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ABSTRACT
Chronic inflammatory bowel diseases (IBD) and mosquito-borne epidemics pose major public
health challenges. This thesis develops and analyses mathematical models based on reaction-
diffusion systems to study propagation dynamics and the conditions leading to blockage in
these biological phenomena.

In the first study, we focus on ulcerative colitis (UC), an IBD characterised by contin-
uous inflammation of the colon. We establish a model describing the interaction between
a pathogen and the immune system, demonstrating the existence of travelling waves that
represent the spread of inflammation in a homogeneous medium. We then identify the condi-
tions required to block this propagation in a heterogeneous medium and validate our findings
through numerical simulations.

In the second study, we analyse a strategy for controlling mosquito-borne diseases, specif-
ically the spread of Wolbachia, a bacterium that reduces the transmission of pathogens such
as dengue. We examine cases where propagation is hindered in a heterogeneous medium,
particularly when the carrying capacity varies spatially. We identify the conditions that lead
to blockage and validate our results using numerical simulations.

Finally, I have also worked on the project Modelling Compartmentalisation within Intra-
cellular Signaling Pathways, which focusses on modelling receptor-activated signaling path-
ways while accounting for the dynamics of endosomes and the associated biochemical reac-
tions.

Keywords: Inflammatory bowel diseases, reaction-diffusion system, travelling waves,
wave blocking, Wolbachia bacterium, vector-borne diseases, coagulation dynamics, integro-
partial differential equations, receptor-activated signaling pathways, compartmentalization.



RÉSUMÉ
Les maladies inflammatoires chroniques de l’intestin (MICI) et les épidémies transmises par
les moustiques représentent des défis majeurs en santé publique. Cette thèse développe et
analyse des modèles mathématiques basés sur des systèmes de réaction-diffusion afin d’étudier
les dynamiques de propagation et les conditions menant au blocage dans ces phénomènes
biologiques.

Dans la première étude, nous nous intéressons à la rectocolite hémorragique (RCH), une
MICI caractérisée par une inflammation continue du côlon. Nous établissons un modèle
décrivant l’interaction entre un pathogène et le système immunitaire, mettant en évidence
l’existence d’ondes progressives qui représentent la propagation de l’inflammation dans un
milieu homogène. Nous identifions ensuite les conditions nécessaires pour bloquer cette prop-
agation dans un milieu hétérogène et validons nos résultats à l’aide de simulations numériques.

Dans la deuxième étude, nous analysons une stratégie de contrôle des maladies vecto-
rielles, en particulier la propagation de Wolbachia, une bactérie qui réduit la transmission de
pathogènes tels que la dengue. Nous examinons les cas où la propagation est entravée dans
un milieu hétérogène, notamment lorsque la capacité de charge varie spatialement. Nous
identifions les conditions menant au blocage et validons nos résultats à l’aide de simulations
numériques.

Enfin, j’ai également travaillé sur le projet Modélisation de la compartimentation dans les
voies de signalisation intracellulaire, qui porte sur la modélisation des voies de signalisation
activées par les récepteurs en tenant compte de la dynamique des endosomes et des réactions
biochimiques associées.

Mots-clés: Maladies inflammatoires de l’intestin, système de réaction-diffusion, on-
des progressives, blocage des ondes, bactérie Wolbachia, maladies à transmission vectorielle,
dynamique de coagulation, équations aux dérivées partielles intégro-différentielles, voies de
signalisation activées par des récepteurs, compartimentalisation.
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�i�B�K�2�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�8�R
�k�X�N �a�T���i�B�Q�i�2�K�T�Q�`���H �.�v�M���K�B�+�b �Q�7 �A�K�K�m�M�2 �*�2�H�H �S�`�Q�T���;���i�B�Q�M�X�X �X �X �X �X �X �X �X �X �X �X �X�8�R
�k�X�R�y �A�M�B�i�B���H �b�T�`�2���/ �7�Q�H�H�Q�r�2�/ �#�v �#�H�Q�+�F���;�2 �Q�p�2�` �i�B�K�2�, �#���+�i�2�`�B���H �/�v�M���K�B�+�b�X�X �X �X �X �X �X�8�R
�k�X�R�R �a�T���i�B�Q�i�2�K�T�Q�`���H �.�v�M���K�B�+�b �Q�7 �"���+�i�2�`�B���H �a�T�`�2���/ ���M�/ �"�H�Q�+�F���;�2�X�X �X �X �X �X �X �X �X �X�8�R
�k�X�R�k �A�M�B�i�B���H �a�T�`�2���/ �6�Q�H�H�Q�r�2�/ �#�v �"�H�Q�+�F���;�2 �P�p�2�` �h�B�K�2�, �A�K�K�m�M�2 �*�2�H�H �.�v�M���K�B�+�b�X�X �X �8�k
�k�X�R�j �a�T���i�B�Q�i�2�K�T�Q�`���H �.�v�M���K�B�+�b �Q�7 �A�K�K�m�M�2 �*�2�H�H �a�T�`�2���/ ���M�/ �"�H�Q�+�F���;�2�X�X �X �X �X �X �X �X�8�k

�9�X�R �S�`�Q�T���;���i�B�Q�M �Q�7 �A�M�7�2�+�i�2�/ �J�Q�b�[�m�B�i�Q�2�b ���i �*�Q�M�b�i���M�i �a�T�2�2�/ �P�p�2�` �h�B�K�2�X�X �X �X �X �X�3�9
�9�X�k �S�`�Q�T���;���i�B�Q�M �Q�7 �L�Q�M�@�A�M�7�2�+�i�2�/ �J�Q�b�[�m�B�i�Q�2�b ���i �*�Q�M�b�i���M�i �a�T�2�2�/ �P�p�2�` �h�B�K�2�X�X �X �X�3�9
�9�X�j �"�H�Q�+�F�B�M�; �Q�7 �A�M�7�2�+�i�2�/ �J�Q�b�[�m�B�i�Q �S�`�Q�T���;���i�B�Q�M�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3�9
�9�X�9 �"�H�Q�+�F�B�M�; �Q�7 �L�Q�M�@�A�M�7�2�+�i�2�/ �J�Q�b�[�m�B�i�Q �S�`�Q�T���;���i�B�Q�M�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3�9

�d



�8�X�R�h�B�K�2 �2�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �K�Q�K�2�M�i�b �Q�7 �Q� �̀/�2�`0 ���M�/1 �U�b�2�2 �B�M�b�2�`�i�2�/ �H�2�;�2�M�/�V �+�Q�K�T�m�i�2�/
�7� �̀Q�K �Q�m�` �T�m� �̀2 �+�Q���;�m�H���i�B�Q�M �M�m�K�2�`�B�+���H �b�+�?�2�K�2�U�8�X�k�9�V�- �r�B�i�? �i�?�2 �+�Q�M�b�i���M�i �F�2�`�M�2�H ���M�/
�i�?�2 �K�Q�/�2�H �T��� �̀��K�2�i�2�`�b�U�8�X�k�N�V�7�Q�` �i�?�2 �H�2�7�i �T�B�+�i�m� �̀2 ���M�/ �r�B�i�? �i�?�2 �+�Q�M�b�i���M�i �F�2�`�M�2�H ���M�/
�i�?�2 �K�Q�/�2�H �T��� �̀��K�2�i�2�`�b�U�8�X�j�y�V�7�Q�` �i�?�2 �`�B�;�?�i �Q�M�2�X �h�?�2 � �̀2�b�m�H�i�b ��� �̀2 �Q�#�i���B�M�2�/ �r�B�i�? �i�?�2
�M�m�K�2�`�B�+���H �T��� �̀��K�2�i�2�`�b�U�8�X�k�3�V�X �A�M �#�Q�i�? �+���b�2�b�- �i�?�2 �K�Q�K�2�M�i �Q�7 �Q� �̀/�2�`0 �B�b �� �M�Q�M�B�M�+� �̀2���b�B�M�;
�7�m�M�+�i�B�Q�M ���M�/ �i�?�2 �K�Q�K�2�M�i�b �Q�7 �Q� �̀/�2�`1 ��� �̀2 �+�Q�M�b�i���M�i�X �q�B�i�? �i�?�2 �+�?�Q�B�+�2 �Q�7 �Q�m�` �B�M�B�i�B���H
�+�Q�M�/�B�i�B�Q�M�- �#�Q�i�? �K�Q�K�2�M�i�b �Q�7 �Q� �̀/�2�`1 �B�Mr ���M�/a �b�m�T�2�`�B�K�T�Q�b�2�/�X�X �X �X �X �X �X �X �X �X �X �X�N�N

�8�X�k�_�2�H���i�B�p�2 �2�`� �̀Q�` �Q�7 �i�?�2 �K�Q�K�2�M�i�b �Q�7 �Q� �̀/�2�` �y �U�H�2�7�i �T���M�2�H�V ���M�/ �R �U�`�B�;�?�i �T���M�2�H�V �#�2�i�r�2�2�M
�K�Q�K�2�M�i�b �+�Q�K�T�m�i�2�/ �7� �̀Q�K �Q�m�` �T�m� �̀2 �+�Q���;�m�H���i�B�Q�M �M�m�K�2�`�B�+���H �b�+�?�2�K�2�U�8�X�k�9�V���M�/ �7� �̀Q�K �i�?�2
���M���H�v�i�B�+���H �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �P�.�1 �b�v�b�i�2�K �1�[�X�U�8�X�k�e�V�- �B�M �i�?�2 �+���b�2 �Q�7 �� �+�Q�M�b�i���M�i �F�2�`�M�2�H
�U�8�X�k�N�V�r�B�i�? �i�?�2 �b���K�2 �T��� �̀��K�2�i�2�`�b ���b �B�M �i�?�2 �H�2�7�i �T���M�2�H �Q�7 �6�B�;�m� �̀2�8�X�R�X �X �X �X �X �X �X �X �X�N�N

�8�X�j �_�2�H���i�B�p�2 �2�`� �̀Q�` �Q�7 �i�?�2 �K�Q�K�2�M�i�b �Q�7 �Q� �̀/�2�` �y �U�H�2�7�i �T���M�2�H�V ���M�/ �R �U�`�B�;�?�i �T���M�2�H�V �#�2�i�r�2�2�M
�K�Q�K�2�M�i�b �+�Q�K�T�m�i�2�/ �7� �̀Q�K �Q�m�` �T�m� �̀2 �+�Q���;�m�H���i�B�Q�M �M�m�K�2�`�B�+���H �b�+�?�2�K�2�U�8�X�k�9�V���M�/ �7� �̀Q�K
�i�?�2 ���M���H�v�i�B�+���H �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �P�.�1 �b�v�b�i�2�K �1�[�X�U�8�X�k�e�V�- �B�M �i�?�2 �+���b�2 �Q�7 ���M ���{�M�2 �F�2�`�M�2�H
�U�8�X�j�y�V�r�B�i�? �i�?�2 �b���K�2 �T��� �̀��K�2�i�2�`�b ���b �B�M �i�?�2 �`�B�;�?�i �T���M�2�H �Q�7 �6�B�;�m� �̀2�8�X�R�X �X �X �X �X �X �X �X�R�y�y

�8�X�9�A�H�H�m�b�i� �̀��i�B�Q�M �Q�7 �i�?�2 �+�Q�M�p�2� �̀;�2�M�+�2 �Q�7 �i�?�2 �M�m�K�2�`�B�+���H �b�+�?�2�K�2�U�8�X�k�9�V�B�M �i�?�2 �+���b�2
�Q�7 �i�?�2 �T�m� �̀2 �+�Q���;�m�H���i�B�Q�M �U�+���b�2 �R�- �M�m�K�2�`�B�+���H ���M�/ �K�Q�/�2�H �T��� �̀��K�2�i�2�`�b �;�B�p�2�M �#�v
�1�[�b�X�U�8�X�j�j�V�@�U�8�X�j�9�V�V �X �q�2 �T�H�Q�i �i�?�2 �2�`� �̀Q�` ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �;�`�B�/ �b�B�x�2h�- �B�M
�H�Q�;�@�H�Q�; �b�+���H�2�- �m�b�B�M�; �i�?�2 �b�B�t �/�B�z�2� �̀2�M�i �M�Q�`�K�bkE(hm ; tn )kk;l �/�2�}�M�2�/ �B�M �1�[�X�U�8�X�j�R�V
�7�Q�`0 � k + l � 2 �U�b�2�2 �B�M�b�2�`�i�2�/ �H�2�;�2�M�/�V�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�y�R

�8�X�8�A�H�H�m�b�i� �̀��i�B�Q�M �Q�7 �i�?�2 �+�Q�M�p�2� �̀;�2�M�+�2 �Q�7 �i�?�2 �M�m�K�2�`�B�+���H �b�+�?�2�K�2�U�8�X�k�y�V�B�M �+���b�2 �k �U�M�m�@
�K�2�`�B�+���H ���M�/ �K�Q�/�2�H �T��� �̀��K�2�i�2�`�b �;�B�p�2�M �#�v �1�[�b�X�U�8�X�j�j�V�@�U�8�X�j�8�V�V�X �a�2�2 �H�2�;�2�M�/ �Q�7
�6�B�;�m� �̀2�8�X�9�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�y�k

�8�X�e�a�B�x�2�@�/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �T�Q�T�m�H���i�B�Q�M �/�2�M�b�B�i�vg �Q�7 �2�M�/�Q�b�Q�K���H �+�Q�K�T���`�i�2�K�2�M�i �7�Q�`
�K�Q�/�2�H�U�J�R�V���i �/�B�z�2� �̀2�M�i �i�B�K�2�b �U�b�2�2 �B�M�b�2�`�i�2�/ �H�2�;�2�M�/�V ���M�/ �T��� �̀��K�2�i�2�`�b �;�B�p�2�M �#�v
�1�[�b�X�U�8�X�j�e�V�@�U�8�X�j�d�V�X �P�M �i�?�2 �H�2�7�i �?���M�/�@�b�B�/�2 �i�?�2 �+�Q�M�/�B�i�B�Q�M �1�[�X�U�8�X�e�V�B�b �b���i�B�b�}�2�/
�U
 (r ) =

p
3:1�V �r�?�2� �̀2���b �Q�M �i�?�2 �`�B�;�?�i �?���M�/�@�b�B�/�2 �i�?�2 �+�Q�M�/�B�i�B�Q�M �1�[�X�U�8�X�e�V�B�b �M�Q�i

�b���i�B�b�}�2�/ �U
 (r ) = 0 :7�V�X �A�M �#�Q�i�? �+���b�2�b�- �i�?�2 �+�m�`�p�2�b �7�Q�`t = 10 ���M�/t = 50 ��� �̀2
�b�m�T�2�`�B�K�T�Q�b�2�/�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�y�j

�8�X�d�h�B�K�2 �2�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �2�M�/�Q�b�Q�K���H �b�B�x�2 �U�H�2�7�i �T���M�2�H�V ���M�/ �B�M�i�2�`�M���H�B�x���i�B�Q�M � �̀��i�B�Q �U�`�B�;�?�i
�T���M�2�H�V�X �q�2 �M�m�K�2�`�B�+���H�H�v �b�B�K�m�H���i�2 �i�?�2 �k�. �K�Q�/�2�H �;�B�p�2�M �#�v �1�[�b�X�U�J�k���V�@�U�J�k�#�V�r�B�i�?
�T��� �̀��K�2�i�2�`�b �;�B�p�2�M �#�v�X�U�8�X�j�3�V�@�U�8�X�j�N�V�@�U�8�X�9�y�V�U�G�>�_ ���M�/ �"�k���_ ���z�2�+�i �Q�M�H�v �i�?�2 �B�M�i�2�`�@
�M���H�B�x���i�B�Q�M � �̀��i�2�V�X �P�M �i�?�2 �H�2�7�i �T���M�2�H�- �i�?�2 �/���b�?�2�/ �#�H�m�2 �U� �̀2�b�T�X �/�Q�i�i�2�/ �T�m�`�T�H�2�V �H�B�M�2
� �̀2�T� �̀2�b�2�M�i�b �i�?�2 �K�2���M �2�M�/�Q�b�Q�K���H �b�B�x�2 �7�Q�` �"�k���_ �U� �̀2�b�T�X �G�>�_�V�- �i�?���i �+�Q�`� �̀2�b�T�Q�M�/�b �i�Q
kf k1;0 (t)=kf k0;0 (t)�- ���M�/ �i�?�2 �b�?���/�2�/ �H�B�;�?�i ��� �̀2�� � �̀2�T� �̀2�b�2�M�i�b �B�i�b �b�i���M�/��� �̀/ �/�2�p�B���i�B�Q�M�X �P�M
�i�?�2 �`�B�;�?�i �T���M�2�H�- �i�?�2 �/���b�?�2�/ �#�H�m�2 �U� �̀2�b�T�X �/�Q�i�i�2�/ �T�m�`�T�H�2�V �H�B�M�2 � �̀2�T� �̀2�b�2�M�i�b �i�?�2 �B�M�i�2�`�M���H�@

�B�x���i�B�Q�M � �̀��i�B�Q �7�Q�` �"�k���_ �U� �̀2�b�T�X �G�>�_�V�- �i�?���i �+�Q�`� �̀2�b�T�Q�M�/�b �i�Q
kf k0;1 (t )

M 0
�X�X �X �X �X �X �X �X �X �X�R�y�8

�8�X�3�h�B�K�2 �2�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �2�M�/�Q�b�Q�K���H �b�B�x�2 �U�H�2�7�i �T���M�2�H�V ���M�/ �B�M�i�2�`�M���H�B�x���i�B�Q�M � �̀��i�B�Q �U�`�B�;�?�i
�T���M�2�H�V�X �q�2 �M�m�K�2�`�B�+���H�H�v �b�B�K�m�H���i�2 �i�?�2 �k�. �K�Q�/�2�H �;�B�p�2�M �#�v �1�[�b�X�U�J�k���V�@�U�J�k�#�V�r�B�i�?
�T��� �̀��K�2�i�2�`�b �;�B�p�2�M �#�v�X�U�8�X�j�3�V�@�U�8�X�j�N�V�@�U�8�X�9�R�V�U�G�>�_ ���M�/ �"�k���_ ���z�2�+�i �i�?�2 �B�M�i�2�`�M���H�B�x���i�B�Q�M
���M�/ �i�?�2 �+�Q���;�m�H���i�B�Q�M � �̀��i�2�V�X �a�2�2 �H�2�;�2�M�/ �Q�7 �6�B�;�m� �̀2�8�X�d�7�Q�` �/�2�i���B�H�b�X�X �X �X �X �X �X �X �X �X �X�R�y�8

�8�X�N�h�B�K�2 �2�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �+���J�S �T� �̀Q�/�m�+�i�B�Q�M �7�Q�` �i�?�2 �G���@�S�h�> �H�B�;���M�/ �U�H�2�7�i �T���M�2�H�V ���M�/
�i�?�2 �S�h�>�@�d�. �H�B�;���M�/ �U�`�B�;�?�i �T���M�2�H�V�X �q�2 �M�m�K�2�`�B�+���H�H�v �b�B�K�m�H���i�2 �i�?�2 �k�. �K�Q�/�2�H �;�B�p�2�M
�#�v �1�[�b�X�U�J�k���V�@�U�J�k�#�V�r�B�i�? �T��� �̀��K�2�i�2�`�b �;�B�p�2�M �#�v�X�U�8�X�9�k�V�@�U�8�X�9�j�V�@�U�8�X�9�9�V�U�+���J�S �F�B�M�2�i�B�+
�T��� �̀��K�2�i�2�`�b �/�B�z�2�` �#�2�i�r�2�2�M �S�h�> �d�. ���M�/ �G���@�S�h�> �Q�M�H�v �#�v �i�?�2 �T� �̀Q�/�m�+�i�B�Q�M � �̀��i�2�V�X �A�M
�#�Q�i�? �T���M�2�H�b�- �i�?�2 �/�Q�i�i�2�/ �#�H�m�2 �H�B�M�2 �b�?�Q�r�b �i�?�2 �2�M�/�Q�b�Q�K���H �[�m���M�i�B�i�v �Q�7 �+���J�S�- �;�B�p�2�M �#�v
kf k0;1 (t)�- �i�?�2 �/���b�?�2�/ �#�H�m�2 �H�B�M�2 �b�?�Q�r�b �i�?�2 �+���J�S �[�m���M�i�B�i�v ���i �i�?�2 �T�H���b�K�� �K�2�K�#� �̀��M�2�-
�;�B�p�2�M �#�vM (t)�- ���M�/ �i�?�2 �/���b�?�2�/�@�/�Q�i�i�2�/ �T�m�`�T�H�2 �H�B�M�2 �b�?�Q�r�b �i�?�2 �i�Q�i���H �+���J�S �[�m���M�i�B�i�v
�Ukf k0;1 (t) + M (t)�V�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�y�d
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�8�X�R�y�h�B�K�2 �2�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �+���J�S �T� �̀Q�/�m�+�i�B�Q�M �7�Q�` �i�?�2 �G���@�S�h�> �H�B�;���M�/ �U�H�2�7�i �T���M�2�H�V ���M�/
�i�?�2 �S�h�>�@�d�. �H�B�;���M�/ �U�`�B�;�?�i �T���M�2�H�V�X �q�2 �M�m�K�2�`�B�+���H�H�v �b�B�K�m�H���i�2 �i�?�2 �k�. �K�Q�/�2�H �;�B�p�2�M
�#�v �1�[�b�X�U�J�k���V�@�U�J�k�#�V�r�B�i�? �T��� �̀��K�2�i�2�`�b �;�B�p�2�M �#�v�X�U�8�X�9�k�V�@�U�8�X�9�j�V�@�U�8�X�9�8�V�U�+���J�S �F�B�M�2�i�B�+
�T��� �̀��K�2�i�2�`�b �/�B�z�2�` �#�2�i�r�2�2�M �S�h�> �d�. ���M�/ �G���@�S�h�> �#�Q�i�? �#�v �i�?�2 �T� �̀Q�/�m�+�i�B�Q�M � �̀��i�2 ���M�/
�+���T���+�B�i�v �Q�7 �T� �̀Q�/�m�+�i�B�Q�M�X�V�X �a�2�2 �H�2�;�2�M�/ �Q�7 �6�B�;�m� �̀2�8�X�N�7�Q�` �/�2�i���B�H�b�X�X �X �X �X �X �X �X �X �X �X �X�R�y�3
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�G�A�a�h �P�6 �h���"�G�1�a

�k�X�R �a�T�2�+�B�}�2�/ �T���`���K�2�i�2�` �p���H�m�2�b �7�Q�` �i�?�2 �K�Q�/�2�H�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�8�y

�9�X�R �a�T�2�+�B�}�2�/ �T���`���K�2�i�2�` �p���H�m�2�b �7�Q�` �i�?�2 �K�Q�/�2�H�X �h�?�2 �p���H�m�2�b �m�b�2�/ �B�M �i�?�2 �b�B�K�m�H���i�B�Q�M�b
���`�2 �B�M�b�T�B�`�2�/ �#�v �i�?�Q�b�2 �T�`�2�b�2�M�i�2�/ �B�M �(�k�9�)�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3�j
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�*�>���S�h�1�_�R

�:�1�L�1�_���G �A�L�h�_�P�.�l�*�h�A�P�L

�ó�_�2�b�2��� �̀+�? �B�b �i�Q �b�2�2 �r�?���i �2�p�2�`�v�#�Q�/�v �2�H�b�2 �?���b �b�2�2�M�-
���M�/ �i�Q �i�?�B�M�F �r�?���i �M�Q�#�Q�/�v �2�H�b�2 �?���b �i�?�Q�m�;�?�i�X�ô

���H�#�2�`�i �a�x�2�M�i�@�:�v�º� �̀;�v�B

�h�?�B�b �r�Q�`�F �r���b �K�Q�i�B�p���i�2�/ �#�v �i�r�Q �+�Q�M�+�`�2�i�2 �T�`�Q�#�H�2�K�b �i�?���i ���`�B�b�2 �7�`�Q�K �#�B�Q�H�Q�;�v�X �h�?�2 �}�`�b�i �+�Q�M�@
�+�2�`�M �i�?�2 �b�i�m�/�v �Q�7 �#�H�Q�+�F�B�M�; �i�?�2 �T�`�Q�T���;���i�B�Q�M �Q�7 �B�M�~���K�K���i�B�Q�M �B�M �+�?�`�Q�M�B�+ �B�M�~���K�K���i�Q�`�v �/�B�b�2���b�2�b
�Q�7 �i�?�2 �/�B�;�2�b�i�B�p�2 �i�`���+�i�- �b�m�+�? ���b �m�H�+�2�`���i�B�p�2 �+�Q�H�B�i�B�b�X �h�?�2 �b�2�+�Q�M�/ �`�2�H���i�2�b �i�Q �� �K�Q�b�[�m�B�i�Q �T�Q�T�m�H���i�B�Q�M
�`�2�T�H���+�2�K�2�M�i �i�2�+�?�M�B�[�m�2 �i�?���i �B�M�p�Q�H�p�2�b �i�?�2 �#���+�i�2�`�B�m�K �q�Q�H�#���+�?�B���X ���H�i�?�Q�m�;�? �i�?�2�b�2 �i�r�Q �T�`�Q�#�@
�H�2�K�b �K���v �b�2�2�K �/�B�b�i�B�M�+�i�- �i�?�2�v �b�?���`�2 �� �+�Q�K�K�Q�M �K���i�?�2�K���i�B�+���H �7�Q�m�M�/���i�B�Q�M�, �`�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M
�2�[�m���i�B�Q�M�b�- �T�Q�T�m�H���i�B�Q�M �/�v�M���K�B�+�b�- ���M�/ �i�?�2 �b�i�m�/�v �Q�7 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M�b�X �h�?�B�b �K���i�?�2�K���i�B�+���H
���T�T�`�Q���+�? �+�Q�M�b�i�B�i�m�i�2�b �i�?�2 �K���B�M �i�?�`�2���/ �Q�7 �i�?�B�b �K���M�m�b�+�`�B�T�i�X

�"�2�7�Q�`�2 �/�2�H�p�B�M�; �B�M�i�Q �i�?�2 �T�`�Q�#�H�2�K�b ���M�/ �K���B�M �`�2�b�m�H�i�b �B�M �a�2�+�i�B�Q�M�b2 ���M�/3 �Q�7 �i�?�B�b �A�M�i�`�Q�/�m�+�i�B�Q�M�-
�a�2�+�i�B�Q�M1 �T�`�Q�p�B�/�2�b ���M �Q�p�2�`�p�B�2�r �Q�7 �i�?�2 �7�m�M�/���K�2�M�i���H �K���i�?�2�K���i�B�+���H �+�Q�M�+�2�T�i�b �m�M�/�2�`�T�B�M�M�B�M�; �i�?�2
�r�Q�`�F �B�M �i�?�B�b �i�?�2�b�B�b�X �6�B�M���H�H�v�- �a�2�+�i�B�Q�M �9 �#�`�B�2�~�v �Q�m�i�H�B�M�2�b �i�?�2 �;�2�M�2�`���H �b�i�`�m�+�i�m�`�2 �Q�7 �i�?�2 �K���M�m�b�+�`�B�T�i�X

�R�X�R�"���b�B�+ �J���i�?�2�K���i�B�+���H �*�Q�M�+�2�T�i�b

�R�X�R�X�R�6�m�M�/���K�2�M�i���H �*�Q�M�+�2�T�i�b �Q�7 �_�2���+�i�B�Q�M�@�.�B�z�m�b�B�Q�M �1�[�m���i�B�Q�M�b

�_�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �2�[�m���i�B�Q�M�b �T�H���v �� �F�2�v �`�Q�H�2 �B�M �K�Q�/�2�H�B�M�; �#�B�Q�H�Q�;�B�+���H�- �+�?�2�K�B�+���H�- ���M�/ �T�?�v�b�B�+���H
�T�?�2�M�Q�K�2�M�� �B�M�p�Q�H�p�B�M�; �b�T���i�B���H ���M�/ �i�2�K�T�Q�`���H �/�v�M���K�B�+�b�X �h�?�2�b�2 �2�[�m���i�B�Q�M�b ���`�2 �m�b�2�/ �i�Q �/�2�b�+�`�B�#�2
�� �p���`�B�2�i�v �Q�7 �T�`�Q�+�2�b�b�2�b�- �b�m�+�? ���b �b�T�`�2���/�B�M�; �/�B�b�2���b�2�b�- �B�M�i�2�`���+�i�B�Q�M �#�2�i�r�2�2�M �T�Q�T�m�H���i�B�Q�M�b �Q�` �b�m�#�@
�b�i���M�+�2�b�- ���M�/ �+�?�2�K�B�+���H �`�2���+�i�B�Q�M�b �B�M �?�2�i�2�`�Q�;�2�M�2�Q�m�b �2�M�p�B�`�Q�M�K�2�M�i�b�X �h�?�2�v �+�Q�K�#�B�M�2 �i�r�Q �7�m�M�/���@
�K�2�M�i���H �K�2�+�?���M�B�b�K�b�, �/�B�z�m�b�B�Q�M ���M�/ �`�2���+�i�B�Q�M�X �.�B�z�m�b�B�Q�M �/�2�b�+�`�B�#�2�b �i�?�2 �/�B�b�T�2�`�b�B�Q�M �Q�7 �� �b�m�#�b�i���M�+�2
�Q�` �T�Q�T�m�H���i�B�Q�M �m�M�/�2�` �i�?�2 �2�z�2�+�i �Q�7 �+�Q�M�+�2�M�i�`���i�B�Q�M �;�`���/�B�2�M�i�b�- �B�M ���+�+�Q�`�/���M�+�2 �r�B�i�? �6�B�+�F�ö�b �H���r�X �A�M
�+�Q�M�i�`���b�i�- �i�?�2 �`�2���+�i�B�Q�M �i�2�`�K �K�Q�/�2�H�b �H�Q�+���H �B�M�i�2�`���+�i�B�Q�M�b�- �b�m�+�? ���b �;�`�Q�r�i�?�- �K�Q�`�i���H�B�i�v�- �Q�` �+�Q�K�T�2�i�B�@
�i�B�Q�M �#�2�i�r�2�2�M �b�T�2�+�B�2�b�X �� �+�H���b�b�B�+ �7�Q�`�K �Q�7 �i�?�2 �/�B�z�m�b�B�Q�M �2�[�m���i�B�Q�M �B�b �� �T���`���#�Q�H�B�+ �2�[�m���i�B�Q�M�- �r�?�B�+�?
�+���M �#�2 �2�t�T�`�2�b�b�2�/ �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �;�2�M�2�`���H �7�Q�`�K�- �/�2�`�B�p�2�/ �7�`�Q�K �i�?�2 �+�Q�M�b�2�`�p���i�B�Q�M �Q�7 �K���b�b ���M�/
�6�B�+�F�ö�b �H���r�,

@tu(t; x ) = D� u(t; x ); t � 0; x 2 
 � Rn ; u(t; x ) 2 R:

�q�?�2�`�2u(t; x ) �`�2�T�`�2�b�2�M�i�b �i�?�2 �/�2�M�b�B�i�v �Q�7 �i�?�2 �T�Q�T�m�H���i�B�Q�M ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�B�K�2t ���M�/ �b�T���+�2
x�- ���M�/D �B�b �i�?�2 �/�B�z�m�b�B�Q�M �`���i�2�X �h�?�B�b �/�B�z�m�b�B�Q�M �K�Q�/�2�H �B�b �7�m�M�/���K�2�M�i���H �B�M �K���M�v �+�Q�M�i�2�t�i�b�- �#�m�i
�B�i �/�Q�2�b �M�Q�i �M�2�+�2�b�b���`�B�H�v �+���T�i�m�`�2 �i�?�2 �B�M�i�2�`���+�i�B�Q�M �#�2�i�r�2�2�M �i�?�2 �T�Q�T�m�H���i�B�Q�M �Q�` �b�m�#�b�i���M�+�2 ���M�/ �i�?�2
�7���+�i�Q�`�b �i�?���i �H�Q�+���H�H�v �K�Q�/�B�7�v �i�?�2�B�` �/�2�M�b�B�i�v�X �h�Q ���+�+�Q�m�M�i �7�Q�` �i�?�2�b�2 �`�2���+�i�B�Q�M �2�z�2�+�i�b�- �B�i �B�b �M�2�+�2�b�b���`�v

�R�R



�i�Q �+�Q�K�T�H�2�K�2�M�i �i�?�2 �2�[�m���i�B�Q�M �r�B�i�? �� �`�2���+�i�B�Q�M �i�2�`�K �i�?���i �/�2�T�2�M�/�b �Q�M �i�?�2 �/�2�M�b�B�i�vu(t; x )�X ���b
�/�2�K�Q�M�b�i�`���i�2�/ �#�v �E�Q�H�K�Q�;�Q�`�Q�p�- �S�2�i�`�Q�p�b�F�B�B�- ���M�/ �S�B�b�F�m�M�Q�p �B�M �(�8�j�)�- ���b�b�m�K�B�M�; �i�?���i �/�B�z�m�b�B�Q�M �B�b
���+�+�Q�K�T���M�B�2�/ �#�v �� �p���`�B���i�B�Q�M �Q�7 �i�?�2 ���K�Q�m�M�i �Q�7 �b�m�#�b�i���M�+�2�- �r�?�B�+�? �B�b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �/�2�M�b�B�i�v�-
�Q�M�2 �Q�#�i���B�M�b �� �b�2�K�B�H�B�M�2���` �T���`���#�Q�H�B�+ �2�[�m���i�B�Q�M�- ���H�b�Q �F�M�Q�r�M ���b �� �`�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �2�[�m���i�B�Q�M�,

@tu(t; x ) = D� u(t; x ) + f (u(t; x )); t � 0; x 2 
 � Rn ; u(t; x ) 2 R: �U�R�X�R�V

�q�?�2�`�2f (u(t; x )) �B�b �i�?�2 �`�2���+�i�B�Q�M �i�2�`�K �i�?���i �+���T�i�m�`�2�b �#�B�Q�H�Q�;�B�+���H�- �+�?�2�K�B�+���H�- �Q�` �2�+�Q�H�Q�;�B�+���H
�/�v�M���K�B�+�b�- �b�m�+�? ���b �B�M�/�B�p�B�/�m���H �;�`�Q�r�i�? �Q�` �K�Q�`�i���H�B�i�v�- �Q�` �b�T�2�+�B�2�b �B�M�i�2�`���+�i�B�Q�M�b�X �h�?�B�b �K�Q�/�2�H�- �Q�7�i�2�M
�m�b�2�/ �B�M �p���`�B�Q�m�b �}�2�H�/�b�- �`�2�[�m�B�`�2�b �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b �i�Q �/�2�}�M�2 �i�?�2 �b�i���i�2 ���i �i�B�K�2 �x�2�`�Qu(0; x) =
u0(x)�- ���b �r�2�H�H ���b �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �i�Q �/�2�b�+�`�B�#�2 �i�?�2 �#�2�?���p�B�Q�` ���i �i�?�2 �#�Q�m�M�/���`�B�2�b �Q�7 �i�?�2
�/�Q�K���B�M �r�?�2�M �B�i �B�b �#�Q�m�M�/�2�/�X

�q�2 �?���p�2 �i�?�m�b �B�M�i�`�Q�/�m�+�2�/ �i�?�2 �7�m�M�/���K�2�M�i���H �+�Q�M�+�2�T�i�b �Q�7 �`�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �2�[�m���i�B�Q�M�b�X �q�2
�M�Q�r �T�`�Q�+�2�2�/ �i�Q �b�i�m�/�v �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �b�Q�H�m�i�B�Q�M�b �i�Q �i�?�2�b�2 �2�[�m���i�B�Q�M�b�- �r�?�B�+�? �B�b �i�?�2 �7�Q�+�m�b �Q�7 �i�?�2
�M�2�t�i �b�m�#�b�2�+�i�B�Q�M�X

�R�X�R�X�k�1�t�B�b�i�2�M�+�2 �Q�7 �a�Q�H�m�i�B�Q�M�b �i�Q �i�?�2 �_�2���+�i�B�Q�M�@�.�B�z�m�b�B�Q�M �1�[�m���i�B�Q�M

�h�Q �2�b�i���#�H�B�b�? �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �b�Q�H�m�i�B�Q�M�b �i�Q �i�?�2 �`�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �2�[�m���i�B�Q�M�- �p���`�B�Q�m�b �i�?�2�Q�@
�`�2�i�B�+���H ���T�T�`�Q���+�?�2�b �+���M �#�2 �2�K�T�H�Q�v�2�/�- �/�2�T�2�M�/�B�M�; �Q�M �i�?�2 �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �`�2���+�i�B�Q�M �i�2�`�Kf (u)�X
�q�?�2�M �i�?�B�b �i�2�`�K �B�b �G�B�T�b�+�?�B�i�x �+�Q�M�i�B�M�m�Q�m�b�- �i�?�2 �2�t�B�b�i�2�M�+�2 ���M�/ �m�M�B�[�m�2�M�2�b�b �Q�7 �H�Q�+���H �r�2���F �b�Q�H�m�i�B�Q�M�b
�+���M �#�2 �;�m���`���M�i�2�2�/ �m�b�B�M�; �"���M���+�?�ö�b �}�t�2�/�@�T�Q�B�M�i �i�?�2�Q�`�2�K�X �P�M�+�2 �i�?�2�b�2 �H�Q�+���H �b�Q�H�m�i�B�Q�M�b ���`�2 �2�b�i���#�@
�H�B�b�?�2�/�- �i�?�2�v �+���M �#�2 �2�t�i�2�M�/�2�/ �Q�p�2�` �i�B�K�2 �i�Q �/�2�}�M�2 �� �K���t�B�K���H �b�Q�H�m�i�B�Q�M�- �r�?�B�+�? �K���v �Q�` �K���v �M�Q�i
�#�2 �;�H�Q�#���H �/�2�T�2�M�/�B�M�; �Q�M �i�?�2 �b�v�b�i�2�K�ö�b �T�`�Q�T�2�`�i�B�2�b�X

���i �i�?�2 �b���K�2 �i�B�K�2�- �b�T�2�+�B�}�+ �i�2�+�?�M�B�[�m�2�b�- �b�m�+�? ���b �b�m�#�b�Q�H�m�i�B�Q�M ���M�/ �b�m�T�2�`�b�Q�H�m�i�B�Q�M �K�2�i�?�Q�/�b�-
�T�`�Q�p�2 �T���`�i�B�+�m�H���`�H�v �2�z�2�+�i�B�p�2 �B�M �/�2�K�Q�M�b�i�`���i�B�M�; �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �b�Q�H�m�i�B�Q�M�b �r�?�B�H�2 ���M���H�v�x�B�M�; �i�?�2�B�`
���b�v�K�T�i�Q�i�B�+ �#�2�?���p�B�Q�`�X �A�M ���/�/�B�i�B�Q�M�- �i�?�2 �b�?�Q�Q�i�B�M�; �K�2�i�?�Q�/�- �r�?�B�+�? �i�`���M�b�7�Q�`�K�b �� �#�Q�m�M�/���`�v �p���H�m�2
�T�`�Q�#�H�2�K �B�M�i�Q ���M �B�M�B�i�B���H �p���H�m�2 �T�`�Q�#�H�2�K�- �B�b �� �p���H�m���#�H�2 �i�Q�Q�H�X �h�?�2�b�2 �i�r�Q �i�2�+�?�M�B�[�m�2�b �r�B�H�H �#�2
�2�K�T�H�Q�v�2�/ �B�M �i�?�B�b �K���M�m�b�+�`�B�T�i �i�Q �2�K�T�?���b�B�x�2 �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M�b �i�Q �i�?�2 �`�2���+�i�B�Q�M�@
�/�B�z�m�b�B�Q�M �2�[�m���i�B�Q�M�X �>�Q�r�2�p�2�`�- �#�2�7�Q�`�2 �T�`�2�b�2�M�i�B�M�; �i�?�2�b�2 �K�2�i�?�Q�/�b�- �B�i �B�b �2�b�b�2�M�i�B���H �i�Q �B�M�i�`�Q�/�m�+�2
�b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M�b�- ���b �i�?�2�B�` �2�t�B�b�i�2�M�+�2 �r�B�H�H �#�2 �2�t���K�B�M�2�/ �B�M ���H�H �b�m�#�b�2�[�m�2�M�i �+�?���T�i�2�`�b�X

�.�2�}�M�B�i�B�Q�M �R�U�a�i���i�B�Q�M���`�v �a�Q�H�m�i�B�Q�M�V�X
�� �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M �Q�7 �� � �̀2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �2�[�m���i�B�Q�M �B�b �� �i�B�K�2�@�B�M�/�2�T�2�M�/�2�M�i �b�Q�H�m�i�B�Q�M�-

�r�?�2� �̀2 �i�?�2 �i�2�K�T�Q� �̀��H �p���`�B���i�B�Q�M �Q�7 �i�?�2 �K�Q�/�2�H�2�/ �[�m���M�i�B�i�v �p���M�B�b�?�2�b�X �h�?�2�b�2 �b�Q�H�m�i�B�Q�M�b �b���i�B�b�7�v �i�?�2
�2�[�m���i�B�Q�M �Q�#�i���B�M�2�/ �#�v �b�2�i�i�B�M�;�,

@u
@t

= 0;

�r�?�B�+�? �H�2���/�b �i�Q ���M ���H�;�2�#� �̀��B�+ �2�[�m���i�B�Q�M �B�M �b�T���+�2�X �J���i�?�2�K���i�B�+���H�H�v�- �� �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�Mu(x) �7�Q�`
�i�?�2 � �̀2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �2�[�m���i�B�Q�M �B�b �Q�#�i���B�M�2�/ �#�v �b�Q�H�p�B�M�;�,

D � u + f (u) = 0 ;

�r�?�2� �̀2f (u) � �̀2�T� �̀2�b�2�M�i�b �i�?�2 �H�Q�+���H � �̀2���+�i�B�Q�M �7�m�M�+�i�B�Q�M�X

�a�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M�b�- �T���`�i�B�+�m�H���`�H�v �B�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �#�B�Q�H�Q�;�B�+���H �K�Q�/�2�H�b�- ���`�2 �2�b�b�2�M�i�B���H �i�Q
�m�M�/�2�`�b�i���M�/ �i�?�2 �#�2�?���p�B�Q�m�` �Q�7 �`�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �b�v�b�i�2�K�b�X ���b �B�H�H�m�b�i�`���i�2�/ �#�v �L���/�B�M �2�i ���H�X�- ��
�b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M �+���M ���H�b�Q ���+�i ���b �� �M���i�m�`���H �#�Q�m�M�/���`�v�- �/�2�}�M�B�M�; �� �i�?�`�2�b�?�Q�H�/ �#�2�v�Q�M�/ �r�?�B�+�?
�i�?�2 �b�Q�H�m�i�B�Q�M�b �Q�7 �i�?�2 �2�[�m���i�B�Q�M �+���M�M�Q�i �2�p�Q�H�p�2�X �h�?�m�b�- �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �� �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M
�B�K�T�Q�b�2�b �b�i�`�Q�M�; �+�Q�M�b�i�`���B�M�i�b �Q�M �i�?�2 �/�v�M���K�B�+�b �Q�7 �2�[�m���i�B�Q�M �b�Q�H�m�i�B�Q�M�b �U�R�X�R�V�X �6�Q�` �K�Q�`�2 �/�2�i���B�H�b�- �b�2�2

�R�k



�(�e�3�)�X �h�?�B�b �T�`�Q�T�2�`�i�v �b�?�Q�r�b �i�?���i �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M�b �B�M�~�m�2�M�+�2 �i�?�2 �#�2�?���p�B�Q�m�` �Q�7 �i�?�2 �b�Q�H�m�i�B�Q�M
�i�Q �i�?�2 �`�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �2�[�m���i�B�Q�M�X

���7�i�2�` �r�2 �T�`�2�b�2�M�i �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M�b ���M�/ �i�?�2�B�` �7�m�M�/���K�2�M�i���H �`�Q�H�2 �B�M �i�?�2 ���M���H�v�b�B�b �Q�7 �`�2���+�i�B�Q�M�@
�/�B�z�m�b�B�Q�M �b�v�b�i�2�K�b�- �r�2 �M�Q�r �i�m�`�M �i�Q �i�?�2 �K�2�i�?�Q�/�b �m�b�2�/ �i�Q �b�i�m�/�v �i�?�2�B�` �2�t�B�b�i�2�M�+�2�X �A�M �T���`�i�B�+�m�H���`�-
�r�2 �B�M�i�`�Q�/�m�+�2 �i�?�2 �b�m�#�@ ���M�/ �b�m�T�2�`�@�b�Q�H�m�i�B�Q�M �K�2�i�?�Q�/ ���b �r�2�H�H ���b �i�?�2 �b�?�Q�Q�i�B�M�; �K�2�i�?�Q�/�- �r�?�B�+�? �r�B�H�H
�#�2 ���T�T�H�B�2�/ �i�Q �i�?�2 �i�r�Q �K�Q�/�2�H�b �b�i�m�/�B�2�/ �B�M �i�?�B�b �K���M�m�b�+�`�B�T�i�X �h�?�2�b�2 �i�2�+�?�M�B�[�m�2�b �r�B�H�H �T�H���v �� �F�2�v
�`�Q�H�2 �B�M �/�2�K�Q�M�b�i�`���i�B�M�; �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M�b�X

�J�Q�M�Q�i�Q�M�2 �J�2�i�?�Q�/�b �7�Q�` �K�Q�M�Q�i�Q�M�2 �_�2���+�i�B�Q�M�@�.�B�z�m�b�B�Q�M �a�v�b�i�2�K�b�,
�h�?�2�K�Q�M�Q�i�Q�M�2 �K�2�i�?�Q�/�- ���H�b�Q �F�M�Q�r�M ���b �i�?�2 �K�2�i�?�Q�/ �Q�7 �b�m�T�2�`�@�b�Q�H�m�i�B�Q�M�b ���M�/ �b�m�#�@�b�Q�H�m�i�B�Q�M�b�-

�B�b �� �T�Q�r�2�`�7�m�H �i�Q�Q�H �7�Q�` �2�b�i���#�H�B�b�?�B�M�; �2�t�B�b�i�2�M�+�2 �`�2�b�m�H�i�b �7�Q�` �/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b�X �J�Q�`�2�Q�p�2�`�- �i�?�B�b
�K�2�i�?�Q�/ �+���M ���H�b�Q �#�2 ���T�T�H�B�2�/ �i�Q �+�Q�m�T�H�2�/ �b�v�b�i�2�K�b �Q�7 �T���`���#�Q�H�B�+ ���M�/ �2�H�H�B�T�i�B�+ �2�[�m���i�B�Q�M�b�X �h�?�2 �#���b�B�+
�B�/�2�� �Q�7 �i�?�B�b �K�2�i�?�Q�/ �B�b �i�Q �m�b�2 �� �b�m�T�2�`�b�Q�H�m�i�B�Q�M �Q�` �� �b�m�#�b�Q�H�m�i�B�Q�M ���b ���M �B�M�B�i�B���H �B�i�2�`���i�B�Q�M �B�M ���M
���T�T�`�Q�T�`�B���i�2 �B�i�2�`���i�B�p�2 �T�`�Q�+�2�b�b�- �b�m�+�? �i�?���i �i�?�2 �`�2�b�m�H�i�B�M�; �b�2�[�m�2�M�+�2 �Q�7 �B�i�2�`���i�B�Q�M�b �B�b �K�Q�M�Q�i�Q�M�2 ���M�/
�+�Q�M�p�2�`�;�2�b �i�Q �� �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �T�`�Q�#�H�2�K�X �h�?�2 �m�M�/�2�`�H�v�B�M�; �K�Q�M�Q�i�Q�M�2 �B�i�2�`���i�B�p�2 �b�+�?�2�K�2 �+���M ���H�b�Q
�#�2 �m�b�2�/ �7�Q�` �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �Q�7 �M�m�K�2�`�B�+���H �b�Q�H�m�i�B�Q�M�b �r�?�2�M �i�?�2�b�2 �2�[�m���i�B�Q�M�b ���`�2 �`�2�T�H���+�2�/ �#�v
�b�m�B�i���#�H�2 �}�M�B�i�2 �/�B�z�2�`�2�M�+�2 �2�[�m���i�B�Q�M�b�X

�a�B�M�+�2 �r�2 �r�B�H�H ���T�T�H�v �i�?�B�b �K�2�i�?�Q�/ �i�Q �� �+�Q�m�T�H�2�/ �b�v�b�i�2�K �Q�7 �T���`���#�Q�H�B�+ �2�[�m���i�B�Q�M�b �B�M �*�?���T�i�2�`2 �Q�7
�i�?�B�b �K���M�m�b�+�`�B�T�i�- �i�?�B�b �b�2�+�i�B�Q�M �T�`�2�b�2�M�i�b �i�?�2 �`�2�b�m�H�i�b �Q�7 �B�i�b ���T�T�H�B�+���i�B�Q�M �i�Q �b�m�+�? �b�v�b�i�2�K�b�X �>�Q�r�2�p�2�`�-
�7�Q�` �+�Q�m�T�H�2�/ �b�v�b�i�2�K�b �Q�7 �2�[�m���i�B�Q�M�b�- �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7 �b�m�T�2�`�@�b�Q�H�m�i�B�Q�M�b ���M�/ �b�m�#�@�b�Q�H�m�i�B�Q�M�b�- ���b �r�2�H�H
���b �i�?�2 �+�Q�M�b�i�`�m�+�i�B�Q�M �Q�7 �K�Q�M�Q�i�Q�M�2 �b�2�[�m�2�M�+�2�b�- �/�2�T�2�M�/�b �Q�M �i�?�2 �[�m���b�B�@�K�Q�M�Q�i�Q�M�2 �T�`�Q�T�2�`�i�v �Q�7 �i�?�2
�`�2���+�i�B�Q�M �7�m�M�+�i�B�Q�M�b �B�M �i�?�2 �b�v�b�i�2�K�X �h�Q �B�H�H�m�b�i�`���i�2 �i�?�2 �#���b�B�+ �B�/�2�� �Q�7 �i�?�B�b �K�2�i�?�Q�/�- �r�2 �+�Q�M�b�B�/�2�` ��
�+�Q�m�T�H�2�/ �b�v�b�i�2�K �Q�7 �i�r�Q �T���`���#�Q�H�B�+ �2�[�m���i�B�Q�M�b �Q�7 �i�?�2 �7�Q�`�K�,

8
<

:
@tu � D� u = F1(u; v); (x; t ) 2 R � R+ ;

@tv � D� v = F2(u; v); (x; t ) 2 R � R+ :
�U�R�X�k�V

�G�2�iD i � R�-i = 1; 2�X �q�2 �?���p�2�,

�.�2�}�M�B�i�B�Q�M �k�X�U�Z�m���b�B�@�K�Q�M�Q�i�Q�M�B�+ � �̀2���+�i�B�Q�M �7�m�M�+�i�B�Q�M�V
�� �7�m�M�+�i�B�Q�MFi = Fi (u1; u2) �B�b �b���B�/ �i�Q �#�2 �[�m���b�B�@�K�Q�M�Q�i�Q�M�B�+ �B�M�+� �̀2���b�B�M�; �U� �̀2�b�T �/�2�+� �̀2���b�B�M�;�V �B�M

D1 � D2�- �B�7 �7�Q�` ���H�Hui 2 D i �}�t�2�/�-Fi �B�b �B�M�+� �̀2���b�B�M�; �U� �̀2�b�T �/�2�+� �̀2���b�B�M�;�V �r�B�i�? � �̀2�b�T�2�+�i �i�Quj 2 D j

�7�Q�`i 6= j �X

�.�2�}�M�B�i�B�Q�M �j�X
�� �p�2�+�i�Q�` �7�m�M�+�i�B�Q�MF = ( F1; F2) �B�b �b���B�/ �i�Q �#�2 �[�m���b�B�K�Q�M�Q�i�Q�M�2 �M�Q�M�/�2�+� �̀2���b�B�M�; �U�Q�` �[�m���b�B�@

�K�Q�M�Q�i�Q�M�2 �M�Q�M�B�M�+� �̀2���b�B�M�;�V �B�MD1 � D2�- �B�7 �#�Q�i�?F1 ���M�/F2 ��� �̀2 �[�m���b�B�K�Q�M�Q�i�Q�M�2 �M�Q�M�/�2�+� �̀2���b�B�M�;
�U�Q�` �[�m���b�B�K�Q�M�Q�i�Q�M�2 �M�Q�M�B�M�+� �̀2���b�B�M�;�V �B�MD1 � D2�X

�A�7F1 �B�b �[�m���b�B�K�Q�M�Q�i�Q�M�2 �M�Q�M�B�M�+� �̀2���b�B�M�; ���M�/F2 �B�b �[�m���b�B�K�Q�M�Q�i�Q�M�2 �M�Q�M�/�2�+� �̀2���b�B�M�; �B�MD1 � D2

�U�Q�` �p�B�+�2 �p�2�`�b���V�- �i�?�2�MF �B�b �b���B�/ �i�Q �#�2 �K�B�t�2�/ �[�m���b�B�K�Q�M�Q�i�Q�M�2�X

�h�?�2 �7�m�M�+�i�B�Q�MF �B�b �b���B�/ �i�Q �#�2�[�m���b�B�K�Q�M�Q�i�Q�M�2�B�MD1 � D2 �B�7 �B�i �?���b ���M�v �Q�M�2 �Q�7 �i�?�2 ���#�Q�p�2
�[�m���b�B�K�Q�M�Q�i�Q�M�2 �T�`�Q�T�2�`�i�B�2�b�X

�.�2�}�M�B�i�B�Q�M �9�U �b�m�T�2�`�@�b�Q�H�m�i�B�Q�M�b ���M�/ �b�m�#�@�b�Q�H�m�i�B�Q�M�b�V�X
�� �T���B�` �Q�7 �7�m�M�+�i�B�Q�M�b(�u; �v) ���M�/(u; v) �B�MC2(R � R+ ) � C2(R � R+ ) ��� �̀2 �+���H�H�2�/ �Q� �̀/�2� �̀2�/

�b�m�T�2�`�b�Q�H�m�i�B�Q�M ���M�/ �b�m�#�b�Q�H�m�i�B�Q�M �Q�7 �T� �̀Q�#�H�2�K�U�R�X�k�V�- �B�7 �i�?�2�v �b���i�B�b�7�v

(�u(x; t ); �v(x; t )) � (u(x; t ); v(x; t )) ; x 2 R; t 2 R+

���M�/ �B�7

�R�j
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<

:

@�u
@t � D �� u � F1(�u; �v) > 0 > @u

@t � D � u � F1(u; v);
@�v
@t � D �� v � F2(�u; �v) > 0 > @v

@t � D � v � F2(u; v):
�U�R�X�j�V

�q�?�2�M(F1; F2) �B�b �[�m���b�B�@�K�Q�M�Q�i�Q�M�2 �M�Q�M�@�/�2�+� �̀2���b�B�M�;�c
8
<

:

@�u
@t � D �� u � F1(�u; v) > 0 > @u

@t � D � u � F1(u; �v);
@�v
@t � D �� v � F2(u; �v) � 0 � @v

@t � D � v � F2(�u; v):

�q�?�2�M(F1; F2) �B�b �[�m���b�B�@�K�Q�M�Q�i�Q�M�2 �M�Q�M�@�B�M�+� �̀2���b�B�M�;�c ���M�/
8
<

:

@�u
@t � D �� u � F1(�u; v) � 0 � @u

@t � D � u � F1(u; �v);
@�v
@t � D �� v � F2(�u; �v) � 0 � @v

@t � D � v � F2(u; v):

�q�?�2�M(F1; F2) �B�b �K�B�t�2�/ �[�m���b�B�@�K�Q�M�Q�i�Q�M�2�X

�q�2 �M�Q�r �b�i���i�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �i�?�2�Q�`�2�K �+�Q�M�+�2�`�M�B�M�; �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �b�Q�H�m�i�B�Q�M�b �m�b�B�M�; �i�?�2 �K�2�i�?�Q�/
�Q�7 �b�m�T�2�`�@�b�Q�H�m�i�B�Q�M�b ���M�/ �b�m�#�@�b�Q�H�m�i�B�Q�M�b �7�Q�` �+�Q�m�T�H�2�/ �b�v�b�i�2�K�b �B�M �i�?�2 �+���b�2 �Q�7 �[�m���b�B�@�K�Q�M�Q�i�Q�M�2 �B�M�@
�+�`�2���b�B�M�; �7�m�M�+�i�B�Q�M�b�- ���b �i�?�B�b �+���b�2 �B�b �M�2�2�/�2�/ �B�M �*�?���T�i�2�`2 �Q�7 �i�?�B�b �K���M�m�b�+�`�B�T�i�X �h�?�2 �+�Q�K�T�H�2�i�2
�T�`�Q�Q�7 �Q�7 �i�?�B�b �i�?�2�Q�`�2�K�- ���H�Q�M�; �r�B�i�? �i�?�2 �/�2�i���B�H�b �Q�7 �i�?�B�b �K�2�i�?�Q�/�- ���`�2 �T�`�Q�p�B�/�2�/ �B�M �(�N�3�)�X

�h�?�2�Q�`�2�K �R�X
�G�2�i�W = (�u; �v)�-W = ( u; v) �#�2 �Q� �̀/�2� �̀2�/ �b�m�T�2�`�@�b�Q�H�m�i�B�Q�M ���M�/ �b�m�#�@�b�Q�H�m�i�B�Q�M �Q�7 �T� �̀Q�#�H�2�K�U�R�X�k�V�-

���M�/(F1; F2) �#�2 �[�m���b�B�K�Q�M�Q�i�Q�M�2 �M�Q�M�/�2�+� �̀2���b�B�M�; �B�MD1 � D2 ���M�/C1 �7�m�M�+�i�B�Q�M �B�M[W; �W]�X �h�?�2�M�-
�i�?�2 �T� �̀Q�#�H�2�K�U�R�X�k�V�?���b �� �m�M�B�[�m�2 �b�Q�H�m�i�B�Q�M(u; v) �B�b �#�Q�m�M�/�2�/ �#�2�i�r�2�2�M �i�?�2 �b�m�# ���M�/ �b�m�T�2�`�@�b�Q�H�m�i�B�Q�M�b�X

�h�?�2 �K�2�i�?�Q�/ �Q�7 �b�m�T�2�`�@�b�Q�H�m�i�B�Q�M�b ���M�/ �b�m�#�@�b�Q�H�m�i�B�Q�M�b �B�b �T���`�i�B�+�m�H���`�H�v �2�z�2�+�i�B�p�2 �7�Q�` �K�Q�M�Q�i�Q�M�2
�T���`���#�Q�H�B�+ �2�[�m���i�B�Q�M�b�- ���b �B�i �T�`�Q�p�B�/�2�b �� �+�Q�M�b�i�`�m�+�i�B�p�2 ���T�T�`�Q���+�? �i�Q �7�`���K�B�M�; �i�?�2 �b�Q�H�m�i�B�Q�M�b�X �A�i
�b�2�`�p�2�b ���b �� �T�Q�r�2�`�7�m�H ���H�i�2�`�M���i�B�p�2�- �2�b�T�2�+�B���H�H�v �r�?�2�M �Q�#�i���B�M�B�M�; �2�t�T�H�B�+�B�i �b�Q�H�m�i�B�Q�M�b �7�Q�` �i�?�2 �b�i�m�/�B�2�/
�b�v�b�i�2�K�b �B�b �/�B�{�+�m�H�i �Q�` �2�p�2�M �B�K�T�Q�b�b�B�#�H�2�X ���7�i�2�` �T�`�2�b�2�M�i�B�M�; �i�?�2 �}�`�b�i �K�2�i�?�Q�/�- �i�?�2 �b�m�T�2�`�b�Q�H�m�i�B�Q�M

���M�/ �b�m�#�b�Q�H�m�i�B�Q�M �K�2�i�?�Q�/�- �r�?�B�+�? �B�b �m�b�2�/ �B�M �*�?���T�i�2�`2�- �r�2 �M�Q�r �T�`�Q�+�2�2�/ �i�Q �i�?�2 �b�2�+�Q�M�/ �K�2�i�?�Q�/�-
�i�?�2 �a�?�Q�Q�i�B�M�; �J�2�i�?�Q�/�- �r�?�B�+�? �r�B�H�H �#�2 ���T�T�H�B�2�/ �B�M �*�?���T�i�2�`4�X

�h�?�2 �a�?�Q�Q�i�B�M�; �J�2�i�?�Q�/

�h�?�2�b�?�Q�Q�i�B�M�; �K�2�i�?�Q�/�B�b �� �r�B�/�2�H�v �m�b�2�/ �i�2�+�?�M�B�[�m�2 �7�Q�` �b�Q�H�p�B�M�; �#�Q�m�M�/���`�v �p���H�m�2 �T�`�Q�#�H�2�K�b�X
�q�?�B�H�2 �i�?�2 �T�`�2�p�B�Q�m�b �K�2�i�?�Q�/ �7�Q�+�m�b�2�b �Q�M �}�M�/�B�M�; �b�Q�H�m�i�B�Q�M�b �i�?�`�Q�m�;�? ���T�T�`�Q�T�`�B���i�2 �2�b�i�B�K���i�2�b �Q�7
�b�m�#�@�b�Q�H�m�i�B�Q�M�b ���M�/ �b�m�T�2�`�@�b�Q�H�m�i�B�Q�M�b�- �i�?�2 �b�?�Q�Q�i�B�M�; �K�2�i�?�Q�/ ���/�/�`�2�b�b�2�b �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �#�v
�+�Q�M�p�2�`�i�B�M�; �i�?�2�K �B�M�i�Q ���M �B�M�B�i�B���H �p���H�m�2 �T�`�Q�#�H�2�K�X

�h�?�m�b�- �i�Q �b�Q�H�p�2 �� �#�Q�m�M�/���`�v �p���H�m�2 �T�`�Q�#�H�2�K�- �r�2 �#�2�;�B�M �#�v �+�?�Q�Q�b�B�M�; ���`�#�B�i�`���`�v �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b
���M�/ �i�?�2�M �b�Q�H�p�2 �i�?�2 �/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M �m�b�B�M�; �i�?�2�b�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b�X �P�M�+�2 �� �b�Q�H�m�i�B�Q�M �B�b
�Q�#�i���B�M�2�/�- �r�2 �+�Q�K�T���`�2 �i�?�2 �`�2�b�m�H�i �r�B�i�? �i�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M ���M�/ ���/�D�m�b�i �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b
�U�Q�7�i�2�M �B�M �i�?�2 �7�Q�`�K �Q�7 �� �T���`���K�2�i�2�`�- �+���H�H�2�/ �i�?�2�b�?�Q�Q�i�B�M�;�T���`���K�2�i�2�`�V �m�M�i�B�H �i�?�2 �b�Q�H�m�i�B�Q�M �b���i�B�b�}�2�b
�i�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b�X �h�?�B�b �T�`�Q�+�2�b�b �B�b �m�b�m���H�H�v �+���`�`�B�2�/ �Q�m�i �i�?�`�Q�m�;�? �b�m�+�+�2�b�b�B�p�2 �B�i�2�`���i�B�Q�M�b�X

�h�?�B�b �K�2�i�?�Q�/ �+���M �#�2 �2�z�2�+�i�B�p�2 �B�M ���T�T�H�B�+���i�B�Q�M�b �B�M �i�?�2 �T�?�v�b�B�+���H �b�+�B�2�M�+�2�b ���M�/ �`�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M
�K�Q�/�2�H�b�- �r�?�2�`�2 �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �2�[�m���i�B�Q�M�b �r�B�i�? �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �B�b �b�Q�m�;�?�i�- �#�m�i �r�?�2�`�2 ��
�/�B�`�2�+�i ���T�T�`�Q���+�? �B�b �/�B�{�+�m�H�i �i�Q ���T�T�H�v�X ���K�Q�M�; �i�?�2 �r�Q�`�F�b �i�?���i �?���p�2 �m�b�2�/ �i�?�B�b �K�2�i�?�Q�/�- �i�?�2�`�2 �B�b
�i�?���i �Q�7 �L���/�B�M �2�i ���H�X�- �r�?�Q ���T�T�H�B�2�/ �B�i �B�M �i�?�2�B�` ���M���H�v�b�B�b�X �6�Q�` �K�Q�`�2 �/�2�i���B�H�b�- �b�2�2 �(�e�3�)�X

�"�2�7�Q�`�2 �+�Q�M�+�H�m�/�B�M�; �i�?�B�b �b�2�+�i�B�Q�M�- �B�i �B�b �B�K�T�Q�`�i���M�i �i�Q �?�B�;�?�H�B�;�?�i �i�?�2 �`�Q�H�2 �Q�7 �`�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M
�2�[�m���i�B�Q�M�b �B�M �i�?�2 �K�Q�/�2�H�B�M�; �Q�7 �p���`�B�Q�m�b �T�?�2�M�Q�K�2�M���X �h�?�2�b�2 �2�[�m���i�B�Q�M�b �b�2�`�p�2 ���b �� �T�Q�r�2�`�7�m�H �K���i�?�@
�2�K���i�B�+���H �i�Q�Q�H �7�Q�` �/�2�b�+�`�B�#�B�M�; ���M�/ ���M���H�v�x�B�M�; �b�T���i�B�Q�i�2�K�T�Q�`���H �/�v�M���K�B�+�b�X

�R�9



�R�X�R�X�j�J�Q�/�2�H�B�M�; �r�B�i�? �_�2���+�i�B�Q�M�@�.�B�z�m�b�B�Q�M �1�[�m���i�B�Q�M�b

�_�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �2�[�m���i�B�Q�M�b ���`�2 �2�b�b�2�M�i�B���H �i�Q�Q�H�b ���+�`�Q�b�b �p���`�B�Q�m�b �/�B�b�+�B�T�H�B�M�2�b�- �2�M���#�H�B�M�; �i�?�2
�K�Q�/�2�H�B�M�; �Q�7 �#�B�Q�H�Q�;�B�+���H�- �T�?�v�b�B�+���H�- ���M�/ �b�Q�+�B���H �T�?�2�M�Q�K�2�M���- �B�M�+�H�m�/�B�M�; �T�Q�T�m�H���i�B�Q�M �/�v�M���K�B�+�b�X �A�M
�#�B�Q�H�Q�;�v�- �i�?�2�b�2 �2�[�m���i�B�Q�M�b ���`�2 �T���`�i�B�+�m�H���`�H�v �m�b�2�7�m�H �7�Q�` �/�2�b�+�`�B�#�B�M�; �T�`�Q�T���;���i�B�Q�M �T�?�2�M�Q�K�2�M���- �Q�7�i�2�M
�B�M �i�?�2 �7�Q�`�K �Q�7 �i�`���p�2�H�B�M�; �r���p�2�b�- �r�?�B�+�? �`�2�T�`�2�b�2�M�i �b�Q�H�m�i�B�Q�M�b �i�?���i �K�Q�p�2 ���i �� �+�Q�M�b�i���M�i �b�T�2�2�/ �r�?�B�H�2
�K���B�M�i���B�M�B�M�; �i�?�2�B�` �b�?���T�2�X �J���i�?�2�K���i�B�+���H�H�v�- �� �i�`���p�2�H�B�M�; �r���p�2 �+���M �#�2 �/�2�b�+�`�B�#�2�/ ���b

u(t; x ) = w(x � ct );

�r�?�2�`�2c �B�b �i�?�2 �T�`�Q�T���;���i�B�Q�M �b�T�2�2�/�- ���M�/w �B�b �i�?�2 �r���p�2 �T�`�Q�}�H�2�- �r�?�B�+�? �B�b �� �K�Q�M�Q�i�Q�M�B�+���H�H�v �/�2�@
�+�`�2���b�B�M�; �7�m�M�+�i�B�Q�M �7�`�Q�KR �i�QR�X �h�?�B�b �+�Q�M�+�2�T�i �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �6�B�;�m�`�2�R�X�R�X

�6�B�;�m�`�2 �R�X�R�, �S�`�Q�}�H�2 �Q�7 �� �h�`���p�2�H�B�M�; �q���p�2�X

�h�?�2�b�2 �T�?�2�M�Q�K�2�M�� �r�2�`�2 �}�`�b�i �b�i�m�/�B�2�/ �B�M �i�?�2 �#�B�Q�H�Q�;�B�+���H �+�Q�M�i�2�t�i �#�v �E�Q�H�K�Q�;�Q�`�Q�p ���M�/ �6�B�b�?�2�`�-
�r�?�Q �B�M�i�`�Q�/�m�+�2�/ �i�?�2 �6�B�b�?�2�`�@�E�S�S �2�[�m���i�B�Q�M �i�Q �K�Q�/�2�H �i�?�2 �b�T�`�2���/ �Q�7 �� �#�2�M�2�}�+�B���H �;�2�M�2�X �h�?�B�b
�2�[�m���i�B�Q�M �B�M�+�H�m�/�2�b �� �`�2���+�i�B�Q�M �i�2�`�K �/�2�b�+�`�B�#�B�M�; �H�Q�;�B�b�i�B�+ �;�`�Q�r�i�?�,

f (u) = ru(1 � u);

�r�?�2�`�2u �`�2�T�`�2�b�2�M�i�b �i�?�2 �T�Q�T�m�H���i�B�Q�M �/�2�M�b�B�i�v ���M�/r �B�b �� �+�Q�M�b�i���M�i �T���`���K�2�i�2�`�X �h�?�2 �6�B�b�?�2�`�@�E�S�S
�K�Q�/�2�H �?���b �i�r�Q �+�Q�M�b�i���M�i �2�[�m�B�H�B�#�`�B���,u = 0 �U�m�M�b�i���#�H�2�V ���M�/u = 1 �U�b�i���#�H�2�V�X �h�?�2 �2�[�m���i�B�Q�M �B�b
�+�H���b�b�B�}�2�/ ���b �K�Q�M�Q�b�i���#�H�2�- ���b ���M�v �T�Q�b�B�i�B�p�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M �2�p�Q�H�p�2�b �i�Q�r���`�/ �i�?�2 �b�i���#�H�2 �2�[�m�B�H�B�#�`�B�m�K
u = 1�X

�6�B�b�?�2�`�- ���`�Q�M�b�Q�M�@�q�2�B�M�#�2�`�;�2�`�- ���M�/ �6�B�7�2�@�J�+�G�2�Q�/ �7�m�`�i�?�2�` �/�2�K�Q�M�b�i�`���i�2�/ �i�?���i �i�?�2�b�2 �`�2���+�i�B�Q�M�@
�/�B�z�m�b�B�Q�M �2�[�m���i�B�Q�M�b ���/�K�B�i �m�M�B�[�m�2 �i�`���p�2�H�B�M�; �r���p�2�b �r�B�i�? �� �K�B�M�B�K�m�K �T�`�Q�T���;���i�B�Q�M �b�T�2�2�/ �;�B�p�2�M
�#�v�,

c� = 2
p

rD;

