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ABSTRACT

Chronic inflammatory bowel diseases (IBD) and mosquito-borne epidemics pose major public
health challenges. This thesis develops and analyses mathematical models based on reaction-
diffusion systems to study propagation dynamics and the conditions leading to blockage in
these biological phenomena.

In the first study, we focus on ulcerative colitis (UC), an IBD characterised by contin-
uous inflammation of the colon. We establish a model describing the interaction between
a pathogen and the immune system, demonstrating the existence of travelling waves that
represent the spread of inflammation in a homogeneous medium. We then identify the condi-
tions required to block this propagation in a heterogeneous medium and validate our findings
through numerical simulations.

In the second study, we analyse a strategy for controlling mosquito-borne diseases, specif-
ically the spread of Wolbachia, a bacterium that reduces the transmission of pathogens such
as dengue. We examine cases where propagation is hindered in a heterogeneous medium,
particularly when the carrying capacity varies spatially. We identify the conditions that lead
to blockage and validate our results using numerical simulations.

Finally, I have also worked on the project Modelling Compartmentalisation within Intra-
cellular Signaling Pathways, which focusses on modelling receptor-activated signaling path-
ways while accounting for the dynamics of endosomes and the associated biochemical reac-
tions.

Keywords: Inflammatory bowel diseases, reaction-diffusion system, travelling waves,
wave blocking, Wolbachia bacterium, vector-borne diseases, coagulation dynamics, integro-
partial differential equations, receptor-activated signaling pathways, compartmentalization.



RESUME

Les maladies inflammatoires chroniques de l'intestin (MICI) et les épidémies transmises par
les moustiques représentent des défis majeurs en santé publique. Cette these développe et
analyse des modeles mathématiques basés sur des systemes de réaction-diffusion afin d’étudier
les dynamiques de propagation et les conditions menant au blocage dans ces phénomenes
biologiques.

Dans la premiére étude, nous nous intéressons a la rectocolite hémorragique (RCH), une
MICT caractérisée par une inflammation continue du cdélon. Nous établissons un modele
décrivant l'interaction entre un pathogene et le systeme immunitaire, mettant en évidence
I'existence d’ondes progressives qui représentent la propagation de I'inflammation dans un
milieu homogene. Nous identifions ensuite les conditions nécessaires pour bloquer cette prop-
agation dans un milieu hétérogene et validons nos résultats a I’aide de simulations numériques.

Dans la deuxieme étude, nous analysons une stratégie de contrdle des maladies vecto-
rielles, en particulier la propagation de Wolbachia, une bactérie qui réduit la transmission de
pathogenes tels que la dengue. Nous examinons les cas ou la propagation est entravée dans
un milieu hétérogene, notamment lorsque la capacité de charge varie spatialement. Nous
identifions les conditions menant au blocage et validons nos résultats a ’aide de simulations
numériques.

Enfin, j’ai également travaillé sur le projet Modélisation de la compartimentation dans les
voies de signalisation intracellulaire, qui porte sur la modélisation des voies de signalisation
activées par les récepteurs en tenant compte de la dynamique des endosomes et des réactions
biochimiques associées.

Mots-clés: Maladies inflammatoires de l'intestin, systeme de réaction-diffusion, on-
des progressives, blocage des ondes, bactérie Wolbachia, maladies a transmission vectorielle,
dynamique de coagulation, équations aux dérivées partielles intégro-différentielles, voies de
signalisation activées par des récepteurs, compartimentalisation.
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1[bXBXMEBXMH PM i?72 H27i ? M/@bB/2 i AR XM bBIBIQIR/ 1 X
U(r)= 31V r?2°2 b QM i?2 "B:?i ? M/@bB/28X2BbQWQBiBQM 1[>
b iBb}2¢r)E 0:7VX AM #Qi? + b2b- i22 30n P2k 50 2
bmT2 BKTQOX/ X X X X X X X X X X X X X X X X X RyX X X X
8XdhBK2 2pQHmMIiBQM Q7 i?2 2M/QbQK H bBx2 UH27i T M2HV M/ BMi2’
T M2HVX g2 MmK2 B+ HHv bBKmH i2 i?2 WKkK@ R#A/ LB M #v 1[bX
T K2i2 b :Bp2XKKEBX MBBXYWG> M/ "k _ z2+i QMHv i?2 BMi2 @
M HBx iBQM " i2VX PM i?2 H27i T M2H- i?2 / b?2/ #Hm2 U 2bTX |
*2T°2b2Mib i?2 K2 M 2M/QbQK H bBx2 7Q" "k _ U 2bTX G>_V-i? i -
kf Kpo (1)=Kf koo (1) - M/ 122 b2 /2/ HB;?i 2 “2T 2b2Mib Bib bi M/ */ /2pB iB
i72 "B:?i T M2H- i?2 / b?2/ #Hm2 U 2bTX /Qii2/ Tm TH2V HBM2 "2T"
Bx iBQM " iBQ 7Q" "k _ U 2bTX G>_ V-1t % % b XMXb HOK8X X
8X3hBK2 2pQHmMIiBQM Q7 i?2 2M/QbQK H bBx2 UH27i T M2HV M/ BMi2’
T M2HVX g2 MmK2 B+ HHv bBKmMH i2 i?2 WKK@IRA/ B2 M #v 1[bX
T ° K2i2 b ;BpBM MEBX MEBXYBG> M/ "k _ z2+ii?2 BMi2 M HBx iBQM
M/ i?2 +Q ;mH iBQM  i2VX a228M2Q@MRQBBBKM 2X X X Ry® X X
8XNBK2 2pQHmMIiBQM Q7 i?2 + JS T'Q/m+iBQM 7Q" i?2 G @Sh> HB: M/
i?72 Sh>@d. HB; M/ U'B:?i T M2HVX 2 MmK2 B+ HHv bBKmH i2 i?:
#v 1[BKK V@ KArBi? T ° K2i2' b : BUBXMKGBYRM@B X YD+ JS FBM2iB +
T K2i2 b /Bz2 #2ir22M Sh>d. M/ G @Sh> QMHvV #v i?2 T ' Q/m+iBQ
#Qi? T M2Hb- i?2 /Qii2/ #Hm2 HBM2 b?Qrb i?2 2M/QbQK H [m MiBiv
Kikoq (1) - 1?2/ b?22/ #Hm2 HBM2 b2Qrb i?22 + JS [m MiBiv ii22 TH bK |
Bp2MMH®) - M/ i?2 / b?2/@/Qii2/ Tm TH2 HBM2 b?Qrb i?2 iQi H + JS
Wiko, D+ MEHVX X X X X X X X X X X X X X X X X X XRYdX X X X

3



8XRWBK2 2pQHMIBQM Q7 i?2 + JS T'Q/m+iBQM 7Q  i?2 G @Sh> HB; M/
i?72 Sh>@d. HB; M/ U'B;?i T M2HVX g2 MmK2 B+ HHv bBKmH i2 i?:
#v 1[HXKk V@ KAIrBi? T > K2i2 b ;BUBXN@BXNEB XY+ JS FBM2iB+
T " K2i2 b /Bz2" #2ir22M Sh>d. M/ G @Sh> #Qi? #v i?2 T'Q/m+iBQ
+ T +BivQ7 T'Q/m+iBQMXVX a®2RQ2; 2M /BHDEX; "X X XRX3X X X



GAah P6 h "Gla

KXR aT2+B}2/ T  K2i2 p HmM2b XQX R AXKQK2ZHXX X X X8¢ X X X X

9XR aT2+B}2/ T K2i2 p Hm2b 7Q  i?2 KQ/2HX h?2 p Hm2b mb2/
"2 BMbTB 2/ #v i?Qb2 R9XE2MMR /XBXM X X X X X X X BjX X X X

Ry



*> sh1 R

:1L1_ G ALh_P.I*hAPL

6 2b2 "+?2 Bb iQ b22r? i 2p2 v#Q/v 2Hb?2
M/ iQ i?BMF r? i MQ#Q/v 2Hb2 2 b i?«

H#2 i ax2Mi@:v° ;vB

h?BbrQ Fr b KQiBp i2/ #virQ +QM+"2i2 T'Q#H2Kbi? i "Bb2 7 QK
+2°"Mi?2bim/vQ7 #HQ+FBM; i?2 T QT ; iBQM Q7 BM~ KK iBQM BM +
Q7 i?2/B;2biBp2 i’ +i-bm+? bmH+2 iBp2 +QHBiIiBbX h?2b2+QM/ 2
"2TH +2K2Mi i2+?MB[m2 i? i BMpQHp2b i?72 # +i2 BmK gQH# +?B X
H2Kb K v b22K /BbiBM+i- i?2vb? "2 +QKKQM K i?2K iB+ H7QmM/
2[m iBQMb- TQTmH iBQM /vM KB+b- M/ i?2 bim/v Q7 bi iBQM “v bQ
TT Q +? +QMbiBimi2b i?2 K BMi? 2 / Q7 i?Bb K Mmb+ ' BTiX

"27Q 2 /2HpBM; BMiQ i?2 T Q#H2Kb M/2K \BAVQ 2 bB-bi A B M @ 2 B B QY
a2+iB@MQpB/2b M Qp2 pB2r Q7 i?2 7mM/ K2Mi HK i?2K iB+ H+QM-
rQ'FBMi?Bbi?2bBbX 6BM HHv- a2+iBQM 9 # B2~v QmiHBM2b i?2 ;2

RXR bB+ J i?2K iB+ H*QM+2Tib

RXRXRM/ K2Mi H *QM+2Tib Q7 2 +iBQM@.BzmbBQM 1

2 +iBQM@/BzmbBQM 2[m iBQMb TH v F2v QH2BMKQ/2HBM; #E
T?2MQK2M BMpQHpBM; bT iB H M/i2KTQ H/vM KB+bX h?2b2 2[n

p B2iv Q7T Q+2bb2b-bm+? b bT 2 /BM; /IBb2 b2b- BMi2  +iBQM
bi M+2b- M/ +?2KB+ H "2 +iBQMb BM ?22i2 Q;2M2Qmb 2MpB QMK2\
K2Mi HK2+? MBbKb, /BzmbBQM M/ 2 +iBQMX .BzmbBQM /2b+ B#2
Q TQTmH iBQM mM/2  i?2 2z2+i Q7 +QM+2Mi" iBQM ;" /IB2Mib- BM
+QMi bi-i?2 "2 +iBQMi2 KKQ/2Hb HQ+ HBMi2 +iBQMb-bm+? b ;
iBQM #2ir22M bT2+B2bX +H bbB+7Q K Q7 i?2/BzmbBQM 2[m iBQN
+ M #2 2tT 2bb2/ BM i?2 7TQHHQrBM; ;2M2° H 7Q K- /2" Bp2/ 7 QK i?
6B+FOb H r,

@u(t;x)=D wu(tx); t 0 x2 R"; u(t;x) 2 R:

g?2 @t;x) 2T 2b2Mib i?2 /12MbBiv Q7 i?2 TQTmH iBQW kbl ¥ZnM+iB
Xx- MD Bbi?2 /BzmbBQM " i2X h?Bb /BzmbBQM KQ/2H Bb 7mM/ K2M
Bi/Q2b MQi M2+2bb "BHv + Tim 2 i?2 BMi2 +iBQM #2ir22M i?2 TQT
7 +iQ bi? iHQ+ HHv KQ/B7vi?2B /2MbBivX hQ ++QmMi 7Q i?2b2 "

RR



iQ +QKTH2K2Mi i?2 2[m iBQM rBi? "2 +iBQM i2 K iXtix)XT2M/b QM
/I2KQMDbi  i2/ #v EQHKQ:Q Qp- S2i"QpbBRB-b v ISBM F iPMiQ B BvMb 8 Q M
++QKT MB2/ #v p "B iBQM Q7 i?2 KQmMi Q7 bm#bi M+2- r?B+? Bt
QM2 Q#i BMb b2KBHBM2 T ° #QHB+ 2[m iBQM- HbQ FMQrM b

@u(t;x)= D u(t;x)+ f(u(tx)); t 0 x2 R"; u(t;x) 2 R: URXRYV

g?2 R(u(t;x)) Bb i?72 "2 +iBQM i2 Ki? i+ Tim 2b #BQHQ;B+ H- +7?2]
/IvM KB+b-bm+? b BM/BpB/m H ;"Qri? Q" KQ i HBiv- Q" bT2+B2b BM
mb2/ BM p BQmb }2H/b- "2[mB 2b BMBiB H +QM/BiB@m) 3Q /2}M2 i
U(X)- b r2HH b #QmM/ v +QM/BiBQMb iQ /2b+ B#2 i?2 #2? pBQ~
/IQK BM r?2M Bi Bb #QmM/2/X

g2 ? p2i?mb BMi"Q/m+2/i?2 7mM/ K2Mi H+QM+2Tib Q7 "2 +iBQMN
MQr T°Q+22/iQ bim/vi?2 2tBbi2M+2 Q7 bQHmMiIiBQMb iQ i?2b2 2[m iB
M2ti bm#b2+iBQMX

RXRXKBbi2M+2 Q7 aQHmMiBQMb iQ i?2 2 +iBOQM@.Bzmb

hQ 2bi #HBb? i?2 2tBhi2M+2 Q7 bQHmMiBQMb iQ i?2 "2 +iBQM@/B
"2iB+ H TT ' Q +?22b + M #2 2KTHQvV2/- /2T2M/BM; QM i?2(M>QT2 iB2
q?2M i?Bb i2 'K Bb GBTh+?Bix +QMiBMmQmb-i?2 2tBbi2M+2 M/ mMB
+ M#2:m > Mi22/ mbBM; " M +26b }t2/@TQBMi i?2Q 2KX PM+2 i?2b:
HBb?2/-i?2v + M #2 2ti2M/2/ Qp2  iBK2 iQ /2}M2 K tBK HbQHmMiBQ
#2 HQ# H /2T2M/BM; QM i?2 bvbi2Koéb T QT2 iB2bX

i i?72 b K2 iBK2- bT2+B}+ i2+?MB[m2b- bm+? b bm#bQHmMiBQM I
T Qp2 T iB+mH "Hv 2z2+iBp2 BM /2KQMbi  iBM; i?2 2tBbi2M+2 Q7 b
bvKTiQiB+ #2? pBQ X AM //BiBQM-i?2b?QQiBM; K2i?Q/- r?B+? i’
T Q#H2K BMiQ M BMBiB Hp Hm2 T ' Q#H2K- Bb p Hm #H2 iQQHX
2KTHQV2/BMi?Bb K Mmb+ BTiiQ2KT? bBx2i?2 2tBhi2M+2 Q7 bi iBC
/IBzmbBQM 2[m iBQMX >Qr2p2 - #27Q°2 T 2b2MiBM; i?2b2 K2i?Q/b
bi iBQM v bQHMIiBQMb- b i?2B  2tBbi2M+2 rBHH #2 2t KBM2/ BM F

.2})MBiBQWaR iBQM ‘v a®RHmMiBQMYV
bi iBQM v bQHMIBQM Q7 "2 +iBQM@/BzmbBQM 2[m iBQM Bb

r?72°2 i?2 i2KTQ  Hp 'B iBQM Q7 i?2 KQ/2H2/ [m MiBivp MBb?2bX
2[m iBQM Q#i BM2/ #v b2iiBM;,

@U_O_

@t
r?B+? H2 /biQ M H;2# B+ 2[m iBQM BM bT +2X J i?2KX)iBOHHv-
i?72 2 +iBQM@/BzmbBQM 2[m iBQM Bb Q#i BM2/ #v bQHpBM:,

D u+f(u)=0;
r?2fAu) "2T 2b2Mib i?2 HQ+ H "2 +iBQM 7TmM+iBQMX

ai iBQM v bQHmMiIiBQMb- T "iB+mH "Hv BM i?2 +QMi2ti Q7 #BQHC
mM/2 bi M/ i?2 #2? pBQm ™ Q7 "2 +iBQM@/BzmbBQM bvbi2KbX b B
bi iBQM v bQHMIBQM + M HbQ +i b M im>  H#QmM/ ‘v- /2}MBM;
i72 bQHmMIBQMb Q7 i?2 2[m iBQM + MMQi 2pQHp2X h?mb- i?2 2tBb
BKTQb2b bi'QM; +QMbi® BMib QM i?2 /vM KB¥K @D 2Kn®Q iB Q2M B® Hmh E

Rk



@3X h?Bb T°QT2ivb?Qrbi? i bi iBQM v bQHMiIiBQMb BM~m2M+2 i
iQi?2 "2 +iBQM@/BzmbBQM 2[m iBQMX

7i2°r2T 2b2Mibi iBQM "vbQHmMIiBQMb M/i?2B  7mM/ K2Mi H "QF
/IBzmbBQM bvbi2Kb-r2 MQrim M iQ i?2 K2i?Q/b mb2/iQ bim/vi?2B"
r2BMi Q/ m+2i?2bm#@ M/ bmT2 @bQHmMIBQM K2i?Q/ br2HH b i?2
#2 TTHB2/iQ i?2 irQ KQ/2Hb bim/B2/ BM i?Bb K Mmb+ BTiX h?2b2
"QH2 BM /2KQMbi® iBM; i?2 2tBbi2M+2 Q7 bi iBQM "vbQHmMiBQMbX

JOMQIiQM2 J2i?Q/b7Q  KQMQiQM2 2 +iBQM.

h?2KQMQiQM2 K2HDPQ/FMQrM b i?2 K2i?2Q/ Q7 bmT2 @bQHmiBQM
Bb TQr2°7mHIiQQH 7Q" 2bi #HBb?BM; 2tBbi2M+2 "2bmHib 7Q  /Bz2
K2i?Q/+ M HbQ #2 TTHB2/iQ +QmTH2/ bvbi2Kb Q7T ~ #QHB+ M/ 2
B/2 Q7 i?Bb K2i?Q/ Bb iQ mb2 bmT2 bQHmMIBQM Q° bm#bQHmMIiBC(
TT QT B i2Bi2° iBp2T Q+2bb-bm+?i? ii?2 "2bmHIBM; b2[m2M+2
+QMp2':2biQ bQHMIBQM Q7 i?2 T'Q#H2KX h?2 mM/2 HVBM; KQMG
#2 mb2/ 7Q  i?2 +QKTmi iBQM Q7 MmK2 B+ HbQHmMIiBQMb r?2M i?2
bmBi #H2 }MBi2 /IBz2 ' 2M+2 2[m iBQMbX
aBM+2r2rBHH TTHvi?Bb K2i?Q/iQ +QmTH2/bvbi2K QDT ~ #QHI
i?Bb K Mmb+ BTi-i?Bb b2+iBQM T 2b2Mibi?2 2bmHib Q7 Bib TTHB
7Q +QmTH2/ bvbi2Kb Q7 2[m iBQMb-i?2 /2}MBIiBQM Q7 bmT2 @bQl
bi?2 +QMbi'm+iBQM Q7 KQMQiQM2 b2[m2M+2b-/2T2M/b QM i?2 [m
"2 +iBQM 7mM+iBQMb BM i?2 bvbi2KX hQ BHHmbi™ i2 i?2 # bB+ B/2
+QmTH2/ bvbi2K Q7 irQ T ~ #QHB+ 2[m iBQMb Q7 i?2 7Q K,
8
S@ D u=Fy(uv); (Xt)2R Ry;
@ D v=Fy(uv); (xt)2R R

G2D; R-i=1;2X q2 ? p2,

URXkYV

.2}MBiBQM XX bB@KQMQiIiQMB+ 2 +iBQM 7mM+iBQMV

TMM+BOM(U;;u) Bbb B/iQ #2 [m bB@KQMQIiQMB+ BM+'2 bBM; L
D1 D;- B7 7Qu 2WDH}t2/Ff Bb BM+°2 bBM; U 2bT /2+°2 bBM;D;rBi? 2bT
7Q8 ) X

.2}MBiBQM jX
P2+iQ° 7TmMM«=iBRR:M) Bb b B/ iQ #2 [m bBKQMQiQM2 MQM/2+°2 b
KQMQiQM2 MQMB N+ Dp-BRIZFBMMF, "2 [m bBKQMQiQM2 MQM/2+":
UQ [m bBKQMQiQM2 MO@MBMX' 2 bBM:;V BM
AR, Bb [m bBKQMQiQM2 MQRY BM {2 HBHQ MMYiQM2 MOM/R2#+"2 bBM;
UQ pB+2 p2'B BHiPABMiQ #2 KBt2/ [m bBKQMQiQM2X

h?2 7TmMFiBOM B/ iDn#BBKQMBBQMR, B7 Bi 2 b Mv QM2 Q7 i?2 #¢
[m bBKQMQiQM2 T'QT2 iB2bX

2}MBIiBQWBEMT2 @bQHMIBQMb XM/ bm#@bQHMIBQMbV
TB Q7 7TmNun)B@Mb;v) B@?(R R.,) C?R R.) "2 + HH2/ Q'/2"2]/
bmT2 ' bQHmMIBQM M/ bm#b REX&KBEQR2Q D TBQAM2K
(u(x;t);v(x;t))  (u(x;t);v(x;t); x2R; t2R.

M/ B7

Rj



N\ 00
oRelR

D u Fy(uyv)>0> %‘t’ D u Fi(uv);

D v F(uv)>0>%" D v Fyuv):

bB@KQMQIiQM2 MQM@/2+ 2 bBM:c

URXjV

q?2N;F2) Bb [
8

3

<@ D u Fuv>0>% D u Fyuv);
: %t D v Fyuyv) O %\t/ D v Fy(u;v):

g?2N;F) Bb [m bB@KQMQiQM2 MQM@BM+"2 bBM;c M/
8

<@ D u Fuy 0 € D u Fyuv);
t@ D v Fuv) 0 € D v Fuv:

q?2KFF,) Bb KBt2/ [m bB@KQMQiQM2X

g2 MQrbi i2i?27QHHQIBM:i?2Q 2K +QM+2 "MBM:i?2 2tBbi2M+2 Q
Q7 bmT2 @bQHMIBQMb M/ bm#@bQHmMiBQMb 7Q° +QmTH2/ bvbi2K
+'2 bBM; 7TmM+iBQMb- b i?Bb + b2 BX7 N2BbH2K BAMnb? B2iX h?2 +QK
T°QQ7 Q7 i?Bb i?2Q 2K- HQM: rBi? i?2 /2i BHb Q7NiPBb K2i?2Q/- "2

h?2Q 2K RX

G2W = (u;v)-W = (u;v) #2 Q' /2 2/ bmT2 @bQHmMIiBQM M/ bRZEBbQHmMI
M(F;F,) #2 [m bBKQMQiQM2 M@V /Dy MICB MmBIM i MY MVBMh 2 2 M -
i?2 T'"QHRXR b mMB[m2 QUHBOB@VMIM/2/ #2ir22M i?22 bm# M/ bmT2"

h?2 K2i?Q/ Q7 bmT2 @bQHmMiBQMb M/ bm#@bQHmiBQMb Bb T i
T #QHB+ 2[m iBQMb- b Bi T'QpB/2b +QMbi m+iBp2 TT Q +? iQ
b2 p2b b TQr2 ' 7mH Hi2 "M iBp2- 2bT2+B HHv r?2M Q#i BMBM; 2tT
bvbi2Kb Bb /B{+mHi Q" 2p2M BKTQbbB#H2X 7i2° T°2b2MiBM; i?2 }"
M/ bm#bQHmMIBQM K2i?Q/-r?B+2-Brl2 ilElr/ B *22TiiXQ i?72 b2+QM/ K21
i?72 a?QQiBM; J2i?Q/-r?B+? rBHH #2XTTHB2/ BM *? Ti2"

h?2 a?QQiBM; J2i?Q/

h?20?QQiBM; KRB?QB/2HV mb2/ i2+?MB[m2 7Q  bQHpPpBM; #QmM/
g?BH2 i?2 T'2pBQmb K2i?Q/ 7Q+mb2b QM }M/BM; bQHmMIiBQMb i? C
bm#@bQHMIBQMb M/ bmT2 @bQHMIBQMb- i?2 b?QQiBM; K2i?Q/ |
+QMp2'iBM; i?2K BMiQ M BMBiB Hp Hm2 T Q#H2KX

h?mb-iQbQHp2 #QmMM/ "vp HMmM2 T Q#H2K-r2 #2;BM #v +?QQbBM
M/ i?2M bQHp2 i?2 /IBz2 '2MiB H 2[m iBQM mbBM; i?2b2 BMBiB H +
Q#i BM2/-r2 +QKT "2i?2 2bmHirBi?i?2#QmM/ 'v+QM/BiBQM M/ [
UQ7i2M BM i?2 7Q K Q7 T = K2QRQiBVHER2A2i¥2mMiBH i?2 bQHmMiBQM
i?72 #QmM/ v +QM/BiBQMbX h?Bb T°Q+2bb Bb mbm HHv + B2/ Qmi

h?Bb K2i?Q/+ M#2 2z2+iBp2BM TTHB+ iBQMbBMi?2T?vbB+ HD
KQ/2Hb-r?22 i?2 bQHmMIiBQM Q7 2[m iBQMb rBi? #QmM/ v +QM/Bi
/IB'2+i TT Q +? Bb /B{+mHiiQ TTHvX KQM; i?2rQ Fbi? i? p2 mb2
i?7 1 Q7L /BM2i HX-r?Q TTHB2/BiBMi?2B° M B¥¥BbX 6Q  KQ 2 /:

"27Q°2 +QM+HmM/BM; i?Bb b2+iBQM- Bi Bb BKTQ i Mi iQ ?B;?HB;?
2[m iBQMb BM i?2 KQ/2HBM; Q7 p "BQmb T?2MQK2M X h?2b2 2[m iB
2K iB+ HiQQH 7Q" /2b+ B#BM; M/ M HvxBM: bT iBQi2KTQ  H /vM |

R9



RXRXjQ/2HBM: rBi? 2 +iBQM@.BzmbBQM 1[m iBQMb

2 +iBQM@/BzmbBQM 2[m iBQMb 2 2bb2MiB H iQQHb + Qbb p
KQ/2HBM; Q7 #BQHQ;B+ H- T?vbB+ H- M/ bQ+B H T?2MQK2M - BM
#BQHQ:v- i?2b2 2[m iBQMb "2 T ‘iB+mH "Hv mb27mH 7Q" /2b+ B#BI
BMi?27Q KQ7i p2HBM:r p2b-r?B+? 2T 2b2Mi bQHmMIiBQMb i? i K¢
K BMi BMBM: i?2B  b? T2X J i?2K iB+ HHv- i p2HBM:r p2 + M #2 /

u(t;x) = w(x ct);

r?2°@Bb i?2 T'QT ; iBQMwWwTBAR{?22M/p2 T ' Q}H2- r?B+? Bb KQMQiQN
+°2 bBM: 7TmM-RBQRM hXBH +QM+2Ti Bb BHHMRBR i2/ BM 6B:m 2

6B:m 2 RXR, S'Q}H2 Q7 h  p2HBM; q p2X

h?2b2 T?2MQK2M r2 2} bibim/B2/ BMi?2 #BQHQ:B+ H +QMi2ti #
r?7Q BMiQ/m+2/ i?2 6Bb?2 @ESS 2[m iBQM iQ KQ/2H i?2 bT 2 / Q7
2[m iBQM BM+Hm/2b "2 +iBQM i2 K /2b+ B#BM; HQ;BbiB+ ;: Qri?,

f(u=ru®l u);

r?2°@ 2T 2b2Mib i?22 TQTmH iB@M /2NDbMBadv MM/T ~ K2i2 X h?2 6Bb?2
KQ/2H ? b irQ +QMbi Mu2nBrB®HIBFHR2Y 1 MW/Dbi #H2VX h?2 2[m iBQM
+H bbB}2/ bKQMQbi #H2- b MvTQbBiBp2BMBiIiB H+QM/BiBQM 2pC
u=1X

6Bb?2 - "QMbQM@qg2BM#2 ;2 - M/ 6B72@J+G2Q/ 7m i?2 /2KQM
/IBzmbBQM 2[m iBQMb /KBi mMB[m2 i p2HBM; r p2b rBi? KBMBKm
#v, p__
c =2 rD;
r72° R Bbi?2 /BzmbBQM +QBRbHiMNiT@I/mH iBQM ;" Qri? ~ i2X AM [//Bi
bBKTH2 /vM KB+- KQ 2 +QKTH2t KQ/2Hb BM+HmM/2 #Bbi #H2 MQMHB
f(ui? i ? p2 iI?2 2b2@H)-rBiI?,

fO=f()=f(1)=0;f(uUy<0 7QU2(0; ); M/f(u)>0 7Qu2(;1):
+H bbB+ 2t KTH2 Q7 #Bbi #BHBiv Bb ;Bp2M #v,
f(W=ru@ uw(u ):

AM i?Bb +@MO02tM-=1 "2 bi #H2 2[mBHRB# BB-brmB®H2 #H2X Ai Bb ;2M2
bbmK2/ i? i i?2 2[mBHBBBMHIK2 ;2iB+ HHv KQ  2u7=0Q r #BI2?i B M
p2'B}2/ B7, z,

Of(s)ds>0:

R8



h?Bb +QM}:m  iBQM Bb +QKKQMHV mb2/ iQ KQURX) T Q+Rbb2b HE
t!1l1 V Q 2tiBMKtiBIOMUBt!1 VX //BiBQM HHv@i2)K6 MBEZ 2b2Mi
#BQHQ;B+ H 2z2+ib bm+? b i?2 HH22 2z2+i- r?2 2 HQr TQTmH iB
+? M+2bX r2HH@FMQrM 2t KTH2 Q7 M HH22 MQMHBM?2 “Biv Bb
Q#i BM2/r22M 6B;RXAB;?HB;?ib i?2 /Bz2 2M+2b #2ir22M KQMQbi #|

6B;m 2 RXk, JQMQbi #H2 M/ "Bbi #H2 LQMHBM2 "BiB?2

AMi?2 +QMi2ti Q7 2 +iBQM@/BzmbBQM 2[m iBQMb- Bi Bb + m+B
rBi?BM #BQHQ:B+ HHv Q° T?vbB+ HHv 2 HBbiB+ #QmM/bX h?2b?2
F?2M 2T 2b2Mib /2MbBiv Q" +QM+2Mi’ iBQM M im" HHv +QMbi > BN
+H bbB+ H +QKT "BbQM T BM+RB{DHKR bBBHB2bBMB)iB 1H i2i2M 1?2
bQHMI(BXQMtBbib 7Q tHI iBIKB iBB}2Uft:x) 1X h?Bb T QT2 ivBb 2bb2N
BM K i?2K iB+ H M HvbBb b Bi 2bi'B+ibi?2 bim/viQ #BQHQ;B+ HF

