)’

by the following theorem.

Theorem 6.2.5. Assume that there exist w C Q and ¢ > 0 such that a > ¢ on w, and such that
(w, T) satisfies the GCC. In addition, if Q) is unbounded, assume that there exists Ry > 0 such
that RO\ B(0, Ry) C w. Then, there exists C > 0 such that for all (u®,u') € L*(Q) x H~1(Q),
the solution u of

Ou+ fu = 0 in (0,T) x €,
(u(0), 9u(0)) = (u®,ut) in Q,
u = 0 on (0,T) x 09,

given by Proposition 6.1.7 (iii) (with V = 0), satisfies

()]

In the case of a compact domain €2, it is well-known that the GCC implies Theorem
6.2.5, since the work of Bardos, Leabeau and Rauch (see [BLR92|, Theorem 3.8). If 2 is not
compact, we give two proofs of Theorem 6.2.5 in Appendix B. A stabilisation property in a
similar context can be found in [JL13].

L2Q)xH-1(Q) = HCWHL2 ((0,T)xQ) *

Step 4 : invisible solutions of the dual of the linearized equation. In that step,
we prove that the operator L* is one-to-one. Let (v°,v') € L2(Q) x H~1(Q) be such that
L*(v%,v') = av = 0. One has v(t) = 0 on w, for all ¢ € [0,7], and by assumption, (w,T)
fulfils the GCC. By the theorem of propagation of singularities of Melrose and Sjostrand (see
[MS78]), v is smooth. In particular, we can use Theorem 6.1 of [LL15], which we copy here
for convenience. We write d for the geodesic distance on a Riemannian manifold M, and

d(z1,w) = xlonefwd(a:o,xl), r1 €M,
for the distance to a subset w C M.

Theorem 6.2.6 (Theorem 6.1 of [LL15]). Let (M,g) be a compact Riemannian manifold
with (or without) boundary and write Ay for the Laplace-Beltrami operator on M. Let w be
an open subset of M, and consider T > 0 such that
T > sup d(z1,w). (6.2.5)
r1EM
Set P =02 — Ay +V, where V€ €%([-T,T] x Q) depends analytically on the variable t.
There ezist C, k, po > 0 such that for any (u°,ul) € H{ (M) x L2(M), if u is the solution of

Pu = 0 in (=T,T) x M,
(u(0), 9u(0)) = (ul,ul) in M,
u = 0 on (=T,T) x OM,
then for any p > pg, one has
kp el
H( ) Q)xH-1(Q) — < Ce™ull 2.y, 11 0) H( )H (QxL2(Q)

If Q is compact, then this theorem immediately gives (vo,v ) = 0. Note that (6.2.5) is
a consequence of the fact that (w,T) satisfies the GCC : see, for example, Lemma B.4 of
[LL16]. If © is not compact, then by assumption there exists Ry > 0 such that a > 0 on
R\ B(0, Rg). Hence, v is the solution of (6.2.4) on the compact domain QN B(0, Ry), and
we can also apply the previous theorem. That proves that L* is one-to-one in all cases.
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Chapter 6. Local controllability and null-controllability of scattering solutions

Step 5 : conclusion. By Step 3, one has

. oh)

L*(0°, ")

) + HK(UO, vl)‘

<
L2(Q)xH-1(Q) ~ ‘ L2((0,T) xS L2((0,T) %)

By Step 2 and Step 4, K is compact and L* is one-to-one. We apply the following classical
result, which proves that L is onto.

Theorem 6.2.7. Let X, Y and Z be Hilbert spaces, and L : X =Y and K : Y — Z be
linear continuous operators. Assume that L* is one-to-one and K is compact, and that there
exists C > 0 such that

lylly <CUIL Yl x +1Kyllz), yeY
Then, L is onto.
Proof. By Lemma 3.3.1, one has
lylly S IL%lx, yeY.
Then, Theorem 3.1.15 implies that L is onto. O
Then, for any linear subspace E of L%((0,7T) x ) such that
E®Ker L =L*(0,T) x Q),

the operator g can be constructed as a continuous linear operator from H{(Q2) x L*(Q2) to E.
This completes the proof of Proposition 6.2.2. 0

6.2.3 Local controllability for the non-linear equation

Here, we prove Theorem 6.0.4. Fix (h° k') € H}(Q) x L?(Q2). Let X = Xr be the space
defined by (6.1.5). Write g for the operator of Proposition 6.2.2. For H € X, write ¢y for
the solution of

O¢n + Bén = f'(u)¢n + NLu(H) in (0,7) x €,
(ou(T),0i0u(T)) = 0 in Q,
¢y = 0 on (0,7T) x 09,

given by Proposition 6.1.7 (7). We claim that the solution h = I'(H) of
Oh+Bh = f'(a)h+ NLu(H) + ag ((h°, h') = (¢11(0), 011 (0)))
(WT), 0W(T)) = 0
h = 0

satisfies (h(0), 9:h(0)) = (h, h'). Indeed, w = h — ¢ solves

Ow + ﬁw = f/(u>w +ag ((h07 hl) - (¢H(0)7 at(ﬁH(O))) in (07 T) X Q,
(w(T),0w(T)) = 0 in Q,
wo = 0 on (0,7) x 09,

implying (h(0), 8:1(0)) — (¢#(0), 8:¢m(0)) = (w(0), Opw(0)) = (h°, h') = (¢ (0), Bedr (0)), by
definition of g.
We show that if
_lgz0 51
0= H(h h )HHg(Q)xm(Q)
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6.3. Null-controllability of a scattering solution in a long time

is sufficiently small, then I" has a unique fixed-point in a small neighbourhood of zero in X.
By Proposition 6.1.7 (i) (applied to h = T'(H)), one has

1T < ||NLu(H) + ag (K, h) = (60(0). 00 O) |, o 7 12

Using the continuity of g (see Proposition 6.2.2), one finds

IDCH) | S INL(ED |1 o1y, 2 + || (B 51| 1@ (0). 216 (0) gy @z

HE(Q)xL2(Q

By Proposition 6.1.7 (7) (applied to ¢x), one has

1(02(0), 8:¢ 1 ()| 1 0w 22() S INBa(H) | 11 (0,17),22)
implying

IPC) e S INTaCE o )+ | 0% |y e

Thus, using Lemma 6.1.4 (ii), one obtains

I x S 1HIX + [ H[% + 0.

Similarly, for H, H € X, one has

I'(H) - F(ﬁ)HX
< |NLw(H) ~ NLu() + ag (611(0). 8161 (0) = (05(0). 20O .7 12
S NLwH) = NLo(E)| )+ 100(0),0061(0)) = (8700, 65 (0) g3 @20
S |[NLu(H) — NL“(INJ)‘ L1((0.T),L2)
<= (i + s+ ]+ )

To apply Picard’s fixed point theorem in a ball of radius R > 0 in X, one needs

C(6+R*+R* <R
C(R+RY) <1

where C' > 0 is a constant. We choose R = 2C¢. As a > 1, the previous conditions are
satisfied if ¢ is sufficiently small. This completes the proof.