�r�?�2�`�2D �B�b �i�?�2 �/�B�z�m�b�B�Q�M �+�Q�M�b�i���M�i�- ���M�/r �B�b �i�?�2 �T�Q�T�m�H���i�B�Q�M �;�`�Q�r�i�? �`���i�2�X �A�M ���/�/�B�i�B�Q�M �i�Q �i�?�B�b
�b�B�K�T�H�2 �/�v�M���K�B�+�- �K�Q�`�2 �+�Q�K�T�H�2�t �K�Q�/�2�H�b �B�M�+�H�m�/�2 �#�B�b�i���#�H�2 �M�Q�M�H�B�M�2���`�B�i�B�2�b�- �/�2�b�+�`�B�#�2�/ �#�v �7�m�M�+�i�B�Q�M�b
f (u) �i�?���i �?���p�2 �� �i�?�`�2�b�?�Q�H�/� 2 (0; 1)�- �r�B�i�?�,

f (0) = f (� ) = f (1) = 0 ; f (u) < 0 �7�Q�ù 2 (0; � ); ���M�/ f (u) > 0 �7�Q�ù 2 (�; 1):

�� �+�H���b�b�B�+ �2�t���K�T�H�2 �Q�7 �#�B�b�i���#�B�H�B�i�v �B�b �;�B�p�2�M �#�v�,

f (u) = ru(1 � u)(u � � ):

�A�M �i�?�B�b �+�Q�M�i�2�t�i�-u = 0 ���M�/u = 1 ���`�2 �b�i���#�H�2 �2�[�m�B�H�B�#�`�B���- �r�?�B�H�2u = � �B�b �m�M�b�i���#�H�2�X �A�i �B�b �;�2�M�2�`���H�H�v
���b�b�m�K�2�/ �i�?���i �i�?�2 �2�[�m�B�H�B�#�`�B�m�Ku = 1 �B�b �2�M�2�`�;�2�i�B�+���H�H�v �K�Q�`�2 �7���p�Q�`���#�H�2 �i�?���Mu = 0�- �r�?�B�+�? �B�b
�p�2�`�B�}�2�/ �B�7�, Z 1

0
f (s) ds > 0:

�R�8



�h�?�B�b �+�Q�M�}�;�m�`���i�B�Q�M �B�b �+�Q�K�K�Q�M�H�v �m�b�2�/ �i�Q �K�Q�/�2�H �T�`�Q�+�2�b�b�2�b �H�B�F�2 �B�M�p���b�B�Q�M �Uu(t; x ) ! 1 ���b
t ! 1 �V �Q�` �2�t�i�B�M�+�i�B�Q�M �Uu(t; x ) ! 0 ���bt ! 1 �V�X ���/�/�B�i�B�Q�M���H�H�v�- �i�2�`�K�b �H�B�F�2(u � � ) �+���M �`�2�T�`�2�b�2�M�i
�#�B�Q�H�Q�;�B�+���H �2�z�2�+�i�b �b�m�+�? ���b �i�?�2 ���H�H�2�2 �2�z�2�+�i�- �r�?�2�`�2 �H�Q�r �T�Q�T�m�H���i�B�Q�M �/�2�M�b�B�i�B�2�b �`�2�/�m�+�2 �b�m�`�p�B�p���H
�+�?���M�+�2�b�X �� �r�2�H�H�@�F�M�Q�r�M �2�t���K�T�H�2 �Q�7 ���M ���H�H�2�2 �M�Q�M�H�B�M�2���`�B�i�v �B�b �i�?�2 ���H�H�2�M�@�*���?�M �M�Q�M�H�B�M�2���`�B�i�v�-
�Q�#�i���B�M�2�/ �r�?�2�M� = 1

2 �X �6�B�;�m�`�2�R�X�k�?�B�;�?�H�B�;�?�i�b �i�?�2 �/�B�z�2�`�2�M�+�2�b �#�2�i�r�2�2�M �K�Q�M�Q�b�i���#�H�2 ���M�/ �#�B�b�i���#�H�2�X

�6�B�;�m�`�2 �R�X�k�, �J�Q�M�Q�b�i���#�H�2 ���M�/ �"�B�b�i���#�H�2 �L�Q�M�H�B�M�2���`�B�i�B�2�b�X

�A�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �`�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �2�[�m���i�B�Q�M�b�- �B�i �B�b �+�`�m�+�B���H �i�Q �2�M�b�m�`�2 �i�?���i �b�Q�H�m�i�B�Q�M�b �`�2�K���B�M
�r�B�i�?�B�M �#�B�Q�H�Q�;�B�+���H�H�v �Q�` �T�?�v�b�B�+���H�H�v �`�2���H�B�b�i�B�+ �#�Q�m�M�/�b�X �h�?�2�b�2 �#�Q�m�M�/�b ���`�2 �2�b�T�2�+�B���H�H�v �B�K�T�Q�`�i���M�i
�r�?�2�Mu �`�2�T�`�2�b�2�M�i�b �� �/�2�M�b�B�i�v �Q�` �+�Q�M�+�2�M�i�`���i�B�Q�M �M���i�m�`���H�H�v �+�Q�M�b�i�`���B�M�2�/ �#�2�i�r�2�2�M �y ���M�/ �R�X �"�v ��
�+�H���b�b�B�+���H �+�Q�K�T���`�B�b�Q�M �T�`�B�M�+�B�T�H�2�- �B�7 �i�?�2 �B�M�B�i�B���H �/���i��u(0; x) �b���i�B�b�}�2�b0 � u(0; x) � 1�- �i�?�2�M �i�?�2
�b�Q�H�m�i�B�Q�Mu(t; x ) �2�t�B�b�i�b �7�Q�` ���H�H �i�B�K�2t � 0 ���M�/ �b���i�B�b�}�2�b0 � u(t; x ) � 1�X �h�?�B�b �T�`�Q�T�2�`�i�v �B�b �2�b�b�2�M�i�B���H
�B�M �K���i�?�2�K���i�B�+���H ���M���H�v�b�B�b ���b �B�i �`�2�b�i�`�B�+�i�b �i�?�2 �b�i�m�/�v �i�Q �#�B�Q�H�Q�;�B�+���H�H�v ���/�K�B�b�b�B�#�H�2 �b�Q�H�m�i�B�Q�M�b�X

�R�X�k�� �K�Q�/�2�H �Q�7 �B�M�~���K�K���i�B�Q�M �/�m�2 �i�Q �l�H�+�2�`���i�B�p�2 �*�Q�H�B�i�B�b

�R�X�k�X�R�A�M�~���K�K���i�Q�`�v �#�Q�r�2�H �/�B�b�2���b�2�b

�A�M�~���K�K���i�Q�`�v �"�Q�r�2�H �.�B�b�2���b�2�b �U�A�"�.�V �T�`�B�K���`�B�H�v �2�M�+�Q�K�T���b�b �i�r�Q �+�Q�M�/�B�i�B�Q�M�b�, �m�H�+�2�`���i�B�p�2 �+�Q�H�B�@
�i�B�b �U�l�*�V ���M�/ �*�`�Q�?�M�ö�b �/�B�b�2���b�2 �U�*�.�V�X �q�?�B�H�2 �#�Q�i�? �b�?���`�2 �+�Q�K�K�Q�M �b�v�K�T�i�Q�K�b�- �b�m�+�? ���b ���#�/�Q�K�B�M���H
�T���B�M�- �/�B���`�`�?�2���- ���M�/ �7���i�B�;�m�2�- �i�?�2�v �/�B�z�2�` �b�B�;�M�B�}�+���M�i�H�v �B�M �i�?�2�B�` �H�Q�+���i�B�Q�M �r�B�i�?�B�M �i�?�2 �;���b�i�`�Q�B�M�i�2�b�i�B�@
�M���H �i�`���+�i�X �l�*�- �}�`�b�i �/�2�b�+�`�B�#�2�/ �B�M �R�3�d�8�- ���z�2�+�i�b �Q�M�H�v �i�?�2 �+�Q�H�Q�M ���M�/ �`�2�+�i�m�K�- �+���m�b�B�M�; �B�M�~���K�K���i�B�Q�M
���M�/ �+�Q�M�i�B�M�m�Q�m�b �H�2�b�B�Q�M�b �B�M �i�?�2 �B�M�M�2�` �K�m�+�Q�b���H �H���v�2�`�X �A�M �+�Q�M�i�`���b�i�- �*�.�- �B�/�2�M�i�B�}�2�/ �H���i�2�` �B�M �R�N�j�k�-
�+���M ���z�2�+�i ���M�v �T���`�i �Q�7 �i�?�2 �/�B�;�2�b�i�B�p�2 �i�`���+�i�- �7�`�Q�K �i�?�2 �K�Q�m�i�? �i�Q �i�?�2 ���M�m�b�- �r�B�i�? �M�Q�M�+�Q�M�i�B�;�m�Q�m�b
�i�`���M�b�K�m�`���H �H�2�b�B�Q�M�b �b�2�T���`���i�2�/ �#�v �?�2���H�i�?�v �`�2�;�B�Q�M�b�X �h�?�2�b�2 �/�B�b�i�B�M�+�i�B�Q�M�b ���`�2 �B�H�H�m�b�i�`���i�2�/ �B�M �i�?�2
�}�;�m�`�2�R�X�j�X

�R�e



�6�B�;�m�`�2 �R�X�j�, �o�B�b�m���H �*�Q�K�T���`�B�b�Q�M �Q�7 ���z�2�+�i�2�/ �_�2�;�B�Q�M�b �B�M �l�H�+�2�`���i�B�p�2 �*�Q�H�B�i�B�b ���M�/ �*�`�Q�?�M�ö�b �.�B�b�2���b�2�X
�U�a�Q�m�`�+�2�,�/�`�m�;�r���i�+�?�X�+�Q�K�V

���H�i�?�Q�m�;�? �i�?�2 �2�t���+�i �+���m�b�2�b �Q�7 �A�"�. ���`�2 �m�M�F�M�Q�r�M�- �B�i �B�b �r�B�/�2�H�v ���+�+�2�T�i�2�/ �i�?���i �i�?�2�b�2 �+�Q�M�/�B�i�B�Q�M�b
���`�B�b�2 �7�`�Q�K ���M ���#�M�Q�`�K���H �B�K�K�m�M�2 �`�2�b�T�Q�M�b�2 ���;���B�M�b�i �B�M�i�2�`�M���H �7���+�i�Q�`�b�- �b�m�+�? ���b �#���+�i�2�`�B���X �h�?�B�b �B�K�@
�K�m�M�2 �/�v�b�7�m�M�+�i�B�Q�M�- �Q�7�i�2�M �H�B�M�F�2�/ �i�Q �;�2�M�2�i�B�+ �T�`�2�/�B�b�T�Q�b�B�i�B�Q�M�b�- �H�2���/�b �i�Q �+�?�`�Q�M�B�+ �B�M�~���K�K���i�B�Q�M�X �l�*
���M�/ �*�. �m�b�m���H�H�v �T�`�2�b�2�M�i �r�B�i�? �/�B�;�2�b�i�B�p�2 �b�v�K�T�i�Q�K�b�- �#�m�i �+���M ���H�b�Q �+���m�b�2 �b�v�b�i�2�K�B�+ �K���M�B�7�2�b�i���i�B�Q�M�b
�b�m�+�? ���b �D�Q�B�M�i �T���B�M�- �b�F�B�M �H�2�b�B�Q�M�b�- ���M�/ �2�v�2 �B�M�p�Q�H�p�2�K�2�M�i�X

�h�`�2���i�K�2�M�i ���B�K�b �i�Q �K���M���;�2 �b�v�K�T�i�Q�K�b ���M�/ �`�2�/�m�+�2 �B�M�~���K�K���i�B�Q�M �m�b�B�M�; �K�2�/�B�+���i�B�Q�M�b �b�m�+�?
���b ���M�i�B�@�B�M�~���K�K���i�Q�`�v �/�`�m�;�b�- �B�K�K�m�M�Q�b�m�T�T�`�2�b�b���M�i�b�- �#�B�Q�H�Q�;�B�+���H �i�`�2���i�K�2�M�i�b�- ���M�/�- �B�M �b�2�p�2�`�2 �+���b�2�b�-
�b�m�`�;�B�+���H �B�M�i�2�`�p�2�M�i�B�Q�M�b�X �h�?�2�b�2 �/�B�b�2���b�2�b ���`�2 �Q�7�i�2�M �+�?�`�Q�M�B�+ ���M�/ �B�M�+�m�`���#�H�2 ���M�/ �`�2�[�m�B�`�2 �+�Q�M�i�B�M�m�Q�m�b
�K�Q�M�B�i�Q�`�B�M�; ���M�/ �K���M���;�2�K�2�M�i �Q�7 �b�v�K�T�i�Q�K�b�X �.�2�b�T�B�i�2 ���/�p���M�+�2�b �B�M �i�`�2���i�K�2�M�i ���B�K�2�/ ���i �K���M�@
���;�B�M�; �b�v�K�T�i�Q�K�b ���M�/ �`�2�/�m�+�B�M�; �B�M�~���K�K���i�B�Q�M�- �i�?�2 �;�H�Q�#���H �T�`�2�p���H�2�M�+�2 �Q�7 �B�M�~���K�K���i�Q�`�v �#�Q�r�2�H
�/�B�b�2���b�2�b�- �b�m�+�? ���b �m�H�+�2�`���i�B�p�2 �+�Q�H�B�i�B�b �U�l�*�V ���M�/ �*�`�Q�?�M�ö�b �/�B�b�2���b�2�- �?���b �B�M�+�`�2���b�2�/ �B�M �`�2�+�2�M�i �/�2�+���/�2�b�X
�A�M�/�m�b�i�`�B���H�B�x�2�/ �`�2�;�B�Q�M�b �b�m�+�? ���b �L�Q�`�i�? ���K�2�`�B�+���- �q�2�b�i�2�`�M �1�m�`�Q�T�2�- �a�Q�m�i�? ���b�B���- ���M�/ ���m�b�i�`���H�B��
�2�t�?�B�#�B�i �i�?�2 �?�B�;�?�2�b�i �;�`�Q�r�i�? �`���i�2�b�X �a�B�M�+�2 �*�?���T�i�2�`2 �Q�7 �i�?�B�b �K���M�m�b�+�`�B�T�i �7�Q�+�m�b�2�b �Q�M �l�*�- �r�2 �r�B�H�H
�2�t���K�B�M�2 �i�?�2 �T�`�2�p���H�2�M�+�2 �Q�7 �i�?�B�b �/�B�b�2���b�2�X ���+�+�Q�`�/�B�M�; �i�Q �:�H�Q�#���H�.���i���- �i�?�2 �M�m�K�#�2�` �Q�7 �/�B���;�M�Q�b�2�/
�l�* �+���b�2�b �B�M �2�B�;�?�i �+�Q�m�M�i�`�B�2�b �U�l�a�- �6�`���M�+�2�- �:�2�`�K���M�v�- �A�i���H�v�- �a�T���B�M�- �l�E�- �C���T���M�- �*���M���/���V �B�b �2�t�@
�T�2�+�i�2�/ �i�Q �B�M�+�`�2���b�2 �7�`�Q�K1:7 �K�B�H�H�B�Q�M �B�M2019�i�Q2 �K�B�H�H�B�Q�M �B�M2029�- �r�B�i�? ���M ���M�M�m���H �;�`�Q�r�i�? �`���i�2
�Q�71:36%�X �a�2�2 �6�B�;�m�`�2�R�X�9�7�Q�` �� �;�H�Q�#���H �K���T �?�B�;�?�H�B�;�?�i�B�M�; �`�2�;�B�Q�M���H �;�`�Q�r�i�? �`���i�2�b �Q�7 �l�*�X

�6�B�;�m�`�2 �R�X�9�, �� �;�H�Q�#���H �K���T �?�B�;�?�H�B�;�?�i�B�M�; �`�2�;�B�Q�M���H �;�`�Q�r�i�? �`���i�2�b �Q�7 �l�*�X �*�Q�m�M�i�`�B�2�b �B�M �/���`�F �`�2�/
�b�?�Q�r �i�?�2 �?�B�;�?�2�b�i �B�M�+�B�/�2�M�+�2 �Q�7 �l�*�- �r�?�B�H�2 �i�?�Q�b�2 �B�M �;�`���v �B�M�/�B�+���i�2 ���`�2���b �r�B�i�? �M�Q ���p���B�H���#�H�2 �/���i���X
�U�a�Q�m�`�+�2�, �(�j�)�V

�R�d



�A�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �+�?�`�Q�M�B�+ �B�M�~���K�K���i�Q�`�v �#�Q�r�2�H �/�B�b�2���b�2�b �U�A�"�.�V�- �i�?�2 ���M���H�v�b�B�b �Q�7 �i�?�2 �K�2�+�?�@
���M�B�b�K�b �m�M�/�2�`�H�v�B�M�; �i�?�2 �Q�M�b�2�i ���M�/ �T�`�Q�;�`�2�b�b�B�Q�M �Q�7 �i�?�2�b�2 �T���i�?�Q�H�Q�;�B�2�b �B�b �Q�7 �+�`�m�+�B���H �B�K�T�Q�`�i���M�+�2�X
�J���i�?�2�K���i�B�+���H �K�Q�/�2�H�B�M�; �B�b �i�?�m�b ���M �2�b�b�2�M�i�B���H �i�Q�Q�H �i�Q �2�t�T�H�Q�`�2 �i�?�2�b�2 �+�Q�K�T�H�2�t �T�?�2�M�Q�K�2�M���X �"�v
�+�Q�K�#�B�M�B�M�; �#�B�Q�H�Q�;�v�- �K�2�/�B�+�B�M�2 ���M�/ �K���i�?�2�K���i�B�+�b�- �i�?�2�b�2 �K�Q�/�2�H�b �[�m���M�i�B�i���i�B�p�2�H�v �/�2�b�+�`�B�#�2 �i�?�2 �B�M�@
�i�2�`���+�i�B�Q�M�b �#�2�i�r�2�2�M �B�M�i�2�b�i�B�M���H �#���+�i�2�`�B���- �B�K�K�m�M�2 �+�2�H�H�b ���M�/ �Q�i�?�2�` �#�B�Q�H�Q�;�B�+���H �7���+�i�Q�`�b ���i �i�?�2 �Q�`�B�;�B�M
�Q�7 �+�?�`�Q�M�B�+ �B�M�~���K�K���i�B�Q�M�X

���`�Q�m�M�/ �i�?�2 �r�Q�`�H�/�- �K�m�H�i�B�/�B�b�+�B�T�H�B�M���`�v �`�2�b�2���`�+�? �2�z�Q�`�i�b ���B�K �i�Q �B�K�T�`�Q�p�2 �i�`�2���i�K�2�M�i�b ���M�/ �/�2�@
�p�2�H�Q�T �2���`�H�v �/�B���;�M�Q�b�i�B�+ �i�Q�Q�H�b �7�Q�` �A�"�.�X �h�?�2 �A�L�6�G���J�1�s �2�t�+�2�H�H�2�M�+�2 �+�H�m�b�i�2�` �B�M �6�`���M�+�2 �U���L�_�@
�R�y�@�G���"�s�@�R�d�V �#�`�B�M�;�b �i�Q�;�2�i�?�2�` �i�Q�T�@�H�2�p�2�H �`�2�b�2���`�+�?�2�`�b �+�Q�M�/�m�+�i�B�M�; �B�M�i�2�`�/�B�b�+�B�T�H�B�M���`�v �b�i�m�/�B�2�b�X ���b
�T���`�i �Q�7 �� �+�Q�H�H���#�Q�`���i�B�Q�M �#�2�i�r�2�2�M �A�L�6�G���J�1�s ���M�/ �a�Q�`�#�Q�M�M�2 �S���`�B�b �L�Q�`�i�? �l�M�B�p�2�`�b�B�i�v�- �i�?�2 �B�/�2��
�Q�7 �/�2�b�B�;�M�B�M�; ���M�/ �b�i�m�/�v�B�M�; �� �K�Q�/�2�H �i�Q �2�t�T�H�Q�`�2 �/�B�z�2�`�2�M�+�2�b �B�M �B�M�~���K�K���i�Q�`�v �T���i�i�2�`�M�b �#�2�i�r�2�2�M
�*�`�Q�?�M�ö�b �/�B�b�2���b�2 ���M�/ �m�H�+�2�`���i�B�p�2 �+�Q�H�B�i�B�b �2�K�2�`�;�2�/�X

�A�M �+�?���T�i�2�`2 �Q�7 �i�?�B�b �K���M�m�b�+�`�B�T�i�- �r�2 �B�M�i�`�Q�/�m�+�2 �� �`�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �K�Q�/�2�H �B�M�b�T�B�`�2�/ �#�v �i�?�2
�r�Q�`�F �Q�7 �L���/�B�M �2�i ���H�X �U�(�e�d�)�V�X �h�?�B�b �K���i�?�2�K���i�B�+���H �K�Q�/�2�H �+���T�i�m�`�2�b �i�?�2 �B�M�i�2�`���+�i�B�Q�M�b �#�2�i�r�2�2�M ��
�T���i�?�Q�;�2�M�- �/�2�M�Q�i�2�/ �#�vu�- ���M�/ �B�K�K�m�M�2 �+�2�H�H�b�- �/�2�M�Q�i�2�/ �#�vv�X �h�Q �b�B�K�T�H�B�7�v�- �i�?�2 �b�T���i�B���H �/�Q�K���B�M �B�b
�`�2�T�`�2�b�2�M�i�2�/ ���b �� �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H �B�M�i�2�`�p���H �b�B�K�m�H���i�B�M�; �� �b�2�;�K�2�M�i �Q�7 �i�?�2 �/�B�;�2�b�i�B�p�2 �i�`���+�i�X �h�?�2
�K�Q�/�2�H �B�b �7�Q�`�K�m�H���i�2�/ ���b �7�Q�H�H�Q�r�b�,

8
<

:
@tu � D� u = rb(1 � u

bi
)u � auv

sb+ u + 
 (1 � u
bi

)v � du;

@tv � D� v = �u � r cv:
�U�R�X�9�V

�h�?�2 �T�`�B�K���`�v �;�Q���H �B�b �i�Q �/�2�b�+�`�B�#�2 �i�?�2 �T�`�Q�T���;���i�B�Q�M �B�M �� �?�Q�K�Q�;�2�M�2�Q�m�b �K�2�/�B�m�K �B�M �i�?�2 �+�Q�M�i�2�t�i �Q�7
�m�H�+�2�`���i�B�p�2 �+�Q�H�B�i�B�b �U�l�*�V�X �q�2 �i�?�2�M �b�i�m�/�v �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �m�M�/�2�` �r�?�B�+�? �i�?�B�b �T�`�Q�T���;���i�B�Q�M �+���M �#�2
�?���H�i�2�/ �B�M �� �?�2�i�2�`�Q�;�2�M�2�Q�m�b �K�2�/�B�m�K�X ���H�H �i�?�2 �`�2�b�m�H�i�b �T�`�2�b�2�M�i�2�/ �B�M �i�?�2 ���7�Q�`�2�K�2�M�i�B�Q�M�2�/ �+�?���T�i�2�`
�r�2�`�2 �Q�#�i���B�M�2�/ �i�?�`�Q�m�;�? �+�Q�H�H���#�Q�`���i�B�Q�M �r�B�i�? �L�X �o���m�+�?�2�H�2�i�- �>�X �w�����; ���M�/ �1�X �P�;�B�2�`�@�.�2�M�B�b�X

�R�X�k�X�k�a�i���i�2 �Q�7 �i�?�2 ���`�i

�A�M �i�?�2 �b�+�B�2�M�i�B�}�+ �H�B�i�2�`���i�m�`�2�- �i�?�2�`�2 ���`�2 �7�2�r �K���i�?�2�K���i�B�+���H �K�Q�/�2�H�b �b�T�2�+�B�}�+���H�H�v �i���`�;�2�i�B�M�; �A�"�.
�/�v�M���K�B�+�b�X �6�Q�` �B�M�b�i���M�+�2�- �� �K�Q�/�2�H �T�`�2�b�2�M�i�2�/ �B�M �(�N�8�) �+�Q�M�b�i�`�m�+�i�b �� �b�v�b�i�2�K �Q�7 �k�N �Q�`�/�B�M���`�v �/�B�z�2�`�@
�2�M�i�B���H �2�[�m���i�B�Q�M�b �i�Q �`�2�T�`�2�b�2�M�i �i�?�2 �B�M�i�2�`���+�i�B�Q�M�b �#�2�i�r�2�2�M �p���`�B�Q�m�b �B�K�K�m�M�2 �+�2�H�H�b ���M�/ �#���+�i�2�`�B�� �B�M
�i�?�2 �+�Q�H�Q�M�X �q�?�B�H�2 �T���`���K�2�i�2�`�b �r�2�`�2 �+�?�Q�b�2�M �i�Q �}�i �2�t�B�b�i�B�M�; �/���i���b�2�i�b�- �B�i �`�2�K���B�M�b �/�B�{�+�m�H�i �i�Q �B�M�7�2�`
�[�m���H�B�i���i�B�p�2 �T�`�Q�T�2�`�i�B�2�b �/�m�2 �i�Q �i�?�2 �b�v�b�i�2�K�ö�b �+�Q�K�T�H�2�t�B�i�v�X
�h�?�2 �`�2�b�2���`�+�? �Q�M �B�M�~���K�K���i�Q�`�v �#�Q�r�2�H �/�B�b�2���b�2 �U�A�"�.�V �?���b ���H�b�Q �#�2�2�M �2�M�`�B�+�?�2�/ �#�v �i�?�2 �/���i�� ���M���H�@
�v�b�2�b �Q�7 �J�Q�`�B�H�H�� �2�i ���H�X �U�(�R�3�)�V ���b �r�2�H�H ���b �i�?�2 �B�M�M�Q�p���i�B�p�2 �B�K���;�2 �T�`�Q�+�2�b�b�B�M�; �`�2�b�2���`�+�? �T�`�2�b�2�M�i�2�/ �B�M
���H�@���H�B�ö�b �S�?�. �i�?�2�b�B�b�U�(�j�)�- �(�9�)�- �(�8�)�V�- �r�?�B�+�? �T�`�Q�p�B�/�2 �2�b�b�2�M�i�B���H �7�Q�m�M�/���i�B�Q�M�b �7�Q�` �m�M�/�2�`�b�i���M�/�B�M�; �A�"�.�X
�P�i�?�2�` �`�2�b�2���`�+�?�2�`�b�- �b�m�+�? ���b �G�Q ���M�/ ���`�b�2�M�2�b�+�m �2�i ���H�X �U�(�e�j�)�V�- �?���p�2 ���H�b�Q �+�Q�M�i�`�B�#�m�i�2�/ �i�Q �i�?�B�b �}�2�H�/�X

�*�2�`�i���B�M �b�i�m�/�B�2�b �?���p�2 �7�Q�+�m�b�2�/ �Q�M �i�?�2 �B�K�T���+�i �Q�7 �b�T���i�B���H �?�2�i�2�`�Q�;�2�M�2�B�i�v �B�M �K�Q�/�2�H�B�M�; �B�M�~���K�@
�K���i�B�Q�M�X �6�Q�` �B�M�b�i���M�+�2�- �1�H �E�?���i�B�# �2�i ���H�X �U�(�k�3�)�V ���M�/ �1�H �E�?���i�B�#�- �:�û�M�B�2�v�b �2�i ���H�X �U�(�k�N�)�V �B�M�p�2�b�i�B�;���i�2�/
�i�?�2 �T�`�Q�+�2�b�b �Q�7 ���i�?�2�`�Q�;�2�M�2�b�B�b�- �r�?�B�H�2 �G���m�z�2�M�#�m�`�;�2�` ���M�/ �E�2�M�M�2�/�v �U�(�8�N�)�V ���M�/ �S�2�M�M�2�` �2�i ���H�X �U�(�d�y�)�V
�2�t���K�B�M�2�/ �i�B�b�b�m�2 �B�M�~���K�K���i�B�Q�M�X �J�2���M�r�?�B�H�2�- �*�?���H�K�2�`�b �2�i ���H�X �U�(�R�N�)�V �b�i�m�/�B�2�/ ���+�m�i�2 �B�M�~���K�K���i�Q�`�v
�`�2�b�T�Q�M�b�2�b�X �h�?�2�b�2 �K�Q�/�2�H�b ���`�2 �M�Q�i���#�H�2 �7�Q�` �i�?�2�B�` ���#�B�H�B�i�v �i�Q �`�2�T�H�B�+���i�2 �+�Q�K�T�H�2�t �/�v�M���K�B�+�b�- �+�Q�M�b�B�/�@
�2�`�B�M�; �p���`�B���#�H�2�b �b�m�+�? ���b �B�K�K�m�M�2 �+�2�H�H �/�2�M�b�B�i�v�- �T�`�Q�@�B�M�~���K�K���i�Q�`�v �+�v�i�Q�F�B�M�2�b�- ���M�i�B�@�B�M�~���K�K���i�Q�`�v
�K�2�/�B���i�Q�`�b�- ���M�/ �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �#���+�i�2�`�B���X

�>�Q�r�2�p�2�`�- �i�Q �i�?�2 �#�2�b�i �Q�7 �K�v �F�M�Q�r�H�2�/�;�2�- �M�Q �b�i�m�/�B�2�b �?���p�2 �b�T�2�+�B�}�+���H�H�v ���/�/�`�2�b�b�2�/ �i�?�2 �T�`�Q�T���@
�;���i�B�Q�M �Q�7 �i�?�B�b �/�B�b�2���b�2 �Q�` �i�?�2 �K�2�+�?���M�B�b�K�b �H�2���/�B�M�; �i�Q �B�i�b �#�H�Q�+�F���;�2�X �h�?�2�b�2 �[�m�2�b�i�B�Q�M�b �+�Q�M�b�i�B�i�m�i�2
�i�?�2 �T�`�B�K���`�v �7�Q�+�m�b �Q�7 �*�?���T�i�2�`2 �Q�7 �i�?�B�b �K���M�m�b�+�`�B�T�i�X

�R�3



�R�X�k�X�j�S�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �K���B�M �`�2�b�m�H�i�b

�A�M �i�?�B�b �b�m�#�b�2�+�i�B�Q�M�- �r�2 �T�`�2�b�2�M�i �i�?�2 �K���B�M �i�?�2�Q�`�2�i�B�+���H �`�2�b�m�H�i�b �Q�7 �i�?�2 �K�Q�/�2�H �U�R�X�9�V�- �/�2�p�2�H�Q�T�2�/
���M�/ �T�`�Q�p�2�/ �B�M �*�?���T�i�2�`2�X �h�?�2�b�2 �`�2�b�m�H�i�b �?�B�;�?�H�B�;�?�i �i�?�2 ���#�B�H�B�i�v �Q�7 �i�?�2 �K�Q�/�2�H �i�Q �`�2�T�`�2�b�2�M�i �#�Q�i�?
�i�?�2 �b�T�`�2���/ ���M�/ �i�?�2 �#�H�Q�+�F�B�M�; �Q�7 �i�?�2 �/�B�b�2���b�2�X �q�2 �b�i���`�i �r�B�i�? �i�?�2 �}�`�b�i �`�2�b�m�H�i�- �r�?�B�+�? �/�2���H�b �r�B�i�?
�i�?�2 �b�T�`�2���/ �Q�7 �i�?�2 �/�B�b�2���b�2 �B�M �� �?�Q�K�Q�;�2�M�2�Q�m�b �K�2�/�B�m�K�X

�h�?�2�Q�`�2�K �k�X
�q�2 ���b�b�m�K�2 �i�?���irb < d < r b + 
�

r c
�- �r�B�i�?
 > a ���M�/sb > max

�
bi ; 1

r c

�
�X �l�M�/�2�` �i�?�2�b�2

���b�b�m�K�T�i�B�Q�M�b�- �i�?�2� �̀2 �B�b �� �b�T� �̀2���/�B�M�; �b�T�2�2�/c� > 0 �r�B�i�? �i�?�2 �T� �̀Q�T�2�`�i�B�2�b �i�?���i �7�Q�` �2�p�2�`�v �T�Q�b�B�i�B�p�2� �-
�i�?�2 �7�Q�H�H�Q�r�B�M�; �?�Q�H�/�b�,

lim
t ! + 1

[ max
jx j� t (c� + � )

j (u (x; t ) ; v (x; t )) j] = 0;

���M�/ �7�Q�` ���M�v �b�i�`�B�+�i�H�v �T�Q�b�B�i�B�p�2 �+�Q�M�b�i���M�i �p�2�+�i�Q�`w�- �i�?�2� �̀2 �2�t�B�b�i�b �� �T�Q�b�B�i�B�p�2Rw �b�m�+�? �i�?���i �B�7
(u0 (x) ; v0 (x)) � w �Q�M ���M �B�M�i�2�`�p���H �Q�7 �H�2�M�;�i�?2Rw �- �i�?�2 �7�Q�H�H�Q�r�B�M�; �?�Q�H�/�b�,

lim
t ! + 1

[ max
jx j� t (c� � � )

j
�
u+

2 ; v+
2

�
� (u (x; t ) ; v (x; t )) j] = 0:

�h�?�2 �T���B�`
�
u+

2 ; v+
2

�
�B�b �� �T�Q�b�B�i�B�p�2 �2�[�m�B�H�B�#�`�B�m�K �Q�7 �i�?�2 �P�.�1 �b�v�b�i�2�K ���b�b�Q�+�B���i�2�/

�r�B�i�?�U�R�X�9�V�X

�h�?�2 �;�Q���H �Q�7 �i�?�2 �7�Q�H�H�Q�r�B�M�; �i�?�2�Q�`�2�K �B�b �i�Q �T�`�Q�p�2 �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �� �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M �7�Q�`
�i�?�2 �b�v�b�i�2�K �/�2�b�+�`�B�#�2�/ �#�v �U�R�X�9�V�- �#�v �B�/�2�M�i�B�7�v�B�M�; �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �m�M�/�2�` �r�?�B�+�? �b�m�+�? �� �b�Q�H�m�i�B�Q�M �+���M
�2�t�B�b�i�X

�h�?�2�Q�`�2�K �j�X
�G�2�id(x) = d111x� 0 + d211x> 0�-dk 2 R+ �-k = 1; 2�X �A�7 �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�M�/�B�i�B�Q�M�b �?�Q�H�/ �i�`�m�2�,r c >

� �-sb > max(bi ; 1
� )�-
 > a �-rb < d 1 < r b+


�
r c

���M�/rb+ 
 < d 2 < min(rb+ 
 + r c� �; s b(rbr c+ �
 )) :
�h�?�2�M�- �i�?�2� �̀2 �B�b �� �b�Q�H�m�i�B�Q�M( �U; �V) �Q�7 �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�v�b�i�2�K�,

8
>>>>><

>>>>>:

� D@xx u = rbu(1 � u
bi

) + 
 (1 � u
bi

)v � auv
sb+ u � d(x)u;

� D@xx v = �u � r cv;

(u; v)( �1 ) = ( u+
2 ; v+

2 ); (u; v)(+ 1 ) = (0 ; 0);

u > 0; v > 0:

�U�R�X�8�V

�h�?�2 ���B�K �Q�7 �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�`�Q�T�Q�b�B�i�B�Q�M �B�b �i�Q �T�`�Q�p�2 �i�?�2 �+�Q�K�T���`�B�b�Q�M �T�`�B�M�+�B�T�H�2 ���+�+�Q�`�/�B�M�; �i�Q
�r�?�B�+�?�- �m�M�/�2�` �+�2�`�i���B�M �+�Q�M�/�B�i�B�Q�M�b�- �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �� �b�v�b�i�2�K �2�p�Q�H�p�B�M�; �B�M �i�B�K�2 ���H�r���v�b �`�2�K���B�M�b
�7�`���K�2�/ �#�2�i�r�2�2�M �� �b�m�#�@�b�Q�H�m�i�B�Q�M ���M�/ �� �b�m�T�2�`�@�b�Q�H�m�i�B�Q�M�X

�S�`�Q�T�Q�b�B�i�B�Q�M �8�X�U�*�Q�K�T���`�B�b�Q�M �T�`�B�M�+�B�T�H�2�V
���b�b�m�K�2
 > a ���M�/sb > bi �X �G�2�i(u; v) �#�2 �� �b�Q�H�m�i�B�Q�M �Q�7�U�R�X�9�V�B�MR�- �b�m�T�2�`�b�Q�H�m�i�B�Q�M(�u; �v)

�Q�7�U�R�X�9�V�B�MR ���M�/ �b�m�#�b�Q�H�m�i�B�Q�M(u; v) �Q�7�U�R�X�9�V�B�MR�- �b�m�+�? �i�?���i(0; 0) < (�u; �v) � ( bi
2 ; �b i

2r c
)�-

(0; 0) < (u; v) � ( bi
2 ; �b i

2r c
) ���M�/(0; 0) < (u; v) � ( bi

2 ; �b i
2r c

)�X �h�?�2�M

(u(t = 0; x); v(t = 0; x)) � (u(t = 0; x); v(t = 0; x)) � (�u(t = 0; x); �v(t = 0; x));

�B�K�T�H�B�2�b �i�?���i

(u(t; x ); v(t; x )) � (u(t; x ); v(t; x )) � (�u(t; x ); �v(t; x )) ; 8t � 0; 8x 2 R:

�R�N



�h�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�`�Q�H�H���`�v �b�?�Q�r�b �i�?���i �B�7 �i�?�2 �K�Q�/�2�H �U�R�X�9�V ���/�K�B�i�b �� �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M ���M�/
�b���i�B�b�}�2�b �i�?�2 �+�Q�K�T���`�B�b�Q�M �T�`�B�M�+�B�T�H�2�- �B�i �H�2���/�b �i�Q �i�?�2 �#�H�Q�+�F���;�2 �Q�7 �i�?�2 �T�`�Q�T���;���i�B�Q�M�X

�*�Q�`�Q�H�H���`�v �e�X�U�"�H�Q�+�F�B�M�; �Q�7 �i�?�2 �q���p�2�V
�l�M�/�2�` �i�?�2 ���b�b�m�K�T�i�B�Q�M�b �Q�7 �h�?�2�Q� �̀2�K�j�- ���M�v �b�Q�H�m�i�B�Q�M �i�Q �i�?�2 �B�M�B�i�B���H �T� �̀Q�#�H�2�K�U�R�X�9�V�r�B�i�? ���M

�B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M(u(0; x); v(0; x)) �b�m�+�? �i�?���i
(0; 0) � (u(0; x); v(0; x)) � ( �U; �V) �2�t�?�B�#�B�i�b �H�B�K�B�i�2�/ �T� �̀Q�T���;���i�B�Q�M�X

�R�X�k�X�9�S�2�`�b�T�2�+�i�B�p�2�b ���M�/ �r�Q�`�F �B�M �T�`�Q�;�`�2�b�b

�� �M���i�m�`���H �+�Q�M�i�B�M�m���i�B�Q�M �Q�7 �i�?�B�b �`�2�b�2���`�+�? �r�Q�m�H�/ �#�2 �i�Q �b�i�m�/�v �i�?�2 �b�i���#�B�H�B�i�v �Q�7 �i�?�2 �b�i���i�B�Q�M���`�v
�b�Q�H�m�i�B�Q�M�b �Q�7 �J�Q�/�2�H �U�R�X�9�V�X ���M�Q�i�?�2�` �T�2�`�b�T�2�+�i�B�p�2 �r�Q�m�H�/ �#�2 �i�Q �2�t�T�H�Q�`�2 �� �i�?�`�2�2�@�b�T�2�+�B�2�b �K�Q�/�2�H�,u�-
�`�2�T�`�2�b�2�M�i�B�M�; �i�?�2 �/�2�M�b�B�i�v �Q�7 �#���+�i�2�`�B���cv�- �i�?�2 �T�`�Q�@�B�M�~���K�K���i�Q�`�v �B�K�K�m�M�2 �+�2�H�H�b �}�;�?�i�B�M�; �#���+�i�2�`�B���c
���M�/w�- �i�?�2 ���M�i�B�@�B�M�~���K�K���i�Q�`�v �B�K�K�m�M�2 �+�2�H�H�b �H�B�K�B�i�B�M�; �i�?�2 ���+�i�B�Q�M �Q�7 �T�`�Q�@�B�M�~���K�K���i�Q�`�v �B�K�K�m�M�2
�+�2�H�H�b�X �h�?�B�b �2�t�i�2�M�/�2�/ �K�Q�/�2�H �+���M �#�2 �7�Q�`�K�m�H���i�2�/ ���b �7�Q�H�H�Q�r�b�,

8
>><

>>:

@tu � D� u = rbu(1 � u
bi

) � a(x)vu;

@tv � D� v = B i + �u � � 1v � 
vw;

@tw � D� w = �v � � 2w:

�A�M �i�?�B�b �b�v�b�i�2�K�-B i �`�2�T�`�2�b�2�M�i�b �i�?�2 �#�B�`�i�? �i�2�`�K �Q�7 �B�K�K�m�M�2 �+�2�H�H�b�- �r�?�B�H�2a(x) �B�b �� �b�T���i�B���H�H�v
�?�2�i�2�`�Q�;�2�M�2�Q�m�b �T���`���K�2�i�2�` �/�2�b�+�`�B�#�B�M�; �i�?�2 ���+�i�B�Q�M �Q�7 �B�K�K�m�M�2 �+�2�H�H�bv �Q�M �#���+�i�2�`�B��u�X �� �7�m�M�/���@
�K�2�M�i���H ���b�b�m�K�T�i�B�Q�M �Q�7 �i�?�B�b �K�Q�/�2�H �B�b �i�?�2 �+�Q�M�b�i���M�i �T�`�2�b�2�M�+�2 �Q�7 �B�K�K�m�M�2 �+�2�H�H�b �B�M �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i�X
�q�?�B�H�2 �i�?�2�v �M���i�m�`���H�H�v �/�2�;�`���/�2�- �i�?�2�b�2 �+�2�H�H�b �/�2�p�2�H�Q�T �B�M �`�2�b�T�Q�M�b�2 �i�Q �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �#���+�i�2�`�B���- ���b
�`�2�~�2�+�i�2�/ �#�v �i�?�2 �#�B�`�i�? �i�2�`�K �B�M �i�?�2 �b�2�+�Q�M�/ �2�[�m���i�B�Q�M�X

�q�2 �r�B�H�H �/�B�b�+�m�b�b �i�?�B�b �K�Q�/�2�H �r�B�i�? �i�?�2 �#�B�Q�H�Q�;�B�b�i �1�X �P�;�B�2�`�@�.�2�M�B�b �7�Q�` �p���H�B�/���i�B�Q�M�X �P�M�+�2 �p���H�B�@
�/���i�2�/�- �i�?�2 �K���B�M �Q�#�D�2�+�i�B�p�2 �r�B�H�H �#�2 �i�Q �b�i�m�/�v �i�?�2 �T�`�Q�T���;���i�B�Q�M ���M�/ �#�H�Q�+�F�B�M�; �T�?�2�M�Q�K�2�M�� �B�M �� �K�Q�`�2
�#�B�Q�H�Q�;�B�+���H�H�v �`�2���H�B�b�i�B�+ �7�`���K�2�r�Q�`�F�X �h�?�B�b �2�t�i�2�M�/�2�/ �K�Q�/�2�H ���H�b�Q �2�M���#�H�2�b ���M ���M���H�v�b�B�b �Q�7 �?�Q�r �B�M�i�2�`�@
���+�i�B�Q�M�b �#�2�i�r�2�2�M �T�`�Q�@�B�M�~���K�K���i�Q�`�v ���M�/ ���M�i�B�@�B�M�~���K�K���i�Q�`�v �B�K�K�m�M�2 �+�2�H�H�b �B�M�~�m�2�M�+�2 �i�?�2 �Q�p�2�`���H�H
�/�v�M���K�B�+�b �Q�7 �i�?�2 �b�v�b�i�2�K�X �h�?�2 �i�?�2�Q�`�2�i�B�+���H ���M�/ �M�m�K�2�`�B�+���H ���M���H�v�b�B�b �Q�7 �i�?�B�b �K�Q�/�2�H�- �T���`�i�B�+�m�H���`�H�v
�B�M �2�M�p�B�`�Q�M�K�2�M�i�b �r�?�2�`�2a(x) �B�b �b�T���i�B���H�H�v �?�2�i�2�`�Q�;�2�M�2�Q�m�b�- �`�2�T�`�2�b�2�M�i�b �� �T�`�Q�K�B�b�B�M�; �/�B�`�2�+�i�B�Q�M �7�Q�`
�7�m�i�m�`�2 �`�2�b�2���`�+�?�X

�R�X�j�J���i�?�2�K���i�B�+���H �J�Q�/�2�H�b ���M�/ �o�2�+�i�Q�` �*�Q�M�i�`�Q�H �a�i�`���i�2�@
�;�B�2�b

�h�?�2 �T�`�Q�#�H�2�K ���/�/�`�2�b�b�2�/ �B�M �S���`�iII �B�b �B�M�b�T�B�`�2�/ �#�v ���M �B�M�M�Q�p���i�B�p�2 �i�2�+�?�M�B�[�m�2 �`�2�+�2�M�i�H�v �B�K�T�H�2�@
�K�2�M�i�2�/ �B�M �b�2�p�2�`���H �+�Q�m�M�i�`�B�2�b �i�Q �+�Q�K�#���i �p�2�+�i�Q�`�@�#�Q�`�M�2 �/�B�b�2���b�2�b �i�`���M�b�K�B�i�i�2�/ �#�v �K�Q�b�[�m�B�i�Q�2�b�X �A�M
�i�?�B�b �b�m�#�b�2�+�i�B�Q�M�- �r�2 �r�B�H�H �#�2�;�B�M �#�v �T�`�2�b�2�M�i�B�M�; �i�?�2�b�2 �/�B�b�2���b�2�b ���M�/ �i�?�2 �i�2�+�?�M�B�[�m�2 �m�b�2�/ �i�Q ���/�/�`�2�b�b
�i�?�2�K�- �2�t�T�H���B�M�B�M�; �i�?�2�B�` �T�`�B�M�+�B�T�H�2�b ���M�/ �B�K�T���+�i�b�- �#�2�7�Q�`�2 �/�B�b�+�m�b�b�B�M�; �i�?�2 �2�t�B�b�i�B�M�; �r�Q�`�F�b �`�2�H���i�2�/ �i�Q
�i�?�B�b �i�Q�T�B�+�X �6�B�M���H�H�v�- �r�2 �r�B�H�H �b�i���i�2 ���H�H �i�?�2 �K���B�M �`�2�b�m�H�i�b �Q�7 �i�?�B�b �T���`�i�- �T�H���+�B�M�; �i�?�2�K �B�M �i�?�2 �+�Q�M�i�2�t�i
�Q�7 �+�m�`�`�2�M�i �`�2�b�2���`�+�?�X

�R�X�j�X�R�q�?���i �B�b �.�2�M�;�m�2 �o�B�`�m�b�\

�.�2�M�;�m�2�- ���H�b�Q �F�M�Q�r�M ���b �i�`�Q�T�B�+���H �~�m�- �B�b �� �p�B�`���H �/�B�b�2���b�2 �i�`���M�b�K�B�i�i�2�/ �#�v �K�Q�b�[�m�B�i�Q�2�b�- �r�B�i�?
�b�v�K�T�i�Q�K�b �i�v�T�B�+���H�H�v �H���b�i�B�M�; �k �i�Q �d �/���v�b�X �q�?�B�H�2 �K���M�v �/�2�M�;�m�2 �B�M�7�2�+�i�B�Q�M�b ���`�2 ���b�v�K�T�i�Q�K���i�B�+ �Q�`

�k�y



�T�`�2�b�2�M�i �r�B�i�? �Q�M�H�v �K�B�H�/ �K���M�B�7�2�b�i���i�B�Q�M�b �b�m�+�? ���b �?�B�;�? �7�2�p�2�` �U�9�y �ê�*�f�R�y�9 �ê�6�V�- �`�2�i�`�Q�@�Q�`�#�B�i���H �T���B�M�-
�K�m�b�+�H�2 ���M�/ �D�Q�B�M�i �T���B�M�- �M���m�b�2���- ���M�/ �p�Q�K�B�i�B�M�;�- �i�?�2�`�2 ���`�2 ���H�b�Q �K�Q�`�2 �b�2�p�2�`�2 �7�Q�`�K�b�X �h�?�2�b�2 �b�2�p�2�`�2
�7�Q�`�K�b �+���M �H�2���/ �i�Q �+�`�B�i�B�+���H �+�Q�K�T�H�B�+���i�B�Q�M�b �b�m�+�? ���b �B�M�i�2�M�b�2 ���#�/�Q�K�B�M���H �T���B�M ���M�/ �i�?�2 �T�`�2�b�2�M�+�2 �Q�7
�#�H�Q�Q�/ �B�M �p�Q�K�B�i �Q�` �b�i�Q�Q�H�X �h�?�Q�m�;�? �`���`�2�- �i�?�2�b�2 �b�2�p�2�`�2 �+���b�2�b �+���M �`�2�b�m�H�i �B�M �/�2���i�?�X

�.�2�M�;�m�2 �B�b �7�Q�m�M�/ �B�M �i�`�Q�T�B�+���H ���M�/ �b�m�#�i�`�Q�T�B�+���H �+�H�B�K���i�2�b �r�Q�`�H�/�r�B�/�2�- �K���B�M�H�v �B�M �m�`�#���M ���M�/
�b�2�K�B�@�m�`�#���M ���`�2���b�X �P�p�2�` �`�2�+�2�M�i �/�2�+���/�2�b�- �i�?�2 �M�m�K�#�2�` �Q�7 �/�2�M�;�m�2 �+���b�2�b �?���b �b�B�;�M�B�}�+���M�i�H�v �B�M�+�`�2���b�2�/
�;�H�Q�#���H�H�v�X ���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �q�Q�`�H�/ �>�2���H�i�? �P�`�;���M�B�x���i�B�Q�M �U�q�>�P�V�- ���T�T�`�Q�t�B�K���i�2�H�v505; 000�+���b�2�b
�r�2�`�2 �`�2�+�Q�`�/�2�/ �B�M2000�- �� �M�m�K�#�2�` �i�?���i �B�M�+�`�2���b�2�/ �i�Q5:2 �K�B�H�H�B�Q�M �B�M2019�X �h�Q�/���v�- �/�2�M�;�m�2 �B�b
�T�`�2�b�2�M�i �B�M �K�Q�`�2 �i�?���M �R�y�y �+�Q�m�M�i�`�B�2�b�- �T�`�B�K���`�B�H�v �B�M ���7�`�B�+���- �i�?�2 ���K�2�`�B�+���b�- �i�?�2 �1���b�i�2�`�M �J�2�/�B�i�2�`�@
�`���M�2���M�- �a�Q�m�i�?�2���b�i ���b�B���- ���M�/ �i�?�2 �q�2�b�i�2�`�M �S���+�B�}�+�X �h�?�2 �K�Q�b�i ���z�2�+�i�2�/ �`�2�;�B�Q�M�b ���`�2 ���b�B���- ���+�@
�+�Q�m�M�i�B�M�; �7�Q�`70%�Q�7 �;�H�Q�#���H �+���b�2�b�- ���b �r�2�H�H ���b �i�?�2 ���K�2�`�B�+���b ���M�/ �i�?�2 �q�2�b�i�2�`�M �S���+�B�}�+�X �_�2�+�2�M�i�H�v�-
�i�?�2 �/�B�b�2���b�2 �?���b �`�2���+�?�2�/ �M�2�r ���`�2���b �b�m�+�? ���b �1�m�`�Q�T�2�- �i�?�2 �1���b�i�2�`�M �J�2�/�B�i�2�`�`���M�2���M�- ���M�/ �a�Q�m�i�?
���K�2�`�B�+���X �A�M2023�- �i�?�2 �M�m�K�#�2�` �Q�7 �+���b�2�b �`�2���+�?�2�/ �� �`�2�+�Q�`�/ �?�B�;�? �Q�74:5 �K�B�H�H�B�Q�M �`�2�T�Q�`�i�2�/ �B�M �i�?�2
���K�2�`�B�+���b �_�2�;�B�Q�M�- �r�B�i�? �k�-�j�y�y �/�2���i�?�b�X �a�B�;�M�B�}�+���M�i �+���b�2�b �r�2�`�2 ���H�b�Q �`�2�T�Q�`�i�2�/ �B�M ���b�B���,321; 000�B�M
�"���M�;�H���/�2�b�?�-111; 400�B�M �J���H���v�b�B���-150; 000�B�M �h�?���B�H���M�/�- ���M�/369; 000�B�M �o�B�2�i�M���K�X �h�?�2 �b�T�`�2���/
�Q�7 �/�2�M�;�m�2 �B�b �r�2�H�H �B�H�H�m�b�i�`���i�2�/ �Q�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �K���T �U�6�B�;�m�`�2�R�X�8�V�- �r�?�B�+�? �?�B�;�?�H�B�;�?�i�b �i�?�2 �2�M�/�2�K�B�+
�`�2�;�B�Q�M�b �7�Q�` �i�?�B�b �/�B�b�2���b�2�X

�6�B�;�m�`�2 �R�X�8�, �:�2�Q�;�`���T�?�B�+���H �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �/�2�M�;�m�2 �2�M�/�2�K�B�+ ���`�2���b�X �U�1�m�`�Q�T�2���M �*�2�M�i�2�` �7�Q�` �.�B�b�2���b�2
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@tni � � ni = (1 � sf )Funi (1 � n i + nu

K ) � �d uni ; in (0; T) � Rd;

@tnu � � nu = Funu(1 � sh
n i

n i + nu
)(1 � n i + nu

K ) � dunu; in (0; T) � Rd:
�U�R�X�e�V
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L1 (Rd)�X �J�Q�`�2�Q�p�2�`�-K �B�b �#�Q�m�M�/�2�/ �#�2�H�Q�r�- �B�X�2�X�- �i�?�2�`�2 �2�t�B�b�i�b �� �+�Q�M�b�i���M�ic0 > 0 �b�m�+�? �i�?���iK > c 0

�7�Q�` ���H�Hx 2 Rd�X ���/�/�B�i�B�Q�M���H�H�v�-r K 2 L2(Rd) ���M�/� K 2 L1(Rd)�X

�k�9



�6�Q�` �i�?�2 �B�M�B�i�B���H �/���i���- �r�2 ���b�b�m�K�2�,

ninit;�
i is uniformly bounded in L 1 (Rd); ninit;�

i � 0; �U�R�X�d�V

ninit;�
u is uniformly bounded in L 1 (Rd); ninit;�

u > 0; �U�R�X�3�V

and p�B�M�B�i2 L2(Rd); pinit;� =
ninit;�

i

ninit;�
i + ninit;�

u

� ! 0��! pinit; 0 =
ninit; 0

i

ninit; 0
i + ninit; 0

u
weakly in L 2(Rd):

�U�R�X�N�V

�6�m�`�i�?�2�`�K�Q�`�2�- �r�2 ���b�b�m�K�2 �i�?���i �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b ���`�2 �r�2�H�H�@�T�`�2�T���`�2�/�- �r�?�B�+�? �K�2���M�b�,

ninit;�
i + ninit;�

u = K + �K �
0; with kK �

0k1 � C0: �U�R�X�R�y�V

�q�2 �M�Q�r �b�i���i�2 �i�?�2 �+�Q�M�p�2�`�;�2�M�+�2 �`�2�b�m�H�i�- �r�?�B�+�? �2�b�i���#�H�B�b�?�2�b �i�?�2 �H�B�K�B�i�B�M�; �#�2�?���p�B�Q�` �Q�7 �i�?�2 �b�Q�H�m�@
�i�B�Q�M �r�?�2�M� ! 0�X

�h�?�2�Q�`�2�K �9�X
�G�2�iT > 0�X �l�M�/�2�` ���b�b�m�K�T�i�B�Q�M�b�U�R�X�d�V�-�U�R�X�3�V�-�U�R�X�N�V�- ���M�/�U�R�X�R�y�V�Q�M �i�?�2 �B�M�B�i�B���H �/���i���- ���b �r�2�H�H

���b �i�?�2 ���b�b�m�K�T�i�B�Q�M�b �Q�MK �b�i���i�2�/ ���#�Q�p�2�- �B�i �7�Q�H�H�Q�r�b �i�?���i ���b� ! 0�- �r�2 �?���p�2p� := n �
i

n �
i + n �

u
! p0

�b�i� �̀Q�M�;�H�v �B�ML2(0; T; L2(Rd)) �- �r�2���F�H�v �B�ML2(0; T; H 1(Rd)) �r�?�2� �̀2p0 �B�b �i�?�2 �m�M�B�[�m�2 �b�Q�H�m�i�B�Q�M �Q�7
8
<

:
@tp0 � � p0 � 2r K

K r p0 = f (p0) + � K
K g(p0); in (0; T) � Rd;

p0(t = 0; x) = pinit (x); in Rd:
�U�R�X�R�R�V

�q�B�i�?

f (p0) = p0(1 � p0)

"
du(�s hp0 � sf + 1 � � )

(1 � sf )p0 + (1 � p0)(1 � shp0)

#

;

���M�/

g(p0) =
� p0(1 � p0)(shp0 � sf )

(1 � sf )p0 + (1 � p0)(1 � shp0)
:

�h�?�B�b �`�2�b�m�H�i �b�?�Q�r�b �i�?���i �i�?�2 �b�v�b�i�2�K �U�R�X�e�V �+���M �#�2 �`�2�/�m�+�2�/ �i�Q �� �b�+���H���` �2�[�m���i�B�Q�M �U�R�X�R�R�V�X �h�?�2�`�2�@
�7�Q�`�2�- �r�2 �r�B�H�H �7�Q�+�m�b �Q�M �i�?�2 �b�i�m�/�v �Q�7 �i�?�B�b �b�+���H���` �2�[�m���i�B�Q�M�- �r�?�B�+�? �B�b �2���b�B�2�` �i�?���M ���M���H�v�x�B�M�; �� �b�v�b�i�2�K�X
�q�?�2�MK �B�b �?�Q�K�Q�;�2�M�2�Q�m�b�- �2�[�m���i�B�Q�M �U�R�X�R�R�V �#�2�+�Q�K�2�b�,

@tp � � p = f (p);

�r�?�2�`�2f (p) �B�b �� �#�B�b�i���#�H�2 �7�m�M�+�i�B�Q�M�X �h�?�B�b �2�[�m���i�B�Q�M �r���b �b�i�m�/�B�2�/ �B�M �i�?�2 �r�Q�`�F �Q�7 �"���`�i�Q�M�@�h�m�`�`�2�H�H�B
�(�R�j�)�X �A�M �T���`�i�B�+�m�H���`�- �B�i �B�b �F�M�Q�r�M �i�?���i �T�`�Q�T���;���i�B�Q�M �Q�+�+�m�`�b �B�7

Z 1

0
f (p) dp > 0;

���M�/ �r�2 �r�B�H�H ���b�b�m�K�2 �i�?���i �i�?�B�b �+�Q�M�/�B�i�B�Q�M �B�b ���H�r���v�b �b���i�B�b�}�2�/ �B�M �r�?���i �7�Q�H�H�Q�r�b�X
�q�2 ���`�2 �M�Q�r �B�M�i�2�`�2�b�i�2�/ �B�M �b�i�m�/�v�B�M�; �i�?�2 �#�H�Q�+�F�B�M�; �Q�7 �T�`�Q�T���;���i�B�Q�M �B�M �2�[�m���i�B�Q�M �U�R�X�R�R�V�- �B�M

�?�2�i�2�`�Q�;�2�M�2�Q�m�b �K�2�/�B�m�K �r�?�2�`�2K �p���`�B�2�b �b�B�;�M�B�}�+���M�i�H�v �#�2�i�r�2�2�M �/�B�z�2�`�2�M�i �`�2�;�B�Q�M�b �Q�7 �i�?�2 �b�T���i�B���H
�/�Q�K���B�M�X �q�2 �+�Q�M�b�B�/�2�` �2�[�m���i�B�Q�M �U�R�X�R�R�V �B�M �Q�M�2 �/�B�K�2�M�b�B�Q�M�- ���M�/K �B�M�+�`�2���b�2�b �2�t�T�Q�M�2�M�i�B���H�H�v �B�M
�� �b�T�2�+�B�}�+ �`�2�;�B�Q�M �Q�7 �i�?�2 �b�T���i�B���H �/�Q�K���B�M ���M�/ �`�2�K���B�M�b �+�Q�M�b�i���M�i �2�H�b�2�r�?�2�`�2�X �J�Q�`�2 �T�`�2�+�B�b�2�H�v�- �7�Q�`
�+�2�`�i���B�M �+�Q�M�b�i���M�i�bC > 0�-L > 0�- �r�2 �?���p�2�,

K (x) =

8
>><

>>:

A; �B�7x < 0;

AeCx ; �B�7x 2 [0; L];

AeCL ; �B�7x > L:

�U�R�X�R�k�V

�k�8



�"�2�7�Q�`�2 �b�i���i�B�M�; �i�?�B�b �`�2�b�m�H�i�- �r�2 �B�M�i�`�Q�/�m�+�2 �� �7�m�M�/���K�2�M�i���H �+�Q�M�+�2�T�i �7�Q�` �Q�m�` ���M���H�v�b�B�b�, �T�`�Q�T���;���@
�i�B�Q�M �#���`�`�B�2�`�X �h�?�B�b �+�Q�M�+�2�T�i �`�2�7�2�`�b �i�Q �� �#�Q�m�M�/���`�v �#�2�v�Q�M�/ �r�?�B�+�? �i�?�2 �T�`�Q�T���;���i�B�Q�M �Q�7 �q�Q�H�#���+�?�B��
�B�b �?���H�i�2�/�- �/�2�b�T�B�i�2 �7���p�Q�`���#�H�2 �+�Q�M�/�B�i�B�Q�M�b �2�t�B�b�i�B�M�; �B�M �Q�i�?�2�` �`�2�;�B�Q�M�b �Q�7 �i�?�2 �b�T���i�B���H �/�Q�K���B�M�X �6�`�Q�K ��
�K���i�?�2�K���i�B�+���H �T�Q�B�M�i �Q�7 �p�B�2�r�- �i�?�B�b �#���`�`�B�2�` �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �b�+���H���`
�2�[�m���i�B�Q�M�X �>�Q�r�2�p�2�`�- �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �b�m�+�? �� �#���`�`�B�2�` �B�b �M�Q�i �b�v�b�i�2�K���i�B�+�X �A�M �T���`�i�B�+�m�H���`�- �r�?�2�M
C �B�b �b�K���H�H �2�M�Q�m�;�?�- �T�`�Q�T���;���i�B�Q�M �`�2�K���B�M�b �T�Q�b�b�B�#�H�2�- ���M�/ �M�Q �#�H�Q�+�F���;�2 �Q�+�+�m�`�b�X �h�?�B�b �B�b �T�`�2�+�B�b�2�H�v
�r�?���i �r�2 �2�b�i���#�H�B�b�? �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �H�2�K�K���X

�G�2�K�K�� �d�X
�A�7K

0

K ���M�/K
00

K ��� �̀2 �b�m�{�+�B�2�M�i�H�v �b�K���H�H�- �i�?�2�M �i�?�2� �̀2 �2�t�B�b�i�b �� �b�m�#�@�b�Q�H�m�i�B�Q�MpA �Q�7 �2�[�m���i�B�Q�M�U�R�X�R�R�V
�i�?���i �B�b �M�Q�i �#�H�Q�+�F�2�/�- �B�X�2pA �+�Q�M�p�2� �̀;�2�b �i�Q1 ���bt ! + 1 �m�M�B�7�Q�`�K�H�v �Q�M �2�p�2�`�v �+�Q�K�T���+�i�X

�P�M �i�?�2 �+�Q�M�i�`���`�v�- �7�Q�` �H���`�;�2 �2�M�Q�m�;�?C ���M�/L �- �i�?�2�`�2 �2�t�B�b�i �#���`�`�B�2�`�b�X

�h�?�2�Q�`�2�K �8�X
�G�2�iC > 0�-L > 0 ���M�/ ���b�b�m�K�2 �i�?���i �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�M�/�B�i�B�Q�M�b �?�Q�H�/�,

sh � 1; sf � 1 � sh; ���M�/
Z 1

0
f (t) dt > 0:

���b�b�m�K�2 ���H�b�Q �i�?���iK �B�b �;�B�p�2�M �#�v�U�R�X�R�k�V�X9c� > 0 �b�m�+�? �i�?���i �7�Q�` ���H�HC > c � �i�?�2� �̀2 �2�t�B�b�i�bL � �b�m�+�?
�i�?���i �7�Q�` ���H�HL > L � �r�2 �?���p�2(C; L) 2 B(f )�X

�G���b�i�H�v�- �r�2 �m�b�2 �� �+�Q�K�T���`�B�b�Q�M �T�`�B�M�+�B�T�H�2 �i�Q �/�2�K�Q�M�b�i�`���i�2 �?�Q�r �� �#���`�`�B�2�` ���z�2�+�i�b �i�?�2 �T�`�Q�T���;���@
�i�B�Q�M �Q�7p(t)�X �h�?�2 �7�Q�H�H�Q�r�B�M�; �T�`�Q�T�Q�b�B�i�B�Q�M �7�Q�`�K���H�B�x�2�b �i�?�B�b �T�`�B�M�+�B�T�H�2�- �2�M�b�m�`�B�M�; �i�?���ip(t) �`�2�K���B�M�b
�#�Q�m�M�/�2�/ �#�2�H�Q�r �i�?�2 �#���`�`�B�2�` �7�Q�` ���H�Ht � 0�X

�S�`�Q�T�Q�b�B�i�B�Q�M �3�X
�a�m�T�T�Q�b�2 �i�?���i �i�?�2� �̀2 �2�t�B�b�i�b �� �#���`�`�B�2�`(C; L) �/�2�M�Q�i�2�/ �#�v�P ���M�/ �i�?���iK �B�b �;�B�p�2�M �#�v�U�R�X�R�k�V�X

�h�?�2�M �2�p�2�`�v �r�2���F �b�Q�H�m�i�B�Q�M �Q�7

@tp � @xx p � 2
K

0

K
@xp = f (p) +

K
00

K
g(p);

�r�B�i�? �B�M�B�i�B���H �/���i�� �b�m�+�? �i�?���ipini � �P�- �b�i�Q�T�b �b�T� �̀2���/�B�M�;�- �K�2���M�B�M�;8t � 0�-p(t) � �P�X

�R�X�j�X�8�S�2�`�b�T�2�+�i�B�p�2�b ���M�/ �r�Q�`�F �B�M �T�`�Q�;�`�2�b�b

�� �M���i�m�`���H �+�Q�M�i�B�M�m���i�B�Q�M �Q�7 �i�?�B�b �`�2�b�2���`�+�? �r�Q�m�H�/ �#�2 �i�Q �2�t�i�2�M�/ �i�?�2 �b�i�m�/�v �i�Q �� �b�v�b�i�2�K �B�M�@
�p�Q�H�p�B�M�; �i�r�Q �+�Q�m�T�H�2�/ �T�Q�T�m�H���i�B�Q�M�b �;�Q�p�2�`�M�2�/ �#�v �`�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �2�[�m���i�B�Q�M�b�X ���H�i�?�Q�m�;�? �b�m�+�? ���M
�2�t�i�2�M�b�B�Q�M �b�B�;�M�B�}�+���M�i�H�v �B�M�+�`�2���b�2�b �i�?�2 �K���i�?�2�K���i�B�+���H �+�Q�K�T�H�2�t�B�i�v�- �i�?�2 �K�Q�M�Q�i�Q�M�B�+�B�i�v �T�`�Q�T�2�`�i�B�2�b
�Q�#�b�2�`�p�2�/ �B�M �i�?�2�b�2 �b�v�b�i�2�K�b �T�`�Q�p�B�/�2 �� �T�`�Q�K�B�b�B�M�; �T�2�`�b�T�2�+�i�B�p�2 �7�Q�` �7�m�`�i�?�2�` ���M���H�v�b�B�b�X

���M�Q�i�?�2�` �T�Q�i�2�M�i�B���H ���p�2�M�m�2 �r�Q�m�H�/ �#�2 �i�Q �2�t�T���M�/ �i�?�2 �b�i�m�/�v �i�Q �?�B�;�?�2�` �b�T���i�B���H �/�B�K�2�M�b�B�Q�M�b�X �l�M�@
�i�B�H �M�Q�r�- �Q�m�` �B�M�p�2�b�i�B�;���i�B�Q�M�b �?���p�2 �#�2�2�M �H�B�K�B�i�2�/ �i�Q �Q�M�2 �b�T���i�B���H �/�B�K�2�M�b�B�Q�M�- �r�?�2�`�2 �i�?�2 �b�i�`�m�+�i�m�`�2 ���M�/
�#�2�?���p�B�Q�` �Q�7 �b�Q�H�m�i�B�Q�M�b �+���M �#�2 �K�Q�`�2 �B�M�i�m�B�i�B�p�2�H�v �2�t���K�B�M�2�/�X �"�v �+�Q�M�b�B�/�2�`�B�M�; �?�B�;�?�2�`�@�/�B�K�2�M�b�B�Q�M���H
�+�Q�M�i�2�t�i�b�- �r�2 ���B�K �i�Q �2�t�T�H�Q�`�2 �?�Q�r �b�T���i�B���H �?�2�i�2�`�Q�;�2�M�2�B�i�v ���z�2�+�i�b �i�?�2 �b�v�b�i�2�K�ö�b �/�v�M���K�B�+�b�- �i�?�2�`�2�#�v
�Q�z�2�`�B�M�; �`�B�+�?�2�` �B�M�b�B�;�?�i�b �B�M�i�Q �i�?�2 �K�2�+�?���M�B�b�K�b �Q�7 �T�`�Q�T���;���i�B�Q�M ���M�/ �#�H�Q�+�F�B�M�;�X

�k�e



�R�X�9�.�B�b�b�2�`�i���i�B�Q�M �Q�m�i�H�B�M�2

�h�?�2 �`�2�K���B�M�/�2�` �Q�7 �i�?�2 �K���M�m�b�+�`�B�T�i �B�b �b�i�`�m�+�i�m�`�2�/ ���b �7�Q�H�H�Q�r�b�,