RXk KQ/2H Q7 BM~ KK iBQM /m2 iQ IH+2" iBp2

RXKXRM~ KK iQ v #Qr2H /Bb2 b2b

AM~ KK iQ v "Qr2H .Bb2 b2b UA".V T'BK "BHV 2M+QKT bbirQ +QNM
iBb UI*V M/* Q?M6b /Bb2 b2 U*.VX q?BH2 #Qi? b? "2 +QKKQM bvKT
T BM-/B 2?22 - M/ 7 iB;m2-i?2v/Bz2 bB;MB}+ MiHVvBM i?2B  HQ+
M Hi® +iX I*-}"bi/2b+ B#2/BM R3d8- z2+ib QMHVi?2 +QHQM M/ 24
M/ +QMiBMmQmb H2bBQMb BM i?2 BMM2> Km+Qb HH v2 X AM +QM
+ M z2+i Mv T iQ7i?2/B;2biBp2i° +i- 7°QK i?2 KQmi? iQ i?2 Mm
i MbKm® H H2bBQMb b2T " i2/ #v 22 Hi?v '2;BQMbX h?2b2 /BbiBM
}om TR X



6B:m 2 RXj, oBbm H*QKT 'BbQM Q7 z2+i2/ _2;:BQMbBMIH+2" iBp2
UaQm/+B;r i+? XV QK

Hi?Qm;?i?2 2t +i+ mb2bQ7A". 2mMFMQrM-BiBbrB/2Hv ++2T
"Bb2 7 QK M #MQ K HBKKmMmM2 "2bTQMb2 ; BMbiBMi2™M H7 +iQ"
KmM2 /vb7mM+iBQM- Q7i2M HBMF2/iQ ;2M2iB+ T 2/BbTQbBiBQMb-
M/ *. mbm HHv T 2b2MirBi? /B;2biBp2 bvKTiQKb-#mi+ M HbQ + mt
bm+? b DQBMiIi T BM-bFBM H2bBQMb- M/ 2v2 BMpQHp2K2MiX

h 2 iIK2Mi BKb iQ K M ;2 bvKTiQKb M/ "2/m+2 BM~ KK iBQM mbB
b MIB@BM~ KK iQ' v/ m;b-BKKMMQbmTT 2bb Mib-#BQHQ;B+ H i’
bm ;B+ HBMi2 p2MiBQMbX h?2b2 /Bb2 b2b "2 Q7i2M +? QMB+ M/ E
KQMBIiQ BM; M/ K M ;2K2Mi Q7 bvKTiQKbX .2bTBi2 /p M+2b BM i’
;BM; bvKTiQKb M/ "2/m+BM; BM~ KK iBQM- i?2 ;HQ# H T 2p H2M+
/IBb2 b2b-bm+? bmH+2 iBp2 +QHBiBb UI*V M/* Q?M06b /Bb2 b2-7?
AM/mbi° B HBx2/ "2;BQMb bm+? b LQ i? K2 B+ - q2bi2" M 1m QT2-
2t?B#Bi i?2 ?B;?2bi ; Qri? * i22XQaBiMBB K2Mmd'+ BTi 7Q+mb2b QM |-
2t KBM2 i?2 T ' 2p H2M+2 Q7 i?Bb /Bb2 b2X ++Q /BM; iQ :HQ# H. i -
I*+ b2b BM 2B;?i +QmMi B2b Ula- 6" M+2-:2 K Mv- Ai Hv- aT BM- |E
T2+i2/iQ BM+ ZDDRFHORQN I EPVKBHHBRQ@S BBi? M MMm H ;" Qri? ~ i2
QI36%X a22 6BRMAQ" ;HQ# HK T ?B;?HB;?iBM; "2;BQM H ; Qri? " i2

6B;m 2 RX9, HQ# HK T ?B;?HB;?iBM; "2;BQM H ; Qri? " i2b Q7 I’
b?Qri?2 ?B;?2bi BM+B/2M+2 Q7 I*- r?BH2 i?Qb2 BM ;" vBM/B+ i2 .
UaQmiji¥, (

Rd



AM i?2 +QMi2ti Q7 +? " QMB+ BM~ KK iQ v #Qr2H /Bb2 b2b UA".V-
MBbKb mM/2 HVBM; i?2 QMb2i M/ T°Q; 2bbBQM Q7 i?2b2 T i?QHQ
J i?2K iB+ H KQ/2HBM: Bb i?mb M 2bb2MiB HiQQH iQ 2tTHQ 2 i?2
+QK#BMBM; #BQHQ;v- K2/B+BM2 M/ K i?2K iB+b-i?2b2 KQ/2Hb [m
i2° +iBQMb #2ir22M BMi2biBM H# +i2'B - BKKmM2 +2HHb M/ Qi?2"
Q7 +?°QMB+ BM~ KK iBQMX

"QmM/ i?2 rQ H/- KmHiB/Bb+BTHBM v "2b2 “+? 2zQ ib BK iQ BK
P2HQT 2 "Hv /B :MQbiB+ iQQHDb 7Q " A".X h?2 AL6G J1s 2t+2HH2M+
Ry@G "s@RdAV # BM:b iQ:2i?2  iQT@H2p2H "2b2 “+22 b +QM/m+iB N\
T iQ7 +QHH #Q iBQM #2ir22M AL6G J1s M/ aQ #QMM2 S 'Bb LQ
Q7 /2bB:MBM; M/ bim/vBM; KQ/2H iQ 2tTHQ 2 /Bz2 2M+2b BM BM-
**Q?M6b /Bb2 b2 M/ mH+2" iBp2 +QHBiBb 2K2 ;2/X

AM +? ZiQ7 i?Bb K Mmb+ BTi-r2 BMi'Q/m+2 2 +iBQM@/BzmbBQ
rQ'F Q7 L /BM 2iJ\VHX h?Bb K i?2K iB+ H KQ/2H + Tim 2b i?2 BMi2" +
T i?Q:;2M- /2M@-i2M#BKKmMM2 +2HHbeX hNDDIBKFHB7v- i?22 bT iB H /Ql
"2T 2b2Mi2/ b QM2@/BK2MbBQM H BMi2p HbBKmH iBM; b2;K2|

KQ/2H Bb 7Q KmH i2/ b 7QHHQrb,
8
@ D u=ry(1 Pu L+ (1 Hvodu

Spt U b
@ D v=u rv:

URX9V

h?2 T'BK v;Q HBbiQ /2b+ ' B#2i?22T'QT ; iBOMBM ?2QKQ;2M2Qm
mH+2" iBp2 +QHBIiBb UI*VX g2 i?2M bim/v i?2 +QM/BiBQMb mM/2" r~
? Hi2/ BM ?22i2°Q;2M2Qmb K2/BmKX HH i?2 "2bmHib T°2b2Mi2/ BM
r2°2 Q#i BM2/i?2°Qm;? +QHH #Q  iBQM rBi? LX 0 m+?2H2i->Xw ; |

RXKkX&i i2 Q7 1?2 i

AM i?2 b+B2MiB}+ HBi2 im 2-i?22 "272r K i?2K iB+ HKQ/2Hb |
/IvM KB+bX 6Q BMbi M+2- KOQNBHQM>dh2riv+28 BMvpi2K Q7 KN Q /BM
2MiB H 2[m iBQMb iQ 2T 2b2Mi i?2 BMi2  +iBQMb #2ir22M p "BQmb
i?72 +QHQMX q?BH2 T ~ K2i2°'br2 2 +?2Qb2MiQ }i 2tBbiBM; / i b2ib- E
[mMm HBi iBp2 T'QT2 iB2b /m2 iQ i?2 bvbi2Kdb +QKTH2tBivX
h?2 "2b2 "+? QM BM~ KK iQ'v #Qr2H /Bb2 b2 UA".V? b HbQ #22M 2
vb2b Q7 JQ BHH 2i HX U(R3)V br2HH bi?2 BMMQp iBp2 BK ;2 T ¢
H@ HBOb S?))2QbBVUI(?B+? T QpB/2 2bb2MiB H7QmM/ iBQMb 7Q"
Pi?2" "2b2 "+?2 b-bm+? b GQ M/e)W2M2m2rmMHBIQ HRNJI( B#mi2/ iQ i?E

*2°1 BM bim/B2b ? p2 7Q+mb2/ QM i?2 BKT +i Q7 bT iB H ?2i2 Q;2
K i BQMX 6Q BMbi M+2- 1KHB? MBHARMERXBH- :0MEKYIWBRMp2XiIB( i2/
i?72T Q+2bb Q7 i?2 Q;2M2bBb-r?BH2 G mBJA¥MKmS;2M M2/ @&RWHK2 I\ U
2t KBM2/iBbbm2 BM~ KK iBQMX J2 MrRBWM D4 h7B2K 2+ m22 BHVK~UK K iQ
"2bTQMb2bX h?2b2 KQ/2Hb "2 MQi #H2 7Q i?2B° #BHBiviQ 2THB
2°'BM; p "B #H2b bm+? b BKKmM2 +2HH /2MbBiv- TTQ@BM~ KK iQ v
K2/B iQ b- M/i?2 T 2b2M+2 Q7 # +i2 B X

>Qr2p2 -iQ i?2 #2bi Q7 Kv FMQrH2/;2- MQ bim/B2b ? p2 bT2+B}+
; iIBQM Q7 i?Bb /Bb2 b2 Q i?2 K2+? MBbKb H2 /BM; iQ Bib #HQ+F ;2
i?72 T BK 'v7Q+mbRQ71?BiRK Mmb+ BTiX

R3



RXkX$ 2b2Mi iBQM Q7 i?2 K BM “2bmHib

AM i?Bb bm#b2+iBQM- r2 T°2b2Mi i?2 K BM i?2 R¥9B/L 2 HADTH i b ¢
M/ T Qp2/ BM 2X Thi22b2 “2bmHib ?B;?HB;?i i?2 #BHBiv Q7 i?2 KQ/2
i72 bT 2/ M/i?2 #HQ+FBM; Q7 i?2 /Bb2 b2X g2 bi i rBi? i?2 } bi 2
i72bT 2 /Q7i?2/Bb2 b2 BM ?2QKQ:2M2Qmb K2/BmKX

h?2Q 2K kX
g2 bbmK2 nb’?<|d<rb+r—- rBi?>a M/s, > max h; 1 IM/2" i?2b2
bbmKTiBQMb-i?2'2 Bb 0P QV/BM;IB2Z2R/IQT2" |BZb i? 1 7Q -2p2°v TC
i?72 7TQHHQrBM; ?QH/b,
lim [ max j(u(x;t);v(x;t))j]=0

th +1 5xj t(c + )
M/ 7Q° Mv bi'B+iHv TQbBiBp2 +QMBi 2¥B lpid+i QR bBiBD2? i B7
(U(X);Vo (X)) w QM M BMi2 p HRF* H2MZPHHQrBM; ?QH/b,
lim [ max j uj;vy (u(x;t);v(x;t))jl=0
th+1 0% tc )
h?2 T B};vi Bb TQbBiBp2 2[mBHB# BmK Q7 i?2 P.1 bvbi2K bbQ+B
rBi R X0

h?2 :Q HQ7 i?2 7TQHHQIBM; i?2Q 2K Bb iQ T°Qp2 i?2 2tBbi2M+2 «
i?2 bvbi2K /2b+ R&®/ #w B/2MiB7vBM; i?2 +QM/BiBQMb mM/2  r?B+7? |
2tBbiX

h?2Q 2K jX

G2(X) = dill o+ dplloo-0k 2 R, -k=1;2X A7 i?2 7TQHHQIBM; +QMJBiBQMb 21
-Sp > max(b;l)->a-rb<dl<rb+: Mrip+ <d o< min(rp+ +re ;Sp(rpfct  )):
h?2M-i?2°2 Bb (UWHQ7BIQRM7QHHQrBM; bvbi2K,

D@u=ru(l )+ @ v S5 dxu;
D@QxV= U rg;

(Uv)(1 )=(uz;v3); (UV)(+1)=(0;0);

u>0; v>0:

URXS8YV

VWA AR 00

h?2 BK Q7 i?2 7TQHHQIBM; T'QTQbBIiBQM Bb iQ T'Qp2 i?2 +QKT
r?B+?- mM/2" +2 i BM +QM/BiBQMb- i?2 bQHMIBQM Q7 Dbvbi2K 2p¢
7° K2/ #2ir22M bm#@bQHmMIiBQM M/ bmT2 @bQHmMiBQMX
S'QTQbBIBOQ)EX "BbQM T BM+BTH2V

bbmK2a Mk,>b X G@iv) #2 bQHMIBRXNBR7 bmT2" bQ(iﬂvr)uBQM
QARNBR M/ bm#bQ@m)immmBm- bm+? (@0) < (uv) (&2
0,0)< (uv) (&2 a-)  MAL0;0) < (u;v) (% 2r)x h?2M

(ut=0;x);v(t=0;x))  (u(t=0;x);v(t=0;x)) (u(t=0;x);v(t =0;x));
BKTHB2b i? i

(u(t; x); v(t;x))  (u(t;x);v(t;x))  (u(t;x);v(t;x)); 8 0, 8x2R:

RN



h?2 7QHHQrBM; +Q QHH v b? QX /iIKBIbi? b KB QM Uv bQHmMIiBQ
b iBb}2b i?2 +QKT 'BbQM T'BM+BTH2- Bi H2 /b iQ i?2 #HQ+F ;2 Q7 i

*Q QHH "UBXQ+FBM: Q7 i?2 q p2V
IM/2" i?2 bbmKTiBQMbjQ 7MWBQHMHIBQM iQ i?2 BRKEBIBI H M Q#H2|

BMBiB H + Q@B vBXXXN bm+7? i? i
(0;0)  (u(0;x);v(0;x)) (U;V) 2t?B#Bib HBKBi2/ T'QT ; iBQMX

RXKkX®2 bT2+iBp2b M/ rQ'F BM T Q: 2bb

M im H+QMiBMm iBQM Q7 i?Bb "2b2 "+?2 rQmH/ #2 iQ bim/v i?2
bQHMIBQMb QXKQMNEB@IRB2 T2 ' bT2+iBp2 rQmH/ #2 iQ 2tTHQ:-2 i?°22
2T 2b2MiBM; i?2 /I2MbBHIRZ H @i@BBMe KK iQ ' v BKKmMmM2 +2HHDb };?i
Miv- i?72 MIiB@BM~ KK iQ' v BKKmM2 +2HHb HBKBiBM; i?2 +iBQM Q
+2HHbX h?Bb 2ti2M/2/ KQ/2H + M #2 7Q KmH i2/ b 7QHHQTrb,

8

3@ D u=rp(l ﬁ) a(x)vu;
S@J D v=B;+ u IV VW,
"@w D w=v oW:

AM i?Bb bBpi2K-2b2Mib i?2 #B i? i2 'K Q7 BKk«nHEB +BAHB-HABH 2
22i2°Q:2M2Qmb T ° K2i2  /2b+ B#BM; i?2v ©iB @M @XEB KKmWM 2@ 2 H H
K2Mi H bbmKTiBQM Q7 i?Bb KQ/2H Bb i?2 +QMbi Mi T 2b2M+2 Q7 BK
q?BH2 i?22v M im> HHv /2:  /2-i?2b2 +2HHD /2p2HQT BM "2bTQMb?2 i
"2~2+i2/ #v i?2 #B i? i2 K BM i?2 b2+QM/ 2[m iBQMX

g2 rBHH /Bb+mbb i?Bb KQ/2H rBi? i?2 #BQHQ:Bbi 1X P;B2 @.2ME
] i2/-i?2K BM Q#D2+iBp2 rBHH #2iQbim/vi?2 T QT : iBQM M/ #HQ-
#BQHQ:B+ HHv "2 HBbiB+ 7> K2rQ FX h?Bb 2ti2M/2/ KQ/2H HbQ 2N
+iBQMb #2ir22M T"Q@BM~ KK iQ'v M/ MiB@BM~ KK iQ v BKKmM?2
JVM KB+b Q7 i?2 bvbi2KX h?2 i?2Q 2iB+ H M/ MmK2 B+ H M HvbBt
BM 2MpB QMK 2M)bBH?BT2iB HHv 22i2°Q;:2M2Qmb- 2T 2b2Mib T QK
7mim 2 "2b2 “+?X

RXjJ i?2K iB+ HJQ/2Hb M/ 02+iQ *QMi QH a
'B2Db

h?2 T"Q#H2K // " 2bbl2/ BMBMbITB 2/ #v M BMMQp iBp2 i2+?MB[m2
K2Mi2/ BM b2p2° H+QmMi'B2b iQ +QK# i p2+iQ @#Q M2 /Bb2 b2b i
i?Bb bm#b2+iBQM-r2 rBHH #2;BM #v T 2b2MiBM; i?2b2 /Bb2 b2b M/
i?72K-2tTH BMBM; i?2B T BM+BTH2b M/ BKT +ib-#27Q 2 /Bb+mbbeE
i?BbiQTB+X 6BM HHv-r2 rBHH bi i2 HHi?2 K BM "2bmHib Q7 i?Bb T
Q7 +m "2Mi 2b2 +?X

RXjXR? i Bb .2M;m2 oB mb\

2M;m2- HbQ FMQrM b i QTB+ H ~m- Bb pB H/Bb2 b2 i MbKE
bvKTIiQKb ivTB+ HHvVv H biBM; kiQd/ vbX g?BH2 K Mv /2M;m2 BM7 2 -

Ky



T 2b2Mi rBi? QMHv KBH/ K MB72bi iBQMb bm+? b ?B;? 72p2 U9y é°
Kmb+H2 M/ DQBMi T BM-M mb2 - M/ pQKBiBM;-i?2°2 "2 HbQ KQ"
7Q Kb+ MH2 /iQ + BiB+ H+QKTHB+ iBQMb bm+? b BMi2Mb2 #/Ql
#HQQ/ BM pQKBi Q  biQQHX h?Qm;? " "2-i?2b2 b2p2°2 + b2b + M "2

.2M;m2 Bb 7QmM/ BM i QTB+ H M/ bm#i " QTB+ H +HBK i2b rQ H/
b2KB@m # M "2 bX Pp2 "2+2Mi/2+ /2b-i?2 MmK#2 Q7/2M;m2 + b2
HQ# HHvX ++Q ' /BM;iQi?29gQ H/>2 Hi? P'; MBx5®BQuaup2BV- TT
r2°2 "2+Q /200BM MmK#2" i? i BM+52 KBHHBXMXBNMQ/ v- /12M;m2 Bb
T 2b2Mi BM KQ 2 i? M Ryy +QmMi B2b- T'BK "BHvBM 7 B+ -i?2 K
M2 M- aQmi?2 bi bB - M/ i?2 q2bi2°M S +B}+X h?2 KQbi z2+i2/
+QMmMMIiBM%QY ;HQ# H+ b2b- br2HH bi?2 K2'B+ b M/i?2 q2bi2 M
i?72 /IBb2 b2 ? b 2 +?22/ M2r "2 bbm+? b 1m ' QT2-i?2 1 bi2"M J2/B
K2 B+ R02Mi?2 MmK#2" Q7 + b2b "2 +?2/45 KBGHPGMW QTQ i2/ BM
K2'B+ b _2;BQM-rBi? k-jyy /2 i?bX aB;MB}+ Mi + b2Zy@02BMbQ 2T
" M;H /2142400BM J H ib®B0GOBM h? BH NM63OM/BM oB2iM KX h?2 bT 2 /
Q7 /2M;m2 Bbr2HH BHHmbi™ i2/ QM i ?RXQPB@ PBNB;; KHB UGB im22 M/ Z
“2:BQMb 7Q  i?Bb /Bb2 b2X

6B;m 2 RX8, :2Q: T?B+ H/Bbi'B#miBQM Q7 /2M:m2 2M/2KB+ 2 bX
T 2p2MiBQM M/ *QMi QHVX

h?2 /Bb2 b2 Bbi> MbKBii2/i? Qm;?i?2 #Bi2b Q7 BM72+i2/ 72K H2
i?2 2/2b 2;vTiBbT2+B2bX Pi?2  bT2+B2b Q7 i?2 2/2b 2;vTiB :2Mn
#mii?2B  +QMi'B#miBQM Bb ;2M2" HHvV b2+QM/ v +QKT “2/iQi? i Q
2023- bB:MB}+ MiBM+"2 b2 BM i?2 HQ+ Hi> MbKBbbBQM Q7 i?2 /2M:
UiB:2  KQb[mBiQV r b Q#b2 p2/ BM 1m QT2X JQb[mBiQ2b #2+QK2 B
T2'bQMX M BM72+i2/ T2'bQM Bb +QMi :BQmb QMHvV /m 'BM; i?2 pB
[22FX >Qr2p2°-i?2°2Bb MBM+m# iBQM T2 'BQ/ Q7 b2p2° H/ vb #27
i?2 pB mbX PM+2 i?Bb T2 'BQ/ ? b T bb2/-i?2 KQb[mBiQ 2K BMb B
HB72X

RXjXk2+iQ +QMi"QH K2i?Q/b

aBM+2i?2°2BbMQ mMBp2'b HHv TT Qp2/p ++BM2Q bT2+B}+i :
M/ +QMi"QH/2T2M/ 2MiB 2HVQM i?2 BKTH2K2Mi iBQM Q7 2z2+iBp2

kR



"2 b2p2  Hr vbiQ K M ;2 KQb[mBiQ@#Q M2 /Bb2 b2b-bm+? b,

AMb2+iB+B/2 bTh?BBM2i?Q/BMpQHp2b bT 2 /BM; +?2KB+ HbiQ 2H
M/ Qi?2 BMb2+ibX >Qr2p2 -i?2b2 T°Q/m+ib+ MbQK2iBK2b #2 ? K
K2i?Q/+ M#2mb2/ #Qi? BM/QQ b M/ Qmi/QQ b M/ 2[mB 2b 2:mH
#22M Q#b2°p2/i? ibQK2 KQb[mBiQ2b + M /2p2HQT "2bBbi M+2 iQ +2
i?Bb Bb i?2 KQbi rB/2Hv mb2/ K2i?Q/ BM i?2 rQ H/- Bi 2K BMb 2tT:
222+iBp2 b T 2p2MiBQM iQQHX

ai2 "BH2 AMDb2+i h2+?MB[?Bb K2APQ/ BKb iQ "2/m+2 Q  2HBKBM i
TQTmH iBQMb #v T 2p2MiBM; i?2K 7°QK 2T °Q/m+BM;X h?Bb K2i?
KQb[mBiQ2b mbBM; * /B iBQM M/ i?2M "2H2 bBM; i?2K BM H ;2 Mn
bi2 ' BH2 KQb[mBiQ2b K i2 rBi? 72K H2b- #mii?2 2:;b T°Q/m+2/ + MM
Q7i?Bbi2+?MB[m2/2T2M/b QM i?2 MmK#2 Q7 K H2b "2H2 b2/ M/ i?2
i?2b2 +QM/BiBQMb "2MQiK2i-i?2 KQb[mBiQ TQTmH iBQM + MBM+"
M HvbBb Q7 i?Bb i2+?MB[m2X

:2M2iB+ KQ/B}+ BBQM2i?Q/i? i BMpQHp2b BMi"Q/m+BM; H2i? H ;
;2i2/ KQb[mMBIiQ TQTmH iBQM-r?B+? + mb2b i?2B MmMK#2 b iQ ;" /m
+ M #2 2tT2MbBp2- b Bi 2[mB'2b "2T2 i2/ TTHB+ iBQMbX Ai Bb +1
M/ ? bb?QrM TQbBiBp2 "2bmHibBM /2+°2 bBM; i?2 KQb[mBiQ TQTm
2pB/2M+2 v2i QM Bib 2z2+iBp2M2bb BM "2/ m+BM; /2M;m2 i MbKBDb
i'B HBb mM/2'rvBMbQK2 "2 bQ7i?2IMBi2/ ai i2bX

HH Q7 i?2 i2+?MB[m2b /Bb+mbb2/ #Qp2 b22F iQ HBKBi i?72 KQb
I12M;m2 i° MbKBbbBQMX >Qr2p2 - B7 BMi2 p2MiBQMb biQT-i?2 KQ
BM+'2 b2 ; BM M/ 2im M iQ Bib BMBiB H H2p2HX h?2b2 K2i?Q/b
2;mH " bmT2 pBbBQM #v HQ+ H mi?Q BiB2biQ 2Mbm 2 i?2B  HQM
h?2°2Bb "2H iBp2Hv M2r TT ' Q +?i? ii +FH2b i?2 T"Q#H2K Q7 biQ
KQb[mBiQ@#Q M2 /Bb2 b2b BM /Bz2 2Mir vX h?2 B/2 BbiQ T 2pz
KQb[mBiQ2b BM+ T #H2 Q7 i MbKBIiiBM; i?2 T i?7Q;2M iQ Ph2K MbX h
# +i2 BmK qQMN# +7?B

qOQH# +?2B J2i?Q/

gQH# +?B Bb # +i2’ BmKM im> HHv T 2b2Mi BM #QmieyW Q7 BN
2/2b 2;vTiBX .Bb+Qp2°'2/ BM RNk9-Bir b MQi mMiBH RNNd i? i "2b
HBMF rBi? KQb[mBiQ@#Q M2 /Bb2 b2bX ii? iiBK2-Bi? /#22M b?Qr
+QmH/ "2/m+2 i?2 HB72 2tT2+i M+v Q7 2/2b 2;vTiB KQb[mBiQ2b-i?
Q7 /Bb2 b2bX am#b2[m2Mi rQ F (ej) 2p2 H2/ + m+B H 7 +i, gQH#
bm+? b/2M;m2- xBF - +?BFmM;mMv M/ V2HHQr 72p2 - bB;MB}+ Mil
+ B2 KQb[mBiQ2bX AM //BiBQM-Bi? b#22M 2bi #HBb?2/i? i 72K
i MbKBii?2 # +i2°'B iQi?2B  QzbT'BM;X h?Bb ?2°2/Bi "vi> MbKBDbI
TQi2MiB H7Q miQMQKv- Hi?Qm;? b2p2  H7 +iQ b Kmbi #2 i F2M
bm++2bbX qQH# +?B i° MbKBbbBQM Q++m b QMHV 7 QK 72K H2b iC
? p2 bHB;?iHV "2/m+2/ 72 iBHBiv +QKT “2/iQ mMBM72+i2/ KQb[mBiC
+ MMQiT'Q/m+2 QzbT 'BM; B7 b?2K i2brBi? K H2+ ““VBM; qQH# +

k k



b+viQTH bKB+ BM+QKT iBREdBivX b22 6B;m 2

6B;m 2 RXe, Pp2 ' pB2r Q7 qQH# +?B i° MbKBbbBQM BM KQb[n

h?Bb b+B2MiB}+ /Bb+Qp2 v- +QK#BM2/ rBi? i?2 7 +ii? i qQH# +?1I
M/ Qi?2° MBK Hb-H2/iQi?2 /2p2HQTK2MiQ7r? iBbMQrFMQrM b
+QMi QHHBM; /2M;m2 72p2 X _2b2 "+?2 b Bb2 gQH# +?B @BM72+
M/ i?2M "2H2 b2 i?2K BMiQ i?2 rBH/X A7 i?Bb BMBiB HTQTmH iBC
i° MbKBii?2# +i2' B iQ7mim 2 ;2M2 iBQMbX 1p2Mim HHv- Bi Bb 2t-
TQTmH iBQM rBHH ;" /m HHv #2 "2TH +2/#v KQb[mBiQ2b + ""vBM;
i MbKBbbBQM Q7 /2M;m2 M/ Qi?2 KQb[mBiQ@#Q RIRI/Bb2 b2bX L

6B;m 2 RXd, oBbm HBx iBQM Q7 i?2 S'Q: 2bbBp2 2TH +2K2Mi Q7
qQH# +?B @AM72+i2/ JQb[mBiQ2b Pp2  hBK2X

aBM+2 i?2 kyyyb-i?2 gqQ H/ JQb[mBiQ S°'Q;  KUgJSV ? b +QQ /Bl
}2H/ "2b2 "+? "2H i2/iQi?BbK2i?Q/X h?2} bi 2H2 b2b Q7 qQH# +7?B
TH +2 BMi?2* B'Mb "2;BQM Q7 mbi®> HB BM kyRR-/m BM; Ry@r2z
H2 b2bX h?2 2bmHibr2 22M+Qm" ;BM; M/ /2KQMbi i2/d3X2z2+iB
AM "2+2Miv2 "b-b2p2° H 2;BQMb ? p2 DQBM2/i?2T°Q;  K-r?B+? 1
i? MRy +QmMi ' B2bX *HBMB+ Hi'B Hb- "BbF M Hvb2b- 2+QMQKB+
KQ/2HBM; 2K BM 2bb2MiB H iQ TTHv i?Bb TT'Q +? QM HQ# H L
I12M;m2 M/ Qi?2  KQb[mBiQ@#Q M2 /Bb2 b2bX

K]



RXjXpi i2 Q7 i?22 i

AM i?Bb b2+iBQM-r2rBHH /Bb+mbb bQK2 "2H2p Mibim/B2bi? i ? |
Q7T°QT ; iBQM#HQ+FBM:; BM #BQHQ;B+ H+QMi2tibX h?2 Q#b2 p iF
K2+? MBbKb mb2/iQ biQT i?2K? bBMbTB 2/ MmMK2 Qmb bim/B2b BM
L /BM2i HEXVUI(CQTQb2/ bBKTHB}2/ K i?2K iB+ HKQ/2H i? i bmTT
BM; M Hvb2bX h?2v ?B;?HB;?ii? i /Bz2 2MiB i2/ / Ti iBQM HQM2
i?Bb #HQ+FBM; T?2MQK2MQMX >Qr2p2°- T°QMQmM+2/ TQTmH iBC
"QH2- b bm;;2bi2/ #v [m MiBi iBp2 bim/B2b i? i /2i2 " KBM2 i?2 KBM
iQ+2i2bm+? #HQ+FBM;X h?2 #HQ+FBM; Q7 T°'QT ; iBQM Bb r2H
p BQmb #BQHQ;B+ H +QMi2tib-T "iB+mH "Hv 7Q ;2M2iB+ i Bib Q
TQTmH iBQMbX S 2pBQmb bim/B2b ? p2 b?QrMi? ibT iB H?2i2°Q;2
Q 2p2M i?2 HH22 2z2+i-+ M HBKBi i?2 bT 2RKQX hPBBiKR+B MR KE
Q7i2M 272 2/ iQ b 8TBMMBM;d Q° #HQ+FBM;- Bb ii'B#mi2/ iQ b’
"QMK2Mi i? i ?BM/2 BWX bBIQMWIW(? HQM; @i2 K }2H/ 2tT2 " BK2Mib
"iB}+B H "2H2 b2b Q7 KQb[mBiQ2b BM72+i2/ rBi? qQH# +?B T QpB.
"2H2 b2b ? p2 b?2QrM T?2MQK2M bm+? b O0bi #PHc2(NVQ MiIB6&? MH B HD +
rBi? i72Q 2iB+ HKQ/2H T 2/B+iBQMbX h?2b2 T?2MQK2M ? p2 #22N\
T 'iB+mH "Hv mbBM:; 2 +iBQ M@/ By bBQKIQKDHBHB HUImMMiBM; 7Q" °
?22i2°Q;2MBBVX LAM * A Ni21?2 b2+QM/ T i Q7 i?Bb K Mmb+"BTi-r2 rl
#HQ+FBM; Q7T QT ; iBQMBM MQM@?QKQ;2M2Qmb 2MpB " QMK2Mib
r?2°2i?22MpB " QMK2Mi H+ "“vBM; + T +Bivp B2b bB;MB}+ MiHV A
bT iB H/QK BMX