6.3 Null-controllability of a scattering solution in a long time

In this section, we prove Theorem 6.0.8. In particular, we only consider f satisfying (6.0.2),
implying that ) is unbounded, and that 3 < d < 5. Note also that this requires 5 > 0. The
proof of Theorem 6.0.8 is organized as follows. First, we prove a local energy decay result for
solutions of the linear equation. Second, we prove that together with local-in-time Strichartz
estimates and global-in-time Strichartz estimates on R?, it implies global-in-time Strichartz
estimates on {2 (Theorem 6.1.3). Finally, using local energy decay, global-in-time Strichartz
estimates, and local controllability around zero, we prove Theorem 6.0.8.
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Chapter 6. Local controllability and null-controllability of scattering solutions

6.3.1 Local energy decay
Here, we prove the following result.

Theorem 6.3.1. Assume that 2 is unbounded and non-trapping, with d > 3, and consider
X € €2°(Q) and Ry > 0. There exists C > 0 such that for all (u®,u') € H}(Q) x L*(Q) and
F € L?(R x Q) supported in R x (2N B(0, Ry)), the solution u of

Ou+ fu = F in R x €,
(u(0), 9u(0)) = (u®,ut) in Q, (6.3.1)
u = 0 on R x 09,

satisfies (xu, xOpu) € L2(R, HE(Q) x L?(2)), with

e X0 gy < © [ (42,01 o+ 1Pz )

HH&(Q)XLQ(

Proof. The proof is based on [Bur03] and [Bur|. There is a small mistake in the 7™ argument
in [Bur03] : formula (2.6) is incorrect, because the operator

H*(Q) — H*(Q)
u — XU

is not self-adjoint when s # 0. Carrying out the argument with the adjoint of this operator
requires the use of more complicated resolvent estimates than those employed in [Bur03].
Instead of doing that, we rely on [Bur] : we use two TT™* arguments, at two different levels
of regularity, and we conclude using interpolation.

We split the proof in 4 steps.

Step 1 : a first TT* argument. Here, we prove that

IxOsull 2y < C H(uoul)H (w0 ut) € HY (@) x LX), (6.3.2)

HH(Q)xL2(Q)

where u is the solution of (6.3.1) with F = 0. Write H = H}(2) x L*(Q), which is a Hilbert
space for the scalar product

() (@00 ) )y = (%) g+ () oy
- <VUO’VUO>L2(Q) +6 <UO’UO>L2(Q) + <UI’U1>L2(Q) ’

and S(t) : H — H for the linear semi-group associated with (6.3.1), of infinitesimal generator

A:<A2ﬁ I(?):D(A)CH—H-L D(A) = (H() N Hy () x Hy(9).

By conservation of the energy, one has
HS(L‘) (uo,ul)HH = H(uo,ul)HH, t eR, (uo,u1> cH. (6.3.3)

Denote by m; : R?> — R the projection on the second coordinate. For ¢t € R, consider the
linear continuous operator

T(t): H — L2(Q)
(W0, ut) — xOwu(t) = xmS(t) (ud,ul)
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6.3. Null-controllability of a scattering solution in a long time

We start with the computation of 7'(¢)*. One has
<T(t) (uo,ul) ,v1>L2(Q) = <(u0,u1) ,S(t)* (O,le)>H, teR, v'eL*Q).

By Corollary 10.6 of [Paz83], the adjoint semigroup of S is a Cy-semigroup, generated by A*.
As all functions considered are real-valued, an integration by parts gives

(A () (o 01) )y = (0 0) g = (00" ) = = ()4 (00)),
for (u®,u'), (v°,0') € D(A), yielding A* = —A. Hence, one finds
T(t)*v! = S(—t) (0,)(1}1) . teR, o'eL?Q).
Fix (u% u') € H and ¢ € €2 (R x Q). Note that (6.3.2) is equivalent to

[ (70 (2. 60, < ol | 07

for some C' > 0 independent of (u%,u!) and ¢. The Cauchy-Schwarz inequality gives

/R<T(t) (uo’ul) ’¢(t)>L2(Q) dt‘ = H(uo’ul)HH

_ < / T(t) 6()dt, / T(s)*¢(s)ds>H
/< /T dS>L2(Q)dt

< ol r2@xa) 1To(A) Il 2@x0) »

¢<t>dtHH,

and

dt

where Tp : L2(R x Q) — L?(R x Q) is the operator given by

tb—>/ ds-/met—s)(Ox¢()) s, ¢e€L*(RxQ).
Write T0 for the operator

TEW) - t — /R]lt_seRimS(t —6)(0,9(s))ds, @€ L2(R x Q),

so that Too = Ty (x®) + xTpy (x¢). To prove (6.3.2), we show that

IXT5 D) o ey S 1l r2(enny - 6 € AR x Q). (6.3.4)

We start with the contribution of YTy (x¢). Set
0= [ 10t =5) 0 x6()ds, tER
R

so that mU = T (x¢). Let Ry > 0 be such that supp¢ C (—Ry, R1) x Q. One has
U(t) € D(A) for t € R, and

{ (U = AU+ (0,x9¢) in R > Q, (6.3.5)

U = 0 in (—o0, —Ry) x Q.
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Chapter 6. Local controllability and null-controllability of scattering solutions

By (6.3.3), one has sup;cg ||U(t)]|,, < oo, yielding

/R HU(t)e*m

This implies that the Fourier transform of U with respect to ¢, defined by

+oo
dt < / MMt < 00, Im7T < 0.
H Ry

O(r) = /R U(t)e™dt, Tmr <0,
is holomorphic in the half-plane {Im7 < 0}. Using (6.3.5), one obtains
(it — A)T(r) = (0,x6(r)), Im7<0.
If 72 € C\ [B, +00), then the operator i — A is invertible, with
it (~A+B—72)" (—A+p5—72)7"
A-B)(-A+B-70)"" ir(-A+p-12)7 )
2

Note that for 7 = 79 + 7 with 71 < 0, one has 72 = 78 — 72 + 2ito7y, implying 72 ¢ [3, +0c0)
as > 0. In particular, one has

ir— Al =
e

~

U(r) = (it = A) ' (0,x8(r)), Tm7 <0,
yielding

|8 v (A48 -72) " xdlr)

, Im7<0. (6.3.6)
L2(9)

L2@) ’
We use the following lemma.

Lemma 6.3.2. Assume that 3 > 0. Then there exists C' > 0 such that

-1
A+l x(-a+8-7) x| | < Clulli, 0, we LX),

L2(Q)

Proof. We prove

—1
(14 |70 +im]) Hx (—A +B -1+ T - 27L7‘07'1> Xw‘

< Clwlg.  (637)
L2()
for w € L?(2), 79 € R and 71 # 0. We start with the case 79 = 0. For u € H2(Q) N H}(Q)
and 7 € R, integrating by parts, one finds

2
= [|(=A + B) ullz2(q) + i llullz2() + 277 ullfp q) »

H (7A +A+ 712) u’ L2(Q)

implying

|(~a+8+7)u ;(

by the Poincaré inequality and the ellipticity of —A + 3. This gives

2 211112
Q) 2 ullz2 ) + 71 lullze (o) »

—1
1+ inl) (-a+8+72) wHLQ(mSHwHLz(m, neR, we LX(Q),

implying (6.3.7) in the case 79 = 0.
For 7 = 79 + i1 € C, with 79 # 0 and 71 # 0, one has Im (8 — 72) # 0, implying

J1+18-7

as ) is non-trapping (see Definition 6.0.6). As /1+|3—72] 2 1+ |7| for 7 € C, this
completes the proof. O

X(—A+ﬁ—72)_lxw

< CHw”L2(Q)7 w e L2(Q)v
L*(Q)
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6.3. Null-controllability of a scattering solution in a long time

Coming back to (6.3.6) and using Lemma 6.3.2, one finds

firio)

, ImT7 <O0.

L2(Q) ™~ L2(Q)

Writing 7 = 79 + ¢m and letting 7 tends to zero, one obtains

N 7
HXMU(TO) L2@) ~ Hé(m) e R
The Plancherel theorem gives
+ 2 2 < 2
T )] g = IXTAU 2y S 161y (6.3.8)

To estimate the contribution of xTj; (x¢), one argues similarly. Set
V(t) = / Li—s<0S(t — 8) (0, x¢(s))ds, teR.
R

One has mV =T (x¢), and

oV = AV —(0,x9) in R x ,
V = 0 in (Ry,400) x Q.