� �*�?���T�i�2�`2 �B�b �/�2�/�B�+���i�2�/ �i�Q �i�?�2 �b�i�m�/�v �Q�7 �� �K���i�?�2�K���i�B�+���H �K�Q�/�2�H �Q�7 �B�M�~���K�K���i�B�Q�M �B�M �i�?�2
�+�Q�M�i�2�t�i �Q�7 �B�M�~���K�K���i�Q�`�v �#�Q�r�2�H �/�B�b�2���b�2�b�- �b�m�+�? ���b �m�H�+�2�`���i�B�p�2 �+�Q�H�B�i�B�b �U�l�*�V�X �6�`�Q�K �� �K���i�?�2�@
�K���i�B�+���H �T�Q�B�M�i �Q�7 �p�B�2�r�- �i�?�2 �T�`�Q�T���;���i�B�Q�M �Q�7 �i�?�2 �/�B�b�2���b�2 �B�M �� �?�Q�K�Q�;�2�M�2�Q�m�b �2�M�p�B�`�Q�M�K�2�M�i ���M�/
�B�i�b �#�H�Q�+�F�B�M�; �B�M �?�2�i�2�`�Q�;�2�M�2�Q�m�b �2�M�p�B�`�Q�M�K�2�M�i�b ���`�2 �b�i�m�/�B�2�/�X �h�?�2 �T���T�2�` �?���b �#�2�2�M �T�m�#�H�B�b�?�2�/
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�k�X�R�A�M�i�`�Q�/�m�+�i�B�Q�M

�A�M�~���K�K���i�Q�`�v �"�Q�r�2�H �.�B�b�2���b�2�b �U�A�"�.�V�- �b�m�+�? ���b �m�H�+�2�`���i�B�p�2 �+�Q�H�B�i�B�b �U�l�*�V ���M�/ �*�`�Q�?�M�ö�b �/�B�b�2���b�2�-
���`�2 �+�?���`���+�i�2�`�B�x�2�/ �#�v �T�2�`�b�B�b�i�2�M�i �B�M�~���K�K���i�B�Q�M �Q�7 �i�?�2 �B�M�i�2�b�i�B�M�2�b�X �l�* ���z�2�+�i�b �i�?�2 �H���`�;�2 �B�M�i�2�b�i�B�M�2
���M�/ �`�2�+�i�m�K�- �r�?�B�H�2 �*�`�Q�?�M�ö�b �/�B�b�2���b�2 �+���M ���z�2�+�i ���M�v �T���`�i �Q�7 �i�?�2 �;���b�i�`�Q�B�M�i�2�b�i�B�M���H �i�`���+�i�X �*�`�Q�?�M�ö�b
�/�B�b�2���b�2 �B�b �K���`�F�2�/ �#�v �T���i�+�?�v �/���K���;�2 �r�B�i�? �+�Q�K�T�H�B�+���i�B�Q�M�b �H�B�F�2 �M���`�`�Q�r�B�M�; �Q�` �}�b�i�m�H���b�- �B�K�T���+�i�B�M�;
�/�2�2�T�2�` �H���v�2�`�b �Q�7 �i�B�b�b�m�2�X �A�M �+�Q�M�i�`���b�i�- �m�H�+�2�`���i�B�p�2 �+�Q�H�B�i�B�b �Q�M�H�v ���z�2�+�i�b �i�?�2 �b�m�`�7���+�2 �Q�7 �i�?�2 �+�Q�H�Q�M�-
�r�B�i�? �M�Q �?�2���H�i�?�v ���`�2���b �#�2�i�r�2�2�M �B�M�~���K�2�/ �`�2�;�B�Q�M�b�X �h�?�2 �2�t���+�i �+���m�b�2�b �Q�7 �A�"�. ���`�2 �M�Q�i �r�2�H�H �m�M�/�2�`�@
�b�i�Q�Q�/�- �#�m�i �i�?�2�v �K���v �#�2 �H�B�M�F�2�/ �i�Q ���M �2�t�+�2�b�b�B�p�2 �B�K�K�m�M�2 �`�2�b�T�Q�M�b�2 �B�M�~�m�2�M�+�2�/ �#�v �;�2�M�2�i�B�+ �7���+�i�Q�`�b�-
�2�T�B�i�?�2�H�B���H �#���`�`�B�2�` �B�b�b�m�2�b�- ���M�/ �2�M�p�B�`�Q�M�K�2�M�i���H �7���+�i�Q�`�b�X �a�i�`�2�b�b ���M�/ �+�2�`�i���B�M �7�Q�Q�/�b �/�Q �M�Q�i �/�B�`�2�+�i�H�v
�+���m�b�2 �A�"�.�- �#�m�i �i�?�2�v �+���M �i�`�B�;�;�2�` �~���`�2�@�m�T�b �U�b�2�2 �(�R�y�y�)�V�X
�A�"�. �B�H�H�m�b�i�`���i�2 ���M ���+�m�i�2 �B�M�~���K�K���i�Q�`�v �`�2�b�T�Q�M�b�2 �B�M �#�Q�/�v �i�B�b�b�m�2�b �+���m�b�2�/ �#�v �?���`�K�7�m�H �7���+�i�Q�`�b �H�B�F�2
�T���i�?�Q�;�2�M�b �Q�` �/���K���;�2�/ �+�2�H�H�b�X �h�?�B�b �/�2�7�2�M�b�B�p�2 �`�2�b�T�Q�M�b�2 �B�b ���H�b�Q �`�2�H���i�2�/ �i�Q �Q�i�?�2�` �r�2�H�H�@�F�M�Q�r�M �+�Q�M�/�B�@
�i�B�Q�M�b�- �b�m�+�? ���b �`�?�2�m�K���i�Q�B�/ ���`�i�?�`�B�i�B�b�- �B�M�~���K�K���i�B�Q�M �Q�7 �/�B���#�2�i�B�+ �r�Q�m�M�/�b�- �Q�` �i�B�b�b�m�2 �B�M�~���K�K���i�B�Q�M
�B�M �;�2�M�2�`���H�- ���M�/ �?���b �#�2�2�M �i�?�2 �b�m�#�D�2�+�i �Q�7 �K���M�v �b�i�m�/�B�2�b�X �*�m�`�`�2�M�i�H�v�- �i�?�B�b �i�Q�T�B�+ �+�Q�M�i�B�M�m�2�b �i�Q �B�M�@
�i�2�`�2�b�i �`�2�b�2���`�+�?�2�`�b�X ���H�i�?�Q�m�;�? �K���i�?�2�K���i�B�+���H �K�Q�/�2�H�b �?���p�2 �#�2�2�M �/�2�p�2�H�Q�T�2�/ �B�M �`�2�+�2�M�i �/�2�+���/�2�b �i�Q
�+�H���`�B�7�v �i�?�2 �+���m�b�2�b �Q�7 ���+�m�i�2 �B�M�~���K�K���i�B�Q�M�- �Q�M�;�Q�B�M�; �`�2�b�2���`�+�? �+�Q�M�i�B�M�m�2�b �i�Q �`�2�}�M�2 ���M�/ �2�t�T���M�/ �Q�m�`
�m�M�/�2�`�b�i���M�/�B�M�; �Q�7 �i�?�B�b �+�Q�K�T�H�2�t �T�?�2�M�Q�K�2�M�Q�M�X �6�Q�m�M�/���i�B�Q�M���H ���M���H�v�b�2�b �Q�M �i�?�2 �+���m�b�2�b �Q�7 ���+�m�i�2
�B�M�~���K�K���i�B�Q�M ���`�2 �T�`�Q�p�B�/�2�/ �B�M �(�3�N�) ���M�/ �(�N�y�)�X
�P�m�` �;�Q���H �r���b �i�Q �T�`�Q�T�Q�b�2 �� �b�B�K�T�H�B�}�2�/ �K���i�?�2�K���i�B�+���H �K�Q�/�2�H�- �B�M�b�T�B�`�2�/ �#�v �i�?�2 �K�Q�/�2�H �T�`�2�b�2�M�i�2�/
�B�M �(�e�d�)�- �r�?�B�+�? �b�B�K�m�H���i�2�b �i�?�2 �B�K�K�m�M�2 �`�2�b�T�Q�M�b�2 �i�?���i �i�`�B�;�;�2�`�b �B�M�~���K�K���i�B�Q�M�X �a�T�2�+�B�}�+���H�H�v�- �B�M
�i�?�2 �+���b�2 �Q�7 �m�H�+�2�`���i�B�p�2 �+�Q�H�B�i�B�b�- �r�2 ���B�K �i�Q �/�2�K�Q�M�b�i�`���i�2 �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �T�`�Q�;�`�2�b�b�B�p�2 �r���p�2�b �B�M ��
�m�M�B�7�Q�`�K �2�M�p�B�`�Q�M�K�2�M�i�- �`�2�T�`�2�b�2�M�i�B�M�; �i�?�2 �b�T�`�2���/ �Q�7 �B�M�~���K�K���i�B�Q�M �Q�` �i�?�2 �T���i�?�Q�H�Q�;�B�+���H ���+�i�B�p�B�i�v
���b�b�Q�+�B���i�2�/ �r�B�i�? �l�* �i�?�`�Q�m�;�?�Q�m�i �i�?�2 �B�M�i�2�b�i�B�M���H �i�B�b�b�m�2�X �A�M �i�?�2 �b�2�+�Q�M�/ �T�?���b�2 �Q�7 �Q�m�` �b�i�m�/�v�- �r�2
�2�t�T�H�Q�`�2 �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �i�?���i �H�2���/ �i�Q �i�?�2 �#�H�Q�+�F���;�2 �Q�7 �i�?�2�b�2 �r���p�2�b �B�M �?�2�i�2�`�Q�;�2�M�2�Q�m�b �2�M�p�B�`�Q�M�@
�K�2�M�i�b�X �h�?�2 �#�H�Q�+�F���;�2 �Q�7 �r���p�2�b �`�2�7�2�`�b �i�Q �i�?�2 �b�i�Q�T�T�B�M�; �Q�` �b�B�;�M�B�}�+���M�i �`�2�/�m�+�i�B�Q�M �Q�7 �B�M�~���K�K���i�B�Q�M
�b�T�`�2���/ �B�M �i�?�2 �B�M�i�2�b�i�B�M���H �i�B�b�b�m�2�X �*�m�`�`�2�M�i�H�v�- �i�?�2 �b�i�Q�T�T�B�M�; �T�Q�B�M�i �Q�7 �/�B�b�2���b�2 �b�T�`�2���/ �B�M �i�?�2 �+�Q�H�Q�M
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�1�t�+�2�b�b�B�p�2 �K�B�;�`���i�B�Q�M �Q�7 �B�K�K�m�M�2 �+�2�H�H�b �i�Q �i�?�2 ���z�2�+�i�2�/ ���`�2�� �K���v �r�Q�`�b�2�M �i�?�2 �T�2�`�K�2���#�B�H�B�i�v �Q�7
�i�?�2 �2�T�B�i�?�2�H�B���H �#���`�`�B�2�`�- �i�?�2�`�2�#�v �7���+�B�H�B�i���i�B�M�; �i�?�2 �B�M�}�H�i�`���i�B�Q�M �Q�7 �K�B�+�`�Q�#�B���H �~�Q�`�� ���M�/ �2�t���+�2�`�#���i�B�M�;
�B�M�~���K�K���i�B�Q�M�X �h�?�B�b �+�Q�K�T�H�2�t �K�2�+�?���M�B�b�K �i�`�B�;�;�2�`�b ���M �B�M�~���K�K���i�Q�`�v �+���b�+���/�2 �+�?���`���+�i�2�`�B�b�i�B�+ �Q�7
�i�?�2 �T�`�Q�;�`�2�b�b�B�Q�M �Q�7 �/�B�b�2���b�2�b �b�m�+�? ���b �l�*�X
�h�Q �K�Q�/�2�H �i�?�2�b�2 �T�?�2�M�Q�K�2�M���- �r�2 �7�Q�+�m�b �Q�M �i�r�Q �K���B�M �+�Q�K�T�Q�M�2�M�i�b �i�?���i �p���`�v �r�B�i�? �i�B�K�2t ���M�/
�b�T���+�2x�, �i�?�2 �M�m�K�#�2�` �Q�7 �M�Q�M�@�`�2�b�B�/�2�M�i �#���+�i�2�`�B�� �+�`�Q�b�b�B�M�; �i�?�2 �B�M�i�2�b�i�B�M���H �2�T�B�i�?�2�H�B���H �#���`�`�B�2�`�- �/�2�@
�M�Q�i�2�/ �#�vu �U���H�b�Q �+���H�H�2�/ �K�B�+�`�Q�#�2�b�- �T���i�?�Q�;�2�M�b�- �Q�` ���M�i�B�;�2�M�b�V�- ���M�/ �i�?�2 �M�m�K�#�2�` �Q�7 �B�K�K�m�M�2 �+�2�H�H�b�-
�/�2�M�Q�i�2�/ �#�vv �U�Q�7�i�2�M �`�2�7�2�`�`�2�/ �i�Q ���b �T�?���;�Q�+�v�i�B�+ �+�2�H�H�b�V�X ���/�/�B�i�B�Q�M���H�H�v�- �i�Q �b�B�K�T�H�B�7�v �i�?�2 ���M���H�v�b�B�b�-
�r�2 �+�Q�M�b�B�/�2�` �i�?�2 �B�M�i�2�b�i�B�M�2 ���b �� �i�m�#�2�- �r�?�B�+�? ���H�H�Q�r�b �m�b �i�Q �H�B�K�B�i �Q�m�`�b�2�H�p�2�b �i�Q �� �b�B�M�;�H�2 �b�T���i�B���H
�/�B�K�2�M�b�B�Q�M�X �h�?�m�b�- �i�?�2 �/�Q�K���B�M �Q�7 �b�i�m�/�v �B�b �/�2�}�M�2�/ �7�Q�`t > 0 ���M�/x 2 R�X
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�/�B�b�2���b�2�b �b�m�+�? ���b �*�`�Q�?�M�ö�b �/�B�b�2���b�2�X �A�M �i�?�B�b �`�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �K�Q�/�2�H�- �#���+�i�2�`�B�� ���+�i ���b ���+�i�B�p���i�Q�`�b
���M�/ �B�K�K�m�M�2 �+�2�H�H�b ���b �B�M�?�B�#�B�i�Q�`�b�X �"���+�i�2�`�B�� �K�m�H�i�B�T�H�v ���i �� �`���i�2rb�- �r�?�B�H�2 �B�K�K�m�M�2 �+�2�H�H�b �M�2�m�i�`���H�B�x�2
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�h�m�`�B�M�;�@�i�v�T�2 �B�M�b�i���#�B�H�B�i�B�2�b �T�`�B�K���`�B�H�v �7�Q�+�m�b�2�b �Q�M �i�?�2 �2�K�2�`�;�2�M�+�2 �Q�7 �b�i���i�B�Q�M���`�v �T���i�i�2�`�M�b �m�M�/�2�` �i�?�2
�B�M�~�m�2�M�+�2 �Q�7 �/�B�z�m�b�B�Q�M ���M�/ �H�Q�+���H �B�M�i�2�`���+�i�B�Q�M�b�- �#�m�i �B�i �/�Q�2�b �M�Q�i �T�`�2�+�B�b�2�H�v �+�?���`���+�i�2�`�B�x�2 �r�?�2�i�?�2�`
�B�M�~���K�K���i�B�Q�M �T�`�Q�T���;���i�2�b �Q�` �B�b �#�H�Q�+�F�2�/ �m�M�/�2�` �+�2�`�i���B�M �+�Q�M�/�B�i�B�Q�M�b�X �h�?�B�b �K�Q�/�2�H �B�b �`�2�H�2�p���M�i �7�Q�`
�*�`�Q�?�M�ö�b �/�B�b�2���b�2 �#�2�+���m�b�2 �i�?�B�b �/�B�b�2���b�2 �B�b �Q�7�i�2�M �+�?���`���+�i�2�`�B�x�2�/ �#�v �b�2�;�K�2�M�i�2�/ ���M�/ �/�B�b�+�Q�M�i�B�M�m�Q�m�b
�T���i�i�2�`�M�b �Q�7 �B�M�~���K�K���i�B�Q�M �B�M �i�?�2 �B�M�i�2�b�i�B�M�2�- �r�?�B�+�? �+���M �#�2 �2�t�T�H���B�M�2�/ �#�v �i�?�2 �/�B�z�m�b�B�Q�M �K�2�+�?���@
�M�B�b�K�b ���M�/ �H�Q�+���H �B�M�i�2�`���+�i�B�Q�M�b�X
�P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �m�H�+�2�`���i�B�p�2 �+�Q�H�B�i�B�b �U�l�*�V �T�`�2�b�2�M�i�b �+�?���`���+�i�2�`�B�b�i�B�+�b �/�B�z�2�`�2�M�i �7�`�Q�K �*�`�Q�?�M�ö�b
�/�B�b�2���b�2�, �B�i �K���M�B�7�2�b�i�b ���b �+�Q�M�i�B�;�m�Q�m�b �B�M�~���K�K���i�B�Q�M�- �T�`�Q�;�`�2�b�b�B�M�; �+�Q�M�i�B�M�m�Q�m�b�H�v �7�`�Q�K �i�?�2 �`�2�+�i�m�K�-
�B�M �+�Q�M�i�`���b�i �i�Q �i�?�2 �b�2�;�K�2�M�i�2�/ ���M�/ �/�B�b�+�Q�M�i�B�M�m�Q�m�b �T���i�i�2�`�M�b �Q�7�i�2�M �Q�#�b�2�`�p�2�/ �B�M �*�`�Q�?�M�ö�b �/�B�b�2���b�2�X
�h�?�m�b�- �i�?�2 �K�Q�/�2�H �Q�7 �L���/�B�M �2�i ���H�X �(�e�d�)�- �r�?�B�+�? �2�K�T�?���b�B�x�2�b �K�2�+�?���M�B�b�K�b �7���p�Q�`�B�M�; �i�?�2 ���T�T�2���`���M�+�2
�Q�7 �b�i���i�B�Q�M���`�v �b�T���i�B���H �b�i�`�m�+�i�m�`�2�b�- �B�b �M�Q�i �b�m�B�i���#�H�2 �7�Q�` �b�i�m�/�v�B�M�; �i�?�2 �T�`�Q�T���;���i�B�Q�M ���M�/ �#�H�Q�+�F�B�M�;
�T�?�2�M�Q�K�2�M�� �b�T�2�+�B�}�+ �i�Q �l�*�X
�h�Q �#�2�i�i�2�` �m�M�/�2�`�b�i���M�/ ���M�/ �K�Q�/�2�H �i�?�2 �/�v�M���K�B�+�b �Q�7 �B�M�~���K�K���i�B�Q�M �T�`�Q�T���;���i�B�Q�M �B�M �l�*�- �r�2 �T�`�Q�@
�T�Q�b�2 ���/���T�i�B�M�; �i�?�2 �K�Q�/�2�H �#�v �K�Q�/�B�7�v�B�M�; �i�?�2 �#���+�i�2�`�B���H �`�2�T�`�Q�/�m�+�i�B�Q�M �`���i�2�X �a�T�2�+�B�}�+���H�H�v�- �r�2 �/�B�p�B�/�2
�i�?�2 �`�2�T�`�Q�/�m�+�i�B�Q�M �`���i�2 �B�M�i�Q �� �#�B�`�i�? �`���i�2 �K�B�M�m�b �� �K�Q�`�i���H�B�i�v �`���i�2�X �h�?�2 �K�Q�/�B�}�2�/ �K�Q�/�2�H �B�b �/�2�}�M�2�/
�#�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�[�m���i�B�Q�M�b�,
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�#���`�`�B�2�`�- �i�?�2 �K���t�B�K�m�K �M�m�K�#�2�` �Q�7 �#���+�i�2�`�B�� �B�M �i�?�2 �+�Q�H�Q�M �/�Q�2�b �M�Q�i �2�t�+�2�2�/bi �X �h�?�B�b �B�b �r�?�v �r�2
�B�M�+�H�m�/�2 �i�?�2 �H�Q�;�B�b�i�B�+ �i�2�`�K1 � u

bi
�B�M �i�?�2 �}�`�b�i �2�[�m���i�B�Q�M�- �U�(�d�R�)�c �(�3�e�)�V�X

�h�?�2 �T���`���K�2�i�2�`� > 0 �`�2�T�`�2�b�2�M�i�b �i�?�2 �B�K�K�m�M�2 �`�2�b�T�Q�M�b�2 �`���i�2 �Q�7 �i�?�2 �Q�`�;���M�B�b�K�- �r�?�B�+�? �b�2�M�/�b
�T�?���;�Q�+�v�i�2�b �i�Q �/���K���;�2�/ ���`�2���b �r�?�2�M �T���i�?�Q�;�2�M�b ���`�2 �/�2�i�2�+�i�2�/�X ���H�i�?�Q�m�;�? �i�?�2�B�` ���+�i�B�p���i�B�Q�M �B�b �M�Q�i
�B�M�b�i���M�i���M�2�Q�m�b�- �T�?���;�Q�+�v�i�2�b �`���T�B�/�H�v ���T�T�2���` ���M�/ �K�B�;�`���i�2 �i�Q �B�M�7�2�+�i�2�/ �x�Q�M�2�b �i�Q �+�Q�K�#���i �#���+�i�2�`�B���X
�h�?�2 �i�2�`�K� auv

sb+ u �- �r�?�2�`�2a > 0 ���M�/sb > 0�- �/�2�b�+�`�B�#�2�b �i�?�2 �2�z�2�+�i �Q�7 �i�?�2 �B�K�K�m�M�2 �b�v�b�i�2�K �Q�M
�T���i�?�Q�;�2�M�b�X �A�M �T���`�i�B�+�m�H���`�-au

sb+ u �`�2�T�`�2�b�2�M�i�b �i�?�2 �`���i�2 �Q�7 �T�?���;�Q�+�v�i�Q�b�B�b�- �r�?�B�+�? �B�b �i�?�2 �b�T�2�2�/ �r�B�i�?
�r�?�B�+�? �B�K�K�m�M�2 �+�2�H�H�b �B�M�;�2�b�i �#���+�i�2�`�B���X �h�?�B�b �`���i�2 �/�2�T�2�M�/�b �Q�M �i�?�2 �/�2�M�b�B�i�v �Q�7 �i�?�2 �T���i�?�Q�;�2�M�b�X �A�i
�i���F�2�b �B�M�i�Q ���+�+�Q�m�M�i �i�?�2 �`���i�2pc ���i �r�?�B�+�? �T�?���;�Q�+�v�i�2�b �2�M�+�Q�m�M�i�2�` �#���+�i�2�`�B���- �;�B�p�2�M �#�vpc := a

sb
�- ���M�/

�i�?�2 ���p�2�`���;�2 �i�B�K�2� �`�2�[�m�B�`�2�/ �7�Q�` �� �T�?���;�Q�+�v�i�2 �i�Q �M�2�m�i�`���H�B�x�2 �� �#���+�i�2�`�B�m�K�- �+���H�+�m�H���i�2�/ ���b� := 1
a �X

�h�?�2�b�2 �/�v�M���K�B�+�b ���`�2 �b�m�T�T�Q�`�i�2�/ �#�v �i�?�2 �2�t�T�2�`�B�K�2�M�i�b �/�2�b�+�`�B�#�2�/ �B�M �(�e�k�)�X
�q�2 �+�Q�M�b�B�/�2�`
 > 0 ���b �� �K�2���b�m�`�2 �Q�7 �i�?�2 �M�2�;���i�B�p�2 �2�z�2�+�i �Q�7 �T�?���;�Q�+�v�i�2 �+�Q�M�+�2�M�i�`���i�B�Q�M �Q�M �2�T�B�i�?�2�@
�H�B���H �`�2�b�B�b�i���M�+�2�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �H���`�;�2�` �i�?�2 �2�T�B�i�?�2�H�B���H �;���T�- �i�?�2 �K�Q�`�2 �#���+�i�2�`�B�� ���`�2 �T�`�2�b�2�M�i�X ���b �i�?�2
�+�Q�M�+�2�M�i�`���i�B�Q�M �Q�7 �#���+�i�2�`�B�� �B�M�+�`�2���b�2�b�- �K�Q�`�2 �B�K�K�m�M�2 �+�2�H�H�b ���`�2 ���i�i�`���+�i�2�/ �i�Q �i�?�2 �/���K���;�2�/ �x�Q�M�2�-
�2�t���+�2�`�#���i�B�M�; �2�T�B�i�?�2�H�B���H �T�2�`�K�2���#�B�H�B�i�v�X
�h�?�2 �i�2�`�Kdu �B�M �Q�m�` �K�Q�/�2�H �`�2�T�`�2�b�2�M�i�b �i�?�2 �K�Q�`�i���H�B�i�v �Q�7 �#���+�i�2�`�B�� �B�M �i�?�2 �B�M�i�2�b�i�B�M���H �i�`���+�i�- �B�H�H�m�b�@
�i�`���i�B�M�; �i�?���i �i�?�2�b�2 �#���+�i�2�`�B�� �/�Q �M�Q�i �T�2�`�b�B�b�i �B�M�/�2�}�M�B�i�2�H�v�X �h�?�B�b �/�v�M���K�B�+ �B�b �2�b�b�2�M�i�B���H �i�Q ���p�Q�B�/
�2�t�+�2�b�b�B�p�2 ���+�+�m�K�m�H���i�B�Q�M �Q�7 �T���i�?�Q�;�2�M�b ���M�/ �K���B�M�i���B�M �K�B�+�`�Q�#�B���H �#���H���M�+�2�X �h�?�B�b �K�2�+�?���M�B�b�K �B�b
�B�M�i�`�B�M�b�B�+���H�H�v �H�B�M�F�2�/ �i�Q �i�?�2 �M���i�m�`���H �/�2�7�2�M�b�2�b �Q�7 �i�?�2 �B�M�i�2�b�i�B�M�2�- �b�m�+�? ���b �T�?���;�Q�+�v�i�Q�b�B�b �#�v �B�K�K�m�M�2
�+�2�H�H�b ���M�/ �i�?�2 ���+�i�B�Q�M �Q�7 ���M�i�B�K�B�+�`�Q�#�B���H �T�2�T�i�B�/�2�b�- �r�?�B�+�? �+�Q�M�i�`�B�#�m�i�2 �i�Q �i�?�2 �`�2�;�m�H���i�B�Q�M �Q�7 �i�?�2 �#���+�@
�i�2�`�B���H �T�Q�T�m�H���i�B�Q�M�X �6�B�M���H�H�v�- �� �b�2�H�7�@�`�2�;�m�H���i�B�M�; �K�2�+�?���M�B�b�K �Q�7 ���M�i�B�@�B�M�~���K�K���i�Q�`�v �+�2�H�H�b �H�B�K�B�i�b �i�?�2�B�`
�H�B�7�2�b�T���M�- �`�2�b�m�H�i�B�M�; �B�M ���M �B�M�i�`�B�M�b�B�+ �K�Q�`�i���H�B�i�v �`���i�2 �Q�7 �B�K�K�m�M�2 �+�2�H�H�b�- �/�2�M�Q�i�2�/ ���br c > 0 �B�M �i�?�2
�K�Q�/�2�H�X

���7�i�2�` �m�M�/�2�`�b�i���M�/�B�M�; �i�?�2 �K�Q�/�2�H�- �r�2 ���M���H�v�x�2 �i�?�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �`�2�T�`�Q�/�m�+�i�B�Q�M �`���i�2
���M�/ �D�m�b�i�B�7�v �B�i�b �`�2�H�2�p���M�+�2 �B�M �Q�m�` �+���b�2�X �h�Q �/�Q �i�?�B�b�- �r�2 �+�Q�M�b�B�/�2�` �i�?�2 �2�[�m���i�B�Q�M �7�Q�`u �r�?�2�Mv = 0�X
�A�M �i�?�B�b �+���b�2�- �i�?�2 �2�[�m���i�B�Q�M �#�2�+�Q�K�2�b�,

@tu � D@xx u = rbu
�

1 �
u
bi

�

� du:

�1�t�T���M�/�B�M�; �i�?�B�b �2�[�m���i�B�Q�M�- �r�2 �;�2�i�,

@tu � D@xx u = rbu �
rbu2

bi
� du = ( rb � d) u

�

1 �
� rb

rb � d

� u
bi

�

| {z }
g(u)

:

�j�k



�h�?�B�b �B�b �� �6�B�b�?�2�`�@�E�S�S �i�v�T�2 �2�[�m���i�B�Q�M�X �A�M �i�?�2 �+���b�2 �r�?�2�`�2rb � d > 0�- �B�i �B�b �r�2�H�H �F�M�Q�r�M �i�?���i
�i�?�B�b �2�[�m���i�B�Q�M �2�t�?�B�#�B�i�b �� �?���B�`�@�i�`�B�;�;�2�` �2�z�2�+�i�, ���b �b�Q�Q�M ���b �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M �B�b �T�Q�b�B�i�B�p�2�- �i�?�2
�b�Q�H�m�i�B�Q�M �`���T�B�/�H�v �+�Q�M�p�2�`�;�2�b �i�Qu = bi (r b� d)

r b
�U�b�2�2 �(�R�y�)�V�X �h�?�m�b�- �i�Q �2�t�T�2�+�i �i�Q �Q�#�b�2�`�p�2 �� �#�H�Q�+�F���;�2 �Q�7

�i�?�2 �T�`�Q�T���;���i�B�Q�M�- �B�i �B�b �M�2�+�2�b�b���`�v �i�?���irb � d < 0�- ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2�b�k�X�R���M�/�k�X�k�X

�6�B�;�m�`�2 �k�X�R�, �*���b�2rb � d > 0�X �6�B�;�m�`�2 �k�X�k�, �*���b�2rb � d < 0�X

�A�M �Q�m�` �+���b�2�- �i�?�B�b �ô�?���B�`�@�i�`�B�;�;�2�` �2�z�2�+�i�ô �B�b ���H�H �i�?�2 �K�Q�`�2 �b�B�;�M�B�}�+���M�i �b�B�M�+�2�- ���i �}�`�b�i �Q�`�/�2�`�- �i�?�2 ���+�i�B�Q�M
�Q�7v �Q�M �i�?�2 �#���+�i�2�`�B�� �B�b �T�Q�b�B�i�B�p�2�- ���b �K�2�M�i�B�Q�M�2�/ �B�M �L���/�B�M �2�i ���H�X �(�e�d�)�X

�h�?�2 �}�`�b�i �Q�#�D�2�+�i�B�p�2 �Q�7 �i�?�B�b �+�?���T�i�2�` �B�b �i�Q �T�`�Q�p�2 �i�?���i �B�M �� �?�Q�K�Q�;�2�M�2�Q�m�b �K�2�/�B�m�K�- �i�?�2�`�2 �B�b
�T�`�Q�T���;���i�B�Q�M �Q�7 �i�?�2 �B�M�~���K�K���i�B�Q�M�X �h�?�2�M�- �Q�m�` �b�2�+�Q�M�/ �Q�#�D�2�+�i�B�p�2 �B�b �i�Q �T�`�Q�p�2 �i�?���i �B�M �� �?�2�i�2�`�Q�;�2�@
�M�2�Q�m�b �2�M�p�B�`�Q�M�K�2�M�i �i�?�2 �T�`�Q�T���;���i�B�Q�M �+���M �#�2 �#�H�Q�+�F�2�/�X �q�2 �/�2�b�+�`�B�#�2 �K�Q�`�2 �T�`�2�+�B�b�2�H�v �B�M �i�?�2 �M�2�t�i
�b�2�+�i�B�Q�M �i�?�2�b�2 �i�r�Q �K���B�M �`�2�b�m�H�i�b�X

�k�X�j �J���B�M �`�2�b�m�H�i�b

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �b�i���i�2 �i�?�2 �i�r�Q �K���B�M �`�2�b�m�H�i�b �Q�7 �i�?�B�b �+�?���T�i�2�`�X �P�m�` �}�`�b�i �`�2�b�m�H�i �+�Q�M�+�2�`�M�b
�i�?�2 �?�Q�K�Q�;�2�M�2�Q�m�b �+���b�2�- �r�?�2�`�2 �r�2 �b�?�Q�r �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �T�`�Q�T���;���i�B�Q�M�X �h�?�B�b �B�b �Q�m�` �b�i���i�2�K�2�M�i�,

�h�?�2�Q�`�2�K �e�X
�q�2 ���b�b�m�K�2 �i�?���irb < d < r b + 
�

r c
�- �r�B�i�?
 > a �- ���M�/sb > max(bi ; 1

r c
)�X �l�M�/�2�` �i�?�2�b�2

���b�b�m�K�T�i�B�Q�M�b�- �i�?�2� �̀2 �B�b �� �b�T� �̀2���/�B�M�; �b�T�2�2�/c� > 0 �r�B�i�? �i�?�2 �T� �̀Q�T�2�`�i�B�2�b �i�?���i �7�Q�` �2�p�2�`�v �T�Q�b�B�i�B�p�2� �-
�i�?�2 �7�Q�H�H�Q�r�B�M�; �?�Q�H�/�b�,

lim
t ! + 1

[ max
jx j� t (c� + � )

j(u(x; t ); v(x; t )) j] = 0;

���M�/ �7�Q�` ���M�v �b�i�`�B�+�i�H�v �T�Q�b�B�i�B�p�2 �+�Q�M�b�i���M�i �p�2�+�i�Q�`w �i�?�2� �̀2 �2�t�B�b�i�b �� �T�Q�b�B�i�B�p�2Rw �b�m�+�? �i�?���i �B�7(u0(x); v0(x)) �
w �Q�M ���M �B�M�i�2�`�p���H �Q�7 �H�2�M�;�i�?2Rw �- �i�?�2 �7�Q�H�H�Q�r�B�M�; �?�Q�H�/�b�,

lim
t ! + 1

[ max
jx j� t (c� � � )

j(u+
2 ; v+

2 ) � (u(x; t ); v(x; t )) j] = 0:

�h�?�2 �T���B�`(u+
2 ; v+

2 ) �B�b �� �T�Q�b�B�i�B�p�2 �2�[�m�B�H�B�#�`�B�m�K �Q�7 �i�?�2 �P�.�1 �b�v�b�i�2�K ���b�b�Q�+�B���i�2�/ �r�B�i�?�U�k�X�R�V�X �A�i �B�b
�/�2�}�M�2�/ �B�M �H�2�K�K���R�R�X

�A�M �Q�`�/�2�` �i�Q �T�`�Q�p�2 �h�?�2�Q�`�2�K�e�- �r�2 �}�`�b�i �b�?�Q�r �i�?���i �i�?�2 �b�v�b�i�2�K �m�M�/�2�` �b�i�m�/�v �B�b �+�Q�Q�T�2�`���i�B�p�2
���M�/ �K�Q�M�Q�b�i���#�H�2�- �r�?�B�+�? �B�K�T�H�B�2�b �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �� �b�i���#�H�2 �2�[�m�B�H�B�#�`�B�m�K�X �q�2 �i�?�2�M �2�b�i���#�H�B�b�? �i�?�2
�T�`�Q�T���;���i�B�Q�M �Q�7 �i�?�2 �b�Q�H�m�i�B�Q�M �#�v ���T�T�H�v�B�M�; �B�/�2���b �7�`�Q�K �q�2�B�M�#�2�`�;�2�`�ö�b �T���T�2�` �(�N�9�)�X �h�?�2 �/�2�i���B�H�2�/
�T�`�Q�Q�7 �Q�7 �i�?�B�b �`�2�b�m�H�i �B�b �T�`�2�b�2�M�i�2�/ �B�M �S���`�i�k�X�e�X�R�X

�P�m�` �b�2�+�Q�M�/ �`�2�b�m�H�i �`�2�7�2�`�b �i�Q �i�?�2 �?�2�i�2�`�Q�;�2�M�2�Q�m�b �+���b�2�X �J�Q�`�2 �T�`�2�+�B�b�2�H�v�- �r�?�2�M �i�?�2 �/�2���i�? �`���i�2
�Q�7 �#���+�i�2�`�B�� �B�b �?�2�i�2�`�Q�;�2�M�2�Q�m�b�- �r�2 �b�?�Q�r �i�?���i �#�H�Q�+�F�B�M�; �Q�7 �i�?�2 �T�`�Q�T���;���i�B�Q�M �Q�+�+�m�`�b�- ���b �Q�#�b�2�`�p�2�/
�B�M �i�?�2 �?�Q�K�Q�;�2�M�2�Q�m�b �+���b�2�X �P�m�` �`�2�b�m�H�i �B�b ���b �7�Q�H�H�Q�r�b�X

�j�j



�h�?�2�Q�`�2�K �d�X
�G�2�id(x) = d111x� 0+ d211x> 0�-dk 2 R+ �-k = 1; 2�X �A�7 �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�M�/�B�i�B�Q�M�b �?�Q�H�/ �i�`�m�2 �,r c >

� �-sb > max(bi ; 1
� )�-
 > a �-rb < d 1 < r b+


�
r c

���M�/rb+ 
 < d 2 < min(rb+ 
 + r c� �; s b(rbr c+ �
 )) :
�h�?�2�M�- �i�?�2� �̀2 �B�b �� �b�Q�H�m�i�B�Q�M( �U; �V) �Q�7 �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�v�b�i�2�K�,
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>>>>><

>>>>>:

� D@xx u = rbu(1 � u
bi

) + 
 (1 � u
bi

)v � auv
sb+ u � d(x)u;

� D@xx v = �u � r cv;

(u; v)( �1 ) = ( u+
2 ; v+

2 ); (u; v)(+ 1 ) = (0 ; 0);

u > 0; v > 0:

�U�k�X�k�V

�P�m�` �T�`�Q�Q�7 �Q�7 �i�?�B�b �b�i���i�2�K�2�M�i �`�2�/�m�+�2�b �i�Q �i�?�2 �+�Q�M�b�i�`�m�+�i�B�Q�M �Q�7 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M�b�X �h�?���i �+�Q�M�@
�b�i�`�m�+�i�B�Q�M �`�2�T�`�2�b�2�M�i�b �� �T���`�i�B�+�m�H���` �+���b�2 �Q�7 �� �i�`���p�2�H�B�M�; �r���p�2 �7�`�Q�M�i ���i �+�Q�M�b�i���M�i �b�T�2�2�/�- �H�B�M�F�B�M�; �i�r�Q
�2�[�m�B�H�B�#�`�B�� �Q�7 �i�?�2 �b�v�b�i�2�K�X �J�Q�`�2 �b�T�2�+�B�}�+���H�H�v�- �7�Q�`d = d1�- �r�2 �?���p�2 �� �b�i���#�H�2 �T�Q�b�B�i�B�p�2 �2�[�m�B�H�B�#�`�B�m�K�-
�r�?�B�H�2 �7�Q�`d = d2�- �i�?�2 �b�v�b�i�2�K �`�2���+�?�2�b �i�?�2 �b�i���#�H�2 �2�[�m�B�H�B�#�`�B�m�K ���i(0; 0)�X �h�?�2�b�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i�b
���M�/ �i�?�2�B�` �b�i���#�B�H�B�i�v ���`�2 ���M���H�v�x�2�/ �B�M �/�2�i���B�H �B�M �b�m�#�b�2�+�i�B�Q�M�k�X�9�X�k�X �h�Q �/�2�K�Q�M�b�i�`���i�2 �i�?�2 �2�t�B�b�i�2�M�+�2
�Q�7 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M�b�- �r�2 �m�b�2 �i�?�2 �K�2�i�?�Q�/ �Q�7 �b�m�#�b�Q�H�m�i�B�Q�M�b ���M�/ �b�m�T�2�`�b�Q�H�m�i�B�Q�M�b ���M�/ �+�Q�M�b�i�`�m�+�i
�2�t�T�H�B�+�B�i�H�v �b�m�+�? �b�Q�H�m�i�B�Q�M�b�X

�*�Q�`�Q�H�H���`�v �N�X�U�"�H�Q�+�F�B�M�; �Q�7 �i�?�2 �q���p�2�V
�l�M�/�2�` �i�?�2 ���b�b�m�K�T�i�B�Q�M�b �Q�7 �h�?�2�Q� �̀2�K�d�- ���M�v �b�Q�H�m�i�B�Q�M �i�Q �i�?�2 �B�M�B�i�B���H �T� �̀Q�#�H�2�K�U�k�X�R�V�r�B�i�? ���M

�B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M(u0; v0) �b�m�+�? �i�?���i(0; 0) � (u0; v0) � ( �U; �V) �2�t�?�B�#�B�i�b �H�B�K�B�i�2�/ �T� �̀Q�T���;���i�B�Q�M�X

�L�Q�i�2 �i�?���i �*�Q�`�Q�H�H���`�v�N�B�b �� �/�B�`�2�+�i �+�Q�M�b�2�[�m�2�M�+�2 �Q�7 �h�?�2�Q�`�2�K�d���M�/ �i�?�2 �7���+�i �i�?���i �i�?�2�`�2 �B�b ��
�+�Q�K�T���`�B�b�Q�M �T�`�B�M�+�B�T�H�2 �7�Q�` �i�?�2 �b�v�b�i�2�K �U�k�X�R�V�X �A�i�b �T�`�Q�Q�7 �B�b �;�B�p�2�M �B�M �a�m�#�b�2�+�i�B�Q�M�k�X�e�X�j�X

�"�2�7�Q�`�2 �T�`�Q�p�B�M�; �i�?�2 �K���B�M �`�2�b�m�H�i�b �Q�7 �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �T�`�Q�T���;���i�B�Q�M ���M�/ �i�?�2 �#�H�Q�+�F�B�M�; �Q�7 �i�?�B�b
�T�`�Q�T���;���i�B�Q�M�- �H�2�i �m�b �b�i���`�i �r�B�i�? �b�Q�K�2 �T�`�2�H�B�K�B�M���`�v �`�2�b�m�H�i�b �i�?���i �r�B�H�H �#�2 �m�b�2�/ �i�?�`�Q�m�;�?�Q�m�i �i�?�B�b
�+�?���T�i�2�`�X

�k�X�9 �S�`�2�H�B�K�B�M���`�v �`�2�b�m�H�i�b

�k�X�9�X�R�L�Q�M�@�M�2�;���i�B�p�B�i�v �T�`�Q�T�2�`�i�v

�q�2 �}�`�b�i �b�?�Q�r �i�?�2 �T�2�`�b�B�b�i�2�M�+�2 �Q�7 �i�?�2 �M�Q�M�@�M�2�;���i�B�p�B�i�v �T�`�Q�T�2�`�i�v �Q�7 �Q�m�` �K�Q�/�2�H�- �r�?�B�+�? �B�b �� �+�`�m�@
�+�B���H �`�2�[�m�B�`�2�K�2�M�i �7�Q�` ���M�v �T�Q�T�m�H���i�B�Q�M �/�v�M���K�B�+�b �K�Q�/�2�H�X �A�M �Q�i�?�2�` �r�Q�`�/�b�- �B�i �B�b �+�`�m�+�B���H �i�?���i �r�?�2�M
�i�?�2 �B�M�B�i�B���H �/���i�� �?�Q�H�/�b �� �#�B�Q�H�Q�;�B�+���H�H�v �T�H���m�b�B�#�H�2 �B�M�i�2�`�T�`�2�i���i�B�Q�M�- �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �/�B�z�2�`�2�M�i�B���H
�2�[�m���i�B�Q�M �K���B�M�i���B�M�b �i�?�B�b �7�2���i�m�`�2�X

�S�`�Q�T�Q�b�B�i�B�Q�M �R�y�X
�A�7 �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b(u (0; x) ; v (0; x)) ��� �̀2 �M�Q�M�M�2�;���i�B�p�2�- �i�?�2�M(u (t; x ) ; v (t; x )) � �̀2�K���B�M�b

�M�Q�M�M�2�;���i�B�p�2 �7�Q�` ���H�Ht � 0�X

�S� �̀Q�Q�7�X
�q�2 �+�Q�M�b�B�/�2�` �i�?�2 �7�Q�H�H�Q�r�B�M�; �K�Q�/�2�H�,
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<

:

@tu � D@xx u = rbu
�
1 � u

bi

�
+ 


�
1 � u

bi

�
v � au

sb+ u v � du;

@tv � D@xx v = �u � r cv:
�U�k�X�j�V

�q�B�i�? �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�bu (0; x) = u0 (x) ���M�/v (0; x) = v0 (x) �7�Q�` ���H�Hx 2 R�X

�j�9



�*�Q�M�b�B�/�2�`t1 �i�?�2 �}�`�b�i �B�M�b�i���M�i �r�?�2�M �2�B�i�?�2�`u (t1; x) �Q�v̀ (t1; x) �#�2�+�Q�K�2�b �M�2�;���i�B�p�2�-
�i�?�2�M �7�Q�` �b�Q�K�2x1 2 R �r�2 �?���p�2u (t1; x1) v (t1; x1) = 0 �X

�A�7u(t1; x1) = 0 ���M�/v(t; x ) > 0 �7�Q�` ���H�H(t; x ) 2 (0; t1] � R�X �h�?�2 �7�m�M�+�i�B�Q�Mu = 0 �B�b ��
�b�m�# �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �}�`�b�i �2�[�m���i�B�Q�M �B�M �U�k�X�j�V�-���b �H�Q�M�; ���bv > 0�- �i�?�2 �`�B�;�?�i�@�?���M�/ �b�B�/�2 �B�b �b�i�`�B�+�i�H�v
�T�Q�b�B�i�B�p�2 �r�?�2�Mu = 0�- �"�v �i�?�2 �b�i�`�Q�M�; �K���t�B�K�m�K �T�`�B�M�+�B�T�H�2�- �i�?�B�b �B�K�T�H�B�2�b �i�?���iu(t; x ) > 0 �7�Q�` ���H�H
(t; x ) 2 (0; t1] � R�- �r�?�B�+�? �+�Q�M�i�`���/�B�+�i�bu(t1; x1) = 0 �X

�a�B�K�B�H���`�H�v�- �B�7v(t1; x1) = 0 ���M�/u(t; x ) > 0 �7�Q�` ���H�H(t; x ) 2 (0; t1] � R�X �h�?�2 �7�m�M�+�i�B�Q�Mv = 0
�B�b �� �b�m�# �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �b�2�+�Q�M�/ �2�[�m���i�B�Q�M �B�M �U�k�X�j�V�X ���b �H�Q�M�; ���bu > 0�- �i�?�2 �`�B�;�?�i�@�?���M�/ �b�B�/�2 �B�b
�b�i�`�B�+�i�H�v �T�Q�b�B�i�B�p�2 �r�?�2�Mv = 0�- �"�v �i�?�2 �b�i�`�Q�M�; �K���t�B�K�m�K �T�`�B�M�+�B�T�H�2�- �i�?�B�b �B�K�T�H�B�2�b �i�?���iv(t; x ) > 0
�7�Q�` ���H�H(t; x ) 2 (0; t1] � R�- �r�?�B�+�? �+�Q�M�i�`���/�B�+�i�bv(t1; x1) = 0 �X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �b�Q�H�m�i�B�Q�M �`�2�K���B�M�b
�b�i�`�B�+�i�H�v �T�Q�b�B�i�B�p�2 �7�Q�` ���H�Ht > 0 ���M�/x 2 R�X

�k�X�9�X�k�1�[�m�B�H�B�#�`�B�� ���M�/ �h�?�2�B�` �a�i���#�B�H�B�i�v �B�M �i�?�2 �.�v�M���K�B�+���H �a�v�b�i�2�K

�A�M �i�?�B�b �b�m�#�b�2�+�i�B�Q�M�- �r�2 �+�H�Q�b�2�H�v �2�t���K�B�M�2 �i�?�2�2�[�m�B�H�B�#�`�B���Q�7 �i�?�2 �/�v�M���K�B�+���H �b�v�b�i�2�K ���M�/ �b�i�m�/�v
�i�?�2�B�` �b�i���#�B�H�B�i�v�- �r�?�B�+�? �2�M���#�H�2�b �m�b �i�Q �;���B�M �� �#�2�i�i�2�` �m�M�/�2�`�b�i���M�/�B�M�; �Q�7 �i�?�2 �b�v�b�i�2�K �r�B�i�?�Q�m�i �/�B�z�m�@
�b�B�Q�M�X �*�Q�M�b�B�/�2�` �i�?�2 �P�.�1 �b�v�b�i�2�K ���b�b�Q�+�B���i�2�/ �r�B�i�? �U�k�X�R�V �r�B�i�? �T�Q�b�B�i�B�p�2 �`�2���H �T���`���K�2�i�2�`�brb�-bi �-
 �-
a�-sb�-� ���M�/r c ���M�/d 2 R+ �X

8
<

:
@tu� = rbu� (1 � u �

bi
) + 
 (1 � u �

bi
)v� � au � v�

sb+ u � � du� ;

@tv� = �u � � r cv� :
�U�k�X�9�V

�G�2�K�K�� �R�R�X�U�1�t�B�b�i�2�M�+�2 �Q�7�2�[�m�B�H�B�#�`�B���V
�G�2�id 2 R+ �X �a�m�T�T�Q�b�2 �i�?���id < sb(rbr c + �
 ) ���M�/sb > 1

r c
�X �h�?�2�M�- �r�2 �?���p�2 �i�?�2 �i�r�Q �7�Q�H�H�Q�r�B�M�;

�+���b�2�b�,

�Ç �*���b�2 �R�,d < r b + 
�
r c

�X �A�M �i�?�B�b �+���b�2�- �2�[�m���i�B�Q�M�U�k�X�9�V�?���b �i�?� �̀2�2 �2�[�m�B�H�B�#�`�B���, �� �M�2�;���i�B�p�2

�2�[�m�B�H�B�#�`�B�m�K(u�
1; v�

1)�- ���M�/ �� �T�Q�b�B�i�B�p�2 �2�[�m�B�H�B�#�`�B�m�K
�
u+

2 ; v+
2

�
���M�/(0; 0)�X

�Ç �*���b�2 �k�,d > r b + 
�
r c

�X �A�M �i�?�B�b �+���b�2�- �2�[�m���i�B�Q�M�U�k�X�9�V�?���b �i�?� �̀2�2 �2�[�m�B�H�B�#�`�B�m�K�, �i�r�Q �M�2�;���i�B�p�2

�2�[�m�B�H�B�#�`�B��(u�
1; v�

1)�-
�
u�

2 ; v�
2

�
���M�/(0; 0)�X

�_�2�K���`�F �R�X�h�?�2 �/�2�+���v �T��� �̀��K�2�i�2�` �r���b �+�?�Q�b�2�M �i�Q �2�M�b�m� �̀2 �i�?���i(0; 0) �B�b �i�?�2 �Q�M�H�v �b�i���i�B�Q�M���`�v �T�Q�B�M�i
�Q�7 �2�[�m���i�B�Q�M�U�k�X�9�V�X

�_�2�K���`�F �k�X�q�2 �M�Q�i�2 �i�?���i �M�2�;���i�B�p�2 �b�i���i�B�Q�M���`�v �b�i���i�2�b ��� �̀2 �M�Q�i �#�B�Q�H�Q�;�B�+���H�H�v �K�2���M�B�M�;�7�m�H �#�2�+���m�b�2
�i�?�2�v �/�Q �M�Q�i �+�Q�`� �̀2�b�T�Q�M�/ �i�Q � �̀2���H�B�b�i�B�+ �T�Q�T�m�H���i�B�Q�M �/�2�M�b�B�i�B�2�b�X �h�?�2� �̀2�7�Q� �̀2�- �Q�m�` ���M���H�v�b�B�b �7�Q�+�m�b�2�b �Q�M
�M�Q�M�M�2�;���i�B�p�2 �b�Q�H�m�i�B�Q�M�b�X

�S� �̀Q�Q�7�X
�q�2 �M�Q�i�2 �i�?���i(u� ; v� ) �B�b �i�?�2 �+�`�B�i�B�+���H �T�Q�B�M�i �Q�7 �U�k�X�9�V �B�7 �B�i �b���i�B�b�}�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�v�b�i�2�K�,

8
><

>:

rbu� (1 � u �

bi
) + 
 (1 � u �

bi
)v� � au � v�

sb+ u � � du� = 0; �U�k�X�8�V

v� =
�
r c

u� : �U�k�X�e�V

�j�8



�"�v �b�m�#�b�i�B�i�m�i�B�M�; �U�k�X�e�V �B�M�i�Q �U�k�X�8�V�- �r�2 �;�2�i�,

rbu� (1 �
u�

bi
) � du� +


�
r c

u� (1 �
u�

bi
) �

a� (u� )2

r c(sb + u� )

= u� [rb(1 �
u�

bi
) � d +


�
r c

(1 �
u�

bi
) �

a�u �

r c(sb + u� )
]

= 0

�r�?�B�+�? �v�B�2�H�/�b
u� = 0

�Q�`

rb(1 �
u�

bi
) � d +


�
r c

(1 �
u�

bi
) �

a�u �

r c(sb + u� )
= 0:

�q�2 �+���M �b�B�K�T�H�B�7�v �i�?�2 �T�`�2�p�B�Q�m�b �2�[�m���i�B�Q�M �i�Q �Q�#�i���B�M �� �K�Q�`�2 �+�Q�M�+�B�b�2 �2�t�T�`�2�b�b�B�Q�M�X �h�?�2 �7�Q�H�H�Q�r�B�M�;
�2�[�m���i�B�Q�M �`�2�T�`�2�b�2�M�i�b �i�?�B�b �b�B�K�T�H�B�}�+���i�B�Q�M�,

(u� )2[� r crb � 
� ] + u� [r crb(bi � sb) � dbi r c + 
� (bi � sb) � a�b i ] + rbr cbi sb �U�k�X�d�V

� dbi r csb + 
�b i sb = 0:

�h�Q �}�M�/ �i�?�2 �M�Q�M�x�2�`�Q�2�[�m�B�H�B�#�`�B���- �B�i �b�m�{�+�2�b �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �p���H�m�2�b �Q�7u� �7�Q�` �r�?�B�+�? �2�[�m���i�B�Q�M
�U�k�X�d�V �p���M�B�b�?�2�b�X �q�2 �i�?�2�M �b�Q�H�p�2 �2�[�m���i�B�Q�M �U�k�X�d�V�- �r�2 �+���H�+�m�H���i�2 �i�?�2 �/�B�b�+�`�B�K�B�M���M�i� �Q�7 �U�k�X�d�V�X

� = [( rbr c + �
 )(bi � sb) � abi � � dbi r c]2 + 4( rbr c + �
 )(sbbi (rbr c + �
 ) � dbi ):

���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �?�v�T�Q�i�?�2�b�B�b �Q�7 �i�?�2 �H�2�K�K���- �r�2 �?���p�2� > 0�X �h�?�2�`�2�7�Q�`�2 �2�[�m���i�B�Q�M �U�k�X�d�V �?���b �i�r�Q
�b�Q�H�m�i�B�Q�M�b

u�
1 =

(rbr c + �
 )(bi � sb) � abi � � dbi r c �
p

�
2(rbr c + �
 )

;

u�
2 =

(rbr c + �
 )(bi � sb) � abi � � dbi r c +
p

�
2(rbr c + �
 )

:

�q�2 �+�Q�M�+�H�m�/�2 �i�?���i �U�k�X�9�V �?���b �i�?�`�2�2�2�[�m�B�H�B�#�`�B��(0; 0)�-(u�
1; v�

1) ���M�/(u�
2; v�

2)�-

where v�
1 =

�
r c

u�
1 and v�

2 =
�
r c

u�
2:

�6�Q�` ���H�Hk 2 f 1; 2g�-u�
k ���`�2 �i�?�2 �b�Q�H�m�i�B�Q�M�b �Q�7 �2�[�m���i�B�Q�M �U�k�X�d�V�- ���M�/ �i�?�m�b �r�2 �?���p�2 �i�?�2 �7�Q�H�H�Q�r�B�M�;

�`�2�H���i�B�Q�M�b�, 8
<

:

u�
1u�

2 = sbbi [r br c+ �
 ]� dbi r csb
� r br c � �
 ;

u�
1 + u�

2 = (bi � sb)( r c r b+ 
� )� a�b i � dbi r c

r br c+ 
� :

�Ç �*���b�2 �R�,u�
1u�

2 < 0�X �a�B�M�+�2d < r b + 
�
r c

�- �r�2 �?���p�2 �i�?���iu�
1 ���M�/u�

2 ���`�2 �Q�7 �Q�T�T�Q�b�B�i�2 �b�B�;�M�X
�h�?�2�`�2�7�Q�`�2�- �r�2 �?���p�2 �� �M�2�;���i�B�p�2 �2�[�m�B�H�B�#�`�B�m�K(u�

1; v�
1) ���M�/ �� �T�Q�b�B�i�B�p�2 �2�[�m�B�H�B�#�`�B�m�K(u�

2; v�
2)�-

�r�?�B�+�? �r�B�H�H �#�2 �/�2�M�Q�i�2�/(u+
2 ; v+

2 )�X

�Ç �*���b�2 �k�,u�
1u�

2 > 0 ���M�/u�
1 + u�

2 < 0�X �a�B�M�+�2d > r b + 
�
r c

�-u�
1 ���M�/u�

2 ���`�2 �#�Q�i�? �M�2�;���i�B�p�2�X
�h�?�2�`�2�7�Q�`�2�- �r�2 �?���p�2 �i�r�Q �M�2�;���i�B�p�2 �2�[�m�B�H�B�#�`�B���X

�G�2�i �m�b �/�B�b�+�m�b�b �i�?�2 �b�i���#�B�H�B�i�v �Q�7 �i�?�2�2�[�m�B�H�B�#�`�B���B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�i���i�2�K�2�M�i�,

�j�e



�G�2�K�K�� �R�k�X�U�a�i���#�B�H�B�i�v �Q�7 �2�[�m�B�H�B�#�`�B���V

�G�2�id 2 R+ �X �a�m�T�T�Q�b�2 �i�?���id < sb(rbr c + �
 ) ���M�/sb > 1
r c

a) �A�7rb < d < r b+

�
r c

���M�/f 0
�
u+

2

�
> max

�
� r br c

�b i
� d

v+
2

; � 2r br c
�b i

� d
v+

2
+ (r b� r c )

v+
2

�

�r�?�2� �̀2f (u� ) =

� 

�
1 � u �

bi

�
+ au �

sb+ u � �- �i�?�2�M(0; 0) �B�b ���M �m�M�b�i���#�H�2 �2�[�m�B�H�B�#�`�B�m�K ���M�/
�
u+

2 ; v+
2

�
�B�b �� �b�i���#�H�2 �T�Q�b�B�i�B�p�2 �2�[�m�B�H�B�#�`�B�m�K �Q�7�U�k�X�9�V�X

b) �A�7d > r b + 
�
r c

�- �i�?�2�M(0; 0) �B�b �� �b�i���#�H�2 �2�[�m�B�H�B�#�`�B�m�K
�J�Q� �̀2�Q�p�2�`�- �i�?�2� �̀2 �B�b �M�Q �T�Q�b�B�i�B�p�2 �2�[�m�B�H�B�#�`�B�m�K �Q�7�U�k�X�9�V�X

�S� �̀Q�Q�7�X
�q�2 �+�Q�M�b�B�/�2�` �i�?�2 �7�Q�H�H�Q�r�B�M�; �P�.�1�b�,

8
<

:

@tu� = rbu�
�
1 � u �

bi

�
� du� � f (u� ) v� = F1 (u� ; v� ) ;

@tv� = �u � � r cv� = F2 (u� ; v� ) :

�q�B�i�?F (u� ; v� ) = ( F1 (u� ; v� ) ; F2 (u� ; v� )) ���M�/f (u� ) = � 

�
1 � u �

bi

�
+ au �

sb+ u � �X
�q�2 �/�2�}�M�2DF (u� ; v� ) �i�?�2 �/�B�z�2�`�2�M�i�B���H �Q�7 �i�?�2 �7�m�M�+�i�B�Q�MF ���i �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i(u� ; v� )�,

DF (u� ; v� ) =

 
@F1
@u�

@F1
@v�

@F2
@u�

@F2
@v�

!

=

 
rb

�
1 � 2u �

bi

�
� f 0(u� ) v� � d � f (u� )
� � r c

!

:

�q�2 �+�Q�K�T�m�i�2 �i�?�2 �/�2�i�2�`�K�B�M���M�i ���M�/ �i�?�2 �i�`���+�2 �Q�7 �i�?�B�b �K���i�`�B�t�,

Tr ( DF (u� ; v� )) = rb

�

1 �
2u�

bi

�

� f 0(u� ) v� � d � r c;

det (DF (u� ; v� )) = � r crb

�

1 �
2u�

bi

�

+ r cf 0(u� ) v� + drc + �f (u� ) :

�h�?�2�M�- �r�2 �+�Q�M�b�B�/�2�` �i�?�2 �i�r�Q �+���b�2�b �B�M �i�?�2 �b�i���i�2�K�2�M�i �Q�7 �i�?�2 �G�2�K�K���,

a) Tr ( DF (0; 0)) = rb� d� r c < 0�- �b�B�M�+�2rb < d ���M�/det (DF (0; 0)) = � rbr c+ drc � �
 < 0�-
�b�B�M�+�2d < r b + 
�

r c
�X �>�2�M�+�2�-(0; 0) �B�b ���M �m�M�b�i���#�H�2

�2�[�m�B�H�B�#�`�B�m�K �Q�7 �U�k�X�9�V�X
�a�B�K�B�H���`�H�v�-

Tr
�
DF

�
u+

2 ; v+
2

��
= rb

 

1 �
2u+

2

bi

!

� f 0
�
u+

2

�
v+

2 � d � r c;

det
�
DF

��
u+

2 ; v+
2

���
= � rbr c

 

1 �
2u+

2

bi

!