RXjX$ 2b2Mi iBQM Q7 i?2 K BM "2bmHib

AMi?Bbbm#b2+iBQM-r2 T 2b2Mii?2 K BM "2bmHibi? irBHH #2 2k
1 X h?2b2 “2bmHib T°Qp2 i?2 KQ/2Hb6b + T +BiviQ bBKmH i2 i?22 #HC
T "iB+mH * +QM/BiBQMbX
g2 }'bi BMi"Q/m+2 ‘2 +iBQM@/BzmbBQM KQ/2H BMbTRB3X Vv i?2r
h?Bb KQ/2H /2b+ B#2b i?2 /vM KB+b Qf B MM 2 mildBKIQ BB QQlb [un B
d, VX Ai Bb 2tT 2bb2/ #v i?2 7QHHQrBM: bvbi2K Q7 2[m iBQMb,
8
<@ ni=(1 s)Funi(l  MEMe)  dyng; in (0;T) RY
Lo@ny Ny = Funy(l  shpf-)(1 Mg™)  dyng; in (O T) RY:

h?2 mMB7Q KT QT ; iBQM Q7 r p2bBM ?2QKQ:2M2Qmb K2/BmK r|
K Bb r2HH@FMQrM T?22MQK2MQMX >Qr2pBbiiQ 2N #+HDvX2iiBPR2 Q/iSt i'B
Q7 bvbiRRKEUQ DbBM;H2 +HQDb2/ 2[m iBQM M/ iQ bim/vr p2 #HQ+F
2TH +2K2Mi i2+?MB[m2-T "iB+mH "HvBM 2RI " @G20M2Qmb K2/Bm|
"27Q°2 bi iBM;i?2K BM 2bmHib- Bi Bb M2+2bIK ~Wi/QQMb i 22HBN B iHBQ M
/i,

6B bi- r2 bbmIiK2h?Bb}2b i?2 7QHHQrBH :#2HQM2EE%D , M/
LL(RHX JQ 2QP BB #QmM/2/ #2HQr- BX2X- i?22%°2 @ bBbiB kXM bi Mi
7Q xBRIX //BiBQMKHH$RY M/ K 2 LY{(RY) X

URXeV

k9



6Q i?2BMBIB H/ i -r2 bbmK2,

n"™ is uniformly bounded in L * (RY; n"™ 0 URXdV
nt is uniformly bounded in L* (RY%; n" > O URX3V
_ - r]!nit; Lo n!nit; 0 _
and pBMEL2(RY); p"t = s '+ e | 1O phit 0 = i 0'+ S weakly in L%(RY):
| |

URXNYV
6m i?2 'KQ'2-r2 bbmK2i? ii?2 BMBiB H+QM/BiBQMb "2 r2HH@T" 2
MEo4 it = K+ K, with kKgk,  C% URXRyV

r-]I u

g2 MQr bi i2i?2 +QMp2 :2M+2 "2bmHi- r?B+? 2bi #HBb?2b i?2 HBK
iBQM r?212X

h?2Q 2K 9X

G2l >0X IM/2° bbmKTREQR K¥IR XN MARXRGM i?2 BMBiB H/ i - br2
bi?2 bbmKTIiBQMbZIM#QpP2- Bi 7TQHHQOb 12 ? Pp2:= n:in Iop°

bi*QM;HYOBVL2(RY)) - r2 FHL2BM;HYRY) r?2°@ Bb i?2 mMB[m2 bQHmMiBQN

8
<@ p° 255r pP= () + Ea(?); in (O;T) RY

o URXRRYV
C PPt =0;x) = p"t (x); in R

qBi? S Loy
f 0= 01 0 u Shp Sf+ ;
PI=PE P T pra A s

M/
PP PO)(snp®  st)
(1 s)pP+(@Q PO shpd)

h?Bb "2bmHi b?Qrb i? iIRN2HWh#2K D/m+2/iQ b+ HRXRRH ?RBU
7Q°2-r2rBHH7Q+mbQMi?2bim/vQ7i?Bbb+ H 2[m iBQM-r?B+? Bt
q?2M Bb ?QKQ;2M2QmbR @R IBQK2,

@ p="f(p);

r?2°f2Ap) Bb #Bbi #H2 7mM+iBQMX h?Bb 2[m iBQM r b bim/B2/ BM i?:
R)X AMT “iB+mH - BiBb FMQrMi? i T°QT ; iBOM Q++m'b B7

Zl

Of(p)dp>0;

M/ r2 rBHH bbmK2 i? i i?Bb +QM/BiBQM Bb Hr vb b iBb}2/ BM r?

g2 2 MQr BMi2 2bi2/ BM bim/vBM; i?2 #HQ+FBM: RXRRBN ; iBQ

22i2°Q:2M2Qmb K2KBmRKB2B 2B:MB}+ MiHvV #2ir22M /Bz2 2Mi 2:BQ\

/QK BMX g2 +QMbB/2RXRMVBQM2U/BK2 Kb BQIM-2 M2b 2t TQM2MiB H|

bT2+B}+ "2;BQM Q7 i?2 bT iB H/QK BM M/ 2K BMb +QMbi Mi 2Hb
+2°i BM +Q®biOMBHO-r2 ? p2,

a(p°) =

8
3 A BxXr< 0;

K (x) = BAeCX; BX72 [O;L]; URXRkYV
© Aett: BX> L:

k8



"27Q 2 bi iBM:; i?Bb "2bmHi-r2 BMi'Q/m+2 7mM/ K2Mi H+QM+2T
iBQM # B2 X h?Bb +QM+2Ti 272 b iQ #QmM/ v #2VQM/ r?B+? i?:
Bb? Hi2/-/2bTBi27 pQ > #H2 +QM/BiBQMb 2tBhiBM; BM Qi?2" "2:BQ|
K i?2K iB+ HTQBMi Q7 pB2r- i?Bb # 'B2  +Q "2bTQM/biQ i?2 bi iB
2[m iBQMX >Qr2p2 - i?2 2tBbi2M+2 Q7 bm+? # B2  Bb MQi bvbi2
C Bb bK HH 2MQm;?- T°QT : iBQM 2K BMb TQbbB#H2- M/ MQ #HQ+
r? ir22bi #HBb? BM i?2 7TQHHQIrBM; H2KK X

G2KK dX
AY ME- "2 bm{+B2MiHv bK HH- i?2M i?2 2pRt@Bid[ mMbIBRBRQ HmiE
i? i Bb MQi #H @+ FQMBXZ2bbiQ +1 mMB7Q KHvV QM 2p2°v +QKT +iX

PMi?2 +QMi’ “v- 7Q € "ML2-MQMM 222tBbi # B2 bX

h?2Q 2K 8X
G2€>0-L>0 M/ bbmK2i? ii?2 7TQHHQrBM; +QM/BiBQMb ?QH/,
Zl
sh 1, s 1 sy M/ f(t)ydt> O:
0

bbmK2 HbLIQ Bbi;Bp2URX®3Ic >0 bm+? i? i 7@Q>c HIA2 2 2tIBbhm+7?
i? i 7QLHH r2 ? pe;L)2B(f) X

G biHv-r2 mb2 +QKT 'BbQM T°'BM+BTH2 iQ /2KQMbi' i2 ?2Qr # °
iBOQM©OQX h?2 7QHHQrBM; T'QTQbBIiBQM 7Q K HBxP(®) i?28b EMBM +B T
#QmMM/2/ #2HQr i?2 # t 'BX 7Q° HH

S'QTQbBIiBQM 3X
amTTQb2 i? i i?72°2 2tB(€ih) /2MB2P#W/ i?K Bb ;Bp2WR¥KK
h?2M 2p2°vr2 FbQHmMIBQM Q7

00

K° K
@ @p 2?@p=f(p)+ ?g(p);

rBi? BMBiB H/ i pfim+®-iBiQTb bT 2 /BM 8t K2-ptB MP X

RXjX82 bT2+iBp2b M/ rQ'F BM T Q; 2bb

Mim> H +QMiBMm iBQM Q7 i?Bb "2b2 “+2 rQmH/ #2 iQ 2ti2M/ i?
PQHPBM; irQ +QmTH2/ TQTmH iBQMb ;Qp2 M2/ #v 2 +iBQM@/Bzmb!|
2ti2MbBQM bB;MB}+ MiHv BM+ 2 b2b i?2 K i?2K iB+ H+QKTH2tBiv-
Q#b2 p2/ BMi?2b2 bvbi2Kb T°QpB/2 T QKBbBM; T2 bT2+iBp2 7Q

MQi?2  TQi2MiB H p2Mm2 rQmH/ #2iQ 2tT M/ i?2bim/viQ ?B;?2"
iBHMQr-Qm  BMp2biB; iBQMb ? p2#22M HBKBi2/iQ QM2 bT iB H/BK
#27? pBQ Q7 bQHmMIBQMb + M #2 KQ 2 BMimBiBp2Hv 2t KBM2/X "v +
+QMi2tib-r2 BKiQ 2tTHQ 2 ?2QrbT iB H?2i2°Q:2M2Biv z2+ibi?2 bv
Qz2'BM: 'B+?2  BMbB;?ib BMiQ i?2 K2+? MBbKb Q7 T°QT ; iBQM M/

ke



RX9.Bbb2' i iBOM QmiHBM?2

h?2 "2K BM/2 Q7 i?2 K Mmb+ BTi Bb bi m+im 2/ b7QHHQrb,

*?2 TiZ2ZBb /2/B+ i2/iQ i?2 bim/v Q7 K i?2K iB+ HKQ/2H Q7 BM-
+QMi2ti Q7 BM~ KK iQ'v#Qr2H /Bb2 b2b-bm+? bmH+2 iBp2 +(C
K iB+ HTQBMiQ7 pB2r-i?2T'QT ; iBQMQ7i?2/Bb2 b2BM ?2QK!
Bib #HQ+FBM; BM ?22i2°Q;2M2Qmb 2MpB " QMK2Mib "2 bim/B2/X |
BMJ i?2K iB+ H"B@W¥B2M+2bX (

S il Bb/2/B+ i2/iQ i?2 bim/v Q7 K i?2K iB+ HKQ/2H 7Q" +QN
#Q M2 /Bb2 b2b-bm+? b/2M:m2-i?2°Qm;? i?2BMi"Q/m+iBQM Q"
Ai Bb /BpB/2/ BMiQ irQ +? Ti2 b, i?2 }' bi 7Q+m@b2b D MiBXRM @/ m +
/BzmbBQM bvbi2KiQ bBM:H2 +HQDb2/2[m iBQM-r?BH2i?22 b2+Q
Q7 rp2 T'QT ;: iBQM #HQ+FBM; BM TQTmH iBQM "2TH +2K2M|
#2BM:; T 2T 2/ 7Q BBXKBbbBQM (

S Cill T'2b2Mib K i?2K iB+ HKQ/2H Q7 :@T Qi2BM +QmTH2/ "
i2Kb- BM+Q TQ  iBM; +QKT iK2Mi /vM KB+b M/ #BQ+?2KB+ H
/m+2b }MBi2 pQHMK2 b+?2K2 iQ bBKmH i2 i?2 KQ/2H- rBi? T
i° {+FBM; M/ b2+QM/ K2bb2M;2  bB;M HBM;X h?Bb rQ Fr b +
iB+BT iBQM BM bmKK2 b+?QQH M/ ? b #B>M Tm#HBDb?2/ BM 1

kd



S 1 A

J i?2K iB+ H M HvbBb Q7 IH+
*QHBIBb

#bi® +i

h?2 "2bmHib T ' 2b2Mi2/ BM i?Bb +? Ti2  + K2 7 QK KmHiB/Bb+
LB+QH bo m+?2H2i-1 B+ P;B2 @.2MBb- M/ > i2K wWJdX M/ ? b #2:

IH+2" iBp2 +QHBiIBb UI*V Bb +?2 QMB+ BM~ KK iQ v #Qr2H /Bb:
i i "2 biBHH T iB HHv mM+H2 "X IMHBF2 Qi?2  ivT2b Q7 A".- B
iQi?2 BMM2  HBMBM: Q7 i?2 H :2 BMi2biBM2 M/ 2+imK-bT 2 /E
#2ir22M z2+i2/ "2 b-+'2 iBM; mMB7Q KT ii2’M Q7 BM~ KK iBQ

AM i?Bb +? Ti2 -r2 /2p2HQT K i?2K iB+ HKQ/2H # b2/ QM 2 A
/I2b+ B#2 i?2BM~ KK iBQM + mb2/ #vi?2BMi2" +iBQM #2ir22M T
i?72+QMi2ti Q7 I*XPm  +QMi B#miBQMb "2 #Qi?i?2Q 2iB+ H M/ M
2tBbi2M+2 Q7 i° p2HBM; r p2 bQHMIiBQMb- b?QrBM; ?Qri?2 /Bb2
2MpB QMK2MiX g2 i?2M B/2MiB7vi?2 +QM/BiBQMb mM/2 r?B+?i7?
+ M#2 biQTT2/BM ?2i2 Q;2M2Qmb 2MpB QMK2MiX LmK2 B+ HDb
M/ p HB/ i2i?2b2 i?2Q 2iB+ H "2bmHibX
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*> sh1 Kk

J h>1J hA* G ahl.uP6 h>1aS_1 . L.
"GP*EAL: AL AL6G JJ hP_u "Pgl1lG .Aal ¢

6h?2 KQ 212 FMQr-i?2 KQ 2r2 2 HBx2 ?C
2K BMb iQ #2 /Bb+Qp2 2/

Ab + L2riQM

KXRAMi*Q/m+iBQM

AM~ KK iQ'v"Qr2H .Bb2 b2b UA".V-bm+? b mH+2" iBp2 +QHBIiIBbD
"2 +? 0 +i2°'Bx2/ #v T2 'bBbi2Mi BM~ KK iBQM Q7 i?2 BMi2biBM2bX |
M/ “2+imK-r?BH2 *>Q?Mdb /Bb2 b2 + M z2+i Mv T iQ7i?2; bi QB
/IBb2 b2 Bb K “F2/#v T i+?2v/ K ;2 rBi? +QKTHB+ iBQMb HBF2 M " Qr
/22T2  H v2'b Q7 iBbbm2X AM +QMi" bi- mH+2" iBp2 +QHBiBb QMH
rBi? MQ ?2 Hi?v "2 b #2ir22M BM~ K2/ 2;BQMbX h?2 2t +i+ mb2b Q
biQQ/-#mii?2vK v#2 HBMF2/iQ M 2t+2bbBp2 BKKmM2 "2bTQMb2 B
2TBi?2HB H# ""B2 Bbbm2b- M/ 2MpB QMK2Mi H7 +iQ bX ai'2bb
+ mMb2 A".- #mii?2v+ Mi B;;2 Ryywx@mTb Ub22 (

A".BHHmbi® i2 M +mi2 BM~ KK iQ'v '2bTQMb2 BM #Q/viBbbm2b +
Ti?Q;2Mb Q" / K ;2/ +2HHbX h?Bb/272MbBp2 "2bTQMb2Bb HbQ "2H
iBQMb-bm+? b ?22mK iQB/ "i? BiBb-BM~ KK iBQM Q7 /B #2iB+ rQi
BM ;2M2  H- M/ ? b #22M i?2 bm#D2+i Q7 K Mv bim/B2bX *m "2MiH\
i2°2bi "2b2 "+?2°bX Hi?Qm;? K i?2K iB+ HKQ/2Hb ? p2 #22M /2p2H
+H "B7vi?2+ mb2b Q7 +mi2BM~ KK iBQM-QM;QBM; "2b2 “+? +QMi
mM/2 bi M/IBM; Q7 i?Bb +QKTH2t T?2MQK2MQMX 6QmM/ iBQM H M
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i?72 + b2 Q7 mH+2" iBp2 +QHBiBb-r2 BKiQ /2KQMbi® i2i?2 2tBbi2M
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b+QTB2bX 6m i?2° "2b2 "+? Bb M22/2/iQ /2i2 ' KBM2 i?Bb 2M/TQBMi
iQTB+ Bb 2ti2MbBp2Hv 2tTHQ 2/- i?2 K i?2K iB+ H KQ/2HBM; Q7 i?
2pQHpP2X S’ 2pBQMb rQ'FQM i?Bb /Bb2 b2 BM+HmM/2b i?2 BMBiB H /
@dV- b r2HH b i?2 BMMQp iBp2 BK ;2 T°'Q+2bbBM; 2b2 “+?2 T 2b2}
Ub22-@Q-9V-r?B+? T'QpB/2 2bb2MiB H7QmM/ iBQMb 7Q° Qm - mM/2
#Qr2H /Bb2 b2 UA".VX //BiBQM HHv- i?2 rQPVQRITRG@ Bb2i?H ¥ bl2bQ
T?vbB+b@# b2/ M2m™ H M2irQ ' Fb iQ bQHp2i?2 2[m iBQMb KQ/2HBN

J Mv K i?2K iB+ Hbim/B2b QM BM~ KK iBQM /2p2HQT KQ/2Hb # b
iB H2[m iB®@dBdg@cdBVX JQbi Q7 i?Bb 2b2 "+?BM+Q TQ i2bT Q@
MiB@BM~ KK iQ'v K2/B iQ'b- b r2HH b T i?Q;2Mb M/ Qi?2" T?vb
p BQmb H2p2Hb Q7 "2 HBbKX .2T2M/BM; QM i?2 T ~ K2i2'b M/ BME
2T°Q/m+2 /Bz2 ' 2Mi Q#b2 p #H2 b+2M "BQb #Qi? 2tT2 ' BK2Mi HHv M
m iBQMb r?2°2i?2?2Qbibm++2bb7mHHv 2" /B+ i2bi?2BM72+iBQM-
7 BHb iQ +QMi " QH i?2 /Bb2 b2- M/ + b2b r?2°2 Qb+BHH iQ'v bQHmMm
BM~ KK iBQMX

AMKQ/2HBM;i?2BM~ KK iQ v 2bTQMb2-b2p2° Hbim/B2b +QMbB
BMbi M+2- 1H E? kB¥ QiLHHE® (iB#- :OMEBvibimZv iRX(T°Q+2bb Q7 i?2
;2M2bBb- r?BH2 G mz2M#m ;@2NVMMESEMER2A A3y BPIIXKBM2 iBbbm2 BNM
~ KK i BQMX *? HK2RIN27@H>OW( QM +mi2 BM~ KK iQ'v "2bTQMb2b X
bi M/ Qmi 7Q" i?2 /vM KB+b i?2v b22F iQ "2THB+ i2- BM+Q TQ"  iBM
/2MbBiv- T'TQ@BM~ KK iQ'v +ViQFBM2b- MiB@BM~ KK iQ v K2/B iC
i2’B X Hi?Qm;? K i?2K iB+ HKQ/2HBM; Q7 BM~ KK iBQM ii +ib +
+QMiBMmM2b iQ 2pQHp2X AM Qm bim/v-r2 HbQ +QMbB/2 bT iB H
7Q° 2tTH BMBM; i?2 #HQ+F ;2 T?2MQK2MQM Q#b2 p2/ BM i?2 bT 2
AM i?2 T°2b2M+2 Q7 p 'B iBQMb BM i?2 T°QT2'iB2b Q7 i?2 BMi2biBI
KQ/2H bBKmH i2br p2b Q7 BM~ KK iBQM i? i- r?22M i?2v 2M+QmMi2’
2Bi?2° #HQ+F2/ Q"  bB;MB}+ MiHv bHQr2/ /QrMX h?2b2 ?22i2°Q;2M2(
HBbiB+ HHv "2T ' Q/m+BM; i?2 Q#bi +H2b 7 +2/ #v BM~ KK iBQM BM
i?72 BKT +i Q7 ?22i2°Q;2M2Biv ?2HTb mb #2ii2° mM/2 bi M/ i?22 K2+? N
Q7 BM~ KK iQ'vr p2b BM I*X

GBF2 KQ/2Hb # b2/ QM Q /BM ‘v /Bz2 2MiB H2[m iBQMb-i?2 bi #E
bim/B2/ BM i?2b2 TT Q +?2bX 6Q 2t KARNZ2-SQ HK22h) \HX MK U (
G mz2M#m ;2° M/ ERWMGMINi+i i7Q Qm;? M Hvb2b Q7 /Bz2 2Mi TC
# b2/ QM KQ/2H T °~ K2i2°'bX h?2b2 bim/B2b T°QpB/2 #BQHQ;B+ H BN
#2? pBQ'b M/ MmK2 B+ H bBKmH iBQMb i? i BHHmbi i2 i?2 "2bmt
:0MB2vb- XINVHRKWp2i?2 2tBbi2M+2 Q7 T°Q; 2bbBp2r p2 bQHmMIiBQM
BMi'B;;2°BM; +?2 QMB+ BM~ KK iQ v "2bTQMb2X

kXkJ i?2K iB+ H KQ/2H

AMi?Bb b2+iBQM-r2T°QTQb2 "2 +iBOQM@/BzmbBQM bvbi2K KQ/2
"2bTQMb2 mMM/2 HVBM: +?2 " QMB+ BM~ KK iQ v #Qr2H /Bb2 b2b UA".
mMH+2" iBp2 +QHBIiIBb UI*VX h?Bb ivT2 Q7 KQ/2H Bb "2H2p Mi #2+ mb
+iBQMb #2ir22M T i?Q:2Mb- BKKmM2 +2HHb- M/ #BQHQ:B+ H iBbb
6mM/ K2Mi HHv- i?2 }'bi HBM2 Q7 /272Mb2 BM i?2 Km+Qb H BKKmM:
“B2°- bBM:H2 TQH 'Bx2/ H v2  +Qp2°2/ BM Km+mb-r?2'2 +QKK2Mh
/2+°2 b2 BM 2TBi?2HB H "2bBbi M+2 M/ MBM+'2 b2 BM Km+Qb H T:
MQi- "2 Q#b2 p2/BM I* T iB2MibX h?Bb H2 /biQ /Bb mTiBQM Q7 i?:
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HmKBM H MiB;2Mb iQ ++2bbi?2 mM/2 HvVBM; iBbbm2 Q7 i?2 Km+Qt
AM ?2 Hi?vBMi2biBM2- BKKmM2 +2HHb bm+? b BMi2biBM HT? ;Q
i?72°'2#v HBKBiBM; BM~ KK iBQMX AM +QMi" bi- BM T i?QHQ;B+ I
BKKMM2 bvbi2K # H M+2 Bb /Bb mTi2/- +QMi B#miBM; iQ #Qi? +mi:
1t+2bbBp2 KB;  iBQM Q7 BKKmM2 +2HHb iQ i?2 z2+i2/ "2 K v rQ’
i?72 2TBi?2HB H# ""B2'-i?2 2#v 7 +BHBi iBM; i?2 BM}Hi" iBQM Q7 K
BM~ KK iBQMX h?Bb +QKTH2t K2+? MBbK i'B;;2°b M BM~ KK iQ'v
i?72 T Q; 2bbBQM Q7 /Bb2 b2b bm+? b I*X

hQ KQ/2H i?2b2 T?2MQK2M -r2 7Q+mb QM irQ K BM +QKMZIM2Mib i
bT %2 1?72 MmK#2 Q7 MQM@ 2bB/2Mi # +i2°' B + QbbBM; i?2 BMi2b
MQi2/ W HbQ + HH2/ KB+ Q#2b-T i?Q;2Mb- Q" MiB;2MbV- M/ i?2 |
[I2MQi2NHYQT7i2M 272 72/ iQ b T? ;Q+viB+ +2HHbVX //BiBQM HHV-
rz +QMbB/2  i?2 BMi2biBM2 b im#2-r?B+? HHQrb mb iQ HBKBIi C
IBK2MbBQMX h?mb-i?2 /QK BM QtAWinMk BB X2} M2/ 7Q"

h?2 KQ/2H r2 T'QTQb2 Bb BMbTB 2/ #v i@divQ 7?2AB+BM i2n/B2b PR B
i2° +iBQMb #2ir22M T i?Q;2MB+ # +i2°'B M/ BKKmM2 +2HHb BM M
?B;?HB;?ib hm"BM;@ivT2 BMbi #BHBiB2b- 2tTH BMBM; i?2 7Q K iB!
/IBb2 b2b bm+? b * Q?M6b /Bb2 b2X AMi?Bb "2 +iBQM@/BzmbBQM

M/ BKKmMM2 +2HHb b BM?B#BiQ bX "rgi2?BHMBKRMIM2 +2HHKHD M2m
i?72K M/ "2;mH i2 i?2B° HB72bT MXpB?2TM K2bXBb b?Qrb i? i bK HF
im # iBQMb + M ;" Qr M/ ;2M2" i2 bi #H2 T ii2°"Mb +? = +i2 ' BbiB+ Q7
T°QpB/2/ +2°i BM +QM/BiBQMb "2 K2i- BM+HmM/BM; i?2 #b2M+2 Q7
TQTmH iBQM 2tiBM+iBQMX
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M HvxBM; i?2 /vM KB+b Q7 BM~ KK iBQM T QT ; iBQM Q #HQ+F

hm BM;@ivT2 BMbi #BHBiB2b T'BK "BHv 7Q+mb2b QM i?2 2K2 ;2M+
BM~m2M+2 Q7 /IBzmbBQM M/ HQ+ HBMi2® +iBQMb- #mi Bi /Q2b MC
BM~ KK iBQM T°QT ; i2b Q" Bb #HQ+F2/ mM/2  +2°i BM +QM/BiBQM
**Q?M6b /Bb2 b2 #2+ mb2 i?Bb /Bb2 b2 Bb Q7i2M +? ~ +i2 Bx2/ #v b
T ii2"Mb Q7 BM~ KK iBQM BM i?2 BMi2biBM2- r?B+? + M #2 2tTH B
MBbKb M/ HQ+ HBMi2" +iBQMbX

PM i?2 Qi?2° ? M/- mH+2 iBp2 +QHBiBb UI*V T 2b2Mib +? °~ +i2°Bb
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BM +QMi" biiQi?2b2;K2Mi2/ M/ /Bb+QMiBMMQmb T ii2 " Mb Q7i2M (
h?mb-i?72 KQ/2H Q7 Le/iBM?B+P2KT? bBx2b K2+? MBbKb 7 pQ BM; i~
Q7 bi iBQM v bT iB Hbi m+im 2b- Bb MQi bmBi #H2 7Q" bim/vBM;

T?2MQK2M bT2+B}+iQ I*X
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"2iB+ H?2vTQi?2bBb iQ 2tTH BM ?Qr bm+? #HQ+FBM; K v Q++m  BM i
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.M BM: MBKKmMM2 2bTQMb2-i?2} biT? b2BMpQHpP2bi?2KB;  iBQ
7°QK i?2 #HQQ/ p2bb2Hb iQ i?2 BMi2biBM HKm+Qb X h?2M- BM i?2 t
KQp2 iQ i?2 / K :2/ "2 iQ +QK# i i?2 # +i2°B X aBM+2 i?2 }'bi T2
i* Mbp b+mH " i° MbTQ i-Q++m b HKQbi BMbi MiHv +QKT “2/iQ i?2
QKBi Bi BM i?Bb bBKTHB}2/ KQ/2HX

AM i?Bb rQ ' F-r2 bbmK2 i?2 b K2 /BziMbBIQRI #QMbBMIiM/ i?2 T? ;QC
+vi2bX q?2M i?2 /IBzmbBQM +Q2{+B2Mib 7Q  # +i2'B M/ T? ;Q+vi
2t?B#Bi hm"BM; BMbi #BHBiB2b- b b?QrM BM i?€2dVB+H2 #v L /BM-
h?2 T 5 K2i22T 2b2Mib i?2 " i2 ir?B+? # +i2°8 22T2Q02M+Ri?M# +@
i2°B HKQ i HBiv " i2X
IM/2° 22 Hi?v +QM/BiBQMb- i?2 MmK#2" Q7 # +i2°'B T 2b2Mi BM i?:
M2 "Hv +QMbi Mi M/ + MMQi + ' Qbb i?2 2TBi?2HB H # W B2AXBb?Bb [
BKTQ'i MiiQ MQK2V#2 b22M b + vVBM: + T +BivX AMi?2 #b2M+2
# "B2 - i?2 K tBKMK MmK#2' Q7 # +i2°B BM i AX+IQHBOM bQ 2 MQi 2
BM+HmM/2 i?22 HQLBYIBM i22K} bi 2 [ mdifBeQ@M XU (
h?2 T~ K2i2°0 "2T°2b2Mib i?72 BKKmM2 "2bTQMb2 " i2 Q7 i?2 Q ; M
? ;Q+vi2biQ/ K ;2/ "2 br?2MT i?2Q;2Mb 2 /2i2+i2/X Hi?Qm;?i?
BMbi Mi M2Qmb-T? ;Q+vi2b > TB/Hv TT2 ° M/ KB; i2iQBM72+i2/
h?2 i2° r@ r?2a2>0 Mfky,>0-/2b+ "B#2b i?2 2z2+i Q7 i?2 BKKmM2 &
Ti?Q; 2MbX AM mIBZ-TT]HbZMIb i?72 i2Q7T? ;Q+viQbBb-r?B+? Bb
r’B+? BKKmM2 +2HHb BM;2bi # +i2°"B X h?Bb " i2 /2T2M/b QM i?2 /=
i F2b BMiQ ++QnmmMiiiP2B+i2T? ;Q+vi2b 2M+QmMi2‘p£:3i$-‘BM-/;Bp2M#
i?2 p2° ;2iBRIMB 2/ 7Q" T? ;Q+Vvi2iQ M2mi® HBx2 # =i2XBmK- +
h?2b2 /vM KB+b "2 bmTTQ i2/ #v i?2 2tT2eBX2Mib /2b+ B#2/ BM (
q2 +QMbB/R b K2 bm 2 Q7 i?2 M2; iBp2 2z2+i Q7 T? ;Q+Vi2 +QM+2]
HB H "2bBbi M+2X h?2°27Q 2-i?2H ;2 i?22TBi?2HB H; T-i?2 KQ
+QM+2Mi° iBQM Q7 # +i2°'B BM+ 2 b2b- KQ'2 BKKmMM2 +2HHb "2 i
2t +2°# iIBM; 2TBi?2HB H T2 K2 #BHBivX
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i iBM; i? i i?2b2 # +i2°'B /Q MQi T2 ' bBbi BM/2}MBi2HvVX h?Bb /vM
2t+2bbBp2 ++mKmH iBQM Q7 T i?Q;2Mb M/ K BMi BM KB+ Q#B H
BMi'BMbB+ HHv HBMF2/iQ i?2 M im> H/272Mb2b Q7 i?2 BMi2biBM2
+2HHb M/ i?2 +iBQM Q7 MiBKB+'Q#B H T2TiB/2b-r?B+? +QMi B#n
i22B HTQTmH iBQMX 6BM HHv- b2H7@ 2;mH iBM; K2+? MBbK Q7
HB72bT M- 2bmHIiBM; BM M BMi BMbB+ KQ i HBire > 02B@M7i BXKKmM 2
KQ/2HX