Arguing as above, one finds
XA/(T) = —(ir—A)! (O,ng(T)) , Im7 >0,

and with Lemma 6.3.2 and the Plancherel theorem, this implies

2

HXT[;(XCZ))‘ L2(RxQ

)= ||X7r1VH%2(]R><Q) S ”@H%Q(RXQ)‘
Together with (6.3.8), this gives (6.3.4), completing the proof of (6.3.2).

Step 2 : a second TT* argument. Here, we prove that

Ixull g2y < C [ (w0 ut))| )’ (w0, u') € L2(@) x H7\(9), (6.3.9)

where u is the solution of (6.3.1) with F' = 0, at another level of regularity (see Proposition
6.1.7 (iii) with V = 0). We define the scalar product on H () as

1,1 -1 -1 1,1 -1
<u,v>H_l(Q):<(—A+6) 2u, (A + B) 2v>L2(Q), ulot e HTY(Q),

and we write K = L%(Q) x H~1(9), which is a Hilbert space for the scalar product

() (00 ) = () gy () sy

The semi-group S(t) : K — K associated with (6.3.1) at the level of regularity L?(Q) x H~1(Q)
is generated by

A—<A2ﬂ Ig):D(A)CIC—HC, D(A) = H}(Q) x L*(Q).
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Chapter 6. Local controllability and null-controllability of scattering solutions

One has
(A () (00 01) ) = (st gy = (%) gy = = () A (0 0))

for (u%,ul), (v°,v') € D(A), that is, A* = —A. As S(t) = (—A + )
(6.3.3) implies

[NIE
[ I

St (-A+5)"32,

HS(t) (uo,ul)HK < H(uo,u1> teR, (uo,ul) e K.

Denote by 7 : R? — R the projection on the first coordinate, and for ¢ € R, consider

e

T(t): K — L2(Q)
(uo’ul) — xu(t) = xmoS(t) (uovul) .

One has T(t)*0? = S(—t) (xv°,0), for t € R and v* € L%(2). As above, (6.3.9) will follow

from

ITo@)l 2mxay S 0l 2@xny, @€ LAR x Q),

where Ty is given by
To(e) : t —s /Rmsu —6) (xd(),0)ds, ¢ e LA(R x Q).
One has Top = xT¢ (x¢) + xTg (x¢), with
To(¢) : t— /R]lt—selkiﬂ'os(t —5) ((s),0)ds, o € L*(R x Q).

We only estimate the contribution of xT§ (x¢), the corresponding estimate for YTy (x¢)
being similar. As above, set

U(t) = / 1i—s50S(t — s) (x¢(s),0)ds, teR,
R
so that moU = TJ (x¢), and let Ry > 0 be such that supp ¢ C (—Ry, R1) x . One has

U = AU+ (x9,0) in R x Q,
Uu = 0 in (—oo, —Ry) x L

One has U(7) = (it — A) ™ (ng(r), 0) for Im 7 < 0, implying

, ImT7 <0.

v (~a+8-7) " xé(r) o)

HXWOO(T)‘ 2(Q) ‘

As above, Lemma 6.3.2 gives

, Im7 <O0.

HXWOU(T)‘ L2(Q)

N
)
2

L2(Q)
Letting Im 7 tends to zero, and using the Plancherel theorem as above, one obtains

2
L2(RxQ

[xTd (xo) = IxmoUlzegxn) S 10122mx)
This proves (6.3.9).
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6.3. Null-controllability of a scattering solution in a long time

Step 3 : interpolation. Here, we prove that

Icull 2w, 2y < C || (w0 t))] i) (u*u') € HY(Q) x LX(Q),  (6.3.10)

where u is the solution of (6.3.1) with F' = 0. By interpolation, (6.3.10) follows from Step 2
and

uo,ul) c (HQ(Q) mH&(Q)) x HL(Q),
(6.3.11)

”XUHLQ(RHQWHS) ¢ H(uo’ul)‘ H2NHY(Q)x HL(Q) (
where the norm of H2(Q) N H} () is given by
] = =2+ 8

and where v is the solution of (6.3.1) with F' = 0.
We use the following elementary lemma.

Lemma 6.3.3. There exist x € €°(2) and C > 0 such that
Ixtll s o) < € (IX (=2 + B)ull ooy + [Xull () - w € HA(Q) N H(Q).
Proof. Fix u € H2(Q) N HL(Q), and let x1 € €°°() be such that x1x = x. One has

u’ € H*(Q) N H}(Q),

H2NH}(Q) 2()’

Ixull zr2n ) < Ix (A + B) ullpziq) + 1(AX) ull 2y + 2 VX - Vull g2
S Ix (=8 + B) ull 2y + [[(AX) ull 20y + Ixrull g o -
We only need to estimate the last term. Integrating by parts, one finds
Iaulip o) = (A +8) (xiu) , x1u) 2oy
= (X1 (=A+ B) u, x1u) 12(q) — 2(Vx1 - VU, x1u) 12 — (Axa) u, x1u) 2 -

(6.3.12)
Another integration by parts gives
1
—2(Vx1 - Vu, xau) 2 () = 3 /Q A (X%) u?dz, (6.3.13)
and together with (6.3.12) and the Cauchy-Schwarz inequality, this yields
Il ey S e (= + B) ull2aqy + lixzul 2oy
for some x2 € €°(Q) satisfying xax1 = x1. This completes the proof. O

Now, we prove (6.3.11). Consider (u®,u') € (H*(Q) N HE(Q)) x H(Q), and write u for
the solution of (6.3.1) of initial data (u°,u'), with F = 0. Lemma 6.3.3 gives

Ixtll L2~ 1y, m2nmsy S IX (A4 B) ull 2oy <o) T IXUll L2 —ryxy . T>0,
for some x € €>°(Q2). Note that v = (—A + ) u is the solution of (6.3.1) of initial data
(1% 0") = ((—a+8)u’, (—A+ 8)u') € L(Q) x HT1 (%),
and with F' = 0. Applying the estimate of Step 2 (with x instead of x) to u and v, one finds

UO, U1>‘

Icullaqraymoomy S (0% 0) | agpear-sio *

<[ ()]

for T > 0. This gives (6.3.11). As explained above, this proves that (6.3.10) holds true.

L2(Q)x H-1()

H2NHN(Q)xHL(Q)
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Chapter 6. Local controllability and null-controllability of scattering solutions

Step 4 : the inhomogeneous estimate. Here, we prove
1Oc, X0 | 2y S IF 2y, F € L*(R x B(0, Ro)), (6.3.14)

where u is the solution of (6.3.1) of initial data (u”,u!') = 0, with source term F. By linearity,
together with Step 1 and Step 3, this will complete the proof of Theorem 6.3.1. Writing
F = Fljg o) + F1(_y ) and using the linearity and the time-reversibility of (6.3.1), it
suffices to prove (6.3.14) for F' supported in Ry. By density, one can also assume that F' is
smooth and compactly supported.

Consider F' € €°(Ry x B(0,Ryp)), and write U = (u, 0yu), where u is the solution of
(6.3.1) of initial data (uo, ul) = 0 and with source term F. By the Duhamel formula, one has

U(t)—/OtS(t—s) (0,F(s))ds, teR,
yielding

t
V@ lyeprzen S [ 1P @ ds S1 teR

by (6.3.3). As U(t) = 0 for t < 0, this implies that the Fourier transform of U is holomorphic
in the half-plane {Im7 < 0}. As w is a solution of (6.3.1), one finds

(it — A)U(1) = (O,ﬁ(T)) , Im7<0.
As in Step 1, one has
0(r) = (ir — A~ (0, F(7))
= ((—A +8— 7'2)_1 F(7),it (—A + 8- 7'2)_1 1?'(7')) , Im7 <0.