+ r cf 0
�
u+

2

�
v+

2 + r cd + �f
�
u+

2

�
:

���b �r�2 �?���p�2f 0
�
u+

2

�
> max

�
� r br c

�b i
� d

v+
2

; � 2r br c
�b i

� d
v+

2
+ (r b� r c )

v+
2

�

�-

�i�?�2�MTr
�
DF

�
u+

2 ; v+
2

��
< 0 ���M�/det

�
DF

�
u+

2 ; v+
2

��
> 0�- �i�?�m�b

�
u+

2 ; v+
2

�
�B�b �� �b�i���#�H�2

�T�Q�b�B�i�B�p�2 �2�[�m�B�H�B�#�`�B�m�K �Q�7 �U�k�X�9�V�X

b) Tr ( DF (0; 0)) = rb � d � r c < 0�- �b�B�M�+�2rb < d ���M�/det (DF (0; 0)) = rbr c + drc � �
 > 0�-
�b�B�M�+�2d > r b + 
�

r c
�X �h�?�m�b�-(0; 0) �B�b �� �b�i���#�H�2 �2�[�m�B�H�B�#�`�B�m�K�X

�j�d



�_�2�K���`�F �j�X
�h�?�B�b �H�2�K�K�� �+�Q�M�}�`�K�b �i�?���i �i�?�2 �K�2� �̀2 �2�t�B�b�i�2�M�+�2 �Q�7 �� �M�Q�M�i�`�B�p�B���H �T�Q�b�B�i�B�p�2 �2�[�m�B�H�B�#�`�B�m�K �B�K�T�H�B�2�b �i�?�2

�B�M�b�i���#�B�H�B�i�v �Q�7 �i�?�2 �i�`�B�p�B���H �2�[�m�B�H�B�#�`�B�m�K(0; 0)�X �>�Q�r�2�p�2�`�- �i�?�2 �b�i���#�B�H�B�i�v �Q�7 �i�?�B�b �T�Q�b�B�i�B�p�2 �2�[�m�B�H�B�#�`�B�m�K
�B�b �M�Q�i ���m�i�Q�K���i�B�+�, �B�i � �̀2�[�m�B� �̀2�b ���M ���/�/�B�i�B�Q�M���H �+�Q�M�/�B�i�B�Q�M �Q�M �i�?�2 �/�2�`�B�p���i�B�p�2f 0 ���i �i�?�B�b �T�Q�B�M�i�X

���7�i�2�` �b�i�m�/�v�B�M�; �i�?�2 �b�i���#�B�H�B�i�v �Q�7 �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i�b�- �r�2 �M�Q�r ���M���H�v�x�2 �?�Q�r �i�?�2�v �2�p�Q�H�p�2 ���b
�� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �T���`���K�2�i�2�`d�X �A�M �T���`�i�B�+�m�H���`�- �r�2 �T�H�Q�i �� �#�B�7�m�`�+���i�B�Q�M �/�B���;�`���K �i�Q �p�B�b�m���H�B�x�2 �i�?�2
�+�`�B�i�B�+���H �i�?�`�2�b�?�Q�H�/�b �r�?�2�`�2 �� �[�m���H�B�i���i�B�p�2 �+�?���M�;�2 �Q�+�+�m�`�b �B�M �i�?�2 �b�v�b�i�2�K �/�v�M���K�B�+�b�X

�6�B�;�m�`�2 �k�X�j�, �"�B�7�m�`�+���i�B�Q�M �/�B���;�`���K �Q�7 �m ���b ��
�7�m�M�+�i�B�Q�M �Q�7 �/�X

�6�B�;�m�`�2 �k�X�9�, �"�B�7�m�`�+���i�B�Q�M �/�B���;�`���K �Q�7 �p ���b ��
�7�m�M�+�i�B�Q�M �Q�7 �/�X

�6�Q�H�H�Q�r�B�M�; �i�?�2 �T�`�2�H�B�K�B�M���`�v �`�2�b�m�H�i�b �Q�#�i���B�M�2�/ �B�M �i�?�2 �T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M�- �r�2 �M�Q�r �T�`�2�b�2�M�i �i�?�2
�2�b�i�B�K���i�B�Q�M �Q�7 �i�?�2 �r���p�2 �b�T�2�2�/ �7�Q�` �i�?�2 �K�Q�/�2�H�- �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �r�?�B�+�? �r���b �/�2�K�Q�M�b�i�`���i�2�/ �B�M
�h�?�2�Q�`�2�K�e�X

�k�X�8�1�b�i�B�K���i�B�Q�M �Q�7 �i�?�2 �r���p�2 �b�T�2�2�/ �7�Q�` �i�?�2 �K�Q�/�2�H

�A�M �i�?�B�b �b�m�#�b�2�+�i�B�Q�M�- �r�2 ���M���H�v�i�B�+���H�H�v �/�2�i�2�`�K�B�M�2 �i�?�2 �r���p�2 �b�T�2�2�/ �#���b�2�/ �Q�M �i�?�2 �K�Q�/�2�H �T���`���K�@
�2�i�2�`�b�X �h�?���M�F�b �i�Q �h�?�2�Q�`�2�K�e�- �r�2 �+���M ���{�`�K �i�?���i �K�Q�/�2�H �U�k�X�R�V �2�t�?�B�#�B�i�b �b�Q�H�m�i�B�Q�M�b �B�M �i�?�2 �7�Q�`�K
�Q�7 �T�`�Q�;�`�2�b�b�B�p�2 �r���p�2�b�X �*�Q�M�b�2�[�m�2�M�i�H�v�- �i�?�2 �p���`�B���#�H�2�bu(x; t ) ���M�/v(x; t ) �+���M �#�2 �`�2�T�`�2�b�2�M�i�2�/ ���b
�T�`�Q�;�`�2�b�b�B�p�2 �r���p�2�b�- �B�X�2�X�-u(x; t ) = U(x � ct) ���M�/v(x; t ) = V(x � ct)�X �A�i �B�b �M�Q�i�2�r�Q�`�i�?�v �i�?���i �r�2
�2�K�T�H�Q�v �i�?�2 �b���K�2 �b�i�`���i�2�;�v ���b �B�M �(�k�d�) �i�Q ���M���H�v�x�2 �i�?�2 �r���p�2 �b�T�2�2�/ �B�M �Q�m�` �+�Q�M�i�2�t�i�X �h�Q �}�M�/ �i�?�2
�K�B�M�B�K�m�K �b�T�2�2�/�- �r�2 �#�2�;�B�M �#�v �H�B�M�2���`�B�x�B�M�; �i�?�2 �b�v�b�i�2�K �U�k�X�R�V ���i(0; 0) �i�Q �}�M�/ �T�Q�b�B�i�B�p�2 �b�Q�H�m�i�B�Q�M�b�X
�a�m�#�b�2�[�m�2�M�i�H�v�- �r�2 �b�2���`�+�? �7�Q�` �i�?�2 �K�B�M�B�K�m�K �p���H�m�2 �Q�7 �i�?�2 �r���p�2 �b�T�2�2�/ �7�Q�` �r�?�B�+�? �T�Q�b�B�i�B�p�2 �b�Q�H�m�i�B�Q�M�b
�2�t�B�b�i�X ���7�i�2�` �i�?�B�b �H�B�M�2���`�B�x���i�B�Q�M ���i(0; 0)�- �r�2 �Q�#�i���B�M �i�?�2 �b�v�b�i�2�K�,

8
<

:
� cU0 � DU

00
= ( rb � d)U + 
V;

� cV0 � DV
00

= �U � r cV:
�U�k�X�3�V

�q�2 ���`�2 �H�Q�Q�F�B�M�; �7�Q�` �b�Q�H�m�i�B�Q�M�b �B�M �i�?�2 �7�Q�`�K

U(x � ct) = p1e� � (x � ct) ; V(x � ct) = p2e� � (x � ct) :

�>�2�M�+�2�- �b�v�b�i�2�K �U�k�X�3�V �v�B�2�H�/�b�,
8
<

:
c�p 1 � D� 2p1 = ( rb � d)p1 + 
p 2;

c�p 2 � D� 2p2 = �p 1 � r cp2:
�U�k�X�N�V

�j�3



�h�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �K�B�M�B�K�m�K �r���p�2 �b�T�2�2�/�- �B�i �B�b �M�2�+�2�b�b���`�v �i�Q �}�M�/ �i�?�2 �K�B�M�B�K�m�K �p���H�m�2 �Q�7c �7�Q�`
�r�?�B�+�? �i�?�2 �b�v�b�i�2�K�k�X�N���/�K�B�i�b �� �T�Q�b�B�i�B�p�2 �b�Q�H�m�i�B�Q�M� �X �A�M�i�`�Q�/�m�+�B�M�; �i�?�2 �T���`���K�2�i�2�`X = c� � D� 2

���M�/�2�H�B�K�B�M���i�B�M�; �i�?�2 �p���`�B���#�H�2�bp1 ���M�/p2�- �r�2 �Q�#�i���B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�[�m���i�B�Q�M �,

X 2 + ( r c + d � rb)X + r c(d � rb) � �
 = 0:

�>�2�M�+�2�-

c� = min
�> 0

D� +
X +

�
= 2

q
DX + ;

�r�?�2�`�2X + =
� r c � d+ r b+

p
(r c � d+ r b)2+4 �

2 :

�q�2 ���`�2 �b�i�m�/�v�B�M�; �i�?�2 �/�2�T�2�M�/�2�M�+�2 �Q�7 �i�?�2 ���M���H�v�i�B�+���H �r���p�2 �b�T�2�2�/ �Q�M �b�2�p�2�`���H �T���`���K�2�i�2�`�b�-
�T���`�i�B�+�m�H���`�H�v �i�?�2 �T���`���K�2�i�2�`d�- �r�?�B�+�? �`�2�T�`�2�b�2�M�i�b �i�?�2 �K�Q�`�i���H�B�i�v �`���i�2�X �q�2 �+�Q�M�b�B�/�2�` �i�?�2 �`���M�;�2 �Q�7
�p���H�m�2�b �7�Q�`d �i�Q �#�2(0:021; 0:03712)�X �A�M ���/�/�B�i�B�Q�M �i�Q �i�?�2 ���M���H�v�b�B�b �Q�7 �i�?�2 ���M���H�v�i�B�+���H �r���p�2 �b�T�2�2�/�ö�b
�/�2�T�2�M�/�2�M�+�2�- �r�2 ���`�2 �+���H�+�m�H���i�B�M�; ���M�/ �;�`���T�?�B�+���H�H�v �`�2�T�`�2�b�2�M�i�B�M�; �i�?�2 �M�m�K�2�`�B�+���H �r���p�2 �b�T�2�2�/�- �r�?�B�+�?
�B�b �+���H�+�m�H���i�2�/ �m�b�B�M�; �i�?�2 �7�Q�`�K�m�H�� �7�Q�` �/�B�p�B�/�B�M�; �/�B�b�i���M�+�2 �#�v �i�B�K�2 �U�b�2�2 �6�B�;�m�`�2�k�X�8�V�X �� �/�2�i���B�H�2�/
�2�t�T�H���M���i�B�Q�M �Q�7 �i�?�2 �p���H�m�2�b �Q�7 ���H�H �T���`���K�2�i�2�`�b �m�b�2�/ �B�M �i�?�B�b �b�B�K�m�H���i�B�Q�M �B�b �T�`�Q�p�B�/�2�/ �H���i�2�` �B�M �a�2�+�i�B�Q�M
�k�X�d�Q�7 �i�?�2 �T���T�2�`�X

�6�B�;�m�`�2 �k�X�8�, �.�2�T�2�M�/�2�M�+�2 �Q�7 �i�?�2 �r���p�2 �b�T�2�2�/ �Q�M �i�?�2 �T���`���K�2�i�2�`d 2 (0:021; 0:03712)�X
�q���p�2 �b�T�2�2�/ �B�M �M�m�K�2�`�B�+���H �b�B�K�m�H���i�B�Q�M�b ���M�/ ���M���H�v�i�B�+���H �7�Q�`�K�m�H�� �U�+�m�`�p�2�b �+�Q�B�M�+�B�/�2�V �7�Q�`
�i�?�2 �p���H�m�2�b �Q�7 �T���`���K�2�i�2�`�b �,rb = 0:02�-r c = 0:3129�-� = 0:06258�-D = 0:2�-
 = 0:0856�X

�k�X�e�S�`�Q�Q�7 �Q�7 �i�?�2 �K���B�M �`�2�b�m�H�i�b

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �T�`�Q�p�2 �Q�m�` �K���B�M �`�2�b�m�H�i�b�X �q�2 �r�B�H�H �b�i���`�i �#�v �T�`�2�b�2�M�i�B�M�; �i�?�2 �T�`�Q�Q�7 �Q�7 �i�?�2
�}�`�b�i �`�2�b�m�H�i�X

�k�X�e�X�R�S�`�Q�Q�7 �Q�7 �h�?�2�Q�`�2�K�e

�"�2�7�Q�`�2 �T�`�Q�p�B�M�; �i�?�2 �i�?�2�Q�`�2�K�- �H�2�i �m�b �}�`�b�i �b�?�Q�r �i�?���i �Q�m�` �b�v�b�i�2�K �B�b �+�Q�Q�T�2�`���i�B�p�2�- �i�?�2�M �r�2
�/�2�}�M�2 �i�?�2 �+�Q�M�+�2�T�i �Q�7 �B�M�p���`�B���M�i �b�2�i�b ���M�/ �B�M�i�`�Q�/�m�+�2 �b�Q�K�2 �M�Q�i���i�B�Q�M�b�- ���b �i�?�2�v ���`�2 �M�2�+�2�b�b���`�v �7�Q�`
�i�?�2 �T�`�Q�Q�7�X

�j�N



�G�2�K�K�� �R�j�X
�A�7
 > a > 0�-� > 0�-sb > bi �- ���M�/0 < u � bi

2 �- �i�?�2�M �i�?�2 �b�v�b�i�2�K�U�k�X�R�V
�B�b �+�Q�Q�T�2� �̀��i�B�p�2�X

�S� �̀Q�Q�7�X
���b �B�M�i�`�Q�/�m�+�2�/ �B�M �G�2�K�K���R�k�- �i�?�2 �7�m�M�+�i�B�Q�M�bF1(u; v) ���M�/F2(u; v) ���`�2 �;�B�p�2�M �#�v�,

F1(u; v) = rbu
�

1 �
u
bi

�

+ 

�

1 �
u
bi

�

v �
au

sb + u
v � du;

F2(u; v) = �u � r cv:

�q�2 ���B�K �i�Q �/�2�K�Q�M�b�i�`���i�2 �i�?���i �i�?�2 �b�v�b�i�2�K �B�b �+�Q�Q�T�2�`���i�B�p�2 �#�v �b�?�Q�r�B�M�; �i�?���i@F1
@v(u; v)

���M�/@F2
@u(u; v) ���`�2 �T�Q�b�B�i�B�p�2�X �6�B�`�b�i�- �r�2 �+�Q�K�T�m�i�2 �i�?�2 �T���`�i�B���H �/�2�`�B�p���i�B�p�2�b�,

@F1
@v

(u; v) = 

�

1 �
u
bi

�

�
au

sb + u
:

�L�2�t�i�- �r�2 �`�2�r�`�B�i�2 �i�?�2 �2�t�T�`�2�b�b�B�Q�M �7�Q�`@F1
@v(u; v) ���b �7�Q�H�H�Q�r�b�,

@F1
@v

(u; v) =
1

sb + u

�



�

1 �
u
bi

�

(sb + u) � au
�

:

�L�Q�r�- �r�2 �Q�#�b�2�`�p�2 �i�?���i �b�B�M�+�20 � u � bi
2 ���M�/
 > a �- �B�i �7�Q�H�H�Q�r�b �i�?���i�,



�

1 �
u
bi

�

(sb + u) >
a(sb + u)

2
:

�6�`�Q�K �i�?�B�b�- �m�M�/�2�` �i�?�2 ���b�b�m�K�T�i�B�Q�M �i�?���isb > bi �-u � bi
2 �- ���M�/a > 0�- �r�2 �+���M �+�Q�M�+�H�m�/�2�,



�

1 �
u
bi

�

(sb + u) > au:

�h�?�B�b �B�K�T�H�B�2�b �i�?���i�,

@F1
@v

(u; v) > 0:

�L�2�t�i�- �r�2 �+�Q�K�T�m�i�2 �i�?�2 �T���`�i�B���H �/�2�`�B�p���i�B�p�2 �Q�7F2(u; v) �r�B�i�? �`�2�b�T�2�+�i �i�Qu�,

@F2
@u

(u; v) = �:

�a�B�M�+�2� > 0�- �r�2 �+�Q�M�+�H�m�/�2 �i�?���i�,
@F2
@u

(u; v) > 0:

�h�?�m�b�- �#�Q�i�? �T���`�i�B���H �/�2�`�B�p���i�B�p�2�b ���`�2 �T�Q�b�B�i�B�p�2�- �r�?�B�+�? �T�`�Q�p�2�b �i�?���i �i�?�2 �b�v�b�i�2�K �B�b �+�Q�Q�T�2�`���i�B�p�2�X

�h�?�2 �K�Q�M�Q�i�Q�M�B�+�B�i�v �Q�7 �i�?�2 �b�v�b�i�2�K �;�m���`���M�i�2�2�b �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �i�`���p�2�H�B�M�; �r���p�2 �b�Q�H�m�i�B�Q�M�b �B�M
�#�Q�i�? �#�B�b�i���#�H�2 ���M�/ �K�Q�M�Q�b�i���#�H�2 �+���b�2�b�- �Q�m�` �T���T�2�` �7�Q�+�m�b�B�M�; �K���B�M�H�v �Q�M �i�?�2 �H���i�i�2�`�X

�9�y



�k�X�e�X�R�X�R�.�2�}�M�B�i�B�Q�M ���M�/ �L�Q�i���i�B�Q�M�b

�.�2�}�M�B�i�B�Q�M �R�9�X�U�.�2�}�M�B�i�B�Q�M �Q�7 �A�M�p���`�B���M�i �a�2�i�V
�G�2�i
 �#�2 ���M �Q�T�2�M �b�m�#�b�2�i �Q�7Rn �X �� �+�H�Q�b�2�/ �b�m�#�b�2�iI � Rn �B�b �+���H�H�2�/ �� �U�T�Q�b�B�i�B�p�2�H�v�V �B�M�p���`�B���M�i

� �̀2�;�B�Q�M �7�Q�` �i�?�2 �b�Q�H�m�i�B�Q�M �/�2�}�M�2�/ �#�v �2�[�m���i�B�Q�M�b�U�k�X�R�V�B�7 �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�M�/�B�i�B�Q�M �?�Q�H�/�b�, ���M�v �b�Q�H�m�i�B�Q�M
(u(x; t ); v(x; t )) �r�B�i�? ���H�H �B�i�b �#�Q�m�M�/���`�v ���M�/ �B�M�B�i�B���H �p���H�m�2�b �B�MI �b���i�B�b�}�2�b(u(x; t ); v(x; t )) 2 I �7�Q�`
���H�Hx 2 
 ���M�/ �7�Q�` ���H�Ht 2 [0; 1 )�X

�h�?�B�b �/�2�}�M�B�i�B�Q�M �B�b �7�Q�m�M�/ �B�M �(�3�k�)�X �J�Q�`�2 �T�`�2�+�B�b�2�H�v�- �r�2 �+�Q�M�b�B�/�2�` �� �b�2�i �Q�7 �i�?�2 �7�Q�`�K�,

I = f V 2 Rn j Gi (V) � 0; 8i = 1; : : : ; ng: �U�k�X�R�y�V

�h�Q �b�?�Q�r �i�?���iI �B�b ���M �B�M�p���`�B���M�i �`�2�;�B�Q�M�- �r�2 �p�2�`�B�7�v �i�?���i �i�?�2 ���b�b�Q�+�B���i�2�/ �p�2�+�i�Q�` �}�2�H�/ �T�Q�B�M�i�b �b�i�`�B�+�i�H�v
�B�M�r���`�/ �Q�M �i�?�2 �#�Q�m�M�/���`�v@I�X �h�?���i �B�b�- �i�?�2 �b�K�Q�Q�i�? �7�m�M�+�i�B�Q�MG : Rn ! R �b���i�B�b�}�2�b�,

dGi (F ) < 0 ���i V0; �r�?�2�`�2Gi (V0) = 0 : �U�k�X�R�R�V

�h�?�B�b �+�Q�M�/�B�i�B�Q�M �2�M�b�m�`�2�b �i�?���i ���M�v �i�`���D�2�+�i�Q�`�v �Q�7 �i�?�2 �b�v�b�i�2�K �b�i���`�i�B�M�; �B�MI �`�2�K���B�M�b �B�MI �7�Q�` ���H�H
t � 0�- �i�?�m�b �T�`�Q�p�B�M�; �i�?���iI �B�b ���M �B�M�p���`�B���M�i �`�2�;�B�Q�M�X

�L�Q�i���i�B�Q�M �R�X
�A�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�2�+�i�B�Q�M�b�- �i�?�2 �p�2�+�i�Q�`X := ( X 1; X 2) �B�b �b���B�/ �i�Q �#�2 �T�Q�b�B�i�B�p�2 �B�7X 1 � 0 ���M�/

X 2 � 0 ���M�/ �r�2 �M�Q�i�2 �B�i(X 1; X 2) � (0; 0)�X �h�?�2 �p�2�+�i�Q�`X := ( X 1; X 2) �B�b �b���B�/ �i�Q �#�2 �b�i�`�B�+�i�H�v
�T�Q�b�B�i�B�p�2 �B�7X 1 > 0 ���M�/X 2 > 0 ���M�/ �r�2 �M�Q�i�2 �B�i(X 1; X 2) � (0; 0)�X �6�Q�` ���M�v(X 1; X 2) � (0; 0)�-
�r�2 �/�2�}�M�2C(X 1 ;X 2 ) = f (u; v); 0 � u � X 1; 0 � v � X 2g�X

�k�X�e�X�R�X�k�S�`�Q�Q�7 �Q�7 �h�?�2�Q�`�2�K�e

�h�Q �2�b�i���#�H�B�b�? �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �� �T�`�Q�T���;���i�B�Q�M �b�T�2�2�/�- �r�2 �7�Q�H�H�Q�r �i�?�2 ���T�T�`�Q���+�? �Q�7 �h�?�2�Q�`�2�K
4:1 �7�`�Q�K �(�N�9�)�- �r�?�B�+�? �2�M�b�m�`�2�b �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �� �r�2�H�H�@�/�2�}�M�2�/ ���b�v�K�T�i�Q�i�B�+ �b�T�2�2�/ �m�M�/�2�` �+�2�`�i���B�M
�+�Q�M�/�B�i�B�Q�M�b�X �"�2�7�Q�`�2 �p�2�`�B�7�v�B�M�; �i�?�2�b�2 �+�Q�M�/�B�i�B�Q�M�b�- �H�2�i �m�b �#�`�B�2�~�v �`�2�+���H�H �i�?�2 �m�M�/�2�`�H�v�B�M�; �B�M�i�m�B�i�B�Q�M�,
�i�?�2 �B�/�2�� �B�b �i�Q �B�/�2�M�i�B�7�v ���M �B�M�p���`�B���M�i �`�2�;�B�Q�M �i�?���i �+�Q�M�b�i�`���B�M�b �i�?�2 �2�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �b�Q�H�m�i�B�Q�M ���M�/ �i�Q
�/�2�K�Q�M�b�i�`���i�2 �i�?���i �i�?�2 �b�v�b�i�2�K ���/�K�B�i�b �� �r�2�H�H�@�/�2�}�M�2�/ �T�`�Q�T���;���i�B�Q�M �b�T�2�2�/�X �A�M �r�?���i �7�Q�H�H�Q�r�b�- �r�2
�p�2�`�B�7�v �i�?�2 �?�v�T�Q�i�?�2�b�2�b �Q�7 �h�?�2�Q�`�2�K4:1�X

�B�V�a�B�M�+�2d < r b + 
�
r c

�- �i�?�2�M �7�`�Q�K �G�2�K�K���R�R�- �r�2 �b�2�2 �i�?���i �U�k�X�R�V �?���b �� �T�Q�b�B�i�B�p�2 �2�[�m�B�H�B�#�`�B�m�K
(u+

2 ; v+
2 )�- �B�X�2(u+

2 ; v+
2 ) � (0; 0)�X

�B�B�V�L�2�t�i�- �r�2 �b�?�Q�r �i�?���i

C(u+
2 ;v+

2 ) = f (u; v); 0 � u � u+
2 ; 0 � v � v+

2 g

�B�b ���M �B�M�p���`�B���M�i �b�2�i �Q�7 �U�k�X�R�V�X �q�2 �m�b�2 �.�2�}�M�B�i�B�Q�M�R�9�X �G�2�i(u; v) 2 C(u+
2 ;v+

2 ) ���M�/ �/�2�}�M�2
G1 (u; v) = � u�X �L�Q�r�- �b�B�M�+�2

F (u; v) =
�

rbu
�

1 �
u
bi

�

+ 

�

1 �
u
bi

�

v �
auv

sb + u
� du; �u � r cv

�

;

���M�/ �#�v �i���F�B�M�; �i�?�2 �/�B�z�2�`�2�M�i�B���H �Q�7G1�- �r�2 �Q�#�i���B�M

dG1(F )ju=0 = � 
v < 0;

�b�B�M�+�2v > 0 ���M�/� 
 < 0�X �J�Q�`�2�Q�p�2�`�- �B�7 �r�2 �b�2�iG2(u; v) = � v�- �r�2 �Q�#�i���B�M �i�?���i

dG2(F )jv=0 = � �u < 0;

�9�R



�b�B�M�+�2u � 0 ���M�/� > 0�X �a�B�K�B�H���`�H�v�- �B�7G3(u; v) = v � v+
2 �- ���M�/G4(u; v) = u � u+

2 �- �r�2
�Q�#�i���B�M �i�?���i

dG3(F )jv= v+
2

= �u � r cv+
2 = � (u � u+

2 ) � 0;

���M�/

dG4(F )ju= u+
2

= rbu+
2 (1 �

u+
2

bi
) � du+

2 + 
 (1 �
u+

2

bi
)v �

au+
2 v

sb + u+
2

:

�_�2�r�`�B�i�B�M�; �i�?�2 ���#�Q�p�2 �2�t�T�`�2�b�b�B�Q�M�- �r�2 �;�2�i�,

dG4(F )ju= u+
2

= rbu+
2 (1 �

u+
2

bi
) � du+

2 �
rbr c(1 � u+

2
bi

)v

�
+

drcv
�

:

�6�m�`�i�?�2�` �b�B�K�T�H�B�7�v�B�M�;�- �r�2 �?���p�2�,

dG4(F )ju= u+
2

=
rb

�
[1 �

u+
2

bi
][�u +

2 � r cv] + d[
r c

�
v � u+

2 ]:

�_�2���`�`���M�;�B�M�; �i�2�`�K�b�- �r�2 �Q�#�i���B�M�,

dG4(F )ju= u+
2

=
rbr c

�
(1 �

u+
2

bi
)[v+

2 � v] +
r cd
�

[v � v+
2 ]:

�6�B�M���H�H�v�- �i�?�2 �+�Q�M�+�H�m�/�B�M�; �b�i���i�2�K�2�M�i ���#�Q�m�i �i�?�2 �B�M�2�[�m���H�B�i�v�,

dG4(F )ju= u+
2

=
r c

�
[v � v+

2 ][d � rb +
rbu+

2

bi
] < 0;

�`�2�b�T�2�+�i�B�p�2�H�v�- �b�B�M�+�2u � u+
2 �- v � v+

2 �- � > 0 ���M�/d > r b�X �"�v �m�b�B�M�; �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7
���M �B�M�p���`�B���M�i �b�2�i�- �r�2 �+�Q�M�+�H�m�/�2 �i�?���iC(u+

2 ;v+
2 ) = f (u; v); 0 � u � u+

2 ; 0 � v � v+
2 g �B�b ���M

�B�M�p���`�B���M�i �b�2�i �Q�7 �U�k�X�R�V�X

�B�B�B�V�A�M �i�?�B�b �b�i�2�T�- �r�2 �r�B�H�H �p�2�`�B�7�v �i�?�2 �?�v�T�Q�i�?�2�b�2�b �Q�7 �(�N�9�- �T�`�Q�T�Q�b�B�i�B�Q�M �k�X�R �)�X

� F (0; 0) = F (u+
2 ; v+

2 ) = (0 ; 0) ���M�/(u+
2 ; v+

2 ) � (0; 0) �r�?�B�+�? �B�b �K�B�M�B�K���H �B�M �i�?�2 �b�2�M�b�2
�i�?���i �i�?�2�`�2 �B�b �M�Q �Q�i�?�2�` �2�[�m�B�H�B�#�`�B�m�K �i�?���M(0; 0) ���M�/(u+

2 ; v+
2 ) �B�M �i�?�2 �b�2�iCu+

2 ;v+
2

�- �r�?�2�M

d < r b + 
�
r c

:

� F (� 1; � 2) �B�b �� �+�Q�M�i�B�M�m�Q�m�b ���M�/ �T�B�2�+�2�r�B�b�2 �+�Q�M�i�B�M�m�Q�m�b�H�v �/�B�z�2�`�2�M�i�B���#�H�2 �B�M(� 1; � 2) �7�Q�`
(0; 0) < (� 1; � 2) � (u+

2 ; v+
2 ) ���M�/ �/�B�z�2�`�2�M�i�B���#�H�2 ���i(0; 0)�X

� �a�B�M�+�2
 > a �c� > 0�csb > bi ���M�/0 < u � bi
2 �- �r�2 �+���M �+�Q�M�+�H�m�/�2 �7�`�Q�K �G�2�K�K���R�j�i�?���i

�i�?�2 �b�v�b�i�2�K �U�k�X�R�V �B�b �+�Q�Q�T�2�`���i�B�p�2�X

� F �/�Q�2�b �M�Q�i �/�2�T�2�M�/ �2�t�T�H�B�+�B�i�H�v �Q�M �2�B�i�?�2�`x �Q�t̀�X

� �h�?�2 �C���+�Q�#�B���M �K���i�`�B�tDF (0; 0) =

 
rb � d 


� � r c

!

�B�b �B�M �6�`�Q�#�2�M�B�m�b �7�Q�`�K�X �h�?�2

�T�`�B�M�+�B�T���H �2�B�;�2�M�p���H�m�2


 1(0) =
r b� d� r c+

p
(� r b+ d+ r c )2 � 4(� r br c+ dr c � 
� )

2 > 0�- �b�B�M�+�2d < r b + 
�
r c

�X

�h�?�2�M ���+�+�Q�`�/�B�M�; �i�Q �h�?�2�Q�`�2�K4:1 �B�M �(�N�9�)�- �i�?�2�`�2 �B�b �� �b�T�`�2���/�B�M�; �b�T�2�2�/c� > 0 �r�B�i�? �i�?�2
�T�`�Q�T�2�`�i�B�2�b �i�?���i �7�Q�` �2�p�2�`�v �T�Q�b�B�i�B�p�2� �,

� �6�Q�` ���M�v �B�M�B�i�B���H �7�m�M�+�i�B�Q�M(u0(x); v0(x)) �B�MC(u+
2 ;v+

2 ) = f (u; v); 0 � u � u+
2 ; 0 � v �

v+
2 g �r�?�B�+�? �p���M�B�b�?�2�b �Q�m�i�b�B�/�2 �� �#�Q�m�M�/�2�/ �b�2�i�- �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �U�k�X�R�V �b���i�B�b�}�2�b

lim
t ! + 1

[ max
jx j� t (c� + � )

j(u(x; t ); v(x; t )) j] = 0; 8� > 0:

�9�k



� �6�Q�` ���M�v �b�i�`�B�+�i�H�v �T�Q�b�B�i�B�p�2 �+�Q�M�b�i���M�i �p�2�+�i�Q�`w�- �i�?�2�`�2 �2�t�B�b�i�b �� �T�Q�b�B�i�B�p�2Rw �r�B�i�? �i�?�2
�T�`�Q�T�2�`�i�v �i�?���i �B�7(u0(x); v0(x)) � w �Q�M ���M �B�M�i�2�`�p���H �Q�7 �H�2�M�;�i�?2Rw �- �i�?�2�M

lim
t ! + 1

[ max
jx j� t (c� � � )

j(u+
2 ; v+

2 ) � (u(x; t ); v(x; t )) j] = 0:

�q�2 ���`�2 �M�Q�r �B�M �� �T�Q�b�B�i�B�Q�M �i�Q �2�b�i���#�H�B�b�? �Q�m�` �b�2�+�Q�M�/ �K���B�M �`�2�b�m�H�i�X

�k�X�e�X�k�S�`�Q�Q�7 �Q�7 �h�?�2�Q�`�2�K�d

�A�M �i�?�B�b �b�m�#�b�2�+�i�B�Q�M�- �Q�m�` �;�Q���H �B�b �i�Q �T�`�Q�p�2 �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �� �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M �7�Q�` �T�`�Q�#�H�2�K
�U�k�X�R�V�X �h�?�B�b �b�Q�H�m�i�B�Q�M �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �� �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 ���b�b�Q�+�B���i�2�/ �2�H�H�B�T�i�B�+ �T�`�Q�#�H�2�K�- �r�?�B�+�? �+���M
�#�2 �7�Q�`�K�m�H���i�2�/ ���b �7�Q�H�H�Q�r�b�,

8
>>>>><

>>>>>:

� D@xx u = rbu(1 � u
bi

) + 
 (1 � u
bi

)v � auv
sb+ u � du = F1(u; v);

� D@xx v = �u � r cv = F2(u; v);

(u; v)( �1 ) = ( u+
2 ; v+

2 ); (u; v)(+ 1 ) = (0 ; 0);

u > 0; v > 0; x 2 R:

�U�k�X�R�k�V

�h�?�2 �T�`�Q�Q�7 �B�b �/�Q�M�2 �#�v �7�Q�m�` �b�i�2�T�b�X �6�B�`�b�i�- �r�2 �#�2�;�B�M �#�v �T�`�Q�p�B�M�; �� �+�Q�K�T���`�B�b�Q�M �T�`�B�M�+�B�T�H�2�X �h�?�2�M�-
�r�2 �+�Q�M�b�i�`�m�+�i �i�?�2 �b�m�T�2�` ���M�/ �b�m�#�b�Q�H�m�i�B�Q�M ���M�/ �}�M���H�H�v �r�2 �b�?�Q�r �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �i�?�2 �b�i���i�B�Q�M���`�v
�b�Q�H�m�i�B�Q�M�X

�k�X�e�X�k�X�R�*�Q�K�T���`�B�b�Q�M �T�`�B�M�+�B�T�H�2

�"�2�7�Q�`�2 �T�`�Q�p�B�M�; �i�?�2 �+�Q�K�T���`�B�b�Q�M �T�`�B�M�+�B�T�H�2�- �r�2 �b�i���`�i �#�v �T�`�2�b�2�M�i�B�M�; �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�`�Q�T�2�`�i�v �,

�G�2�K�K�� �R�8�X
���b�b�m�K�2 �i�?���i(0; 0) < (u; v) �

�
bi
2 ; � bi

2r c

�
�X �h�?�2�M

j
@F1
@u

(u; v) j � 2rb + d +
� bi

2r c
kf 0k1 = � 1;

�r�?�2� �̀2kf
0
k1 = sup0� u� bi

2
j f

0
(u) j :

�S� �̀Q�Q�7�X
�h�?�2 �T�`�Q�Q�7 �Q�7 �i�?�B�b �`�2�b�m�H�i �B�b �#���b�2�/ �Q�M �� �b�i�`���B�;�?�i�7�Q�`�r���`�/ �+���H�+�m�H���i�B�Q�M�X �A�M �7���+�i�- �H�2�i0 � u � bi

2

���M�/F1 (u; v) = rbu
�
1 � u

bi

�
� f (u) v � du�- �r�?�2�`�2f (u) = � 


�
1 � u

bi

�
+ au

sb+ u �X
�a�B�M�+�2 �i�?�2 �7�m�M�+�i�B�Q�MF1 ���M�/f ���`�2C1 �- �r�2 �+���H�+�m�H���i�2�,

@F1
@u

(u; v) = rb

�

1 �
2u
bi

�

� f 0(u) v � d:

�h�?�2�`�2�7�Q�`�2�- �r�2 �Q�#�i���B�M�,

j
@F1
@u

(u; v) j � 2rb + d +
�b i

2r c
kf 0k1 = � 1:

�9�j



�S�`�Q�T�Q�b�B�i�B�Q�M �R�e�X�U�*�Q�K�T���`�B�b�Q�M �T�`�B�M�+�B�T�H�2�V
���b�b�m�K�2
 > a ���M�/sb > bi �X �G�2�i(u; v) �#�2 �� �b�Q�H�m�i�B�Q�M �Q�7�U�k�X�R�V�B�MR�- �b�m�T�2�`�b�Q�H�m�i�B�Q�M(�u; �v)

�Q�7�U�k�X�R�V�B�MR ���M�/ �b�m�#�b�Q�H�m�i�B�Q�M(u; v) �Q�7�U�k�X�R�V�B�MR�- �b�m�+�? �i�?���i(0; 0) < (�u; �v) � ( bi
2 ; � bi

2r c
)�-

(0; 0) < (u; v) � ( bi
2 ; � bi

2r c
) ���M�/(0; 0) < (u; v) � ( bi

2 ; � bi
2r c

)�X �h�?�2�M

(u(t = 0; x); v(t = 0; x)) � (u(t = 0; x); v(t = 0; x)) � (�u(t = 0; x); �v(t = 0; x));

�B�K�T�H�B�2�b �i�?���i

(u(t; x ); v(t; x )) � (u(t; x ); v(t; x )) � (�u(t; x ); �v(t; x )) ; 8t � 0; 8x 2 R:

�S� �̀Q�Q�7�X

�a�m�T�T�Q�b�2 �i�?���i(u(t = 0; x); v(t = 0; x)) � (u(t = 0; x); v(t = 0; x)) � (�u(t = 0; x); �v(t =
0; x)) �X �q�2 �m�b�2 �i�?�2 �b�i�`���i�2�;�v �B�M �(�(�d�R�)�- �*�?���T�i�2�` �R�)�- �r�2 �?���p�2(�u; �v) �� �b�m�T�2�`�b�Q�H�m�i�B�Q�M �Q�7 �U�k�X�R�V ���M�/
(u; v) �� �b�Q�H�m�i�B�Q�M �Q�7 �U�k�X�R�V�- �i�?�2�M �r�2 �?���p�2

@t (u � �u) � D@xx (u � �u) � F1(u; v) � F1(�u; �v): �U�k�X�R�j�V

�q�2 �K�m�H�i�B�T�H�v �U�U�k�X�R�j�V�V �#�v(u � �u)+ ���M�/ �B�M�i�2�;�`���i�2 �Q�MR�- �r�2 �Q�#�i���B�M

@t

Z

R

(u � �u)2
+

2
dx + D

Z

R
(@x (u � �u)+ )2dx �

Z

R
[F1(u; v) � F1(�u; �v)](u � �u)+ dx:

�A�K�T�H�B�2�b �i�?���i

@t

Z

R

(u � �u)2
+

2
dx + D

Z

R
(@x (u � �u)+ )2dx

�
Z

R
[F1(u; v) � F1(u; �v)](u � �u)+ dx +

Z

R
[F1(u; �v) � F1(�u; �v)](u � �u)+| {z }

I 1

dx: �U�k�X�R�9�V

�a�B�M�+�2(0; 0) � (u; v) � ( bi
2 ; �b i

2r c
)�- @F1

@u(u; v) �B�b �#�Q�m�M�/�2�/�X �h�?�2�M �i�?�2 �i�2�`�KI 1 �B�b �#�Q�m�M�/�2�/ �#�v
� 1(u � �u)2

+ �X �>�2�M�+�2

@t

Z

R

(u � �u)2
+

2
dx + D

Z

R
(@x (u � �u)+ )2dx

� � 1

Z

R
(u � �u)2

+ dx +
Z

R
[F1(u; v) � F1(u; �v)](u � �u)+| {z }

I 2

dx:

���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �+�Q�Q�T�2�`���i�B�p�B�i�v �T�`�Q�T�2�`�i�v �T�`�Q�p�2�M �B�M �i�?�2 �H�2�K�K���R�j�- �r�2 �?���p�2@F1
@v(u; v) =

� f (u) � 0�X �h�?�2�MI 2 �B�b �#�Q�m�M�/�2�/ �#�vkf k1 (u � �u)+ (v � �v)+ �X �>�2�M�+�2

@t

Z

R

(u � �u)2
+

2
dx + D

Z

R
(@x (u � �u)+ )2dx

� � 1

Z

R
(u � �u)2

+ dx + kf k1

Z

R
(u � �u)+ (v � �v)+ dx:

�q�?�B�+�? �B�K�T�H�B�2�b �i�?���i

@t

Z

R

(u � �u)2
+

2
dx � max(� 1; r c)

Z

R
(u � �u)2

+ dx + max( �; kf k1 )
Z

R
(u � �u)+ (v � �v)+ dx: �U�k�X�R�8�V

�a�B�K�B�H���`�H�v�- �r�2 �+���M �T�`�Q�p�2 �i�?���i

@t

Z

R

(v � �v)2
+

2
dx � max(� 1; r c)

Z

R
(v � �v)2

+ dx + max( �; kf k1 )
Z

R
(u � �u)+ (v � �v)+ dx: �U�k�X�R�e�V

�9�9



@t

Z

R

(v � v)2
+

2
dx � max(� 1; r c)

Z

R
(v � v)2

+ dx + max( �; kf k1 )
Z

R
(u � u)+ (v � v)+ dx: �U�k�X�R�d�V

@t

Z

R

(u � u)2
+

2
dx � max(� 1; r c)

Z

R
(u � u)2

+ dx + max( �; kf k1 )
Z

R
(u � u)+ (v � v)+ dx: �U�k�X�R�3�V

�q�2 �/�2�}�M�2
z(t) =

Z

R
[(v � �v)2

+ + ( u � �u)2
+ + ( v � v)2

+ + ( u � u)2
+ ]dx: �U�k�X�R�N�V

�"�v �b�m�K�K�B�M�; �U�U�k�X�R�8�V�V�- �U�U�k�X�R�e�V�V�- �U�U�k�X�R�d�V�V ���M�/ �U�U�k�X�R�3�V�V�- ���M�/ �m�b�B�M�; �i�?�2 �7���+�i2ab � a2 + b2�- �r�2
�Q�#�i���B�M 8

<

:
@tz(t) � � z(t);

z(0) = 0 :
�U�k�X�k�y�V

�q�?�2�`�2� = 2 max(� 1; r c) + 2 max( �; kf k1 ):

�a�v�b�i�2�K �U�U�k�X�k�y�V�V ���/�K�B�i�b �m�M�B�[�m�2 �M�Q�M�M�2�;���i�B�p�2 �b�Q�H�m�i�B�Q�Mz(t) = 0 �-8t � 0 �r�?�B�+�? �B�K�T�H�B�2�b
R

R[(v �
�v)2

+ + ( u � �u)2
+ + ( v � v)2

+ + ( u � u)2
+ ]dx = 0�X

�a�B�M�+�2(v � �v)2
+ �-(u � �u)2

+ �-(v � v)2
+ ���M�/(u � u)2

+ ���`�2 �7�Q�m�` �+�Q�M�i�B�M�m�Q�m�b ���M�/ �T�Q�b�B�i�B�p�2 �7�m�M�+�i�B�Q�M�b�-
�r�2 �?���p�2 �i�?�2 �`�2�b�m�H�i�X

�k�X�e�X�k�X�k�*�Q�M�b�i�`�m�+�i�B�Q�M �Q�7 �i�?�2 �b�m�T�2�`�b�Q�H�m�i�B�Q�M

�h�?�2 �Q�#�D�2�+�i�B�p�2 �Q�7 �i�?�B�b �b�m�#�b�2�+�i�B�Q�M �B�b �i�Q �+�Q�M�b�i�`�m�+�i �� �b�m�T�2�`�b�Q�H�m�i�B�Q�M �7�Q�` �2�[�m���i�B�Q�M �U�k�X�R�k�V �Q�MR�X
�q�2 �+�?�Q�Q�b�2(u+

2 ; v+
2 ) ���b �� �b�m�T�2�`�b�Q�H�m�i�B�Q�M �Q�M �i�?�2 �B�M�i�2�`�p���H(�1 ; 0)�- �;�B�p�2�M �i�?���iC(u+

2 ;v+
2 ) �`�2�K���B�M�b

�B�M�p���`�B���M�i �7�Q�`d > r b�X �h�?�2 �M�2�t�i �b�i�2�T �B�b �i�Q �+�Q�M�b�i�`�m�+�i �� �b�m�T�2�`�b�Q�H�m�i�B�Q�M �Q�M �i�?�2 �B�M�i�2�`�p���H(0; + 1 ) �7�Q�`
d = d2�X �"�2�7�Q�`�2 �T�`�Q�+�2�2�/�B�M�; �r�B�i�? �i�?�2 �+�Q�M�b�i�`�m�+�i�B�Q�M �Q�7 �i�?�2 �b�m�T�2�`�b�Q�H�m�i�B�Q�M �Q�M �i�?�2 �B�M�i�2�`�p���H(0; + 1 )�-
�r�2 �#�2�;�B�M �#�v �b�i���i�B�M�; �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�`�Q�T�2�`�i�v�X

�G�2�K�K�� �R�d�X
�G�2�id2 > r b + 
 �X �h�?�2� �̀2 �2�t�B�b�i�b(� 1; � 2) �b���i�B�b�7�v�B�M�;

8
>>>>>>>><

>>>>>>>>:

� D@xx � 1 + � 1(� rb � 
 + d2) = 0 ;

D@xx � 2 � r c� 2 = 0;

� 1(0) = u+
2 ; � 1(+ 1 ) = 0 ;

� 2(0) = u+
2 � v+

2 ; � 2(+ 1 ) = 0 ;

� 1 > 0; � 2 > 0:

�U�k�X�k�R�V

�A�M�/�2�2�/�- �7�Q�` ���H�Hx 2 (0; + 1 )�-� 1(x) = u+
2 e�

p
1
D (� r b� 
 + d2 )x ���M�/� 2(x) = ( u+

2 � v+
2 )e�

p
r c
D x

���`�2 �b�Q�H�m�i�B�Q�M�b �i�Q �b�v�b�i�2�K �U�k�X�k�R�V�X

�G�2�K�K�� �R�3�X
�l�M�/�2�` �i�?�2 ���b�b�m�K�T�i�B�Q�M�b �i�?���irb + 
 < d 2 < min(rb + 
 + r c � �; s b(rbr c + �
 )) �-sb > 1

� �- ���M�/
� < r c�- �r�2 �?���p�2 �i�?���i(�u; �v) = ( � 1; � 1 � � 2) �B�b �� �b�m�T�2�`�b�Q�H�m�i�B�Q�M �Q�7�U�k�X�R�k�V�Q�M(0; + 1 )�X

�S� �̀Q�Q�7�X
�G�2�i(�u; �v) �#�2 �� �b�m�T�2�`�b�Q�H�m�i�B�Q�M �Q�7 �U�k�X�R�k�V�- �b�m�+�? ���b�v � �u�X �6�Q�` ���H�Hx > 0�- �r�2 �b�?�Q�r �i�?���i

8
<

:
� D@xx �u � F1(�u; �v) � 0;

� D@xx �v � F2(�u; �v) � 0:
�U�k�X�k�k�V

�9�8



�"�2�7�Q�`�2 �T�`�Q�p�B�M�; �b�v�b�i�2�K �U�k�X�k�k�V�- �M�Q�i�2 �i�?���i�u = � 1 ���M�/�v = � 1 � � 2 ���`�2 �T�Q�b�B�i�B�p�2 �b�B�M�+�2rb + 
 <
d2 < r b + 
 + r c � � ���M�/� < r c�X �L�Q�r�- �H�2�i �m�b �/�2�K�Q�M�b�i�`���i�2 �b�v�b�i�2�K �U�k�X�k�k�V�X �a�i���`�i�B�M�; �r�B�i�? �i�?�2
�}�`�b�i �2�[�m���i�B�Q�M�- �r�2 �?���p�2�,

� D@xx �u � F1(�u; �v) = � D@xx �u � rb�u(1 �
�u
bi

) + d2 �u + f (�u)�v:

�q�B�i�? �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7f �- �r�2 �;�2�i�,

� D@xx �u � F1(�u; �v) = � D@xx �u � rb�u � 
 �v + d2 �u +
rb(�u)2

bi
+


 �u�v
bi

+
a�u�v

sb + �u
| {z }

J2

:

�a�B�M�+�2J2 > 0�- �r�2 �?���p�2

� D@xx �u � F1(�u; �v) � � D@xx �u � rb�u � 
 �v + d2 �u:

�l�M�/�2�` �i�?�2 �+�Q�M�/�B�i�B�Q�M �i�?���i�v � �u�- �r�2 �?���p�2

� D@xx �u � F1(�u; �v) � � D@xx �u + �u[� rb � 
 + d2]:

�"�v �/�2�}�M�B�i�B�Q�M �Q�7 �i�?�2 �7�m�M�+�i�B�Q�M� 1�- �r�2 �?���p�2� D@xx � 1 + � 1[� rb � 
 + d2] = 0�X �h�?�2�`�2�7�Q�`�2�-

� D@xx �u � F1(�u; �v) � 0:

�L�Q�r�- �H�2�i �m�b �T�`�Q�+�2�2�/ �i�Q �i�?�2 �b�2�+�Q�M�/ �2�[�m���i�B�Q�M �Q�7 �i�?�2 �b�v�b�i�2�K�X �q�2 �?���p�2�,

� D@xx �v � F2(�u; �v) = � D@xx �v � � �u + r c�v = � D@xx � 1 + [ r c � � ]� 1 + D@xx � 2 � r c� 2:

�"���b�2�/ �Q�M �i�?�2 �/�2�}�M�B�i�B�Q�M�b �Q�7 �i�?�2 �7�m�M�+�i�B�Q�M�b� 1 ���M�/� 2�- �r�2 �+���M �/�2�/�m�+�2 �i�?���i�,

� D@xx �v � F2(�u; �v) = [ r c � � + rb + 
 � d2]� 1:

�*�Q�M�b�B�/�2�`�B�M�; �i�?���id2 < r b + 
 + r c � � �-�r�2 �+���M �/�2�/�m�+�2 �i�?���i�,

� D@xx �v � F2(�u; �v) � 0:

�h�Q �+�Q�K�T�H�2�i�2 �i�?�2 �T�`�Q�Q�7�- �r�2 �M�2�2�/ �i�Q �T�`�Q�p�2 �i�?���i(�u; �v)(+ 1 ) = (0 ; 0) ���M�/(�u; �v)(0; 0) = ( u+
2 ; v+

2 )�X
���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7 �i�?�2 �7�m�M�+�i�B�Q�M�b� i �- �r�?�2�`�2i = 1; 2�- �r�2 �F�M�Q�r �i�?���i� i (+ 1 ) = 0 �X
�>�2�M�+�2�-(�u; �v)(+ 1 ) = (0 ; 0)�X �6�m�`�i�?�2�`�K�Q�`�2�- �b�B�M�+�2� 1(0) = u+

2 ���M�/� 2(0) = u+
2 � v+

2 �- �r�2 �+���M
�+�Q�K�T�m�i�2(�u; �v)(0; 0) ���b �7�Q�H�H�Q�r�b�,

(�u; �v)(0; 0) = ( � 1; � 1 � � 2)(0) = ( u+
2 ; u+

2 � u+
2 + v+

2 ) = ( u+
2 ; v+

2 ):

�h�?�2�`�2�7�Q�`�2�- �r�2 �?���p�2 �b�?�Q�r�M �i�?���i(�u; �v)(+ 1 ) = (0 ; 0) ���M�/(�u; �v)(0; 0) = ( u+
2 ; v+

2 )�X

�k�X�e�X�k�X�j�*�Q�M�b�i�`�m�+�i�B�Q�M �Q�7 �� �b�m�#�b�Q�H�m�i�B�Q�M

�h�?�2 �;�Q���H �Q�7 �i�?�B�b �b�m�#�b�2�+�i�B�Q�M �B�b �i�Q �+�Q�M�b�i�`�m�+�i �� �b�m�#�b�Q�H�m�i�B�Q�M �7�Q�` �i�?�2 �b�v�b�i�2�K �`�2�T�`�2�b�2�M�i�2�/ �#�v
�U�k�X�R�k�V �Q�p�2�` �i�?�2 �2�M�i�B�`�2 �`�2���H �H�B�M�2�X �q�2 �+�?�Q�Q�b�2(0; 0) ���b �i�?�2 �b�m�#�b�Q�H�m�i�B�Q�M �Q�p�2�` �i�?�2 �B�M�i�2�`�p���H(0; + 1 )
�#�2�+���m�b�2 �i�?�2 �b�v�b�i�2�K �B�b �+�Q�Q�T�2�`���i�B�p�2�X �L�Q�r�- �r�2 �T�`�Q�+�2�2�/ �i�Q �2�b�i���#�H�B�b�? �� �b�m�#�b�Q�H�m�i�B�Q�M �Q�p�2�` �i�?�2
�B�M�i�2�`�p���H(�1 ; 0)�X

�G�2�K�K�� �R�N�X
�A�7
 > a �-sb > bi ���M�/d1 > r b �i�?�2�M �i�?�2 �b�v�b�i�2�K �/�2�}�M�2�/ �#�v�U�k�X�R�k�V���/�K�B�i�b �� �b�m�#�b�Q�H�m�i�B�Q�M �Q�M

�i�?�2 �B�M�i�2�`�p���H(�1 ; 0)�X

�9�e



�S� �̀Q�Q�7�X
�6�Q�R̀ > 0�-� �

q
1
D [ D

R2 + d1 � r b
2 ]�-0 < a 1 < u +

2 ���M�/z � R� �X �q�2 �/�2�}�M�2 �i�?�2 �7�m�M�+�i�B�Q�M ���b
�7�Q�H�H�Q�r�b�,

 (x) =

8
<

:

a1e� � (x+ z) sin
�

x+ z
R

�
; �7�Q�`0 < x+ z

R < �;

0; �Q�i�?�2�`�r�B�b�2:

�6�Q�0̀ < x+ z
R < � �- �r�2 �b�?�Q�r �i�?���i(u; v) = (  ; �

r c
 ) �B�b �� �b�m�#�b�Q�H�m�i�B�Q�M �Q�7 �U�k�X�R�k�V�- �B�X�2�X�- �r�2 �b�?�Q�r �i�?���i

8
<

:
� D@xx u � F1(u; v) � 0;

� D@xx v � F2(u; v) � 0:
�U�k�X�k�j�V

�"�2�7�Q�`�2 �b�?�Q�r�B�M�; �U�k�X�k�j�V�- �M�Q�i�2 �i�?���iu =  ���M�/v = �
r c

 ���`�2 �T�Q�b�B�i�B�p�2�- �b�B�M�+�2a1 > 0 ���M�/0 < x+ z
R <

� �X �L�Q�r�- �H�2�i �m�b �/�2�K�Q�M�b�i�`���i�2 �b�v�b�i�2�K �U�k�X�k�j�V�X �a�i���`�i�B�M�; �r�B�i�? �i�?�2 �}�`�b�i �2�[�m���i�B�Q�M�- �r�2 �?���p�2�,

� D@xx u � F1(u; v) = � D@xx u + J1 + d1u � rbu(1 �
u
bi

);

�r�B�i�?J1 = [ � 
 (1 � u
bi

) + au
sb+ u ]v: �a�B�M�+�2
 > a �-sb > bi ���M�/u < bi

2 �- �r�2 �?���p�2J1 < 0�- �i�?�2�`�2�7�Q�`�2

� D@xx u � F1(u; v) � � D@xx u � rbu(1 �
u
bi

) + d1u � � D@xx u + [ d1 �
rb

2
]u:

�l�b�B�M�; �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7u�- �r�2 �r�`�B�i�2�,

� D@xx u + [ d1 �
rb

2
]u = a1e� � (x+ z) sin

� x + z
R

�

[� D� 2 +
D
R2

+ d1 �
rb

2
]:

�a�B�M�+�2� �
q

1
D [ D

R2 + d1 � r b
2 ] ���M�/a1 > 0�- �r�2 �+���M �+�Q�M�+�H�m�/�2 �i�?���i

� D@xx u � F1(u; v) � � D@xx u + [ d1 �
rb

2
]u � 0;

�L�Q�r�- �H�2�i�ö�b �T�`�Q�+�2�2�/ �i�Q �i�?�2 �b�2�+�Q�M�/ �2�[�m���i�B�Q�M �Q�7 �i�?�2 �b�v�b�i�2�K�X �q�2 �?���p�2�,

� D@xx v � F2(u; v) = � D@xx v � �u + r cv = � D@xx u � �u + �u = � D@xx u:

�q�2 �T�`�2�p�B�Q�m�b�H�v �b�?�Q�r�2�/ �i�?���i� D@xx u � [ r b
2 � d1]u�X �h�?�2�`�2�7�Q�`�2�-

� D@xx v � F2(u; v) � [
rb

2
� d1]u:

�a�B�M�+�2d1 > r b�- �i�?�m�b
� D@xx v � F2(u; v) � 0:

�h�Q �T�`�Q�p�2 �i�?���i(u; v)( �1 ) = (0 ; 0) ���M�/(u; v)(0; 0) = (0 ; 0) � (u+
2 ; v+

2 )�- �r�2 �+���M �`�2�7�2�` �i�Q �i�?�2
�/�2�}�M�B�i�B�Q�M �Q�7 �i�?�2 �7�m�M�+�i�B�Q�M �X �h�?�m�b�- �r�2 �?���p�2(u; v)( �1 ) = (0 ; 0) ���M�/(u; v)(0; 0) = (0 ; 0) �
(u+

2 ; v+
2 )�X

�k�X�e�X�k�X�9�*�Q�M�b�i�`�m�+�i�B�Q�M �Q�7 �� �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M

�h�Q �2�b�i���#�H�B�b�? �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �� �b�Q�H�m�i�B�Q�M �7�Q�` �i�?�2 �b�v�b�i�2�K �`�2�T�`�2�b�2�M�i�2�/ �#�v �U�k�X�R�k�V�- �r�2 �r�B�H�H �}�`�b�i
�b�?�Q�r �i�?���i �i�?�2 �b�m�#�b�Q�H�m�i�B�Q�M�b ���M�/ �b�m�T�2�`�b�Q�H�m�i�B�Q�M�b ���`�2 �Q�`�/�2�`�2�/�X �>�2�`�2 ���`�2 �i�?�2 �b�m�T�2�`�b�Q�H�m�i�B�Q�M�b ���M�/
�b�m�#�b�Q�H�m�i�B�Q�M�b �r�2 �?���p�2 �B�/�2�M�i�B�}�2�/ �7�Q�` �2�[�m���i�B�Q�M �U�k�X�R�k�V�,

�9�d



�u =

8
<

:

u+
2 ; �Q�M(�1 ; 0);

u+
2 e�

p
1
D (� r b� 
 + d2 )x ; �Q�M(0; + 1 );

�v =

8
<

:
v+

2 = �u +
2

r c
; �Q�M(�1 ; 0);

� 1 � � 2; �Q�M(0; + 1 ):

u =

8
<

:
 ; �Q�M(�1 ; 0);

0; �Q�M(0; + 1 );
v =

8
<

:

�
r c

 ; �Q�M(�1 ; 0);

0; �Q�M(0; + 1 ):

�P�M �i�?�2 �B�M�i�2�`�p���H(�1 ; 0)�- �r�2 �?���p�2(0; 0) < (u; v) = (  ; �
r c

 ) < (�u; �v) = ( u+
2 ; v+

2 )�- �;�B�p�2�M
�i�?���i0 < a 1 < u +

2 �X
�P�M �i�?�2 �B�M�i�2�`�p���H(0; + 1 )�- �r�2 �?���p�2(u; v) = (0 ; 0) ���M�/(�u; �v) = ( � 1; � 1 � � 2)�X �h�?�2�b�2 �b���i�B�b�7�v �i�?�2
�7�Q�H�H�Q�r�B�M�; �T�`�Q�T�2�`�i�B�2�b�,

�v � v = ( � 1 � � 2) � 0 = � 1 � � 2 > 0; and �u � u = � 1 > 0:

�q�2 �+���M �+�Q�M�b�i�`�m�+�i �� �b�Q�H�m�i�B�Q�M �7�Q�` �2�[�m���i�B�Q�M �U�k�X�R�k�V �m�b�B�M�; �i�?�2 ���#�Q�p�2 �b�m�#�b�Q�H�m�i�B�Q�M ���M�/ �b�m�T�2�`�b�Q�@
�H�m�i�B�Q�M�X ���+�+�Q�`�/�B�M�; �i�Q �G�2�K�K���R�3���M�/ �G�2�K�K���R�N�- �r�2 �B�/�2�M�i�B�7�v �� �r�2�H�H�@�Q�`�/�2�`�2�/ �b�m�#�b�Q�H�m�i�B�Q�M ���M�/
�b�m�T�2�`�b�Q�H�m�i�B�Q�M�X ���T�T�H�B�+���i�B�Q�M �Q�7 �i�?�2 �K�2�i�?�Q�/ �Q�7 �b�m�#�b�Q�H�m�i�B�Q�M ���M�/ �b�m�T�2�`�b�Q�H�m�i�B�Q�M �U���b �/�2�b�+�`�B�#�2�/ �B�M
�b�m�#�b�2�+�i�B�Q�M�R�X�R�X�k�Q�7 �i�?�2 �A�M�i�`�Q�/�m�+�i�B�Q�M �+�?���T�i�2�`�V�- �r�2 �+�Q�M�+�H�m�/�2 �i�?���i �i�?�2�`�2 �2�t�B�b�i�b �� �m�M�B�[�m�2 �b�Q�H�m�@
�i�B�Q�M �7�Q�` �U�k�X�R�k�V�X �J�Q�`�2�Q�p�2�`�- ���+�+�Q�`�/�B�M�; �i�Q �S�`�Q�T�Q�b�B�i�B�Q�M�R�e�- �i�?�B�b �b�Q�H�m�i�B�Q�M �B�b �r�B�i�?�B�M �i�?�2 �B�M�i�2�`�p���H
[(u; v); (�u; �v)]�X

�k�X�e�X�j�S�`�Q�Q�7 �Q�7 �*�Q�`�Q�H�H���`�v�N

�q�2 �r�Q�m�H�/ �H�B�F�2 �i�Q �2�K�T�?���b�B�x�2 �i�?���i �*�Q�`�Q�H�H���`�v�N�B�b �T�`�Q�p�2�/ �m�b�B�M�; �i�?�2 �`�2�b�m�H�i�b �Q�7 �h�?�2�Q�`�2�K
�d�U�2�t�B�b�i�2�M�+�2 �Q�7 �� �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M�V ���M�/ �S�`�Q�T�Q�b�B�i�B�Q�M�8�U�+�Q�K�T���`�B�b�Q�M �T�`�B�M�+�B�T�H�2�V�X �q�2 �b�?�Q�r
�i�?���i �Q�m�` �b�v�b�i�2�K ���/�K�B�i�b �� �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M �#�v ���T�T�H�v�B�M�; �i�?�2 �K�2�i�?�Q�/ �Q�7 �b�m�#�b�Q�H�m�i�B�Q�M�b ���M�/
�b�m�T�2�`�b�Q�H�m�i�B�Q�M�b�- �b���i�B�b�7�v�B�M�; �i�?�2 �+�Q�K�T���`�B�b�Q�M �T�`�B�M�+�B�T�H�2 ���b �Q�m�i�H�B�M�2�/ �B�M �S�`�Q�T�Q�b�B�i�B�Q�M�8�X ���+�+�Q�`�/�B�M�;
�i�Q �i�?�B�b �T�`�B�M�+�B�T�H�2�- �B�7 �i�?�2 �B�M�B�i�B���H �T�Q�b�B�i�B�p�2 �b�Q�H�m�i�B�Q�M �B�b �b�K���H�H�2�` �i�?���M �i�?�2 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M�- �i�?�2�M
�7�Q�` ���H�Ht > 0�- �i�?�2 �b�Q�H�m�i�B�Q�M �`�2�K���B�M�b �#�2�H�Q�r �i�?�2 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M�X
�"�v ���T�T�H�v�B�M�; �i�?�B�b �T�`�B�M�+�B�T�H�2 �i�Q �Q�m�` �K�Q�/�2�H�- �r�2 �+�Q�M�+�H�m�/�2 �i�?���i �B�7 �i�?�2 �B�M�B�i�B���H �T�Q�b�B�i�B�p�2 �b�Q�H�m�i�B�Q�M �B�b
�b�K���H�H�2�` �i�?���M �i�?�2 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M�- �B�i �+���M �M�2�p�2�` �`�2���+�? �Q�` �2�t�+�2�2�/ �i�?�2 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M�X
�A�M�/�2�2�/�- �i�?�2 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M ���+�i�b ���b �� �#���`�`�B�2�` �i�Q �T�`�Q�T���;���i�B�Q�M�X �h�?�2 �i�2�`�K �ö�#�H�Q�+�F�B�M�;�ö �B�b
�i�?�2�`�2�7�Q�`�2 �D�m�b�i�B�}�2�/ �#�2�+���m�b�2 �B�i �/�2�b�+�`�B�#�2�b �i�?�2 �b�B�i�m���i�B�Q�M �r�?�2�`�2 �i�?�2 �b�Q�H�m�i�B�Q�M �+�Q�M�b�B�b�i�2�M�i�H�v �`�2�K���B�M�b
�#�2�H�Q�r �i�?�2 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M�- �i�?�m�b �+�Q�M�}�`�K�B�M�; �i�?�2 �T�?�2�M�Q�K�2�M�Q�M �Q�7 �T�`�Q�T���;���i�B�Q�M �#�H�Q�+�F�B�M�;�X

�k�X�d�L�m�K�2�`�B�+���H �b�B�K�m�H���i�B�Q�M�b

�k�X�d�X�R�S���`���K�2�i�2�`�b �2�b�i�B�K���i�B�Q�M�b

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 ���B�K �i�Q �2�b�i�B�K���i�2 �i�?�2 �p���H�m�2�b �Q�7 �i�?�2 �K�Q�/�2�H �T���`���K�2�i�2�`�b�X �q�?�2�M�2�p�2�` �T�Q�b�@
�b�B�#�H�2�- �r�2 �r�B�H�H �`�2�H�v �Q�M �p���H�m�2�b �Q�#�i���B�M�2�/ �7�`�Q�K �i�?�2 ���`�i�B�+�H�2 �#�v �(�e�d�)�X �>�Q�r�2�p�2�`�- �B�M �b�Q�K�2 �+���b�2�b�- �i�?�2
�2�t���+�i �p���H�m�2�b ���`�2 �m�M�F�M�Q�r�M �/�m�2 �i�Q �i�?�2 �/�B�{�+�m�H�i�v �Q�7 �K�2���b�m�`�B�M�; �i�?�2�K �B�M �p�B�p�Q�- �Q�` �2�p�2�M �B�M �p�B�i�`�Q�X
�q�2 �#�2�;�B�M �#�v �2�b�i�B�K���i�B�M�; �i�?�2 �#���+�i�2�`�B���H �`�2�T�`�Q�/�m�+�i�B�Q�M �`���i�2�- �/�2�M�Q�i�2�/ �#�vrb�X �h�?�B�b �T���`���K�2�i�2�`�-
�2�t�T�`�2�b�b�2�/ �B�Mu=�K�B�M�- �`�2�T�`�2�b�2�M�i�b �i�?�2 �M�m�K�#�2�` �Q�7 �#���+�i�2�`�B���H �/�B�p�B�b�B�Q�M�b �T�2�` �m�M�B�i �Q�7 �i�B�K�2�X �A�i�b �2�b�@
�i�B�K���i�B�Q�M �`�2�H�B�2�b �Q�M �2�t�T�2�`�B�K�2�M�i���H �/���i�� �7�`�Q�K �b�i�m�/�B�2�b �Q�M �#���+�i�2�`�B���H �;�`�Q�r�i�?�- �r�?�2�`�2 �i�?�2 �/�Q�m�#�H�B�M�;
�i�B�K�2 �Q�7 �1�X �+�Q�H�B �B�b ���T�T�`�Q�t�B�K���i�2�H�v20 �K�B�M�m�i�2�b �m�M�/�2�` �Q�T�i�B�K���H �+�Q�M�/�B�i�B�Q�M�b�X ���+�+�Q�`�/�B�M�; �i�Q �L���/�B�M
�2�i ���H�X �(�e�d�)�- �7�Q�` �*�`�Q�?�M�ö�b �/�B�b�2���b�2�-rb �B�b �2�b�i�B�K���i�2�/ ���b3:47� 10� 2 u=�K�B�M�- �#���b�2�/ �Q�M �i�?�2 �;�2�M�2�`���i�B�Q�M
�`���i�2 �Q�7 �1�X �+�Q�H�B �m�M�/�2�` �b�i���M�/���`�/ �+�Q�M�/�B�i�B�Q�M�b �U�E�Q�`�2�K �2�i ���H�X �(�8�8�)�V�X �6�Q�` �Q�m�` �m�H�+�2�`���i�B�p�2 �+�Q�H�B�i�B�b �U�l�*�V
�K�Q�/�2�H�- �r�2 �+�?�Q�Q�b�2rb = 0:02u=�K�B�M�X �h�?�B�b �b�H�B�;�?�i�H�v �H�Q�r�2�` �p���H�m�2 ���+�+�Q�m�M�i�b �7�Q�` �T�Q�i�2�M�i�B���H �/�B�z�2�`�2�M�+�2�b

�9�3



�B�M �#���+�i�2�`�B���H �/�v�M���K�B�+�b ���M�/ �B�M�i�2�`���+�i�B�Q�M�b �r�B�i�? �i�?�2 �B�M�i�2�b�i�B�M���H �2�T�B�i�?�2�H�B�m�K �b�T�2�+�B�}�+ �i�Q �l�*�- �r�?�B�+�?
�B�M�~�m�2�M�+�2 �i�?�2 �#���+�i�2�`�B���H �;�`�Q�r�i�? �`���i�2�X �h�?�2 �p���H�m�2 �Q�7rb = 0:02 �+�Q�K�T�H�B�2�b �r�B�i�? �i�?�2 �+�Q�M�b�i�`���B�M�i�b
�B�/�2�M�i�B�}�2�/ �B�M �Q�m�` �b�i�m�/�v �7�Q�` �m�H�+�2�`���i�B�p�2 �+�Q�H�B�i�B�b �U �l�* �V�X �h�?�B�b �2�b�i�B�K���i�B�Q�M �B�b �i�?�2�`�2�7�Q�`�2 �+�Q�M�b�B�b�i�2�M�i
�r�B�i�? �i�?�2 �Q�#�b�2�`�p���i�B�Q�M�b ���M�/ �b�T�2�+�B�}�+ �+�Q�M�/�B�i�B�Q�M�b �Q�7 �Q�m�` �K�Q�/�2�H�X
���7�i�2�` �2�b�i�B�K���i�B�M�; �i�?�2 �`���i�2 �Q�7 �`�2�T�`�Q�/�m�+�i�B�Q�M �Q�7 �i�?�2 �#���+�i�2�`�B���- �r�2 �M�Q�r �7�Q�+�m�b �Q�M �i�?�2 �K�Q�`�i���H�B�i�v
�`���i�2 �Q�7 �T�?���;�Q�+�v�i�2�b�- �/�2�M�Q�i�2�/ �#�vr c�X �G�B�F�2rb�- �i�?�B�b �T���`���K�2�i�2�` �B�b ���H�b�Q �2�t�T�`�2�b�b�2�/ �B�Mu=�K�B�M �i�Q
�2�M�b�m�`�2 �+�Q�M�b�B�b�i�2�M�+�v �r�B�i�? �2�t�T�2�`�B�K�2�M�i���H �/���i�� �Q�M �B�K�K�m�M�2 �+�2�H�H �i�m�`�M�Q�p�2�` �B�M ���M �B�M�~���K�K���i�Q�`�v �2�M�@
�p�B�`�Q�M�K�2�M�i�X �A�i�b �p���H�m�2 �B�b �2�b�i�B�K���i�2�/ ���i10� 4 u=�K�B�M�- �r�?�B�+�? �+�Q�`�`�2�b�T�Q�M�/�b �i�Q ���M ���p�2�`���;�2 �?���H�7�@�H�B�7�2
�Q�7 �T�?���;�Q�+�v�i�2�b �Q�7 ���T�T�`�Q�t�B�K���i�2�H�v �i�r�Q �/���v�b�X �>�Q�r�2�p�2�`�- �Q�i�?�2�` �b�i�m�/�B�2�b �b�m�;�;�2�b�i �p���`�B���i�B�Q�M�b �`���M�;�B�M�;
�7�`�Q�K10� 3 u=�K�B�M �B�M �+���b�2�b �Q�7 �b�2�p�2�`�2 �B�M�~���K�K���i�B�Q�M �i�Q10� 6 u=�K�B�M �B�M �2���`�H�v �b�i���;�2�b �Q�7 ���i�?�2�`�Q�b�+�H�2�@
�`�Q�b�B�b�X �6�Q�` �*�`�Q�?�M�ö�b �/�B�b�2���b�2�- �� �`���i�2 �Q�70:02u=�K�B�M �B�b �m�b�2�/�- �#�m�i �i�?�B�b �p���H�m�2 �/�Q�2�b �M�Q�i ���T�T�H�v �i�Q
�m�H�+�2�`���i�B�p�2 �+�Q�H�B�i�B�b �U�l�*�V�X �A�M�/�2�2�/�- �i�?�2 �K�2�+�?���M�B�b�K�b �B�M�p�Q�H�p�2�/ �B�M �l�* �`�2�b�m�H�i �B�M �� �K�Q�`�i���H�B�i�v �`���i�2 �Q�7
0:6258u=�K�B�M �U�b�2�2 �h���#�H�2�k�X�R�V�- �r�?�B�+�? �b���i�B�b�}�2�b �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �Q�7 �Q�m�` �b�i�m�/�v�X �A�M �Q�m�` �b�i�m�/�v�- �h�?�2
�T���`���K�2�i�2�`D �- �r�?�B�+�? �`�2�T�`�2�b�2�M�i�b �/�B�z�m�b�B�Q�M�- �B�b �m�b�2�/ �B�M �� �/�B�K�2�M�b�B�Q�M�H�2�b�b �7�Q�`�K �B�M �Q�m�` �b�B�K�m�H���i�B�Q�M�b�X
�q�2 �+�Q�M�b�B�/�2�` �i�?�2 �b���K�2 �p���H�m�2 �7�Q�` �B�K�K�m�M�2 �+�2�H�H�b ���M�/ �#���+�i�2�`�B���- ���b�b�m�K�B�M�; �2�[�m�B�p���H�2�M�i �K�Q�#�B�H�B�i�v �B�M
�i�?�2 �b�i�m�/�B�2�/ �2�M�p�B�`�Q�M�K�2�M�i�X �6�Q�` �Q�m�` �b�B�K�m�H���i�B�Q�M�b�- �r�2 �b�2�iD = 0:2�- �2�M�b�m�`�B�M�; �� �+�Q�M�b�B�b�i�2�M�i �B�M�i�2�`�@
�T�`�2�i���i�B�Q�M �Q�7 �i�?�2 �M�m�K�2�`�B�+���H �`�2�b�m�H�i�b�X
�h�?�2 �#���+�i�2�`�B���H �/�2�M�b�B�i�v �B�M �i�?�2 �B�M�i�2�b�i�B�M���H �H�m�K�2�M �B�b ���T�T�`�Q�t�B�K���i�2�H�vbi = 1015 u=m3�X ���i �i�?�2 �T�Q�b�B�i�B�p�2
�2�[�m�B�H�B�#�`�B�m�K(u; v)�- �r�?�B�+�? �+�Q�`�`�2�b�T�Q�M�/�b �i�Q ���M �B�M�~���K�K���i�Q�`�v �T�?���b�2�- �r�2 �2�b�i�B�K���i�2 �i�?���i ���#�Q�m�i �j�y�W
�Q�7 �i�?�B�b �/�2�M�b�B�i�v �+���M �+�`�Q�b�b �i�?�2 �2�T�B�i�?�2�H�B���H �#���`�`�B�2�`�X �h�?�2�`�2�7�Q�`�2�- �r�2 �b�2�iu = 0:3 � bi �X �1�t�T�2�`�B�K�2�M�@
�i���H �/���i�� �b�m�;�;�2�b�i �i�?���i�- �B�M �i�?�2 ���z�2�+�i�2�/ ���`�2���- �i�?�2 �/�2�M�b�B�i�v �Q�7 �B�K�K�m�M�2 �+�2�H�H�b �B�b ���#�Q�m�i �i�2�M �i�B�K�2�b
�H�Q�r�2�` �i�?���M �i�?���i �Q�7 �#���+�i�2�`�B���- �r�?�B�+�? �B�b �+�Q�M�b�B�b�i�2�M�i �r�B�i�? �i�?�2 �H���`�;�2�` �b�B�x�2 �Q�7 �T�?���;�Q�+�v�i�2�b �+�Q�K�T���`�2�/
�i�Q �#���+�i�2�`�B���X �q�2 �i�?�2�`�2�7�Q�`�2 ���b�b�m�K�2� = 1

10�- �r�?�B�+�? �B�K�T�H�B�2�b �i�?���iu = 10v ���M�/ �+�Q�M�b�2�[�m�2�M�i�H�v�-
v = 3 � 10� 2 � bi �X �6�Q�` �i�?�2 �K�Q�/�2�H �Q�7 �m�H�+�2�`���i�B�p�2 �+�Q�H�B�i�B�b(UC)�- �r�2 �+�Q�M�b�B�/�2�` �i�?���i �i�?�2 �B�K�K�m�M�2
�`�2�b�T�Q�M�b�2 �`���i�2�- �`�2�T�`�2�b�2�M�i�2�/ �#�v� �- �B�b �H�2�b�b �i�?���M10� 1 r c�X �h�?�B�b �/�2�+�B�b�B�Q�M �B�b �#���b�2�/ �Q�M �i�?�2 �7���+�i �i�?���i �B�M
�l�*�- �i�?�2 �B�K�K�m�M�2 �`�2�b�T�Q�M�b�2 �B�b �;�2�M�2�`���H�H�v �H�2�b�b ���;�;�`�2�b�b�B�p�2 ���M�/ �K�Q�`�2 �`�2�;�m�H���i�2�/ �+�Q�K�T���`�2�/ �i�Q �Q�i�?�2�`
�B�M�~���K�K���i�Q�`�v �b�i���i�2�b�X �h�?�m�b�- �i�?�2 �T���`���K�2�i�2�`� �- �r�?�B�+�? �`�2�T�`�2�b�2�M�i�b �i�?�2 �`���i�2 �Q�7 �B�K�K�m�M�2 �`�2�b�T�Q�M�b�2
�K�Q�#�B�H�B�x�B�M�; �+�2�H�H�b �i�Q �+�Q�K�#���i �#���+�i�2�`�B�� �B�M �/���K���;�2�/ ���`�2���b�- �B�b ���/�D�m�b�i�2�/ �i�Q �#�2 �H�2�b�b �i�?���M10� 1 r c�X �h�?�B�b
�`�2�~�2�+�i�b �� �K�Q�`�2 �K�Q�/�2�`���i�2 �`�2�b�T�Q�M�b�2 ���M�/ �b�i�`�B�+�i�2�` �`�2�;�m�H���i�B�Q�M �Q�7 �i�?�2 �B�K�K�m�M�2 �`�2�b�T�Q�M�b�2 �+�Q�K�T���`�2�/
�i�Q �i�?�2 �B�K�K�m�M�2 �+�2�H�H �/�2���i�? �`���i�2r c�X �h�?�B�b ���T�T�`�Q���+�? �#�2�i�i�2�` �K�Q�/�2�H�b �i�?�2 �#���H���M�+�2 �#�2�i�r�2�2�M �#���+�i�2�`�B���H
�;�`�Q�r�i�? ���M�/ �i�?�2 �B�K�K�m�M�2 �`�2�b�T�Q�M�b�2 �b�T�2�+�B�}�+ �i�Q �l�*�X
�h�?�2 �p���H�m�2 �Q�7
 �B�b �+���H�+�m�H���i�2�/ �B�M �b�m�+�? �� �r���v �i�?���i �B�i �b���i�B�b�}�2�b �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �Q�7 �Q�m�` �b�i�m�/�v�X