712> mM/2 bi M/BM; i?72 KQ/2H-r2 M Hvx2 i?2 /2+QKTQbBIiBQM (
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AM i?Bb + b2-i?22[m iBQM #2+QK2b,
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h?Bb Bb 6Bb?2 @ESS ivT2 2[m iBQMXdAWiRi Bb22PE RMQrM i?
i?Bb 2[m iBQM 2t?B#Bib ? B @i 'B;;2° 2z2+i, bbQQM b i?2 BMBi|
bQHMIBQM ° TB/HwaE@SMbJ@ZU;IQZF?_WX h?mb-iQ 2tT2+iiQ Q#b2 ' p2 #H(
i?2 T°QT ; iBQM- Bi Bb K2dXbb " b?QrM BM 168 Rvh/kXK

6B;m 2 kXR, *db2DX 6B;m 2 kXkry *d<20X

AMQm  + b2-i?Bb6? B @i B;;2  2z2+i0 Bb HHi?2KQ 2 bB;MB}+ Mi
Q7 QM i?2 # +i2°'B Bb TQbBiBp2- b K2MeR@EM2/ BM L /BM 2i HX (

h?2 }'bi Q#D2+iBp2 Q7 i?Bb +? Ti2  BbiQ T'Qp2i? i BM ?2QKQ;2
T QT : iBQM Q7 i?2 BM~ KK iBQMX h?2M-Qm  b2+QM/ Q#D2+iBp2 B
M2Qmb 2MpB QMK2Mi i?2 T°QT : iBQM + M #2 #HQ+F2/X g2 /2b+ "B#
b2+iBQM i?2b2 irQ K BM “2bmHibX

kXjJ BM “2bmHib

AM i?Bb b2+iBQM-r2 bi i2i?2 irQ K BM "2bmHib Q7 i?Bb +? Ti2 X
i72 20KQ:2M2Qmb + b2-r?22°2r2b?Qri?2 2tBbi2M+2 Q7 T QT ; iBQI

h?2Q 2K eX
q2 bbmK2 nb’><|d<rb+r—- rBi?>a - Mg, > max(h; 1)X IM/2" i?2b2

bbmKTiBQMb-i?2°2 Bb 07 Q2 /BWV;iB2Z2R/IQT2" iB2b i? i 7Q -2p2°'v TC
i?72 TQHHQIBM; ?QH/b

Jm [ max j(uOxt);v(a )] =0

+1 7jxj t(c +
M/ 7Q° Mv bi‘B+IHVTQbBIBVpIZ’EL‘@MZbBMllprt\Q@rBil-@Fizub(Bﬂvo(X))
wWQM MBMi2 p HRLZ  H2MZPHHQIrBM; ?QH/b,

Jim [ omax j(uz;vz) (Ul t);veG )il =0

h?2 T ®;vi) Bb TQbBiBp2 2[mBHB# BmK Q7 i?2 P.1kbX\RIRKBbbQ+B
/2}M2/ BM HRKR K

AM Q /2 iQ T Qp2eh?2Q RiKb?Qr i? i i?2 bvbi2K mM/2  bim/v Bb +Q
M/ KQMQbi #H2- r?B+? BKTHB2b i?2 2tBbi2M+2 Q7 bi #H2 2[mBHE
T°QT : iBQM Q7 i?2 bQHMIBQM #v TTHVBM: B/NBX7hQR (RiBBH2/ ;2
T°QQ7 Q7 i?Bb "2bmHi BbKXBERMi2/ BM S i

Pm> b2+QM/ "2bmHi 272 b iQ i?2 ?22i2°Q;2M2Qmb + b2X JQ 2 T 2
Q7 # +i2°B Bb ?22i2°Q:2M2Qmb-r2 b?Qr i? i #HQ+FBM: Q7 i?2 T°QT
BMi?2 2QKQ:2M2Qmb + b2X Pm" "2bmHi Bb b 7QHHQrbX
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h?2Q 2K dX

G2(x) = dilly o+ dhI0-dk 2 Ry -k=1;2X A7 1?2 7TQHHQrBM; +QM{BiBQMb ?C
-Sp > max(lq;l)->a-rb<d1<rb+ﬁ Mrp+ <d < min(rp+ +rc ;Sp(rprct  )):
h?2M- 1?22 Bb (ODQHQVMBIQM7QHHQrBM; bvbi2K,

D@u=ru(l )+ @ v o5 dxu;
D@yVv= U rgv;

TV AR 00

.+ UkXkV
(Wv)(1 )=(uz;vz); (uv)(+1)=(0;0);
u>0 v>0:
Pm T ' QQ7 Q7 i?Bbbi i2K2Mi "2/m+2biQi?2 +QMbi'm+iBQM Q7 bi
bi'm+iBQM 2T 2b2Mib T “iB+mH “+ b2 Q7 i p2HBM;r p2 7°QMi |

2[MBHB# B Q7 i?2 bvbi2KX J@=2,bT2+Bp2 HHv#HD TQbBiIBp2 2[mBH
r?BHXZE@,- i?2 bvbi2K "2 +?22b i?2 bi #HE@®; 2N BAHBHZ RIMKBHB# BmK TG
M/ i?2B" bi #BHBiv "2 M Hvx2/ BMKX28BRQB/N K@ MbL +iB PN 2tBbi2 \
Q7 bi iBQM "vbQHMIBQMb-r2 mb2i?2 K2i?Q/ Q7 bm#bQHmiBQMb N
2tTHB+BiHv bm+? bQHmMIBQMbX

*Q 'QHH "UNMQ+FBM; Q7 i?2 q p2V
IM/2> i?2 bbmKTiBQMb® 7MWBEQHHKIBOM iQ i?72 BMRIBI H M Q#H 2|
BMBiB H +Q@iMpB bBIOMN? (0:0) (usve) (U;V) 2t?B#Bib HBKBi2/ T°QT ; iBQ

LQi2 i? i *Q QNBH VB 2+i +QMb2[m2Md2MI 12?2 Qi2iR i i?2°2 Bb
+QKT "BbQM T BM+BTHRXRX A?2 BVQ@KBb :Bp2 MXBXK jam#b2+iBQM

"27Q°2 T°QpBM; i?2 K BM "2bmHib Q7 i?2 2tBbi2M+2 Q7 T QT ; iBC
T°QT ; iBQM- H2i mb bi “i rBi? bQK2 T '2HBKBM v "2bmHib i? i rBH
+2 Ti2 X

kX9 S'2HBKBM "'v "2bmHib

KXO9OXRQM@M2; iBpBiv T QT2 iv

g2 }’bi b?2Qri?2 T2 bBbi2M+2 Q7 i?2 MQM@M?2:; iBpBivT QT2 ivQ:
+B H 2[mB 2K2Mi 7Q° Mv TQTmH iBQM /vM KB+b KQ/2HX AM Qi?2"
i?2 BMBiB H/ i ?QH/b #BQHQ:B+ HHv TH mbB#H2 BMi2 T 2i iBQN
2[m iBQM K BMi BMb i?Bb 72 im 2X

S'QTQbBIiBQM RyX
A7 i?2 BMBiB HuQ@* BORDME MQMM2: iBp@x)Adtk)) 2K BMb
MQMM2; iBp2 10X HH

S'QQ7X
g2 +QMbB/2" i?2 7TQHHQIBM; KQ/2H,

8
S@ D@u=rul ¢ o+ 1
- @ D@wv= u rv:

qBi? BMBiB H +QOMKJB i M M & (0;x) = vo(x) 7Q° xR X

Uy al_y  du; _
by So* U UkXjV

]9



*QMbBy/2?2 } bi BMbi Mi r?2M;2BQ¥2t;x) #2+QK2b M2; iBp2-
i?72M 7Q X QR22 ? pl(ty;xy)v(ty;x) =0 X

Al(ty;;x) =0 MMEX) > 0 7Q° () 2 (0;t;] RX h?2 7mM+= B QBW
bm# bQHmMIBQM Q7 i?2 } kb2 [mHI@RQW>BMiB2 B;?i@? M/ bB/2 Bb bi E
TQbBiBp2+P2Mv i?2 bi QM; K tBKmK T'BM+BTHQ#xPBb BRTHBIR2b i?
(t;x)2 (0;t1] R-r?B+? +QMiu(t{;Bd HO X

aBKBH VHyx:B0 MAu(t;x) >0 7Q (kM2 (0;t;] RX h?2 7TmM=iBQM
Bb bm# bQHmMIBQM Q7 i?2 bRADM/b2HQUWB QMiBM B;?i@? M/ bB/2 B
bi'B+iHV TQbBiB@2""?RPM bi QM; K tBKmK T'BM+BTH®EXPBOG BKTHB?2
7Q° (tkh 2 (0;t1] R-r?B+? +QMN{ILBRAIFO X h?2°27Q°2- 1?22 bQHmMIBQM
bi'B+iHV TQbBtiBp2 M2 RXH O

kX9Xk[mBHB# B M/ h?2B" ai #BHBiv BM i?2 .vM KB+ H

AM i?Bb bm#b2+iBQM- r2 +HQmBHBZ R B IWM KB+ H bvbi2K M/ bit
i72B° bi #BHBiv- r?2B+? 2M #H2b mb iQ ; BM #2ii2° mM/2 bi M/BM; C
bBQMX *QMbB/2  i?2 P.1 bvbi2 Kk > DR@+B TiQbEEBpPE "2 H-H- K2i2 b
a-s,- Mk MH2R, X

8

< @u

- @ = u rev .
G2KK RRXtBbi2MfthBHMB# B

GA2R., X amTTQUXsRrirc+ ) M&> 11X h?22M-12? p2i?2irQ 7QHHQ
+ b2b,

ru @ )+ @ v S du;

UkX9V

C* b2 Rd<ry+ —X AM i?Bb + b2-WRXWP iBQM22 2[mBHB# B , M2;
2[MBHB#HBMKM/ TQbBiBp2 2[uliBH BMBoXK
C* b2 kd>rp+ .~ X AM i?Bb + b2-UDNWP iBI@M22 2[mBHB# BmK, irQ M:
2[MBHEBH,B- Uyiv,  M0;0) X
2K "ERI?2/2+ vT  K2i2 r b +?2Qb2M(Q®)2BWwbiR22Q MKV bi iBQM v T(
Q7 2[m UB)XEV

2K "F kX2 MQi2 i? i M2: iBp2 bi iBQM v bi i2b "2 MQi #BQHQ:B+ F
i22v /Q MQi +Q "2bTQM/ iQ 2 HBbiB+ TQTmH iBQM /2MbBiB2bX h?
MQMM?2: iBp2 bQHmMiBQMbX

S'QQ7X
g2 MQi2 i®;:v) Bbi?2 + BiB+ HKADBMBQW iBb}2b i?2 7TQHHQIBM; by

Sru(l L)+ (@ Ly Y gy =0, UKX8V

by Spt+u

7V = —u: UkXeV
e

j8



"V bm#biBirk X&eNB;MBRANEI r2 ; 21,

u u a (u)?

rpu (1 H) du+ﬁu (1 E) 7rc(sb+u)
B u u au
B T D T DY
=0

r?B+? vB2H/b

u =0
Q‘ (1 u d+ 1 u au _
S L LT

g2 + M bBKTHB7v i?2 T'2pBQmb 2[m iBQM iQ Q#i BM KQ 2 +QM+B
2[m iBQM 2T 2b2Mib i?Bb bBKTHB}+ iBQM,

(U)[ rerp, ]+ ufrers(b sp) dare+ (o sy abi]+ rprchsy UkXdV
dresp+ b sy =0:

hQ IM/i?2 MQNIMBHRBBH Bm{+2b iQ /2i2 KBM2i7DprB@B2D B[ iBQM
kX p MBb?2bX g2 i?2M b GME2r2[#m HB@M W2 72 /B IQKBMIBM Mi

=[( rofe+ )b s ah  dhrP+4A(rere+ )(sh(rere+ ) dh):
++Q /BM;iQi?2 ?2vTQi?2bBb Q7 i?2 HCKR2-27 Q 222 kni B ® Nir Q

bQHMiIBQMb P—
y = (re+ )b s) ah  dhre .
! 2(rbrc+ ) ’
yo= (oret )b s) ab  dore+ P
? Z(rbrc"' )

g2 +QM+HmM/RX® A U i?22& BHB;®) Bu;;v,) M[Lu,v,) -

where v, = —u; and v, = —u,:
Fe Fe

6Q° KHfL2g-u, "2 i?2 bQHMIBQMb X2 [M/iBQM U2 2 p2 i?2 7TQHHQ|
"2H iBQMb, 8 X "

<ulu2: Sb [fbfcrbrC] reSh -

Duptou, = (b Sb)(rcrrbt;c+) abi dbre.

C* b2 Ryu,<0X aBW<«2y+ —-r27? p2iliMuL "2Q7 QTTQbBi2 bB;N
h?2°'27Q 2-r2? p2 M2; iB&:;2)mBHB# BoBKBp2 2[mBEB# BmK
r?B+? rBHH #2(u2M X2/

C* b2 kyu,>0 MU +u,<0X aBW>*2,+ —-u; MU, "2 #Qi? M2; iBp2X
h?2°27Q 2-r2 ? p2irQ M2; iBp2 2[mBHB# B X

]
G2i mb /Bb+mbb i?2 bi24BBBIBRMB?2?2QHHQrBM; bi i2K2Mi,

je



G2KK RHKXi #BHBiv Q7 2[mBHB# B V
G2d2 R, X amTTQXBR(rifrc+ ) MbE> 1

e

a) Arg<d<ryt— MI%u; >max —pe 4, Fwe 4 (ld r92¥)y)=
2 2 2
1

w__ j2200) Bb M mMbi #H2 2[mBHB# BmK M/
u;vi Bb bi #H2 TQbBiBp2 KXMBHB# BmK Q7

u_
by Sptu

b Ad>rp,+ - i?20i0) Bb bi #H2 2[mBHB# BmK
JQ 2Qp2-i?2°2Bb MQ TQbBIiBNE2[MBHB# BmK Q7

STQQ7X
q2 +QMbB/2" i?2 7TQHHQrBM; P.1b,
8
S@ =ru 1 - du f(u)v =Fi(u;v);
@ =u rev = Fa(u;v):
gBiF U ;v)=(Fi(u;v);Fa(u;v)) Mf (u)= 1 sffu X

u
b
q2 /2YMDE (Uu:v) i?2 /Bz2 2MiB H Q7 F?4d rmeMe{hBEHB #  BImK) T Q B M
! !
DF (u:v)= %% _ o1 F fu)v d f(u) .
@u  @v Fe

g2 +QKTmi2i?2/2i2 " KBM Mi M/i?2i +2 Q7 i?Bb K i Bt,

2

b folu)v d rg

Tr(DF (u;v)=rp 1

det(DF (U;Vv))= rcp 1 2;: +rf%u)v +dre+ f (u):
h?2M-r2 +QMbB/2  i?2irQ + b2b BM i?2 bi i2K2Mi Q7 i?2 G2KK ,

a) Tr(DF (0;0)=r, d rc.<0-bBM<«8 Mdet(DF (0;0))= rprctdre < O-
bBM«2,+ .~ X >2M8;2-Bb M mMbi #H?2
2[mBHB# B Q7 U
aBKBH "Hv-

!
2u;

b

2u;
det DF  uy;v; = rpfe 1 ?2 +rfOul v +rd+ Ul

Tr DF uj;v; =1, 1 fOu; vi d rg

br2? g2u; >max —pe %zgif:rc %+%
i?2™M DF uj;;v; <0 MHet DF uy;v; >0-i?mu;v; Bb bi #H2
TQbBiBp2 2[mBKBEBX BmK Q7 U

b Tr(DF (0;0))=r1, d rc<O- bBK«® MHet(DF (0;0)) = ryre+dre > O-
bBl\di-B>2b+ﬁX h?r0b0) Bb bi #H2 2[mBHB# BmKX

O

jd



2K “F jX

h?Bb H2KK +QM} Kbi? ii?2K2°22tBbi2M+2Q7 MQMi'BpB HTQb
BMbi #BHBiv Q7 i?2 i ' B@B))H 20mBpB#iBmKi #BHBiv Q7 i?Bb TQbBIiB
Bb MQi miQK iB+, Bi "2[mB'2b M //BiBQM HI$QNM7BbBTUQMB@Mi?2 /2

7i2  bim/vBM; i?2 bi #BHBiv Q7 i?2 2[mBHB# BmK TQBMib-r2 MQt
TmM+iBQM Q7 i?8X AMZIi2iB+mH "-r2 THQi #B7m + iBQM /B ;" K
+ ' BiB+ Hi? 2b?QH/br?2°2 [m HBi iBp2 +? M;2 Q++m b BM i?2 bvbi

6B:m 2 kXj, "B7m + iBQM /B ;> K6@7nm 2bkX9, "B7m + iBQM /B ;> K Q
7mM+iBQM Q7 /X 7mM+iBQM Q7 /X

6QHHQIBM; i?2 T'2HBKBM v "2bmHib Q#i BM2/ BM i?2 T 2pBQm
2biBK iBQM Q7 i?2 r p2 bT22/ 7Q " i?2 KQ/2H- i?2 2tBbi2M+2 Q7 r?
h?2Q 2K

kX81biBK iBQM Q7 i?2r p2 bT22/ 7Q" i?2 KQ/2

AM i?Bb bm#b2+iBQM-r2 M HviB+ HHvV /2i2 ' KBM2 i?2r p2bT22/ 4
2i2°bX h? MFb iQ&a22Qr K { K i? i KMRRtPB#Bib bQHMIiBQMb BM i
Q7 T°Q; 2bbBp2r p2bX *QMb2[mupi)HWHA(R;2) pr "B #RI2BT 2b2Mi2/ b
T Q; 2bbBp2 r wgl)-=BX2 Xet) MI(Xx;t)=V(x ct)X Ai Bb MQi2rQ i?vi? ir2
2KTHQV i?2 b K2 bi® iRJviQb BIMHYx2 i?2 r p2 bT22/ BM Qm  +QMi2tiX
KBMBKMK bT22/-r2 #2:BM #v HBMRXUB XBW i Q? 2V vbBQDKBIBp2 bQHmMIiB
am#b2[m2MiHv-r2b2 "+?2 7Q i?2 KBMBKmK p Hm2 Q7i?2r p2bT22/"
2tBbiX 7i2° i?Bb HBKOD)-B2 (BQOQMNBM i?2 bvbi2K,

8

< ¢l DU”=(r, dU+ V;

Vo DV”= U r.V: UkXx3V
g2 "2 HQQFBM:; 7Q  bQHmMIBQMb BM i?2 7Q K
Ux ct)= pe D V(x ct)= ppe & :
>2M+2- bvhKBKWB2H/b,
8
<cp:1 D *p=(r, dp+ p2 UKXNV

“cpz D ;= p1 orep

j3



hQ /2i2°KBM2 i?2 KBMBKmK r p2 bT22/- Bi Bb M2+2bb "\ ifQIM/ i?2
r?B+? i?2 bkXiBKBib TQbBiBp2»@Nmi@QEMBM; i?XE¢ KRi2"
M/2HBKBM iBM: i?@ pMB, #1220@#i BM i?2 7QHHQrBM: 2[m iBQM ,

X2+ (re+d rpX +rg(d ry) =0;:
>2M+2-
. X, q
c:merD + =2 DX;;
r22°g, = _' drrpr " (e 0 ro)2vd
H + =

q2 2 bim/szM; 1?72 /2T2M/2M+2 Q7 i?2 M HviB+ Hr p2 bT22/ QI
T 'iB+mH "Hv i?2d- r?2B2#2 " 2T 2b2Mib i?2 KQ i HBiv = i2X g2 +QMbB.
p Hm2Hd ir@#@:02%0:03712)X AM //BiBQM iQ i?2 M HvbBb Q7 i?2 M HviB:
[12T2M/2M+2-r2 "2+ H+mH iBM; M/; T?B+ HHv 2T 2b2MiBM;i?2 N\
Bb + H+rmH i2/ mbBM; i?72 7Q KmH 7Q /BpB/BMkXBX¥i M2R BEM2BK 2
2tTH M iBQM Q7 i?2p Hm2b Q7 HHT * K2i2'bmb2/BMi?Bb bBKmH i
kKX@7 1?22 T T2 X

6B;m 2 kX8, .2T2M/2M+2 Q7 i?2r p2 bT@2 (0QPRL;0DZ/M)X K2i2"
gp2bT22/ BM MmK2'B+ HbBKmH iBQMb M/ M HviB+ H7Q KmH U
i?72p Hm2b Q7 T 1, K@:D2-rb=s 0:3129- =0:06258-D =0:2- =0:0856X

kXeS'QQ7 Q7 i?2 K BM "2bmHib

AM i?Bb b2+iBQM-r2 T°Qp2 Qm" K BM “2bmHibX g2 rBHH bi ‘i #v |
1 bi “2bmHiX
kXeX8 QQ7 Q7 h?28 2K

"27Q°2 T'QpBM; i?2 i?2Q 2K- H2i mb } bi b?Qr i? i Qm" bvbi2K B
/2}M2 i?2 +QM+2Ti Q7 BMp "B Mi b2ib M/ BMi"Q/m+2 bQK2 MQi iBQ
i?2 T"QQ7X

JN



G2KK RjX
A7>a> 0- > 0-s,>bj- MO@<u B-i?2M i?2 bUMRK
Bb +QQT2 iBp2X

S QQ7X
b BMi'Q/m+2/ BRIGIZRK mMFiB@MM Fo(u;v) "2 ;Bp2M #v,

u u au
Filuuv)=rpu 1 — + 1 — v

b b o uv du;

Fo(u;v)= U rev:
g2 BKiQ /2KQMbi i2i? ii?2 bvbi2K Bb +QQT%GLB\{)2 #v b?2QrBM; i?
M%(u;v) "2 TQbBiBp2X 6B bi-r2 +QKTmi2i?2 T 'iB H/2 Bp iBp2b,

@f, . _ u au
@(u,v)— 1 H ST U

L2ti-r2 "2r'Bi2 i?2 2tT @HwBHQM 7T@HHQrb,

@, _ 1 u .
@(u,v)— 1 — (sp+UuU) au :

Sp+ U b

LQr-r2 Q#b2 p2 i®i bBM+M/>a - Bi 7QHHQrb i? i,

a(sp+ u).

u
1 b (sp+ u) > >

6 QK i?Bb-mM/2 1?2 bmeﬂ}iBQ%’l-i?Md>o- r2+ M +QM+HmM/2,
u
1 b (sp+ u) >au:

h?Bb BKTHB2b i? i,

@, :
@(u,v) > 0:

L2ti- r2 +QKTmi2 i?2 T "iB HA@ B pBEBP 20T A iQ
@k

@u)*
aBM=»20-r2 +QM+HmM/2i? i,
@E(U'V)>OZ
@u ™’
h?mb- #Qi? T "iB H/2 Bp iBp2b "2 TQbBiBp2-r?B+? T'Qp2bi? ii?2
N

h?2 KQMQiQMB+Biv Q7 i?2 bvbi2K :m ° Mi22b i?2 2tBbi2M+2 Q7 i
#Qi? #Bbi #H2 M/ KQMQbi #H2 + b2b-Qm T T2 7Q+mbBM; K BMHv

9y



kXeXRXRIMBIiBQM M/ LQi iBQMb

.2}MBiBQMURAXMBIBQM Q7 AMp "B Mi a2iV

G2i #2 M QT2M bRWO2i+®IQ b2/ bmBRbBib + HH2/ UTQbBiBp2HVV B
"2;BQM 7Q i?2bQHmMIiBQM /&PMR7 #¥22TQHBIQNMBDM; +QM/BiBQM ?QH/b
(u(x;t);v(x;t)) rBi? HH Bib #QmM/ v M/ B NBiiEBb {k tHv(k2th) BM 7Q °
HxH2 M/ 7Qt2H041 ) X

h?Bb /2}MBiBQM BEXQ@QM B4Bb2Hv- r2 +QMbB/2° b2iQ7i?27
I =fV2R"jGi(V) O, 8i=1;:::;ng: UKkXRyV

hQ b?Qr i?Bib M BMp "B Mi 2:BQM-r2 p2 B7vi? ii?2 bbQ+B i2/ p2+i
BMr */ QM i?2 #@tXMH 2\ Bb- i?2 bKQQI®: RMMRIBQBbL}2b,

dGi(F)< 0 i Vo, r?2 2Gi(Vo)=0: UKkXRRYV

h?Bb +QM/BiBQM 2Mbm 2b i? i Mv i  D2+iQ v QK iB R b BM2KHH iB N
t 0-i?mb T QpBIMBE?M BMp "B Mi "2:BQMX

LQi iBQM RX
AM i?2 TQHHQrBM; b2+KBO WK XpbP Bpb+BY iQ #2 TRHBOBP/ B7
X, 0 M/ r2 MQI(X1PG,) (0;00)X h?2 p2%i©(Xy;X2) Bb b B/ iQ #2 bi B+iH
TQbBiXKp2 B7TMKX,>0 M/ r2 MQ(®.:B4,) (0;00X 6Q"  (MyX,) (0;0)-
r2 12yM&,x,) = f(u;v); 0 u X 0 v XogX

kXeXRXKQQ7 Q7 h?22d® 2K

hQ 2bi #HBb? i?2 2tBbi2M+2 Q7 T QT : iBQM bT22/- r2 7QHHQr
41 7 QY- r?2B+? 2Mbm 2b i?2 2tBbi2M+2 Q7 r2HH@/2}M2/ bvKTiQ
+QM/BiBQMbX "27Q 2 p2 B7vBM; i?2b2 +QM/BiBQMb- H2i mb # B2-
i?2 B/2 BbiQ B/2MiB7v M BMp "B Mi 2:BQMi? i +QMbi’ BMb i?2 2p¢
J2KQMbi® i2i? ii?2 bvbi2K /KBib r2HH@/2}M2/ T°QT ; iBQM bT22
P2 °B7vi?2 2vTQi?2b2&1Q¢7 h?2Q 2K

BABMHr,+ - i?2M 7° QK GRRMR b22 ikXR? b TQbBiBp2 2[mBHB#
(uz;v3) - B2 v;) (0;0) X
BB\2ti-r2 b?Qr i? i

C(U+

cvy = F(UV);00 U u;;0 v vyg
Bb M BMp ‘B MiXiRXi @7 b2 .2} RBiBQ@#) 2 Cy sy M/ /2}M2

Gi(u;v)= uX LQr- bBM+2
u u auv
F(uv)= rul — + 1 — v

M/ #v i FBM; i?2 /IBz5;2VM2B)Hi(@BM

du; u rov

dGi(F)iu=o = Vv< O
bBM>D M/ < 0X JQ 2Qp2 - BRu)2iv-r2 Q#i BM i? i
dGz(F)jV:O = u< 0

9R



bBMi+20 M/ > 0X aBKBHGstuyw) BH vy - MGuu;v) = u u;-r2

Q#i BM i? i
dG3(F)jy=y; = U rev; = (U uz) O
M/ + + +
u u au, v
dG4(F)j_ « = rpus (1 =2) dui + (1 -2 27 .
4( )Ju_u2 rbu2( h) u2 ( h )V Sb+ u-é—

_2r BiBM; i?2 #Qp2 2tT 2bbBQM-r2 ;2i,

M rpre(1 ﬁv d
dG4(F)ju:u; = rbu; (1 l':;) du; b C( h) + rCV:
6m i?2 bBKTHB7vBM;-r2 ? p2,

. r u; N r .
0Gu(Fiy-yy = [ PNuz ]+ v
2 M:BM;i2 Kb-r2 Q#i BM,

. gl
d(34(|:)Ju:u;r = b

us . . red .
1 Hz)[vz v+ =[v v
6BM HHv-i?2 +QM+HmM/BM; bi i2K2Mi #Qmi i?2 BM2[m HBiv,

pU3
<0
o ]

. r +
dGa(F)iy=y; = —Iv V3 1[d 1o+

"2bT2+iBp2Mv- GBWM+2; - > 0 MM >r,X "v mbBM; i?2 /2}MBiBQM
M BMp "B Mib2i-r2 +Q@Mphmfaivy;0 u u;;0 v vig Bb M
BMp "B Mi BX\RQ7 U

BBBM i?Bb bi2T- r2 rBHH p2 ' B7vNB®X ?2Q T Q bRiBILMOKX(R ) X

F(0;0)= F(u3;v;)=(0;0) M[u3;vy) (0;0) r?B+? Bb KBMBK HBM i?2b
i? 1122°2Bb MQ Qi?2" 2[n{B0) BM (BnVK) iBMIi 2 2Ch2i - r?2M

d<rp+ o

F(1; 20) Bb +QMiBMmMQmb M/ TB2+2rBb2 +QM{BMnD@MbHYV /B:
(0;0)< (1; 2) (ui;v;) M/ /Bz2 2MiROMHR i

aBM=»2 c> Ocp>b; MO<u 2-r2+ M +QM+HmM/2 7RQIR G2KK
i?72 bvbiRKMRBb +QQT2  iBp2X

F/Q2b MQi/2T2M/ 2tTHB x Byt QM 2Bi?2°

h?2 C +Q#B MDED ®t= ' ¢ . BbBM 6 Q#2MBmb 7Q KX

c
T BM+BT IF—)I 2B;2Mp Hm2
1(0): rp d re+ (rb+d+r2C)2 4( rpre+dre )>0_ bBMq'IQb+f

fc

h?2M ++Q /BM; iQAL7BRNMNRK ?2 2 Bb bT 2 /BM;0bMRI2/i?2
T QT2 iB2bi? i7Q 2p2 v TQbBiBp2
6Q° Mv BMBIiB wome(x)DBB)M(LE;V;):f(u;v);O u u;;0 v
V;g r?B+? p MBb?2b QmibB/2 #QmM/2/kiXRb iBbpDIHMIBQM Q°

lim [ max )j(u(x;t);v(x;t))j]:o; 8 >0

th +1 5xj t(c +

9k



6Q° Mv bi'B+iHv TQbBiBpav+QA2b2 RiBuRibi QR,Q bBiiB p22
T QT2 v i3 %(x)) W QM M BMi2 p H2R- H2AMi?