Let xo € €2°(92) be such that xox = x and xoF = F. One has

2 2

XU (7) o (A + 8 —72) " xoF ()
0| ( )

<
Hg () L*(Q) ™ ’

Hy(Q)

- ’ XoT (—A + 8- 72)71 XoF(7) ;(Q) , Im7 <0. (6.3.15)
Fix 7 € C, Im 7 < 0. On the one hand, Lemma 6.3.2 gives
’ wor (~A+8-7) " xoF(r) SIF@ (6.3.16)
L2(Q) @)

On the other hand, to estimate the other term of (6.3.15), we use (6.3.12) and (6.3.13). It
gives

1
Ixowlizy) = (0 (A + B) w, xow) 20y + 5 /ﬂ A (x8) wdz = {(Axo) w, x0w) 120 -
with w = (-A+ 8 — 7'2)_1 XoF' (). One has

(XO (_A + 5) w, X0w>L2(Q) = <X0 (—A + ,3 — 7'2) w, X0w>L2

(@GP (r), xow)

@ +7% (xow, Xow) £2()

2
+ 72 I xowl|72(0

()
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6.3. Null-controllability of a scattering solution in a long time

implying
2
2 <& 2 9 B o\t ~
ol < [P, + (1) [ (858 =) P @)
for some x1 € €2°(2). By Lemma 6.3.2, this gives
2
ol o < [ g (6:3.17)
Using (6.3.15), (6.3.16), and (6.3.17), one obtains
2 ~
<
HXU(T)HH&(Q)XLQ(Q) ~ HF(T)’ £2(Q)’ tm7 <0.

Using the Plancherel theorem as in Step 1, one finds (6.3.14). This completes the proof of
Theorem 6.3.1. O

6.3.2 Global Strichartz estimates for a non-trapping exterior domain

Here, we prove Theorem 6.1.3. As in [Bur03], Theorem 6.1.3 will be a consequence of the
local energy decay (Theorem 6.3.1) and the global-in-time Strichartz estimate in the case
Q = RY. The latter is derived from the following result of [GV89]. A definition of the Besov
spaces can be found, for example, in [AF03], paragraph 7.32.

Theorem 6.3.4 (Proposition 2.2 of [GV89]). Consider d >3,2<r<oo,peR, 1 <m<
oo, and write
d d d—1 B d—1

1
é(r) 5 y(r) 5 T 0=p +4(r)—1, and . max(o,0)

Assume
o< =, 20<~(r) (6.3.18)

and

6.3.19
< % if min ( )

% = min (%, @, ~(r) —0) if  min 5(;), y(r)—o) # %,
1 o) =1

Then there exists a constant C > 0 such that for all (u®,u') in HY(RY) x L2(RY), the solution
u of
Ou+ pu = 0 in R x R,
(w(0),0u(0) = (Ou) iR,
satisfies

1
z+% q
q 0,1
(Z </Z_1 Hu(t)\IBZth) ) < (w0 u )HHI(Rd)xLQ(]Rd)' (6.3.20)
Z€7 2
We prove the following corollary.

Corollary 6.3.5. Consider 3 < d <5. For2 < a < %, there exists C' > 0 such that for

all (u®,ul) in HY(R?) x L2(R?), and all F € L*(R, L*(RY)), the solution u of

_ : d
{(u(omwﬁu = F in R x RY, (6:3.21)

), 0u(0)) = (v’ u') in RY,
satisfies

[wll o, p20 Ry < C (H(“O’ul) HHl(Rd)xLQ(Rd) + HFHLl(R,L?(Rd))) :
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Chapter 6. Local controllability and null-controllability of scattering solutions

Proof. We start with the case ' = 0. The following choices are motivated by the case
d = a = 3, which can be found in [NS11b] (see in particular (2.115) and (2.121)). We
choose m = ¢ = a, so that the left-hand side of (6.3.20) is |l L« (g p¢,)- Then, we choose

_1_1 11 I
v(r) —o = .- = -, and together Wltha—a—()', this gives

1 1 2 q 1 d L1y d
- =—-———— an =——- —.
r 2 a(d-1) . P=a 2 T
Using o > 2, one can verify that (6.3.18) and (6.3.19) are satisfied.
Next, we prove that Bf, < L**(R%). One has B, < LP(RY) for p = £ gd (see for
example (2.121) of [NS11b]). In particular, one has B}S — L?*(RY) for pg = g % As

a < %, one has p > pg, implying

BP

L o= B0y = L*(RY).
This completes the proof of Corollary 6.3.5 in the case F' = 0.

Lastly, by linearity, it suffices to prove Corollary 6.3.5 in the case (u",ul) = 0 and F # 0.
Writing F' = F'l[g 1 o)+ F1(_,0) and using the linearity and the time-reversibility of (6.3.21),
we can assume that F' is supported in R;. Consider F' € L*(R;, L?(R%)), and let u be the
solution of (6.3.21) associated with F and with (u°, u') = 0. The Duhamel formula gives

(ult), Byult) /St—s ) (0,F(s))ds, teR,
where S is the semi-group associated with (6.3.21). Set
T: LYR,L*RY)) — LR, L?*(R%))
F — (t— [oTmoS(t —s) (0, F(s))ds) ’

where 7y : R? — R is the projection on the first coordinate, and denote by
T : LY(R, L*(RY)) — LY(R, L**(RY))

the operator defined in the Christ-Kiselev lemma (Lemma 6.A.1). One has u = TF, implying
that Corollary 6.3.5 follows from Lemma 6.A.1 and the continuity of T
Consider F' € L'(R, L?(R%)), and write « = T'F. Then v is the solution of

Ou+ fu = 0 in R x RY,
(u(0), 6ru(0)) = (u® ul) in RY,

_ /0°o S(—s) (0, F(s)) ds.

H(uo,ul)HHl(Rd)XLQ(Rd) S ||F|‘L1(R,L2(Rd)).

with

Using (6.3.3), one finds

Hence, Corollary 6.3.5 in the case F' = 0 gives

HUHL‘I(R,LQQ(Rd)) S ||FHL1(R,L2(Rd))-

This proves that 7' : L'(R, L?(R%)) — L%(R, L?>*(R%)) is well-defined and continuous, com-
pleting the proof of Corollary 6.3.5. 0

Now, following the strategy of [Bur03] (and [SS00]), we use Theorem 6.3.1 and Corollary
6.3.5 to prove Theorem 6.1.3.

Proof of Theorem 6.1.3. We split the proof in 2 steps.
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6.3. Null-controllability of a scattering solution in a long time

Step 1 : the homogeneous estimate. Consider (u’,u') € H}(Q) x L?(Q), and write u
for the solution u of (6.1.2) with initial data (u®,u') and with F' = 0. Consider x € €>°(f)
such that x = 1 on B(0, R), with R > 0 such that R4\ B(0, R) C ©, and such that the metric
of (Rd\B(O, R)) N Q is the Euclidean metric. To show that (6.1.3) holds true, we estimate
separately the contribution of v = xu and of w = (1 — x)u.