�k�X�d�X�k�L�m�K�2�`�B�+���H �`�2�b�m�H�i�b

�q�2 �+�Q�M�/�m�+�i �M�m�K�2�`�B�+���H �b�B�K�m�H���i�B�Q�M�b �Q�7 �i�?�2 �K���i�?�2�K���i�B�+���H �K�Q�/�2�H �i�?���i �/�2�b�+�`�B�#�2�b �i�?�2 �B�M�i�2�`�@
���+�i�B�Q�M �#�2�i�r�2�2�M �#���+�i�2�`�B�� ���M�/ �T�?���;�Q�+�v�i�2�b �U�B�K�K�m�M�2 �+�2�H�H�b�V �i�Q �B�H�H�m�b�i�`���i�2 �Q�m�` �i�?�2�Q�`�2�i�B�+���H �`�2�b�m�H�i�b�X
�q�2 �m�b�2 �i�?�2 �T���`���K�2�i�2�` �p���H�m�2�b �b�?�Q�r�M �B�M �h���#�H�2�k�X�R�#�2�H�Q�r�- �r�?�B�+�? ���`�2 �2�b�i�B�K���i�2�/ �B�M �i�?�2 �T�`�2�p�B�Q�m�b
�b�2�+�i�B�Q�M�X
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�S���`���K�2�i�2�`�b �A�M�i�2�`�T�`�2�i���i�B�Q�M�b �o���H�m�2�b �l�M�B�i�b

rb �_�2�T�`�Q�/�m�+�i�B�Q�M �`���i�2 �Q�7 �#���+�i�2�`�B��0:02 (u=min)
bi �K���t�B�K�m�K �#���+�i�2�`�B���H �/�2�M�b�B�i�v1015 (u=m3)

 �_�2�H���i�2�/ �i�Q �i�?�2 �T�Q�`�Q�b�B�i�v �Q�7 �i�?�2 �2�T�B�i�?�2�H�B�m�K0:0856 (u=min)
a �+�Q�2�{�+�B�2�M�i �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2 �`���i�2 �Q�7 �T�?���;�Q�+�v�i�Q�b�B�b0:0347 (u=min)
sb �S�`�Q�T�Q�`�i�B�Q�M���H�B�i�v �+�Q�2�{�+�B�2�M�i �#�2�i�r�2�2�Mpc ���M�/a 1016 (u=m3)
d �K�Q�`�i���H�B�i�v �`���i�2 0:030 (u=min)
� �B�K�K�m�M�2 �`�2�b�T�Q�M�b�2 �`���i�2 0:3129 (u=min)
r c �B�M�i�`�B�M�b�B�+ �/�2���i�? �`���i�2 �Q�7 �T�?���;�Q�+�v�i�2�b0:6258 (u=min)

�h���#�H�2 �k�X�R�, �a�T�2�+�B�}�2�/ �T���`���K�2�i�2�` �p���H�m�2�b �7�Q�` �i�?�2 �K�Q�/�2�H�X

���7�i�2�` �b���i�B�b�7�v�B�M�; �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �b�i���i�2�/ �B�M �h�?�2�Q�`�2�K3:1 �r�B�i�? �i�?�2 �;�B�p�2�M �T���`���K�2�i�2�` �p���H�m�2�b�-
�r�2 �T�`�Q�+�2�2�/ �i�Q �T�2�`�7�Q�`�K �M�m�K�2�`�B�+���H �b�B�K�m�H���i�B�Q�M�b �Q�7 �b�v�b�i�2�K �U�k�X�R�V �B�M �� �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H �b�T���+�2 �r�B�i�?
�� �/�B�z�m�b�B�Q�M �+�Q�M�b�i���M�iD = 0:2�X �h�?�2 �b�B�K�m�H���i�B�Q�M �+�Q�p�2�`�b �� �i�B�K�2 �T�2�`�B�Q�/ �7�`�Q�Kt = 0 �i�QT = 600
�b�2�+�Q�M�/�b�- �m�b�B�M�; �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b

�
u+

2 ; v+
2

�
�X �h�?�2 �M�m�K�2�`�B�+���H �/�Q�K���B�M �b�T���M�b �i�?�2 �B�M�i�2�`�p���H

[� 50; 50]�- �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �� �i�Q�i���H �H�2�M�;�i�? �Q�72L = 100 �+�K�X �h�?�B�b �+�?�Q�B�+�2 �B�b �#�B�Q�H�Q�;�B�+���H�H�v �`�2�H�2�@
�p���M�i ���b �B�i ���T�T�`�Q�t�B�K���i�2�b �i�?�2 ���p�2�`���;�2 �H�2�M�;�i�? �Q�7 �i�?�2 �?�m�K���M �+�Q�H�Q�M�X �h�?�m�b�- �i�?�2 �/�Q�K���B�M �+���M �#�2
�B�M�i�2�`�T�`�2�i�2�/ ���b �� �b�B�K�T�H�B�}�2�/ �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �� �b�B�;�M�B�}�+���M�i �T�Q�`�i�B�Q�M �Q�7 �i�?�2 �+�Q�H�Q�M �r�?�2�`�2 �B�M�~���K�@
�K���i�Q�`�v �T�?�2�M�Q�K�2�M�� �Q�+�+�m�`�X �A�i �r���b �/�B�b�+�`�2�i�B�x�2�/ �m�b�B�M�; �� �b�2�K�B�@�B�K�T�H�B�+�B�i �}�M�B�i�2 �/�B�z�2�`�2�M�+�2 �b�+�?�2�K�2
�r�B�i�?J = 1000 �T�Q�B�M�i�b ���M�/ �� �b�T���i�B���H �b�i�2�T �b�B�x�2 �Q�7dx = 2L

J �X �h�?�2 �b�+�?�2�K�2 �i�`�2���i�2�/ �i�?�2 �`�B�;�?�i�@�?���M�/
�b�B�/�2 �B�K�T�H�B�+�B�i�H�v�X �6�Q�` �i�?�2 �b�B�K�m�H���i�B�Q�M�b�- �r�2 �m�b�2�/ �� �i�B�K�2 �b�i�2�T �Q�7dt = 0:7 �b�2�+�Q�M�/�b�X �h�Q �2�M�b�m�`�2
���T�T�`�Q�T�`�B���i�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �B�M �i�?�2 �M�m�K�2�`�B�+���H �/�Q�K���B�M�- �L�2�m�K���M�M �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b
�r�2�`�2 �B�K�T�Q�b�2�/ ���i �i�?�2 �#�Q�m�M�/���`�B�2�b�X �h�?�B�b �r���b �M�2�+�2�b�b���`�v ���b �r�2 �r�2�`�2 �/�2���H�B�M�; �r�B�i�? �� �#�Q�m�M�/�2�/
�/�Q�K���B�M �7�Q�` �M�m�K�2�`�B�+���H �T�m�`�T�Q�b�2�b�X �6�B�M���H�H�v�- �r�2 �T�`�2�b�2�M�i �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �i�?�2 �b�B�K�m�H���i�B�Q�M �`�2�b�m�H�i�b
�i�?���i �p�B�b�m���H�H�v �B�H�H�m�b�i�`���i�2 �i�?�2 �i�2�K�T�Q�`���H �T�`�Q�T���;���i�B�Q�M �Q�7 �#���+�i�2�`�B�� ���M�/ �B�K�K�m�M�2 �+�2�H�H�b�- ���b �b�?�Q�r�M �B�M
�6�B�;�m�`�22:6 ���M�/ �6�B�;�m�`�22:8�- ���H�Q�M�; �r�B�i�? �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �b�T���+�2�@�i�B�K�2 �/�v�M���K�B�+�b �B�M �6�B�;�m�`�2�b2:7
���M�/2:9�X

�6�B�;�m�`�2 �k�X�e�, �"���+�i�2�`�B���H �T�`�Q�T���;���i�B�Q�M ���i �+�Q�M�@
�b�i���M�i �b�T�2�2�/ �B�M �� �?�Q�K�Q�;�2�M�2�Q�m�b �K�2�/�B�m�K �Q�p�2�`
�i�B�K�2�X

�6�B�;�m�`�2 �k�X�d�, �a�T���i�B�Q�i�2�K�T�Q�`���H �.�v�M���K�B�+�b �Q�7
�"���+�i�2�`�B���H �S�`�Q�T���;���i�B�Q�M�X

�8�y



�6�B�;�m�`�2 �k�X�3�, �`�Q�T���;���i�B�Q�M �Q�7 �B�K�K�m�M�2 �+�2�H�H ���i �+�Q�M�@
�b�i���M�i �b�T�2�2�/ �B�M �� �?�Q�K�Q�;�2�M�2�Q�m�b �K�2�/�B�m�K �Q�p�2�`
�i�B�K�2�X

�6�B�;�m�`�2 �k�X�N�, �a�T���i�B�Q�i�2�K�T�Q�`���H �.�v�M���K�B�+�b �Q�7 �A�K�@
�K�m�M�2 �*�2�H�H �S�`�Q�T���;���i�B�Q�M�X

�A�M �i�?�2 �b�2�+�Q�M�/ �b�B�K�m�H���i�B�Q�M�- �r�2 ���B�K �i�Q �2�t�T�H�Q�`�2 �i�?�2 �#�2�?���p�B�Q�` �Q�7 �i�?�2 �b�v�b�i�2�K �m�M�/�2�` �/�B�z�2�`�2�M�i
�+�Q�M�/�B�i�B�Q�M�b�- �b�T�2�+�B�}�+���H�H�v �7�Q�+�m�b�B�M�; �Q�M �i�?�2 �#�H�Q�+�F�B�M�; �Q�7 �T�`�Q�T���;���i�B�Q�M�X �h�Q ���+�?�B�2�p�2 �i�?�B�b�- �r�2 �2�t�i�2�M�/
�i�?�2 �}�M���H �i�B�K�2 �i�Q1500 �b�2�+�Q�M�/�b ���M�/ �B�M�i�`�Q�/�m�+�2 �+�?���M�;�2�b �i�Q �i�?�2 �p���H�m�2 �Q�7d ���i �b�T�2�+�B�}�+ �b�T���i�B���H
�T�Q�B�M�i�b�X �h�?�2�b�2 �K�Q�/�B�}�+���i�B�Q�M�b ���`�2 �/�2�b�B�;�M�2�/ �i�Q �B�K�T�2�/�2 �i�?�2 �b�T�`�2���/ �Q�7 �#���+�i�2�`�B�� ���M�/ �B�K�K�m�M�2 �+�2�H�H�b
�B�M �i�?�Q�b�2 �T���`�i�B�+�m�H���` ���`�2���b�X �r�2 �/�2�}�M�2 �� �+�m�b�i�Q�K�B�x�2�/d �7�m�M�+�i�B�Q�M �i�Q �`�2�~�2�+�i �i�?�2�b�2 ���H�i�2�`���i�B�Q�M�b�,

d (x) =

8
<

:
0:030; if x � 0;

0:1065; if x > 0:

�"�v �B�K�T�H�2�K�2�M�i�B�M�; �i�?�B�b �K�Q�/�B�}�2�/ �7�m�M�+�i�B�Q�Md ���M�/ �`�m�M�M�B�M�; �i�?�2 �b�B�K�m�H���i�B�Q�M�- �r�2 �Q�#�b�2�`�p�2 �b�B�;�M�B�}�+���M�i
�/�B�z�2�`�2�M�+�2�b �B�M �T�`�Q�T���;���i�B�Q�M �T���i�i�2�`�M�b �+�Q�K�T���`�2�/ �i�Q �i�?�2 �T�`�2�p�B�Q�m�b �b�B�K�m�H���i�B�Q�M�X �h�?�2 �`�2�b�m�H�i�b �Q�7 �i�?�B�b
�b�B�K�m�H���i�B�Q�M�- �r�?�B�+�? �B�H�H�m�b�i�`���i�2 �i�?�2 �#�H�Q�+�F�2�/ �T�`�Q�T���;���i�B�Q�M �B�M �i�?�2 �b�T�2�+�B�}�2�/ �`�2�;�B�Q�M�b�- ���`�2 �T�`�2�b�2�M�i�2�/
�B�M �i�?�2 �b�m�#�b�2�[�m�2�M�i �B�K���;�2�b�X

�6�B�;�m�`�2 �k�X�R�y�, �A�M�B�i�B���H �b�T�`�2���/ �7�Q�H�H�Q�r�2�/ �#�v �#�H�Q�+�F�@
���;�2 �Q�p�2�` �i�B�K�2�, �#���+�i�2�`�B���H �/�v�M���K�B�+�b�X

�6�B�;�m�`�2 �k�X�R�R�, �a�T���i�B�Q�i�2�K�T�Q�`���H �.�v�M���K�B�+�b �Q�7
�"���+�i�2�`�B���H �a�T�`�2���/ ���M�/ �"�H�Q�+�F���;�2�X
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�6�B�;�m�`�2 �k�X�R�k�, �A�M�B�i�B���H �a�T�`�2���/ �6�Q�H�H�Q�r�2�/ �#�v
�"�H�Q�+�F���;�2 �P�p�2�` �h�B�K�2�, �A�K�K�m�M�2 �*�2�H�H �.�v�M���K�@
�B�+�b�X

�6�B�;�m�`�2 �k�X�R�j�, �a�T���i�B�Q�i�2�K�T�Q�`���H �.�v�M���K�B�+�b �Q�7
�A�K�K�m�M�2 �*�2�H�H �a�T�`�2���/ ���M�/ �"�H�Q�+�F���;�2�X

�k�X�3�"�B�Q�H�Q�;�B�+���H �B�M�i�2�`�T�`�2�i���i�B�Q�M

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �r�B�H�H �#�B�Q�H�Q�;�B�+���H�H�v �B�M�i�2�`�T�`�2�i �i�?�2 �`�2�b�m�H�i�b �Q�#�i���B�M�2�/ �B�M �Q�m�` �K�Q�/�2�H �Q�7 �r���p�2
�T�`�Q�T���;���i�B�Q�M �B�M �� �?�Q�K�Q�;�2�M�2�Q�m�b �K�2�/�B�m�K�- ���b �r�2�H�H ���b �i�?�2 �`�2�b�m�H�i�B�M�; �#�H�Q�+�F�B�M�; �T�?�2�M�Q�K�2�M�Q�M �B�M
�� �?�2�i�2�`�Q�;�2�M�2�Q�m�b �K�2�/�B�m�K�X �6�B�`�b�i�- �r�2 ���M���H�v�x�2 �i�?�2 �T�`�Q�T���;���i�B�Q�M �Q�7 �r���p�2�b �B�M �� �?�Q�K�Q�;�2�M�2�Q�m�b
�K�2�/�B�m�K�X �h�?�B�b �`�2�b�m�H�i �?���b �� �/�2�2�T �K�2���M�B�M�; �B�M �i�?�2 �#�B�Q�H�Q�;�B�+���H �+�Q�M�i�2�t�i�- �b�m�;�;�2�b�i�B�M�; �i�?���i �?�Q�K�Q�@
�;�2�M�2�Q�m�b �r���p�2 �T�`�Q�T���;���i�B�Q�M �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �m�M�B�7�Q�`�K �/�B�z�m�b�B�Q�M �Q�7 �B�M�~���K�K���i�B�Q�M �i�?�`�Q�m�;�?�Q�m�i �i�?�2
�+�Q�H�Q�M�X �J�Q�`�2 �b�T�2�+�B�}�+���H�H�v�- �B�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �B�M�~���K�K���i�Q�`�v �#�Q�r�2�H �/�B�b�2���b�2�b �b�m�+�? ���b �m�H�+�2�`���i�B�p�2 �+�Q�H�B�@
�i�B�b�- �i�?�B�b �K�Q�/�2�H �+���M �#�2 �B�M�i�2�`�T�`�2�i�2�/ ���b �� �K���i�?�2�K���i�B�+���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �Q�p�2�`���H�H �2�t�i�2�M�b�B�Q�M �Q�7
�B�M�~���K�K���i�B�Q�M ���H�Q�M�; �i�?�2 �+�Q�H�Q�M�B�+ �K�m�+�Q�b���- �i�?�m�b �+�?���`���+�i�2�`�B�x�B�M�; �T���M�+�Q�H�B�i�B�b �r�?�2�`�2 �i�?�2 �2�M�i�B�`�2 �+�Q�H�Q�M
�B�b ���z�2�+�i�2�/ �#�v �B�M�~���K�K���i�B�Q�M�X ���+�+�Q�`�/�B�M�; �i�Q �b�i���i�B�b�i�B�+�b�- ���7�i�2�`20 �v�2���`�b�- ���#�Q�m�i50%�T���i�B�2�M�i�b �?���p�2
�+�m�K�m�H���i�B�p�2 �T���M�+�Q�H�B�i�B�b �(�k�k�)�X �q�?�2�M �B�M�~���K�K���i�B�Q�M �b�T�`�2���/�b �2�p�2�M�H�v�- �B�i �K�2���M�b �i�?���i �i�?�2 �2�M�i�B�`�2 �b�m�`�@
�7���+�2 �Q�7 �i�?�2 �+�Q�H�Q�M �B�b ���z�2�+�i�2�/ �#�v �i�?�2 �/�B�b�2���b�2 �B�M �i�?�2 �b���K�2 �r���v�- �H�2���/�B�M�; �i�Q �r�B�/�2�b�T�`�2���/ �b�v�K�T�i�Q�K�b
���M�/ �B�K�T���B�`�2�/ �#�Q�r�2�H �7�m�M�+�i�B�Q�M�X �h�?�B�b �B�M�i�2�`�T�`�2�i���i�B�Q�M �`�2�B�M�7�Q�`�+�2�b �i�?�2 �B�K�T�Q�`�i���M�+�2 �Q�7 �?�Q�H�B�b�i�B�+���H�H�v

�i�`�2���i�B�M�; �i�?�2 �/�B�b�2���b�2�- �i���`�;�2�i�B�M�; �M�Q�i �Q�M�H�v �b�v�K�T�i�Q�K���i�B�+ �/�Q�K���B�M�b �#�m�i ���H�b�Q ���`�2���b �r�?�2�`�2 �B�M�~���K�@
�K���i�B�Q�M �B�b �T�`�2�b�2�M�i �b�m�#�+�H�B�M�B�+���H�H�v�- �B�M �Q�`�/�2�` �i�Q �2�z�2�+�i�B�p�2�H�v �+�Q�M�i�`�Q�H �/�B�b�2���b�2 �T�`�Q�;�`�2�b�b�B�Q�M ���M�/ �B�K�T�`�Q�p�2
�i�?�2 �[�m���H�B�i�v �Q�7 �H�B�7�2 �Q�7 �T���i�B�2�M�i�b�X
�>���p�B�M�; �2�t�T�H�Q�`�2�/ �B�M �/�2�i���B�H �i�?�2 �?�Q�K�Q�;�2�M�2�Q�m�b �T�`�Q�T���;���i�B�Q�M �Q�7 �r���p�2�b ���M�/ �B�i�b �#�B�Q�H�Q�;�B�+���H �+�Q�`�Q�H�H���`�v�-
�M���K�2�H�v �i�?�2 �m�M�B�7�Q�`�K �/�B�z�m�b�B�Q�M �Q�7 �B�M�~���K�K���i�B�Q�M �i�?�`�Q�m�;�?�Q�m�i �i�?�2 �+�Q�H�Q�M�- �r�2 �M�Q�r �2�t���K�B�M�2 �i�?�2 �b�2�+�@
�Q�M�/ �`�2�b�m�H�i �Q�7 �Q�m�` �b�i�m�/�v�, �i�?�2 �#�H�Q�+�F�B�M�; �T�?�2�M�Q�K�2�M�Q�M �Q�#�b�2�`�p�2�/ �B�M �?�2�i�2�`�Q�;�2�M�2�Q�m�b �2�M�p�B�`�Q�M�K�2�M�i�b�X
�A�M �i�?�B�b �+�Q�M�}�;�m�`���i�B�Q�M�- �r�2 �B�M�i�`�Q�/�m�+�2 �p���`�B���#�B�H�B�i�v �B�M�i�Q �i�?�2 �K�Q�/�2�H �#�v �K�Q�/�B�7�v�B�M�; �i�?�2 �K�Q�`�i���H�B�i�v
�+�Q�2�{�+�B�2�M�i �Q�7 �#���+�i�2�`�B���X �h�?�B�b �+�?���M�;�2 �H�2���/�b �i�Q �� �b�B�;�M�B�}�+���M�i ���H�i�2�`���i�B�Q�M �B�M �B�M�~���K�K���i�B�Q�M �b�T�`�2���/�X
�q�?�2�`�2 �T�`�2�p�B�Q�m�b�H�v �i�?�2 �b�T�`�2���/ �B�b �m�M�B�7�Q�`�K�- �r�2 �M�Q�r �b�2�2 �� �T�`�Q�;�`�2�b�b�B�p�2 �#�H�Q�+�F���;�2�X �h�?�B�b �Q�#�b�2�`�p���i�B�Q�M
�B�b �+�Q�M�b�B�b�i�2�M�i �r�B�i�? �+�H�B�M�B�+���H �}�M�/�B�M�;�b�- �B�M �r�?�B�+�? �/�Q�+�i�Q�`�b �Q�7�i�2�M �`�2�T�Q�`�i �i�?���i �+�2�`�i���B�M ���`�2���b �Q�7 �i�?�2
�+�Q�H�Q�M �Q�7 �T���i�B�2�M�i�b �r�B�i�? �B�M�~���K�K���i�Q�`�v �#�Q�r�2�H �/�B�b�2���b�2�b�- �b�m�+�? ���b �m�H�+�2�`���i�B�p�2 �+�Q�H�B�i�B�b�- �K���v �2�t�?�B�#�B�i �H�Q�@
�+���H�B�x�2�/ ���`�2���b �Q�7 �#�H�Q�+�F���;�2�- �H�2���/�B�M�; �i�Q �`�2�b�B�b�i���M�+�2 �i�Q �i�?�2 �T�`�Q�;�`�2�b�b�B�Q�M �Q�7 �B�M�~���K�K���i�B�Q�M�X �l�M�i�B�H �M�Q�r�-
�b�i�Q�T�T�B�M�; �i�?�2 �b�T�`�2���/ �Q�7 �i�?�2 �/�B�b�2���b�2 �B�M �i�?�2 �+�Q�H�Q�M �`�2�K���B�M�b �B�M�2�t�T�H�B�+���#�H�2 ���M�/ �+���M�M�Q�i �#�2 �2�z�2�+�i�B�p�2�H�v
�B�/�2�M�i�B�}�2�/ �#�v �i�?�2 �p�B�/�2�Q �Q�#�i���B�M�2�/ ���7�i�2�` �� �+�Q�H�Q�M�Q�b�+�Q�T�v�X �J�Q�`�2 �b�i�m�/�B�2�b ���`�2 �M�2�2�/�2�/ �i�Q �B�/�2�M�i�B�7�v �i�?�2
�2�M�/ �T�Q�B�M�i �Q�7 �B�M�~���K�K���i�B�Q�M�X �A�M �+�Q�M�+�H�m�b�B�Q�M�- �Q�m�` �`�2�b�m�H�i�b �?�B�;�?�H�B�;�?�i �i�?�2 �+�`�m�+�B���H �`�Q�H�2 �Q�7 �#���+�i�2�`�B���H
�K�Q�`�i���H�B�i�v �B�M �i�?�2 �b�T�`�2���/ �Q�7 �B�M�~���K�K���i�B�Q�M�X ���H�i�?�Q�m�;�? �+�Q�M�b�i���M�i �`���i�2�b �Q�7 �b�T�`�2���/ ���`�2 �Q�#�b�2�`�p�2�/
�B�M �� �?�Q�K�Q�;�2�M�2�Q�m�b �2�M�p�B�`�Q�M�K�2�M�i�- �H�Q�+���H �p���`�B���i�B�Q�M�b �B�M �i�?�B�b �i�2�`�K �+���M �`�2�b�m�H�i �B�M �� �#�H�Q�+�F���;�2 �Q�7 �i�?�2
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�T�`�Q�;�`�2�b�b�B�Q�M �Q�7 �B�M�~���K�K���i�B�Q�M �B�M �b�T�2�+�B�}�+ �`�2�;�B�Q�M�b �Q�7 �i�?�2 �+�Q�H�Q�M�X �h�?�B�b �Q�#�b�2�`�p���i�B�Q�M �?�B�;�?�H�B�;�?�i�b �i�?�2
�B�K�T�Q�`�i���M�i �`�Q�H�2 �i�?���i �B�M�i�2�`���+�i�B�Q�M�b �#�2�i�r�2�2�M �#���+�i�2�`�B�� ���M�/ �H�Q�+���H �B�M�~���K�K���i�Q�`�v �T�`�Q�+�2�b�b�2�b �T�H���v �B�M
�i�?�2 �T�`�Q�;�`�2�b�b�B�Q�M �Q�7 �i�?�2 �/�B�b�2���b�2�X

�k�X�N�*�Q�M�+�H�m�b�B�Q�M

�h�?�B�b �r�Q�`�F �B�b �� �b�B�K�T�H�B�}�2�/ ���T�T�`�Q���+�? �i�Q �K�Q�/�2�H�B�M�; �i�?�2 �B�M�~���K�K���i�Q�`�v �`�2�b�T�Q�M�b�2 �B�M �m�H�+�2�`���i�B�p�2
�+�Q�H�B�i�B�b �U�l�*�V�X �q�2 �K���F�2 �b�2�p�2�`���H ���b�b�m�K�T�i�B�Q�M�b �i�Q �;���B�M �� �;�2�M�2�`���H �m�M�/�2�`�b�i���M�/�B�M�; �Q�7 �i�?�2 �K�2�+�?���M�B�b�K�b
�Q�7 �/�B�b�2���b�2 �b�T�`�2���/ ���M�/ �#�H�Q�+�F���;�2�- �r�?�B�H�2 �F�2�2�T�B�M�; �i�?�2 �K�Q�/�2�H �`�2�H���i�B�p�2�H�v �b�B�K�T�H�2 �B�M �i�2�`�K�b �Q�7 �p���`�B���#�H�2�b
���M�/ �2�[�m���i�B�Q�M�b�X �A�M �7�m�i�m�`�2 �`�2�b�2���`�+�?�- �B�i �B�b �m�b�2�7�m�H �i�Q �2�t�T�H�Q�`�2 �i�?�2 �b�i���#�B�H�B�i�v �Q�7 �i�?�2 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M
���M�/ �b�i�m�/�v �?�Q�r �B�i �/�2�T�2�M�/�b �Q�M �/�B�z�2�`�2�M�i �T���`���K�2�i�2�`�b�X �6�m�`�i�?�2�`�K�Q�`�2�- �2�t�T���M�/�B�M�; �i�?�2 �K�Q�/�2�H �i�Q
�B�M�+�H�m�/�2 �K�Q�`�2 �7���+�i�Q�`�b�- �b�m�+�? ���b ���/�/�B�i�B�Q�M���H �B�M�i�2�`���+�i�B�M�; �b�T�2�+�B�2�b�- �+���M �T�`�Q�p�B�/�2 �� �K�Q�`�2 �+�Q�K�T�H�2�i�2
�m�M�/�2�`�b�i���M�/�B�M�; �Q�7 �i�?�2 �+�Q�K�T�H�2�t �/�v�M���K�B�+�b �B�M�p�Q�H�p�2�/ �B�M �i�?�2 �b�T�`�2���/ ���M�/ �+�Q�M�i�`�Q�H �Q�7 �B�M�~���K�K���i�Q�`�v
�/�B�b�2���b�2�b�X
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�S���`�i �A�A

���M���H�v�b�B�b �Q�7 �_�2�/�m�+�2�/ �J�Q�/�2�H�b ���M�/ �q���p�2
�"�H�Q�+�F�B�M�; �B�M �S�Q�T�m�H���i�B�Q�M �.�v�M���K�B�+�b

���#�b�i� �̀��+�i

�h�?�2 �`�2�b�m�H�i�b �T�`�2�b�2�M�i�2�/ �B�M �i�?�B�b �+�?���T�i�2�` ���`�2 �i�?�2 �`�2�b�m�H�i �Q�7 �� �+�Q�H�H���#�Q�`���i�B�Q�M �r�B�i�? �L�B�+�Q�H���b �o���m�+�?�2�H�2�i
���M�/ �>���i�2�K �w�����; ���M�/ ���`�2 �+�m�`�`�2�M�i�H�v �#�2�B�M�; �T�`�2�T���`�2�/ �7�Q�` �b�m�#�K�B�b�b�B�Q�M�X

�h�Q �+�Q�M�i�`�Q�H �K�Q�b�[�m�B�i�Q�@�#�Q�`�M�2 �/�B�b�2���b�2�b �b�m�+�? ���b �/�2�M�;�m�2�- �7�Q�` �r�?�B�+�? �M�Q �2�z�2�+�i�B�p�2 �p���+�+�B�M�2 �B�b ���p���B�H�@
���#�H�2�- �b�2�p�2�`���H �b�i�`���i�2�;�B�2�b �7�Q�+�m�b �Q�M �i���`�;�2�i�B�M�; �K�Q�b�[�m�B�i�Q �T�Q�T�m�H���i�B�Q�M�b�X �P�M�2 �b�m�+�? ���T�T�`�Q���+�? �B�M�p�Q�H�p�2�b
�B�M�i�`�Q�/�m�+�B�M�; �q�Q�H�#���+�?�B���- �� �b�v�K�#�B�Q�i�B�+ �#���+�i�2�`�B�m�K �i�?���i �#�H�Q�+�F�b �T���i�?�Q�;�2�M �i�`���M�b�K�B�b�b�B�Q�M�- �B�M�i�Q �i�?�2
�K�Q�b�[�m�B�i�Q �T�Q�T�m�H���i�B�Q�M�X �� �K���i�?�2�K���i�B�+���H �K�Q�/�2�H �/�2�b�+�`�B�#�B�M�; �i�?�2 �B�M�i�`�Q�/�m�+�i�B�Q�M �Q�7 �q�Q�H�#���+�?�B�� ���M�/
�i�?�2 �b�m�#�b�2�[�m�2�M�i �T�Q�T�m�H���i�B�Q�M �`�2�T�H���+�2�K�2�M�i �?���b �/�2�K�Q�M�b�i�`���i�2�/ �i�?���i�- �B�M �� �?�Q�K�Q�;�2�M�2�Q�m�b �2�M�p�B�`�Q�M�@
�K�2�M�i�- �b�T���i�B���H �T�`�Q�T���;���i�B�Q�M �Q�+�+�m�`�b�X

�h�?�2 �Q�#�D�2�+�i�B�p�2 �Q�7 �i�?�B�b �T���`�i �B�b �i�Q �T�`�Q�p�2 �i�?�2 �#�H�Q�+�F�B�M�; �Q�7 �i�?�B�b �T�`�Q�T���;���i�B�Q�M �B�M �� �?�2�i�2�`�Q�;�2�M�2�Q�m�b
�2�M�p�B�`�Q�M�K�2�M�i�X �h�Q ���+�?�B�2�p�2 �i�?�B�b �;�Q���H�- �r�2 �/�B�p�B�/�2 �i�?�B�b �T���`�i �B�M�i�Q �i�r�Q �+�?���T�i�2�`�b�,

�h�?�2 �}�`�b�i �+�?���T�i�2�` �7�Q�+�m�b�2�b �Q�M �i�?�2 �`�2�/�m�+�i�B�Q�M �Q�7 �� �k�“�k �`�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �b�v�b�i�2�K �i�Q �� �b�B�M�;�H�2
�+�H�Q�b�2�/ �2�[�m���i�B�Q�M�- �T�`�Q�p�B�/�B�M�; �� �b�B�K�T�H�B�}�2�/ �7�`���K�2�r�Q�`�F �7�Q�` �b�i�m�/�v�B�M�; �i�?�2 �/�v�M���K�B�+�b �Q�7 �q�Q�H�#���+�?�B��
�T�`�Q�T���;���i�B�Q�M�X

�h�?�2 �b�2�+�Q�M�/ �+�?���T�i�2�` �B�M�p�2�b�i�B�;���i�2�b �i�?�2 �b�i�m�/�v �Q�7 �r���p�2 �#�H�Q�+�F�B�M�; �B�M �� �T�Q�T�m�H���i�B�Q�M �`�2�T�H���+�2�K�2�M�i
�i�2�+�?�M�B�[�m�2�- �r�?�2�`�2 �r�2 �2�t���K�B�M�2 �b�+�2�M���`�B�Q�b �B�M �r�?�B�+�? �2�M�p�B�`�Q�M�K�2�M�i���H �?�2�i�2�`�Q�;�2�M�2�B�i�v�- �T���`�i�B�+�m�H���`�H�v
�b�T���i�B���H �p���`�B���i�B�Q�M�b �B�M �+���`�`�v�B�M�; �+���T���+�B�i�v�- �K���v �T�`�2�p�2�M�i �i�?�2 �b�T�`�2���/ �Q�7 �q�Q�H�#���+�?�B���X
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�*�>���S�h�1�_�j

�_�1�.�l�*�h�A�P�L �P�6 �� �k� �k �_�1���*�h�A�P�L�@�.�A�6�6�l�a�A�P�L �a�u�a�h�1�J �h�P
�� �a�A�L�:�G�1 �*�G�P�a�1�. �1�Z�l���h�A�P�L

�ó�L�Q�i�?�B�M�; �B�M �H�B�7�2 �B�b �i�Q �#�2 �7�2��� �̀2�/�X �A�i �B�b �Q�M�H�v �i�Q �#�2
�m�M�/�2�`�b�i�Q�Q�/�X�ô

�J���`�B�2 �*�m�`�B�2

�j�X�R�A�M�i�`�Q�/�m�+�i�B�Q�M

�q�2 �b�i�m�/�v �i�?�2 �/�v�M���K�B�+�b �Q�7 �i�r�Q �#�B�Q�H�Q�;�B�+���H �T�Q�T�m�H���i�B�Q�M�b �#�2�H�Q�M�;�B�M�; �i�Q �i�?�2 �b���K�2 �b�T�2�+�B�2�b�-
�r�?�B�+�? �K�Q�p�2�- �`�2�T�`�Q�/�m�+�2�- ���M�/ �+�Q�K�T�2�i�2�X �h�?�2�B�` �2�p�Q�H�m�i�B�Q�M �B�b �/�2�b�+�`�B�#�2�/ �#�v �� �`�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M
�b�v�b�i�2�K �r�B�i�? �i�r�Q �2�[�m���i�B�Q�M�b �T�Q�b�2�/ �B�M �i�?�2 �b�T���+�2Rd �r�B�i�?d � 1�X �h�?�2 �`�2���+�i�B�Q�M �i�2�`�K�b�- �;�2�M�2�`���H�H�v
�M�Q�M�H�B�M�2���`�- �`�2�T�`�2�b�2�M�i �i�?�2 �B�M�i�2�`���+�i�B�Q�M�b �#�2�i�r�2�2�M �i�?�2�b�2 �T�Q�T�m�H���i�B�Q�M�b�- �B�M�+�H�m�/�B�M�; �+�Q�K�T�2�i�B�i�B�Q�M �Q�`
�K�m�i�m���H�B�b�K �2�z�2�+�i�b�X

�G�2�in1(t; x ) ���M�/n2(t; x ) �/�2�M�Q�i�2 �i�?�2 �`�2�b�T�2�+�i�B�p�2 �/�2�M�b�B�i�B�2�b �Q�7 �i�?�2 �i�r�Q �p���`�B���M�i�b ���i �i�B�K�2t > 0
���M�/ �T�Q�b�B�i�B�Q�Mx 2 Rd�X �h�?�2 �K�Q�/�2�H �B�b �;�B�p�2�M �#�v�,

8
<

:
@tn1 � � n1 = n1f 1(n1; n2);

@tn2 � � n2 = n2f 2(n1; n2):
�U�j�X�R�V

�h�?�2 �7�m�M�+�i�B�Q�M�bf 1 ���M�/f 2 �K�Q�/�2�H �i�?�2�b�2 �B�M�i�2�`���+�i�B�Q�M�b ���M�/ ���`�2 ���+�+�Q�K�T���M�B�2�/ �#�v �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b�X
�.�B�`�2�+�i�H�v �b�i�m�/�v�B�M�; �b�m�+�? �� �b�v�b�i�2�K �B�b �Q�7�i�2�M �+�Q�K�T�H�2�t�X ���M ���H�i�2�`�M���i�B�p�2 ���T�T�`�Q���+�? �B�b �i�Q ���M���H�v�x�2

�i�?�2 �T�`�Q�T�Q�`�i�B�Q�M �Q�7 �Q�M�2 �T�Q�T�m�H���i�B�Q�M �`�2�H���i�B�p�2 �i�Q �i�?�2 �i�Q�i���H �T�Q�T�m�H���i�B�Q�M�- �/�2�}�M�2�/ ���b�,

p =
n1

n1 + n2
:

�A�M �i�?�B�b �7�`���K�2�r�Q�`�F�- �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �b�?�Q�r �i�?���i �i�?�2 �2�p�Q�H�m�i�B�Q�M �Q�7p �B�b �;�Q�p�2�`�M�2�/ �#�v �� �`�2���+�i�B�Q�M�@
�/�B�z�m�b�B�Q�M �2�[�m���i�B�Q�M �Q�7 �i�?�2 �7�Q�`�K�,

@tp � � p = pF(p): �U�j�X�k�V

�a�B�M�+�2 �i�?�2 �T�B�Q�M�2�2�`�B�M�; �r�Q�`�F�b �Q�7 �6�B�b�?�2�` �(�j�k�) ���M�/ �E�Q�H�K�Q�;�Q�`�Q�p�- �S�2�i�`�Q�p�b�F�B�B�- ���M�/ �S�B�b�F�m�M�Q�p �(�8�9�)�- �b�m�+�?
�2�[�m���i�B�Q�M�b �?���p�2 �#�2�2�M �r�B�/�2�H�v �b�i�m�/�B�2�/ �B�M �K���i�?�2�K���i�B�+�b�- �T���`�i�B�+�m�H���`�H�v �+�Q�M�+�2�`�M�B�M�; �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7
�i�`���p�2�H�B�M�; �r���p�2�b ���M�/ �B�M�p���b�B�Q�M �T�?�2�M�Q�K�2�M�� �U�b�2�2 �(�N�R�)�V�X �>�Q�r�2�p�2�`�- �i�?�2 ���M���H�v�b�B�b �Q�7 �+�Q�K�T�2�i�B�i�B�p�2
�`�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �b�v�b�i�2�K�b �`�2�K���B�M�b �+�?���H�H�2�M�;�B�M�; ���M�/ �B�M�i�`�Q�/�m�+�2�b ���/�/�B�i�B�Q�M���H �/�B�{�+�m�H�i�B�2�b�- ���b �B�H�@
�H�m�b�i�`���i�2�/ �B�M �(�j�8�)�X �h�?�B�b �+�?���T�i�2�` ���B�K�b �i�Q �2�b�i���#�H�B�b�? �� �`�B�;�Q�`�Q�m�b �H�B�M�F �#�2�i�r�2�2�M �b�v�b�i�2�K�b �U�j�X�R�V ���M�/

�8�8



�U�j�X�k�V�X �J�Q�`�2 �T�`�2�+�B�b�2�H�v�- �r�2 �b�2�2�F �i�Q �/�2�i�2�`�K�B�M�2 �r�?�2�i�?�2�` �i�?�2 �b�Q�H�m�i�B�Q�M�b �Q�7 �b�v�b�i�2�K �U�j�X�R�V �+���M ���T�T�`�Q�t�@
�B�K���i�2 �i�?�Q�b�2 �Q�7 �b�v�b�i�2�K �U�j�X�k�V �7�Q�` �i�?�2 �T�`�Q�T�Q�`�i�B�Q�Mp�X �P�m�` �K���B�M �`�2�b�m�H�i �b�?�Q�r�b �i�?���i�- �m�M�/�2�` �+�2�`�i���B�M
���b�b�m�K�T�i�B�Q�M�b �Q�M �i�?�2 �`�2���+�i�B�Q�M �i�2�`�K�b �B�M �U�j�X�R�V�- �i�?�2 �T�`�Q�T�Q�`�i�B�Q�M

p =
n1

n1 + n2
; �U�j�X�j�V

�`�2�K���B�M�b �+�H�Q�b�2�- �B�M �� �T�`�2�+�B�b�2 �b�2�M�b�2�- �i�Q �� �b�Q�H�m�i�B�Q�M �Q�7 �U�j�X�k�V�X �a�T�2�+�B�}�+���H�H�v�- �r�2 �T�`�Q�p�2 �i�?���i �r�?�2�M �i�?�2
�i�Q�i���H �T�Q�T�m�H���i�B�Q�M �#�2�+�Q�K�2�b �H���`�;�2 ���M�/ �+�Q�K�T�2�i�B�i�B�Q�M �B�M�i�2�M�b�B�}�2�b�- �i�?�2 �7�`�2�[�m�2�M�+�vp ���b�b�Q�+�B���i�2�/ �r�B�i�?
�b�v�b�i�2�K �U�j�X�R�V �+�Q�M�p�2�`�;�2�b �i�Q �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �2�[�m���i�B�Q�M �U�j�X�k�V�- �r�?�2�`�2 �i�?�2 �M�Q�M�H�B�M�2���` �7�m�M�+�i�B�Q�MF �B�b
�2�t�T�H�B�+�B�i�H�v �/�2�`�B�p�2�/ �7�`�Q�Kf 1 ���M�/f 2�X �h�?�2 �T�`�Q�Q�7 �`�2�H�B�2�b �Q�M �� �+�Q�K�T���+�i�M�2�b�b ���`�;�m�K�2�M�i �#���b�2�/ �Q�M ��
�T�`�B�Q�`�B �2�b�i�B�K���i�2�b�X

�a�B�K�B�H���` �`�2�b�m�H�i�b �?���p�2 �#�2�2�M �Q�#�i���B�M�2�/ �7�Q�` �i�?�2 �`�2�/�m�+�i�B�Q�M �Q�7 �+�Q�K�T�2�i�B�i�B�Q�M�@�/�B�z�m�b�B�Q�M �K�Q�/�2�H�b �B�M
�(�9�R�) ���M�/ �(�9�y�)�- �T���`�i�B�+�m�H���`�H�v �B�M �#�Q�m�M�/�2�/ �/�Q�K���B�M�b �r�B�i�? �� �/�2�i���B�H�2�/ �b�i�m�/�v �Q�7 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b�X

�P�M�2 �Q�7 �i�?�2 �K���B�M �K�Q�i�B�p���i�B�Q�M�b �7�Q�` �i�?�B�b �b�i�m�/�v ���`�B�b�2�b �7�`�Q�K �i�?�2 �T�?�2�M�Q�K�2�M�Q�M �Q�7 �+�v�i�Q�T�H���b�K�B�+
�B�M�+�Q�K�T���i�B�#�B�H�B�i�v�- �B�M�/�m�+�2�/ �#�v �i�?�2 �2�M�/�Q�b�v�K�#�B�Q�i�B�+ �#���+�i�2�`�B�m�K �q�Q�H�#���+�?�B�� �B�M �+�2�`�i���B�M ���`�i�?�`�Q�T�Q�/
�b�T�2�+�B�2�b �U�b�2�2 �(�N�e�)�- �(�R�j�)�V�X �h�?�2�b�2 �#���+�i�2�`�B�� ���`�2 �Q�7 �B�M�+�`�2���b�B�M�; �B�M�i�2�`�2�b�i �/�m�2 �i�Q �i�?�2�B�` �T�Q�i�2�M�i�B���H ���b ��
�i�Q�Q�H �7�Q�` �+�Q�M�i�`�Q�H�H�B�M�; ���`�#�Q�p�B�`�m�b�2�b �U�b�2�2 �(�9�9�)�- �(�N�k�)�V�X �h�?�B�b �#�B�Q�H�Q�;�B�+���H �T�?�2�M�Q�K�2�M�Q�M �+���M �#�2 �K�Q�/�2�H�2�/
�#�v �� �`�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �b�v�b�i�2�K�- ���M�/ �r�2 �b�?�Q�r �i�?���i �B�7 �i�?�2 �`�2���+�i�B�Q�M �i�2�`�K�b ���`�2 �T�`�Q�T�2�`�H�v ���/�D�m�b�i�2�/�-
�i�?�2�M �i�?�2 �7�`�2�[�m�2�M�+�v �Q�7 �q�Q�H�#���+�?�B�� �B�M�7�2�+�i�B�Q�M �+�Q�M�p�2�`�;�2�b �i�Q �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �� �+�H�Q�b�2�/ �`�2���+�i�B�Q�M�@
�/�B�z�m�b�B�Q�M �2�[�m���i�B�Q�M�- �r�?�B�+�? �B�b �#�B�b�i���#�H�2�X �a�m�+�? �2�[�m���i�B�Q�M�b �?���p�2 �H�Q�M�; �#�2�2�M �T�`�Q�T�Q�b�2�/ �i�Q �/�2�b�+�`�B�#�2
�i�?�B�b �T�?�2�M�Q�K�2�M�Q�M �U�b�2�2 �(�3�y�)�V�X

�j�X�k �J�Q�/�2�H�H�B�M�;

�G�2�iT > 0 �/�2�M�Q�i�2 �� �}�t�2�/ �?�Q�`�B�x�Q�M �Q�7 �i�B�K�2�X

�j�X�k�X�R�J�Q�/�2�H �r�B�i�? �i�r�Q �+�Q�K�T���`�i�K�2�M�i�b

�h�?�2 �K�Q�/�2�H �7�Q�` �B�M�7�2�+�i�2�/ ���M�/ �M�Q�M�@�B�M�7�2�+�i�2�/ �K�Q�b�[�m�B�i�Q�2�b �T�`�Q�T�Q�b�2�/ �B�M �(�3�9�) �+���M�- �B�M �� �+�2�`�i���B�M
�b�2�M�b�2�- �#�2 �m�b�2�/ �i�Q �/�2�`�B�p�2 �� �i�r�Q�@�T�Q�T�m�H���i�B�Q�M �K�Q�/�2�H �T�Q�b�2�/ �Q�MRd�X �A�M �i�?�B�b �K�Q�/�2�H�-ni �`�2�T�`�2�b�2�M�i�b
�i�?�2 �/�2�M�b�B�i�v �Q�7 �B�M�7�2�+�i�2�/ �K�Q�b�[�m�B�i�Q�2�b�- ���M�/nu �`�2�T�`�2�b�2�M�i�b �i�?�2 �/�2�M�b�B�i�v �Q�7 �M�Q�M�@�B�M�7�2�+�i�2�/ �K�Q�b�[�m�B�i�Q�2�b�X
�h�?�2 �K�Q�/�2�H �B�b �/�2�b�+�`�B�#�2�/ �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�[�m���i�B�Q�M�b�,
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<

:
@tni � � ni = (1 � sf )Funi (1 � n i + nu

K ) � �d uni ; in (0; T) � Rd;

@tnu � � nu = Funu(1 � sh
n i

n i + nu
)(1 � n i + nu

K ) � dunu; in (0; T) � Rd:
�U�j�X�9�V

�*�Q�K�T�H�2�K�2�M�i�2�/ �#�v �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�bni (t = 0; x) = ni (x) init � 0�-nu(t = 0; x) = nu(x) init > 0�X
�h�?�2 �T���`���K�2�i�2�`�b �B�M �i�?�2 �K�Q�/�2�H ���`�2 �/�2�}�M�2�/ ���b �7�Q�H�H�Q�r�b�,

? du �-di = �d u �r�B�i�?� > 1 �`�2�T�`�2�b�2�M�i �i�?�2 �/�2���i�? �`���i�2�b �7�Q�` �m�M�B�M�7�2�+�i�2�/ ���M�/ �B�M�7�2�+�i�2�/ �K�Q�b�[�m�B�i�Q�2�b�-
�`�2�b�T�2�+�i�B�p�2�H�v�X �q�2 ���b�b�m�K�2 �i�?���idi > d u �#�2�+���m�b�2 �q�Q�H�#���+�?�B�� �b�?�Q�`�i�2�M�b �i�?�2�B�` �H�B�7�2�b�T���M�c

? sf 2 (0; 1) �B�b �� �/�B�K�2�M�b�B�Q�M�H�2�b�b �T���`���K�2�i�2�` �i�?���i �`�2�~�2�+�i�b �i�?�2 �`�2�/�m�+�2�/ �7�2�+�m�M�/�B�i�v �Q�7 �B�M�7�2�+�i�2�/
�K�Q�b�[�m�B�i�Q�2�b�c

? Fu �-Fi = (1 � sf )Fu �/�2�M�Q�i�2 �i�?�2 �7�2�+�m�M�/�B�i�v �`���i�2�b �7�Q�` �m�M�B�M�7�2�+�i�2�/ ���M�/ �B�M�7�2�+�i�2�/ �K�Q�b�[�m�B�i�Q�2�b�-
�`�2�b�T�2�+�i�B�p�2�H�v�X �q�2 ���b�b�m�K�2 �i�?���iFi < F u �- ���b �q�Q�H�#���+�?�B�� �`�2�/�m�+�2�b �7�2�+�m�M�/�B�i�v�c

? sh 2 (0; 1) �B�b �i�?�2 �+�v�i�Q�T�H���b�K�B�+ �B�M�+�Q�K�T���i�B�#�B�H�B�i�v �T���`���K�2�i�2�`�- �`�2�T�`�2�b�2�M�i�B�M�; �i�?�2 �7�`���+�i�B�Q�M �Q�7
�2�;�;�b �7�`�Q�K �m�M�B�M�7�2�+�i�2�/ �7�2�K���H�2�b �7�2�`�i�B�H�B�x�2�/ �#�v �B�M�7�2�+�i�2�/ �K���H�2�b �i�?���i �/�Q �M�Q�i �?���i�+�?�X �A�M �Q�i�?�2�`
�r�Q�`�/�b�- �� �T�`�Q�T�Q�`�i�B�Q�M1 � sh �Q�7 �i�?�2 �2�;�;�b �7�2�`�i�B�H�B�x�2�/ �#�v �B�M�7�2�+�i�2�/ �K���H�2�b ���+�i�m���H�H�v �?���i�+�?�X
�*�v�i�Q�T�H���b�K�B�+ �B�M�+�Q�K�T���i�B�#�B�H�B�i�v �B�b �T�2�`�7�2�+�i �r�?�2�Msh = 1�c

�8�e



? K �/�2�M�Q�i�2�b �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i���H �+���T���+�B�i�v�X

���H�H �i�?�2 �+�Q�M�b�i���M�i�b �K�2�M�i�B�Q�M�2�/ �T�`�2�p�B�Q�m�b�H�v ���`�2 ���b�b�m�K�2�/ �i�Q �#�2 �T�Q�b�B�i�B�p�2�X �A�M �i�?�2 �H�B�i�2�`���i�m�`�2 �`�2�H���i�2�/
�i�Q �i�?�B�b �K�Q�/�2�H�- �Q�M�2 �+���M �}�M�/ ���M���H�v�b�2�b �Q�7 �2�[�m�B�H�B�#�`�B�m�K �b�i���i�2�b ���M�/ �i�?�2�B�` �b�i���#�B�H�B�i�v�X �J�Q�`�2�Q�p�2�`�- �i�?�2
�2�t�B�b�i�2�M�+�2 ���M�/ �m�M�B�[�m�2�M�2�b�b �Q�7 �b�Q�H�m�i�B�Q�M�b �7�Q�` �b�m�+�? �� �`�2���+�i�B�Q�M���/�B�z�m�b�B�Q�M �b�v�b�i�2�K ���`�2 �#�v �M�Q�r �r�2�H�H�@
�F�M�Q�r�M�c �b�2�2�- �2�X�;�X�-�(�j�y�-�d�R�)�X �h�?�2 �2�[�m���i�B�Q�M�b �;�Q�p�2�`�M�B�M�; �i�?�2 �/�v�M���K�B�+�b �Q�7ni ���M�/nu ���`�2 �`�2�b�T�2�+�i�B�p�2�H�v
�#�B�b�i���#�H�2 ���M�/ �K�Q�M�Q�b�i���#�H�2 �`�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �2�[�m���i�B�Q�M�b�X �A�i �B�b �r�Q�`�i�? �M�Q�i�B�M�; �i�?���i �B�M �i�?�2 �`�2���+�i�B�Q�M
�i�2�`�K �Q�7 �i�?�2 �b�2�+�Q�M�/ �2�[�m���i�B�Q�M�- �i�?�2 �i�2�`�K� n i

n i + nu
�`�2�T�`�2�b�2�M�i�b �i�?�2 �p�2�`�i�B�+���H �i�`���M�b�K�B�b�b�B�Q�M �Q�7 �i�?�2 �/�B�b�@

�2���b�2�- �r�?�B�H�2 �i�?�2 �+�Q�2�{�+�B�2�M�ish �K�Q�/�2�H�b �i�?�2 �B�K�T�2�`�7�2�+�i�B�Q�M �Q�7 �i�?�B�b �i�`���M�b�K�B�b�b�B�Q�M �/�m�2 �i�Q �+�v�i�Q�T�H���b�K�B�+
�B�M�+�Q�K�T���i�B�#�B�H�B�i�v�X �A�M ���+�+�Q�`�/���M�+�2 �r�B�i�? �(�e�)�- �r�2 �r�B�H�H ���b�b�m�K�2 �K�Q�`�2�Q�p�2�` �i�?���i �i�?�2 �`�2�H���i�B�Q�M

sf + � � 1 < s h � �U�j�X�8�V

�?�Q�H�/�b �i�`�m�2�X �h�?�B�b �+�?�Q�B�+�2 �Q�7 �T���`���K�2�i�2�`�b �B�b �`�2�H�2�p���M�i�- ���b �7�Q�` �q�Q�H�#���+�?�B���@�B�M�7�2�+�i�2�/ ���2�/�2�b �K�Q�b�[�m�B�i�Q�2�b�-
���M�/ �K�Q�`�2 �b�T�2�+�B�}�+���H�H�v �B�M �i�?�2 �+���b�2 �Q�7 �i�?�2�r�J�2�H�b�i�`���B�M�- �+�v�i�Q�T�H���b�K�B�+ �B�M�+�Q�K�T���i�B�#�B�H�B�i�v �U�*�A�V �B�b
�M�2���`�H�v �T�2�`�7�2�+�i �7�Q�` �i�?�B�b �b�T�2�+�B�2�b�@�b�i�`���B�M �+�Q�K�#�B�M���i�B�Q�M �U�b�2�2 �(�k�e�)�V�- �B�K�T�H�v�B�M�; �i�?���ish �B�b �+�H�Q�b�2 �i�Q �R�X
�6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2�b�2 �K�Q�b�[�m�B�i�Q�2�b �i�v�T�B�+���H�H�v �?���p�2 �b�H�B�;�?�i�H�v �`�2�/�m�+�2�/ �7�2�+�m�M�/�B�i�v�- �r�?�B�+�? �B�b �`�2�T�`�2�b�2�M�i�2�/
�#�vsf � 0:1�X �A�M ���/�/�B�i�B�Q�M�- �i�?�2 �T���`���K�2�i�2�`�b� ���M�/sh �i���F�2 �i�?�2 �p���H�m�2�b� � 1:1 ���M�/sh � 0:9�-
�2�M�b�m�`�B�M�; �i�?�2 �p���H�B�/�B�i�v �Q�7 �2�[�m���i�B�Q�M �U�j�X�8�V�X

�j�X�k�X�k�_�2�/�m�+�i�B�Q�M �7�Q�` �H���`�;�2 �7�2�+�m�M�/�B�i�v

�q�2 ���b�b�m�K�2 �?�B�;�? �7�2�+�m�M�/�B�i�v�- ���b �/�2�b�+�`�B�#�2�/ �B�M �(�3�9�)�- ���M�/ �B�M�i�`�Q�/�m�+�2 �� �b�K���H�H �T���`���K�2�i�2�`� � 1
�b�m�+�? �i�?���iFu = ~Fu

� : �q�?�2�M �7�2�+�m�M�/�B�i�v �#�2�+�Q�K�2�b �/�Q�K�B�M���M�i �+�Q�K�T���`�2�/ �i�Q �i�?�2 �Q�i�?�2�` �T���`���K�2�i�2�`�b�-
�B�i �B�b �`�2�H�2�p���M�i �i�Q �+�Q�M�b�B�/�2�` �i�?�2 ���b�v�K�T�i�Q�i�B�+ �`�2�;�B�K�2� ! 0 �B�M �Q�`�/�2�` �i�Q �b�B�K�T�H�B�7�v �i�?�2 �2�[�m���i�B�Q�M�b
�Q�7 �i�?�2 �b�v�b�i�2�K �U�j�X�9�V�X �h�?�B�b �`�2�/�m�+�i�B�Q�M �K�2�i�?�Q�/ �B�b �B�M�b�T�B�`�2�/ �#�v �(�e�)�- �r�?�2�`�2 �i�?�2 ���m�i�?�Q�`�b �2�t�T�H�Q�`�2 ��
�/�B�z�2�`�2�M�i�B���#�H�2 �b�v�b�i�2�K�X �A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �2�H���#�Q�`���i�2 �Q�M �i�?�2 �`�2�/�m�+�i�B�Q�M �T�`�Q�+�2�/�m�`�2 �Q�7 �i�?�B�b �b�v�b�i�2�K
�B�M �/�2�i���B�H�X �a�B�M�+�2ni ���M�/nu �r�B�H�H �/�2�T�2�M�/ �Q�M� �- �r�2 �m�b�2 �i�?�2 �M�Q�i���i�B�Q�Mn�

i ���M�/n�
u �X �"�2�7�Q�`�2 �r�2 �#�2�;�B�M

�`�B�;�Q�`�Q�m�b �`�2���b�Q�M�B�M�;�- �r�2 �m�b�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; ���b�b�m�K�T�i�B�Q�M�b�,

���b�b�m�K�T�i�B�Q�M�b �k�y�X

�R�@K �B�MC2(Rd)�X

�k�@K 2 L1 (Rd)�X

�j�@K �B�b �#�Q�m�M�/�2�/ �7� �̀Q�K �#�2�H�Q�r�- �B�X�2�X�- �i�?�2� �̀2 �2�t�B�b�i�bc0 > 0 �b�m�+�? �i�?���iK > c 0�- �7�Q�` ���H�Hx 2 Rd�X

�9�@r K 2 L2(Rd) ���M�/� K 2 L1(Rd)�X

�6�Q�`�K���H �`�2���b�Q�M�B�M�;�,�r�2 �B�M�i�`�Q�/�m�+�2 �i�?�2 �i�Q�i���H �T�Q�T�m�H���i�B�Q�M ���bN � = n�
i + n�

u ���M�/ �i�?�2 �7�`���+�i�B�Q�M
�Q�7 �B�M�7�2�+�i�2�/ �K�Q�b�[�m�B�i�Q�2�b ���bp� = n �

i
n �

i + n �
u
�X ���7�i�2�` �b�i�`���B�;�?�i�7�Q�`�r���`�/ �+�Q�K�T�m�i���i�B�Q�M�b �7�`�Q�K �U�j�X�9�V�- �r�2

�Q�#�i���B�M �i�?�2 �b�v�b�i�2�K

@tN � � � N � = N �

 

Fu(1 �
N �

K
)((1 � sf )p� + (1 � p� )(1 � shp� )) �U�j�X�e�V

� du(�p � + 1 � p� )

!

:

@tp� � � p� � 2
r p� r N �

N �
= p� (1 � p� )

�

Fu(1 �
N �

K
)(shp� � sf ) + du(1 � � )

�

: �U�j�X�d�V

�8�d



�q�2 �+���M �i�?�2�`�2�7�Q�`�2 �`�2�7�Q�`�K�m�H���i�2 �2�[�m���i�B�Q�M �U�j�X�e�V ���b�,

@tN � � � N � = N �

 ~Fu

�
(1 �

N �

K
)((1 � sf )p� + (1 � p� )(1 � shp� )) �U�j�X�3�V

� du(�p � + 1 � p� )

!

:

�q�2 �2�t�T�2�+�i �i�?���i�- ���b� ! 0�- �r�2 �?���p�2N � (t; x ) = K (x)(1 + O(� )) �X �h�?�2�M �r�2 �B�M�i�`�Q�/�m�+�2 ���M
�2�t�T���M�b�B�Q�M

N � (t; x ) = K (x)(1 � �z � (t; x )) :

�1�[�m���i�B�M�; �i�?�2 �H�2���/�B�M�; �i�2�`�K�b �B�M �U�j�X�3�V �v�B�2�H�/�b

z� (t; x ) =
du[(� � 1)p� (t; x ) + 1] � � K (x)

K (x)

~Fu((1 � sf )p� (t; x ) + (1 � p� (t; x ))(1 � shp� (t; x )))
:

�A�M �b�m�#�b�2�+�i�B�Q�M�j�X�9�X�R�- �r�2 �b�?�Q�r �i�?���iz� �B�b �m�M�B�7�Q�`�K�H�v �#�Q�m�M�/�2�/ �r�B�i�? �`�2�b�T�2�+�i �i�Q� �X �1�[�m���i�B�Q�M �U�j�X�d�V
�i�?�2�M �`�2�r�`�B�i�2�b

@tp� � � p� � 2
r K
K

r p� � 2r p� r ln(1 � �z � )

= p� (1 � p� )

 

(shp� � sf )
du (( � � 1)p� + 1) � � K

K

(1 � sf )p� + (1 � p� )(1 � shp� )
� du(� � 1)

!

;

�r�?�B�+�? �B�b �2�[�m�B�p���H�2�M�i �i�Q

@tp� � � p� � 2
r K
K

r p� � 2r p� r ln(1 � �z � ) = f (p� ) +
� K
K

g(p� ); �U�j�X�N�V

�r�?�2�`�2

f (p� ) = p� (1 � p� )

"
du(�s hp� � sf + 1 � � )

(1 � sf )p� + (1 � p� )(1 � shp� )

#

;

���M�/

g(p� ) =
� p� (1 � p� )(shp� � sf )

(1 � sf )p� + (1 � p� )(1 � shp� )
:

�"�2�7�Q�`�2 �b�i���i�B�M�; �i�?�2 �+�Q�M�p�2�`�;�2�M�+�2 �i�?�2�Q�`�2�K�- �r�2 �r�B�H�H �K���F�2 �� �`�2�K���`�F �Q�M �i�?�2 �T�`�Q�T�2�`�i�v �Q�7 �#�B�b�i���#�B�H�B�i�v�,

�_�2�K���`�F �9�X�h�?�2 �7�m�M�+�i�B�Q�Mf �B�b �+�Q�M�i�B�M�m�Q�m�b ���M�/ �G�B�T�b�+�?�B�i�x�- �r�B�i�?f (0) = f (1) = f (� 1) = 0 �X
�6�m�`�i�?�2�`�K�Q� �̀2�-f < 0 �Q�M �i�?�2 �B�M�i�2�`�p���H(0; � 1) ���M�/f > 0 �Q�M(� 1; 1) �- �r�?�2� �̀2� 1 = (� � 1)+ sf

sh � 2 (0; 1)�-
�m�M�/�2�` �i�?�2 �+�Q�M�/�B�i�B�Q�M(� � 1) + sf < s h � �X

���b�b�m�K�T�i�B�Q�M�b �k�R�X
�q�2 ���b�b�m�K�2 �i�?���i �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b �b���i�B�b�7�v�,

ninit;�
i is uniformly bounded in L 1 (Rd); ninit;�

i � 0; �U�j�X�R�y�V

ninit;�
u is uniformly bounded in L 1 (Rd); ninit;�

u > 0; �U�j�X�R�R�V

and p�B�M�B�i2 L2(Rd); pinit;� =
ninit;�

i

ninit;�
i + ninit;�

u

� ! 0��! pinit; 0 =
ninit; 0

i

ninit; 0
i + ninit; 0

u
weakly in L 2(Rd):

�U�j�X�R�k�V

�6�m�`�i�?�2�`�K�Q� �̀2�- �r�2 ���b�b�m�K�2 �i�?���i �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b ��� �̀2 �r�2�H�H�@�T� �̀2�T��� �̀2�/�- �r�?�B�+�? �K�2���M�b�,

ninit;�
i + ninit;�

u = K + �K �
0; with kK �

0k1 � C0: �U�j�X�R�j�V

�8�3



�j�X�j �J���B�M �`�2�b�m�H�i

�q�2 ���`�2 �M�Q�r ���#�H�2 �i�Q �T�`�2�b�2�M�i �Q�m�` �K���B�M �`�2�b�m�H�i�- �M���K�2�H�v �i�?�2 �i�?�2 �`�2�/�m�+�i�B�Q�M �Q�7 �b�v�b�i�2�K �U�j�X�e�V�@�U�j�X�d�V
�i�Q �i�?�2 �b�+���H���` �2�[�m���i�B�Q�M �U�j�X�N�V ���b� ! 0�X �h�?�B�b �`�2�b�m�H�i �2�t�i�2�M�/�b �i�?�2 �Q�M�2 �T�`�2�b�2�M�i�2�/ �B�M �(�3�9�)�- �r�?�2�`�2
�i�?�2 �+���`�`�v�B�M�; �+���T���+�B�i�v �B�b ���b�b�m�K�2�/ �i�Q �#�2 �+�Q�M�b�i���M�i�X

�h�?�2�Q�`�2�K �3�X
�G�2�iT > 0�X �l�M�/�2�` ���b�b�m�K�T�i�B�Q�M�b�k�y���M�/�k�R�- ���b� ! 0�- �r�2 �?���p�2p� := n �

i
n �

i + n �
u

! p0 �b�i� �̀Q�M�;�H�v

�B�ML2(0; T; L2(Rd)) �- �r�2���F�H�v �B�ML2(0; T; H 1(Rd)) �r�?�2� �̀2p0 �B�b �i�?�2 �m�M�B�[�m�2 �b�Q�H�m�i�B�Q�M �Q�7
8
<

:
@tp0 � � p0 � 2r K

K r p0 = f (p0) + � K
K g(p0); in (0; T) � Rd;

p0(t = 0; x) = pinit (x); in Rd;
�U�j�X�R�9�V

�r�B�i�?

f (p0) = p0(1 � p0)

"
du(�s hp0 � sf + 1 � � )

(1 � sf )p0 + (1 � p0)(1 � shp0)

#

;

���M�/

g(p0) =
� p0(1 � p0)(shp0 � sf )

(1 � sf )p0 + (1 � p0)(1 � shp0)
:

�j�X�9 �S�`�Q�Q�7 �Q�7 �+�Q�M�p�2�`�;�2�M�+�2

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �T�`�Q�p�B�/�2 �� �T�`�Q�Q�7 �Q�7 �h�?�2�Q�`�2�K�3�- �r�?�B�+�? �2�M���#�H�2�b �m�b �i�Q �`�2�/�m�+�2 �i�?�2 �b�v�b�i�2�K
�U�j�X�9�V �i�Q �� �b�+���H���` �`�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �2�[�m���i�B�Q�M �7�Q�` �i�?�2 �T�`�Q�T�Q�`�i�B�Q�M ���b �i�?�2 �T���`���K�2�i�2�`� �i�2�M�/�b �i�Q
�y�X �h�?�B�b ���T�T�`�Q���+�? �B�b �B�M�b�T�B�`�2�/ �#�v �(�e�)�- �r�?�2�`�2 �i�?�2 ���m�i�?�Q�`�b �2�K�T�H�Q�v �� �K�Q�/�2�H �+�Q�M�b�B�b�i�B�M�; �Q�7 �i�r�Q
�/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b�X �6�B�`�b�i�- �r�2 �T�`�2�b�2�M�i �i�?�2 �b�v�b�i�2�K �Q�7 �2�[�m���i�B�Q�M�b �i�?���i �B�b �b���i�B�b�}�2�/ �#�v(N � ; p� )

8
>>>>>>>><

>>>>>>>>:

@tN � � � N � = N � [ ~Fu
� (1 � N �

K )((1 � sf )p� + (1 � p� )(1 � shp� ))

� du(�p � + 1 � p� )];

@tp� � � p� � 2r K
K r p� � 2r p� r ln(1 � �z � ) = f (p� ) + � K

K g(p� );

N � (t = 0) = N init;� ; p� (t = 0) = pinit;� :

�q�?�2�`�2

f (p� ) = p� (1 � p� )

"
du(�s hp� � sf + 1 � � )

(1 � sf )p� + (1 � p� )(1 � shp� )

#

;

���M�/

g(p� ) =
� p� (1 � p� )(shp� � sf )

(1 � sf )p� + (1 � p� )(1 � shp� )
:

�j�X�9�X�R�l�M�B�7�Q�`�K �� �T�`�B�Q�`�B �2�b�i�B�K���i�2�b

�q�2 �B�M�B�i�B���H�H�v �2�b�i���#�H�B�b�? �b�Q�K�2 �m�M�B�7�Q�`�K �#�Q�m�M�/�b �r�B�i�? �`�2�b�T�2�+�i �i�Q� > 0�X
�"�2�7�Q�`�2 �b�i���`�i�B�M�; �r�B�i�? �i�?�2 �}�`�b�i �H�2�K�K�� �r�?�B�+�? �/�2�K�Q�M�b�i�`���i�2�b �i�?���iz� �B�b �m�M�B�7�Q�`�K�H�v �#�Q�m�M�/�2�/ �r�B�i�?
�`�2�b�T�2�+�i �i�Q� �- �r�2 �B�M�i�`�Q�/�m�+�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�v�b�i�2�K �Q�7 �2�[�m���i�B�Q�M�b�- �r�?�B�+�? �B�b �m�b�2�/ �i�Q �/�2�K�Q�M�b�i�`���i�2
�i�?�B�b �T�`�Q�T�2�`�i�v�X �q�2 �?���p�2N � = K (x)(1 � �z � (t; x )) ���M�/p� = n �

i
n �

i + n �
u
�X

�8�N



�G�2�i �m�b �`�2�T�H���+�2N � �r�B�i�? �B�i�b �2�t�T�`�2�b�b�B�Q�M �B�M �2�[�m���i�B�Q�M �U�j�X�e�V�- ���M�/ �i�?�2�M�- �7�`�Q�K �b�i�`���B�;�?�i�7�Q�`�r���`�/
�+�Q�K�T�m�i���i�B�Q�M�b�- �r�2 �;�2�i

@tz� � � z� � 2
r K
K

r z� �U�j�X�R�8�V

= �
(1 � �z � (t; x ))

�

 ~Fu

�
(1 �

N �

K
)((1 � sf )p� + (1 � p� )(1 � shp� ))

!