Jim [jxj max )j(u;;v;) (u(x;t);v(x;t))j] = 0:

g2 "2 MQr BM TQbBiBQM iQ 2bi #HBb? Qm  b2+QM/ K BM “2bmHi

kXeX8 QQ7 Q7 h?2d) 2K

AM i?Bb bm#b2+iBQM-Qm  ;Q HBbiQ T'Qp2i?2 2tBbi2M+2 Q7 bi
WXRX h?Bb bQHMIBQM +Q "2bTQM/b iQ bQHMIBQM Q7 i?2 bbQ+B
#2 7Q KmH i2/ b 7QHHQrb,

% D@yu = ryu(l §)+ (1 ﬁ)v s"’;‘i"u du= Fq(u;v);
D@xVv= u rv=Fyu;v);

3 (UV)(L )=(uz;vz); (uv)(+1)=(0;0);

"u>0v>0; x2R:

UkXRkV

h?2 T°"QQ7 Bb /QM2 #v 7Qm " bi2TbX 6B bi- r2 #2:BM #v T ' QpBM; +1
r2+QMbi m+ii?2 bmT2" M/ bm#bQHmMIiBQM M/ }M HHvV r2 b?Qr i?2 2
bQHMIBQMX
kXeXkXRKT 'BbQM T BM+BTH?2

"27Q 2T QpBM; i?72 +QKT BbQM T BM+BTH2-r2 bi i #v T 2b2Mik
G2KK R8X

bbmK2 i@0) < (v) %52 X h?2M

@ b

J@j(u;v)j 2y + d+?cqu<l = g
r?2° %%k =sup, , o jf (u)j:
2
S'QQ7X
h?2 T°QQ7 Q7 i?Bb "2bmHi Bb # b2/ QM bi’ B;?i7Q ru’/% H+mH il
MF (uv)=ru 1 & f(uv du-r?22f@)= 1 4 +S:‘fu

aBM+2 i?2 7TmMMIBQB&! - r2 + H+mH i2,

2
Tuv=rn 1 2wy d
h?2°27Q°2-r2 Q#i BM,

) ) b;
J@@E(U;V)J 2r,+ d+ ?ckf(kl= 1
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S'QTQbBIiBUM@RKEIX "BbQM T BM+BTH2V
bbmK2a Mk,>b X G@iv) #2 DbQHMIBQWBRE7 bmT2 bQ#HwmiBQM
Q7KXMBMR®R M/ bm#bQm)i BXYMXVRB MR- bm+? {(®0) < (u;v) (%;%)-
©0:0)< (LY)  (3i5)) MA0;0)< (uv) (%52)X h?2M
(Ut =0;x);v(t =0;x)) (u(t=0;x);v(t=0;x)) (u(t=0;x);v(t =0;x));
BKTHB2b i? i
(u(t; x); v(t;x))  (u(t;x);v(t;x))  (u(t;x);v(t;x)); 8 0, 8x2R:

S'QQ7X

amTTQbAu(P=i0;x);v(t =0;x)) (u(t =0;x);v(t =0;x)) (u(t =0;x);v(t =
0;x)) X g2 mb2 i?2 bi® i@Rv BMT(iI(2" R)- r2u)p2bmT2 bQHNMkiBRM/Q7 U
(u;v) bQHMIBRAMRQ?72AM r2 ? p2

@u u) D@ u u) Fi(uv) Fi(u;v): UKXRjV
g2 KmHIiBOKXYJANu u), M/ BMi2;"  R2 @Q2VUQ#i BM

£ u wz ‘ ‘

@ - > dx+ D R(@(u u)s )2dx R[Fl(u;v) Fi(u;v)]J(u  u).dx:
AKTHB2b i? i
z z
@ YU Daip @u u.)dx
Ry 2 R 7
[Fi(u;v)  Fi(u;v)[(u  u).dx+ [Fl(u;v) F]{(/u;v)](u u). dx: UKXR9V
R R 3 }

aBM®2) (uv)  (%:2)-%i(u;v) Bb #QmM/2/X h?2M,iBB HQKM/2/ #v
(u uwZX >2M+2

Z Z
(U WD (@u us)2dx
2 Ry

@
Rz
1 R(u u)2 dx + F{[Fl(u;v) Fjﬁ(/_u;v)](u u)+}dx:

++Q'/BM; iQ i?2 +QQT2" iBpBiv T QT2 ivR} @b 2MEW;\i)?2 H2KK
f(u O0OX h?MBb #QMmMMKRI;#wv u).(v V). X >2M+2
Z 2 Z
U W e D (@u u).)2dx
R 72 R 7
1 (U u2dx+kfky (u u)s(v Vv).dx
R R

@

q?B+? BKTHB2b i? |

£ uuz ‘ ‘

@ 5 dx max( 1;rg) (u u)dx+max(; kfky) (U u)s(v v),dx: UKXR8V
R R R

aBKBH "Hv-r2+ M T Qp2i? i

@ fdx  max( ;re) (v v)2dx+max(; kfki) (u us(v v),dx: UKXReV
R R R
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- — > Tdx  max( ;re) R(y v)2dx + max( ; kfky) R(g u+(v v)sdx: UKXRdV

(u uwsz z 2 z
dx max( 1;rc) (U u)idx+max(; kfk;) (U u)s(v Vv).dx: UKXR3V
R R

@
z

@
R
q2 /2}M2 z

z() = _lv VIF(u ui+(v vi+(u uildx UKkXRNV

"V bmKKBMKXR-8Ik XR-eIk XRdM /UK XR3W/ mbBM; AR 7a2+ikR- r2
Q#i BM 8
< @z(t)  z(t);
1 2(0)=0:

g?2 2=2max( q;ro)+2max( ; kfky):

=

UkXKkyV

avbi2 KXWy YKBib mMB[m2 MQM M 2(t)iBd 28th QH n?iBPMB K LB 2 b
VZI+(u wi+(v v)Z+(u uildx=0X

aBMw2Vv)2 -(u w2-(v v Mfu u? 27Qm’> +QMiBMmMQmb M/ TQbBiBp
r2? p2i?2 2bmHiX O

kXeXkX@Mbi"m+iBQM Q7 i?2 bmT2 bQHmMiBQM

h?2 Q#D2+iBp2 Q7 i?Bb bm#b2+iBQM Bb iQ +QMbikXRkQRMn T2 bQF
42 +?2Q@p:25) b bmT2 bQHMIBQM QM j®2 BWZMERH i) 2K BMb
BMp "B M#7,QX h?2 M2ti bi2T BbiQ +QMbi'm+i bmT2{GOHNOQYM QM i
d=d,X "27Q 2T Q+22/BM; rBi? i?2 +QMbi m+iBQM Q7 i®2bnT2 bQHn
r2 #2:BM #v bi iBM:; i?2 7TQHHQIBM; T QT2 ivX

G2KK RdX
Ga2d,>rp,+ X h?2 2 2(tBbdibb iBb7vBM;

: D@« 1+ 1( rp, +dy)=0;
%D@x 2 Te¢ 2=0;

10)= uz; 1(+1)=0; UkXKRV
% 20)=u;  v3; o(+1)=0;
1> 0 >0

pli p?
AMI[22/- 7>XQ2 (OHH ) - 1(x) e ol *&X M/ (x)=(uf vi)e ©*

:qur
"2 bQHMIBQMb k@ MR bi2K U

G2KK R3X
IM/2"i?2 bbmKTiB,®@ Mbdiz<imin(r,+ +rc. ;Sp(fpfe+ ) -sp> - M/
<re-r2?2 p2i@u=( 1; 1 2 Bb bmT2 bQ HnXiB®W; €17 X

S'QQ7X

G2(iv) #2 bmT2 bQHKX B MO UbX 6Q X HBI- r2 b?2Qr i? i
8

< D@u Fi(u;v) O

D@xv Fy(u;v) O

UkXkkV
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"27Q 2 T QpBMKkKEWRIRIKQIRUI2 iy M= > 2TQbBiBp2tbhBM+2
dh<rp,+ +r¢ M/<r . X LQr- H2i mb /2KQMbikX¥¥vhi2KBW; rBi? i?2
} bi 2[m iBQM-r2 ? p2,

D@u Fi(u;v)= D@yu rpu(l g)+ dou + f (u)v:
gBi? i?72 /2}MBfiBQaV; Bi7

rb(u)2+ uv , auv

BB sty

J2

D@u Fi(u;v)= D@xu rpu V+ dou+

aBMi20-r1r2 ? p2
D@cu Fi(u;v) D@cu ruu v+ dhu:
IM/2 i?2 +QM/BIABQUM i2 P p2
D@su Fi(u;v) D@yu+ u[ ry + dy:
"V /2}MBiBQM Q7 i?2-"T@AMpB@M,+  r, +d]=0X h?2°27Q 2-
D@cu Fi(u;v) O
LQr-H2imb T Q+22/iQ i?2b2+QM/ 2[m iBQM Q7 1?2 bvbi2KX q2 ? pz
D@V Fy(u;v)= D@V u+rywv= D@ 1+[rc ]1+D@ 2 rc 2
''b2/ QM i?2 /2}MBiBQMb Q7 iM2,7mM+iBIQR/IM+2 i? i,
D@V Fa(u;v)=[rc + rp+ d;] 1:
*QMbB/2 BM<r3+H +r¢ -r2+ M/2/Im+2i? i,
D@xv Fy(u;v) O
hQ +QKTH2i2i?2T QQ7-r2 M@AMH#Q T=@p® i M{u;Vv)(0;0)=(u3;vy) X
++Q /BM; iQ i?2 /2}MBIBQM Q-7r2i Zm;@-+ B EMIQr i (+1l)=0 X

>S2MARV)(+1)=(0;00X 6m i?22 KQ 2{0pBM#+2M/,00) = u} Vvi-r12 + M
+QKT(i?0;0) b 7QHHQrb,

(UVIO;0)=( 15 1 2(0)=(uz;uz Uz +Vvy)=(U3;V5):

h?2°27Q°2-r1r2 ? p2 b(@@)(MLi)y>={0;0) M{[u;v)(0;0)=(uz;vs) X O

kXeXkXQMbi " m+iBQM Q7 bm#bQHmMIiBQM

h?2 ;Q HQ7 i?Bb bm#b2+iBQM Bb iQ +QMbi'm+i bm#bQHmMIiBQM
KXRKQp2 i?2 2MiB 2 "2 H HB®) 2 K iP2 v 1hQHPIQHMiBQM Q@;21i)?2 BMi2 g
#2+ mb2 i?2 bvbi2K Bb +QQT2  iBp2X LQr-r2 T°Q+22/iQ 2bi #HBL
BMi2{a HO)X

G2KK RNX
A7>a -sp>b; MH>r, i?2M i?2 bvbi2K /2kMBK#HBib bm#bQHmMiBQM
i?72 BMi2lp;8) X
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S'QQ7X q

6QR > 0- 2% +d 2]-0<a;<u; MEZ R X q2/2}M2i?2 7TmM+iBQM
7TQHHQTrb, 8
<ge *gin Xz 7T @< Xz
(= = AN
- 0 Qi?2 tBb2

6Q0< X2 < - r2b?Qr i®V)=(; ) Bb bm#bQHKXRRBXZXUr2 b?Qr i? i
8
< . .
D@xv Fa(uv) O
"27Q72 b? QBN Qi 2ui? i M= "2TQbBiBp2>0BBMAR *<
X LQr-H2imb /2KQMb|kX2/JhivdD||2KBLN/I rBi? i?2 } bi 2[m |BQM- r2? p:

D@yu Fi(u;v)= D@u+ Ji+ diu rpu(l );

oO|lc

rBidi=[ (1 &)+ X aBM»2 -s,>b MU<8-r2? gp<0-i?2°27Q"2

b Sp+ U

D@u Fy(uv) D@u ryu(l §)+d1u D@u +[d, r—z*’]g:

IbBM: i?2 /2}MBiBEQM B2,

X+ z
R

r . D r
D@u+[d  Flu=ae *Isin [ D2+ 5+

q
aBM+2 2[2+d 2] MA>0-r2+ M +QM+HmM/2i? |

D@«u Fi(u;v) D@yu+[d; Lzb]g 0;
LQr- H2i6b T°Q+22/iQ i?2 b2+QM/ 2[m iBQM Q7 i?2 bvbi2KX q2 ? p2.

D@Qyv Fy(u;v)= D@v u+riv= D@u u+ u= D@au:

q2 T'2pBQmbHvV b?D@2U i71% diJuX h?2°27Q 2-

]
D@xv Fa(u;v) [Eb dq]u:
aBMi+2rp,-i?mb
D@xVv Fa(uv) O

hQ T'Qp2(@v)(1 )=(0;0) MAu;v)(0;0) = (0;0) (uz3;vz)-r2 + M 272" iQ i?2
/2YMBiBQM Q7 i?2X7 mMa#hB QMEWE@L )= (0:0) M{u;v)(0:0) = (0:;0)
(Uz;vz) X O

kXeXkXQMbi m+iBQM Q7 bi iBQM v bQHmMIiBQM

hQ 2bi #HBD? i?2 2tBbi2M+2 Q7 bQHMIBQM 7KXRR 22bnBH2HK} BT "2 |
b?2Qri? i i?2 bm#bQHMIBQMb M/ bmT2 bQHMIBQMb 2 Q /2 °2/X >2
bm#bQHMIBQMb r2 ? p2 B/2MkKBARK 7Q" 2[m iBQM U
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8 8
<

U:<U§; p_._ QM]— ;O); V= V;Z L;E; QMl ;O);
:8 U;e %( 'y +d2)X; Qm,+1 )' 8 1 2, Qm,+1 ):

LoSioQw oy y=_ 7 QU 0

T 0 QKO+1); -0 QKO;+1):

PM i?2 BM{2 pOH r2 ? g@0) < (L,v) =(; — )< (uv) =(uz;v;)- ;Bp2M
i? D<a1<u§X
PMi22 BM{@+A H r2 2 g2v)=(0:0) M{uV)=( 1; 1 )X h?2b2 b iBb7v i?2

7QHHQrBM: T°'QT2 iB2b,

re

v v=( ) 0= 4 >0 and u u= ;>0:

g2 + M +QMbi'm+i bQHMIiBIQXMW Qb BRNmM i PRQMQAH2 bm#bQHMIiBQM N
HmiBQMX ++Q /BMRIV/CRKKRNr2 B/2MiB7v r2HH@Q /2 2/ bm#bQ
bmT2 ' bQHMIBQMX TTHB+ iBQM Q7 i?2 K2i?Q/ Q7 bm#bQHmMiBQM
bm#b2 +REG@MKi?2 AMi " Q/m+iBQM +? Ti2 'V-r2 +QM+HmM/2 i? ii?2 2 .
iBQM KQRK JQ 2Qp2°- ++Q°/BM; R 57RO QOBIMBIGQ@M Bb rBi?BM i?2
[(u; v); (u; V)] X

kXeXB QQ7 Q7 *Q @®HH v

g2 rQmH/ HBF2 iQ 2KT? bBx2NBbi TQORMHHMBBM; i?2 "2bmHib Q7

dU2tBbi2M+2 Q7 bi iBQM v bQHmBBGNK TM/BS QM O bEBNB-GWH 2V X

i i Qm> bvbi2K /KBib bi iBQM v bQHmMIBQM #v TTHVBM; i?2 K2i
bmT2'bQHMIBQMb- b iBb7vBM: i?2 +QKT 'BbQM T&BM+BON/BM: Qmi
iQ i?Bb T'TBM+BTH2-B7 i?2 BMBiB HTQbBiBp2 bQHMiBQM Bb bK HF
7Q tHB-i?2 bQHMIBQM 2K BMb #2HQr i?2 bi iBQM v bQHmMiBQMX

"v. TTHVBM; i?Bb T'BM+BTH2 iQ Qm  KQ/2H- r2 +QM+Hm/2 i? i B7 i’
bK HH2  i? M i?2 bi iBQM v bQHMIBQM- Bi + M M2p2 "2 +? Q  2t+:
AM/22/- i?2 bi iBOM ‘v bQHMIiBQM +ib b # B2  iQ T°QT : iBQM
i72°27Q°2 DmbiB}2/ #2+ mb2 Bi /2b+ B#2b i?2 bBim iBQM r?2°2 i?2 |
#2HQr i?2 bi iBQM "VvbQHMIBQM-i?mb +QM} KBM; i?2 T?2MQK2MQ|

kKXdLmMK2 B+ H bBKmH iBQMb

kXdX8 * K2i2 b 2biBK iBQMDb

AM i?Bb b2+iBQM-r2 BKiQ 2biBK i2 i?2 p Hm2b Q7 i?2 KQ/2H T
bB#H2- r2 rBHH "2Hv QM p Hm2b Q#i BNIX/>7Q 2 27 2 BNMBb-HR2#% b2 b -
2t +ip Hm2b "2 mMMFMQrM /m2iQ i?2 /B{+mHiv Q7 K2 bm BM; i?2K E
g2 #2:BM #v 2biBK iBM: i?2 # +i2°B H 2T Q/mXiBh@HDL T2- K2WQi2/
2tT 2bb2EBBMM- "2T 2b2Mib i?2 MmK#2 Q7 # +i2'B H /BpBbBQMb T
iBK iBQM "2HB2b QM 2tT2 'BK2Mi H/ i 7 QK bim/B2b QM # +i2 B H
iBK2 Q7 1X +QHB Bb 20 KEMBIK22HW /2" QTiBK H +QM/BiBQMbX ++(
2i HXJ¢ 7Q  *"Q?Mob,/Bib2biBK 327 HO2u=KBM- # b2/ QM i?2 :2M2" iB
Ci2Q7 1X +QHB mMM/2  bi M/ / +QM/83BINMRQUER 2KHH2HXBE2 +QHE
KQ/2H- r2 +R30@a22=KBMX h?Bb bHB;?iHVHQr2 p Hm2 ++QmMib 7Q"

93



BM# +i2°’B H/vM KB+b M/ BMi2 +iBQMb rBi? i?2 BMi2biBM H 2TBi
BM~m2M+2 i?2 # +i2 B H ; Qri? 1,202 2D EKHHB2RTBiI? i?72 +QMbi’
B/2MiB}2/ BM Qm > bim/v 7Q  mH+2  iBp2 +QHBiBb U I* VX h?Bb 2biE
rBi? i?72 Q#b2°'p iBQMb M/ bT2+B}+ +QM/BiBQMb Q7 Qm ™ KQ/2HX
7i2° 2biBK iBM; i?2 " i2 Q7 2T Q/m+iBQM Q7 i?2 # +i2°'B - r2 MQr
T2 Q7 T? ;Q+vi2b- IZ2MQGBIF2Vv?Bb T ~ K2i2° Bb HbQUu2KBMLIR2/ BM
2Mbm 2 +QMbBbi2M+v rBi? 2tT2 BK2Mi H/ i QM BKKmM2 +2HH im |
PB"QMK2MiX Aib p Hm2BY2KIBM-i27Bir? +Q "2bTQM/biQ M p2° ;2
Q7 T? ;Q+vi2b Q7 TT QtBK i2Hv irQ / vbX >Qr2p2 - Qi?2 bim/B2b b
7°QK 3u=KBM BM + b2b Q7 b2p2 2 BMu=KBM BMiQHV bi ;2b Q7 i?2 Q
"QbBbX 6Q *"Q?MO6b /BBQ2UFX-BM BD @b2/- #mi i?Bb p Hm2 /Q2b MC
mH+2" iBp2 +QHBiIBb UI*VX AM/22/- 1?2 K2+? MBbKb BMpQHp2/ BM |
0:6258u=KBM Ub22KXRHZ?B+? b iBb}2b i?72 +QM/BiBQMb Q7 Qm  bim/vX
T K2iR-r?B+? 2T 2b2Mib /BzmbBQM- Bb mb2/ BM /BK2MbBQMH?2
g2 +QMbB/2  i?2b K2 p Hm2 7Q° BKKmM2 +2HHb M/ # +i2°'B - bbmk
i?72 bim/B2/ 2MpB QMK2MiX 6Q° QnD bBX-n2HAbBOQBIM: r2-QMbBbi2Mi I
T°2i iBQM Q7 i?2 MmK2 B+ H "2bmHibX

h?2# +i2°'B H/2MbBivBMi?2 BMi2biBMbH HOFPK=MXB bi iPZ TQQ BRI BpRv
2[mBHB#WMKB+? +Q "2bTQM/biQ MBM~ KK iQ ' VT? b2-r2 2biBK i
Q7 i?Bb /2MbBiv+ M + Qbb i?2 2TBi?2HB H=#03BBXX1hP72 BKQM@r?2
i H/ i bm;;2bii? i- BMi?2 z2+i2/ "2 -i?2 /2MbBiv Q7 BKKmM2 +2
HQr2 i? Mi? i Q7 # +i2 B -r?B+? Bb +QMbBbi2Mi rBi? i?72 H ;2 bB
iQ # +i2°' B X 2 i?2‘27Q:‘21—10-bb?rBK+Z? BKTHB82HGwY M/ +QMb2[m2MiHv-
v=3 102 BbhX 6Q i?2 KQ/2H Q7 mHH2C)iBa2+QHBI/RD i? i i?72 BKKmN\
"2bTQMb2 " i2- 2T 2BDMH2b¥N'Z. M h?Bb /2+BbBQM Bb # b2/ QM i?2 7
[*- 1?72 BKKmM2 "2bTQMb2 Bb ;2M2" HHv H2bb ;; ' 2bbBp2 M/ KQ 2 'Z
BM~ KK iQ'v bii2bX h?mb-i?227B+XK22Z 2b2Mib i?2 " i2 Q7 BKKmM2
KQ#BHBXBM; +2HHb iQ +QK# i# +i2°'B BM/ K ;2/ "bEBth2?BInbi2/ i
"2~2+ib KQ 2 KQ/2 i2 "2bTQMb2 M/ bi B+i2 "2;mH iBQM Q7 i?2 B
iQi?2 BKKMM2 +2HHXA2hPBDLidT Q +? #2ii2  KQ/2Hb i?2# H M+2 #2ir
;7 Qri? M/ i?2 BKKmM2 "2bTQMb2 bT2+B}+ iQ I*X

h?2p Hm2B@7+ H+mH i2/ BMbm+? rvi? iBib iBb}2bi?2 +QM/BiBQ

kXdXKkmK2 B+ H "2bmHib

g2 +QM/m+i MmMK2 B+ H bBKmH iBQMb Q7 i?2 K i?2K iB+ H KQ/2}F
+iBQM #2ir22M # +i2°B M/ T? ;Q+vi2b UBKKmM2 +2HHbV iQ BHHm
g2 mb2 i?2 T~ K2i2  p Hm2b bRX@RMBM- I #B+2? "2 2biBK i2/ BM i?2 T°
b2+iBQMX
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[s K2i2'b AMi2 T 2i iBQMbD ojHm2b IMBi
o 2T Q/m+iBQM " i2 Q7 # +i2082 (u=min)
K tBKmK # +i2 B H/2MbBivi0® (u=m)

" 2H i2/iQi?2TQ QDbBiv Q7 i? 20085 ?@HmBin K

a +Q2{+B2Mi T QTQ iBQM HiQ i?2 0:024Q 7¢Fmin)Q+viQbBb
Sh S'QTQiBQM HBiv +Q 2+ BR2Mi #2102 2 Mu=m°)
d KQ'i HBiv ~ i2 0:030 (u=min)
BKKmM2 "2bTQMb2 " i2 0:3129 @=min)
re BMi'BMbB+ /2 i? " i2 Q7 T? ;@258 2 fi=min)

h #H2 kXR, aT2+B}2/ T ~ K2i2 " p Hm2b 7Q i?2 KQ/2HX

7i2° b iBb7vBM; i?72 +QM/BiBQM31briBii2/ iBRI ;iBp2M K™ K2i2 p Hm
r2T°Q+22/iQT2 ' 7Q°KMmMK2 B+ HbBRXWRBMIBQMD @/BK2NMDBQM HDbT
/IBzmbBQM DQAMRXMh?2 bBKmH iBQM +Qp2'b tiB&KZQ@2®&Q/ 7 QK
b2+QM/b- mbBM; i?2 BMBiBiHX+QMZBMBWENMbB+ H /QK BM bT Mb i?2
[ 50,50]- +Q "2bTQM/BM; iQ iQU HIG2WVKK? IQ?7Bb +?QB+2 Bb #BQHQ ;B -
p Mi bBi TT QtBK i2b i?2 p2° ;2 H2M;i? Q7 i?2 ?2?mK M +QHQMX h"
BMi2 T'2i2/ b bBKTHB}2/ 2T '2b2Mi iBQM Q7 bB;MB}+ Mi TQ iBC
KiQ'v T?2MQK2M Q++m X Air b /Bb+'2iBx2/ mbBM; b2KB@BKTH
rBi? =1000 TQBMib M/ bT iB Hdlai=2?f}§Bw><?22QD7r?2K2 i"2i2/i?2 "B;?2i@7
bB/2 BKTHB+BiHvVX 6Q  i?2 bBKmH iBQMb-0r2 lm2brZ) M /ilBX 2h Qi 2 ™M IQnd ~
TT' QT B i2 #QmM/ v +QM/BiBQMb BM i?2 MmK2 B+ H/QK BM- L2
r2°2 BKTQb2/ ii?2 #QmM/ "B2bX h?Bb r b M2+2bb 'v br2r2°2 /2
/IQK BM 7Q°  MmK2 B+ HTm TQb2bX 6BM HHv-r2 T'2b2Mi BM i?2 7¢(
i? i pBbm HHv BHHmbi® i2 i?2 i2KTQ> HT QT ; iBQM Q7 # +i2°'B M,
6B;m2&@ M/ 6B;M82 HQM; rBi? i?72 +Q 2bTQM/BM; bT +2@kBFK2 /vM K
M 2:9 X

6B;m 2 kXe, " +i2'B H T QT ; iBGBVMMI2+RMQ@ aT iBQi2KTQ  H .vM
bi Mi bT22/ BM ?2QKQ;2M2Qmb K2/BPMK QRE2QT ; iBQMX
iBK2X
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6B;m 2 kX3, QT ; iBQM Q7 BKKmMOWBZ m2HKXN+Q@QW @B Qi2KTQ" H.vM K
bi Mi bT22/ BM ?2QKQ:2M2Qmb KNMBRAR2XMLS QT ; iBQMX
iBK2X

AM i?2 b2+QM/ bBKmH iBQM-r2 BK iQ 2tTHQ 2 i?2 #2? pBQ" Q7
+QM/BiBQMb- bT2+B}+ HHv 7Q+mbBM; QM i?2 #HQ+FBM; Q7 T QT ;
i?72 }M H iBKEDOIiR2+QM/b M/ BMi " Q/m+2 +? M;2bi®@T22B}HmM? (B7H
TQBMibX h?2b2 KQ/B}+ iBQMb "2 /2bB;M2/iQ BKT2/2i?2bT 2 /Q7
BMi?Qb2 T "iB+mH ~ "2 bX r2 /@A}MEM +HBRINDKBx2+2+i i?2b2 Hi2 |iE

8

< . H .

dx) = 0:03(Q, !f X 0
- 0:1065 if x> O

"v BKTH2K2MiBM; i?Bb KQUBW2/ MMM BiB QiM2 bBKmH iBQM-r2 Q#b2 g
/Bz2 2M+2b BM T QT : iBQM T ii2 Mb +QKT “2/iQ i?2 T 2pBQmb bBk
bBKmH iBQM- r?B+? BHHmMbi  i2 i?2 #HQ+F2/ T°QT ; iBQM BM i?2 b
BM i?2 bm#b2[m2Mi BK ;2bX

6B:m 2 kXRy, AMBiB HbT 2 / 7QEAT]2] 4y G+ R B R12KTQ A Vi

8R



6B;m 2 kXRk, AMBIiB H aT 2/ 68HH@rEXRy aT iBQi2KTQ H .vM
"HQ+F :2 Pp2> hBK2, AKKmM2 *2MHKRM2K’@HH aT 2 / M/ "HQ+F ;2X
B+bX

kX3"BQHQ:B+ H BMi2 T 2i iBQM

AM i?Bb b2+iBQM- r2 rBHH #BQHQ:B+ HHv BMi2 T 2i i?2 "2bmHib
T'QT ;: iBQM BM ?QKQ;2M2Qmb K2/BmK- b r2HH b i?2 "2bmHiBM
22i2°Q;2M2Qmb K2/BmKX 6B bi- r2 M Hvx2 i?2 T'QT ; iBQM Q7 |
K2/BmKX h?Bb "2bmHi ? b /22T K2 MBM; BM i?2 #BQHQ;B+ H +QM
:2M2Qmbr p2 T°QT ;: iBQM +Q "2bTQM/b iQ mMMB7Q K /BzmbBQM Q7
+QHOMX JQ 2bT2+B}+ HHV-BM i?2 +QMi2ti Q7 BM~ KK iQ v #Qr2H /
iBb-i?Bb KQ/2H + M #2 BMi2 T 2i2/ b K i?2K iB+ H 2T 2b2Mi iBQN
BM~ KK iBQM HQM: i?2 +QHQMB+ Km+Qb -i?mb +? * +i2 ' BxBM; T N\
Bb z2+i2/ #v BM~ KK iBQMX ++Q /B20;viX) thi- i BEQM® F biB ZM2b ? p2
+mKmH iBp2 TKHYXQIPRMBBM~ KK iBQM bT 2 /b 2p2MHv- Bi K2 Mb i?
7 +2 Q7i?22 +QHQM Bb z2+i2/ #vi?2 /Bb2 b2 BM i?2b K2r v- H2 /BM
M/ BKT B 2/ #Qr2H 7mM+iBQMX h?Bb BMi2 T 2i iBQM "2BM7Q +2t

i"2 iBM; i?2 /Bb2 b2-i ;2iBM; MQi QMHV bvKTIiQK iB+ /QK BMb #mi
K iBQMBb T 2b2Mibm#+HBMB+ HHv-BM Q /2 iQ 2z2+iBp2Hv +QMi"
i?72 [m HBiv Q7 HB72 Q7 T iB2MibX