Contribution of w. One has w = 0 in B(0, R), and w is the solution of

Ow+ fw = 2Vx - Vu + Axu in R x RY,
(w(0),0w(0)) = ((1—x)u’, (1—x)u) in R?,

Write w = wy + wy, where wy is the solution of

Owy + Bwg = 0 in R x R%,
(wo(0), dwo(0)) = ((1—x)u’s (1 —x)u') in RY,
and w; is the solution of
Owy + Bwy = 2Vx - Vu+ Ayxu in R x R%, (6.3.22)
(w1(0), Qw1 (0)) = 0 in RY. o

The global-in-time Strichartz estimate in R? (Corollary 6.3.5) gives

lwoll pew,£20(0)) < 1woll por, 20 (raY)
S (0 =0u, (@ =x)ut)|

S H(uo’u1> HH&(Q)XL%Q) '

Next, we estimate the contribution of wj, using twice the local energy decay (Theorem
6.3.1). Write F; = 2V - Vu + Axu. Note that one has

H1(Rd)x L2(Rd)

IEL 2 mmay S Ixawll Lo, o)

for some x1 € €°(Q2), implying

Y P [N | P (6.3.23)

by Theorem 6.3.1.
We prove

[will e (0, 400), 220 (0)) S 111l L2 (R R2) - (6.3.24)

By the Duhamel formula, one has
t
(wn (£), By (1)) = / S(t—s) (0, Fi(s))ds, teR,
0

where S is the semi-group associated with equation (6.3.22). Consider x2 € €>°(R%) such
that yox = x, set

T: LY (R,L*(RY)) — LR, L**(RY))
F — (t— [5TmoS(t —s) (0, x2F (s))ds)

where 7y : R? — R is the projection on the first coordinate, and denote by
T : LYR, L*(RY)) — L*(R, L?*(R%))
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Chapter 6. Local controllability and null-controllability of scattering solutions

the operator defined in the Christ-Kiselev lemma (Lemma 6.A.1). As o > 1, we can apply
Lemma 6.A.1 : to prove that T is well-defined and continuous, it suffices to prove that T is
well-defined and continuous. As 1(g_yoyw1 = TF}, this will imply (6.3.24).

By definition, one has

TF(t) = /OOO 70S(t — 5) (0, x2F(s))ds, F e LR, L2(RY), ¢eR.

Write T' = T; o T}, with

Ty: L2(R,LARY) —  HYRY) x L2(RY)
F oo S(=5)(0,x2F(s))ds ’

and T, - Hl(Rd) % LQ(Rd) SN LO‘(R, LQa(Rd))
(w0, ul) —  (t— mS@Et) (u0,ul)) -

The operator T} is continuous by the global Strichartz estimate in the case = R? (Theorem
6.3.5). By Theorem 6.3.1 (applied with Q@ = R¢ and x3), the operator

Ty: HY(RY) x L2(RY) —» L2(R, L*(R%))
(u®, ul) — (s = x2mS(s) (u°,ul))

is well-defined and continuous, where m; : R? — R is the projection on the second coordinate.
We prove that Tp = T3, implying that T is well-defined and continuous. Consider F' €
E(R x RY), (u0,ul) € HY(RY) x L2(RY), and write

<T2 (uo’ ul) ’F>L2(]R,L2(Rd)) = /R <S(S) <u07 ul) , (07 XQF(S))>H1(]R‘1)><L2(RCI) ds

As explained in the proof of Theorem 6.3.1, one has S(s)* = S(—s), yielding

<T2 (uo,ul) ’F>L2(R,L2(Rd)) = <(u0,ul) ,/RS(—S) (0, x2F(s)) ds> .

H(R4)x L2(RY)

This proves that Ty = T4, and completes the proof of (6.3.24).

Using (6.3.24), and also (6.3.24) applied to t — w1 (—t), one obtains

lwill Lo, p200)) S 1F1 L2 (RxRA) -
Together with (6.3.23), this gives
< 0,1
HwHLa(R,L%(Q)) ~ H(U ) U )‘ HY(Q)x12(@)
Contribution of v. By definition, v is the solution of
Ov+pBv = —2Vx-Vu— Axu in R x €,
(0(0),00(0) = (xu® xu) in 0,
vo= 0 on R x 99.

Consider ¢ € €°°((0,1)) such that ¢ =1 on [%, %], and set vy, (t) = ¢ (t — §)v(t), for t € R
and n € Z. One has

Ov, + fv, = F, in R x €,
(), Don(®) = 0 in B\ (3,5 +1) xQ,
v, = 0 on R x 02,
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6.3. Null-controllability of a scattering solution in a long time

with

n——qb( )(2VX Vu + Axu) + 2¢ ( —Z) xOuu + ¢ (-—2) XU.

Consider N € N. Using
Zqﬁ(t—) >1, teR,
neL

one finds

15 ooy [ 0 (1= 2) W@l

2  nez
= 2 Mol gy

In|<N+1

Using the local-in-time Strichartz estimate given by Proposition 6.1.7 (i) (with u = 0), this
gives

oz (-4 g ymea) S 2 IEnlia((g. 000200
[n|<N+1
implying
%
[n|<N+1

as a > 2. One has

2 2
2, WElli(ggmane) < 2 IFnli(g.g) 20)

[n|<N+1 [n|<N+1

2
S Z ”(XQU’X28tu)HL2((%7%+1)’HéXLZ)
[n|<N+1

2
S 102w, x20eu) |72 (& 111 < 12)

for some x2 € €°(€2). Hence, Theorem 6.3.1 implies

|n|<ZN+1 HFn”il((g,gH),LQ(Q)) S H (uo’ ul) H;(Q)xﬂ(n) '

Together with (6.3.25), this gives
1ol o ey S || (w0 0))]

completing the proof of (6.1.3) in the case F' = 0.

)

Hy () xL2(2)

Step 2 : the inhomogeneous estimate. Here, we prove (6.1.3) in the case F' # 0 and
(uo, ul) = 0. The proof is similar to that of the inhomogeneous estimate of Corollary 6.3.5,
so we only sketch it. Using the Duhamel formula and the Christ-Kiselev lemma (Lemma

6.A.1), it suffices to prove that the operator

T: LY(R,L*Q) — LR, L?*(Q))
F — (t— [Sm0S(t—s)(0,F(s))ds)

is well-defined and continuous.
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Chapter 6. Local controllability and null-controllability of scattering solutions

Consider F' € L'(R, L?(2)), and write u = TF. Then u is the solution of

Ou+ fu = 0 in R x Q,
(u(0), du(0)) = (ul,ul) in Q,
U = 0 on R x 012,

with

(u®, ) :/ S(=s) (0, F(s)) ds.

0

One has

0,1

H(u U )HHI(Q)xLZ(Q) S IE Nz (e 220,

implying

[Vl zo@® 222 ) S I1F 1 (®,L202))

by Step 1. This yields (6.1.3) in the case F' # 0. By linearity, this completes the proof of
Theorem 6.1.3. O

Note that a global-in-time Strichartz estimates implies a local-in-time Strichartz estimate
with a constant independent of the time. More precisely, one has the following corollary.

Corollary 6.3.6 (Local-in-time Strichartz estimates with a time-independent constant).
Consider Q and « satisfying the assumptions of Theorem 6.1.3. There exists C' > 0 such that
for Ty < Ty, (W, u') € HY(Q) x L*(Q) and F € LY([T1, T»], L*()), the solution u of

Ou+ pu = F m [Tl,Tg} x €,
(u(Ty), Opu(Th)) = (u® ub) in §,
u = 0 on [T1,Ts] x 09,
satisfies
0,1
Jull o, 220y < € (80 | gy gy + Il mmnn ) (6.3.26)
Proof. Write v for the solution of
Lo =+ B’U = F]]‘[Tl,TQ} in R x Q,
(v(Th), 0(T1)) = (u°,ul) in 2,
vo= 0 on R x 909.