�
(1 � �z � (t; x ))

�
(� du(�p � + 1 � p� )) �

(1 � �z � )
�

� K
K

:

�G�2�K�K�� �k�k�X
���b�b�m�K�2 �i�?���i �i�?�2 ���b�b�m�K�T�i�B�Q�M�b �Q�7 �h�?�2�Q� �̀2�K�3�?�Q�H�/�- ���M�/ �H�2�i(z� ; p� ) �#�2 �i�?�2 �m�M�B�[�m�2 �b�Q�H�m�i�B�Q�M

�Q�7 �b�v�b�i�2�K�U�j�X�R�8�V�@�U�j�X�N�V�X �h�?�2�Mz� �B�b �m�M�B�7�Q�`�K�H�v �#�Q�m�M�/�2�/ �r�B�i�? � �̀2�b�T�2�+�i �i�Q� �- ���M�/0 � p� � 1 �Q�M
[0; T] � Rd�X

�S� �̀Q�Q�7�X
�"�v �M�Q�M�M�2�;���i�B�p�B�i�v �Q�7n�B�M�B�i;�

i ���M�/n�B�M�B�i;�
u �- �B�i �B�b �b�i���M�/���`�/ �i�Q �/�2�/�m�+�2 �i�?�2 �M�Q�M�M�2�;���i�B�p�B�i�v �Q�7n�

i ���M�/
n�

u �U�A�M�/�2�2�/0 �B�b �� �b�m�#�b�Q�H�m�i�B�Q�M �7�Q�` �U�j�X�9�V�V�X �J�Q�`�2�Q�p�2�`�- �b�B�M�+�2R+ �B�b �B�M�p���`�B���M�i �7�Q�` �i�?�2 �2�[�m���i�B�Q�M �Q�7
n�

u ���M�/n�B�M�B�i;�
u > 0�- �r�2 �/�2�/�m�+�2 �i�?���in�

u > 0 �Q�M[0; T] � Rd�X �h�?�2�`�2�7�Q�`�2�-p� �B�b �r�2�H�H�@�/�2�}�M�2�/ �Q�M
[0; T] � Rd ���M�/ �b���i�B�b�}�2�b �#�v �/�2�}�M�B�i�B�Q�M0 � p� � 1 �Q�M[0; T] � Rd�X

�*�Q�M�b�B�/�2�` �i�?�2 �7�m�M�+�i�B�Q�Mh �/�2�}�M�2�/ ���bh(p) = du (�p +1 � p)
~Fu ((1 � sf )p+(1 � p)(1 � sh p))

�X �q�2 �`�2�K���`�F �i�?���i �i�?�2 �/�2�@

�M�Q�K�B�M���i�Q�` �B�b �T�Q�b�B�i�B�p�2�- �b�B�M�+�2p 2 [0; 1]�X �G�2�i

~K = max f max
p2 [0;1]

(h(p) �
min � K

K
~Fu((1 � sf )p + (1 � p)(1 � shp))

); kzinit;� k1 g:

�G�2�i� 0 �#�2 �b�m�+�? �i�?���i~K � 1
� 0

�U, 1 � � 0
~K � 0�V�- �i�?�2�M�- �i�?���M�F�b �i�Q �i�?�B�b �+�?�Q�B�+�2 �r�2 �?���p�2 �7�Q�`

0 < � � � 0�,

�
(1 � � ~K )

�
( ~Fu

~K ((1 � sf )p� + (1 � p� )(1 � shp� )) � du(�p � + 1 � p� )) �
(1 � � ~K )

�
� K
K

= �
(1 � � ~K )

�
( ~Fu[((1 � sf )p� + (1 � p� )(1 � shp� ))][ ~K � h(p� )] +

� K
K

):

���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7~K �- �r�2 �?���p�2

�
(1 � � ~K )

�
( ~Fu[((1 � sf )p� + (1 � p� )(1 � shp� ))][ ~K � h(p� )] +

� K
K

)

� 0 = @t
~K � � ~K � 2

r K
K

r ~K:

�>�2�M�+�2�- �r�2 �?���p�2 �i�?���i~K �B�b �� �b�m�T�2�`�@�b�Q�H�m�i�B�Q�M �7�Q�` �U�j�X�R�8�V �7�Q�` ���M�v0 < � � � 0�X �h�?�2�Mz� � ~K �7�Q�`
���M�v0 < � � � 0�X
�"�v �i�?�2 �b���K�2 �i�Q�F�2�M�- �r�2 �?���p�2 �i�?���i �i�?�2 �M�2�;���i�B�p�2 �+�Q�M�b�i���M�i

K
�

= min f min
p2 [0;1]

(h(p) �
max � K

K

~Fu

�
(1 � sf )p + (1 � p)(1 � shp))

); �k z�B�M�B�i;� k1 g

�B�b �� �b�m�#�@�b�Q�H�m�i�B�Q�M �7�Q�` �U�j�X�R�8�V�X �A�M�/�2�2�/�- �G�2�i� 0 �#�2 �b�m�+�? �i�?���iK
�

� 1
� 0

�U, 1 � � 0K
�

� 0�V�- �i�?�2�M�-
�i�?���M�F�b �i�Q �i�?�B�b �+�?�Q�B�+�2 �r�2 �?���p�2 �7�Q�`0 < � � � 0�,

�e�y



�
(1 � �K

�
)

�

"

~FuK
�

�
(1 � sf )p� + (1 � p� )(1 � shp� )

�
� du(�p � + 1 � p� )

#

�
(1 � �K

�
)

�
� K
K

= �
(1 � �K

�
)

�

 

~Fu

h
(1 � sf )p� + (1 � p� )(1 � shp� )

ih
K
�

� h(p� )
i

+
� K
K

!

:

���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7K
�

�- �r�2 �?���p�2�,

�
(1 � �K

�
)

�

 

~Fu

h
(1 � sf )p� + (1 � p� )(1 � shp� )

ih
K
�

� h(p� )
i

+
� K
K

!

� 0 = @tK� � � K
�

� 2
r K
K

r K
�

:

�>�2�M�+�2�- �r�2 �+�Q�M�+�H�m�/�2 �i�?���iK
�

�B�b �� �b�m�#�@�b�Q�H�m�i�B�Q�M �7�Q�` �U�j�X�R�8�V�X �h�?�m�b�-z� �B�b �m�M�B�7�Q�`�K�H�v �#�Q�m�M�/�2�/
�7�`�Q�K �#�2�H�Q�r �#�vK

�
�X �q�2 �i�?�2�`�2�7�Q�`�2 �/�2�/�m�+�2 �i�?�2 �m�M�B�7�Q�`�K �#�Q�m�M�/ �Q�7z� �X

�G�2�K�K�� �k�j�X
�q�2 ���b�b�m�K�2 �i�?���i ���b�b�m�K�T�i�B�Q�M�b�k�y�?�Q�H�/�b�X �G�2�i(z� ; p� ) � �̀2�T� �̀2�b�2�M�i �i�?�2 �m�M�B�[�m�2 �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2

�2�[�m���i�B�Q�M�b�U�j�X�R�8�V�@�U�j�X�N�V�X �6�Q�` ���M�v �b�m�{�+�B�2�M�i�H�v �b�K���H�H� > 0�- �i�?�2 �7�Q�H�H�Q�r�B�M�; �m�M�B�7�Q�`�K �2�b�i�B�K���i�2 �?�Q�H�/�b�,

�
Z T

0

Z

Rd
jr z� j2dxdt � S1 �U�j�X�R�e�V

Z T

0

Z

Rd
jr p� j2dxdt � S2 �U�j�X�R�d�V

�7�Q�` �b�Q�K�2 �T�Q�b�B�i�B�p�2 �+�Q�M�b�i���M�iSk �-k = 1; 2�X

�S� �̀Q�Q�7�X�q�2 �#�2�;�B�M �#�v �/�2�K�Q�M�b�i�`���i�B�M�; �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�b�i�B�K���i�2�,

�
Z T

0

Z

Rd
jr z� j2dxdt � S1:

�q�2 �K�m�H�i�B�T�H�v �2�[�m���i�B�Q�M �U�j�X�R�8�V �#�vz� ���M�/ �B�M�i�2�;�`���i�2 �B�i �Q�p�2�`Rd�- �i�Q �;�2�i

�
2

d
dt

Z

Rd
(z� )2dx + �

Z

Rd
jr z� j2dx

�
Z

Rd
j[z� (1 � �z � (t; x ))[ ~Fuz� ((1 � sf )p� + (1 � p� )(1 � shp� )) � du(�p � + 1 � p� )]

+ z� (1 � �z � )
� K
K

]jdx + 2�
Z

Rd
jz� jj

r K
K

jjr z� jdx:

�q�2 �?���p�2 �T�`�Q�p�2�/ �i�?���iz� ���M�/p� ���`�2 �m�M�B�7�Q�`�K�H�v �#�Q�m�M�/�2�/�- ���M�/ �m�M�/�2�` ���b�b�m�K�T�i�B�Q�M�b�k�y�- �i�?�2�`�2
�2�t�B�b�i �i�r�Q �T�Q�b�B�i�B�p�2 �+�Q�M�b�i���M�i�bS3 ���M�/S4 �b�m�+�? �i�?���i

�
2

d
dt

Z

Rd
(z� )2dx + �

Z

Rd
jr z� j2dx � S3 + 2S4�

Z

Rd
jr K jjr z� jdx:

�l�b�B�M�; �� �*���m�+�?�v�@�a�+�?�r���`�x �B�M�2�[�m���H�B�i�v ���M�/ �� �u�Q�m�M�; �B�M�2�[�m���H�B�i�v�- �r�2 �/�2�/�m�+�2

�
2

d
dt

Z

Rd
(z� )2dx + (

3�
4

)
Z

Rd
jr z� j2dx � S5:

�e�R



�q�2 �Q�#�i���B�M �U�j�X�R�e�V �i�?�`�Q�m�;�? �i�B�K�2 �B�M�i�2�;�`���i�B�Q�M�X

�"�2�7�Q�`�2 �T�`�Q�p�B�M�; �2�b�i�B�K���i�B�Q�M �U�j�X�R�d�V�- �r�2 �b�?�Q�r �i�?���i
RT

0

R
Rd jr ln(1 � �z � )j2dxdt ���T�T�`�Q���+�?�2�b �y ���b�

�i�2�M�/�b �i�Q �y�X �q�2 �?���p�2
Z T

0

Z

Rd
jr ln(1 � �z � )j2dxdt = � 2

Z T

0

Z

Rd

jr z� j2

j1 � �z � j2
dxdt:

�a�B�M�+�2z� �B�b �#�Q�m�M�/�2�/�- �i�?�2�`�2 �2�t�B�b�i�b �� �+�Q�M�b�i���M�iS6 �b�m�+�? �i�?���i�-
Z T

0

Z

Rd
jr ln(1 � �z � )j2dxdt � � 2S6

Z T

0

Z

Rd
jr z� j2dxdt:

�h�?�2�M�- ���+�+�Q�`�/�B�M�; �i�Q �2�b�i�B�K���i�2 �U�j�X�R�e�V�- �r�2 �?���p�2
RT

0

R
Rd jr ln(1 � �z � )j2dxdt �i�2�M�/�b �i�Q �y ���b�

�;�Q�2�b �i�Q0�X
�L�Q�r �r�2 �r�B�H�H �/�2�K�Q�M�b�i�`���i�2 �i�?�2 �2�b�i�B�K���i�2 �U�j�X�R�d�V�X �q�2 �K�m�H�i�B�T�H�v �2�[�m���i�B�Q�M �U�j�X�N�V �#�vp� ���M�/ �B�M�i�2�;�`���i�2
�B�i �Q�p�2�`Rd�- �r�2 �Q�#�i���B�M

1
2

d
dt

Z

Rd
(p� )2dx +

Z

Rd
jr p� j2dx � 2

Z

Rd
p� r K

K
r p� dx

� 2
Z

Rd
p� r p� r ln(1 � �z � )dx

�
Z

Rd
p� f (p� )dx +

maxp2 [0;1] jg(p)j
c0

Z

Rd
j� K jdx:

�l�b�B�M�; �� �*���m�+�?�v�@�a�+�?�r���`�x �B�M�2�[�m���H�B�i�v�- �r�2 �;�2�i

1
2

d
dt

Z

Rd
(p� )2dx +

Z

Rd
jr p� j2dx

�
1
c0

(
Z

Rd
jr p� j2)

1
2 (

Z

Rd
j2r K j2)

1
2 +

Z

Rd
p� f (p� )dx

+
2
3

(
Z

Rd
jr p� j2)

1
2 (

Z

Rd
j3r ln(1 � �z � )j2dx)

1
2

+
maxp2 [0;1] jg(p)j

c0

Z

Rd
j� K jdx:

�6�`�Q�K ���b�b�m�K�T�i�B�Q�M�b�k�y���M�/ �i�?�2 �r�2�H�H�@�F�M�Q�r�M �B�M�2�[�m���H�B�i�v2ab � a2 + b2�- �r�2 �/�2�/�m�+�2 ���7�i�2�` ���M
�B�M�i�2�;�`���i�B�Q�M �B�M �i�B�K�2

1
2

Z

Rd
(p� )2dx+

1
6

Z T

0

Z

Rd
jr p� j2dxdt � S0+

Z

Rd
p� f (p� )dx+

Z T

0

Z

Rd
jr ln(1� �z � )j2dxdt: �U�j�X�R�3�V

�q�2 �M�Q�i�2 �i�?���ip� f (p� ) � C(p� )2 �7�Q�` �b�Q�K�2 �+�Q�M�b�i���M�iC > 0�X �h�?�2�`�2�7�Q�`�2�-
Z

Rd
p� f (p� ) dx � C

Z

Rd
(p� )2 dx:

�A�M�2�[�m���H�B�i�v �U�j�X�R�3�V �+���M �i�?�m�b �#�2 �`�2�r�`�B�i�i�2�M ���b�,

1
2

Z

Rd
(p� )2dx +

1
6

Z T

0

Z

Rd
jr p� j2dxdt � S0+ C

Z

Rd
(p� )2 dx +

Z T

0

Z

Rd
jr ln(1 � �z � )j2dxdt:

�q�2 �i�?�2�M ���T�T�H�v �:�`�º�M�r���H�H�ö�b �H�2�K�K�� �i�Q �i�?�2 �B�M�2�[�m���H�B�i�v

1
2

d
dt

Z

Rd
(p� )2 dx � C

Z

Rd
(p� )2 dx:

�q�?�B�+�? �T�`�Q�p�B�/�2�b �� �m�M�B�7�Q�`�K �#�Q�m�M�/ �7�Q�`
R

Rd (p� )2 dx �B�M �i�2�`�K�b �Q�7 �i�?�2 �B�M�B�i�B���H �/���i���X
�6�B�M���H�H�v�- �#�v �i���F�B�M�;� �b�K���H�H �2�M�Q�m�;�?�- �r�2 �Q�#�i���B�M �i�?�2 �/�2�b�B�`�2�/ �2�b�i�B�K���i�2�X

�e�k



�j�X�9�X�k�*�Q�K�T���+�i�M�2�b�b �`�2�b�m�H�i ���M�/ �T�`�Q�Q�7 �Q�7 �h�?�2�Q�`�2�K�3

�"�2�7�Q�`�2 �T�`�Q�+�2�2�/�B�M�; �i�Q �T�`�Q�p�2 �Q�m�` �i�?�2�Q�`�2�K�- �B�i �B�b �`�2�H�2�p���M�i �i�Q �`�2�+���H�H �i�?�2 �+�Q�K�T���+�i�M�2�b�b �`�2�b�m�H�i
�U�b�2�2 �(�3�R�)�V�X

�G�2�K�K�� �k�9�X�U�G�B�Q�M�b�@���m�#�B�M�V�X �G�2�iT > 0�-q 2 (1; 1 )�-( n )n �� �#�Q�m�M�/�2�/ �b�2�[�m�2�M�+�2 �B�MLq(0; T; H)�-
�r�?�2� �̀2H �B�b �� �#���M���+�? �b�T���+�2�X �A�7 n �B�b �#�Q�m�M�/�2�/ �B�MLq(0; T; V) ���M�/V �+�Q�K�T���+�i�H�v �2�K�#�2�/�b �B�MH �-
���M�/ �B�7(@t  n )n �B�b �#�Q�m�M�/�2�/ �B�MLq(0; T; V0) �m�M�B�7�Q�`�K�H�v �r�B�i�? � �̀2�b�T�2�+�i �i�Qn�- �i�?�2�M( n )n �B�b � �̀2�H���i�B�p�2�H�v
�+�Q�K�T���+�i �B�MLq(0; T; H)�X

�h�?�2 �T�`�Q�Q�7 �Q�7 �i�?�2 �i�?�2�Q�`�2�K �B�b �/�B�p�B�/�2�/ �B�M�i�Q �b�2�p�2�`���H �b�i�2�T�b�X

�a�i�2�T �R �, �G�Q�+���H �`�2�H���i�B�p�2 �*�Q�K�T���+�i�M�2�b�b�X�6�Q�R̀ > 0�- �r�2 �/�2�}�M�2 �i�?�2 �B�M�+�`�2���b�B�M�; �b�2�[�m�2�M�+�2
(BR)R �Q�7 �#���H�H�b �Q�7 �`���/�B�m�bR �r�B�i�? �+�2�M�i�2�`0 �B�MRd�X �q�2 �m�b�2 �H�2�K�K�� �U���m�#�B�M�@�G�B�Q�M�b �V �r�B�i�?q = 2�-
HR = L2(BR) ���M�/VR = H 1(BR) \ L1 (BR)�X �h�?�2�M�- �r�2 ���T�T�H�v �G�B�Q�M�b�@���m�#�B�M �G�2�K�K�� �r�B�i�?q = 2�X
�h�?�2�M �i�?�2 �b�2�[�m�2�M�+�2(p� ) �B�b �m�M�B�7�Q�`�K�H�v �#�Q�m�M�/�2�/ �B�ML2(0; T; VR) �7�`�Q�K �G�2�K�K���k�j�X �h�?�2 �+�Q�K�T���+�i
�2�K�#�2�/�/�B�M�; �Q�7VR �B�MHR �B�b �r�2�H�H�@�F�M�Q�r�M �7�`�Q�K �i�?�2 �_�2�H�H�B�+�?�@�E�Q�M�/�`���+�?�Q�p �i�?�2�Q�`�2�K�X �q�2 ���`�2 �H�2�7�i �i�Q
�p�2�`�B�7�v �i�?�2 �#�Q�m�M�/ �Q�M �i�?�2 �i�B�K�2 �/�2�`�B�p���i�B�p�2 �, �G�2�i� 2 VR �- �r�2 �/�2�M�Q�i�2h�; �i = h�; �i V 0

R ;VR �- �i�?�2 �/�m���H�B�i�v
�#�`���+�F�2�i�X �6�`�Q�K �2�[�m���i�B�Q�M �U�j�X�N�V�- �r�2 �;�2�i

Z T

0
jh@tp� (t); � ij 2dt =

Z T

0
jh� p� + 2

r K
K

r p� + 2r p� r ln(1 � �z � ) �  � ; � ij 2dt:

�q�?�2�`�2 � �B�b �i�?�2 �7�m�M�+�i�B�Q�M �/�2�}�M�B�M�; �i�?�2 �`�B�;�?�i �?���M�/ �b�B�/�2 �B�M �2�[�m���i�B�Q�M �U�j�X�N�V�- �r�?�B�+�? �B�b �m�M�B�7�Q�`�K�H�v
�#�Q�m�M�/�2�/ �B�ML1((0; T) � BR) \ L1 ((0; T) � BR) �- �i�?�2�M

Z T

0
jh� p� + 2

r K
K

r p� + 2r p� r ln(1 � �z � ) �  � ; � ij 2dt

< jjr � jj 2
L 2 (B R )

Z T

0
jjr p� jj 2

L 2 (B R )dt

+
2
c0

jj � jj 2
L 1 (B R ) jjr K jj 2

L 2 (B R )

Z T

0
jjr p� jj 2

L 2 (B R )dt

+ 2jj � jj 2
L 1 (B R ) jj

Z T

0
jjr ln(1 � �z � )jj 2

L 2 (B R ) jjr p� jj 2
L 2 (B R )dt + jj � jj 2

L 2 (B R ) jj  
� jj 2

L 1 (B R ) :

�a�i�2�T �k �, �:�H�Q�#���H �+�Q�M�p�2�`�;�2�M�+�2�X�6�Q�` ���H�HR 2 N�- �Q�M�2 �+���M �2�t�i�`���+�i �+�Q�M�p�2�`�;�B�M�; �B�ML2(0; T; HR)
�b�m�#�b�2�[�m�2�M�+�2 �7�`�Q�K(p� )� �#�v �G�B�Q�M�b�@���m�#�B�M �H�2�K�K���X �q�2 �T�2�`�7�Q�`�K �� �/�B���;�Q�M���H �2�t�i�`���+�i�B�Q�M �T�`�Q�+�2�b�b
�b�m�+�+�2�b�b�B�p�2�H�v �B�MR�- �b�Q �i�?���i

p� ( R )
m m! + 1����! p(R) in L 2(0; T; HR)

���M�/ �#�v �+�Q�M�b�i�`�m�+�i�B�Q�M(� (R2 )
m )m �B�b �� �b�m�#�b�2�[�m�2�M�+�2 �Q�7(� (R1 )

m )m �B�7R2 > R 1�X �h�?�B�b �2�M�b�m�`�2�b �i�?�2
�+�Q�M�b�B�b�i�2�M�+�v �Q�7 �i�?�2 �b�m�#�b�2�[�m�2�M�+�2�b �Q�M �B�M�+�`�2���b�B�M�; �M�2�b�i�2�/ �/�Q�K���B�M�b�X �a�B�M�+�2 �i�?�2 �7���K�B�H�v(p� )� �B�b
�m�M�B�7�Q�`�K�H�v �#�Q�m�M�/�2�/ �B�ML2(0; T; H 1(Rd)) �- �r�2 �+���M ���H�b�Q �Q�#�i���B�M �i�?�2 �r�2���F �+�Q�M�p�2�`�;�2�M�+�2 �Q�7 �i�?�2
�;�`���/�B�2�M�i�,

r p� ( R )
m m! + 1����! r p(R) �B�ML2(0; T; HR):

�h�?�2 �H�B�K�B�i�bp(R) ���`�2 �r�2�H�H �/�2�}�M�2�/�- �B�M�/�2�T�2�M�/�2�M�i �Q�7 �i�?�2 �2�t�i�`���+�i�2�/ �b�m�#�b�2�[�m�2�M�+�2�b�- ���M�/ �b���i�B�b�7�v �i�?�2
�b���K�2 �#�Q�m�M�/�b ���b(p� )� �X ���/�/�B�i�B�Q�M���H�H�v�-

R2 > R 1 =) p(R2 )
�
�
�
B R 1

= p(R1 ) :

�e�j



�h�?�B�b �T�`�Q�T�2�`�i�v ���H�H�Q�r�b �m�b �i�Q �/�2�}�M�2 �� �;�H�Q�#���H �H�B�K�B�i �7�m�M�+�i�B�Q�Mp0 2 L2(0; T; L2(Rd)) �#�v �+�Q�K�#�B�M�B�M�;
�i�?�2 �H�Q�+���H �H�B�K�B�i�bp(R) �7�Q�R̀ > 0�X �6�B�M���H�H�v�- �r�2 �?���p�2 �+�Q�M�b�i�`�m�+�i�2�/ �� �b�m�#�b�2�[�m�2�M�+�2�- �b�i�B�H�H �/�2�M�Q�i�2�/ ���b
(p� )�- �b�m�+�? �i�?���i

p� � ! 0��! p0 �b�i�`�Q�M�;�H�v �B�ML2(0; T; L2(BR)) ; 8R > 0:

�h�Q �i�`���M�b�B�i�B�Q�M �7�`�Q�K �H�Q�+���H �+�Q�M�p�2�`�;�2�M�+�2 �i�Q �;�H�Q�#���H �+�Q�M�p�2�`�;�2�M�+�2�- �B�i �B�b �M�2�+�2�b�b���`�v �i�Q �Q�#�i���B�M �m�M�B�7�Q�`�K
�2�b�i�B�K���i�2�b �B�M� �7�Q�` �i�?�2 �i���B�H�b�- �B�X�2�X�- �7�Q�`jxj > R �X �h�Q ���+�?�B�2�p�2 �i�?�B�b�- �r�2 �B�M�i�`�Q�/�m�+�2 �� �7�m�M�+�i�B�Q�M
� 2 C1 (Rd) �b�m�+�? �i�?���i0 � � � 1�-� (x) = 0 �B�7jxj < 1

2 �- ���M�/� (x) = 1 �B�7jxj > 1�X �q�2 �i�?�2�M
�/�2�}�M�2� R(x) = �

�
x
R

�
�X �J�m�H�i�B�T�H�v�B�M�; �U�j�X�N�V �#�vp� � R ���M�/ �B�M�i�2�;�`���i�B�M�; �Q�p�2�`Rd�- �r�2 �Q�#�i���B�M�,

1
2

d
dt

Z

Rd
(p� )2� R dx � �

Z

Rd
r (p� � R)r p� dx + 2

Z

Rd

r K
K

r p� p� � R dx

+ 2
Z

Rd
r p� r ln(1 � �z � )p� � R dx + A

Z

Rd
(p� )2� R dx;

�r�?�2�`�2A = supp2 [0;1]fj
(1� p)( sh p� sf )du [( � � 1)p+1]

(1� sf )p+(1 � p)(1 � sh p) � du(� � 1)j + j
max

�
� K
K

�
(1� p)( sh p� sf )

(1� sf )p+(1 � p)(1 � sh p) jg:

�q�2 �#�2�;�B�M �#�v �2�t�T���M�/�B�M�; �i�?�2 �2�t�T�`�2�b�b�B�Q�M�,
Z

Rd
r (p� � R) � r p� dx =

Z

Rd
p� r � R � r p� dx +

Z

Rd
� R jr p� j2 dx:

�"�v �#�Q�m�M�/�B�M�;jr � R j �#�v �B�i�bL1 �M�Q�`�K ���M�/ ���T�T�H�v�B�M�; �>�º�H�/�2�`�ö�b �B�M�2�[�m���H�B�i�v�- �r�2 �;�2�i �i�?�2 �7�Q�H�H�Q�r�B�M�;�X

j
Z

Rd
p� r � R � r p� dxj � jjr � R jj L 1

Z

Rd
jp� � r p� jdx:

�h�?�2�M�- �m�b�B�M�; �u�Q�m�M�;�ö�b �B�M�2�[�m���H�B�i�v�- �r�2 �/�2�/�m�+�2�,

j
Z

Rd
p� r � R � r p� dxj �

jjr � jj L 1

R
jjp� jj L 2 jjr p� jj L 2 :

�6�Q�H�H�Q�r�B�M�; �i�?�2 �b���K�2 �T�`�Q�+�2�/�m�`�2 ���M�/ �;�B�p�2�M �i�?���iz� �B�b �m�M�B�7�Q�`�K�H�v �#�Q�m�M�/�2�/�- �r�2 �Q�#�i���B�M �i�?�2 �7�Q�H�H�Q�r�B�M�;
�B�M�2�[�m���H�B�i�v�,

1
2

d
dt

Z

Rd
(p� )2� R dx �

jjr � jj L 1

R
jjp� jj L 2 jjr p� jj L 2 + 2 max

�
�
�
�
r K
K

�
�
�
�

Z

Rd
jr p� p� � R j dx

+ �
Z

Rd
jr p� j2 dx + � 2S0

Z

Rd
jr z� j2 dx + A

Z

Rd
(p� )2� R dx:

�h�?�B�b �B�K�T�H�B�2�b�,

1
2

d
dt

Z

Rd
(p� )2� R dx �

� 1
R

+ �
� �

jjr � jj L 1 jjp� jj L 2 jjr p� jj L 2 + �S 0
Z

Rd
jr z� j2 dx

�

+ 2 max
�
�
�
�
r K
K

�
�
�
�

Z

Rd
jr p� p� � R j dx + A

Z

Rd
(p� )2� R dx:

�G�2�i �m�b �/�2�}�M�2�,

hR;� (t) =
� 1

R
+ �

� �

jjr � jj L 1 jjp� jj L 2 jjr p� jj L 2 + �S 0
Z

Rd
jr z� j2 dx

�

+ 2 max
�
�
�
�
r K
K

�
�
�
�

Z

Rd
jr p� p� � R j dx:

�e�9



�h�?���M�F�b �i�Q �G�2�K�K���k�j�- �r�2 �F�M�Q�r �i�?���ihR;� 2 L1(0; T)�- �b�Q �r�2 �Q�#�i���B�M�,

1
2

d
dt

Z

Rd
(p� )2� R dx � hR;� (t) + A

Z

Rd
(p� )2� R dx:

�l�b�B�M�; �:�`�Q�M�r���H�H�ö�b �G�2�K�K���- �i�?�B�b �B�M�2�[�m���H�B�i�v �B�K�T�H�B�2�b�,
Z

Rd
(p� )2� R dx � e2At

Z

Rd
(p�B�M�B�i)2� R dx +

Z t

0
hR;� (� )e2A(t � � ) d�:

�"�v �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7� R �U�r�?�2�`�2� R(x) = 1 �Q�MRd n BR �V�- �r�2 �/�2�/�m�+�2 �i�?���i �7�Q�` ���H�H� > 0
�b�m�{�+�B�2�M�i�H�v �b�K���H�H ���M�/ �7�Q�` ���H�HR > 0�- �r�2 �?���p�2�,

Z T

0

Z

Rd nB R

(p� )2 dx dt �U�j�X�R�N�V

�
Z T

0

Z

Rd
(p� )2� R dx dt �

1
2A

�
e2AT � 1

�
0

@
Z

Rd nB R
2

(p�B�M�B�i)2 dx +
Z T

0
hR;� (t) dt

1

A :

�h�?�B�b �`�2�b�m�H�i �B�K�T�H�B�2�b �� �m�M�B�7�Q�`�K �#�Q�m�M�/�- ���bp�B�M�B�i2 L2(Rd)�X �h�?�2�`�2�7�Q�`�2�- �r�2 �+�Q�M�+�H�m�/�2 �i�?���i �i�?�2
�b�m�#�b�2�[�m�2�M�+�2(p� )� �+�Q�M�p�2�`�;�2�b �b�i�`�Q�M�;�H�v �i�Qp0 �B�ML2(0; T; L2(Rd)) ���b� ! 0�X

�h�?�2 �`�2���b�Q�M�B�M�; �B�b ���b �7�Q�H�H�Q�r�b�,

Z T

0

Z

Rd
jp� � p0j2 dx dt =

Z T

0

Z

B R

jp� � p0j2 dx dt +
Z T

0

Z

Rd nB R

jp� � p0j2 dx dt:

�h�?�B�b �B�M�2�[�m���H�B�i�v �H�2���/�b �i�Q�,

Z T

0

Z

Rd
jp� � p0j2 dx dt �

Z T

0

Z

B R

jp� � p0j2 dx dt + 2
Z T

0

Z

Rd nB R

jp� j2 dx dt

+ 2
Z T

0

Z

Rd nB R

jp0j2 dx dt:

�h�?�2 �b�2�+�Q�M�/ �i�2�`�K �Q�M �i�?�2 �`�B�;�?�i�@�?���M�/ �b�B�/�2 �B�b �m�M�B�7�Q�`�K�H�v �#�Q�m�M�/�2�/ �7�Q�` �b�m�{�+�B�2�M�i�H�v �H���`�;�2R �/�m�2
�i�Q �B�M�2�[�m���H�B�i�v �U�j�X�R�N�V ���M�/ �i�?�2 �7���+�i �i�?���ip0 2 L2(0; T; L2(Rd)) �X �_�2�;���`�/�B�M�; �i�?�2 �}�`�b�i �i�2�`�K�- �r�2 �`�2�H�v
�Q�M �H�Q�+���H �+�Q�M�p�2�`�;�2�M�+�2�X

�a�i�2�T �j �, �S���b�b�B�M�; �i�Q �i�?�2 �H�B�K�B�i�X�l�b�B�M�; �i�?�2 �b�i�`�Q�M�; �+�Q�M�p�2�`�;�2�M�+�2 �Q�7 �i�?�2 �b�2�[�m�2�M�+�2(p� )
�B�ML2(0; T; L2(Rd)) ���M�/ �i�?�2 �G�B�T�b�+�?�B�i�x �+�Q�M�i�B�M�m�B�i�v �Q�7 �i�?�2 �7�m�M�+�i�B�Q�MI �- �r�2 �/�2�/�m�+�2 �i�?���i(I (p� ))
�+�Q�M�p�2�`�;�2�b �b�i�`�Q�M�;�H�v �B�ML2(0; T; L2(Rd)) �i�QI (p0)�X

�q�?�2�`�2I (p) = p(1 � p)
�

(shp � sf ) du [( � � 1)p+1] � � K
K

(1� sf )p+(1 � p)(1 � sh p) � du(� � 1)
�

:

�l�b�B�M�; �i�?�2 �r�2���F �7�Q�`�K�m�H���i�B�Q�M�b �Q�7 �i�?�2 �2�[�m���i�B�Q�M�b �+�Q�M�+�2�`�M�B�M�;p� �U�j�X�N�V�- �r�2 �/�2�`�B�p�2 �i�?�2 �2�[�m���i�B�Q�M
�b���i�B�b�}�2�/ �#�vp0�X �G�2�i� 2 C1

C ((0; T) � Rd)�- �r�2 �?���p�2

Z T

0

Z

Rd
p� @t � � r p� r � � 2

r K
K

r p� � � 2r p� r ln(1 � �z � )�dxdt �U�j�X�k�y�V

=
Z T

0

Z

Rd
I (p� )�dxdt;

�e�8



�7�`�Q�K �i�?�2 ���#�Q�p�2 �+�Q�M�p�2�`�;�2�M�+�2 �B�i �B�b �b�i�`���B�;�?�i�7�Q�`�r���`�/ �i�Q �T���b�b �B�M�i�Q �i�?�2 �}�`�b�i �i�r�Q �i�2�`�K�b �Q�7 �i�?�2 �H�2�7�i
�?���M�/ �b�B�/�2�X �6�Q�` �i�?�2 �7�Q�m�`�i�? �i�2�`�K�- �r�2 �m�b�2

Z T

0

Z

Rd
jr p� j2dxdt � S0

���M�/ �� �*���m�+�?�v �a�+�?�r���`�x �B�M�2�[�m���H�B�i�v �i�Q �;�2�i

Z T

0

Z

Rd
r p� r ln(1 � �z � )�dxdt � S0jj � jj L 1 jjr ln(1 � �z � )jj 1

� ! 0��! 0:

�A�M �i�?�2 �+���b�2 �r�?�2�`�2p� �+�Q�M�p�2�`�;�2�b �b�i�`�Q�M�;�H�v�- �r�2 �+���M �i���F�2 �i�?�2 �H�B�K�B�i �7�Q�` �i�?�2 �}�`�b�i �i�2�`�K �Q�M �i�?�2
�`�B�;�?�i�@�?���M�/ �b�B�/�2 �Q�7 �U�j�X�k�y�V�X �6�B�M���H�H�v�- �#�v �H�2�i�i�B�M�;� ! 0 �B�M �U�j�X�k�y�V�- �r�2 �Q�#�i���B�M

@tp0 � � p0 � 2
r K
K

r p0 = f (p0) +
� K
K

g(p0): �U�j�X�k�R�V

�q�?�2�`�2

f (p0) = p0(1 � p0)

"
du(�s hp0 � sf + 1 � � )

(1 � sf )p0 + (1 � p0)(1 � shp0)

#

;

���M�/

g(p0) =
� p0(1 � p0)(shp0 � sf )

(1 � sf )p0 + (1 � p0)(1 � shp0)
:

�j�X�8 �*�Q�M�+�H�m�b�B�Q�M

�A�M �i�?�B�b �+�?���T�i�2�`�- �r�2 �?���p�2 �T�`�Q�p�2�M �i�?�2 �`�B�;�Q�`�Q�m�b �+�Q�M�p�2�`�;�2�M�+�2�- �m�M�/�2�` ���T�T�`�Q�T�`�B���i�2 ���b�b�m�K�T�i�B�Q�M�b�-
�Q�7 �� �i�r�Q�@�2�[�m���i�B�Q�M �`�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �K�Q�/�2�H �i�Q �� �`�2�/�m�+�2�/ �K�Q�/�2�H �/�2�b�+�`�B�#�B�M�; �i�?�2 �7�`�2�[�m�2�M�+�v �Q�7 ��
�p���`�B���M�i�X �h�?�B�b �`�2�b�m�H�i �H�2�;�B�i�B�K�B�x�2�b �i�?�2 �m�b�2 �Q�7 �b�B�K�T�H�B�}�2�/ �K�Q�/�2�H�b �B�M �T�`���+�i�B�+�2�X �>�Q�r�2�p�2�`�- �r�?�B�H�2 �i�?�2
�#�B�b�i���#�H�2 �K�Q�/�2�H ���T�T�`�Q���+�? �B�b �K���i�?�2�K���i�B�+���H�H�v �D�m�b�i�B�}�2�/�- �B�i�b �p���H�B�/�B�i�v �`�2�H�B�2�b �Q�M �b�T�2�+�B�}�+ �b�+���H�B�M�; �+�Q�M�@
�/�B�i�B�Q�M�b�- �T���`�i�B�+�m�H���`�H�v �`�2�;���`�/�B�M�; �T�Q�T�m�H���i�B�Q�M �b�B�x�2 ���M�/ �7�2�+�m�M�/�B�i�v�X �"�B�b�i���#�H�2 �2�[�m���i�B�Q�M�b ���`�2 �r�B�/�2�H�v
�m�b�2�/ �i�Q �K�Q�/�2�H �i�?�2 �b�T���i�B���H �b�T�`�2���/ �Q�7 �q�Q�H�#���+�?�B���- ���b �i�?�2�v ���H�H�Q�r �i�?�2 ���M���H�v�b�B�b �Q�7 �i�`���p�2�H�B�M�; �r���p�2�b
���M�/ �i�?�2 �2�b�i�B�K���i�B�Q�M �Q�7 �B�M�p���b�B�Q�M �b�T�2�2�/�X

�e�e



�*�>���S�h�1�_�9

�"�G�P�*�E�A�L�: �P�6 �"�A�a�h���"�G�1 �6�_�P�L�h �S�_�P�S���:���h�A�P�L�,
���S�S�G�A�*���h�A�P�L �h�P �q�P�G�"���*�>�A�� �S�P�S�l�G���h�A�P�L

�_�1�S�G���*�1�J�1�L�h

�ó�A�i ���H�r���v�b �b�2�2�K�b �B�K�T�Q�b�b�B�#�H�2 �m�M�i�B�H �B�i�ö�b �/�Q�M�2�X�ô

�L�2�H�b�Q�M �J���M�/�2�H��

�9�X�R�A�M�i�`�Q�/�m�+�i�B�Q�M

�h�?�2 �}�;�?�i ���;���B�M�b�i �/�2�M�;�m�2�- �� �;�H�Q�#���H �b�+�Q�m�`�;�2 �(�R�9�)�- ���M�/ �Q�i�?�2�` ���`�#�Q�p�B�`�m�b�2�b �?���b �K�Q�#�B�H�B�x�2�/ �b�B�;�@
�M�B�}�+���M�i �2�z�Q�`�i�b �r�B�i�?�B�M �i�?�2 �b�+�B�2�M�i�B�}�+ �+�Q�K�K�m�M�B�i�v�X �h�?�2 �/�2�p�2�H�Q�T�K�2�M�i �Q�7 �B�M�M�Q�p���i�B�p�2 �p�2�+�i�Q�` �+�Q�M�i�`�Q�H
�i�2�+�?�M�B�[�m�2�b �B�b �� �T���`�i�B�+�m�H���`�H�v �/�v�M���K�B�+ �}�2�H�/ �Q�7 �`�2�b�2���`�+�?�X ���K�Q�M�; �i�?�2�b�2 ���T�T�`�Q���+�?�2�b�- �i�?�2 �m�b�2 �Q�7
�q�Q�H�#���+�?�B�� �B�M ���2�/�2�b �K�Q�b�[�m�B�i�Q�2�b �i�Q �H�B�K�B�i �/�B�b�2���b�2 �i�`���M�b�K�B�b�b�B�Q�M �(�N�k�- �d�) �?���b ���i�i�`���+�i�2�/ �;�`�Q�r�B�M�;
�B�M�i�2�`�2�b�i�X �h�?�2 ���`�i�B�}�+�B���H �B�M�7�2�+�i�B�Q�M �Q�7 �K�Q�b�[�m�B�i�Q�2�b �r�B�i�? �q�Q�H�#���+�?�B�� �+���M �#�2 ���+�?�B�2�p�2�/ �B�M �H���#�Q�`���i�Q�`�v
�b�2�i�i�B�M�;�b�- ���M�/ �B�i�b �p�2�`�i�B�+���H �i�`���M�b�K�B�b�b�B�Q�M �2�M���#�H�2�b �i�?�2 �`���T�B�/ ���M�/ �H���`�;�2�@�b�+���H�2 �b�T�`�2���/ �Q�7 �i�?�2 �B�M�7�2�+�i�2�/
�b�i�`���B�M�X
�h�?�2 �}�`�b�i �K���i�?�2�K���i�B�+���H �K�Q�/�2�H�b �Q�7 �i�?�B�b �b�i�`���i�2�;�v �B�M�+�H�m�/�2 �i�?�2 �r�Q�`�F�b �Q�7 �"���`�i�Q�M �2�i ���H�X �(�R�j�)�- �>�m�;�?�2�b
�2�i ���H�X �(�9�8�)�- ���M�/ �>���M�+�Q�+�F �2�i ���H�X �(�j�N�)�- �r�?�B�+�? �?���p�2 �+�Q�M�i�`�B�#�m�i�2�/ �i�Q �� �#�2�i�i�2�` �m�M�/�2�`�b�i���M�/�B�M�; �Q�7 �i�?�2
�/�v�M���K�B�+�b �Q�7 �i�?�B�b �B�M�7�2�+�i�B�Q�M ���M�/ �B�i�b �T�Q�T�m�H���i�B�Q�M�@�H�2�p�2�H �B�K�T�H�B�+���i�B�Q�M�b�X �h�?�2 �B�K�T���+�i �Q�7 �b�T���i�B���H �/�B�@
�K�2�M�b�B�Q�M�b �B�M �p�2�+�i�Q�` �+�Q�M�i�`�Q�H �T�`�Q�+�2�b�b�2�b �?���b ���H�b�Q ���i�i�`���+�i�2�/ �b�B�;�M�B�}�+���M�i ���i�i�2�M�i�B�Q�M �7�`�Q�K �`�2�b�2���`�+�?�2�`�b�X
�a�2�p�2�`���H �b�i�m�/�B�2�b �?���p�2 �2�t�T�H�Q�`�2�/ �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �m�M�/�2�` �r�?�B�+�? �K���i�?�2�K���i�B�+���H �K�Q�/�2�H�b �B�M�+�Q�`�T�Q�`���i�B�M�;
�b�T���i�B���H �p���`�B���i�B�Q�M�b �+���M �T�`�2�/�B�+�i �i�?�2 �#�H�Q�+�F�B�M�; �Q�7 �� �#�B�Q�H�Q�;�B�+���H �B�M�p���b�B�Q�M�- �T���`�i�B�+�m�H���`�H�v �B�M �i�?�2 �+�Q�M�i�2�t�i
�Q�7 �q�Q�H�#���+�?�B���@�B�M�7�2�+�i�2�/ �K�Q�b�[�m�B�i�Q �`�2�H�2���b�2�b�X
�h�?�2 �Q�#�b�2�`�p���i�B�Q�M �Q�7 �#�B�Q�H�Q�;�B�+���H �B�M�p���b�B�Q�M�b ���M�/ �i�?�2 �K�2�+�?���M�B�b�K�b �m�b�2�/ �i�Q �b�i�Q�T �i�?�2�K �B�b �� �r�B�/�2�H�v
�b�i�m�/�B�2�/ �i�Q�T�B�+ �B�M �i�?�2 �H�B�i�2�`���i�m�`�2�X �6�Q�` �2�t���K�T�H�2�- �i�?�2 �2�t�T�2�`�B�K�2�M�i���H �b�i�m�/�v �+�Q�M�/�m�+�i�2�/ �#�v ���i�v���K�2
�2�i ���H�X �(�R�R�) �/�2�K�Q�M�b�i�`���i�2�/ �i�?���i �b�i���#�H�2 �+�Q�2�t�B�b�i�2�M�+�2 �#�2�i�r�2�2�M �K�m�H�i�B�T�H�2 �M���i�m�`���H �q�Q�H�#���+�?�B�� �b�i�`���B�M�b
�+�Q�m�H�/ �#�2 �Q�#�b�2�`�p�2�/ �B�M �� �*�m�H�2�t �T�B�T�B�2�M�b �T�Q�T�m�H���i�B�Q�M�X �a�2�p�2�`���H �?�v�T�Q�i�?�2�b�2�b �?���p�2 �#�2�2�M �T�`�Q�T�Q�b�2�/ �i�Q
�2�t�T�H���B�M �i�?�B�b �b�i���#�B�H�B�i�v�X �L���/�B�M �2�i ���H�X �(�e�3�)�- �i�?�`�Q�m�;�? �� �b�B�K�T�H�B�}�2�/ �K���i�?�2�K���i�B�+���H �K�Q�/�2�H�- �b�m�T�T�Q�`�i�2�/
�b�Q�K�2 �Q�7 �i�?�2 ���M���H�v�b�2�b �/�2�`�B�p�2�/ �7�`�Q�K �i�?�2�b�2 �b�i�m�/�B�2�b�X
�P�m�` �`�2�b�m�H�i�b �B�M �i�?�B�b �+�?���T�i�2�` �b�m�T�T�Q�`�i �i�?�2�b�2 ���M���H�v�b�2�b�X �q�2 �b�?�Q�r �i�?���i �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i���H �+���`�`�v�B�M�;
�+���T���+�B�i�vK �T�H���v�b �� �+�`�m�+�B���H �`�Q�H�2 �B�M �T�`�Q�T���;���i�B�Q�M�X �q�?�2�M �b�T���i�B���H �p���`�B���i�B�Q�M�b�- �`�2�T�`�2�b�2�M�i�2�/ �#�v �i�?�2
�i�2�`�K�bK

0
=K ���M�/K

00
=K �- ���`�2 �b�K���H�H�- �#�H�Q�+�F�B�M�; �T�`�Q�T���;���i�B�Q�M �B�b �B�K�T�Q�b�b�B�#�H�2�X �>�Q�r�2�p�2�`�- �r�?�2�M �i�?�2�b�2

�p���`�B���i�B�Q�M�b ���`�2 �b�m�{�+�B�2�M�i�H�v �T�`�Q�M�Q�m�M�+�2�/�- �i�?�2�v �+���M �?���H�i �i�?�2 �B�M�p���b�B�Q�M�X �h�?�B�b �`�2�b�m�H�i �?�B�;�?�H�B�;�?�i�b �i�?�2

�e�d



�B�K�T�Q�`�i���M�+�2 �Q�7 �2�M�p�B�`�Q�M�K�2�M�i���H �;�`���/�B�2�M�i�b �B�M �+�Q�M�i�`�Q�H�H�B�M�; �#�B�Q�H�Q�;�B�+���H �B�M�p���b�B�Q�M�b ���M�/ �Q�T�2�M�b �M�2�r �T�2�`�@
�b�T�2�+�i�B�p�2�b �7�Q�` �2�t�T�H���B�M�B�M�; �2�t�T�2�`�B�K�2�M�i���H �Q�#�b�2�`�p���i�B�Q�M�b�X
���H�i�?�Q�m�;�? �H�Q�M�;�@�i�2�`�K �}�2�H�/ �2�t�T�2�`�B�K�2�M�i�b �`�2�K���B�M �H�B�K�B�i�2�/�- ���`�i�B�}�+�B���H �`�2�H�2���b�2�b �Q�7 �q�Q�H�#���+�?�B���@�B�M�7�2�+�i�2�/
�K�Q�b�[�m�B�i�Q�2�b �(�9�9�- �e�N�) �?���p�2 �`�2�p�2���H�2�/ �T�?�2�M�Q�K�2�M�� �b�m�+�? ���b �b�i���#�H�2 �7�`�Q�M�i�b ���M�/ �#�H�Q�+�F���;�2�b �(�9�j�- �N�N�)�X
�h�?�2�b�2 �T�?�2�M�Q�K�2�M�� �?���p�2 �#�2�2�M �K�Q�/�2�H�2�/ �B�M �b�2�p�2�`���H �b�i�m�/�B�2�b�- �M�Q�i���#�H�v �m�b�B�M�; �`�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M
�2�[�m���i�B�Q�M�b �(�R�j�-�k�y�) ���M�/ �K�Q�/�2�H�b ���+�+�Q�m�M�i�B�M�; �7�Q�` �?���#�B�i���i �?�2�i�2�`�Q�;�2�M�2�B�i�v �(�j�3�)�X
�P�m�` ���T�T�`�Q���+�? �B�b �#���b�2�/ �Q�M �i�?�2 ���M���H�v�b�B�b �Q�7 �� �K�Q�/�B�}�2�/ �2�[�m���i�B�Q�M �B�M �Q�M�2 �b�T���i�B���H �/�B�K�2�M�b�B�Q�M �i�?���i
���+�+�Q�m�M�i�b �7�Q�` �b�T���i�B���H �p���`�B���i�B�Q�M�b�,

@tp � D@xx p � 2D
K

0

K
@xp = f (p) +

K
00

K
g(p): �U�9�X�R�V

�h�?�B�b �7�Q�`�K�m�H���i�B�Q�M �2�t�T�H�B�+�B�i�H�v �B�M�i�2�;�`���i�2�b �b�T���i�B���H �?�2�i�2�`�Q�;�2�M�2�B�i�v �i�?�`�Q�m�;�? �i�?�2 �i�2�`�KK 00

K �- �� �/�2�i�2�`�K�B�M�@
�B�M�; �7���+�i�Q�` �B�M �#�H�Q�+�F�B�M�; �T�`�Q�T���;���i�B�Q�M�X �J���i�?�2�K���i�B�+���H�H�v�- �Q�m�` �b�i�m�/�v �`�2�H�B�2�b �Q�M �/�2�K�Q�M�b�i�`���i�B�M�; �i�?�2
�2�t�B�b�i�2�M�+�2 �Q�7 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M�b �7�Q�` �i�?�B�b �2�[�m���i�B�Q�M�- �m�b�B�M�; �i�?�2 �b�?�Q�Q�i�B�M�; �K�2�i�?�Q�/�- �� �+�Q�K�K�Q�M�H�v
�2�K�T�H�Q�v�2�/ ���T�T�`�Q���+�? �7�Q�` �b�Q�H�p�B�M�; �T���`�i�B���H �/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b�X �A�M �T���`�i�B�+�m�H���`�- �r�2 �b�?�Q�r �i�?���i
�r�?�2�MK

0

K ���M�/K
00

K ���`�2 �Q�7 �b�K���H�H ���K�T�H�B�i�m�/�2�- �T�`�Q�T���;���i�B�Q�M �B�b �M�Q�i �#�H�Q�+�F�2�/�X �P�M �i�?�2 �Q�i�?�2�` �?���M�/�-
�B�7 �i�?�2�b�2 �i�2�`�K�b ���`�2 �b�m�{�+�B�2�M�i�H�v �H���`�;�2�- �T�`�Q�T���;���i�B�Q�M �B�b �#�H�Q�+�F�2�/�X �h�Q �b�B�K�T�H�B�7�v �i�?�2 ���M���H�v�b�B�b�- �r�2
���b�b�m�K�2 �i�?���i �i�?�2 �/�B�z�m�b�B�Q�M �+�Q�2�{�+�B�2�M�i �B�b �M�Q�`�K���H�B�x�2�/�- �K�2���M�B�M�; �i�?���iD = 1 ���M�/ �r�B�H�H �K���B�M�i���B�M
�i�?�B�b ���b�b�m�K�T�i�B�Q�M �i�?�`�Q�m�;�?�Q�m�i �i�?�2 �`�2�K���B�M�/�2�` �Q�7 �i�?�2 �r�Q�`�F�X

�9�X�k�_�2�b�m�H�i�b �Q�M �i�?�2 �#�H�Q�+�F�B�M�;

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �T�`�2�b�2�M�i �Q�m�` �K���B�M �`�2�b�m�H�i�- �r�?�B�+�? ���/�/�`�2�b�b�2�b �#�H�Q�+�F�B�M�; �i�?�2 �T�`�Q�T���;���i�B�Q�M �Q�7
�q�Q�H�#���+�?�B�� �B�M �?�2�i�2�`�Q�;�2�M�2�Q�m�b �2�M�p�B�`�Q�M�K�2�M�i�b �r�?�2�`�2 �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i���H �+���`�`�v�B�M�; �+���T���+�B�i�v �p���`�B�2�b
�b�B�;�M�B�}�+���M�i�H�v ���+�`�Q�b�b �/�B�z�2�`�2�M�i �`�2�;�B�Q�M�b �Q�7 �i�?�2 �b�T���i�B���H �/�Q�K���B�M�X �"�2�7�Q�`�2 �T�`�2�b�2�M�i�B�M�; �Q�m�` �K���B�M �`�2�b�m�H�i
�7�Q�` �2�[�m���i�B�Q�M �U�j�X�k�R�V�- �r�2 �B�M�i�`�Q�/�m�+�2 �i�?�2 �+�Q�M�+�2�T�i �Q�7 �T�`�Q�T���;���i�B�Q�M �#���`�`�B�2�` �U�`�2�7�2�`�`�2�/ �i�Q �b�B�K�T�H�v ���b
�#���`�`�B�2�` �#�2�H�Q�r�V�X �q�2 �+�Q�M�b�B�/�2�` �i�?�2 �/�Q�K���B�M �i�Q �#�2 �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H ���M�/ �i�?�2�`�2�7�Q�`�2 �b�i�m�/�v �i�?�2
�/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M �,

@tp � @xx p � 2
K

0

K
@xp = f (p) +

K
00

K
g(p); t � 0; x 2 R: �U�9�X�k�V

�q�?�2�`�2

f (p) = p(1 � p)

 
du(�s hp � sf + 1 � � )

(1 � sf )p + (1 � p)(1 � shp)

!

;

���M�/

g(p) =
� p(1 � p)(shp � sf )

(1 � sf )p + (1 � p)(1 � shp)
:

�h�Q �T�`�Q�+�2�2�/�- �H�2�i �m�b �/�2�}�M�2 �i�?�2 �7�m�M�+�i�B�Q�MF (x) ���b

F (x) =
Z x

0
f (t) dt;

�P�M �i�?�2 �Q�M�2 �?���M�/�- �m�M�/�2�` �?�v�T�Q�i�?�2�b�B�b

(� � 1) + sf < s h �;

�i�?�2 �7�m�M�+�i�B�Q�Mf �B�b �#�B�b�i���#�H�2 �K�2���M�B�M�; �i�?���i �B�i �B�b �+�Q�M�i�B�M�m�Q�m�b ���M�/ �G�B�T�b�+�?�B�i�x�- ���M�/ �b���i�B�b�}�2�b

f (0) = f (1) = f (� 1) = 0 ; where �1 =
(� � 1) + sf

sh �
2 (0; 1):

�e�3



�6�m�`�i�?�2�`�K�Q�`�2�-f < 0 �Q�M �i�?�2 �B�M�i�2�`�p���H(0; � 1) ���M�/f > 0 �Q�M(� 1; 1)�X
�P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �i�?�`�Q�m�;�?�Q�m�i �i�?�B�b �+�?���T�i�2�`�- �r�2 ���b�b�m�K�2 �i�?���i

F (1) =
Z 1

0
f (t) dt > 0:

�A�M �i�?�2 �+���b�2 �r�?�2�`�2K �B�b �?�Q�K�Q�;�2�M�2�Q�m�b�- �B�i �B�b �r�2�H�H �F�M�Q�r�M �i�?���i �� �m�M�B�[�m�2 �i�`���p�2�H�B�M�; �r���p�2 �2�t�B�b�i�b�X
�A�i�b �b�T�2�2�/ �?���b �i�?�2 �b�B�;�M �Q�7

F (1) =
Z 1

0
f (t) dt;

�r�?�B�+�? �B�b �T�Q�b�B�i�B�p�2�X �.�2�T�2�M�/�B�M�; �Q�M �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b�- �i�?�2 �b�Q�H�m�i�B�Q�M �K���v �+�Q�M�p�2�`�;�2 �i�Q1�- �H�2���/�B�M�;
�i�Q ���M �B�M�p���b�B�Q�M �T�?�2�M�Q�K�2�M�Q�M�X

�A�M �i�?�B�b �+�?���T�i�2�`�- �r�2 ���`�2 �B�M�i�2�`�2�b�i�2�/ �B�M �r�?���i �?���T�T�2�M�b �r�?�2�MK �/�2�T�2�M�/�b �Q�Mx�X �h�Q �Q�#�i���B�M ��
�i�`���+�i���#�H�2 �T�`�Q�#�H�2�K�- �r�2 ���b�b�m�K�2 �i�?���iK �B�M�+�`�2���b�2�b �2�t�T�Q�M�2�M�i�B���H�H�v �B�M �� �;�B�p�2�M �`�2�;�B�Q�M �Q�7 �i�?�2 �b�T���i�B���H
�/�Q�K���B�M ���M�/ �`�2�K���B�M�b �+�Q�M�b�i���M�i �2�H�b�2�r�?�2�`�2�X �a�T�2�+�B�}�+���H�H�v�- �7�Q�` �+�2�`�i���B�M �+�Q�M�b�i���M�i�bC > 0�-L > 0�,

K (x) =

8
>><

>>:

A; �7�Q�`x < 0;

AeCx ; �7�Q�`x 2 [0; L];

AeCL ; �7�Q�`x > L:

�U�9�X�j�V

�A�M �i�?�B�b �+�Q�M�i�2�t�i�- �Q�m�` �;�Q���H �B�b �i�Q �T�`�Q�p�2 �i�?�2 �#�H�Q�+�F�B�M�; �Q�7 �q�Q�H�#���+�?�B�� �T�`�Q�T���;���i�B�Q�M �r�?�2�`�2K �p���`�B�2�b
�b�B�;�M�B�}�+���M�i�H�v ���+�`�Q�b�b �/�B�z�2�`�2�M�i �`�2�;�B�Q�M�b �Q�7 �i�?�2 �b�T���i�B���H �/�Q�K���B�M�X �h�Q ���+�?�B�2�p�2 �i�?�B�b�- �r�2 �r�B�H�H �b�?�Q�r
�i�?���i �2�[�m���i�B�Q�M �U�9�X�k�V ���/�K�B�i�b �� �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M ���M�/ �b���i�B�b�}�2�b �i�?�2 �+�Q�K�T���`�B�b�Q�M �T�`�B�M�+�B�T�H�2�X �h�?�2
�2�t�B�b�i�2�M�+�2 �Q�7 �� �b�i���i�B�Q�M���`�v �r���p�2 �7�Q�` �i�?�B�b �T�`�Q�#�H�2�K �#�Q�B�H�b �/�Q�r�M �i�Q �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �� �b�Q�H�m�i�B�Q�M �i�Q

8
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>>>>>>>>:

� p
00

� Cp
0
� C2g(p) = f (p); on ]0; L[;

� p
00

= f (p); on [0; L]c;

p0(0� ) � p0(0+ ) = Cg(p(0));

p0(L � ) � p0(L+ ) = � Cg(p(L));

p(�1 ) = 1 ; p(+ 1 ) = 0 ; p > 0:

�U�9�X�9�V

�A�M �Q�m�` �b�i�m�/�v�- �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M�b �Q�7 �2�[�m���i�B�Q�M �U�9�X�k�V�- �r�?�B�+�? �2�t�?�B�#�B�i �b�T�2�+�B�}�+ �#�2�?���p�B�Q�` ���i �B�M�}�M�B�i�v
���b �/�2�b�+�`�B�#�2�/ �#�v �i�?�2 �b�Q�H�m�i�B�Q�M�b �Q�7 �2�[�m���i�B�Q�M �U�9�X�9�V�- ���+�i ���b �#���`�`�B�2�`�b �i�?���i �T�`�2�p�2�M�i �T�`�Q�T���;���i�B�Q�M�X
�"�2�7�Q�`�2 �T�`�2�b�2�M�i�B�M�; �i�?�2 �K���B�M �`�2�b�m�H�i�b�- �r�2 �}�`�b�i �B�M�i�`�Q�/�m�+�2 �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7 �� �#���`�`�B�2�` ���M�/ �i�?�2
���b�b�m�K�T�i�B�Q�M�b�X

�.�2�}�M�B�i�B�Q�M �k�8�X
�q�2 �M���K�2 ��(C; L)�@�#���`�`�B�2�` ���M�v �b�Q�H�m�i�B�Q�M �i�Q�U�9�X�9�V�X �6�Q�` ���M�v �#�B�b�i���#�H�2 �7�m�M�+�i�B�Q�Mf �r�2 �/�2�}�M�2

�i�?�2 �#���`�`�B�2�` �b�2�i

B (f ) = f (C; L) 2 (0; + 1 )2; there exists a (C; L) � barrier g:

���b�b�m�K�T�i�B�Q�M�b �k�e�X

�Ç sh � 1�X

�Ç sf � 1 � sh �X

�"�2�7�Q�`�2 �T�`�2�b�2�M�i�B�M�; �i�?�2 �"���`�`�B�2�` �1�t�B�b�i�2�M�+�2 �h�?�2�Q�`�2�K�- �B�i �B�b �B�K�T�Q�`�i���M�i �i�Q �M�Q�i�2 �i�?���i �B�7C �B�b
�b�K���H�H �2�M�Q�m�;�?�- �i�?�2�`�2 �B�b �M�Q �#�H�Q�+�F���;�2�X �h�?�B�b �B�b �i�?�2 �Q�#�D�2�+�i�B�p�2 �Q�7 �i�?�2 �7�Q�H�H�Q�r�B�M�; �H�2�K�K���X

�e�N



�G�2�K�K�� �k�d�X
�A�7K

0

K ���M�/K
00

K ��� �̀2 �b�m�{�+�B�2�M�i�H�v �b�K���H�H�- �i�?�2�M �i�?�2� �̀2 �2�t�B�b�i�b �� �b�m�#�@�b�Q�H�m�i�B�Q�M �i�?���i �B�b �M�Q�i �#�H�Q�+�F�2�/�X

�P�M �i�?�2 �+�Q�M�i�`���`�v�- �7�Q�` �H���`�;�2 �2�M�Q�m�;�?C ���M�/L �- �i�?�2�`�2 �2�t�B�b�i �#���`�`�B�2�`�b�X

�h�?�2�Q�`�2�K �N�X
�G�2�iC > 0�-L > 0�- ���M�/ ���b�b�m�K�2 �i�?���iK �B�b �;�B�p�2�M �#�v�U�9�X�j�V�- �i�?���i ���b�b�m�K�T�i�B�Q�M�k�e�?�Q�H�/�b ���M�/

�i�?���iF (1) > 0�X9c� > 0 �b�m�+�? �i�?���i �7�Q�` ���H�HC > c � �i�?�2� �̀2 �2�t�B�b�i�bL � �b�m�+�? �i�?���i �7�Q�` ���H�HL > L � �r�2
�?���p�2(C; L) 2 B(f )�X

�h�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �� �#���`�`�B�2�` �b�B�;�M�B�}�+���M�i�H�v ���M�/ �/�B�`�2�+�i�H�v �B�M�~�m�2�M�+�2�b �i�?�2 ���b�v�K�T�i�Q�i�B�+ �#�2�?���p�B�Q�` �Q�7
�i�?�2 �b�Q�H�m�i�B�Q�M�b �Q�7 �2�[�m���i�B�Q�M �U�9�X�k�V�- ���b �2�b�i���#�H�B�b�?�2�/ �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�`�Q�T�Q�b�B�i�B�Q�M�X

�S�`�Q�T�Q�b�B�i�B�Q�M �k�3�X
�a�m�T�T�Q�b�2 �i�?���i �i�?�2� �̀2 �2�t�B�b�i�b �� �#���`�`�B�2�`(C; L) �/�2�M�Q�i�2�/ �#�v�P ���M�/ �i�?���iK �B�b �;�B�p�2�M �#�v�U�9�X�j�V�X �h�?�2�M

�2�p�2�`�v �r�2���F �b�Q�H�m�i�B�Q�M �Q�7

@tp � @xx p � 2
K

0

K
@xp = f (p) +

K
00

K
g(p);

�r�B�i�? �B�M�B�i�B���H �/���i�� �b�m�+�? �i�?���ipini � �P�- �b�i�Q�T�b �b�T� �̀2���/�B�M�;�- �K�2���M�B�M�;8t � 0�-p(t) � �P�X

�9�X�j �S�`�2�H�B�K�B�M���`�v �`�2�b�m�H�i

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �T�`�2�b�2�M�i �� �7�m�M�/���K�2�M�i���H �`�2�b�m�H�i �Q�M �#���`�`�B�2�`�b�- ���b �/�2�}�M�2�/ �B�M �.�2�}�M�B�i�B�Q�M�k�8�X
�a�T�2�+�B�}�+���H�H�v�- �r�2 �T�`�Q�p�2 �i�?���i �i�?�2 �#���`�`�B�2�`�b ���`�2 �/�2�+�`�2���b�B�M�;�X �a�B�M�+�2F (1) =

R1
0 f (t) dt > 0�- �r�2

�B�M�i�`�Q�/�m�+�2� c�- �i�?�2 �m�M�B�[�m�2 �`�2���H �M�m�K�#�2�` �b�m�+�? �i�?���i

F (� c) =
Z � c

0
f (t) dt = 0:

�q�2 ���b�b�m�K�2 �i�?���i �i�?�2 �7�Q�H�H�Q�r�B�M�; �B�M�2�[�m���H�B�i�v �?�Q�H�/�b�,

(� � 1) + sf < s h �:

�G�2�K�K�� �k�N�X
�A�7(C; L) 2 B(f )�-p(L) � sf

sh
���M�/p �B�b ��(C; L)�@�#���`�`�B�2�`�- �i�?�2�Mp �B�b �/�2�+� �̀2���b�B�M�;�X

�S� �̀Q�Q�7�X
�*�Q�M�b�B�/�2�` �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�v�b�i�2�K�,
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>>>>>>>>:

� p
00

� Cp
0
� C2g(p) = f (p); on ]0; L[;

� p
00

= f (p); on [0; L]c;

p0(0� ) � p0(0+ ) = Cg(p(0));

p0(L � ) � p0(L+ ) = � Cg(p(L));

p(�1 ) = 1 ; p(+ 1 ) = 0 ; p > 0:

�q�2 �}�`�b�i �+�Q�M�b�B�/�2�` �i�?�2 �B�M�i�2�`�p���H(�1 ; 0)�X �a�B�M�+�2� p00= f (p)�- �K�m�H�i�B�T�H�v�B�M�; �#�vp0 ���M�/ �B�M�i�2�;�`���i�B�M�;
�v�B�2�H�/�b

1
2

�
p0(x)

� 2
+ F (p(x)) = F (1):

�d�y



�h�?�m�b�-p0(x) = 0 �B�7 ���M�/ �Q�M�H�v �B�7p(x) = 1 �X �>�Q�r�2�p�2�`�- �i�?�2 �K���t�B�K�m�K �T�`�B�M�+�B�T�H�2 �7�Q�`�#�B�/�b �i�?�B�b
�b�B�i�m���i�B�Q�M �#�2�+���m�b�21 �B�b �� �b�m�T�2�`�@�b�Q�H�m�i�B�Q�M�- �b�Qp �+���M�M�Q�i �i�Q�m�+�? �B�i�X

�L�Q�r �+�Q�M�b�B�/�2�`x 2 (L; + 1 )�X �a�B�K�B�H���`�H�v�- �r�2 �Q�#�i���B�M

1
2

�
p0(x)

� 2
+ F (p(x)) = 0 :

�>�2�M�+�2�-p0 �+���M �p���M�B�b�? �Q�M�H�v �B�7p = 0 �Q�p̀ = � c�X �a�B�M�+�2p = 0 �B�b �B�K�T�Q�b�b�B�#�H�2�- �i�?�2 �Q�M�H�v �`�2�K���B�M�B�M�;
�T�Q�b�b�B�#�B�H�B�i�v �B�bp = � c�X

���b�b�m�K�2 �#�v �+�Q�M�i�`���/�B�+�i�B�Q�M �i�?���i �i�?�2�`�2 �2�t�B�b�i�bx1 > L �b�m�+�? �i�?���ip(x1) = � c ���M�/p0(x1) = 0 �X
�a�B�M�+�2p(L) < � c�- �i�?�2 �7�m�M�+�i�B�Q�Mp �B�M�+�`�2���b�2�b �Q�M(L; x 1) ���M�/ �/�2�+�`�2���b�2�b ���7�i�2�`x1�- �K�2���M�B�M�; �i�?���ix1

�r�Q�m�H�/ �#�2 �� �K���t�B�K�m�K �r�B�i�? �p���H�m�2p(x1) = � c > 0�X
�"�v �i�?�2 �b�i�`�Q�M�; �K���t�B�K�m�K �T�`�B�M�+�B�T�H�2�- �b�m�+�? ���M �B�M�i�2�`�B�Q�` �K���t�B�K�m�K �r�Q�m�H�/ �7�Q�`�+�2p �i�Q �#�2 �+�Q�M�b�i���M�i

�Q�M(L; + 1 )�- �r�?�B�+�? �B�b �B�K�T�Q�b�b�B�#�H�2 �#�2�+���m�b�2limx! + 1 p(x) = 0 �X �h�?�2�`�2�7�Q�`�2�-p0 �M�2�p�2�` �p���M�B�b�?�2�b �Q�M
(L; + 1 )�X �a�B�M�+�2p � 0 ���M�/limx! + 1 p(x) = 0 �- �B�i �7�Q�H�H�Q�r�b �i�?���ip �B�b �b�i�`�B�+�i�H�v �/�2�+�`�2���b�B�M�; �Q�M
(L; + 1 )�X

�q�2 �M�Q�r �i�m�`�M �i�Q �i�?�2 �B�M�i�2�`�p���H(0; L)�X �.�2�}�M�2

xm = inf f x > 0 : p0(x) = 0 g:

�a�m�T�T�Q�b�2 �#�v �+�Q�M�i�`���/�B�+�i�B�Q�M �i�?���ixm � L �X �h�?�2�`�2 ���`�2 �i�r�Q �T�Q�b�b�B�#�H�2 �+���b�2�b�X

�1�B�i�?�2�`p(xm ) � � c�X �A�M �i�?�B�b �+���b�2 �r�2 �B�M�i�`�Q�/�m�+�2

E(x) =
1
2

�
p0(x)

� 2
+ F (p(x)) + C2G(p(x)); G(p) =

Z p

0
g(u) du:

�.�B�z�2�`�2�M�i�B���i�B�M�; �;�B�p�2�b

E 0(x) = � C
�
p0(x)

� 2
� 0;

�i�?�2�ME �B�b �/�2�+�`�2���b�B�M�;�X ���ixm �- �b�B�M�+�2p0(xm ) = 0 �- �r�2 �?���p�2

E(xm ) = F (p(xm )) + C2G(p(xm )) :

���i x = L�- �m�b�B�M�; �i�?�2 �i�`���M�b�K�B�b�b�B�Q�M �+�Q�M�/�B�i�B�Q�M

p0(L � ) = p0(L+ ) � Cg(p(L));

���M�/ �i�?�2 �7���+�i �i�?���i
1
2

�
p0(L+ )

� 2
+ F (p(L)) = 0 ;

�r�2 �Q�#�i���B�M ���7�i�2�` �b�B�K�T�H�B�}�+���i�B�Q�M

E(L) = Cg(p(L))
q

� 2F (p(L)) + C2

2 g(p(L))2 + C2G(p(L)):

�h�Q ���M���H�v�x�2 �i�?�2 �b�B�;�M �Q�7E(L) � E(xm )�- �r�2 �/�B�b�i�B�M�;�m�B�b�? �i�r�Q �+���b�2�b�,p(xm ) < p(L) ���M�/p(xm ) >
p(L)�X

? �A�7p(xm ) < p(L)�-

E(L) � E(xm ) = Cg(p(L))
q

� 2F (p(L)) + C2

2 g(p(L))2 � F (p(xm )) + C2
Z p(L )

p(xm )
g(u) du:

�d�R



�a�B�M�+�20 � p(xm ) � p(L)�- ���M�/p(L) < sf

sh
�r�B�i�?g(u) > 0 �7�Q�` ���H�H0 < u < sf

sh
�- �i�?�2 �B�M�i�2�;�`���H �B�b

�M�Q�M�M�2�;���i�B�p�2�- �r�?�B�+�? �B�K�T�H�B�2�bE(L) � E(xm )�X �h�?�B�b �+�Q�M�i�`���/�B�+�i�b �i�?�2 �7���+�i �i�?���iE �B�b �/�2�+�`�2���b�B�M�;
���M�/xm � L �X

? �A�7p(xm ) > p(L)�-

�a�B�M�+�2p0(xm ) = 0 �r�B�i�?p(xm ) > p(L)�- �i�?�2 �7�m�M�+�i�B�Q�M �K�m�b�i �B�M�+�`�2���b�2 �#�2�7�Q�`�2xm ���M�/ �/�2�+�`�2���b�2
���7�i�2�`�X �"�m�i �Q�M(�1 ; 0)�-p �B�b ���H�`�2���/�v �/�2�+�`�2���b�B�M�;�X �6�Q�`p �i�Q �B�M�+�`�2���b�2 �#�2�7�Q�`�2xm �- �i�?�2�`�2 �K�m�b�i �2�t�B�b�i
���M�Q�i�?�2�` �T�Q�B�M�i �#�2�7�Q�`�2xm �r�?�2�`�2p0 = 0�- �+�Q�M�i�`���/�B�+�i�B�M�; �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7xm ���b �i�?�2 �}�`�b�i �x�2�`�Q �Q�7
p0�X �>�2�M�+�2 �i�?�B�b �+���b�2 �B�b �B�K�T�Q�b�b�B�#�H�2�X

�q�2 ���`�2 �H�2�7�i �r�B�i�?� c � p(xm ) � 1�X �a�B�M�+�2p(L) < � c�- �B�i �7�Q�H�H�Q�r�b �i�?���ip(xm ) > p(L)�X �A�M
�i�?�B�b �+���b�2�- �r�2 �7���H�H �#���+�F �i�Q �i�?�2 �T�`�2�p�B�Q�m�b �+���b�2�- �r�?�B�+�? �H�2���/�b �i�Q �� �+�Q�M�i�`���/�B�+�i�B�Q�M�X �>�2�M�+�2p

0
< 0 �Q�M

(0; L)�X �"�2�+���m�b�20 � p � 1 ���M�/ �#�2�+���m�b�2 �Q�7 �B�i�b �H�B�K�B�i�b ���i+ 1 ���M�/�1 �-p �M�2�+�2�b�b���`�B�H�v �/�2�+�`�2���b�2�b
���i (�1 ; 0) [ (L; + 1 )�X

�9�X�9�S�`�Q�Q�7�b �Q�7 �J���B�M �_�2�b�m�H�i�b

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �T�`�Q�p�B�/�2 �i�?�2 �T�`�Q�Q�7�b �Q�7 �i�?�2 �K���B�M �`�2�b�m�H�i�b �T�`�2�b�2�M�i�2�/ �B�M �a�2�+�i�B�Q�M�9�X�k�X

�9�X�9�X�R�L�Q �#�H�Q�+�F�B�M�; �7�Q�` �b�K���H�H �p���`�B���i�B�Q�M�b

�A�M �i�?�B�b �b�m�#�b�2�+�i�B�Q�M�- �r�2 �T�`�2�b�2�M�i �i�?�2 �T�`�Q�Q�7 �Q�7 �G�2�K�K���k�d�X

�S� �̀Q�Q�7�X

�q�2 �+�Q�M�b�B�/�2�` �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�[�m���i�B�Q�M�X

@tp � @xx p � 2
K

0

K
@xp �U�9�X�8�V

=
p(1 � p)

(1 � sf )p + (1 � p)(1 � shp)

 

p

 

sh

 

�d u �
K

00

K

!!