> pBM; 2tTHQ 2/ BM /2i BH 1?2 ?2QKQ;2M2Qmb T QT ; iBQM Q7 r p2b
M K2Hv i?2 mMB7Q K/BzmbBQM Q7 BM~ KK iBQMi? Qm;?2Qmii?2 +(
QM/ "2bmHi Q7 Qm  bim/v, i?2 #HQ+FBM; T?2MQK2MQM Q#b2 p2/ BI
AM i?Bb +QM};m” iBQM-r2 BMi'Q/m+2 p "B #BHBiv BMiQ i?2 KQ/2F
+Q2{+B2Mi Q7 # +i2°'B X h?Bb +? M;2 H2 /biQ bB;MB}+ Mi Hi2 iB
g?2 2T 2pBQmbHViI?2bT 2 /BbmMB7Q K-r2MQrb22 T Q; 2bbBp:
Bb +QMbBbi2Mi rBi? +HBMB+ H }M/BM;b- BM r?B+? /Q+iQ b Q7i2M
+QHQM Q7 T iB2Mib rBi? BM~ KK iQ v #Qr2H /Bb2 b2b-bm+? b mH+
+ HBx2/ "2 bQ7 #HQ+F ;2-H2 /BM;iQ 2bBbi M+2iQi?2T Q; 2bbBC(
biQTTBM; i?2bT 2 /Q7i?2/Bb2 b2BMi?2+QHQM 2K BMb BM2tTHE
B/2MiB}2/ #v i?2 pB/2Q Q#i BM2/ 7i2° +QHQMQb+QTvX JQ 2 bim/B
2M/ TQBMi Q7 BM~ KK iBQMX AM +QM+HmMbBQM- Qm™ "2bmHib ?B;?~
KQ'i HBiv BM i?2 bT 2 / Q7 BM~ KK iBQMX Hi?Qm;? +QMbi Mi ~ i2
BM ?QKQ:;2M2Qmb 2MpB QMK2Mi- HQ+ Hp "B iBQMb BM i?Bb i2 K

8 k



T°Q: 2bbBQM Q7 BM~ KK iBQM BM bT2+B}+ "2;BQMb Q7 i?2 +QHQM
BKTQ i Mi "QH2 i? i BMi2" +iBQMb #2ir22M # +i2°B M/ HQ+ H BM~
i?72 T°Q; 2bbBQM Q7 i?2 /Bb2 b2X

KXN*QM+HmMbBQM

h?Bb rQ'F Bb bBKTHB}2/ TT'Q +? iQ KQ/2HBM; i?2 BM~ KK iQ "\
+QHBiIBb UI*VX q2 K F2b2p2° H bbmKTiBQMbiQ; BM ;2M2° HmM/2
Q7/Bb2 b2bT 2/ M/#HQ+F ;2-r?BH2F22TBM; i?2KQ/2H 2H iBp2F
M/ 2[m iBQMbX AM7mim 2 "2b2 "+?-BiBbmb27mHiQ 2tTHQ 2i?2bi
M/ bim/v ?2Qr Bi /12T2M/b QM /Bz2 ' 2Mi T > K2i2'bX 6m i?2 ' KQ 2- 2t
BM+HmM/2 KQ 2 7 +iQ ' b- bm+? b //BiBQM H BMi2" +iBM; bT2+B2b-
mM/2 bi M/IBM; Q7 i?2 +QKTH2t/vM KB+b BMpQHp2/ BM i?2 bT 2 / 1|
/IBb2 b2bX

8]



S I AA

M HvbBb Q7 2/m+2/JQ/2Hb M
"HQ+FBM: BM SQTmH iBQM .\

#bi® +i

h?2 "2bmHib T '2b2Mi2/ BM i?Bb +? Ti2" "2i?2 "2bmHi Q7 +QHH 4
M/ > i2Kw ; M/ "2 +m "2MiHv #2BM; T 2T 2/ 7Q bm#KBbbBQM

hQ +QMi QH KQb[mBiQ@#Q M2 /Bb2 b2b bm+? b /2M;m2- 7Q" r?l
#H2-b2p2  Hbi' i2;B2b7Q+mb QM i ";2iBM; KQb[mBiQ TQTmH iB
BMi Q/m+BM; gQH# +?B - bVvK#BQiB+ # +i2 BmK i? i #HQ+Fb T i
KQb[mBIiQ TQTmH iBQMX K i?2K iB+ HKQ/2H /2b+ " B#BM; i?2 B
i?72 bm#b2[m2Mi TQTmH iBQM "2TH +2K2Mi ? b /2KQMbi™ i2/i? i-
K2Mi- bT iB HT QT ; iBQM Q++m bX

h?2 Q#D2+iBp2 Q7 i?Bb T i BbiQ T'Qp2 i?2 #HQ+FBM; Q7 i?Bb -
2MpB QMK2MiX hQ +?B2p2 i?Bb ;Q H-r2 /BpB/2i?Bb T i BMiQ ir

h?2 }'bi +?2 Ti2" 7Q+mb2b QM i?2 "2/m+iBQM Q7 k*k 2 +iBQM@
+HQb2/ 2[m iBQM- T'QpB/BM; bBKTHB}2/ 7 K2rQ F 7Q  bim/vB
T°QT ; iBQMX

h?2 b2+QM/ +? Ti2 BMp2biB; i2b i?2 bim/v Q7 r p2 #HQ+FBM; B
i2+?MB[m2-r?2'2r2 2t KBM2 b+2M "BQb BM r?B+? 2MpB QMK2M
bT iB Hp B iBQMbBM+ ""vBM; + T +Biv- K v T 2p2Mii?2bT 2 /C
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*> Shi]

{_1.I*hAPL P6 k_1 *hAPL@.A66laAPL auahlJ |
aAL:G1 *GPal. 1ZIl hAPL

6LQi?BM; BM HB72 Bb iQ #2 72 “2/X Aij |
mM/2 biQQ/Xd

J B2 *m B2

i XRAMi“Q/m+iBQM

g2 bim/v i?2 /vM KB+b Q7 irQ #BQHQ;B+ H TQTmH iBQMb #2HQ N
reB+? KQp2- 27T Q/m+2- M/ +QKT2i2X h?2B 2pQHmMiBQM Bb /2b+"
bvbi2K rBi? irQ 2[m iBQMb TQR2/BiM i2X thT? 222 +iBQM i2 ' Kb-;2M2°
MQMHBM2 “- "2T°2b2Mi i?2 BMi2" +iBQMb #2ir22M i?2b2 TQTmH iE
Kmim HBbK 2z2+ibX

G 2ri(t;x) Mhy(t;x) /12MQi2 1?2 2bT2+iBp2 /2MbBiB2b Q7ti2®dirQp "B
M/ TQbBIBRIM h?2 KQ/2H Bb ;Bp2M #v,

8
<@ N1 = nif1(nNg;ny);

. UjXRV
- @ny N2 = nafo(Ng;ny):

h?2 7TmM+4iBRIKDKQ/2H i?2b2 BMi2® +iBQMb M/ "2 ++QKT MB2/ #v E
B 2+iHv bim/vBM: bm+? bvbi2K Bb Q7i2M +QKTH2tX M Hi2 M i
i?72 T"QTQ iBQM Q7 QM2 TQTmH iBQM "2H iBp2iQ i?2 iQi HTQTmH

ni ]
nq + n2.

AM i?Bb 7° K2rQ F- Bi Bb TQbbB#H2 iQ bBb iQp2?™M2pHHmMIB @M QR
/IBzmbBQM 2[m iBQM Q7 i?2 7Q K,

@ p=pF(p): UjXkV
aBM+2i?2 TBQM22 BM; kD) " Mb BGHBO?Q Qp- S2i ' QpbFBB-bMASBbFmM
2[m iBQMb ? p2 #22M rB/2Hv bim/B2/ BM K i?2K iB+b-T “iB+mH “Hv
i p2HBM; r p2b M/ BMp bBQMNR2MQR22p2UH222( M HvbBb Q7 +QK
2 +iBQM@/BzmbBQM bvbi2Kb 2K BMb +? HH2M;BM; M/ BMi ' Q/m+
Hmbi® i2j8BM K?Bb +? Ti2° BKb iQ 2bi #HBb? “B;Q QnXMRHBMF #2ir

p:
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UXUX JQ 2T 2+Bb2Hv-r2b22FiQ /2i2 KBM2 r?2iP2RRi?MbQHNMIB@D Mb

BK i2i2Qb2 Q7jXMb7ZK L2 T QUIXQPIBQKIBM “2bmHi b2Qrb i? i- mM/2"
bbmKTIiBQMb QM i?22 "2 +KBRQ M R2TK® B/ iB Q M
ni .

n1+n2,

"2K BMb +HQb2-BM T 2+Bb2 b2XKWR-ailR+BQHHHBQNM Q7 Qp2 i? ir?:
iQi HTQTmH iBQM #2+QK2b H ;2 M/ +QKT2iBiB M BME2idbBERD - i
bvbi2 KX +QMp2 ;2b iQ i?2 bQHMIBX@EMIQ2 2[i? 2BMQQMUHB M2Bb 7mM +i
2tTHB+BiHV /2TBpRA/X QK2 T°QQ7 "2HB2b QM +QKT +iM2bb “;mK:
T BQ B 2biBK i2bX

aBKBH = "2bmHib ? p2 #22M Q#i BM2/ 7Q i?2 "2/m+iBQM Q7 +QK
OR MMNOY-T 'iB+mH HvBM#QmM/2//QK BMb rBi? /2i BH2/ bim/v Q

PM2 Q7 i?2 K BM KQiBp iBQMb 7Q  i?Bb bim/v "Bb2b 7°QK i?2 T?
BM+QKT iB#BHBiv- BM/m+2/ #v i?2 2M/QbvK#BQiB+ # +i2 ' BmK qQF
bT2+B2bNgbRRVX h?2b2 # +i2°B 2 Q7 BM+ 2 bBM; BMi2 2bi /m2 iQ
iIQQH 7Q" +QMi QHHBM;99MNXVEC mPBb ¥BQHQ;B+ HT?2MQK2MQM +
#v "2 +iBQM@/BzmbBQM bvbi2K- M/ r2b?Qri? iB7i?2 2 +iBQMi2
i?72M i?2 7°2[m2M+v Q7 qQH# +?B BM72+iBQM +QMp2 ;2b iQ i?2 b
/IBzmbBQM 2[m iBQM- r?B+? Bb #Bbi #H2X am+? 2[m iBQMb ? p2 H(
i?Bb T?2MQK2RPWXUDb22 (

p= UjXjVv

iXk JQ/2HHBM:

G2T>0/2MQi2 }t2/ ?2Q ' BxQM Q7 iBK2X

i XKXRIQ/2H rBi? irQ +QKT “iK2Mib

h?2 KQ/2H 7Q  BM72+i2/ M/ MQM@BM72+i39 KQWMinBBIQ 212 Ti" BN Q
b2Mb2- #2 mb2/iQ /2 Bp2 irQ@TQTmRY X BAW i RBE QP DH2L 2QMNIb
i?2 /2MbBivQ7 BM72+i2/ K,QR[M BbQRIb iM2 /2MbBiv Q7 MQM@BM72+
h?2 KQ/2H Bb /2b+ B#2/ #v i?2 TQHHQrBM: 2[m iBQMb,

< @n =1 s)Funi(d ") dyng; in (0;T) RS
S @ nu= Fong(@ s i) M) dung; in (O;T)  R%:

ni+ny

*QKTH2K2Mi2/ #v BMBiB(tH 8,QM/BEB® M ID-n,(t = 0;x) = ny(x)™ > 0X
h?2 T ° K2i2'b BM i?2 KQ/2H "2 /2}M2/ b 7QHHQrb,

?2dydi=dyrBi?> 12T 2b2Mii?2/2 i?" i2b7Q mMBM72+i2/ M/BM7:
"2bT2+iBp2HvX 2 dphbapk2#? mb2 qQH# +?B b?Q i2Mb i?2B" HB7

25 2(0:;1) Bb /BK2MbBQMH2bb T ° K2i2 i? i "2~2+ibi?2 2/m+2/ 7
KQb[mBiQ2bc

?F-F=(1 s)Fy /2MQi2i?2 72+mM/Biv " i2b7Q mMBM72+i2/ M/ BN
"2bT2+iBp2HvX g2 fhvmk2bgQH# +?B "2/m+2b 72+mM/Bivc

25 2(0;1) Bbi?2 +vViQTH bKB+ BM+QKT iB#BHBiv T * K2i2 - "2T" 2t
2::0 7°QK MMBM72+i2/ 72K H2b 72 iBHBx2/ #v BM72+i2/ K H2b i
rQ /b- T QTQ i§QWN i?2 2:;b 72 iBHBx2/ #v BM72+i2/ K H2b
*ViQTH bKB+ BM+QKT iB#BHBHIRD T2 72+i r?2M

UjXxovVv

8e



?K /2MQi2b i?2 2MpB QMK2Mi H + T +BivX

HHi?2 +QMbi Mib K2ZMiBQM2/ T 2pBQmbHvV "2 bbmK2/iQ #2 TQbBi|
iQ i?Bb KQ/2H- QM2 + M }M/ M Hvb2b Q7 2[mBHB# BmK bi i2b M/ i-
2tBbi2M+2 M/ mMB[m2M2bb Q7 bQHmMIiBQMb 7Q bm+? "2 +iBQM /I
FMQrMc b2py-@RX X-{2 2[m iBQMb ;Qp2 MBM; i MhjvM2KBEFDH2GTBp2HYV
#Bbi #H2 M/ KQMQbi #H2 2 +iBQM@/BzmbBQM 2[m iBQMbX AiBb |
i2° KQ7i?22b2+QM/ 2[m |BQN 72 2D AKMib i?2 p2'iB+ Him MbKBbbBQ
2 b2-r?BH2i?2 s@&QHBBM||72 BKT2 72+iBQM Q7 i?Bb i MbKBbbBQN
BM+QKT iB#BHBivX AM ef+Q VBMH2 bBIMK2 KQ 2Qp2 i? ii?2 2H iBC(

S + 1<sj UjXx8v

?QH/bi ' m2X h?Bb +?2QB+2 Q7T ~ K2i2 ' bBb "2H2p Mi- b7Q qQH# +7
M/ KQ'2 bT2+B}+ HHv BM i32HibBIQ7 #9PQTH bKB+ BM+QKT iB#Bl
M2 "Hv T2 72+i 7Q i?Bb bT2+B2b@béVB R KTHWEEMB bBB{HOQ U D A R X
6m i?2 KQ 2-i?2b2 KQb[mBiQ2biviB+ HHv ? p2 bHB;?iHvVv "2/ m+2/7
# Vst 01X AM //BiBQM- i?2 T MEK2iZDdi?2 p Hm2b Mk, 09-

2Mbm BM; i?2 p HB/BiyX@X 2[m iBQM U

iXkXk 2/m+iBQM 7Q  H ;2 72+mM/Biv

g2 bbmK2 ?B;? 72+mM/Biv- 9,2/ BM2/@B/M {2 bK HH T ~ K2i2°
bm+? iR, F Fu: q?22M 72+mM/Biv #2+QK2b /QKBM Mi +QKT “2/iQ i?2 Q
Bi Bb "2H2p Mi iQ +QMbB/2 i?2 'bWKEMQ@B#2 2BKWBKTHB7vV i?2 2[m
Q7 i?2 bvhkkXUh?Bb "2/ m+iBQM K2i?QeEBbhBMDTB22MAPQ b 2tTHQ "2
/IBz2 2MiB #H2 bvbi2KX AMi?Bb b2+iBQM-r22H #Q i2QMi?2 2/m-
BM/2i BHK aBNM+BHH /2T2MiDMb2 i?72 MQi MBIQMX "27Q 2 r2 #2;BM
"B;Q°Qmb "2 bQMBM;-r2 mb2i?2 7TQHHQrBM; bbmKTiBQMb,

bbmKTiBQMb kyX

R® B E2(RY) X

K@ 2 L! (RY) X

j@ Bb #QmM/2/ 7°QK #2HQr- XD b-mi?2 @2t BbTR x B R X
9@K 2 L2(RY) M/ K 2 LY(RY X

6QK H 2 bQMBBMi Q/m+2 i?2iQi H NQTmHn,BAIMiZA2 7" +iBQM
Q7 BM72+i2/ KQIp[mBilg2b [i2  bi® B;?2i7Q'r '/ +QKTmX¥BQ™Mb 7 QK
Q#i BM i?2 bvbi2K

@ N =N R SO@ sp+d p)A sip) UixeV
d(p +1 p) :
@ PN spa p) R T sp s)td@ )¢ UjXdv
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g2 + Mi?2°27Q°2 "27Q KmjX¥2®R[m iBQM U

@ N =N Q@ s)p e p)A sip)) UiX3V

du(p +1 p) :

g2 2tT2+i i? i-! bO- r2 ?2 pN(;x) = KX)(@2+ O()) X h?2M r2 BMi Q/m+2 M
2tT MbBQM
N (;x)= KX)(@Q z (t;x)):

1[m iBM: i?2 H2 /BMjX28 K®2BMbU

dl( Lptx)+1] L

K (x)

Fo@ sOP(Ex)+ (L pEx)E  sop (EX))

AM bm#b2X%9XE@VMb?Qr iZ2 Bb mMB7Q KHv #QmM/2/ XB1Pm 2i B0 iUi Q
i?2M "2r Bi2b

z (t;x) =

@ p 2rKKrp 2rprinl z)
d(C p+1)

=P@ P) G Sy va pya spy w0 Do
r?B+? Bb 2[mBp H2Mi iQ
@ p 2rKKrp 2r pr In(l z):f(p)+KKg(p); UjXNV
r?22°2 " 4

di(shp st +1 )

f(p)=p@ p) 1 s)p+(1 p)L swp)

M /
P p)sip st)

W)= T s +@ P)A sp)
"27Q 2 bi iBM;i?2 +QMp2\;2M+2i?2Q‘2K-I’2 rBHHK F2 2K "FQM i~
2K "F 9X?2 7TmM#iBQMQMIBMmMQmb M/ G(B)Tb #@B3xi-( 1BFD X

6m i?2 KIG 2-QM i?2 BMO2.)p Mf> 0 QMy;1) - r22°2= L0 2 (0;1) -
mM/2  i?2 +QM/B)BMs, X

bbmKTiBQMb kRX
g2 bbmK2 i? ii?2 BMBiB H +QM/BiBQMb b iBb7v,

n™ is uniformly bounded in L*!(RY; n"™ 0 UjXRyV
n% js uniformly bounded in L ! (R%; n" > 0 Ui XRRV

BMBi| 2/pd ini n™ 10 init; 0 n™ ° 2(pd

. t; — | : t; — | H .

and pBMBILZ(RY); pmt = W' p™t v = W weakly in L%(RY):
UjXRKV

6m i?72 KQ 2-r2 bbmK2i? ii?2 BMBiB H+QM/BiBQMb "2 r2HH@T -

N4+ pitt = K+ Ko owith kKgk,  C° UjXRjV

u
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iXj J BM "2bmHi

g2 2MQr #H2iQ T 2b2MiQm K BM "2bmHi- M K2HM®REXM 2 2/ m+
iQi?2 b+ H " 2[pXMBRMOX h?Bb "2bmHi 2ti2M/b i?2 QN2 T?2b2Mi2/ E
i?72+ ""vBM; + T +BivBb bbmK2/iQ #2 +QMbi MiX

h?2Q 2K 3X
G2T>0X IM/2° bbmKEK\WQMR b! 0-r2 2 p2= ——1 p® bi'QM;Hv

n, +ny

BM(@O;T;L2(RY) - r2 FHU?BOM;H!(RY) r?2 @ Bb i?2 mMB[m2 bQHmMiBQM Q7

8
<@ P 2Er pPP= () + Eo(?); in (O;T) RY

~ UjXR9V
CpP(t =0;x) = p"t (x); in RY; :
rBi? . ( 0 L )
f 0y — 01 0 u Shp Sf+ ;
PY=Pl P) G s)p+a@ Pa sp)
M/

PP pO)(snp®  s)
(1 s)pP+(@ PO shpd)

a(p°) =
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00

K’ K
@ D@xp ZDK@p=f(p)+?g(p): U9XRYV

h?Bb 7Q KmH iBQM 2tTHB+BiHv BMi2;" i2bbT iB i 22i27Q) BN@ivV i-
BM; 7 +iQ° BM #HQ+FBM: T°QT ; iBQMX J i?2K iB+ HHv- Qm  bim/v
2tBbi2M+2 Q7 bi iBQM v bQHMIBQMb 7Q  i?Bb 2[m iBQM- mbBM; i?
2KTHQV2/ TT'Q +? 7Q " bQHpBM; T “iB H /Bz2 '2MiB H 2[m iBQMbX
r?2M° MA® "2 Q7 bK HH KTHBim/2- T°QT ; iBQM Bb MQi #HQ+F2/>
B7 i?2b2 i2 Kb "2 bm{+B2MiHv H “;2- T'QT ; iBQM Bb #HQ+F2/X h
bbmK2 i? i i?2 /BzmbBQM +Q2{+B2Mi Bb MQ= K HEBxBH K X NBBM ;Bil i
i?Bb bbmKTiBQM i? ' Qm;?2Qmii?2 2K BM/2 Q7 i?2 rQ FX

OXKk _2bmHib QM i?2 #HQ+FBM;

AM i?Bb b2+iBQM-r2 T'2b2Mi Qm K BM “2bmHi- r?B+? // 2bb2b ?
qQH# +?B BM ?22i2°Q:2M2Qmb 2MpB " QMK2Mib r?2 2 i?2 2MpB QMK:
bB;MB}+ MiHv + Qbb /Bz2 2Mi 2;BQMb Q7 i?2bT iB H/QK BMX "27
7Q° 2[m iX@AR t2 BMi*Q/m+2 i?2 +QM+2Ti Q7 T°QT ; iBQM # B2 U
# B2 #2HQrVX g2 +QMbB/2  i?2 /QK BM iQ #2 QM2@/BK2MbBQN
/Bz2 2MiB H 2[m iBQM ,

@ @p Zi@p=f(p)+ }f(g(p); t O x2R: U9XkV
q?22°2 » L,
u( Shp S +
f = p(1
P=PL P T 5p+@ pET sp)
M/

Pl p)(shp  St)
1 s)p+(1 P sp
hQ T'Q+22/- H2i mb /2}MR(xP2b7mM+iBQM
ZX
F(x)= . f(t)dt;

a(p) =

PMi?2 QM2 ? M/- mM/2 ?2vTQi?2bBb
( 1)+ st <sp;
i?22 7TmMitiBR#bi #H2 K2 MBM; i? i BiBb +QMiBMmMQmb M/ GBTb+?E

f(0)= f(1)=f(,)=0: where ;= (Sl)J’sz(o;l):
h

e3



6m i?2 KIE' 2-QM i?2 BM021p MFf> 0 Q1) X
PMi?22 Qi?2"? M/-i?2°Qm;?2Qmi i?Bb +? Ti2 -r2 bbmK2i? i
Z1
F()= Of(t)dt> 0:

AM i?2 + b2K?BH2?2QKQ;2M2Qmb- Bi Bb r2HH FMQrM i? i mMB[m2 i’
Aib bT22/? bi?2 bB;M Q7 7
1

F= fody

r?B+? Bb TQbBiBp2X .2T2M/BM; QM i?2 BMBiB H +QM1B HRQNBM;i?2 b
iQ MBMp bBQM T?2MQK2MQMX

AM i?Bb +? Ti2 -r2 "2 BMi2 2bi2/ BMKr?2iT2 M/ Q?QHKI BM
- +i #H2 T Q#H2K- r2 KolBriMk227?bRb 2tTQM2MiB HHv BM ;Bp2M 2;B
/IQK BM M/ 2K BMb +QMbi Mi 2Hb2r?2 2X aT2+B8pOHHW,7Q +2 i B

8
3 A 7QX< 0

K (x) = 3Aecx; 7 QX2 [O;L]; UoaxjVv
© Aett; 7TQX>L:

AM i?Bb +QMi2ti- Qm > ;Q HBbiQ T'Qp2 i?2 #HQ+FBMK Q7 BQH# +?B
bB;MB}+ MiHv + Qbb /Bz2 2Mi "2;BQMb Q7 i?2 bT iB H /QK BMX h
i?2 i 2[m iBQW WKBib bi iBQM v bQHmMIiBQM M/ b iBb}2b i?2 +QKT °
2tBbi2M+2 Q7 Dbi iBQM “vr p27Q i?Bb T 'Q#H2K #QBHb /QrM iQ i?2

: p Cp C%g(p) = f(p); on 10;L[;
% p = f(p); on [O;L];

p0 ) pY0*) = Cg(p(0)); U9X9V
%pO(L ) pAL*) = Cg(p(L));

p(1 )=1;p(+1)=0;p>0

AM Qm  bim/v-Dbi iBQM v bQHINEQ MB+Q 7227 #BiQM D+B}+ #2? pBQ"
b /2b+ B#2/ #v i?2 bQHMIBAMA Qi 2pn# iIBORM KW i? i T 2p2Mi T QT ;
"27Q°2 T 2b2MiBM; i?2 K BM “2bmHib- r2 }’bi BMi"Q/m+2 i?2 /2}ME
bbmKTiBQMb X

.2}MBiBQM k8X
g2 M K2(C;L)@# "“B2° Mv bQUIXEBEM i@V #Bbi #H2 r2m QMR QM
i?72 # B2 b2i
B(f)= f(C;L) 2 (0;+1 )? there exists a (C;L) barrierg:

bbmKTIiBQMb keX

C sh 1X
CSf 1 th
"27Q°2 T'2b2MiBM; i?2 " ""B2' 1tBbi2M+2 h?2Q 2K- BGC Bl BKTQ"

bK HH 2MQm:?-i?2 2 Bb MQ #HQ+F :2X h?Bb Bb i?2 Q#D2+iBp2 Q7 i

eN



G2KK kdX

0

A% MKZ 2 bm{+B2MiHv bK HH- i?2M i?2°2 2tBbib bm#@bQHmil
PMi?2 +QMi’ “v- 7Q° K "MI2-MQ2 222tBbi # B2 bX

h?2Q 2K NX

G2C >0-L>0- M/ bbmKXiBlbh ;Bp2@X4vi? i bbmKKeBQM/b M/
i? F(1)>0X9¢c >0 bm+? i? i 7T@>cHIR2 2 2tBbbm+? i? i 7IQ>L HIR
? p&;L)2B(f) X

h?2 2tBbi2M+2 Q7 # B2 bB;MB}+ MiHv M/ /B 2+iHV BM~m2M +?2
i22 bQHMIBQMb @KR[nb PRHQMHBDL?2/ #v i?2 7TQHHQIBM; T'QTQDbBIBC

STQTQbBIBQM k3X
amTTQb2i? ii?22°2 2tBG&L) /ZMQB2P #WM/ i?Ki Bb ;Bp 22XV h?2M
2p2'vr2 FbQHmMiBQM Q7
00

K° K _
@ @p 2?@p—f(p)+ ?g(p),

rBi? BMBiB H/ i pfim+®-iBiQTb bT 2 /BM 8t K2-ptB MP X
9Xj] S ' 2HBKBM "'v "2bmHi

AM i?Bb b2+iBQM-r2 T'2b2Mi 7mM/ K2Mi HR‘meHi QM& ""B2 ' b-
aT2+B}+ HHv- r2 T'Qp2 i? i i?2 # B2 b F(® £+ fAt)wBM OX r@BM+2
BMi Q/m+422 mMB[m2 "2 HMmMK#2 bm+? i? i

ZC
F(o= . f(t)dt=0:

g2 bbmK2i? ii?2 7TQHHQrBM; BM2[m HBiv ?QH/Db,

( 1+s <sp:

G2KK KkNX
A;L)2B(f)-pL) < Mp Bb(CL)@# *“B2'p BARM+ 2 bBM;X
S"QQ7X
*QMbB/2  i?2 7TQHHQIBM: bvbi2K,
8 00 0
% p Cp C%(p) = f(p); on 10;L[;
p’= f(p); on [0;L]%
p0 ) pY0*) = Cg(p(0));
%p"(L) pAL*) = Coa(p(L));

“p(l )=1; p(+1)=0; p>0:

g2 }'bi +QMbB/2" i?2(2LB;N)iR "@BHIP?2 f(p)- KMHIBTHNBM/] BMi2;" iBM;
vB2H/b

000 “+ F(p0) = F(1):

dy



h2mp¥x) =0 B7 M/ QNMV=BI7X >Qr2p2 - i?2 K tBKmK T'BM+BTH2 7Q
bBim iBQM #Bb mbAT2 @b @HMIBI@N i @R +? BiX

LQr +QMBER/R2 +1 )X aBKBH "Hv-r2 Q#i BM

> 00 “+ F(p0x) =0

>2M$P2+ M p MBb? @>MHQPB7 . X aBM=@ Bb BKTQbbB#H2- i?2 QMHv 2
TQbbB#PBHBIX Bb

bbmK2 #v +QMi’ /B+iBQM ig P2 DB +22BEND = . MpPy{xi) =0 X
aBMfld < .- i?2 7mMp+BBIGM2 bR QMM/ /2+°2 b2l -7TK2 MBM xji? i
rQmH/ #2 K tBKmK rB(ix?)p Hm@aXx

"Vi?2bi'QM; K tBKmK T 'BM+BTH2-bm+? M BMp2A@BHZ2 KQtBKMMirQr
QKL;+1)-r?B+? Bb BKTQbbB#H.2 pR¥=mK2h?2 " 2%QM2p2°  p MBb?2b QM
(L;+1)X aBPp+2D MAimy +1 p(x) =0- Bi 7TQHHQrBbH?bi B+iHvV /2+ 2 bBM;
(L;+1)X

g2 MQrim M iQ i?2(@N @} 2
Xm =inffx> 0:p{x)=0g:
amTTQb2 #v +QMi° AB+iBRMA2°2 "2 irQ TQbbB#H2 + b2bX

1Bi?&EXm) cX AMi?Bb + b2r2 BMi Q/m+2

_1 2 2 . _ o .
E(x) = > pAx) ~+ F(p(x)) + C*G(p(x)); G(p) = . g(u) du:

.Bz2 '2MiB iBM; ;Bp2b ,
E)= Ccplx) O
228 Bb /2+ 2 bBM: ¥ BiAxR) =0-r2 ? p2
E(Xm) = F(p(Xm)) + CZG(p(Xm)):

ix=L-mbBM;i?2i° MbKBbbBQM +QM/BiBQM

pAL )= pAL") Calp(L));

M/ i22 7 +ii? i
1 +y 2 _A.
I pALY) "+ F(p(L))=0;
r2 Q#i BM 7i2° bBKTHB}+ iBQM

9 ——— 2
E(L)= Cg(p(L))  2F(p(L))+ Sa(p(L))*+ C*G(p(L)):

hQ M Hvx2 i?2ERIB; MEQY)- r2 /BbiBM;:mBb?pxQ) < R)b,M p(Xm) >
p(L) X
? Ap(xm) <p(L) -

z

q T A— /71 Ay 2
EQL) E(n)= CopL)  ZF(L)+ SpL)® F(pxa)+ C2 " glu)du

dR



aBM*+2p(xm) pL)- MpL)< = rBigu) > 0 7Q° OKHI < zih i?72 BMi2;" HBb

S|
MQMM?2; iBp2- r? E€?) BETHBRHh ?Bb +QMi" /B+ib iR2BD #24722i bBM:
Mkn L X

? Ap(Xm) > p(L) -

aBM¥2,) =0 rBip(Xm)>p(L)- i?2 7TmM+iBQM Kmbi BxM+M/ b2+#2 Q" 2
7i2° X "milQN)-p Bb H 2 /v /2+ 2 pBMBMBQ2 bX#2i?”7Q 2 Kmbi 2tBbi
MQi?2  TQBMj#22QP20- +QMi" /B+iBM; i?2 K} MBIBRQIMbQX2 Q Q7

pP°X >2M+2 i?Bb + b2 Bb BKTQbbB#H2X

g2 2 H27i ¢Bip(xm) 1X aBM)< .- Bi TQHHQOK)i2 p(L) X AM
i?Bb + b2-r27 HH# +FiQ i?2 T 2pBQmb + b2- r?B+?p9|QO’lQNQ +QMi
GCLX "2+ @bp 1 M/ #2+ mb2 Q7 BiblHBWK/BibpiM2+2bb "BHvV /2+ 2 b2
i(1 ;0)[ (L;+1)X O

9X9S QQ7b Q7 J BM _2bmHib
AM i?Bb b2+iBQM-r2 T°QpB/2i?2T°QQ7b Q7 i?2 KB "2bmHib T°
I9X9XRQ #HQ+FBM: 7Q  bK HH p "B iBQMb

AM i?Bb bm#b2+iBQM-r2 T'2b2MkiR2 T'QQ7 Q7 G2KK

S'QQ7X
g2 +QMbB/2  i?2 7TQHHQrBM: 2[m iBQMX

@ ap 2@ UIX8Y
I |
p(L p) K* '
= du -, du 1
@ s)p+@ pa sp P K ()

G20<A<spd, M/ /2}M2

p(l p)
(1 s)p+(1 p(L  shp)

b iBb}2b +QWiEHRIQM- Bi Bb TQbbBEMN2MEMA2M- i22 6 2tBbib
M/ M/ [2+°2 bBM; ZnbMBIBIQBM ;

fa(p) = (PA  dy(st + 1));

8
3 A Caoa=Tal a);

A(l )=1; A(+1)=0;

0
° <0

bbmKZ s,dy, A M2K <caX GRILX)= a(X Cal) rBi€>0X h?22M

K
#
K® K® K®
@»n @pa 2— @pa= 272\ f CA 2— 0A+fA( A):
K K K

dk



aBMH2 <co M/%<0-Bi 7QHHQrb i? |
0

@n @Pa 25 @a<fal W)= Ta(da)

6BM HHvKmbBM, A-r27? p2
I !