One has u = v on [T, T3], implying ||u[| o r, 7] 120y < [[V]| (R, 120y Hence, using Theorem
6.1.3 and a basic time-translation, one finds

ull Loz o, 220y < 1(0(T1), Oe0(T)) | 3 ) xz2(0) T 1Ly mo) |2, 22)-

The gives (6.3.26). O

6.3.3 Proof of the null-controllability of a scattering solution

Here, we prove Theorem 6.0.8. We start by proving that a scattering solution is bounded in
the energy space and has a finite Strichartz norm.
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6.3. Null-controllability of a scattering solution in a long time

Lemma 6.3.7. Assume that Q is a non-trapping unbounded domain, and consider f satis-
fying (6.0.2) for some ag < . Let (u®,ul) € HF(Q) x L*(Q) be such that the solution uny,

of

Ouny, + Bunt, = f(unt) in Ry x Q,
(uns(0), Opuni,(0)) = (u®,ut) in Q,
UNL = 0 on Ry x 09,

is scattering. Then (uny,Opunt,) € L*°((0, +00), H}(Q) x L*(Q)) and
ung, € LY((0,400), L2 (Q)) N L* ((0, +00), L**1(Q)). (6.3.27)

Proof. First, we prove (6.3.27). As uny, is scattering, there exists a solution uj, of the linear

equation
Oug, + Puy, = 0 in Ry x €,
{ u, = 0 on Ry x 99. (6.3.28)
such that
[(unL(t), Oruni(t)) — (ur(t), Orur (D)l g () x L2(0) 0., (6.3.29)
Consider € > 0. By Theorem 6.1.3, one has
ug, € L ((0, +00), L**(Q)) N L**((0, +-00), L**1 (£2)).
Hence, using also (6.3.29), there exists T'= T'(¢) such that
[(unL(t), Oruni(t)) — (ur(t), Orur (D))l gayur2) <6 2T, (6.3.30)
and
||UL||Lao((T,+oo),L2ao) + ||UL||La1((T,+oo),L2a1) <e (6.3.31)

For T > T, set

n(T") = HUNLHLao((T,T/),LZao) + HUNL”LO‘I((T,T’),LQQI) .

Note that n(T") < +oo for all 77 > T by Theorem 6.1.9, and that 1 is a continuous real
function satisfying n(7") = 0. Set v = uny, — ur,. Then v is the solution of

v+ pv = f(uny) in Ry x
(0(T),0:0(T)) = (unL(T), Gruni(T)) — (ur(T), Our(T)) in €,
v o= 0 on Ry x 9.

By (6.3.31), one has

N(T') < e+ Vil oo (1), 2200y + 10l por (), p200y s TP 2 T

Using Strichartz estimates with a time-independent constant (Corollary 6.3.6), together with
(6.3.30), one finds

(1) S &+ [1(0(T), 00(D) | @y x 2y + I1F (une) | o o0y, 2)
Se+fune)ll e, L2y »
S e+ 1wl gy, pey + 1 (ane) = fun)ll g 2y, T2 T
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Chapter 6. Local controllability and null-controllability of scattering solutions

Applying Lemma 6.1.6 (i) twice, assuming that ¢ < 1, and using (6.3.31) again, one obtains
(T,) <e + ||UL||L00 (T, T7),L220) + ||UL”2‘1"1((T,T’),L2(’1)
~1 ~1
+ HUHLO‘O((T7T’),L2@0 <||uL”z(())0((TT/)’L2a0) + ”uNLH%gO((T7T’),L20‘0)>

1 -1
+ HUHLal((T,T'),L?al (|’uL”%1a1(TT’) r2a1) T HUNL||%L1((T,T’),L2‘11)>

Set (e (@) (s + (@) +n(r)m ),
Se+en(T) +n(T)* +n(T)™, T'>T.

Hence, for e sufficiently small, one finds
(1) Se+n(T)* +nT)™, T =T

By the mean value theorem, this implies that there exists ¢ = ¢(g) such that either n(7") < ¢
for all 77 > T, or n(T") > c for all T" > T. As n(T) = 0, this proves that n is bounded,
yielding (6.3.27).

Second, we prove

(unt,, Opunt,) € L2((0, +00), H3 (Q) x L*(Q)). (6.3.32)

The Duhamel formula gives

(uni(T), Opuni(T)) = S(T') (uni(0), Oruni.(0)) + /DT S(T =) (0, f (unr(?))dt, T =0,
where S is the semi-group associated with (6.3.28). Using (6.3.3), one finds
[(une(T), Qrun (Tl g @yxr2) S 1+ 1 (une)llipyo,ry L2, T 20
By Lemma 6.1.6 (7), this implies
1(uni(T), Orunt (T) | a yx£2) S 1+ IuNtlFag (o)), 2200y T IUNLIT s (0.7) 200y, T 20
Hence, (6.3.32) is a consequence of (6.3.27). This completes the proof. O

Now, we prove Theorem 6.0.8.

Proof of Theorem 6.0.8. Consider (u®, u') € H}(2) x L?(£2) such that the solution uxy, of

Ount, + funt,. = f(unt) in Ry x €,
(unsL(0), dpunp(0)) = (u®,ul) in Q,
UNL = 0 on Ry x 09,

is scattering. Using local controllability around 0 (Theorem 6.0.4), it suffices to show that
for all € > 0, there exist T and g such that ||(u(T), 8tu(T))||H5(Q)XL2(Q) < &, where u is the
solution of

Ou+pu = f(u)+g in Ry x Q,
(u(0), 0u(0)) = (u®ut) in Q,
u = 0 on Ry x 99.

Consider € € (0,1). As uny, is scattering, there exist 7 > 0 and u;, € €°(R, H}(Q)) N
(R, L?(R2)), satisfying Ouy, + Bug, = 0, such that

[(unL(t), Oruni(t)) — (ur(t), Orur (D))l gaywr2i) <6 2T (6.3.33)
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6.3. Null-controllability of a scattering solution in a long time

Recall that a > ¢ > 0 on R\ B(0, Ry). Hence, there exists a bounded function y € €>°(Q)
such that y = % on RN\ B(0, Ry + 1). Up to increasing T, we can assume that

(1 — aX)ULHLl((T,TH),L?) + (1 - aX)atUL”Ll((T,TH),L?) <e (6.3.34)

by the local energy decay (Theorem 6.3.1). Up to increasing T again, we can assume that

||UNL||%9¥0((T,T+1),LQC“O) + ||UNLH%}’1((T7T+1),L2"1) <g, (6335)

by Lemma 6.3.7, as uyy, is scattering.

Let ¢ € € (R, [0,1]) be such that ¢(t) =1 for t < T and ¢(t) =0 for t > T + 1. Set
v(t,z) = (t)uni(t,z) and g = Ov + fv — f(v). By definition, g is supported in [T, T + 1],
and one has

9 = uniLO; ¢ + 20punt.Owp + o f (unt) — f(punt).

To complete the proof, we prove that the solution u of

Ou+ pu = f(u)+axg in (0,7 +1) x Q,
(u(0),0u(0)) = (u®u) in Q,
u = 0 on (0,74 1) x 09,
satisfies
1T + 1), BelT + D)l g3 ey S & (6.3.36)
As g =0 on [0,T], one has u = uny, on [0,7]. Note that (6.3.36) is equivalent to
[(A(T + 1), O:h(T + D)l g1y x£2(0) S € (6.3.37)
where h = u — v is the solution of
Oh+Bh = f(v+h)— f(v)+(ax—1)g in (T,7T+1) x Q,
((T).01(T)) = 0 in 0,
h = 0 on (T,T +1) x 0.

Now, we prove
(1= aX)gHLl((T,T+1),L2) Se. (6.3.38)

The triangular inequality gives
1= ax)gllprrri1),02) S (L= ax)urllprrriny,z2y + 12 = ax)Owuill 1 (i, 02
+ [[(un, Grunt) — (ur, Oeun)|| oo (1, 1041), 11 < 22)
+ ||f(UNL)||L1((T,T+1),L2) + Hf((puNL)||L1((T,T+1),L2) - (6.3.39)
Using Lemma 6.1.6 (7), together with (6.3.35), one finds

||f(UNL)||L1((T,T+1),L2) + Hf(‘puNL)||L1((T,T+1),L2)
S HuNLHzgo((T,Tﬂ),L?ao) + HUNL”F‘H((T,T—H),L?%)
<e. (6.3.40)
Coming back to (6.3.39), and using (6.3.33), (6.3.34) and (6.3.40), one obtains (6.3.38).