� du(sf + � � 1)

!

:

�G�2�i0 < A < s h �d u ���M�/ �/�2�}�M�2

f A (p) =
p(1 � p)

(1 � sf )p + (1 � p)(1 � shp)
(pA � du(sf + � � 1)) ;

�b���i�B�b�}�2�b �+�Q�M�/�B�i�B�Q�M
R1

0 f A (p) dp > 0�- �B�i �B�b �T�Q�b�b�B�#�H�2 �b�B�M�+�2F (1) > 0�X �h�?�2�M�- �i�?�2�`�2 �2�t�B�b�i�bcA > 0
���M�/ ���M�/ �� �/�2�+�`�2���b�B�M�; �7�m�M�+�i�B�Q�M� A �b���i�B�b�7�v�B�M�;

8
>><

>>:

� �
00

A � cA �
0

A = f A (� A );

� A (�1 ) = 1 ; � A (+ 1 ) = 0 ;

�
0

A < 0:

���b�b�m�K�2
�
�
�
�

K
00

K

�
�
�
� � sh �d u � A ���M�/2

�
�
�
�

K
0

K

�
�
�
� < cA �X �G�2�ipA (t; x ) = � A (x � cA t) �r�B�i�?cA > 0�X �h�?�2�M

@tpA � @xx pA � 2
K

0

K
� @xpA = � 2

K
0

K
�

0

A � �
00

A =

"

cA � 2
K

0

K

#

�
0

A + f A (� A ):

�d�k



�a�B�M�+�22
�
�
�
�

K
0

K

�
�
�
� < cA ���M�/�

0

A < 0�- �B�i �7�Q�H�H�Q�r�b �i�?���i

@tpA � @xx pA � 2
K

0

K
� @xpA < f A (� A ) = f A (pA ):

�6�B�M���H�H�v�- �m�b�B�M�;
�
�
�
�

K
00

K

�
�
�
� � sh �d u � A�- �r�2 �?���p�2

@tpA � @xx pA � 2
K

0

K
�@xpA <

p(1 � p)
(1 � sf )p + (1 � p)(1 � shp)

 

p

 

sh

 

�d u �
K

00

K

!!

� du(sf + � � 1)

!

:

�h�?�2�`�2�7�Q�`�2�-pA �B�b �� �b�m�#�@�b�Q�H�m�i�B�Q�M �Q�7 �2�[�m���i�B�Q�M �U�9�X�8�V�- �r�?�B�+�? �B�K�T�H�B�2�b �i�?���i �i�?�2�`�2 �B�b �M�Q �#�H�Q�+�F�B�M�; �7�Q�`
K

0

K ���M�/K
00

K �b�m�{�+�B�2�M�i�H�v �b�K���H�H�X

�9�X�9�X�k�S�`�Q�Q�7 �Q�7 �h�?�2�Q�`�2�K�N

�L�Q�r�- �r�2 �T�`�Q�+�2�2�/ �i�Q �i�?�2 �T�`�Q�Q�7 �Q�7 �h�?�2�Q�`�2�K�N�- �r�?�B�+�? �2�b�i���#�H�B�b�?�2�b �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �b�i���i�B�Q�M���`�v
�b�Q�H�m�i�B�Q�M�b�X
�h�Q �;�2�i �� �#�2�i�i�2�` �/�2�b�+�`�B�T�i�B�Q�M �Q�7B(f )�- �r�2 �m�b�2 �� �b�?�Q�Q�i�B�M�; �K�2�i�?�Q�/�X �q�2 �b�2�T���`���i�2 �i�?�2 �b�i�m�/�v �Q�7
�2�[�m���i�B�Q�M �U�9�X�9�V �Q�M(0; L) �#�v �B�M�i�`�Q�/�m�+�B�M�;

p(0) = �; p (L) = �:

�q�2 �M�Q�r �7���+�2 �� �T�`�Q�#�H�2�K �i�?���i �B�b �b�H�B�;�?�i�H�v �/�B�z�2�`�2�M�i�H�v �7�Q�`�K�m�H���i�2�/�,
�7�Q�`sf

2sh
< � < sf

sh
< � < 1�- �r�2 ���B�K �i�Q �}�M�/C ���M�/L > 0 �b�m�+�? �i�?���i

8
>>>>>>>><

>>>>>>>>:

� p
00

� Cp
0
� C2g(p) = f (p);

p(0) = �; p (L) = �;

p0(0� ) � p0(0+ ) = Cg(p(0)) = Cg(� );

p0(L � ) � p0(L+ ) = � Cg(p(L)) = � Cg(� );
1
2p

0
(0� )2 + F (� ) = F (1); 1

2p
0
(L+ )2 + F (� ) = 0 :

�U�9�X�e�V

�h�?�2�`�2 �B�b ���M �2�p�B�/�2�M�i ���M�/ �/�B�`�2�+�i �H�B�M�F �#�2�i�r�2�2�M �2�[�m���i�B�Q�M�b �U�9�X�9�V ���M�/ �U�9�X�e�V�X

�G�2�K�K�� �j�y�X
�G�2�iC; L > 0�X �A�7(C; L) 2 B(f )�- �i�?�2�M �i�?�2� �̀2 �2�t�B�b�i�b(�; � ) �b�m�+�? �i�?���i�U�9�X�e�V�?���b �� �b�Q�H�m�i�B�Q�M�X

�*�Q�M�p�2�`�b�2�H�v�- �B�7 �i�?�2� �̀2 �2�t�B�b�i� �-� �-C�- ���M�/L �b�m�+�? �i�?���i�U�9�X�e�V�?���b �� �b�Q�H�m�i�B�Q�M�- �i�?�2�M �i�?�B�b �b�Q�H�m�i�B�Q�M �B�b
���H�b�Q �� �b�Q�H�m�i�B�Q�M �Q�7�U�9�X�9�V�X

�S� �̀Q�Q�7�X
�G�2�iC ���M�/L �#�2 �T�Q�b�B�i�B�p�2 �+�Q�M�b�i���M�i�b�X �A�7(C; L) 2 B(f )�- �i�?�2�M �i�?�2 �T�`�Q�#�H�2�K �U�9�X�9�V ���/�K�B�i�b ��

�b�Q�H�m�i�B�Q�M �/�2�M�Q�i�2�/ �#�vp�- �r�?�B�+�? �b���i�B�b�}�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�[�m���i�B�Q�M�b�,
8
>>>>>>>><

>>>>>>>>:

� p
00

� Cp
0
� C2g(p) = f (p); on ]0; L[;

� p
00

= f (p); on [0; L]c;

p0(0� ) � p0(0+ ) = Cg(p(0));

p0(L � ) � p0(L+ ) = � Cg(p(L));

p(�1 ) = 1 ; p(+ 1 ) = 0 ; p > 0:

�d�j



�h�?�m�b�- �i�?�2 �}�`�b�i �2�[�m���i�B�Q�M �Q�7 �T�`�Q�#�H�2�K �U�9�X�e�V �B�b �b���i�B�b�}�2�/�X �A�i �`�2�K���B�M�b �i�Q �/�2�K�Q�M�b�i�`���i�2 �i�?�2 �2�t�B�b�i�2�M�+�2
�Q�7� ���M�/� �i�?���i �7�m�H�}�H�H �i�?�2 �+�Q�M�/�B�i�B�Q�M�b�,

p(0) = �; p (L) = �;
1
2

p
0
(0� )2 + F (� ) = F (1);

1
2

p
0
(L+ )2 + F (� ) = 0 :

�a�B�M�+�2 �i�?�2 �T�`�Q�#�H�2�K �U�9�X�e�V �B�b �r�2�H�H�@�T�Q�b�2�/ �B�M �i�?�2 �b�T���+�2 �Q�7 �`�2���H �7�m�M�+�i�B�Q�M�b �i�?���i ���`�2 �i�r�B�+�2 �+�Q�M�i�B�M�m�Q�m�b�H�v
�/�B�z�2�`�2�M�i�B���#�H�2 �Q�M[0; L] ���M�/ �Q�M[0; L]c�- �r�2 �+���M �}�M�/�; � > 0 �b�m�+�? �i�?���ip(0) = � ���M�/p(L) = � �X

�A�i �B�b �b�i�`���B�;�?�i�7�Q�`�r���`�/ �i�Q �/�2�K�Q�M�b�i�`���i�2 �i�?���i1
2p

0
(0� )2 + F (� ) = F (1) ���M�/

1
2p

0
(L+ )2 + F (� ) = 0 �X �h�?�2 �T�`�Q�Q�7 �Q�7 �i�?�2�b�2 �2�[�m���i�B�Q�M�b �B�b �/�B�`�2�+�i ���M�/ �B�M�i�m�B�i�B�p�2�X

�A�M �+�Q�M�+�H�m�b�B�Q�M�- �r�2 �+���M �2�b�i���#�H�B�b�? �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7� ���M�/� �i�?���i �7�m�H�}�H�H �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �B�M
�1�[�m���i�B�Q�M �U�9�X�e�V ���M�/ �2�M�b�m�`�2 �i�?�2 �b�Q�H�p���#�B�H�B�i�v �Q�7 �i�?�2 �T�`�Q�#�H�2�K�X �a�B�K�B�H���`�H�v�- �i�Q �`�2�p�2�`�b�2 �i�?�2 �b�i���i�2�K�2�M�i�-
�r�2 �+���M �2�K�T�H�Q�v �� �b�B�K�B�H���` �H�B�M�2 �Q�7 �`�2���b�Q�M�B�M�;�X

�G�2�K�K�� �j�R�U�1�t�B�b�i�2�M�+�2 �Q�7 �� �a�Q�H�m�i�B�Q�M�V�X

�G�2�isf

2sh
< � < sf

sh
< � < 1�- �r�B�i�?� < � c: ���b�b�m�K�2 �i�?���i ���b�b�m�K�T�i�B�Q�M�k�e�B�b �b���i�B�b�}�2�/�X

�l�M�/�2�` �i�?�2�b�2 �+�Q�M�/�B�i�B�Q�M�b�- �i�?�2� �̀2 �2�t�B�b�i �m�M�B�[�m�2 �+�Q�M�b�i���M�i�bC = 
 (�; � ) ���M�/L = � (�; � ) �b�m�+�?
�i�?���i �i�?�2 �b�v�b�i�2�K�U�9�X�e�V�?���b �� �b�Q�H�m�i�B�Q�M�X

�S� �̀Q�Q�7�X
�>�2�`�2�- �r�2 �2�K�T�H�Q�v �� �b�?�Q�Q�i�B�M�; ���`�;�m�K�2�M�i�X �G�2�ip� �#�2 �� �m�M�B�[�m�2 �U�#�v �i�?�2 �*���m�+�?�v�@�G�B�T�b�+�?�B�i�x

�i�?�2�Q�`�2�K�V �/�2�+�`�2���b�B�M�; �U�#�v �b�B�K�B�H���` ���`�;�m�K�2�M�i�b ���b �B�M �G�2�K�K���k�N�V �b�Q�H�m�i�B�Q�M �i�Q

8
>><

>>:

� p
00

� � Cp
0

� � C2g(p� ) = f (p� );

p� (L) = �; 1
2p

0

� (L+ )2 + F (� ) = 0 ;

p�
0(L � ) � p�

0(L+ ) = � Cg(p� (L)):

�U�9�X�d�V

�a�B�M�+�2p� �B�b �/�2�+�`�2���b�B�M�;�- �r�2 �K���v �B�M�p�2�`�i �B�i ���M�/ �/�2�}�M�2X � :]p� (L); p� (0)[ ! ]0; L[ �b�m�+�? �i�?���i
p� (X � (p)) = p�X �J�Q�`�2�Q�p�2�`�- �r�2 �B�M�i�`�Q�/�m�+�2 �i�?�2 �7�m�M�+�i�B�Q�M�,

w� (p) =
F (1)

F (1) + Cg(� )
q

2(F (1) � F (� )) � Cg(� )
q

� 2F (� )

 
1
2

p
0

� (X � (p))2

+ F (p) �
C2

2
g(p)2 � Cg(� )

q
� 2F (� )

!

:

�*�Q�M�b�2�[�m�2�M�i�H�v�- �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�v�b�i�2�K �Q�7 �2�[�m���i�B�Q�M�b �?�Q�H�/�b�,
8
>>>><

>>>>:

dw�
dp = CJ

r

2(w� (p)
J � F (p)) + C2g(p)2 + 2Cg(� )

q
� 2F (� )

� C2Jg(p)[1 + g0(p)];

w� (� ) = 0 :

�U�9�X�3�V

�q�?�2�`�2J = F (1)

F (1)+ Cg(� )
p

2(F (1) � F (� )) � Cg(� )
p

� 2F (� )
�B�b �T�Q�b�B�i�B�p�2�X �A�M �r�?���i �7�Q�H�H�Q�r�b�- �r�2 ���b�b�m�K�2 �i�?���i

p
J �- �b���i�B�b�}�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�M�/�B�i�B�Q�M�,

p
J <

C(� � � ) �
p

2
r

F (1) + C
�
g(� )

q
2(F (1) � F (� )) � g(� )

q
� 2F (� )

�

C2(� � � ) max R
;

�d�9



�r�?�2�`�2 �i�?�2 �7�m�M�+�i�B�Q�MR �B�b �/�2�}�M�2�/ �#�v

R(p) =
g(p)(1 + g

0
(p))

p
2w�

;

�r�B�i�?w� �#�2�B�M�; �T�Q�b�B�i�B�p�2 �U�r�?�B�+�? �r�B�H�H �#�2 �b�?�Q�r�M �H���i�2�`�V�X
�1�[�m���i�B�Q�M �U�9�X�3�V �?���b �� �b�Q�H�m�i�B�Q�M ���b �H�Q�M�; ���bw� � JF (p)�X �P�M �i�?�2 �B�M�i�2�`�p���H(�; � c)�- �r�2 �?���p�2

F (p) � 0 �#�v �/�2�}�M�B�i�B�Q�M �Q�7� c�X �*�Q�M�b�2�[�m�2�M�i�H�v�- �Q�M(�; � c)�- �2�[�m���i�B�Q�M �U�9�X�3�V �?���b ���i �H�2���b�i �Q�M�2 �b�Q�H�m�i�B�Q�M�X
�L�2�t�i�- �r�2 �+�Q�M�b�B�/�2�`� c � p0 � 1 ���M�/ �/�2�M�Q�i�2 �#�v(�; p 0) �i�?�2 �H���`�;�2�b�i �B�M�i�2�`�p���H �r�B�i�?�B�M(�; 1) �7�Q�`

�r�?�B�+�? �2�[�m���i�B�Q�M �U�9�X�3�V �?���b �� �b�Q�H�m�i�B�Q�M�X
�h�?�2 �[�m�2�b�i�B�Q�M �M�Q�r �B�b �r�?�2�i�?�2�` �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �+�?�Q�Q�b�2 �� �p���H�m�2 �7�Q�`C �b�m�+�? �i�?���iw� (� ) = F (1)

�?�Q�H�/�b �7�Q�`� < sf

sh
< � < 1?�"�2�7�Q�`�2 ���M�b�r�2�`�B�M�; �i�?�B�b �[�m�2�b�i�B�Q�M�- �r�2 �M�2�2�/ �i�Q �b�?�Q�r �i�?���iw� �B�b �T�Q�b�B�i�B�p�2�X

�a�B�M�+�2 �r�2 �?���p�2p � � ���M�/w� (� ) = 0 �- �i�Q �T�`�Q�p�2 �i�?���iw� �B�b �T�Q�b�B�i�B�p�2�- �B�i �b�m�{�+�2�b �i�Q �b�?�Q�r �i�?���iw�

�B�b �B�M�+�`�2���b�B�M�;�X �r�2 �?���p�2

dw�

dp
= CJ

s

2(
w� (p)

J
� F (p)) + C2g(p)2 + 2Cg(� )

q
� 2F (� )

� C2Jg(p)[1 + g0(p)]:

�h�?�B�b �B�b �2�[�m�B�p���H�2�M�i �i�Q

dw�

dp
= CJ

0

@

vu
u
t 2

 
w� (p)

J
� F (p)

!

+ C2g(p)2 + 2Cg(� )
q

� 2F (� )

� Cg(p)[1 + g0(p)]

1

A :

�h�?�2 �b�B�;�M �Q�7w
0

� �/�2�T�2�M�/�b �Q�M �i�?�2 �b�B�;�M �Q�71 + g
0
�X �A�71 + g

0
�B�b �T�Q�b�B�i�B�p�2�- �B�M �i�?�B�b �+���b�2�- �7�Q�` �b�B�K�T�H�B�+�B�i�v�-

�r�2 �r�B�H�H �b�?�Q�r �i�?���i1 + g
0
< 1�X

�*�Q�M�b�B�/�2�`�B�M�;

g
0
(p) =

 

� shp(1 � p) ((1 � shp)(1 � p) + (1 � sf )p) + ( shp � sf ) ( � sf p2 + 2p � 1)

!

((1 � sf )p + (1 � p)(1 � shp))2 :

���7�i�2�` �b�i�`���B�;�?�i�7�Q�`�r���`�/ �+���H�+�m�H���i�B�Q�M�b�- �B�i�ö�b �7�Q�m�M�/ �i�?���i �,

� shp(1 � p) ((1 � shp)(1 � p) + (1 � sf )p) + ( shp � sf )
�
� sf p2 + 2p � 1

�
< 0;

�7�Q�` ���H�Hsf

2sh
< p ���M�/sf � 1 � sh �X �h�?�2�M �r�2 �Q�#�i���B�M �i�?���i1 + g

0
< 1�X �>�2�M�+�2�- �r�2 �?���p�2�,

vu
u
t 2

 
w� (p)

J
� F (p)

!

+ C2g(p)2 + 2Cg(� )
q

� 2F (� ) � Cg(p) � Cg(p)[1 + g0(p)]:

�A�K�T�H�B�2�b �i�?���i
vu
u
t 2

 
w� (p)

J
� F (p)

!

+ C2g(p)2 + 2Cg(� )
q

� 2F (� ) � Cg(p)[1 + g0(p)] � 0:

�d�8



�6�Q�` �i�?�2 �b�2�+�Q�M�/ �+���b�2�- �r�?�2�M1 + g
0

�B�b �M�2�;���i�B�p�2�- �i�?�2 �b���K�2 �`�2���b�Q�M�B�M�; ���T�T�H�B�2�b�- ���M�/ �?�2�M�+�2w
0

� �B�b
�T�Q�b�B�i�B�p�2�X

�A�M �+�Q�M�+�H�m�b�B�Q�M�- �b�B�M�+�2w
0

� �B�b �T�Q�b�B�i�B�p�2�-w� �B�b �B�M�+�`�2���b�B�M�;�- �i�?�m�bw� (p) > w � (� ) = 0 �- �b�Qw� �B�b
�T�Q�b�B�i�B�p�2�X
�L�Q�r �H�2�i �m�b �`�2�i�m�`�M �i�Q �Q�m�` �[�m�2�b�i�B�Q�M�, �B�b �B�i �T�Q�b�b�B�#�H�2 �i�Q �+�?�Q�Q�b�2 �� �p���H�m�2 �7�Q�`C �b�m�+�? �i�?���iw� (� ) = F (1)
�?�Q�H�/�b �7�Q�`� < sf

sh
< � < 1?�X �>�2�`�2�- �r�2 �2�p���H�m���i�2�,

w� (� ) = J

 
1
2

p
0

� (X � (� ))2 + F (� ) �
C2

2
g(� )2 � Cg(� )

q
� 2F (� )

!

:

F (� ) =
Z �

0
f (p)dp:

�q�2 �+���M �`�2�r�`�B�i�2 �i�?�2 �/�2�`�B�p���i�B�p�2 �Q�7

w
0

� (p) = CJ

vu
u
t 2

 
w� (p)

J
� F (p)

!

+ C2g(p)2 + 2Cg(� )
q

� 2F (� )

� C2Jg(p)[1 + g0(p)]:

�h�Q ���/�/�`�2�b�b �Q�m�` �[�m�2�b�i�B�Q�M�- �r�2 �r�B�H�H �+�Q�M�b�B�/�2�` �i�r�Q �+���b�2�b�X

� �q�2 �}�`�b�i �b�?�Q�r �i�?���i �7�Q�`C = min

0

@
p

� 2F (� )
g(� ) ; F (1)�

g(� )
p

� 2F (� )� g(� )
p

2(F (1) � F (� ))
�

1

A �-w� (� ) > F (1)�,

�q�2 �M�Q�i�2 �i�?���i �Q�M �i�?�2 �B�M�i�2�`�p���H(�; � c)�- �i�?�2 �7�m�M�+�i�B�Q�MF (p) �B�b �M�2�;���i�B�p�2�- �B�X�2�X�-F (p) < 0�X �*�Q�M�@
�b�2�[�m�2�M�i�H�v�- �r�2 �+���M �2�b�i�B�K���i�2 �i�?�2 �/�2�`�B�p���i�B�p�2 ���b �7�Q�H�H�Q�r�b�,

w
0

� (p) = CJ

s

2(
w� (p)

J
� F (p)) + C2g(p)2 + 2Cg(� )

q
� 2F (� )

� C2Jg(p)[1 + g0(p)]

> C
p

J
q

2w� (p) � C2Jg(p)[1 + g0(p)]:

�"�v �B�M�i�2�;�`���i�B�M�; �#�Q�i�? �b�B�/�2�b �Q�p�2�`(�; p )�- �r�2 �;�2�i�,
q

2w� (p) > C
p

J (p � � ) � C2J
Z p

�
R(u)du;

�h�?�m�b�- �2�p���H�m���i�B�M�; ���ip = � �- �r�2 �Q�#�i���B�M�,
q

2w� (� ) > C
p

J (� � � ) � C2J (� � � ) max
p2 (�;� )

R(p) >
q

2F (1):

�a�B�M�+�2
p

J <
C(� � � )�

p
2

r
F (1)+ C

�
g(� )

p
2(F (1) � F (� )) � g(� )

p
� 2F (� )

�

C2 (� � � ) max R :

�*�?�Q�Q�b�B�M�;C = min

0

@
p

� 2F (� )
g(� ) ; F (1)�

g(� )
p

� 2F (� )� g(� )
p

2(F (1) � F (� ))
�

1

A �2�M�b�m�`�2�b �i�?���iw� (� ) >

F (1):

� �h�?�2�M �r�2 �b�?�Q�r �i�?���i �7�Q�`C �b�K���H�H �2�M�Q�m�;�?w� (� ) < F (1)�,

�d�e



�A�7 �r�2 �+�Q�M�b�B�/�2�`F (� 1) = min [0;1] F �- �r�2 �Q�#�i���B�M�,

w0
� (p) � C

vu
u
t 2

 
w� (p)

J
� F (� 1)

!

+ C2 max
[0;1]

g(p)2 + 2Cg(� )
q

� 2F (� )

� C2Jg(p)(1 + g0(p)):

�A�M�i�2�;�`���i�B�M�; �i�?�B�b �B�M�2�[�m���H�B�i�v �Q�p�2�`(�; p )�- �r�2 �;�2�i�,

w� (p) � JF (� 1) �
J
2

C2 max
[0;1]

g(p)2 � JCg(� )
q

� 2F (� )

+

 
C

p
2J

(p � � ) � C2

p
J

p
2

Z p

�

g(u)
�

(1 + g0(u))du

+

s
J
2

s

� 2F (� 1) + C2 max
[0;1]

g(p)2 + 2Cg(� )
q

� 2F (� )

! 2

:

�q�?�2�`�2� =
r

2(w� (p)
J � F (� 1)) + C2 max[0;1] g(p)2 + 2Cg(� )

q
� 2F (� )�X

�h�?�2�`�2�7�Q�`�2�,

w� (� ) � JF (� 1) �
J
2

C2 max
[0;1]

g(p)2 � JCg(� )
q

� 2F (� )

+

 p
2C

p
J

(� � � ) � C2 J
p

2

Z �

�

g(u)
�

(1 + g0(u))du

+

s
J
2

s

� 2F (� 1) + C2 max
[0;1]

g(p)2 + 2Cg(� )
q

� 2F (� )

! 2

:

�h�?�2�`�2�7�Q�`�2�- �r�2 �+���M �+�?�Q�Q�b�2C �b�K���H�H �2�M�Q�m�;�? �b�m�+�? �i�?���iw� (� ) < F (1)�X

� �L�2�t�i�- �r�2 �T�`�Q�p�2 �i�?���iw� �B�b �B�M�+�`�2���b�B�M�; �r�B�i�? �`�2�b�T�2�+�i �i�QC�X

�q�2 �/�2�}�M�2zC (p) = dw� (p)
dC �X �6�`�Q�K �2�[�m���i�B�Q�M �U�9�X�3�V�- �r�2 �?���p�2�,

dzC (p)
dp

=
d
dp

(
dw�

dC
) =

d
dC

(
dw�

dp
)

= J

 s

2(
w� (p)

J
� F (p) +

C2

2
g(p)2 + Cg(� )

q
� 2F (� ))

� 2Cg(p)(1 + g
0
(p))

!

+ CJ
0

 s

2(
w� (p)

J
� F (p) +

C2

2
g(p)2 + Cg(� )

q
� 2F (� ))

� Cg(p)(1 + g
0
(p))

!

:

�d�d



�1�[�m�B�p���H�2�M�i �i�Q
8
>>>><

>>>>:

dzC (p)
dp = ~JzC (p) + J [

r

2(w� (p)
J � F (p) + C2

2 g(p)2 + Cg(� )
q

� 2F (� ))

� 2Cg(p)(1 + g
0
(p))];

zC (� ) = 0 :

�r�?�2�`�2

J
0
=

� F (1)(g(� )
q

2(F (1) � F (� )) � g(� )
q

� 2F (� ))

(F (1) + Cg(� )
q

2(F (1) � F (� )) � Cg(� )
q

� 2F (� ))2
;

���M�/

~J =
� (g(� )

q
2(F (1) � F (� )) � g(� )

q
� 2F (� ))

F (1) + Cg(� )
q

2(F (1) � F (� )) � Cg(� )
q

� 2F (� )
:

�L�2���p̀ = � �- �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �i�?�B�b �2�[�m���i�B�Q�M �B�b �T�Q�b�B�i�B�p�2�X �A�i �`�2�K���B�M�b �T�Q�b�B�i�B�p�2 �7�Q�` ���H�Hp 2 (�; � )
�#�2�+���m�b�2 �B�7zC (p) �#�2�+�Q�K�2�b �i�Q�Q �b�K���H�H �i�?�2 �2�[�m���i�B�Q�M �i�2�H�H�b �m�b �i�?���i �B�i�b �/�2�`�B�p���i�B�p�2 �B�b �T�Q�b�B�i�B�p�2�- �b�B�M�+�2
g(� )C <

q
� 2F (� )�X

�h�?�2�`�2�7�Q�`�2�-dzC (p)
dp � 0�- �B�M�/�B�+���i�B�M�; �i�?���izC �B�b �B�M�+�`�2���b�B�M�;�- ���M�/ �+�Q�M�b�2�[�m�2�M�i�H�v�-zC (p) � zC (� ) = 0 �X

�h�?�B�b �B�K�T�H�B�2�b �i�?���i �i�?�2 �b�Q�H�m�i�B�Q�Mw� �B�b �B�M�+�`�2���b�B�M�; �r�B�i�? �`�2�b�T�2�+�i �i�QC�- �K�2���M�B�M�; �i�?���i �7�Q�` �2���+�?� �-
�i�?�2�`�2 �2�t�B�b�i�b �� �m�M�B�[�m�2C = 
 (�; � ) �b�m�+�? �i�?���iw� (� ) = F (1)�X �q�2 �+���M �`�2�M���K�2 �i�?�B�b �b�Q�H�m�i�B�Q�M ���b
w�;� �b�Q �i�?���i

8
>>>><

>>>>:

dw�;�

dp = CJ
r

2(w�;� (p)
J � F (p)) + C2g(p)2 + 2Cg(� )

q
� 2F (� )

� C2Jg(p)[1 + g0(p)];

w�;� (� ) = 0 ; w�;� (� ) = F (1)

�U�9�X�N�V

�h�Q �`�2�+�Q�p�2�` �i�?�2 �p���H�m�2 �Q�7L �b�m�+�? �i�?���iw�;� �+�Q�K�2�b �7�`�Q�K �� �b�Q�H�m�i�B�Q�Mp� �Q�7 �U�9�X�3�V�- �r�B�i�?

p� (0) = � and
1
2

p
0

� (0� )2 + F (p� (0)) = F (1):

�q�2 �b�B�K�T�H�v �M�2�2�/ �i�Q �M�Q�i�2 �i�?���iL =
R�

� X
0

� (p)dp�X �h�Q �+���H�+�m�H���i�2 �B�i �7�`�Q�Kw�;� �- �r�2 �Q�#�b�2�`�p�2 �i�?���i

X
0

� (p) =
1

p0

� (X � (p))
:

�h�?�2�`�2�7�Q�`�2�- �r�2 �/�2�}�M�2

� (�; � ) =
Z �

�

1
r

2(w�;� (p)
J � F (p) + C2

2 g(p)2 + Cg(� )
q

� 2F (� )
dp

�_�2�+���H�H �i�?���ip
0

� < 0 �Q�M]0; L[�- �b�QL = � (�; � ) �B�b �m�M�B�[�m�2�H�v �/�2�}�M�2�/�X

�"�2�7�Q�`�2 �K�Q�p�B�M�; �Q�M �i�Q �i�?�2 �b�2�+�Q�M�/ �Q�#�D�2�+�i�B�p�2�- �H�2�i �m�b �b�i���i�2 �b�Q�K�2 �m�b�2�7�m�H �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �7�m�M�+�@
�i�B�Q�M�b
 (�; � ) ���M�/� (�; � ) �/�2�}�M�2�/ �B�M �i�?�2 �H�2�K�K���j�R�X �h�?�2�b�2 �T�`�Q�T�2�`�i�B�2�b �r�B�H�H �#�2 �/�2�K�Q�M�b�i�`���i�2�/
�B�K�K�2�/�B���i�2�H�v ���7�i�2�`�r���`�/�X �6�B�`�b�i�- �r�2 �/�2�M�Q�i�2� = sf

2sh
�X

�d�3



�*�Q�`�Q�H�H���`�v �j�k�X

�R�X�h�?�2 �7�m�M�+�i�B�Q�M�b
 ���M�/� ��� �̀2 �+�Q�M�i�B�M�m�Q�m�b �Q�M(�; � ); � < � < sf

sh
< � < 1; � < � c�X

�k�X
 (�; � ) �B�b �B�M�+� �̀2���b�B�M�; �B�M� ���M�/ �/�2�+� �̀2���b�2�b �B�M� �X� (�; � ) �B�b �B�M�+� �̀2���b�B�M�; �B�M� �X

�j�X�h�?�2 �7�m�M�+�i�B�Q�M�b
 ���M�/� �b���i�B�b�7�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �T� �̀Q�T�2�`�i�B�2�b�,
 (�; � ) ! + 1 ���b� & � �-
� (�; � ) ! + 1 ���b� ! 1�- ���M�/� (�; � ) ! 0 ���b� � � ! 0�X

�P�m�` �Q�#�D�2�+�i�B�p�2 �M�Q�r �B�b �i�Q �/�2�K�Q�M�b�i�`���i�2 �i�?���i �7�Q�` �� �;�B�p�2�M �+�Q�m�T�H�2(C; L)�- �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �}�M�/
�p���H�m�2�b� ���M�/� �b�m�+�? �i�?���iC �B�b �2�[�m���H �i�Q
 (�; � ) ���M�/L �B�b �2�[�m���H �i�Q� (�; � )�X �q�2 �}�`�b�i �M�Q�i�2 �i�?���i
�i�?�2 �H�B�K�B�i �Q�7
 (�; � ) ���b� ���T�T�`�Q���+�?�2�b� ���M�/� ���T�T�`�Q���+�?�2�b �R �+���M �#�2 �2�b�i���#�H�B�b�?�2�/ �#���b�2�/ �Q�M �i�?�2
�K�Q�M�Q�i�Q�M�B�+ �T�`�Q�T�2�`�i�B�2�b �/�2�b�+�`�B�#�2�/ �B�M �+�Q�`�Q�H�H���B�`�2�j�k�X �6�m�`�i�?�2�`�K�Q�`�2�- �B�i �B�b �r�Q�`�i�? �M�Q�i�B�M�; �i�?���i
 (�; � )
�B�b �#�Q�m�M�/�2�/ �7�`�Q�K �#�2�H�Q�r �#�vc� �X �*�Q�M�b�2�[�m�2�M�i�H�v�- �7�Q�` ���M�v� 2 (�; � c) ���M�/� 2 (�; 1)�- �i�?�2 �7�Q�H�H�Q�r�B�M�;
�H�B�K�B�i�b �?�Q�H�/�,

lim
� ! 1


 (�; � ) = C� ; lim
� ! �


 (�; � ) = C�

�G�2�iC > c � �X �P�m�` ���B�K �B�b �i�Q �/�2�K�Q�M�b�i�`���i�2 �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �� �m�M�B�[�m�2� 2 (�; � c) �b�m�+�? �i�?���i
C� = C�X �q�2 �Q�#�b�2�`�p�2 �i�?���i �i�?�2 �7�m�M�+�i�B�Q�M� 7! C� �B�b �+�Q�M�i�B�M�m�Q�m�b ���M�/ �B�M�+�`�2���b�B�M�;�- ���b �b�i���i�2�/ �B�M
�+�Q�`�Q�H�H���B�`�2�j�k�X �h�?�2�`�2�7�Q�`�2�- �B�i �B�b �b�m�{�+�B�2�M�i �i�Q �T�`�Q�p�2 �i�?���i �i�?�2 �H�B�K�B�i ���b� ���T�T�`�Q���+�?�2�b� c �Q�7C� �B�b
�B�M�}�M�B�i�2�X �P�M�+�2 �i�?�B�b �+�Q�M�/�B�i�B�Q�M �B�b �2�b�i���#�H�B�b�?�2�/�- �/�2�}�M�B�M�;� c ���b �i�?�2 �p���H�m�2 �b���i�B�b�7�v�B�M�;C� c = C �r�B�H�H
�v�B�2�H�/ �i�?�2 �/�2�b�B�`�2�/ �`�2�b�m�H�i�X

�a�B�K�B�H���`�H�v�- �r�2 �r�B�H�H �/�2�K�Q�M�b�i�`���i�2 �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �� �m�M�B�[�m�2� 2 (�; 1) �b�m�+�? �i�?���iC� = C�X
�P�M�+�2 ���;���B�M�- �r�2 �Q�#�b�2�`�p�2 �i�?���i �i�?�2 �7�m�M�+�i�B�Q�M� 7! C� �B�b �+�Q�M�i�B�M�m�Q�m�b�- �/�2�+�`�2���b�B�M�;�X �h�?�2�`�2�7�Q�`�2�- �B�i
�b�m�{�+�2�b �i�Q �T�`�Q�p�2 �i�?���ilim � ! � C� = + 1 �X

�q�2 �M�Q�r ���B�K �i�Q �b�?�Q�r �i�?���iC� c = C2 = + 1 �- �r�?�2�`�2C� c = lim � ! � c C� ���M�/C2 = lim � ! � C� �X �h�?�2
�7���+�i �i�?���iC2 = + 1 �B�b �� �/�B�`�2�+�i �+�Q�M�b�2�[�m�2�M�+�2 �Q�7 �+�Q�`�Q�H�H���B�`�2�j�k�X �L�2�t�i�- ���b�b�m�K�B�M�;�- �#�v �+�Q�M�i�`���/�B�+�i�B�Q�M�-
�i�?���iC� c < + 1 �- �r�2 �T�`�Q�+�2�2�/ �i�Q �}�M�/ �� �b�Q�H�m�i�B�Q�M �i�Q �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�v�b�i�2�K�,

8
>>>>>>>><

>>>>>>>>:

� p
00

� C� c p
0
� C2

� c
g(p) = f (p); on ]0 ;L[;

� p
00

= f (p); on [0 ;L]c;

p0(0� ) � p0(0+ ) = Cg(p(0));

p0(L � ) � p0(L+ ) = � Cg(p(L));

p(�1 ) = 1 ; p(+ 1 ) = 0 ; p > 0:

�"�v �K�m�H�i�B�T�H�v�B�M�; �#�vp
0

���M�/ �B�M�i�2�;�`���i�B�M�; �Q�p�2�`(L; + 1 )�- �r�2 �Q�#�i���B�M�,

�
Z + 1

L
p

00
(x)p

0
(x) =

Z + 1

L
f (p(x))p

0
(x)dx:

�A�K�T�H�B�2�b �i�?���i
1
2

p
0
(L+ )2 =

Z + 1

L
f (p(x))p

0
(x)dx:

�G�2�i�i�B�M�;u(x) = p(x)�- �r�2 �?���p�2�,

1
2

p
0
(L+ )2 = �

Z p(L )

0
f (u)du:

�a�B�M�+�2p0(L+ ) = p0(L � ) + Cg(p(L)) �- �i�?�2�M�,

�d�N



1
2

(p0(L+ ))2 =
1
2

(p0(L � ))2 + Cp0(L � )g(p(L)) +
1
2

C2g(p(L))2:

�h�?�B�b �v�B�2�H�/�b�,
1
2

(p0(L � ))2 + Cp0(L � )g(p(L)) +
1
2

C2g(p(L))2 = � F (p(L)):

�q�?�B�+�? �B�K�T�H�B�2�b�,

p0(L � ) +
1
2

Cg(p(L)) = 0 :

�P�M �i�?�2 �Q�i�?�2�` �?���M�/�-

p0(L � ) +
1
2

Cg(p(L)) = p0(L+ ) �
1
2

Cg(p(L)):

�q�?�B�+�? �7�m�`�i�?�2�` �B�K�T�H�B�2�b�,

p0(L+ ) =
1
2

Cg(p(L)):

���#�b�m�`�/ �b�B�M�+�2p �B�b �/�2�+�`�2���b�B�M�; �Q�p�2�`(L; + 1 ) ���M�/12Cg(p(L)) > 0�X �h�?�2�`�2�7�Q�`�2�- �r�2 �+�Q�M�+�H�m�/�2 �i�?���i
C� c = C2 = + 1 �X ���+�+�Q�`�/�B�M�; �i�Q �*�Q�`�Q�H�H���B�`�2�j�k�- �7�Q�` ���M�v� 2 (�; � c)�- �i�?�2�`�2 �2�t�B�b�i�b �� �m�M�B�[�m�2� > �
�b�m�+�? �i�?���i� (�; � ) = L�X

�S� �̀Q�Q�7 �Q�7 �h�?�2�Q� �̀2�K�N�X
�h�?�2�Q�`�2�K�N�B�b �� �/�B�`�2�+�i �+�Q�M�b�2�[�m�2�M�+�2 �Q�7 �G�2�K�K���b�j�y���M�/�j�R�X

�"�2�7�Q�`�2 �K�Q�p�B�M�; �Q�M �i�Q �i�?�2 �T�`�Q�Q�7 �Q�7 �i�?�2 �}�M���H �K���B�M �`�2�b�m�H�i�b�- �r�2 �T�`�Q�p�2 �i�?�2 �T�`�Q�T�2�`�i�B�2�b �T�`�2�b�2�M�i�2�/
�B�M �*�Q�`�Q�H�H���`�v�j�k�X

�S� �̀Q�Q�7 �Q�7 �*�Q� �̀Q�H�H���`�v�j�k�X

�R�X�q�2 �?���p�2w
0

�;� (p) = J
 (�; � )H (w�;� (p); p) � 
 (�; � )2Jg(p)[1 + g0(p)]�- �r�?�2�`�2w(� ) = 0 �-
w(� ) = F (1)�- ���M�/

H (w�;� (p); p) =

vu
u
t 2

 
w�;� (p)

J
� F (p)

!

+ C2g(p)2 + 2Cg(� )
q

� 2F (� )

�B�b �� �b�Q�H�m�i�B�Q�M �Q�7 �� �/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M �r�B�i�? �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b�X

�P�M �i�?�2 �b�2�i(�; � ); � < � < sf

sh
< � < 1; � < � 1�- �i�?�2 �7�m�M�+�i�B�Q�M�bH ���M�/g ���`�2 �+�Q�M�i�B�M�m�Q�m�b�-

�r�?�B�+�? �B�K�T�H�B�2�b �i�?�2 �+�Q�M�i�B�M�m�B�i�v �Q�7w �r�B�i�? �`�2�b�T�2�+�i �i�Q
 ���M�/�- �+�Q�M�b�2�[�m�2�M�i�H�v�- �i�?�2 �+�Q�M�i�B�M�m�B�i�v
�Q�7
 �r�B�i�? �`�2�b�T�2�+�i �i�Q� �U�r�?�2�Mw(� ) = 0 �V ���M�/ �r�B�i�? �`�2�b�T�2�+�i �i�Q� �U�r�?�2�Mw(� ) = F (1)�V�X
�h�?�B�b �B�K�T�H�B�2�b �i�?�2 �+�Q�M�i�B�M�m�B�i�v �Q�7� �X

�k�X

? �G�2�i� < � < sf

sh
< � < 1�-� < � 1 < � c�-C = 
 (�; � )�- ���M�/w �#�2 �i�?�2 �b�Q�H�m�i�B�Q�M �i�Q �U�9�X�N�V ���b�@

�b�Q�+�B���i�2�/ �r�B�i�?C ���M�/� �X �a�B�K�B�H���`�H�v�- �H�2�i~� > � �- ~C = 
 (�; ~� )�- ���M�/~w �#�2 �i�?�2 �b�Q�H�m�i�B�Q�M �i�Q �U�9�X�N�V
���b�b�Q�+�B���i�2�/ �r�B�i�?~C ���M�/~� �U�B�X�2�X�-~w( ~� ) = F (1)�V�X �q�2 ���b�b�m�K�2 �#�v �+�Q�M�i�`���/�B�+�i�B�Q�M �i�?���i~C � C�X
�h�?�2�M�-~w �B�b �� �b�m�T�2�`�b�Q�H�m�i�B�Q�M �i�Q �i�?�2 �2�[�m���i�B�Q�M �b���i�B�b�}�2�/ �#�vw �r�B�i�? �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M
~w(� ) = 0 �X �>�2�M�+�2�-~w > w �Q�p�2�`[�; � ]�- �r�?�B�+�? �B�K�T�H�B�2�b~w(� ) > w (� ) = F (1) = ~w( ~� )�X �h�?�B�b
�B�K�T�H�B�2�b �i�?���i~w �B�b �/�2�+�`�2���b�B�M�;�- �r�?�B�+�? �+�Q�M�i�`���/�B�+�i�b �i�?�2 �7���+�i �i�?���i~w �B�b �B�M�+�`�2���b�B�M�;�X �h�?�2�`�2�7�Q�`�2�-
�r�2 �+�Q�M�+�H�m�/�2 �i�?���i~C � C�X �a�B�M�+�2w(� ) = ~w(� ) = 0 �- �B�i �7�Q�H�H�Q�r�b �i�?���iw � ~w �Q�M �i�?�2 �B�M�i�2�`�p���H

�3�y



(�; � )�X

? �q�2 �+���M �+���H�+�m�H���i�2 �,
Z ~�

�

1
r

2( ~w(p)
J � F (p) + ~C2

2 g(p)2 + ~Cg(� )
q

� 2F (� ))
dp

>
Z �

�

1
r

2(w(p)
J � F (p) + C2

2 g(p)2 + Cg(� )
q

� 2F (� ))
dp

�r�?�B�+�? �/�2�K�Q�M�b�i�`���i�2�b �i�?�2 �K�Q�M�Q�i�Q�M�B�+�B�i�v �Q�7 �i�?�2 �7�m�M�+�i�B�Q�M� �X

? �G�2�i� < � < sf

sh
< � < 1�-C = 
 (�; � )�- ���M�/w �#�2 �i�?�2 �b�Q�H�m�i�B�Q�M �i�Q �U�9�X�N�V ���b�b�Q�+�B���i�2�/ �r�B�i�?

C ���M�/� �X �a�B�K�B�H���`�H�v�- �H�2�i~� > � �- ~C = 
 (~�; � )�- ���M�/~w �#�2 �i�?�2 �b�Q�H�m�i�B�Q�M �i�Q �U�9�X�N�V ���b�b�Q�+�B���i�2�/
�r�B�i�?~C ���M�/~� �U�B�X�2�X�-~w(~� ) = 0 �V�X

�a�m�T�T�Q�b�2 �#�v �+�Q�M�i�`���/�B�+�i�B�Q�M �i�?���i~C � C�X �h�?�B�b �B�K�T�H�B�2�b �i�?���i~w < w �Q�M[�; ; � ]�- �r�?�B�+�?
�7�m�`�i�?�2�` �B�K�T�H�B�2�b �i�?���i~w(� ) < w (� ) = 0 = ~w(~� )�X

�h�?�2�`�2�7�Q�`�2�-~w �B�b �/�2�+�`�2���b�B�M�;�- �r�?�B�+�? �+�Q�M�i�`���/�B�+�i�b �i�?�2 �7���+�i �i�?���i~w �B�b �B�M�+�`�2���b�B�M�;�X �>�2�M�+�2�-
 �B�b
�B�M�+�`�2���b�B�M�; �B�M� �X

�j�X

? ���b � ���T�T�`�Q���+�?�2�b� �-C = 
 (�; � ) ! + 1 �X �A�M�/�2�2�/�- �r�2 �?���p�2 ���H�`�2���/�v �T�`�Q�p�2�M �B�i ���#�Q�p�2�,

w� (p) �
J
2

F (� 1) �
J
2

C2 max
[0;1]

g(p)2 � JCg(� )
q

� 2F (� )

+

 p
2C

p
J

(p � � ) � C2 J
p

2

Z p

�

g(u)
�

(1 + g0(u))du

+

s
J
2

s

� 2F (� 1) + C2 max
[0;1]

g(p)2 + 2Cg(� )
q

� 2F (� )

! 2

:

�h���F�B�M�;p = � �- �r�2 �Q�#�i���B�M�,

w� (� ) � JF (� 1) �
J
2

C2 max
[0;1]

g(p)2 � JCg(� )
q

� 2F (� )

+

 p
2C

p
J

(� � � ) � C2 J
p

2

Z �

�

g(u)
�

(1 + g0(u))du

+

s
J
2

s

� 2F (� 1) + C2 max
[0;1]

g(p)2 + 2Cg(� )
q

� 2F (� )

! 2

:

�A�7
 (�; � ) �/�Q�2�b �M�Q�i �i�2�M�/ �i�Q+ 1 ���b� ! � �- �i�?�2�M �i�?�B�b �7�m�M�+�i�B�Q�M �r�Q�m�H�/ �#�2 �#�Q�m�M�/�2�/�- ���b �B�i
�B�b �K�Q�M�Q�i�Q�M�B�+�X �h�?�2�`�2�7�Q�`�2�- �#�v �i���F�B�M�; �i�?�2 �H�B�K�B�i �B�M �i�?�2 �B�M�2�[�m���H�B�i�v�- �r�2 �Q�#�i���B�M

F (1) < 0:

�h�?�B�b �+�Q�M�i�`���/�B�+�i�b �i�?�2 �7���+�i �i�?���iF (1) =
R1

0 f (t)dt > 0�X �h�?�m�b�- �r�2 �+�Q�M�+�H�m�/�2 �i�?���i
 (�; � ) !
+ 1 ���b� ! � �X

�3�R



? ���b � ���T�T�`�Q���+�?�2�b1�-� (�; � ) ! + 1 �X �A�M�/�2�2�/�- �r�2 �Q�#�b�2�`�p�2 �i�?���i �i�?�2 �7�m�M�+�i�B�Q�M
 (�; �) �B�b
�/�2�+�`�2���b�B�M�; ���M�/ �#�Q�m�M�/�2�/ �7�`�Q�K �#�2�H�Q�r �#�vc� �X �h�?�2�`�2�7�Q�`�2�- �B�i �+�Q�M�p�2�`�;�2�b �i�Q �� �H�B�K�B�iC1 ���b
� ! 1�X �a�B�M�+�2� (�; �) �B�b �B�M�+�`�2���b�B�M�;�- �B�7 �B�i �/�Q�2�b �M�Q�i �/�B�p�2�`�;�2 �i�Q+ 1 �- �i�?�2�M �B�i �+�Q�M�p�2�`�;�2�b �i�Q ��
�H�B�K�B�i� 1 �X �*�Q�M�b�B�/�2�` �i�?�2 �b�v�b�i�2�K �Q�7 �2�[�m���i�B�Q�M�b�,

8
<

:
� p

00
� 
 (�; � )p

0
� 
 (�; � )2g(p) = f (p);

1
2p

0
(0)2 + F (� ) = F (1); 1

2p
0
(L)2 + F (� ) = 0 :

�A�7� ! 1�- �i�?�2�M �r�2 �Q�#�i���B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�v�b�i�2�K �Q�7 �2�[�m���i�B�Q�M�b�,
8
<

:
� p

00
� C1 p

0
� C2

1 g(p) = f (p);
1
2p

0
(0)2 + F (1) = F (1); 1

2p
0
(� 1 )2 + F (� ) = 0 :

�h�?�B�b �B�K�T�H�B�2�bp
0
(0) = 0 �- �r�?�B�+�? �B�M �i�m�`�M �;�B�p�2�bp � 1 �#�v �m�M�B�[�m�2�M�2�b�b�X �>�Q�r�2�p�2�`�- �i�?�B�b

�+�Q�M�i�`���/�B�+�i�b1
2p

0
(� 1 )2 + F (� ) = 0 �X �h�?�2�`�2�7�Q�`�2�- �r�2 �+�Q�M�+�H�m�/�2 �i�?���i� (�; �) ! + 1 ���b

� ! 1�X

? ���b � ���T�T�`�Q���+�?�2�b� �-� (�; � ) ! 0�X �q�2 �F�M�Q�r �i�?���i

2

 
w(p)

J
� F (p) +

C2

2
g(p)2 + Cg(� )

q
� 2F (� )

!

> 2Cg(� )
q

� 2F (� ):

�h�?�2�`�2�7�Q�`�2�-

� (�; � ) =
Z �

�

1
vu
u
t 2

 
w(p)

J � F (p) + C2

2 g(p)2 + Cg(� )
q

� 2F (� )

! dp

�
Z �

�

dp
r

2Cg(� )
q

� 2F (� )
=

� � �
r

2Cg(� )
q

� 2F (� )
:

�A�7� ! � �- �r�2 �/�2�/�m�+�2 �i�?���i� (�; � ) ! 0�X

�>���p�B�M�; �2�b�i���#�H�B�b�?�2�/ �i�?�2 �T�`�Q�T�2�`�i�B�2�b�- �r�2 �M�Q�r �T�`�Q�+�2�2�/ �r�B�i�? �i�?�2 �T�`�Q�Q�7 �Q�7 �i�?�2 �}�M���H �K���B�M �`�2�b�m�H�i�-
�r�?�B�+�? �B�b �S�`�Q�T�Q�b�B�i�B�Q�M�k�3�X

�S� �̀Q�Q�7 �Q�7 �S� �̀Q�T�Q�b�B�i�B�Q�M�k�3�X

�h�?�2 �`�2�b�m�H�i �7�Q�H�H�Q�r�b �/�B�`�2�+�i�H�v �7�`�Q�K �i�?�2 �K���t�B�K�m�K �T�`�B�M�+�B�T�H�2�- �;�B�p�2�M �i�?���i�P �B�b �� �#���`�`�B�2�` ���M�/
pini � �P�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �b�Q�H�m�i�B�Q�M �`�2�K���B�M�b �#�Q�m�M�/�2�/ �#�v�P �7�Q�` ���H�Ht � 0�- �B�K�T�H�v�B�M�; �i�?���i �i�?�2
�b�T�`�2���/�B�M�; �b�i�Q�T�b�X

�h�?�2 �`�2�b�m�H�i�b �Q�7 �h�?�2�Q�`�2�K�N���M�/ �S�`�Q�T�Q�b�B�i�B�Q�M�k�3�+�Q�M�+�H�m�/�2 �i�?���i �B�7 �i�?�2 �B�M�B�i�B���H �T�Q�b�B�i�B�p�2 �b�Q�H�m�i�B�Q�M
�B�b �b�K���H�H�2�` �i�?���M �i�?�2 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M�- �B�i �+���M �M�2�p�2�` �`�2���+�? �Q�` �2�t�+�2�2�/ �i�?�2 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M�X
�A�M�/�2�2�/�- �i�?�2 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M ���+�i�b ���b �� �#���`�`�B�2�` �i�Q �T�`�Q�T���;���i�B�Q�M�X �h�?�2 �i�2�`�K �ö�#�H�Q�+�F�B�M�;�ö �B�b
�i�?�2�`�2�7�Q�`�2 �D�m�b�i�B�}�2�/�- ���b �B�i �/�2�b�+�`�B�#�2�b �i�?�2 �b�B�i�m���i�B�Q�M �r�?�2�`�2 �i�?�2 �b�Q�H�m�i�B�Q�M �+�Q�M�b�B�b�i�2�M�i�H�v �`�2�K���B�M�b �#�2�H�Q�r
�i�?�2 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M�- �i�?�m�b �+�Q�M�}�`�K�B�M�; �i�?�2 �T�?�2�M�Q�K�2�M�Q�M �Q�7 �T�`�Q�T���;���i�B�Q�M �#�H�Q�+�F�B�M�;�X

�3�k



�9�X�8 �L�m�K�2�`�B�+���H �b�B�K�m�H���i�B�Q�M�b

�q�2 �T�2�`�7�Q�`�K�2�/ �M�m�K�2�`�B�+���H �b�B�K�m�H���i�B�Q�M�b �Q�7 �J���i�?�2�K���i�B�+���H �J�Q�/�2�H �U�j�X�9�V �i�Q �B�H�H�m�b�i�`���i�2 �Q�m�` �i�?�2�Q�@
�`�2�i�B�+���H �`�2�b�m�H�i�b�X �q�2 �m�b�2�/ �i�?�2 �T���`���K�2�i�2�` �p���H�m�2�b �H�B�b�i�2�/ �B�M �h���#�H�2�9�X�R�#�2�H�Q�r�- �r�?�B�+�? �r�2�`�2 �2�b�i�B�K���i�2�/
�#���b�2�/ �Q�M �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �B�/�2�M�i�B�}�2�/ �B�M �i�?�2 �i�?�2�Q�`�2�i�B�+���H �`�2�b�m�H�i�b�X

�S���`���K�2�i�2�`�b�A�M�i�2�`�T�`�2�i���i�B�Q�M�b �o���H�m�2�b
sf �� �/�B�K�2�M�b�B�Q�M�H�2�b�b �T���`���K�2�i�2�` �i�?���i �`�2�~�2�+�i�b �i�?�2 �`�2�/�m�+�2�/ �7�2�+�m�M�/�B�i�v �Q�7 �B�M�7�2�+�i�2�/ �K�Q�b�[�m�B�i�Q�2�b0:015
Fu �6�2�+�m�M�/�B�i�v 1
du �J�Q�`�i���H�B�i�v �`���i�2 �Q�7 �M�Q�M�@�B�M�7�2�+�i�2�/ �K�Q�b�[�m�B�i�Q�2�b 0:30
di �J�Q�`�i���H�B�i�v �`���i�2 �Q�7 �B�M�7�2�+�i�2�/ �K�Q�b�[�m�B�i�Q�2�b 0:315
� �h�?�2 �`���i�B�Qdi

du
1:05

sh �*�v�i�Q�T�H���b�K�B�+ �B�M�+�Q�K�T���i�B�#�B�H�B�i�v �T���`���K�2�i�2�` 0:7

�h���#�H�2 �9�X�R�, �a�T�2�+�B�}�2�/ �T���`���K�2�i�2�` �p���H�m�2�b �7�Q�` �i�?�2 �K�Q�/�2�H�X �h�?�2 �p���H�m�2�b �m�b�2�/ �B�M �i�?�2 �b�B�K�m�H���i�B�Q�M�b ���`�2
�B�M�b�T�B�`�2�/ �#�v �i�?�Q�b�2 �T�`�2�b�2�M�i�2�/ �B�M �(�k�9�)�X

�q�2 �T�2�`�7�Q�`�K�2�/ �M�m�K�2�`�B�+���H �b�B�K�m�H���i�B�Q�M�b �Q�7 �i�?�2 �b�v�b�i�2�K �B�M �� �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H �b�T���+�2�X �h�?�2
�b�B�K�m�H���i�B�Q�M�b �b�T���M�M�2�/ �� �i�B�K�2 �B�M�i�2�`�p���H �7�`�Q�Kt = 0 �i�QT = 600 �/���v�b�X �h�?�2 �M�m�K�2�`�B�+���H �/�Q�K���B�M �m�b�2�/
�r���b �i�?�2 �B�M�i�2�`�p���H[� 40; 40]�- �`�2�T�`�2�b�2�M�i�B�M�; �� �i�Q�i���H �r�B�/�i�? �Q�7 �3�y �m�M�B�i�b�X �h�?�B�b �/�Q�K���B�M �r���b �/�B�b�+�`�2�i�B�x�2�/
�m�b�B�M�; �� �b�2�K�B�@�B�K�T�H�B�+�B�i �}�M�B�i�2 �/�B�z�2�`�2�M�+�2 �b�+�?�2�K�2 �r�B�i�? �k�y�y�y �b�T���i�B���H �T�Q�B�M�i�b�- �`�2�b�m�H�i�B�M�; �B�M �� �b�T���i�B���H
�b�i�2�T �b�B�x�2 �Q�7dx = 2L

2000�X �� �i�B�K�2 �b�i�2�T �Q�7dt = 0:7�X �h�?�2 �B�K�T�H�B�+�B�i �b�+�?�2�K�2 �2�{�+�B�2�M�i�H�v �?���M�/�H�2�/ �i�?�2
�+�Q�K�T�H�2�t �i�2�`�K�b �B�M �i�?�2 �b�v�b�i�2�K�X

�L�2�m�K���M�M �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �r�2�`�2 ���T�T�H�B�2�/ ���i �i�?�2 �2�/�;�2�b �Q�7 �i�?�2 �/�Q�K���B�M�- �2�M�b�m�`�B�M�; �+�Q�M�b�B�b�@
�i�2�M�i �#�2�?���p�B�Q�` ���i �i�?�2 �#�Q�m�M�/���`�B�2�b�X

�A�M �i�?�2�b�2 �b�B�K�m�H���i�B�Q�M�b�- �i�?�2 �7�m�M�+�i�B�Q�MK (x)�- �r�?�B�+�? �/�B�`�2�+�i�H�v �B�M�~�m�2�M�+�2�b �i�?�2 �T�`�Q�T���;���i�B�Q�M �/�v�@
�M���K�B�+�b�- �r���b �/�2�}�M�2�/ ���b �7�Q�H�H�Q�r�b�,

K (x) =

8
>><

>>:

A; �7�Q�`x < 0;

AeCx ; �7�Q�`x 2 [0; L
2 ];

AeCL ; �7�Q�`x > L
2 :

�h�?�2 �+�Q�M�b�i���M�iC�- �r�?�B�+�? ���T�T�2���`�b �B�M �i�?�2 �2�t�T�Q�M�2�M�i�B���H �2�t�T�`�2�b�b�B�Q�M �Q�7K (x)�- �T�H���v�b �� �+�`�m�+�B���H �`�Q�H�2 �B�M
�/�2�i�2�`�K�B�M�B�M�; �i�?�2 �T�`�Q�T���;���i�B�Q�M �/�v�M���K�B�+�b�X ���b �/�2�K�Q�M�b�i�`���i�2�/ �B�M �G�2�K�K�� �j�X�k�- �b�K���H�H �p���H�m�2�b �Q�7C
���H�H�Q�r �+�Q�M�i�B�M�m�Q�m�b �T�`�Q�T���;���i�B�Q�M�X �6�Q�` �B�M�b�i���M�+�2�- �r�B�i�?C = 0:0001�- �i�?�2 �`�2�b�m�H�i�b �B�H�H�m�b�i�`���i�2 �m�M�B�M�i�2�`�@
�`�m�T�i�2�/ �T�`�Q�T���;���i�B�Q�M�- ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2�b�9�X�R���M�/�9�X�k�X
�A�M �� �b�2�+�Q�M�/ �b�B�K�m�H���i�B�Q�M�- �r�2 �b�i�m�/�B�2�/ �� �T�`�Q�T���;���i�B�Q�M �#�H�Q�+�F�B�M�; �b�+�2�M���`�B�Q �#�v �2�t�i�2�M�/�B�M�; �i�?�2 �b�B�K�m�@
�H���i�B�Q�M �/�m�`���i�B�Q�M �i�QT = 800 �/���v�b�X �� �K�Q�/�2�`���i�2�H�v �?�B�;�? �p���H�m�2 �Q�7C�- �b�m�{�+�B�2�M�i�H�v �H���`�;�2 �i�Q �+���m�b�2
�#�H�Q�+�F�B�M�; �#�m�i �M�Q�i �2�t�+�2�b�b�B�p�2 �i�Q ���p�Q�B�/ �m�M�`�2���H�B�b�i�B�+ �M�m�K�2�`�B�+���H �#�2�?���p�B�Q�`�b�- �r���b �m�b�2�/�X �a�T�2�+�B�}�+���H�H�v�-
�r�2 �b�2�iC = 0:4�X �h�?�2 �Q�#�b�2�`�p�2�/ �#�H�Q�+�F�B�M�; �+���M �#�2 �2�t�T�H���B�M�2�/ �#�v �i�?�2 �2�t�T�Q�M�2�M�i�B���H �M���i�m�`�2 �Q�7 �i�?�2
�7�m�M�+�i�B�Q�MK (x)�- �r�?�2�`�2 �?�B�;�?�2�` �p���H�m�2�b �Q�7C �2�z�2�+�i�B�p�2�H�v �H�B�K�B�i �T�`�Q�T���;���i�B�Q�M�X �h�?�2 �`�2�b�m�H�i�b �B�H�H�m�b�i�`���i�2
�i�?�2 �#�H�Q�+�F�B�M�; �Q�7 �T�`�Q�T���;���i�B�Q�M�- ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2�b�9�X�j���M�/�9�X�9�X
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�6�B�;�m�`�2 �9�X�R�, �S�`�Q�T���;���i�B�Q�M �Q�7 �A�M�7�2�+�i�2�/
�J�Q�b�[�m�B�i�Q�2�b ���i �*�Q�M�b�i���M�i �a�T�2�2�/ �P�p�2�`
�h�B�K�2�X

�6�B�;�m�`�2 �9�X�k�, �S�`�Q�T���;���i�B�Q�M �Q�7 �L�Q�M�@�A�M�7�2�+�i�2�/
�J�Q�b�[�m�B�i�Q�2�b ���i �*�Q�M�b�i���M�i �a�T�2�2�/ �P�p�2�`
�h�B�K�2�X

�6�B�;�m�`�2 �9�X�j�, �"�H�Q�+�F�B�M�; �Q�7 �A�M�7�2�+�i�2�/ �J�Q�b�[�m�B�i�Q
�S�`�Q�T���;���i�B�Q�M�X

�6�B�;�m�`�2 �9�X�9�, �"�H�Q�+�F�B�M�; �Q�7 �L�Q�M�@�A�M�7�2�+�i�2�/
�J�Q�b�[�m�B�i�Q �S�`�Q�T���;���i�B�Q�M�X

�9�X�e�*�Q�M�+�H�m�b�B�Q�M

�P�m�` �r�Q�`�F �?���b �+�Q�M�i�`�B�#�m�i�2�/ �i�Q �/�2�2�T�2�M�B�M�; �i�?�2 �m�M�/�2�`�b�i���M�/�B�M�; �Q�7 �b�i�`���i�2�;�B�2�b �i�Q �+�Q�M�i�`�Q�H �K�Q�b�[�m�B�i�Q�@
�#�Q�`�M�2 �/�B�b�2���b�2 �2�T�B�/�2�K�B�+�b�X �� �K���i�?�2�K���i�B�+���H �K�Q�/�2�H �/�2�b�+�`�B�#�B�M�; �i�?�2 �B�M�i�`�Q�/�m�+�i�B�Q�M �Q�7 �i�?�2 �2�M�/�Q�b�v�K�@
�#�B�Q�i�B�+ �#���+�i�2�`�B�m�K�q�Q�H�#���+�?�B���r���b �m�b�2�/ �i�Q ���M���H�v�x�2 �i�?�2 �b�T���i�B���H �T�`�Q�T���;���i�B�Q�M �K�2�+�?���M�B�b�K�b �Q�7 �i�?�2
�`�2�T�H���+�2�K�2�M�i �Q�7 �i�?�2 �K�Q�b�[�m�B�i�Q �T�Q�T�m�H���i�B�Q�M�X �q�?�B�H�2 �T�`�Q�T���;���i�B�Q�M ���H�`�2���/�v �2�t�B�b�i�b �r�?�2�M �i�?�2 �+���`�`�v�B�M�;
�+���T���+�B�i�vK �B�b �+�Q�M�b�i���M�i�- �Q�m�` �b�i�m�/�v �7�Q�+�m�b�2�/ �Q�M �i�?�2 �T�Q�i�2�M�i�B���H �#�H�Q�+�F�B�M�; �Q�7 �i�?�B�b �T�`�Q�T���;���i�B�Q�M �B�M
�?�2�i�2�`�Q�;�2�M�2�Q�m�b �2�M�p�B�`�Q�M�K�2�M�i�b�X