K
p sn dy e du(sr + 1)

p(l p)
(1 s)p+(1 p)(1  snp)
h’?2 27@ Bb bm#@bQHMiBQMWR & 2Bm?2IiBRMHB2b i? i i?72°2 Bb MQ #F

K? M/K— bm{+B2MiHvV bK HHX

KO
@pn @Ppa 2? @pa <

]

IX9XR QQ7 Q7 h?2M) 2K

LQr-r2 T Q+22/iQi?2 T QQW @Bh?2Q12(HBb?2b i?2 2tBbi2M+2 Q7
bQHMIBQMbX
hQ :2i #2ii2° /2b+ BF)BQMM®2 b?QQiBM; K2i?Q/X g2 b2T " i2i?2
2[m iBQXOQOIL) #v BMi Q/m+BM:;

p(0)= ; p(L)=:

q2 MQr 7 +2 T Q#H2K i? i Bb bHB;?iHv /Bz2 2MiHV 7Q KmH i2/,
7 < < F< < 1-r2 BKIiQEGMML>O0bm+?i? i

: Cp C%y(p) = f(p);
%D(O)— ; p(L)=;

p0 ) pY0*)= Cg(p(0)) = Cyo( ); UgXeV
SHL) ML= CobL)= Col )

Ip(0 )2+ F( )= F(1); ip(L*)2+F()=0:
h?2 2 Bb M2pB/2M| M/ /B" 2+|HBMB)@€2iM2§BX\A9)Q[m iBQMb U

G2KK jyX

G2C;L> OX ATL)2B(f)- i?2M i?2°2(2tBhim+? i®@X& b bQHMIBQMX
*QMp2 b2Hv- B7 i?2C2 2MBEbim+? i®@X b bQHMIBQM-i?2M i?Bb bQF
HbQ bQHMOBREM Q7
S'QQ7X

G2C ML #2 TQbBiBp2 +Q(CHI) MB(X -A?2M i?22 T @HW2KBib
bQHMIBQM IZJMQZBA-#\IO iBb}2b i?2 7QHHQrBM; 2[m iBQMb,

Cp  C2%g(p) = f(p); on 10;L[;

§ p’=f(p); on [0;L]%
pX0 ) pY0*) = Cg(p(0));

%pO(L) pAL*) = Cg(p(L));

" p(l )=1;p(+1)=0;p>0:

OO

dj



h?mb-i?2} bi2[m iBQMIGVERD Q#BBK2UX Ai 2K BMbiQ /2KQMbi® i2 i
Q7 M/ i? i TmH}HH i?2 +QM/BiBQMb,

1, 1o, ,
PO)= ; PL)= 5 P10 )+ F()= F); 2p'(L")?+ F()=0:

aBM+2i?22 T Q¥BDKPHH@TQb2/BMi?2bT +2Q7 2 H7mM+iBQMb i?

/Bz2 2MiB [&H]2 RMQOILL- r2 + M }M# 0 bm+? i®0ji= MpL)= X

Ai Bb bi® B;?i7Q r /iQ /2KRKObP+ R iy=iF(1) M/
IP(L*)?+F()=0X h?2 T°QQ7 Q7 i?2b2 2[m iBQMb Bb /B 2+i M/ BMimBi
AM +QM+HmMbBQM- r2 + M 2bi #HBR? i?2 27 BiiPHVH- 2?Q 7+ QM /BiB Q|
1[m iBOQMEUM/ 2Mbm 2 i?22 bQHp #BHBiv Q7 i?2 T'Q#H2KX aBKBH “H\
2+ M2KTHQvV DbBKBH "HBM2 Q7 "2 bQMBM;X
O

G2KK jRULtBbi2M+2 Q7 XaQHmiBQMYV
G2j-< < %< < 1-rBi% ¢ bbmK2i? i bbmkeBilBRMBb}2/X

IM/2> i?2b2 +QM/BiBQMb- i?2°2 2t8Li MMB[M2 =QMb) Klib+?
i? ii?72 bvid92¥® b bQHMIBQMX

STQQ7X
>2°2-12 2KTHQV b?QQiBM; p ;#XKXK2MIMNB@GR2 U#v i?72 * m+?2v@GB"
i?72Q 2KV /2+°2 bBM; U#v bBKBH = " ;kiNKB ® Hm iBBNW G6Q KK

8 00 0
3 p Cp C%p)=f(p)
p(L)=; Ip(L*)2+F()=0; Uu9xXdvV

"pAL ) pALT)= Coalp (L)):

aBM+Bb /2+ 2 bBM;-r1r2 K v BMp2Xi Bp (IM;/p/@M20;L[ bm+? i? i
pX (P)=pX JQ 2Qp2 -r2BMi Q/m+2i?2 7TmM+iBQM,

F() 1o 2
q G——— P (X ()
F()+Co() 2F() F() Cg() 2F() 2 |

2 q :
FF(D) o’ Co() () :

w (p) =

*QMb2[m2MiHV- i?2 7TQHHQIBM: bvbi2K Q7 2[m iBQMb ?QH /b,
8 r

2 o =cy 2" ® F(p)+ Cgp)2+2Cy( ) 2F( )
2

dp J

C2g(p)[1 + gp); Uaxsv
~w ()=0:
22D = p F@) p i ?2 i -
g?2 2 F0rcs P IFD FOy oo O Bb TQbBiBp2X AMr? i 7TQHHQrb-r2 |
pj- b iBb}2b i?2 7TQHHQrBM; +QM/BiBQM,

r

p_ C ) "2 FW+C o) 2F@ F() o) 2F()
J < CY( Ymax R ’

do



r?2°2i?22 7TmRI BiBQRNM 2/ #v

9P+ gP).

R(P) = S0P

rBi% #2BM; TQbBiBp2 Ur?B+? rBHH #2 b?QrM H i2 VX

1[m iBQMA3P b bQHmMIBQMv b HR(M X BPM i?2 BMij2)p H2 ? p2
F(p) O#v /2}MBIiBRXMQMb2[m2Mikv-2Qml iBQMUb iH2 biQM2 bQHMIB

L2ti-r2 +QMbBpR 1 M/ /2MQi@2pty) i?2 H ";2bi BMi2 p; H)rBQ?BM
reB+? 2[m BBA@M b bQHmMiIiBQMX

h?2 [m2biBQM MQrBb r?2i?2 BiBb TQbBBEMH2?7QMHPXFEFED p Hm2 7
?QH/b<7Qf;‘< < 1?"27Q 2 Mbr2 BM;i?Bb[m2biBQMwr2BN 23 bh®@ itBpQRXi 7
aBM+2 r2p? p2Miv( )=0-iQ T Qp2avi?Bb TQbBiBp2-Bibm{+@&b iQ b?Qr
BbBM+ 2 bBM;X r2 ? p2

S

dw _ w (p)
o - g

q
F(p)+ C2g(p)2+2Cgo( ) 2F( )
C2g(p1 + oY)
h?Bb Bb 2[mBp H2Mi iQ

Oy

dd":): ci@t 2 WJ(p) F(p)- + C2g(p)2 + 2Cqf )q oF()

1
Co(p[1 + g{pIA:

h?2 bB;M QZT2M/b QM i?2b&XMAFE Bb TQbBiBp2- BM i?Bb + b2-7Q"
r2 rBHH b?Qr+i¢ < 1X
*QMbB/2 BM;

g(p = |

sip(l P ssp@ P+@A  s)p)+(sp st)( sspP+2p 1)

(@ s)p+@ p@  sp)’
7i2° bi° B;?i7Q'r "/ + H+mH iBQMb- Biésb 7QmM/i? i,

ssp(l P)((L ssp@ P+ s)P*+(sp s)  sipP+2p 1 <G

7Q  ;HHp Mk 1 s,X h?2M r2 Q#i BMJi2 X >2M+2-r2 ? p2,

u : q
%‘2 WJ“» F(p + C2g9(p)2+2Cg( ) 2F() Cglp Cop)Il+ dgApl:

AKTHB2b i? i

Y ! q___
t s V\’;m F(p) + C2y(p)2+2Cg( ) 2F() CoPI+dip)] O

ds8



6Q° i?72 b2+QM/ +1b2¢ BR2M2; iBp2-i?2 b K2 2 bQMBM ;W TBbBB2b- N
TQbBiBp2X

AM +QM+HmbB @W-ThBMWB+4BI2BM+"2 bBWMp)rSwmb)=0- b® Bb
TQbBiBp2X
LQrH2imb '2imMiQQm  [m2biBQM, Bb Bi TQnbB? ii\xFIP Qb2 p H
?QH/bIQ < < 1?X >2°2-r122p Hm i2,

0 2 q |
w()=3 X (P+F() Sa P Col) 2F()
Z
FO)= (P
g2 + M "2r ' Bi2i?2 /2 Bp iBp2 Q7

\

0 i ! q
w=cata " rp) v crgprrace ) 2F()

C2Jg(p)[1 + gAp)l:
hQ //°2bb Qm > [M2biBQM-r2 rBHH +QMbB/2  irQ + b2bX
0 1

g2 }'bib?2Qri?dF@in @~ —p F), Aw()>F(@),
a( ) 2F( ) 9 ) 2(F(@) F( )

g2 MQi2 i? i QM i?2(BM)2iIP2HTmMMFHpPBBM M2; iBpRH{)BX2X-*QM @
b2[m2MiHv-r2 + M 2biBK i2i?2/2°'Bp iBp2 b 7QHHQTrb,
S

w(p)= CJ 2(

WO ey crgperace ) 2 ()

C;Jg((]p)[lﬂyo(P)]
>C J 2w (p) C2g(p)l+ gAp):

"v BMi2;" iBM; #Qi?(up)2b2QR2;
q —— p— Zp
2w (p)>C J(p ) C2J R(u)du;

h?mb- 2p HmpiBM;rd2 Q#i BM,

q2w( )>cp3( ) C2( )przn(ax)R(p)>q2F(l):

r

[ P p——
) 2 FO+C g() 2(F@ F(C) o) 2F()

_ o
aBI\AO+J2< CZ Jmax R -
p———
*2QQb6M;min @ L F), A 2Mbm 2bwi)i>
g( ) 2F() 9() 2(F@®) F()
F(1):

h?2M r2 b?2Qr i TIbKQHH 2 WQm <F (1),

de



A7 r2 +QNFb B/R2minpyF-r2 Q#i BM,
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+QMi2tibX

"2+2TiQ @ +iBp i2/ bB;M HHBM; T i?r v- Q  #BQ+?2KB+ H + b+ /:
2p2Mib +iBp i2/#v "2+2TiQ mTQM HB; M/ #BM/BM;X b2 B2b Q7 b
KQH2+mH2b- "2 +iBp i2/ rBi?BM "2 +iBQM M2irQ F UrBi? ivTB+ }
722/7Q°r 7/ HQQTbV M/ mHIBK i2Hv H2X BX?PQM ;2 B HBHM  20M D RtA22b b B
+2HH ;"Qri?- K2i8BRQAHRBFRNMiHV- Bi 2 b #22M b?QrM i? i :S*_ "2 TH2E
"2 #H2 iQ b2H2+iBp2Hv +iBp i2 /IBz2 2Mi bB;M HHBM; T i?r vbX
+ MBM/22/ #2 KQ/mH i2/ #v i?2 M im 2 Q7 i?2 HB; M/ U2Bi?2" M iBrg
T? "K +2miB+ H ;2MiV M/ i?2bT2+B}+j. +QM7Q K iBQM Hbi ' m+im
#OmM/ "2+2TiQ X h?Bb TH2BQi"QTv b?2/b HB;?i BMiQ BKTQ i Mi +2
M22/iQ #2 1 F2ZM BMiQ ++QmMiiQ /2bB;M 2{+B3IMi i?2° T2miB+ bi i

'S* /Q MQiT2'K M2MiHv bi v ii?2 TH bK K2K#> M2X _ i?2 - M |
bBiBx iBQM K2+? MBbK Q7 bB;M HBM; T i?r vb Bb "2+2TiQ" 2M/Q +\
Bb i?2 BMi2™M HBx iBQM BMbB/2 i?2 +2HH Q7 p2bB+H2 bm "QmM
reB+? +QMi BMb "2+2TiQ U M/ Qi?2°V KQH2+mH2bX 1M/Q+viQbBb
Q7 KQH2+mH2bX h?2 p2bB+H2b- + HH2/ 2M/QbQK2b- M/ i?2B" KQ
12;° 121 #v +2HH K +?BM2 v i? ' Qm;? ?2v/ QHvViIiB+ 2MxvK2b- Q" #2 T °
TH bK K2K# M2X h?2b2 bT iB HKQp2K2Mib BM/m+2-mTQM HB; M/
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TQTmMH iBQM Q7 "2+2TiQ b bT 2 / Qmi #2ir22M TH bK K2K#' M2 M/
2M/QbQK2b rBi? /IBbiBM+i KB+ Q@2MpB QMK2MiX gBi?BM i?2 +QM
M HHBM; T i?r vb- i?2 T°Q+2bb2b Q7 2M/Q+viQbBb-/2;" / iBQM M/
“272°°2/iQ "2+2TiQ  i° {+FBM;- M/ T 'QpB/2 7m'i?2° +2HH "2;mH iB
T i?r vIRBX E2v 2pB/2M+2 ? p2 BM/22/ b?QrMi? ii?2 BMi~ @+2HHmMH
"2+2TiQ'b? b K DQ BKT +i BM +2HH "2bI33BMK2 iQ ;Bp2M biBKmH

AM i?Bb rQ ' F-r2 rBHH 7Q+mb Qm°~ TTHB+ iBQMb QM bT2+B}+ +
+QKKQM i?2 +iBp iBQM Q7 i?2 b K2 2z2+iQ KQH2+mH2- i?2 +v+HE
U+ JSVX 6Q° MmK#2 Q7 :S*  KQM; i?Bb +H bb- BM+HmM/BM; i?2 "z
iIQ bW _VER-i?22 T " i?2v QB/ ?2Q KQM2 "29YTFiiQ2 HSNi2BWBXxBM; ?2Q K
"2+2TiQ  UBP- ¥'(i?2 7TQHHB+H2@biBKmH iBM; ?dN-K @ M2 HB:2WMiQ " |
#BM/BM;- i?2 T°Q/m+iBQM Q7 + JS Q++m b }'bi ii?2 TH bK K2K#"
?B;?Hv /vM KB+ TQQH Q7 2M/QbQK2b 7TQHHQrBM; BMi2°"M HBx iBQ
h?Bb bT iBQ@i2KTQ" H/BK2MbBQM Q7 bB;M HBM; ? b #22M 7QmM/
T?vbBQHQ;B+ H7mM+iBQMb-bm+? bi?2+QMi"QH QWb MR+ H+B
"2bmKTiBQM Q7 K2BQbBb #v&®X: bB:M HBM:; (

h?mb-iQ 7 Bi?7mHHvV 2T 2b2Mi i?2 +QKTH2tBiv Q7 bB;M HHBM; °
++QmMi i?2 /vM KB+ Q7 i?2 i MbB2Mi TQQH3QR®IP ¥B HHHBO LB N M/
"2+2TiQ  biBKmH iBQM- M/Bib "QH2QMi?2 "2 +iBQM M2irQ " Fb BMp(
h?2 +m” " 2Mi #BQHQ;B+ H ?2vTQi?2bBb Bb i? i i?72 2M/QbQK H +QKT
M/ ?22i2 Q;2M2Qmb +QKT "iK2Mi HBb2/ bi m+im 2 i? i HHQrb bT2+I
#2 b2T " i2/ 7 QK i?2 #mHF +viQTH bK UT?vbB+ HHv b2T " i2/i? Qm
iQ?p2 T QT2 7TmM+iBQM Q7 i?2 +2HH "2bTQMb2X

*H bbB+ Hr vbiQ KQ/2H i?2 /vM KB+ #2? pBQm Q7 bB;M HHBM; °
+iBQM L2ir9®-FbB{(?2° BM /2i2 ' KBMBbiB+ 7Q K HBbK mbBM; Q /BM
(R-Q BM biQ+? biB+7Q K HBbK UivIB+ HHvr?2M 72r KQH2+mH2h
iBK2 J "FQp +RBMRIi(? TT Q +?22b ivIB+ HHv bbmK2 i?2 Hr Q7 K b
B/2 HBb2/ ?QKQ;2M2Qmb 2MpB " QMK2MiX gq?2M bT iB H/vM KB+b E
+QmMi- QM2 K vmb2 "2 +iBQM@/BzmbBQM KQ/2Hb iQ "2B®Rb2Mi 7Q
Q' +QKT “iK2Mi HKQ/2Hb-iQ T?vbB+ HHvV "2T 2b2Mi b2;'2; iBQM #
(N)X LQi2 i? i BM KQbi TTHB2/ HBi2  im 2- HBF22B(\MXA? 2K QHZ KQV7- 2 T B
+QKT “iK2Mi H KQ/2Hb "272°b iQ }MBi2@/BK2MbBQM H /vM KB+ H t
bbQ+B i2/iQ 2 +? +QKT "iK2Mi- M/ i?2 KQ/2H /2b+ " B#2/ ~mt2b #2i

ITiQQm™ FMQrH2/;2- "2H iBp2Hv 72r rQ ' Fb ? p2 //"2bb2/i?2 Bbl
THB+BiHv i?2 b2;°2; iBQM Q7 KQH2+mH2b BM /vM KB+ 2MpB QMK
i {+FBM; iTH vrBi?BMbB;M HHBM; T i?r vbBbi? ii?22M/QbQK H -
MTQM “2+2TiQ" +iBp iBQM- M/ i?2B° MmK#2 - i?2B" bBx2 M/ i?2B
/IvM KB+ HHv- rBi?BM bBKBH " iBK2 b+ H2 i? M i? i Q7 i?2 bB;M }
} bi 1i12KTi Q7 /2}MBM; bm+? KQ/2Hb- rBi?BM i?2 +QMi2ti Q7 bB;|
# +F iQQ)( M/ mb2b /2i2°"KBMBbiB+ TQTmH iBQM /vM KB+b 7Q K HE
iBQM Q7 +QKT “iK2Mib- bi'm+im 2/ #v i?2B" bBx2 M/ KQH2+mH * +
+Q :mH iBQM@7" ;K2Mi iBQM HBF2 /vM KB+b- "2T ' 2b2MiBM; 2M/Q +
M/ /2;" /] iBQMX _2+2MiHv- biQ+? biB+ +QmMi2k@dki3pXbh#t22N2 T QT
#2bi Q7 Qm™ FMQrH2/;2- KQ/2H i? i 2T 2b2Mib i?2 +?2KB+ H "2 +i
i TH bK K2K# M2 M/ rBi?BM /vM KB+ TQTmH iBQM Q7 2M/QbQK
#22M +QMbB/2°2/ M/ 2T 2b2Mib MQp2HivQ7Qm +m "2Mi rQ FX

AM i?BbrQ ' F-r2/2}M2 M/ bim/vi?2 HQM;@iBK2 #2? pBQ" M/ Mm
K H/2i2 " KBMBbiB+ KQ/2Hb i? i+ M 2T 2b2Mi +QKT "iK2Mi HBb2/ b
BMbTB ™ iBQMX7B@Ki2 KQ 2-r2 T QpB/2irQ bBKTH2 2t KTH2b Q7 Qi

3d



i? i i?Bb KQ/2H Bb #H2 iQ 2T 2b2Mi [m HBi iBp2Hv K BM 2tT2 BK?2
bB;M HBM9 aN@X (

8XkJQ/2HHBM; +QKT "iK2Mi HBb2/ bB;M HHBM

h?2 1} bi Q#D2+iBp2BbiQ #2 #H2iQ /2}M2 KQ/2HiQ bBKmH i2i?2
/IVM KB+b 7 QK i?2B" bBx2 bi'm+im 2 T2 bT2+iBp2 QMHVX g2 /QTi
/IVM KB+ TT Q +?-r?22BM/BpB/m Hb "2 bi'm+im 2/ #v bBM:H2 TC
6°QK #BQHQ;B+ H Q#b2 p iBQMb- i?2 K BM T °Q+2bb2b i? i b? T2 i
2M/QbQK HTQTmH iBQM BM+Hm/2,

C1M/Q+VviQbBb, +'2 iBQM Q7 /2@MQpQ +QKT iK2Mi 7 QK i?2 +72

C _2KQp HQ7 +QKT "iK2Mi, 2Bi?2" "2+v+HBM; # +F iQ i?2 +2HH K
i?2°Qm;? HvbQbQK H T i?r vbc

C 6mbBQM, #BM v +Q :mH iBQM Q7 +QKT “iK2MibX

GQ=9g(tr) #2 i?2 TQTmH iIBQM /2MbBivQ72M/QbQKZ R +QKDHBXR2Mib
UpQHMXRVX h?2 2pQHmMIiBQMg2[im iB@Rb7EDMiQ ++QmMii?2i? 22 K2+
#Qp2 Bb ;Bp2Mtivo 71Qf > HH

@(1 r)

Q(g g(tr;+ l&r% (r)g(tr? UJRV
‘+Q ,mH\i|2M/Q+v\|Q 2KQp H

r?2°2
1Zr Z,
Q@:gtr)=3 — (r rirgtr  rYgtrhdr®  — (rrgtir)gtridr’  UBXRV

AM i?2 b2[m2H- gD I2M@(@ i?72 BMBiB H +QM/BIBVQM QB KBHU
2[m i BQM K v #2 71QHM/hM ¢Q ;mH iBQM QT2 iQ Bb[m / iB+, irQ
Q7 2bT2+iBp27mBox2 B M QM2 +QKT nK2Mi Q724r92X PM2 Q#i BMb
1[X8XR#v +QMbB/2°'BM; HH +QKT "iKEMMY iHH i2 +HBEBX2hBX 2
F2 " M2HD BBvaKZKrB‘}:U (r’r)V-bm+?2i? ii?2 +Q ;mH iBQ&XRT2" iQ"
T 2b2 p2b KQWdygdr)dr=0VX AMT "iB+mH "-r2? p2 U iH2 bi 7Q K HH\

dzl Z, Z,

— rg(t;r)dr = r (r)dr (rg(t;r)dr: U8XKkV

dt o 0 0
1IM/Q+viQbBb Bb x2 ' Q@Q /2U0AQ+2Bh2iRKVM2+QKT "iK2Mi "2KQp H
Q /2 T Q+2bb M/ Q++nK PAM i?21d2[m2BRWKI@B/RH 82 272 "2/ b Qm"
KQ/2HX

h?2 b2+QM/ KQ/2HHBM; bi2T Bb iQ BM+HmM/2IRQX PiMRHK " wQJ Mii 2 M
i?BMF b M //BiBQM HQM2 /BK2MbBQM Hbi ' m+im 2p B #H2X h?2
Bbi?2[m MiBivQ7U +iBp2V 2+2TiQ rBi?BM 2 +? +QKT "iK2Mi- r?B
2T 2b2Mi "2+42TiQ i° {+FBM; rBi?BM +2HHDb UBX3XRHPR+$H 2BQM /BM
2t KTH2r2 ? p2 BM KBM/ Bb i?2 T Q/m+iBQM Q7 + JS 2z2+iQ " KQH2-
K2K# M2 M/ rBi?BM 2 +? 2M/QbQK2b Ub22 GX8MBkrhi”™B M MbBIilQ bPBhb 2
b2+QM/ bi m+im BM; p B #H2- #2bB/2b +QKT "iK2Mi /vM KB+b-r2
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C"BQ+?2KB+ H 2 +iBQMb BMbB/22 +? +QKT “iK2MiX 2 +iBQM "
#mM/ M+2b Q7 KQH2+mH ~bT2+B2b- br2HH bi?2bBx2 U M/ K
p B #H2 HBF2 T>V Q7 i?2 +QKT iK2MiX

C"BQ+?2KB+ H 2 +iBQMb i? i Q++m" ii?2 TH bK K2K# M2X

CJQH2+mH ~ +QMb2 p iBQM H rb i? i K v 2QH/ i 2 +?2 2p2Mii? i K
K2Mib- BM T “iB+mH ~ #2ir22M K2K# M2 M/ +QKT “iK2MibX >2WN
mBb? #2ir22M +QKT “iK2Mi/2;" / iBQM M/ +QKT “iK2Mi "2+v+H

G2fi=f(trpa) #2 1?2 TQTmH iBQM /2MbBiv Q7 +RKRT - ilkKRXA2i b piQBKK 2V
reR" M/ KQH2+mH az2@W{20di MbM(t)2R* #2 i?2 KQH2+mH ~[m MiB
i 1?72 TH bK K2K#  M2X h?2 DQBMi 2pfQMH BIBQMIZ[HBQ M7 Q
a>0-

| }
2 +iBQMb | *Q imH[iBQM

o maM@®)  matra)  (mattna);

2M/Q+v[iQ/2; inQMHBM;

lel
T = 3w (M ) a (r;a;M (1))dadr UJk#V
dt —{z—= 100 {z )
*2 +iBQMD .
__2M/Q+V|QbBb
lel
+ a (r;a)f (t;r;a)dadr ;
[Fe— {z }
r?2° 2
12124
Q(f:f )(t;r;a)= = (r r%r9f(t;r r%a &% (t;r%a%da%dr®
20 0 z,2,

(r;r9f (tr;a)f (t;r®a%da%dr® U8 XjV

AM i?2 b2[m2H- f@;F2MQFYr;a) MM@©O) = My i?2 BMBiB H +QM/BiBQN
1[b X K V @KH X

AM 1[XKW- i?2 2ti2MbBQM Q7 i?2 +Q ;mH iBQM M/ 2M/Q+VviQbBb -
b2+QM/bi'm+im BNBbprtHR #M2LQi2i? ir2 +?2Qb2i?2+Q ;mH iBQM F2°
I2Mi QM i?2 bBx2 Q71?2 +QKT "iK2Mib UMQii?2B  KQH2+mH ~ +QMi2
h?2 "2KQp Hi2°'Kb "2 MQr bTHBii2/ BM irQ, i?2 /2:" M/iBT2M 4@ " b
+HBM; Q++m X ih?Ri> MbTQ ii2 'K 2T 2b2Mib i?2 #BQ+?2KB+ H "2 -
i?72 KQH2+mH ~ +QMi2Mi rBi?BM 2 +? +QKT TiK2Wi;a) M/ HDE-?I D2 +m*
2M/Q+viQbBIBD M2+2bb "BHvV /2T2M/2Mi QM i?2 KQH2+mH ~ +QMi2N\
# MR- iQ pQB/ M2; iBp2M-H2X2#&Q=0X AM KAWLy 2T 2b2Mi
#BQ+?2KB+ H "2 +iBQMb i? i Q++m’ ii?2 TH bK K2K#  M2- M/ i?2
"2b2Mi i?72 KQH2+mH2b i? i "2 HQbi Q" ; BM2/ ii?2 TH bK K2K#™ N
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i?72 2M/Q+viQbBb Q° "2+v+HBM; Tk@4 Qb 2DX br?R 1YX rib AHRI