To complete the proof, we show that (6.3.38) implies (6.3.37). For 7 € [0,1], set Y, =
Yir 14+, where Y77, is defined by (6.1.12). Note that h is the solution of

Oh+ph = f'(v)h+ NLy(h) + (ax — 1)g in (T,7T+1) x Q,
(W(T), Hh(T)) = 0 in O,
h = 0 on (T,T + 1) x 09.
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Chapter 6. Local controllability and null-controllability of scattering solutions

where NL,(h) is defined by (6.1.4). By Proposition 6.1.7 (%) and Remark 6.1.8, there exists
a constant independent of 7 € [0, 1] such that

12lly, < [INLo(h) + (ax = D9l g r0),22) -
Using Lemma 6.1.6 (77) and (6.3.38), one obtains
Illy, < (=4 IR, + 1Al (6.3.41)

for some ¢ > 0 independent of £ and of 7 € [0,1]. Set (s) = ¢ (s*> + sY) — s, for s > 0. If &
is sufficiently small, then by the mean value theorem, either ¢’ <Hh||YT> <0 for all 7 € [0, 1],

or 0 (||h >0 forall 7 € [0,1]. As
4

1hlly. =% 0,

this latter case cannot occur. Hence, one has
I8lly, = e (211R13, +an Il52) > 2¢ (1IAI13, + IRl
for 7 € [0,1]. In particular, (6.3.41) gives
[hlly, < 2ce,

yielding (6.3.37). This completes the proof. O

6.A Statement of the Christ-Kiselev lemma

We recall the statement of the Christ-Kiselev lemma (see [CKO01]).

Lemma 6.A.1. Let X and Y be Banach spaces. Consider 1 < p < q < oo, and let T :
LP(R, X) — LYR,Y) be a continuous linear operator. Then, the operator

T: PR, X) — LI(R,Y)
F — (t — T (]1(_00775)1‘7))

1s well-defined and continuous.

6.B An extension of Rellich’s theorem

Here, we prove Lemma 6.2.4. Consider s € R, U a (possibly empty) smooth bounded open
subset of RY, V € €>°(R?\U) such that

851/(1'
[BI<|s—1]

0,

and y € €><(R%,[0,1]) such that x = 1 on B(0,1) and x = 0 on R\ B(0, 2). Write Q = RN\U.
Let (uy), be a bounded sequence in H*(2). For all k£ € N sufficiently large, by the usual
Rellich theorem, there exists a subsequence of (x (7) un), converging in H*~1(Q2N B(0, 2k)).

Using a diagonal argument, one proves that up to a subsequence, there exists s, € HISO;l(Q)
such that

X (k) U T2 U (6.B.1)
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6.C. Observability on an unbounded domain

in H-1(Q), for all k € N sufficiently large.

loc

We show that (Vu,), is a Cauchy sequence in H*~!(Q). Consider ¢ > 0, and let k € N
be such that
> |ovi)|<e (6.B.2)
|B<[s—1]

for all x € Q\B(0, k). Write

[V, — VUmHHS*l(Q)

Gy J0 (),
Ho=1(Q) Hs=1(Q)

By (6.B.1), one has

A

<e

Hs—l(Q)

HOLESES

Hs-1() HX (k> (tn = um)‘

for n and m sufficiently large. For ¢ € H*~1(€2), one can prove that

VéllmroS > |

18]<|s—1]

V|, Il

As (up)n is bounded in H*~1(Q), this implies
(1=x(5)) Vam = Vm) < 3
H K HZHD) jp1<)s—1
As x (§) =1 for z € B(0,k), (6.B.2) gives

|3 () 0= v

implying that (Vu,), is a Cauchy sequence in H*~1(2). This completes the proof of Lemma
6.2.4.

L>(Q)

£ ()

<e
Hs—l(Q)

)

6.C Observability on an unbounded domain

Here, we give two proofs of Theorem 6.2.5, in the case of an unbounded domain 2. The first
one is elementary, but relies on Theorem 6.2.5 in the case of a compact domain. The second
one is based on the propagation of singularities, with microlocal defect measures.

6.C.1 First proof

We start with the case Q = R? and a = 1, in which Theorem 6.2.5 can be proved by a direct
Fourier computation. Consider (u’,u!) € L2(R?) x H~}(R?) and write u for the solution of

{ Ou+ fu = 0 in (0,7) x R?,
(u(0), 9u(0)) = (u®,ut) in R%.

Write u for the Fourier transform of u with respect to the space variable x. There exist some
complex functions A and B such that

at, &) = A" + B(&)e 1O
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Chapter 6. Local controllability and null-controllability of scattering solutions

for t € [0,T] and ¢ € R?, where (£)2 = 1 + |¢|2. On the one hand, one has

()]

2

L2(R)x H—1(Rd) S/Rd ( @(5)‘2 7 ‘ﬁ(@‘? dg
= [, (14© + BOP + |A€) - BOF) ¢
=2 (4P +IBOF)

On the other hand, a direct computation gives

20T _
lall2 07 i z/Rd (T A + T |B()I” + 2Re <A(§) (5)6%@1» d¢

> [ (a©r +15F) (7 - = ag

For all T' > 0, there exists a constant C' = C(T") such that for all a > 1, one has

|sin (aT')]
e

T— >C.
This completes the proof of Theorem 6.2.5 in the case Q = R% and a = 1. Note that in that
particular case, T can be arbitrary small.

Now, we prove Theorem 6.2.5 in the case of an unbounded domain 2. Write U for
the (possibly empty) smooth bounded open subset of R? such that Q = RN\U. Let x €
‘KOO(Q [0,1]) be such that x = 1 on B(0, Ry +T) and x = 0 on R¥\ B(0, Ry + 2T"). Consider
(u®,ut) € L3(Q) x H~1(Q) and write u for the solution of

Ou—+pfu = 0 in (0,7) x £,
(u(0),0u(0)) = (uul) in Q,
u = 0 on (0,7) x 0.

One has u = xu+ (1 — x)u, xu = v+ 0 and (1 — x)u = w + W, with

Ov+4pu = —-2VxVu— Axu in (0,7) x €,
(0(0), B (0)) = 0 in Q.
v o= 0 on (0,7T) x 09,
Ob + 85 = 0 in (0,7) x €,
(9(0),80(0)) = (xu’,xu') in
7 = 0 on (0,T) x S,
Ow+ fw = 2VxVu+ Axu in (0,7) x ,
(w(0). du(0) = 0 in Q)
w o= 0 on (0,7") x 01,
O + B = 0 in (0,7) x Q,
(@(0),0:0(0)) = ((1—x)u’, (1 —x)u') in €,
W o= 0 on (0,T) x 09Q.
As (1 — x)u® and (1 — x)u! are supported in R\ B(0, Rg + 2T'),  is the solution of
O + Bw = 0 in (0,7) x R?,
(@(0),0:0(0)) = ((1—x)u’,(1—x)u') in R,
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by finite speed of propagation. Hence, the case Q = R% and a = 1 treated above gives

[((1=xu®, = xu')| (1= 0u, (1= x)u')|

S D] 20,7y xRra)
= lla@|l L2 ((0,r)x) - (6.C.1)

L2Q)xH-(Q) H L2(R)x H~1(RY)

By finite speed of propagation again, ¥ is the solution of

0o+ 65 = 0 in (0,T) x (2N B(0, Ry + 2T)) ,
(9(0),8:0(0)) = (xu®,xul) in QN B(0, Ry + 27,
5= 0 on (0,T) x (21 B(0, Ry +2T)).