T 2b2MjjBMM(/- iQ i?2 #2bi Q7 Qm™ FMQrH2/;2- Bi Bb MQp2Hiv Q7 Q
T 2iBM; i?72 KQH2+mH ~ +QMi2Mi b [m MiBiv Q7 "2+2TiQ b- Bi HH(
HrbQ7 '2+2TiQ b #2ir22M TH bK K2K#' M2 M/ 2M/QbQK H +QKT il
iQ'v 2T 2b2Mi iBQM Q7 i?2 #BQHQ ;B+H{ HFBMR+2TiQ 7" @#QT2IQ2" rBi
Qi?2° KQH2+mH2bV mMM/2 ;Q /B 2+i2/ KQp2K2Mi # +F@ M/@7Q i? #:
BMi~ @+2HHmMH ~2M/QbQK H +QKT "iK2MibX AMT "iB+mH "-r2 ? p:

d 2124 212,
— rf (t;r;a)drda = r (r;a;M (t))drda Uu8X9ovVv
dt o o 0, 05
1 1
(r;a)rf (t;r;a)drda
2, 2
(r;a)rf (t;r;a)drda;
M/
d 4141
e af (t;r;a)drda+ M(t) = Jy (M (1))
t ° ° Z 1 vA 1 VA 1 VA 1

+ V(r;a)f (t;r;a)drda (ra)af (t;r)drda: U8X8V
0 0 0 0

h?2+?2QB+2Q7i?2 2 7mMAKBBMHBY ;Qp2 "Mbi?2+QKT "iK2MibBx
B+bXjjAN-(i?2 mi?Q b +QMbB/2° QM2@JBKEBiBBQ@NMH KWQ A2 UnH iB
F2"M2H- +QMbi Mi }'bi@W ' 22TQM2MiB HHv /2+ VEBiY= E@ A X2 ~ i2
h?2 +?2QB+2 Q7 i?2 V2 MW +BBHHMKb BMHV BKT +i i?2 KQH2+mH ~ +Q
TH bK K2K# > M2 M/ rBi?BM +QKT "iK2MibX Aib +?QB+2 K v #2 :mE
+?22KB+ H 2 +iBQMbi? ii F2TH +2 ii?2TH bK K2K# M2 M/ rBi?B\
Q  TQHVMQKB H7mM+iBQMb K vi?mb #2 bmBi #H2 iQ 2T 2b2Mi K t

AM i?2 b2[m2H-i?22 KQ/2HJBYBMMM WBFOEK AR 272 "2/ bQm’ k. KQ/

AMi?2 2K BMBMRVBM[bDKW@KI - HH  i2 7mM+iBQMb M/ BMBIiB
"2 MQMM2; iBp2X 6m’i?2°-r2/Q MQi //°’2bb BM i?Bb T T2 i?2 r2HH
2Bi?2° IRVWQ 1[DKW@KIN M/ i?22 i F27Q ;" Mi2/i? i mMB[m2 bm
bKQQiI? MQMM2; iBp2 bQHmMIBQM Bb ;Bp2MX

8XjGQM: iBK2 #2? pBQ Q7 i?2WRRVKQ/2H

AMi?Bb b2+iBQM r2 T°QpB/2 bm{+B2MIRQMPBiBEIMbh@BITMA[K Q#
bi #H2 bi2 /v bi i2X h?2 H “;2@iBK2 #2? pBQm > Q7 +TBbmHnBBMM
2[m iBQM rBi? bQm {RB-M/RERCM bim/Bpd) yBii?BMB(7TKF 8MrB8i?Qmi
2|mt- BM (Bi? #QmM/2/+Q ;mH iBQMFBIM2HBM/BM { +Q ;mH iBQM |
>2°2-r2 HBKBi Qm 'b2Hp2b iQ ;Bp2 b2H7@+QMi BM2/ T°QQ7 Q7 2t
bi i2 BBMBi? #QmM/2/ +Q ;mH iBOM F2"M2HX q2 K BMHv mb2 +QMi"
BMbTB" iBXRX QK (
h?2Q 2K RyX

G2-;; MQMM2; iBp2X BabBMZ;" #M2-"2 #QmM/2/ M/ KQ 2pQp?2
inf = ¢>0X A7

3k ki k ki< 2; UusXeV
i?2M i?2°2 2tBbib mMB[m2 MQMM2; iBpYRy) BOMKXRMHQMRIBQM B\
#\g X JQ '2Qp2 -

Kon ki1 e ;
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M/ 7Q  2p2'v RQBMERIRAARL)) r2 ? p2

t!Ii[Lnl kg(t) o1 ki1 =0:

h?2 +QMp2;2M+2 Bb i H2 bi 2t PPMeM B Hovei? * i2

g2 /Q MQi 2tT2+i + BMBI@B @A™ QTiBK HX a22 i?2 /Bb+8MBKQM BN
g2 bbmK2 ?22°2i? i r2HH@TQb2/M2bb Q7 m¢BEMR2;ME@M)2Q7Bp2 bQl
1[XJRV Bb ;Bp2MX g2 MQi2 i? i i?Bb BKTHB+BiHvV BKTQb2b +QM/BiB(
i22 BMBiB H+QM/BiBQM-r?B+? rBHH i H2 bi M22/iQ #RYMQMM2: iE
KQ 2 /2i BHbX

S'QQEBXbir2 T Qp22tBhi2M+2 M/ mMMB[m2M2&biQ M Bh i@ QMM v+HPQ H n
}t2/ TQBMi “:mK2MiX G2i mb /2}M2
( )
X= g2LYR.):g O kgk.: K ke
0

*QMbB/2" +@Mibikyi+k ks X 6Q2X r2 /2}M?2

1

TKg:K( g + Q(g;9 + Kg):
h?2 QT2Ti @b r2HH@ /2}MEGHbBMM +2bQ r2HH@/2}M2/ 7@ T Qp BN2iI2;" #l
i? i Bb#QmMR2G2KK j)X g2 BKiQ TTHv " M +28b }t2/ ThQBMi i?2Q"
X @r?B+? Bb +HQb2/ bm#b2i QARRC"i®Bb2BHAH2Bp2 bi iBQM v b
Q7 1L[XRUX @2iX-r2 72 p2i? i

Tk g Ii(K k ko k ki kgk1)g: ugXxdvV
AM/2@/M/ "2 TQbBiBpBbM/QmM/2/-i?mb

Z,
Qg9 o) (rr9g(r9dr® k ke kgkeag(r) ;

k k

r?B+? H2 /b i@Xie WMFb iQ i?72 #Q mMX2hN 2 b/ € KoR, 4 OLl M/
i?72 +QM/BIBQMIQBH i?72 TQUORiBpBI12 D-7#2+ mb2
Z, 12121
Q(g;9dr = > (r%g(r9g(r)drr  0;
0 o
r2/2/m+2i? i
Z4 1
KTk gkp1 = . K( (r) g(r)+ Q(g;9(r)+ Kg(r))dr
k k|_l K 0 .
m + " kok :

"mK k Kk 0- 1?7mbg2Q -

KKTegk: k ke +(K 0)k ke Kk
0 0

N R



M/ 12 +QM+HMM{D #2HQMXIXiQ2 MQr b?QTiBb +QMi° +XBQ®2Q M
g MhBNX Ai Bbbi® B;?2i7Q°r /iQ +22+F i? |

1
kTeg Tkhko: (1 Ko)kg hkio+ kQ(gig  Q(h; h)kes:
"v DbBKTH2 +QKTmi iBRQMGRICKR JXEERYV -

kQ(g:9 Q(h;h)k,: Z’k ki: (Kgk s + khk_1)kg  hk: U8X3V
k k|_1

0

3k K1

kg hK.:: UBXNV

h?mb-r2? p2

K ks o) kg hk::

kTKg Tk hkLl 1+ :(3k K1

h?22M i22 2vTQi?808b HFXQLb mb iQ +QM+HmM/2 i?2 i i22°2 2tBbib mM
ik BMX JQ 2Qp2 - i?Bb Bb i?2 mMB[m2 bi iBOM v bQHMIBQM r?B
iQ1X AM/22/- bbmK2 12 ? p2 TQbBiBp2 X EEX X VBINQ BV BB
g5k K X h?22M
Z, Z,
0= . ( (r) (Malr)+ Q(g;9(r))dr k ki1 o . g(r)dr< O;

r?B+? Bb +QMi° /B+iBQMX
g2 MQrim-MiQi?2T°'QQ7 Q7 bvKTgRCRR: LI (RBHBIVMGBRIM?2; iBp2

bQHMIBQMIRY BM U2 b2Mb2 Q7 /Bbi'B#aiB@MbB2MP H DI iBQM v
bQHMIBQMX q2 } ' bi T'QpB/ 2 QuaM/ QM

d<41 Z, Z,

— otr)dr=k ks o g(tr)dr+  Q(g;g(tr)dr

dt o z, 0 0

kK k1 0 g(t;r)dr:

0

h?mb-
kkLl_

0

ko(t; )k k g(0; Yk :e °'+

AiBb +H bbB+ H+QKTmi iBQM i? i

gggu= 00 @ j+(QAD QG g ))sign@ @ ):
h?mb- mbBNXB[X U

d
aﬁg(t; ) O ks

I#
o+ 2k o kg0 ke 0+ KK g ke kgt ) g ke
0

K k1 o+ gk ki1 kg(0; Yk 1e ° kg(t; ) o ki1

0

3k K1

q2 +QM+HmM/2 i? i

3k ki1 _ 2 3k ki1 k k1
kg(t; ) o ko k g(0;) g ke 2o OOk T

r?B+? 2M/b i?2 T°QQ7X 0

N k



8X9LMK2 B+ H b+?22K2 7Q  R. M/ k. KQ/2Hb

AMi?Bb b2+iBQM-r2/2i BHQmMm 6BMBi2 oQHMK2 MmMK2 B+ Hb+?2]
M/ MmMK2 B+ HHvBHHmMbi  i2i?2B T QT2 iB2bX AMQ /2 iQi +FH2
/12+B/2/1iQ +QMbi m+i +QMb2 p iBp2 b+?2K2i? i T 2b2 p2b KQK2Mi
r2 mb2 Q7 i?2 }MBi2 pQHmMK2 b+?2K2 7" K2rQ F- 7i2° "27Q KmH iBM
BM /Bp2 ;2M+2 7Q K BMé9RX NhB2Bii QWb(T Q i i2 K Bb i'2 i2/ #v M m
b+?2K2X 2K BMBM; i2°'Kb 2 TT QtBK i2/ BM bi M/ "/ r vX hBK2
Q' /2 1mH2 2tTHB+Bi TT QtBK iBQMX

BXIOXRBMBi2 pQHMK2 b+?2K?2

g2 r MiiQ r'Bi2 MmK2'B+ H b+?2K2 Q7 UK2K@HIAD MBIB NI[bX B2
POHMK?2 K2i?Q/X

6B bir2 + M KF ir>i0 MA>0-r2+ M 2r Bi2 Qrk VIB¥MU?2 7TQHHQrBM
+QMb2 p iBERE7Q K (

@ (tra)= - @@c(H)(tra) @V (Fa)f (tra))
+ (haM () (ma)f (trna) (na)f (tra);
r?2 2 z,.z,
C(f)(tr;a) = o r%%Q (f; f ) (t;r a%da%r®

6°QK 1[8XWyr2 rBHH } bi/2i BHi?2i'mM+ iBQMr2 mb2 Ubi2T UBV\
Ubi2T UBBVVX h?2M-r2/2i BHi?2}MBi2 pQHmMK2 TT QtBK iBQM Q7
i° MbTQ i QT2  iQ  BM i?2 "B;?i @XMW bR QFBIHXMWX g2 }M HHv bm
MmK2 B+ Hb+?2K2 BM i?2 H bi bi2T Ubi2T UBpVVX

USXRyV

UBV h mM+ iBB@BWDKRE- iQ bim/vQm 2[m iBQM-r2 rBHHIi mM+ i2i?2

K tBK H pR#n2 M/ i?2 [m MiBiv Q7 2 +i Mibp "B #HAPQ0 KItBK H p
r2rBHH +?2QQb2 i 'mM+ iBQRXQGA222 QImMiPiBQMHHQrBM; i mM+ iBQ
7Q° MVR MA A-

CH (f)(tra)=

12:Z2a  Zi0Zg

5 r%° (r® r%r%f (5r° r%a% a%f (tr%a’da’ur®¥atr®  ygxRrRRV

2.2, ° % z. .07, o
; r%a% (t;r%ad , ; (r®ro%f (t;r %% datr “da%r®

h?2 i'mM+ iBOQMBRNRDOIM 2b i? i MQ +Hmbi2  QF WEBxXRGQH 2:2m H? "M
+QMi2Mi H “:R IBHRX Ai + M #2 Q#i BMXY MIQKML[X Y i " mM+ i2/ F2°
(rr914 g lavaxsa BMDbi2 (HX h?2 2[m iBQM r2 rBHH MmK2 B+ HHv TT
i*mM+ i2/ p2 bB @MEYQ N[ iBK2[BWMi2rp2H2> 0X g2 i?2M HQQF ii?22
2[m iBQM- 0Qf<MvO<r R MO<a A-

@ *A (t;r;a)=é1@@0tiA fRY (tra) @ V(ra)f™ (tra)
o (aM @)  (ma)ft(tra) (na)f™ (tra):

UBXRkV

>2m BbiB+ HHVRZQWH2+HO bR H®M:; b i?2fKQmbiggR22] [0;A=2]
Bb bK HH UbQ i? i +Q ;mH iBQMi? i H2 /b iQ +QKRT MKRQHQ7mB X2 H

Nj



+QMi2MiH "M i2ZmMMHBF2HVV X 8RRk HB MpPpRUp iBp2 i mMEXIBYM Q7 1
#2+ mb2 i?2 +?2QB+2 Q7 i?2 i mM+ iBQM Q7 i?2 +Q ;mH iBQM QT2"
Q7 K bb BM i?2 }'bi KQK2MibXMAM iBbiBbmH H2 bi 7Q° K HHv- U+Qk
1[ b X8 XO@NBV -

d 2141 212,
— rf RA(t;r;a)drda = r (r;a;M)drda
dt o o 0, 0,
1 1 .
(r;a)rf *A(t;r;a)drda UBXRjV
2, 2
(r;a)rf *A(t;r;a)drda;
M/
d %141
— af FA(tr;a)drda+ M (t) = Ju (M (1) USXRIV
dt o o z,2,
+ V(r;a)f RA(t;r;a)drda
2, 2

(r;a)af " (t;r)drda:

g2 +?QQb2 iQ mb2 +QMb2 p iBp2 i'mM+ iBQM 7Q° Qm  b+?22K2 BM
i? i T°2b2 p2b i?2 +QMb2 p iBOMOYXRBTB iB2BHH p2 B7v Bi BM i?2 -
Tm 2 +Q :mH iBQMX

UBBV :"B/b /2}MBIBQ@MXX q2 /Bb+ 2iBx2 i?2 BR2BBNQBMI R p HbX

q2 /2MQi2rgy . "2;mH " KIGRIQBI? bBx2 biM/ r2 b2i

G2i® 2 NX g2 /Bb+'2iBx2 i?2 b@AR BWIRBMH2 p HbX q2 /2MQi2 #
“2:mH " KZBA]QBi? bi2d M/ r2 b2i

.....

IR 1 - a
a = > = > a, j2fL1:::;1%
6Q IRHL:::;I'g Mj2f1:::;13g-r2 b2i
h i h i

re2'm= T X

t

rBHH "2+m bBpZfvbmH2nPHi i2

1 Z
f RA (t";r;a) dadr:

fh
) r-a

N9



aBKBH "Hv-r2 MMQi2TV QtBK iNB@)XQ&FB bi- r2 r Bi2 i?2 2t THB+Bi 7
IMH2 b+?22K2 BM iBK2 beBB(R:K/ 6QN2BHULXN 1g- r2 ? p2

RA n+l. . RA n.

r ’r’a)tf (thrna) @@cRAfRA (t":r; Q) USXRSYV

@ V (r;a)fRA (t";r;a)
o (naM")  (na)f™(t"ra)
(ra)fR*A (t";ra)+O( t):
6Q° 2 #2f1:::;1'g Mf 2f1:::;1%g- r2 rBHH BMi2; BXREPKUX @2
}bi/2 HrBi? i72+0 mH iBOM QT2° raQf i 72T+ Q VB aMBi MY M; -
M/ BMi2; iBM;-r2 Q#I B M

Z
—@@C'EA fRA (t";r;a)dadr U8BXReV
- 1a] et fRA LT CRA fRA ¢n.p E
1
A

CF:A fRA g0y re1ig +C‘3A £ RA ", e

IbBM; +2?2 M:2 Q7rh r® #HBM 1BX®R M/ /2+QKTQbBM; i?2 1} biirQ BM
BMi2H2b+QTB+ bmKb r2 ? p2-
CA Y trsa.s =
0Z 4 20

X X Z, . Z 4 N r., .
1 keg  Smrg o i g i+ 3 @+ a% (r%+ r%  (r®r%
2k:l m=1 "« 3 @m }

FRA N r%a% f R*A (t"; r%%a% da®¥r %4a%r©
X X Zl’k+1za ZR 0L A

BT 0y RA (t":r% a9 (r®r%
1 0 0

fRA (7 199 % daPBirBiatr®

<. < .. 1 Zrk+12rk0+l < . N
6m’ i?2 -b2k|k|oB:|\/P ? 2 (nr9dr%r- M/ TT QtBK iBM; ;: BM T Q/n

ro 1 01
k 5 Mk

i2 Kre #v i?2B" H27i pj Hm2 (DWI QtBRAizv,
CRA FRA o LT

1 , X >d D SR
;U1 a + re 1+71 wof M
2( ) k=1 m=1 k0=1 mO=1 % : Ao : k3 ko g kkTiom T kOme USXRdAV
2)(i )q I"xk+1 18 ym+1
( r a) am %rk 1 k;kofl?;mfl?o;m(’;

k=1 m=1 k0:=1 m0=1
SHmM;;BM; i?Bb H ii2" TIXFUEBMiQBEAM&r2 }M HHv /2}M2i?2 TT QtBK
Q7i?2+Q ;mH iBQM QT2 iQ - b

11X X
Qy (Kf)=( r &7 5 ki ket Flom T en mes
k=1 m=1
i 1o o1 ! UBXR3V
fi ik Frem
k=1  m=1

N 8



LQi2 i? ii?2 TT Q@K QBJR;f”* Bb +QMb2'p iBp2 UBM i?2 b2Mb2 i’
b2 p2b i?2 }'bi KQK2W/aly BM r2 rBHH b?Qr BM i?2 M2ti b2+iBQMX I
MmTrBM/ TT QtBK iBQM 7Q  i?2 i MbTQ'ii2 K-iQ;2i?2 rBi? M B
P2HQ+BiviIpRM; i?2 KB/TQBMi "mH2,

Z
@ V(r;a)f® (t;r;a) dadr
' Zri+1 Zri+1
= 2V ora,: f™ tra;,: dr ZVora + f™ tra; 1 dr
. j+ 1 j+1 - j 1 j i
b2 2
RA . . RA . .
Wi;j+%f t,ri,a]-+% r Wi:j %f tri;ey 1T
r AmTWi;j+l;fir;};fir;}+l AmTWJ %’flr} 1;fir;} . UBXRNYV
. 1 . N N
Bb (

uf, Bw O
ATt )= T Ba< o

UBpV 6BMBi2 pQHMKBBM?RK2Xi?2 b+?72K2 QK YVZAKKQBPHBIP2M #v,

C AMBIiB HBx iiBf@M:;;6Q Mj 2f1:::;12%g r2 b2i

1[bXBXRB®XURN M/ M 2tTHB+Bi 7Q'r '/ 1mH2 M+?2K2IBM iBK2 7Q°

t
F =1+ —— Qi (1) UgsXkyV
t T . . T . .
7a Allm Wi;j+%’fi?j’fi?j+l AM Wi;j %,flq 1,fi?j
¢ Z z
+ (na;M")dadr f (r;a) dadr
rza ij # " ij
fi - (ra)dadr :
ij
ZRZA
M™L=M"+ tIy(M") t a (r®a® MM dadr® U8BXKRV
0 0
X x 2
+ fi a (r;a)dadr: U8 XkkV

i=1j=1 i

h?2 2K BMBM; BMi2 8XWNp BW1H¥dH i2/ mbBM; M miQK iB+ [/ Til
B+ HBMi2; iBQM K2i?Q¢) /R BRZHBK2(Mi2/ BM i?2 CmHB T +F ;2 >



2K "F 8%Bi? i?72 b K2 iQQHb-r2 + Mr Bi2 b+?2K2 BMUBRK2MbBQN
MQIiB+BM; i? igt7ry2 tgdtir) r2 ? p2

@nhtr)= @ @En+r (nM @)  (N)h(r);

r?22°2(g) Bb /2}M2/ b 7QHHQrb
z.2,
J(9)(t;r) = r Oro (r®r%g(t;r9g(t; r°dro@r®
0O rr

+QMb2 ' p iBp2i mM+ iBQM Bb i?2M ;Bp2M #v,
ZI’ZR rO

IZ () (tr) = r® (r®r%g(t;r9g(t;rdrr®
0 r r0

8X9OXkmK2 B+ Hi2bib

AMi?Bbb2+iBQM-r2rBHH BMp2biB; i2i?2#2? pBQ QBKAMYMmK?2"
BM bQK2 T “iB+mH ~ + b2bX g2 BKiQ p2 'B7vi?2 +QMb2 p iBQM H r
b+?2K2- i?2 +QMbBbi2M+v M/ +QMp2 :2M+2 T°QT2'iB2b Q7 i?2 Mm
BHHmbi® i2i?2 HOQM;@iBK2 #2? pBQR¥2 T Qp2/ BM h?2Q 2K

*QMb2 p iBQM H rb M/ +QMIBBbIi2ZM2YyBHH 2p Hm i2 i?72 MmK2 B+ H
i?72 + b2 Q7 Tm 2 +Q ;mHIABEGM XPRH,BFEOVX g2 +QMbB/2  i?2 Tm"
+Q ;mH iBQM 2[m iBQM,

@ (trna)=Q((f (t);f (t)(r;a); rBiP>0r>0 MAa>O0: u8XkjVv

h?2 /Bb+2i2 2[m iBQM bb®%KBB/Bp2MK#AY- b bT2+B3XKy b2 Q7
r?2M= = =V=Jy=0-

fif}+1=fi[}+rtaQ{}j(f;f); n2fl:::;Ng; i2f1:::5;1'g M 2f1:::;1%g:
UB8Xk9vV
M/ r?2Q2 Bb /2}M2/ BBIXI{X 42 2K "Fi? ir2 F22T i?2b K2 T'QT2'iB2
KQK2Mib /vM KB+b 7Q  i8XNfQMIB XU 6Q  bQK2 i2bi 7 maV/RiBV@M
H(:t)i?2 KQK2Mi QFQ+B i2/ rBi? i?2 7 mil KiB Q-M
z,2,
H(t):= . o " (r;a)f (t;r;a)dadr;

MH"() Bib /Bb+'2i2 M HQ;m2 KQK2Mi- bbQ+B iRIBRR?rBA2 7mM+il
XX
H' ()= 1 a g UBXk8V

i=1j=1

d d 4141
aH t)= ETt . " (r;a)f (t;r;a)dadr
1 Zol
= " (na)Q(f (1) f (1)) (r;a)dadr
1021021 212,
= i [ (r+r%a+a) ' (rna) ' (r%a9]

é 0 0 0
(rr9f (tra)f (t;r%a%daldrBadr;

Nd



M/ bBKBH "Hv
HOL () HM() _ (1 a)?X X I'xi+#l!%i+ih

t 2 i=1j=1 k=1 m=1 ik 1%1aj+m l% i
Corna s e nag gt

h?mb +?2QQ&M;r Q' (nra) = a-r2 ? p2i? 11?22 } bi@Q /2" KQK2Mik
+QMbi MiBM iBK2 #Qi? ii?2/Bb+'2i2 M/ +QMiBMMQRBRIEYW2Hb- +Q

M/ 1[bEXRBXURI Q™ i?2 Tm 2 +Q ;mH iBQM + b2X q2 HbQ ? p2 i? i

KQK2Mib "2 MQM@BM+ 2 bBM; 7TmM+iBQMb Q7 iBK2 BM #Qi? + b2b

6Q  i?2Tm 2 +Q ;mH iBQM KQ B2Hj; BHZMHB M[;X M {292 M2 H
Ko+ Ki(r+r9 H2 /b iQ +HQb2/ KQK2Mi 2[m iBQM BM i?27Q°KQ7 M P
BM bm+? + b2- Bi Bb 2 bviQ b22 i? ir2? p2i?2 7TQHHQrBM; P.1 bvt
Q /2 vy M/Fé,

g(iHam: SKo(H 1) KiH (O H (50);

dH(r;t):O; UB8XkeV

%dt
d
: aH(a,t)—O.

1[X8XKeBb Q7 i?72 7Q°K Q7 "2"MQmMHHB /Bz2 '2MiB H 2[m iBQM-
+ M #2 +QKTmi2/X h?2 Tm 2 +Q ;mH iBQM + b2 rBi? M {M2 F2 M2
b2iiBM; iQ +QKT "2 M HviB+ HbQHMIBQMb rBi? KQK2Mib bbQ+B |
BXK9+ H+mH i2/ 8XKMEXX6W i?Bb Tm TQb2-r2 BMi Q/m+2 i?2 7TQHHQ

x> 0,
X 2

N

Ny(; )=921fe leo: usxkdvV

q2 TT QtBK i2 i?72 Tm 2 +Q :8XN|jiBOBML[X?D b+?8KRILBX?Ui?2
7QHHQrBM; MmK2 B+ HT * K2i2 b,

T=1: t=10 4; R=A=10; r= a=0:25; U8Xk3V
q2 bim/v irQ + b2bX h?2 }"bi QM2 Bb i?2 + b2 Q7 +QMbi Mi F2"M2H
T K2i2 b,

fo(r;2)=0:5 [N, (1:5;0:15) N 0:5:0:3)+ N, (0:5:0:3) N 1:5:0:15)] ;

o(r;a) [N, (1.5 ) N 2(0:5/0:3) + N, (0:5,0:3) N 5(1:50:15)]; USXKN YV
(nr%=0:5:

h?2 b2+QM/ QM2 Bb i?2 + b2 Q7 M {M2 F2 M2H rBi? i?72 TQHHQrBM;
fo(r;2)=0:5 [N, (1:5;0:15) N 0:5:0:3)+ N, (0:5:0:3) N 1:5:0:15)] ; .
0(r2) =05 [N, ( ) N 2(05,0:3) + N, (0:5,0:3) N af T Uexiyv

(nr9=05+0:1(r +r9:

b 2tT2+i2/-r2  2+Qp2° 7°QK Qm M KZ?Biri M2bkQ RRBIUQ7 Q /2" vy I
MQMBM+ 2 bBM: 7mM+iBQM M/i?2 KOQK2Mib GBXEX/2QR QR QKb |
HbQ Q#b2'p2/i? i i?2b2 MmMK2 B+ H "2bmHib "2 p2'v +HQb2 iQ i?2
+QKTmMi2/ 7 Q&XMeX) 6B : ®XXM /8 XX 2H iBp2 2°°Q° Q7 K@WK2™Mib Q7 Q
BM+ 2 bBM; i?7 Qm;? iBK2- b 2tT2+i2/7 QK i?27 +ii? ii?2bBx2@1i"
b+?2KBXWIBKTHB2b KQ 2 M/ KQ 22 Q" b +QKT “iK2Mib ;2ib #B;;2"
IvM KB+bX

N3






	General Introduction
	Basic Mathematical Concepts 
	Fundamental Concepts of Reaction-Diffusion Equations
	Existence of Solutions to the Reaction-Diffusion Equation 
	Modeling with Reaction-Diffusion Equations

	A model of inflammation due to Ulcerative Colitis
	Inflammatory bowel diseases
	State of the art
	Presentation of the main results
	Perspectives and work in progress

	Mathematical Models and Vector Control Strategies
	What is Dengue Virus?
	Vector control methods
	State of the art
	Presentation of the main results 
	Perspectives and work in progress

	Dissertation outline

	I Mathematical Analysis of Ulcerative Colitis
	Mathematical study of the spread and Blocking in inflammatory bowel disease
	Introduction
	Mathematical model
	Main results
	 Preliminary results
	 Non-negativity property 
	Equilibria and Their Stability in the Dynamical System 

	Estimation of the wave speed for the model
	Proof of the main results 
	Proof of Theorem 6
	 Definition and Notations 
	Proof of Theorem 6 

	Proof of Theorem 7
	 Comparison principle
	Construction of the supersolution
	Construction of a subsolution
	Construction of a stationary solution 

	Proof of Corollary 9

	Numerical simulations
	Parameters estimations
	Numerical results

	Biological interpretation
	Conclusion


	II Analysis of Reduced Models and Wave Blocking in Population Dynamics
	Reduction of a 22 reaction-diffusion system to a single closed equation
	Introduction
	Modelling
	 Model with two compartments
	Reduction for large fecundity

	Main result
	Proof of convergence
	 Uniform a priori estimates
	Compactness result and proof of Theorem 8

	Conclusion

	Blocking of Bistable Front Propagation: Application to Wolbachia Population Replacement
	Introduction
	Results on the blocking
	Preliminary result
	Proofs of Main Results
	No blocking for small variations
	Proof of Theorem 9

	 Numerical simulations
	Conclusion


	III Intracellular Signaling and Compartmentalization
	Modeling Compartmentalization within Intracellular Signaling Pathway
	Introduction
	Modelling compartmentalised signalling pathways
	Long time behavior of the 1D model (M1)
	Numerical scheme for 1D and 2D models
	Finite volume scheme
	Numerical tests

	Applications
	Receptor trafficking
	Second effector signaling