Hence, Theorem 6.2.5 in the case of a compact domain gives
| Genxt)]

Using (6.C.1) and (6.C.2), together with the continuity estimate of Proposition 6.1.7 (i)
(with V' = 0), one obtains

[(u ) < | (e ') +[(@ =00 = xu')]

S llaull 20,y x) T llavll 20,7y x0) + lawll L2 (0.7 x )

L2(Q)x H-1(Q) S el L2 oryxa) - (6.C.2)

L2(Q)x H-1() L2(Q)xH-1(Q) L2(Q)x H-1(%)

S Naull g2 0,myxa) + 12VXVu + Axall 1o 1), -1y -

Consider ¢ € H}(Q), with ||¢||H3(Q) < 1. As Vx and Ayx are supported in B(0, Ry +
2T)\B(0, Ry + T'), one has

‘<2VXVU(t) + Axu(?), ¢>H*1(Q)><H01(Q)) = ‘(au(t), PAX — 2diV(¢VX)>L2(Q)’ S Hau(t)HL?(Q)

for all t € (0,T). Hence, the Cauchy-Schwarz inequality gives

[(w.0")

and this completes the proof.

L2(Q)x H-1(9) S HauHLQ((O,T)XQ)

6.C.2 Second proof

The proof is decomposed into two steps. For an example of the use of microlocal defect
measures in a similar context to prove a stabilization property, see [JL13].

Step 1 : a weak observability inequality. Let V € €°(Q, (0,400)) be such that

> v

I81<1

|z|—o0

0.

We prove that there exists a constant C' > 0 such that for all (u°,u') € L*(Q) x H~1(Q), if
u is the solution of

Ou—+fu = 0 in (0,7") x €,
(u(0), 9u(0)) = (ul,ul) in Q, (6.C.3)
u = 0 on (0,7") x 012,
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Chapter 6. Local controllability and null-controllability of scattering solutions

then

H(uo’ul)‘ L@ 1) = ¢ <”au”L2((OvT)XQ) + H (Vuo’vul) HH—I(Q)xH—2(Q)> - (604

Assume by contradiction that there exists a sequence ((u”,u')), of elements of L*(£2) x
H~1(Q)) such that ||(u9l,u}L)HL2(Q)XH,1(Q) =1 for all n € N, and

HaunHH((o,T)xQ) + H (Vug, Vu}l) 720, (6.C.5)

HH*l(Q)xH*2(Q)

Consider x € €°(2,R). There exists a constant such that for all n € N,

XUn
% (Xatun>

and by the Rellich theorem, the set

Xtn (t)
{(X@tm(ﬂ)’n © N}

is relatively compact in H~1(Q) x H=2(Q), as x is compactly supported. Hence, by Ascoli’s
theorem, there exists a subsequence of ((xun,x0:uy)), which converges to some limit in
L>([0,T), H () x H~2()). Using a diagonal argument, one proves that there exists a
solution

S
Le=([0,T],H=1(Q)x H~2)

)

Uso € €°([0, T, HpL(Q) N € ([0, T, H2(Q))
of Ous + Pus = 0 such that, up to a subsequence,

(una atun) rH_OO) (UOOa atuoo)

in L>°([0,T], H; }(Q) x H_2(Q)). For all x € €2°(Q,R), one has

loc loc
(Vs Vi, ) 2= (Voo (0), VxBrtioo (0))

As V is positive, this gives us(0) = 0y (0) = 0, implying

n—oo

(Un, Optty,)) —— 0

in L>=([0,T], H; 1(Q) x H2(Q)).

loc loc
Up to a subsequence, we can assume that the sequence (uy,), converges weakly to zero in

L2((0,T) x Q). Let u be a microlocal defect measure associated with (uy,),, (for the definition
of p, see [Gér91], [Tar90], [Bur97b]). For x € €°((0,T) x ©,R), one has

2 2 n—00
HaunHL?((o,T)xQ) Z ||aXun||L2((o,T)xQ) — S+ ((0.T)x) a(:c)Zx(t,x)zd,u(t,x,T,Q.

Hence, (6.C.5) gives
/ (e Px(t,2)dp(t, 2,7,€) = 0
*((0,7)x9)

implying
/ a()?du(t, z,7.€).
*((0,7)xQ)
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Recall that @ > ¢ > 0 on an open set w such that (w,T) satisfies the GCC. Using the
propagation of the measure along the generalized bicharacteristic flow of Melrose-Sjostrand,
one obtains p = 0, implying that (u,), converges strongly to zero in L2 ((0,T) xQ). Together
with (6.C.5) and the fact that R®\ B(0, Ry) C w, this gives

U, =220 in L2((0,T) x Q). (6.C.6)
We prove
Drtn "2 0 in L2 ((i 33) ,Hl(Q)) . (6.C.7)

Note that it sufﬁces to prove (6.C.4) for smooth compactly supported initial data, so we can

assume that ud ul € €>°(Q) for all n € N. Let ¢ € €>°((0,T),R) be such that ¢ = 1 on

n»'n
[%, %} Recall that all functions considered here are real-valued. Starting from

0= /OT/Q (Ouy, + Buy) (t, ) (t)* (A + 5)71 (un (1)) () dzdt,

and integrating by parts, one finds
2 4 2 -1 2 -1
0 = llgunll2(0.17xe — /0 /Q Oy (91 (8) (-2 +8) (un) + & (-5 + §) " (Qpun)) dadt
T
T e /0 /Q Otin@? (—A + B) " (Dpuy)dadt

* /OT /Q wn (97 (67) (A +8) 7 (wn) + 01 (62) (~A+ )" (Buy) ) dwdt (6.C.8)
One has

' [ un (07 (6°) (=2 +8)7" (un) + 01 (6%) (~ A+ ) (Dyuun) )

o A8 Q)

<
S lunll L2 0,1y <) (‘ —A+6) )‘ £2((0, T)><Q)>

S lunll 20,y x0) (‘ (=A+5)" HLoo .19, ) =2 +5)7" @)

L2((0,T) x

L((0.T) Hl))
S llunll g2 0,m) <) (HunHLOO( (o,7),H-1) T ”atunHLOO((O,T),H*l))
S HUHHL?((O,T)XQ)?

implying that the first and second terms of (6.C.8) converge to zero as n — +oo. In particular,
(6.C.8) gives

T
/ / Dpund? (—A + B)~ (8tun)dwdt 170,
0 Jo
One has

_1 2
|’¢8tun”%2((0,T),H—1) N "¢(_A +0) (8tu”)‘ L2((0,7)x92)

T
:/ /8tun¢2(—A+,8)_1 (Brttn)derdlt,
0 Q

implying (6.C.7).
Now, we complete the proof of (6.C.4). Fatou’s lemma, together with (6.C.6) and (6.C.7),

gives
3T

4 ...
Jo it (100 0l + lan0)l) =0

4
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In particular, for almost all ¢ € (%, %), one has

185t ()| -1y + lim ()] L2y == 0. (6.C.9)

Let t be such that (6.C.9) holds true for ¢g. There exists a constant independent of ((u’,u'))
such that

1= [[(un(0), Grun(0)| L2y x r-1() S 1 (un(to), Fpun (o))l 2yxm-1)» 7 €N,

and that is a contradiction.

Step 2 : removing the compact term. If a solution u of (6.C.3) with initial data
(u®,ut) € L3(Q) x H~1(Q) satisfies au = 0, then our assumption on a implies that u = 0 on
RN B(0, Rp) : in particular, u is the solution of (6.C.3) on a bounded domain, and u = 0 on
an open set w such that (w, T) satisfies the GCC, implying that (u®,u') = 0 (see for example
[BLR92]). This proves that the operator

L2(Q) x HY(Q) — L2((0,T) x Q)

(u®, ut) — au

is one-to-one. By Lemma 6.2.4, the operator

LX) x HY(Q) — H Q) x H2(Q)
(u®, ul) — (Vub, Vul)

is compact. By Lemma 3.3.1, there exists a constant such that (6.C.4) holds true without
the additional term on the right-hand side. This completes the proof of Theorem 6.2.5.
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