�J�Q�`�2 �b�T�2�+�B�}�+���H�H�v�- �r�2 �B�M�p�2�b�i�B�;���i�2�/ �b�+�2�M���`�B�Q�b �r�?�2�`�2 �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i���H �+���`�`�v�B�M�; �+���T���+�B�i�v
�p���`�B�2�b �b�B�;�M�B�}�+���M�i�H�v ���+�`�Q�b�b �/�B�z�2�`�2�M�i �`�2�;�B�Q�M�b �Q�7 �i�?�2 �b�T���i�B���H �/�Q�K���B�M�X �P�m�` �`�2�b�m�H�i�b �?�B�;�?�H�B�;�?�i�2�/
�i�?���i �b�m�+�? �2�M�p�B�`�Q�M�K�2�M�i���H �?�2�i�2�`�Q�;�2�M�2�B�i�v �+���M �T�Q�b�2 �� �K���D�Q�` �Q�#�b�i���+�H�2 �i�Q �i�?�2 �2�z�2�+�i�B�p�2 �`�2�T�H���+�2�K�2�M�i
�Q�7 �K�Q�b�[�m�B�i�Q �T�Q�T�m�H���i�B�Q�M�b �r�B�i�?�q�Q�H�#���+�?�B���@�+���`�`�v�B�M�; �T�Q�T�m�H���i�B�Q�M�b�X �h�?�2�b�2 �}�M�/�B�M�;�b ���`�2 �Q�7 �;�`�2���i
�B�K�T�Q�`�i���M�+�2 �7�Q�` �i�?�2 �/�2�p�2�H�Q�T�K�2�M�i �Q�7 �i���`�;�2�i�2�/ �+�Q�M�i�`�Q�H �b�i�`���i�2�;�B�2�b�X
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�S���`�i �A�A�A

�A�M�i�`���+�2�H�H�m�H���` �a�B�;�M���H�B�M�; ���M�/
�*�Q�K�T���`�i�K�2�M�i���H�B�x���i�B�Q�M

���#�b�i� �̀��+�i

�h�?�2 �`�2�b�m�H�i�b �T�`�2�b�2�M�i�2�/ �B�M �i�?�B�b �+�?���T�i�2�` �b�i�2�K �7�`�Q�K �� �+�Q�H�H���#�Q�`���i�B�Q�M �r�B�i�? �*�H���B�`�2 ���H���K�B�+�?�2�H�- �C�m���M
�*���H�p�Q�- �1�`�r���M �>�B�M�;���M�i�- �L���i�?���M �Z�m�B�#�H�B�2�`�- ���M�/ �_�Q�K���B�M �u�p�B�M�2�+�X �h�?�2�v �r�2�`�2 �Q�#�i���B�M�2�/ �/�m�`�B�M�;
�K�v �T���`�i�B�+�B�T���i�B�Q�M �B�M �*�1�J�_���*�a �k�y�k�k ���M�/ �?���p�2 �#�2�2�M �T�m�#�H�B�b�?�2�/ �B�M �i�?�2 �D�Q�m�`�M���H �1�a���A�J �(�R�)�X

�q�2 �T�`�2�b�2�M�i �� �M�Q�p�2�H ���T�T�`�Q���+�? �i�Q �K�Q�/�2�H�B�M�; �`�2�+�2�T�i�Q�`�@���+�i�B�p���i�2�/ �b�B�;�M���H�B�M�; �T���i�?�r���v�b �i�?���i �i���F�2 �B�M�i�Q
���+�+�Q�m�M�i �i�?�2 �+�Q�K�T���`�i�K�2�M�i���H�B�x���i�B�Q�M �Q�7 �`�2�+�2�T�i�Q�`�b ���M�/ �i�?�2�B�` �2�z�2�+�i�Q�`�b�- �#�Q�i�? �Q�M �i�?�2 �+�2�H�H �b�m�`�7���+�2
���M�/ �B�M �/�v�M���K�B�+ �B�M�i�`���+�2�H�H�m�H���` �p�2�b�B�+�H�2�b �+���H�H�2�/ �2�M�/�Q�b�Q�K�2�b�X �h�?�2 �}�`�b�i �#�m�B�H�/�B�M�; �#�H�Q�+�F �Q�7 �i�?�2 �K�Q�/�2�H
�+�Q�M�+�2�`�M�b �+�Q�K�T���`�i�K�2�M�i �/�v�M���K�B�+�b�X �A�i �i���F�2�b �B�M�i�Q ���+�+�Q�m�M�i �+�`�2���i�B�Q�M �Q�7 �/�2 �M�Q�p�Q �2�M�/�Q�b�Q�K�2�b�- �B�X�2�X
�2�M�/�Q�+�v�i�Q�b�B�b�- ���M�/ �7�m�`�i�?�2�` �`�2�+�v�+�H�B�M�; �Q�7 �2�M�/�Q�b�Q�K�2�b �i�Q �i�?�2 �+�2�H�H �b�m�`�7���+�2 �Q�` �/�2�;�`���/���i�B�Q�M�- ���b �r�2�H�H
���b �7�m�b�B�Q�M �Q�7 �2�M�/�Q�b�Q�K�2�b �p�B�� �+�Q���;�m�H���i�B�Q�M �/�v�M���K�B�+�b�X �h�?�2 �b�2�+�Q�M�/ �#�m�B�H�/�B�M�; �#�H�Q�+�F �+�Q�M�+�2�`�M�b �#�B�Q�@
�+�?�2�K�B�+���H �`�2���+�i�B�Q�M�b �Q�M �i�?�2 �+�2�H�H �b�m�`�7���+�2 ���M�/ �r�B�i�?�B�M �B�M�i�`���@�+�2�H�H�m�H���` �+�Q�K�T���`�i�K�2�M�i�b�X �"�Q�i�? �#�m�B�H�/�B�M�;
�#�H�Q�+�F�b ���`�2 �+�Q�m�T�H�2�/ �#�v �i�?�2 �i�`���M�b�7�2�` �Q�7 �K�Q�H�2�+�m�H�2�b �i�?���i �Q�+�+�m�`�b ���i �2���+�? �2�p�2�M�i �i�?���i �K�Q�/�B�}�2�b �i�?�2
�+�Q�K�T���`�i�K�2�M�i�b�X
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�i�B�K�2 �J���`�F�Q�p �+�?���B�M�b �(�N�)�X �"�Q�i�? ���T�T�`�Q���+�?�2�b �i�v�T�B�+���H�H�v ���b�b�m�K�2 �i�?�2 �H���r �Q�7 �K���b�b ���+�i�B�Q�M ���M�/ ���M
�B�/�2���H�B�b�2�/ �?�Q�K�Q�;�2�M�2�Q�m�b �2�M�p�B�`�Q�M�K�2�M�i�X �q�?�2�M �b�T���i�B���H �/�v�M���K�B�+�b �B�b �B�K�T�Q�`�i���M�i �i�Q �i���F�2 �B�M�i�Q ���+�@
�+�Q�m�M�i�- �Q�M�2 �K���v �m�b�2 �`�2���+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �K�Q�/�2�H�b �i�Q �`�2�T�`�2�b�2�M�i �7�Q�` �B�M�b�i���M�+�2 �b�T���i�B���H �;�`���/�B�2�M�i�b �(�8�R�)�-
�Q�` �+�Q�K�T���`�i�K�2�M�i���H �K�Q�/�2�H�b�- �i�Q �T�?�v�b�B�+���H�H�v �`�2�T�`�2�b�2�M�i �b�2�;�`�2�;���i�B�Q�M �#�2�i�r�2�2�M �b�i���i�B�+ �+�Q�K�T���`�i�K�2�M�i�b
�(�N�j�)�X �L�Q�i�2 �i�?���i �B�M �K�Q�b�i ���T�T�H�B�2�/ �H�B�i�2�`���i�m�`�2�- �H�B�F�2 �B�M �i�?�2 �}�2�H�/ �Q�7 �2�T�B�/�2�K�B�Q�H�Q�;�v �U�2�X�;�X�a�A�_ �K�Q�/�2�H�V�-
�+�Q�K�T���`�i�K�2�M�i���H �K�Q�/�2�H�b �`�2�7�2�`�b �i�Q �}�M�B�i�2�@�/�B�K�2�M�b�B�Q�M���H �/�v�M���K�B�+���H �b�v�b�i�2�K�b �r�?�2�`�2 �Q�M�2 �p���`�B���#�H�2 �B�b
���b�b�Q�+�B���i�2�/ �i�Q �2���+�? �+�Q�K�T���`�i�K�2�M�i�- ���M�/ �i�?�2 �K�Q�/�2�H �/�2�b�+�`�B�#�2�/ �~�m�t�2�b �#�2�i�r�2�2�M �+�Q�K�T���`�i�K�2�M�i�b�X

�l�T �i�Q �Q�m�` �F�M�Q�r�H�2�/�;�2�- �`�2�H���i�B�p�2�H�v �7�2�r �r�Q�`�F�b �?���p�2 ���/�/�`�2�b�b�2�/ �i�?�2 �B�b�b�m�2 �Q�7 �`�2�T�`�2�b�2�M�i�B�M�; �2�t�@
�T�H�B�+�B�i�H�v �i�?�2 �b�2�;�`�2�;���i�B�Q�M �Q�7 �K�Q�H�2�+�m�H�2�b �B�M �� �/�v�M���K�B�+ �2�M�p�B�`�Q�M�K�2�M�i�X �h�?�2 �T�2�+�m�H�B���`�B�i�v �Q�7 �`�2�+�2�T�i�Q�`
�i�`���{�+�F�B�M�; ���i �T�H���v �r�B�i�?�B�M �b�B�;�M���H�H�B�M�; �T���i�?�r���v�b �B�b �i�?���i �i�?�2 �2�M�/�Q�b�Q�K���H �+�Q�K�T���`�i�K�2�M�i�b ���`�2 �+�`�2���i�2�/
�m�T�Q�M �`�2�+�2�T�i�Q�` ���+�i�B�p���i�B�Q�M�- ���M�/ �i�?�2�B�` �M�m�K�#�2�`�- �i�?�2�B�` �b�B�x�2 ���M�/ �i�?�2�B�` �K�Q�H�2�+�m�H���` �+�Q�M�i�2�M�i �2�p�Q�H�p�2�/
�/�v�M���K�B�+���H�H�v�- �r�B�i�?�B�M �� �b�B�K�B�H���` �i�B�K�2 �b�+���H�2 �i�?���M �i�?���i �Q�7 �i�?�2 �b�B�;�M���H�H�B�M�; �T���i�?�r���v�b ���+�i�B�p���i�B�Q�M�X
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�i�?���i �i�?�B�b �K�Q�/�2�H �B�b ���#�H�2 �i�Q �`�2�T�`�2�b�2�M�i �[�m���H�B�i���i�B�p�2�H�v �K���B�M �2�t�T�2�`�B�K�2�M�i���H �Q�#�b�2�`�p���i�B�Q�M�b �Q�M �+���J�S
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�h�?�2 �}�`�b�i �Q�#�D�2�+�i�B�p�2 �B�b �i�Q �#�2 ���#�H�2 �i�Q �/�2�}�M�2 �� �K�Q�/�2�H �i�Q �b�B�K�m�H���i�2 �i�?�2 �2�M�/�Q�b�Q�K���H �+�Q�K�T���`�i�K�2�M�i
�/�v�M���K�B�+�b �7�`�Q�K �i�?�2�B�` �b�B�x�2 �b�i�`�m�+�i�m�`�2 �T�2�`�b�T�2�+�i�B�p�2 �Q�M�H�v�X �q�2 ���/�Q�T�i �� �/�2�i�2�`�K�B�M�B�b�i�B�+ �T�Q�T�m�H���i�B�Q�M
�/�v�M���K�B�+ ���T�T�`�Q���+�?�- �r�?�2�`�2 �B�M�/�B�p�B�/�m���H�b ���`�2 �b�i�`�m�+�i�m�`�2�/ �#�v �� �b�B�M�;�H�2 �T�Q�b�B�i�B�p�2 �p���`�B���#�H�2 �U�i�?�2�B�` �b�B�x�2�V�X
�6�`�Q�K �#�B�Q�H�Q�;�B�+���H �Q�#�b�2�`�p���i�B�Q�M�b�- �i�?�2 �K���B�M �T�`�Q�+�2�b�b�2�b �i�?���i �b�?���T�2 �i�?�2 �b�B�x�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2
�2�M�/�Q�b�Q�K���H �T�Q�T�m�H���i�B�Q�M �B�M�+�H�m�/�2�,
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�G�2�ig = g(t; r ) �#�2 �i�?�2 �T�Q�T�m�H���i�B�Q�M �/�2�M�b�B�i�v �Q�7 �2�M�/�Q�b�Q�K���H �+�Q�K�T���`�i�K�2�M�i�b ���i �i�B�K�2t 2 R+ ���M�/ �b�B�x�2
�U�p�Q�H�m�K�2�Vr 2 R+ �X �h�?�2 �2�p�Q�H�m�i�B�Q�M �2�[�m���i�B�Q�M �7�Q�`g�- �i�?���i �i���F�2�b �B�M�i�Q ���+�+�Q�m�M�i �i�?�2 �i�?�`�2�2 �K�2�+�?���M�B�b�K�b
���#�Q�p�2 �B�b �;�B�p�2�M �#�v�- �7�Q�` ���H�Ht > 0 ���M�/r > 0�,

@g(t; r )
@t

= Q(g; g)(t; r )
| {z }

�+�Q���;�m�H���i�B�Q�M

+ � (r )
| {z }

�2�M�/�Q�+�v�i�Q�b�B�b

� 
 (r )g(t; r )
| {z }

�`�2�K�Q�p���H

; �U�J�R�V

�r�?�2�`�2

Q(g; g)(t; r ) =
1
2

Z r

0
� (r � r 0; r 0)g(t; r � r 0)g(t; r 0)dr 0 �

Z 1

0
� (r; r 0)g(t; r )g(t; r 0)dr 0: �U�8�X�R�V

�A�M �i�?�2 �b�2�[�m�2�H�- �r�2 �/�2�M�Q�i�2g(0; r ) = g0(r ) �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M �Q�7 �1�[�X �U�J�R�V�X �� �b�B�K�B�H���`
�2�[�m���i�B�Q�M �K���v �#�2 �7�Q�m�M�/ �B�M �(�j�j�-�k�)�X �h�?�2 �+�Q���;�m�H���i�B�Q�M �Q�T�2�`���i�Q�` �B�b �[�m���/�`���i�B�+�, �i�r�Q �+�Q�K�T���`�i�K�2�M�i�b
�Q�7 �`�2�b�T�2�+�i�B�p�2 �b�B�x�2r; r 0 �7�m�b�2 �B�M �Q�M�2 �+�Q�K�T���`�i�K�2�M�i �Q�7 �b�B�x�2r + r 0 ���i �`���i�2� (r; r 0)�X �P�M�2 �Q�#�i���B�M�b
�1�[�X �U�8�X�R�V �#�v �+�Q�M�b�B�/�2�`�B�M�; ���H�H �+�Q�K�T���`�i�K�2�M�i�b �i�?���i �`�2���+�? �b�B�x�2r ���M�/ ���H�H �i�?���i �H�2���p�2 �b�B�x�2r �X �h�?�2
�F�2�`�M�2�H� � 0 �B�b �b�v�K�K�2�i�`�B�+ �U� (r; r 0) = � (r 0; r )�V�- �b�m�+�? �i�?���i �i�?�2 �+�Q���;�m�H���i�B�Q�M �Q�T�2�`���i�Q�` �1�[�X �U�8�X�R�V
�T�`�2�b�2�`�p�2�b �K���b�b �U

R
rQ(g; g)(r )dr = 0�V�X �A�M �T���`�i�B�+�m�H���`�- �r�2 �?���p�2 �U���i �H�2���b�i �7�Q�`�K���H�H�v�V�-

d
dt

Z 1

0
rg(t; r )dr =

Z 1

0
r� (r )dr �

Z 1

0

 (r )rg(t; r )dr : �U�8�X�k�V

�1�M�/�Q�+�v�i�Q�b�B�b �B�b �� �x�2�`�Q�@�Q�`�/�2�` �T�`�Q�+�2�b�b ���i �`���i�2� �U�b�Q�m�`�+�2 �i�2�`�K�V�- �+�Q�K�T���`�i�K�2�M�i �`�2�K�Q�p���H �B�b �� �}�`�b�i�@
�Q�`�/�2�` �T�`�Q�+�2�b�b ���M�/ �Q�+�+�m�`�b ���i �� �`���i�2
 �X �A�M �i�?�2 �b�2�[�m�2�H�- �K�Q�/�2�H �U�J�R�V �r�B�H�H �#�2 �`�2�7�2�`�`�2�/ ���b �Q�m�` �R�.
�K�Q�/�2�H�X

�h�?�2 �b�2�+�Q�M�/ �K�Q�/�2�H�H�B�M�; �b�i�2�T �B�b �i�Q �B�M�+�H�m�/�2 �K�Q�H�2�+�m�H���` �+�Q�M�i�2�M�i �B�M�i�Q �1�[�X �U�J�R�V�X �P�M�2 �K���v �}�`�b�i
�i�?�B�M�F ���b ���M ���/�/�B�i�B�Q�M���H �Q�M�2 �/�B�K�2�M�b�B�Q�M���H �b�i�`�m�+�i�m�`�2 �p���`�B���#�H�2�X �h�?�2 �}�`�b�i �2�t���K�T�H�2 �r�2 �?���p�2 �B�M �K�B�M�/
�B�b �i�?�2 �[�m���M�i�B�i�v �Q�7 �U���+�i�B�p�2�V �`�2�+�2�T�i�Q�` �r�B�i�?�B�M �2���+�? �+�Q�K�T���`�i�K�2�M�i�- �r�?�B�+�? �B�b �Q�7 �T�`�B�K���`�v �B�M�i�2�`�2�b�i �i�Q
�`�2�T�`�2�b�2�M�i �`�2�+�2�T�i�Q�` �i�`���{�+�F�B�M�; �r�B�i�?�B�M �+�2�H�H�b �U�b�2�2 ���T�T�H�B�+���i�B�Q�M �B�M �b�m�#�b�2�+�i�B�Q�M�8�X�8�X�R�V�X �h�?�2 �b�2�+�Q�M�/
�2�t���K�T�H�2 �r�2 �?���p�2 �B�M �K�B�M�/ �B�b �i�?�2 �T�`�Q�/�m�+�i�B�Q�M �Q�7 �+���J�S �2�z�2�+�i�Q�` �K�Q�H�2�+�m�H�2�b�- �#�Q�i�? ���i �i�?�2 �T�H���b�K��
�K�2�K�#�`���M�2 ���M�/ �r�B�i�?�B�M �2���+�? �2�M�/�Q�b�Q�K�2�b �U�b�2�2 ���T�T�H�B�+���i�B�Q�M �B�M �b�m�#�b�2�+�i�B�Q�M�8�X�8�X�k�V�X �h�?���M�F�b �i�Q �i�?�B�b
�b�2�+�Q�M�/ �b�i�`�m�+�i�m�`�B�M�; �p���`�B���#�H�2�- �#�2�b�B�/�2�b �+�Q�K�T���`�i�K�2�M�i �/�v�M���K�B�+�b�- �r�2 ���B�K �i�Q �`�2�T�`�2�b�2�M�i�,
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�Ç �"�B�Q�+�?�2�K�B�+���H �`�2���+�i�B�Q�M�b �B�M�b�B�/�2 �2���+�? �+�Q�K�T���`�i�K�2�M�i�X �_�2���+�i�B�Q�M �`���i�2�b ���`�2 �/�2�T�2�M�/�2�M�i �Q�M �H�Q�+���H
���#�m�M�/���M�+�2�b �Q�7 �K�Q�H�2�+�m�H���` �b�T�2�+�B�2�b�- ���b �r�2�H�H ���b �i�?�2 �b�B�x�2 �U���M�/ �K�Q�`�2 �;�2�M�2�`���H�H�v �Q�i�?�2�` �T�?�v�b�B�+���H
�p���`�B���#�H�2 �H�B�F�2 �T�>�V �Q�7 �i�?�2 �+�Q�K�T���`�i�K�2�M�i�X

�Ç �"�B�Q�+�?�2�K�B�+���H �`�2���+�i�B�Q�M�b �i�?���i �Q�+�+�m�` ���i �i�?�2 �T�H���b�K�� �K�2�K�#�`���M�2�X

�Ç �J�Q�H�2�+�m�H���` �+�Q�M�b�2�`�p���i�B�Q�M �H���r�b �i�?���i �K���v �?�Q�H�/ ���i �2���+�? �2�p�2�M�i �i�?���i �K�Q�/�B�}�2�b �i�?�2 �+�Q�K�T���`�i�@
�K�2�M�i�b�- �B�M �T���`�i�B�+�m�H���` �#�2�i�r�2�2�M �K�2�K�#�`���M�2 ���M�/ �+�Q�K�T���`�i�K�2�M�i�b�X �>�2�M�+�2 �r�2 �r�B�H�H �M�Q�r �/�B�b�i�B�M�@
�;�m�B�b�? �#�2�i�r�2�2�M �+�Q�K�T���`�i�K�2�M�i �/�2�;�`���/���i�B�Q�M ���M�/ �+�Q�K�T���`�i�K�2�M�i �`�2�+�v�+�H�B�M�;�X

�G�2�if = f (t; r; a ) �#�2 �i�?�2 �T�Q�T�m�H���i�B�Q�M �/�2�M�b�B�i�v �Q�7 �+�Q�K�T���`�i�K�2�M�i�b ���i �i�B�K�2t 2 R+ �- �b�B�x�2 �U�p�Q�H�m�K�2�V
r 2 R+ ���M�/ �K�Q�H�2�+�m�H���` �+�Q�M�i�2�M�ia 2 R+ �X �G�2�i ���H�b�QM = M (t) 2 R+ �#�2 �i�?�2 �K�Q�H�2�+�m�H���` �[�m���M�i�B�i�v
���i �i�?�2 �T�H���b�K�� �K�2�K�#�`���M�2�X �h�?�2 �D�Q�B�M�i �2�p�Q�H�m�i�B�Q�M �2�[�m���i�B�Q�M �7�Q�`f; M �B�b �- �7�Q�` ���H�Ht > 0�-r > 0 ���M�/
a > 0�-

@f(t; r; a )
@t

+
@(V(r; a)f (t; r; a ))

@a| {z }

�`�2���+�i�B�Q�M�b

= ~Q(f; f )( t; r; a )
| {z }

�+�Q���;�m�H���i�B�Q�M

�U�J�k���V

+ � (r; a; M (t))
| {z }

�2�M�/�Q�+�v�i�Q�b�B�b

� 
 (r; a)f (t; r; a )
| {z }

�/�2�;�`���/���i�B�Q�M

� � (r; a)f (t; r; a )
| {z }

�`�2�+�v�+�H�B�M�;

;

dM (t)
dt

= JM (M (t))
| {z }

�`�2���+�i�B�Q�M�b

�
Z 1

0

Z 1

0
a� (r; a; M (t))dadr

| {z }

�2�M�/�Q�+�v�i�Q�b�B�b

�U�J�k�#�V

+
Z 1

0

Z 1

0
a� (r; a)f (t; r; a )dadr

| {z }

�`�2�+�v�+�H�B�M�;

;

�r�?�2�`�2

~Q(f; f )( t; r; a ) =
1
2

Z r

0

Z a

0
� (r � r 0; r 0)f (t; r � r 0; a � a0)f (t; r 0; a0)da0dr 0

�
Z 1

0

Z 1

0
� (r; r 0)f (t; r; a )f (t; r 0; a0)da0dr 0: �U�8�X�j�V

�A�M �i�?�2 �b�2�[�m�2�H�- �r�2 �/�2�M�Q�i�2f (0; r; a) = f 0(r; a) ���M�/M (0) = M 0 �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b �Q�7
�1�[�b�X �U�J�k���V�@�U�J�k�#�V�X

�A�M �1�[�X �U�J�k���V�- �i�?�2 �2�t�i�2�M�b�B�Q�M �Q�7 �i�?�2 �+�Q���;�m�H���i�B�Q�M ���M�/ �2�M�/�Q�+�v�i�Q�b�B�b �T�`�Q�+�2�b�b�2�b �i�Q �B�M�+�H�m�/�2 �i�?�2
�b�2�+�Q�M�/ �b�i�`�m�+�i�m�`�B�M�; �p���`�B���#�H�2a �B�b �+�H�2���`�X �L�Q�i�2 �i�?���i �r�2 �+�?�Q�b�2 �i�?�2 �+�Q���;�m�H���i�B�Q�M �F�2�`�M�2�H �i�Q �#�2 �/�2�T�2�M�@
�/�2�M�i �Q�M �i�?�2 �b�B�x�2 �Q�7 �i�?�2 �+�Q�K�T���`�i�K�2�M�i�b �U�M�Q�i �i�?�2�B�` �K�Q�H�2�+�m�H���` �+�Q�M�i�2�M�i�V�- �7�Q�` �i�?�2 �b���F�2 �Q�7 �b�B�K�T�H�B�+�B�i�v�X
�h�?�2 �`�2�K�Q�p���H �i�2�`�K�b ���`�2 �M�Q�r �b�T�H�B�i�i�2�/ �B�M �i�r�Q�, �i�?�2 �/�2�;�`���/���i�B�Q�M �Q�+�+�m�`�b ���i �`���i�2
 �- ���M�/ �i�?�2 �`�2�+�v�@
�+�H�B�M�; �Q�+�+�m�` ���i �`���i�2� �X �h�?�2 �i�`���M�b�T�Q�`�i �i�2�`�K �`�2�T�`�2�b�2�M�i�b �i�?�2 �#�B�Q�+�?�2�K�B�+���H �`�2���+�i�B�Q�M�b �i�?���i �K�Q�/�B�7�v
�i�?�2 �K�Q�H�2�+�m�H���` �+�Q�M�i�2�M�i �r�B�i�?�B�M �2���+�? �+�Q�K�T���`�i�K�2�M�i�- ���M�/ �r�?�B�+�? �Q�+�+�m�` ���i �`���i�2V(r; a)�X ���H�b�Q�- �i�?�2
�2�M�/�Q�+�v�i�Q�b�B�b �`���i�2� �B�b �M�2�+�2�b�b���`�B�H�v �/�2�T�2�M�/�2�M�i �Q�M �i�?�2 �K�Q�H�2�+�m�H���` �+�Q�M�i�2�M�i �Q�7 �i�?�2 �T�H���b�K�� �K�2�K�@
�#�`���M�2M �- �i�Q ���p�Q�B�/ �M�2�;���i�B�p�2 �p���H�m�2�b �7�Q�`M �- �2�X�;�X� (r; a; 0) = 0�X �A�M �1�[�X �U�J�k�#�V�-JM �`�2�T�`�2�b�2�M�i
�#�B�Q�+�?�2�K�B�+���H �`�2���+�i�B�Q�M�b �i�?���i �Q�+�+�m�` ���i �i�?�2 �T�H���b�K�� �K�2�K�#�`���M�2�- ���M�/ �i�?�2 �i�r�Q �B�M�i�2�;�`���H �i�2�`�K�b �`�2�T�@
�`�2�b�2�M�i �i�?�2 �K�Q�H�2�+�m�H�2�b �i�?���i ���`�2 �H�Q�b�i �Q�` �;���B�M�2�/ ���i �i�?�2 �T�H���b�K�� �K�2�K�#�`���M�2 �i�?�`�Q�m�;�? �`�2�b�T�2�+�i�B�p�2�H�v

�3�N



�i�?�2 �2�M�/�Q�+�v�i�Q�b�B�b �Q�` �`�2�+�v�+�H�B�M�; �T�`�Q�+�2�b�b�2�b�X �h�?�2 �1�[�X �U�J�k�#�V �Q�M �i�?�2 �b�+���H���` �p���`�B���#�H�2M �r���b �M�Q�i
�T�`�2�b�2�M�i �B�M �(�j�j�) ���M�/�- �i�Q �i�?�2 �#�2�b�i �Q�7 �Q�m�` �F�M�Q�r�H�2�/�;�2�- �B�i �B�b �� �M�Q�p�2�H�i�v �Q�7 �Q�m�` �K�Q�/�2�H�X �a�i�B�H�H �B�M�i�2�`�@
�T�`�2�i�B�M�; �i�?�2 �K�Q�H�2�+�m�H���` �+�Q�M�i�2�M�i ���b �� �[�m���M�i�B�i�v �Q�7 �`�2�+�2�T�i�Q�`�b�- �B�i ���H�H�Q�r�b �i�Q �`�2�T�`�2�b�2�M�i �+�Q�M�b�2�`�p���i�B�Q�M
�H���r�b �Q�7 �`�2�+�2�T�i�Q�`�b �#�2�i�r�2�2�M �T�H���b�K�� �K�2�K�#�`���M�2 ���M�/ �2�M�/�Q�b�Q�K���H �+�Q�K�T���`�i�K�2�M�i�b�- �;�B�p�B�M�; �� �b���i�B�b�7���+�@
�i�Q�`�v �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �#�B�Q�H�Q�;�B�+���H �+�Q�M�+�2�T�i �Q�7 �`�2�+�2�T�i�Q�`�i� �̀��{�+�F�B�M�;�, �`�2�+�2�T�i�Q�`�b �U�i�Q�;�2�i�?�2�` �r�B�i�?
�Q�i�?�2�` �K�Q�H�2�+�m�H�2�b�V �m�M�/�2�`�;�Q �/�B�`�2�+�i�2�/ �K�Q�p�2�K�2�M�i �#���+�F�@���M�/�@�7�Q�`�i�? �#�2�i�r�2�2�M �T�H���b�K�� �K�2�K�#�`���M�2 ���M�/
�B�M�i�`���@�+�2�H�H�m�H���` �2�M�/�Q�b�Q�K���H �+�Q�K�T���`�i�K�2�M�i�b�X �A�M �T���`�i�B�+�m�H���`�- �r�2 �?���p�2 �U���i �H�2���b�i �7�Q�`�K���H�H�v�V�-

d
dt

� Z 1

0

Z 1

0
rf (t; r; a )drda

�

=
Z 1

0

Z 1

0
r� (r; a; M (t))drda �U�8�X�9�V

�
Z 1

0

Z 1

0

 (r; a)rf (t; r; a )drda

�
Z 1

0

Z 1

0
� (r; a)rf (t; r; a )drda ;

���M�/

d
dt

� Z 1

0

Z 1

0
af (t; r; a )drda + M (t)

�

= JM (M (t))

+
Z 1

0

Z 1

0
V(r; a)f (t; r; a )drda �

Z 1

0

Z 1

0

 (r; a)af (t; r )drda : �U�8�X�8�V

�h�?�2 �+�?�Q�B�+�2 �Q�7 �i�?�2 �`���i�2 �7�m�M�+�i�B�Q�M�b�; 
 �-� ���M�/� �K���B�M�H�v �;�Q�p�2�`�M�b �i�?�2 �+�Q�K�T���`�i�K�2�M�i �b�B�x�2 �/�v�M���K�@
�B�+�b�X �A�M �(�j�j�-�k�)�- �i�?�2 ���m�i�?�Q�`�b �+�Q�M�b�B�/�2�` �� �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H �K�Q�/�2�H �U�J�R�V �r�B�i�? �+�Q�M�b�i���M�i �+�Q���;�m�H���i�B�Q�M
�F�2�`�M�2�H�- �+�Q�M�b�i���M�i �}�`�b�i�@�Q�`�/�2�` �`���i�2
 �- ���M�/ �2�t�T�Q�M�2�M�i�B���H�H�v �/�2�+���v�B�M�; �b�Q�m�`�+�2 �`���i�2� (r ) = Ce� r=a0 �X
�h�?�2 �+�?�Q�B�+�2 �Q�7 �i�?�2 �`���i�2 �7�m�M�+�i�B�Q�M�bV ���M�/JM �r�B�H�H �K���B�M�H�v �B�K�T���+�i �i�?�2 �K�Q�H�2�+�m�H���` �+�Q�M�i�2�M�i ���i �i�?�2
�T�H���b�K�� �K�2�K�#�`���M�2 ���M�/ �r�B�i�?�B�M �+�Q�K�T���`�i�K�2�M�i�b�X �A�i�b �+�?�Q�B�+�2 �K���v �#�2 �;�m�B�/�2�/ �#�v �i�?�2 �m�M�/�2�`�H�v�B�M�;
�+�?�2�K�B�+���H �`�2���+�i�B�Q�M�b �i�?���i �i���F�2 �T�H���+�2 ���i �i�?�2 �T�H���b�K�� �K�2�K�#�`���M�2 ���M�/ �r�B�i�?�B�M �+�Q�K�T���`�i�K�2�M�i�b�X �G�B�M�2���`
�Q�` �T�Q�H�v�M�Q�K�B���H �7�m�M�+�i�B�Q�M�b �K���v �i�?�m�b �#�2 �b�m�B�i���#�H�2 �i�Q �`�2�T�`�2�b�2�M�i �K���b�b ���+�i�B�Q�M �F�B�M�2�i�B�+ �H���r�X

�A�M �i�?�2 �b�2�[�m�2�H�- �i�?�2 �K�Q�/�2�H �;�B�p�2�M �#�v �1�[�b�X �U�J�k���V�@�U�J�k�#�V �r�B�H�H �#�2 �`�2�7�2�`�`�2�/ ���b �Q�m�` �k�. �K�Q�/�2�H�X
�A�M �i�?�2 �`�2�K���B�M�B�M�;�- �B�M �1�[�X �U�J�R�V�- �1�[�b�X �U�J�k���V�@�U�J�k�#�V�- ���H�H �`���i�2 �7�m�M�+�i�B�Q�M�b ���M�/ �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b
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�8�X�j �G�Q�M�; �i�B�K�2 �#�2�?���p�B�Q�` �Q�7 �i�?�2 �R�. �K�Q�/�2�H�U�J�R�V
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�b�i���i�2 �B�ML1 �r�B�i�? �#�Q�m�M�/�2�/ �+�Q���;�m�H���i�B�Q�M �F�2�`�M�2�H�X �q�2 �K���B�M�H�v �m�b�2 �� �+�Q�M�i�`���+�i�B�Q�M ���`�;�m�K�2�M�i�- �i���F�B�M�;
�B�M�b�T�B�`���i�B�Q�M �7�`�Q�K �(�k�R�)�X

�h�?�2�Q�`�2�K �R�y�X
�G�2�ig0�-�; �; 
 �M�Q�M�M�2�;���i�B�p�2�X ���b�b�m�K�2� �B�b �B�M�i�2�;� �̀��#�H�2�-� ���M�/
 ��� �̀2 �#�Q�m�M�/�2�/ ���M�/ �K�Q� �̀2�p�Q�p�2�`

inf 
 = 
 0 > 0�X �A�7
3k� kL 1 k� kL 1 < 
 2

0 ; �U�8�X�e�V

�i�?�2�M �i�?�2� �̀2 �2�t�B�b�i�b �� �m�M�B�[�m�2 �M�Q�M�M�2�;���i�B�p�2 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M �B�ML1(R+ ) �Q�7 �1�[�X�U�J�R�V�- �/�2�M�Q�i�2�/
�#�vg1 �X �J�Q� �̀2�Q�p�2�`�-

kg1 kL 1 � k� kL 1


 0
;

�N�y



���M�/ �7�Q�` �2�p�2�`�v �b�Q�H�m�i�B�Q�Mg 2 C(R+ ; L1(R+ )) �r�2 �?���p�2

lim
t ! + 1

kg(t) � g1 kL 1 = 0 :

�h�?�2 �+�Q�M�p�2� �̀;�2�M�+�2 �B�b ���i �H�2���b�i �2�t�T�Q�M�2�M�i�B���H �r�B�i�? � �̀��i�2
 2
0 � 3k� kL 1 k� kL 1


 0
> 0�X

�q�2 �/�Q �M�Q�i �2�t�T�2�+�i �+�Q�M�/�B�i�B�Q�M �U�8�X�e�V �i�Q �#�2 �Q�T�i�B�K���H�X �a�2�2 �i�?�2 �/�B�b�+�m�b�b�B�Q�M �B�M �a�2�+�i�B�Q�M�8�X�9�X�k�X
�q�2 ���b�b�m�K�2 �?�2�`�2 �i�?���i �r�2�H�H�@�T�Q�b�2�/�M�2�b�b �Q�7 �� �m�M�B�[�m�2 �M�Q�M�2�;���i�B�p�2 �b�Q�H�m�i�B�Q�Mg 2 C(R+ ; L1(R+ )) �Q�7
�1�[�X �U�J�R�V �B�b �;�B�p�2�M�X �q�2 �M�Q�i�2 �i�?���i �i�?�B�b �B�K�T�H�B�+�B�i�H�v �B�K�T�Q�b�2�b �+�Q�M�/�B�i�B�Q�M�b �Q�M �i�?�2 �`���i�2 �7�m�M�+�i�B�Q�M�b ���M�/
�i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�- �r�?�B�+�? �r�B�H�H ���i �H�2���b�i �M�2�2�/ �i�Q �#�2 �M�Q�M�M�2�;���i�B�p�2 ���M�/ �B�M�i�2�;�`���#�H�2�X �a�2�2 �(�R�d�) �7�Q�`
�K�Q�`�2 �/�2�i���B�H�b�X

�S� �̀Q�Q�7�X�6�B�`�b�i �r�2 �T�`�Q�p�2 �2�t�B�b�i�2�M�+�2 ���M�/ �m�M�B�[�m�2�M�2�b�b �Q�7 �� �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�Mg1 �i�?���M�F�b �i�Q �� �"���M���+�?
�}�t�2�/ �T�Q�B�M�i ���`�;�m�K�2�M�i�X �G�2�i �m�b �/�2�}�M�2

X =

(

g 2 L1(R+ ) : g � 0; kgkL 1 �
k� kL 1


 0

)

:

�*�Q�M�b�B�/�2�` �� �+�Q�M�b�i���M�iK � k 
 kL 1 + k� kL 1
k� kL 1


 0
�X �6�Q�`g 2 X �r�2 �/�2�}�M�2

TK g =
1
K

(� � 
g + Q(g; g) + Kg) :

�h�?�2 �Q�T�2�`���i�Q�`TK �B�b �r�2�H�H�@�/�2�}�M�2�/ �b�B�M�+�2Q(g; g) �B�b ���H�b�Q �r�2�H�H�@�/�2�}�M�2�/ �7�Q�` ���M�v �B�M�i�2�;�`���#�H�2g �T�`�Q�p�B�/�2�/
�i�?���i� �B�b �#�Q�m�M�/�2�/ �(�k�R�- �G�2�K�K�� �j�)�X �q�2 ���B�K �i�Q ���T�T�H�v �"���M���+�?�ö�b �}�t�2�/ �T�Q�B�M�i �i�?�2�Q�`�2�K �7�Q�`TK �Q�M
X �@�r�?�B�+�? �B�b �� �+�H�Q�b�2�/ �b�m�#�b�2�i �Q�7 �i�?�2 �"���M���+�? �b�T���+�2L1(R+ )�c �i�?�B�b �r�B�H�H �;�B�p�2 �� �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M
�Q�7 �1�[�X �U�J�R�V�X �G�2�ig 2 X �- �r�2 �?���p�2 �i�?���i

TK g �
1
K

(K � k 
 kL 1 � k � kL 1 kgkL 1 ) g : �U�8�X�d�V

�A�M�/�2�2�/�-g ���M�/� ���`�2 �T�Q�b�B�i�B�p�2 ���M�/� �B�b �#�Q�m�M�/�2�/�- �i�?�m�b

Q(g; g) � � g(r )
Z 1

0
� (r; r 0)g(r 0)dr 0� �k � kL 1 kgkL 1 g(r ) ;

�r�?�B�+�? �H�2���/�b �i�Q �1�[�X �U�8�X�d�V �i�?���M�F�b �i�Q �i�?�2 �#�Q�m�M�/�2�/�M�2�b�b �Q�7
 �X �h�?�2 �7���+�i �i�?���ikgkL 1 � k� kL 1


 0
���M�/

�i�?�2 �+�Q�M�/�B�i�B�Q�M �Q�MK �2�M�i���B�H �i�?�2 �T�Q�b�B�i�B�p�B�i�v �Q�7TK f �X �h�?�2�M�- �#�2�+���m�b�2
Z 1

0
Q(g; g) dr = �

1
2

Z 1

0

Z 1

0
� (r 0; r )g(r 0)g(r )dr 0dr � 0;

�r�2 �/�2�/�m�+�2 �i�?���i

kTK gkL 1 =
Z 1

0

1
K

(� (r ) � 
g (r ) + Q(g; g)(r ) + Kg(r )) dr

�
k� kL 1

K
+

K � 
 0

K
kgk :

�"�m�iK � k 
 kL 1 � 
 0�- �i�?�m�b�- �7�Q�`g 2 X �-

K kTK gkL 1 � k � kL 1 + ( K � 
 0)
k� kL 1


 0
� K

k� kL 1


 0
;
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���M�/ �r�2 �+�Q�M�+�H�m�/�2 �i�?���iTK g �#�2�H�Q�M�;�b �i�QX �X �q�2 �M�Q�r �b�?�Q�r �i�?���iTK �B�b �� �+�Q�M�i�`���+�i�B�Q�M �Q�MX �X �G�2�i
g ���M�/h �B�MX �X �A�i �B�b �b�i�`���B�;�?�i�7�Q�`�r���`�/ �i�Q �+�?�2�+�F �i�?���i

kTK g � TK hkL 1 � (1 �

 0

K
)kg � hkL 1 +

1
K

kQ(g; g) � Q(h; h)kL 1 :

�"�v �� �b�B�K�T�H�2 �+�Q�K�T�m�i���i�B�Q�M �U�b�2�2 �2�X�;�X �(�k�R�- �G�2�K�K�� �j�) �Q�` �(�3�8�-�R�d�)�V�-

kQ(g; g) � Q(h; h)kL 1 �
3
2

k� kL 1 (kgkL 1 + khkL 1 )kg � hkL 1 �U�8�X�3�V

� 3k� kL 1
k� kL 1


 0
kg � hkL 1 : �U�8�X�N�V

�h�?�m�b�- �r�2 �?���p�2

kTK g � TK hkL 1 �

 

1 +
1
K

(3k� kL 1
k� kL 1


 0
� 
 0)

!

kg � hkL 1 :

�h�?�2�M �i�?�2 �?�v�T�Q�i�?�2�b�B�b �1�[�X �U�8�X�e�V ���H�H�Q�r�b �m�b �i�Q �+�Q�M�+�H�m�/�2 �i�?���i �i�?�2�`�2 �2�t�B�b�i�b �� �m�M�B�[�m�2 �}�t�2�/ �T�Q�B�M�i
�i�QTK �B�MX �X �J�Q�`�2�Q�p�2�`�- �i�?�B�b �B�b �i�?�2 �m�M�B�[�m�2 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M �r�?�B�+�? �B�b �T�Q�b�B�i�B�p�2 ���M�/ �#�2�H�Q�M�;�b
�i�QL1�X �A�M�/�2�2�/�- ���b�b�m�K�2 �r�2 �?���p�2 �� �T�Q�b�B�i�B�p�2 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�Mg =2 X �B�X�2�X �B�ML1 �b���i�B�b�7�v�B�M�;

 0

R
g > k� kL 1 �X �h�?�2�M

0 =
Z 1

0
(� (r ) � 
 (r )g(r ) + Q(g; g)(r )) dr � k � kL 1 � 
 0

Z 1

0
g(r ) dr < 0 ;

�r�?�B�+�? �B�b �� �+�Q�M�i�`���/�B�+�i�B�Q�M�X
�q�2 �M�Q�r �i�m�`�M �i�Q �i�?�2 �T�`�Q�Q�7 �Q�7 ���b�v�K�T�i�Q�i�B�+ �b�i���#�B�H�B�i�v�X �G�2�ig 2 C(R+ ; L1(R+ )) �#�2 �� �M�Q�M�M�2�;���i�B�p�2

�b�Q�H�m�i�B�Q�M �i�Q �1�[�X �U�J�R�V �B�M �i�?�2 �b�2�M�b�2 �Q�7 �/�B�b�i�`�B�#�m�i�B�Q�M�b ���M�/ �H�2�ig1 2 L1(R+ ) �#�2 �i�?�2 �b�i���i�B�Q�M���`�v
�b�Q�H�m�i�B�Q�M�X �q�2 �}�`�b�i �T�`�Q�p�B�/�2 �� �#�Q�m�M�/ �Q�Mg�X �q�2 �?���p�2

d
dt

Z 1

0
g(t; r )dr = k� kL 1 � 
 0

Z 1

0
g(t; r )dr +

Z 1

0
Q(g; g)(t; r )dr

� k � kL 1 � 
 0

Z 1

0
g(t; r )dr :

�h�?�m�b�-

kg(t; �)kL 1 � k g(0; �)kL 1 e� 
 0 t +
k� kL 1


 0
:

�A�i �B�b �� �+�H���b�b�B�+���H �+�Q�K�T�m�i���i�B�Q�M �i�?���i

@
@t

jg � g1 j = � 
 (r )jg � g1 j + ( Q(g; g) � Q(g1 ; g1 )) sign(g � g1 ):

�h�?�m�b�- �m�b�B�M�; �1�[�X �U�8�X�3�V�-

d
dt

kg(t; �) � g1 kL 1

�

"

� 
 0 +
3
2

k� kL 1

 

kg(0; �)kL 1 e� 
 0 t +
k� kL 1


 0
+ kg1 kL 1

!#

kg(t; �) � g1 kL 1

�

 

3k� kL 1
k� kL 1


 0
� 
 0 +

3
2

k� kL 1 kg(0; �)kL 1 e� 
 0 t

!

kg(t; �) � g1 kL 1 :

�q�2 �+�Q�M�+�H�m�/�2 �i�?���i

kg(t; �) � g1 kL 1 � k g(0; �) � g1 kL 1 e
3k� kL 1

2
 0
kg(0;�)kL 1 �


 2
0 � 3k� kL 1 k� kL 1


 0
t
;
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�6�B�`�b�i �r�2 �+���M �`�K�F �i�?���i�- �7�Q�`r > 0 ���M�/a > 0�- �r�2 �+���M �`�2�r�`�B�i�2 �Q�m�` �1�[�X �U�J�k���V �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�;
�+�Q�M�b�2�`�p���i�B�p�2 �7�Q�`�K �(�R�e�)

@t f (t; r; a ) =
1
ra

@r @aC(f ) ( t; r; a ) � @a (V (r; a) f (t; r; a ))

+ � (r; a; M (t)) � � (r; a) f (t; r; a ) � 
 (r; a) f (t; r; a ) ;
�U�8�X�R�y�V

�r�?�2�`�2
C(f ) ( t; r; a ) =

Z r

0

Z a

0
r 0a0~Q (f; f ) ( t; r 0; a0)da0dr 0:

�6�`�Q�K �1�[�X �U�8�X�R�y�V�- �r�2 �r�B�H�H �}�`�b�i �/�2�i���B�H �i�?�2 �i�`�m�M�+���i�B�Q�M �r�2 �m�b�2 �U�b�i�2�T �U�B�V�V ���M�/ �i�?�2 �/�B�b�+�`�2�i�B�x���i�B�Q�M
�U�b�i�2�T �U�B�B�V�V�X �h�?�2�M�- �r�2 �/�2�i���B�H �i�?�2 �}�M�B�i�2 �p�Q�H�m�K�2 ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7 �i�?�2 �+�Q���;�m�H���i�B�Q�M ���M�/ �}�`�b�i�@�Q�`�/�2�`
�i�`���M�b�T�Q�`�i �Q�T�2�`���i�Q�` �B�M �i�?�2 �`�B�;�?�i�@�?���M�/ �b�B�/�2 �Q�7 �1�[�X �U�8�X�R�y�V �U�b�i�2�T �U�B�B�B�V�V�X �q�2 �}�M���H�H�v �b�m�K�@�m�T �i�?�2
�M�m�K�2�`�B�+���H �b�+�?�2�K�2 �B�M �i�?�2 �H���b�i �b�i�2�T �U�b�i�2�T �U�B�p�V�V�X

�U�B�V �h�`�m�M�+���i�B�Q�M�X���b �B�M �(�9�k�-�R�e�)�- �i�Q �b�i�m�/�v �Q�m�` �2�[�m���i�B�Q�M�- �r�2 �r�B�H�H �i�`�m�M�+���i�2 �i�?�2 �b�B�x�2 �p���`�B���#�H�2 �i�Q
�� �K���t�B�K���H �p���H�m�2R > 0 ���M�/ �i�?�2 �[�m���M�i�B�i�v �Q�7 �`�2���+�i���M�i�b �p���`�B���#�H�2 �i�Q �� �K���t�B�K���H �p���H�m�2A > 0 ���M�/
�r�2 �r�B�H�H �+�?�Q�Q�b�2 �� �i�`�m�M�+���i�B�Q�M �Q�7 �i�?�2 �7�m�M�+�i�B�Q�M���HC�X �q�2 �+�?�Q�b�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �i�`�m�M�+���i�B�Q�M�- �;�B�p�2�M �#�v�-
�7�Q�` ���M�vr � R ���M�/a � A�-

CRA
�+ (f ) ( t; r; a ) =

1
2

Z r

0

Z a

0
r 0a0

Z r 0

0

Z a0

0
� (r 0 � r 00; r 00) f (t; r 0 � r 00; a0 � a00) f (t; r 00; a00) da00dr 00da0dr 0

�
Z r

0

Z a

0
r 0a0f (t; r 0; a0)

Z R� r 0

0

Z A� a0

0
� (r 0; r 00) f (t; r 00; a00) da00dr 00da0dr 0:

�U�8�X�R�R�V

�h�?�2 �i�`�m�M�+���i�B�Q�M �B�M �1�[�X �U�8�X�R�R�V �2�M�b�m�`�2�b �i�?���i �M�Q �+�H�m�b�i�2�` �Q�7 �b�B�x�2 �H���`�;�2�` �i�?���MR ���M�/ �K�Q�H�2�+�m�H���`
�+�Q�M�i�2�M�i �H���`�;�2�` �i�?���MA ���`�B�b�2�X �A�i �+���M �#�2 �Q�#�i���B�M�2�/ �7�`�Q�K �1�[�X �U�8�X�j�V �m�b�B�M�; �i�?�2 �i�`�m�M�+���i�2�/ �F�2�`�M�2�H
� (r; r 0)1r + r 0<R 1a+ a0<A �B�M�b�i�2���/ �Q�7� (r; r 0)�X �h�?�2 �2�[�m���i�B�Q�M �r�2 �r�B�H�H �M�m�K�2�`�B�+���H�H�v ���T�T�`�Q�t�B�K���i�2 �B�b ��
�i�`�m�M�+���i�2�/ �p�2�`�b�B�Q�M �Q�7 �1�[�X �U�8�X�R�y�V �Q�M �i�?�2 �i�B�K�2 �B�M�i�2�`�p���H[0; T]�- �r�?�2�`�2T > 0�X �q�2 �i�?�2�M �H�Q�Q�F ���i �i�?�2
�2�[�m���i�B�Q�M�- �7�Q�` ���M�v0 < t < T �-0 < r � R ���M�/0 < a � A�-

@t f RA (t; r; a ) =
1
ra

@r @aCRA
�+

�
f RA

�
(t; r; a ) � @a

�
V (r; a) f RA (t; r; a )

�

+ � (r; a; M (t)) � � (r; a) f RA (t; r; a ) � 
 (r; a) f RA (t; r; a ) :
�U�8�X�R�k�V

�>�2�m�`�B�b�i�B�+���H�H�v�- �r�2 �2�t�T�2�+�if RA �i�Q �#�2 �+�H�Q�b�2 �i�Qf ���b �H�Q�M�; ���b �i�?�2 �K���b�b �Q�7f �Q�m�i�b�B�/�2[0; R=2]� [0; A=2]
�B�b �b�K���H�H �U�b�Q �i�?���i �+�Q���;�m�H���i�B�Q�M �i�?���i �H�2���/�b �i�Q �+�Q�K�T���`�i�K�2�M�i �Q�7 �b�B�x�2 �H���`�;�2�` �i�?���MR ���M�/ �K�Q�H�2�+�m�H���`

�N�j



�+�Q�M�i�2�M�i �H���`�;�2�` �i�?���MA ���`�2 �m�M�H�B�F�2�H�v�V�X �q�2 �+���H�H �1�[�X �U�8�X�R�k�V �� �+�Q�M�b�2�`�p���i�B�p�2 �i�`�m�M�+���i�B�Q�M �Q�7 �1�[�X �U�8�X�R�y�V
�#�2�+���m�b�2 �i�?�2 �+�?�Q�B�+�2 �Q�7 �i�?�2 �i�`�m�M�+���i�B�Q�M �Q�7 �i�?�2 �+�Q���;�m�H���i�B�Q�M �Q�T�2�`���i�Q�` �/�Q�2�b �M�Q�i �H�2���/ �i�Q �� �H�Q�b�b
�Q�7 �K���b�b �B�M �i�?�2 �}�`�b�i �K�Q�K�2�M�i�b�X �A�M �T���`�i�B�+�m�H���`�-f RA �b���i�B�b�}�2�b�- ���i �H�2���b�i �7�Q�`�K���H�H�v�- �U�+�Q�K�T���`�2 �i�Q
�1�[�b�X �U�8�X�9�V�@�U�8�X�8�V�V�-

d
dt

� Z 1

0

Z 1

0
rf RA (t; r; a )drda

�

=
Z 1

0

Z 1

0
r� (r; a; M )drda

�
Z 1

0

Z 1

0

 (r; a)rf RA (t; r; a )drda �U�8�X�R�j�V

�
Z 1

0

Z 1

0
� (r; a)rf RA (t; r; a )drda ;

���M�/

d
dt

� Z 1

0

Z 1

0
af RA (t; r; a )drda + M (t)

�

= JM (M (t)) �U�8�X�R�9�V

+
Z 1

0

Z 1

0
V(r; a)f RA (t; r; a )drda

�
Z 1

0

Z 1

0

 (r; a)af RA (t; r )drda :

�q�2 �+�?�Q�Q�b�2 �i�Q �m�b�2 �� �+�Q�M�b�2�`�p���i�B�p�2 �i�`�m�M�+���i�B�Q�M �7�Q�` �Q�m�` �b�+�?�2�K�2 �B�M �Q�`�/�2�` �i�Q �+�Q�M�b�i�`�m�+�i �� �b�+�?�2�K�2
�i�?���i �T�`�2�b�2�`�p�2�b �i�?�2 �+�Q�M�b�2�`�p���i�B�Q�M �T�`�Q�T�2�`�i�B�2�b �U�8�X�R�j�V�@�U�8�X�R�9�V�- ���b �r�2 �r�B�H�H �p�2�`�B�7�v �B�i �B�M �i�?�2 �+���b�2 �Q�7
�T�m�`�2 �+�Q���;�m�H���i�B�Q�M�X

�U�B�B�V �:�`�B�/�b �/�2�}�M�B�i�B�Q�M�X�G�2�iI r 2 N�X �q�2 �/�B�b�+�`�2�i�B�x�2 �i�?�2 �b�B�x�2 �B�M�i�2�`�p���H[0; R] �B�M�i�QI r �B�M�i�2�`�p���H�b�X
�q�2 �/�2�M�Q�i�2 �#�v

�
r i � 1

2

�

i 2f 1;:::;I r +1 g
�� �`�2�;�m�H���` �K�2�b�? �Q�7[0; R] �r�B�i�? �b�B�x�2 �b�i�2�T� r ���M�/ �r�2 �b�2�i

r i =
r i � 1

2
+ r i + 1

2

2
=

�

i �
1
2

�

� r; i 2 f 1; : : : ; I r g:

�G�2�iI a 2 N�X �q�2 �/�B�b�+�`�2�i�B�x�2 �i�?�2 �b�B�x�2 �B�M�i�2�`�p���H[0; A] �B�M�i�QI a �B�M�i�2�`�p���H�b�X �q�2 �/�2�M�Q�i�2 �#�v�
aj � 1

2

�

j 2f 1;:::;I a +1 g
�� �`�2�;�m�H���` �K�2�b�? �Q�7[0; A] �r�B�i�? �b�i�2�T� a ���M�/ �r�2 �b�2�i

aj =
aj � 1

2
+ aj + 1

2

2
=

�

j �
1
2

�

� a; j 2 f 1; : : : ; I ag:

�6�Q�` ���H�Hi 2 f 1; : : : ; I r g ���M�/j 2 f 1; : : : ; I ag�- �r�2 �b�2�i

� ij =
h
r i � 1

2
; r i + 1

2

i
�

h
aj � 1

2
; aj + 1

2

i
:

�G�2�i� t > 0 �#�2 �i�?�2 �i�B�K�2 �b�i�2�T�X �q�2 �/�B�b�+�`�2�i�B�x�2[0; T] �#�v �i�?�2 �b�2�i �Q�7 �T�Q�B�M�i�bf tn = n � t; n 2 f 0; : : : ; Ngg�-
�r�?�2�`�2N =

j
T
� t

k
�X

�U�B�B�B�V �6�B�M�B�i�2 �p�Q�H�m�K�2 ���T�T�`�Q�t�B�K���i�B�Q�M�X�6�Q�` ���H�Hn 2 f 0; : : : ; Ng�- i 2 f 1; : : : ; I r g ���M�/j 2
f 1; : : : ; I ag�- �r�2 �/�2�M�Q�i�2f n

i;j ���M ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7 �i�?�2 �7�m�M�+�i�B�Q�Mf RA ���i �i�?�2 �T�Q�B�M�i(tn ; r i ; aj )�X �q�2
�r�B�H�H �`�2�+�m�`�b�B�p�2�H�v �+���H�+�m�H���i�2f n

i;j �b�m�+�? �i�?���i

f n
i;j �

1
� r � a

Z

� ij

f RA (tn ; r; a) dadr:

�N�9



�a�B�K�B�H���`�H�v�- �r�2 �/�2�M�Q�i�2 �#�vM n ���M ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7M (tn )�X �6�B�`�b�i�- �r�2 �r�`�B�i�2 �i�?�2 �2�t�T�H�B�+�B�i �7�Q�`�r���`�/
�1�m�H�2�` �b�+�?�2�K�2 �B�M �i�B�K�2 ���b�b�Q�+�B���i�2�/ �i�Q �i�?�2 �1�[�X �U�8�X�R�k�V�X �6�Q�` ���H�Hn 2 f 0; : : : ; N � 1g�- �r�2 �?���p�2

f RA (tn+1 ; r; a) � f RA (tn ; r; a)
� t

=
1
ra

@r @aCRA
�+

�
f RA

�
(tn ; r; a) �U�8�X�R�8�V

� @a

�
V (r; a) f RA (tn ; r; a)

�

+ � (r; a; M n ) � � (r; a) f RA (tn ; r; a)

� 
 (r; a) f RA (tn ; r; a) + O(� t):

�6�Q�` �2���+�?i 2 f 1; : : : ; I r g ���M�/j 2 f 1; : : : ; I ag�- �r�2 �r�B�H�H �B�M�i�2�;�`���i�2 �1�[�X �U�8�X�R�8�V �Q�p�2�`� ij �X �q�2
�}�`�b�i �/�2���H �r�B�i�? �i�?�2 �+�Q���;�m�H���i�B�Q�M �Q�T�2�`���i�Q�`�X ���T�T�`�Q�t�B�K���i�B�M�;ra �#�v �i�?�2 �+�Q�M�b�i���M�ir i � 1

2
aj � 1

2
�Q�M� ij �-

���M�/ �B�M�i�2�;�`���i�B�M�;�- �r�2 �Q�#�i���B�M
Z

� ij

1
ra

@r @aCRA
�+

�
f RA

�
(tn ; r; a) dadr �U�8�X�R�e�V

�
1

r i � 1
2
aj � 1

2

0

@CRA
�+

�
f RA

� �
tn ; r i + 1

2
; aj + 1

2

�
� C RA

�+

�
f RA

� �
tn ; r i � 1

2
; aj + 1

2

�

� C RA
�+

�
f RA

� �
tn ; r i + 1

2
; aj � 1

2

�
+ CRA

�+

�
f RA

� �
tn ; r i � 1

2
; aj � 1

2

�
1

A :

�l�b�B�M�; �� �+�?���M�;�2 �Q�7 �p���`�B���#�H�2r 0� r 00! r 0 �B�M �1�[�X �U�8�X�R�R�V�- ���M�/ �/�2�+�Q�K�T�Q�b�B�M�; �i�?�2 �}�`�b�i �i�r�Q �B�M�i�2�;�`���H�b
�B�M �i�2�H�2�b�+�Q�T�B�+ �b�m�K�b �r�2 �?���p�2�-

CRA
�+

�
f RA

� �
tn ; r i + 1

2
; aj + 1

2

�
=

1
2

iX

k=1

jX

m=1

Z r k + 1
2

r k � 1
2

Z am + 1
2

am � 1
2

Z r i + 1
2

� r 0

0

Z aj + 1
2

� a0

0
(a0+ a00) (r 0+ r 00) � (r 0; r 00)

� f RA (tn ; r 0; a0) f RA (tn ; r 00; a00) da00dr 00da0dr 0

�
iX

k=1

jX

m=1

Z r k + 1
2

r k � 1
2

Z am + 1
2

am � 1
2

r 0a0f RA (tn ; r 0; a0)
Z R� r 0

0

Z A� a0

0
� (r 0; r 00)

� f RA (tn ; r 00; a00) da00dr 00da0dr 0:

�6�m�`�i�?�2�`�- �b�2�i�i�B�M�;� k;k 0 =
1

� r 2

Z r k + 1
2

r k � 1
2

Z r k 0+ 1
2

r k 0� 1
2

� (r; r 0) dr 0dr �- ���M�/ ���T�T�`�Q�t�B�K���i�B�M�; ���;���B�M �T�`�Q�/�m�+�i

�i�2�`�K�bra �#�v �i�?�2�B�` �H�2�7�i �p���H�m�2 �Q�M� ij �- �r�2 ���T�T�`�Q�t�B�K���i�2CRA
�+ �#�v�,

CRA
�+

�
f RA
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2
; aj + 1

2

�

�
1
2
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k=1

jX

m=1
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�
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2
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2

� �
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2
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2

�
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jX

m=1
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am� 1
2
r k� 1

2
� k;k 0f n

k;m f n
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2
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k=1
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!
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�L�Q�i�2 �i�?���i �i�?�2 ���T�T�`�Q�t�B�K���i�B�Q�MQn
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f RA ; f RA
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�p�2�H�Q�+�B�i�v �Q�p�2�`r �m�b�B�M�; �i�?�2 �K�B�/�T�Q�B�M�i �`�m�H�2�,

Z

� ij

@a

�
V (r; a) f RA (t; r; a )

�
dadr

=
Z r i + 1

2

r i � 1
2

�
V

�
r; a j + 1

2

�
f RA

�
t; r; a j + 1

2

��
dr �

Z r i + 1
2

r i � 1
2

�
V

�
r; a j � 1

2

�
f RA

�
t; r; a j � 1

2

��
dr

� W
i;j +

1
2
f RA

�
t; r i ; aj + 1

2

�
� r � W

i;j �
1
2
f RA

�
t; r i ; aj � 1

2

�
� r

� � r �
�

A �m�T
�

W
i;j +

1
2
; f n

i;j ; f n
i;j +1

�

� A �m�T
�

W
i;j �

1
2
; f n

i;j � 1; f n
i;j

��

; �U�8�X�R�N�V

�r�?�2�`�2Wi;j � 1
2

=
1
2

�
V

�
r i + 1

2
; aj � 1

2

�
+ V

�
r i � 1

2
; aj � 1

2

��
�-f n

i; 0 = f n
i;I r +1 = 0�- ���M�/ �i�?�2 �Q�T�2�`���i�Q�`A �m�T

�B�b

A �m�T(u; f + ; f � ) =

(
uf + �B�7u � 0;
uf � �B�7u < 0:

�U�B�p�V �6�B�M�B�i�2 �p�Q�H�m�K�2 �b�+�?�2�K�2�X�6�B�M���H�H�v�- �i�?�2 �b�+�?�2�K�2 �Q�7 �i�?�2 �K�Q�/�2�H �U�J�k���V�@�U�J�k�#�V �B�b �;�B�p�2�M �#�v�,

�Ç �A�M�B�i�B���H�B�x���i�B�Q�M�, �6�Q�`i 2 f 1; : : : ; I r g ���M�/j 2 f 1; : : : ; I ag �r�2 �b�2�i

f 0
i;j =

1
� r � a

Z

� ij

f (0; r; a) dadr:

�Ç �h�B�K�2 �B�i�2�`���i�B�Q�M�, �6�Q�` ���H�Hn 2 f 1; : : : ; Ng�- i 2 f 1; : : : ; I r g ���M�/j 2 f 1; : : : ; I ag�- �m�b�B�M�;
�1�[�b�X �U�8�X�R�3�V�@�U�8�X�R�N�V�- ���M�/ ���M �2�t�T�H�B�+�B�i �7�Q�`�r���`�/ �1�m�H�2�` �b�+�?�2�K�2 �B�M �i�B�K�2 �7�Q�`M �- �r�2 �b�2�i�,

f n+1
i;j = f n

i;j +
� t

� r � a
Qn

i;j (f; f ) �U�8�X�k�y�V

�
� t
� a

�

A �m�T
�

W
i;j +

1
2
; f n

i;j ; f n
i;j +1

�

� A �m�T
�

W
i;j �

1
2
; f n

i;j � 1; f n
i;j

��

+
� t

� r � a

" Z

� ij

� (r; a; M n ) dadr � f n
i;j

Z

� ij

� (r; a) dadr

� f n
i;j

Z

� ij


 (r; a) dadr

#

:

M n+1 = M n + � t J M (M n ) � � t
Z R

0

Z A

0
a0� (r 0; a0; M n ) da0dr 0 �U�8�X�k�R�V

+ � t
I r

X

i =1

I a
X

j =1

f n
i;j

Z

� ij

a� (r; a) dadr: �U�8�X�k�k�V

�h�?�2 �`�2�K���B�M�B�M�; �B�M�i�2�;�`���H�b �B�M �1�[�X �U�8�X�k�y�V ���`�2 �+���H�+�m�H���i�2�/ �m�b�B�M�; ���M ���m�i�Q�K���i�B�+ ���/���T�i�B�p�2 �M�m�K�2�`�@
�B�+���H �B�M�i�2�;�`���i�B�Q�M �K�2�i�?�Q�/�- �/�2�i���B�H�2�/ �B�M �(�j�e�) ���M�/ �B�K�T�H�2�K�2�M�i�2�/ �B�M �i�?�2 �C�m�H�B�� �T���+�F���;�2 �>�*�m�#���i�m�`�2�X

�N�e



�_�2�K���`�F �8�X�q�B�i�? �i�?�2 �b���K�2 �i�Q�Q�H�b�- �r�2 �+���M �r�`�B�i�2 �� �b�+�?�2�K�2 �B�M �/�B�K�2�M�b�B�Q�M �R �7�Q�` �K�Q�/�2�H�U�J�R�V�-
�M�Q�i�B�+�B�M�; �i�?���i �B�7 �r�2 �b�2�ih (t; r ) = rg (t; r ) �r�2 �?���p�2

@th (t; r ) = � @r J (g) (t; r ) + r� (r; M (t)) � 
 (r ) h (t; r ) ;

�r�?�2� �̀2J (g) �B�b �/�2�}�M�2�/ ���b �7�Q�H�H�Q�r�b

J (g) (t; r ) =
Z r

0

Z 1

r � r 0
r 0� (r 0; r 00) g(t; r 0) g(t; r 00) dr 00dr 0:

�� �+�Q�M�b�2�`�p���i�B�p�2 �i�`�m�M�+���i�B�Q�M �B�b �i�?�2�M �;�B�p�2�M �#�v�,

J R
c (g) ( t; r ) =

Z r

0

Z R� r 0

r � r 0
r 0� (r 0; r 00) g(t; r 0) g(t; r 00) dr 00dr 0:

�8�X�9�X�k�L�m�K�2�`�B�+���H �i�2�b�i�b

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �r�B�H�H �B�M�p�2�b�i�B�;���i�2 �i�?�2 �#�2�?���p�B�Q�` �Q�7 �i�?�2 �M�m�K�2�`�B�+���H �b�+�?�2�K�2 �;�B�p�2�M �#�v �1�[�X �U�8�X�k�y�V
�B�M �b�Q�K�2 �T���`�i�B�+�m�H���` �+���b�2�b�X �q�2 ���B�K �i�Q �p�2�`�B�7�v �i�?�2 �+�Q�M�b�2�`�p���i�B�Q�M �H���r�b �b���i�B�b�}�2�/ �#�v �i�?�2 �M�m�K�2�`�B�+���H
�b�+�?�2�K�2�- �i�?�2 �+�Q�M�b�B�b�i�2�M�+�v ���M�/ �+�Q�M�p�2�`�;�2�M�+�2 �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �M�m�K�2�`�B�+���H �b�+�?�2�K�2�- ���b �r�2�H�H ���b �i�Q
�B�H�H�m�b�i�`���i�2 �i�?�2 �H�Q�M�;�@�i�B�K�2 �#�2�?���p�B�Q�` �r�2 �T�`�Q�p�2�/ �B�M �h�?�2�Q�`�2�K�R�y�X

�*�Q�M�b�2�`�p���i�B�Q�M �H���r�b ���M�/ �+�Q�M�b�B�b�i�2�M�+�v�X�6�B�`�b�i�- �r�2 �r�B�H�H �2�p���H�m���i�2 �i�?�2 �M�m�K�2�`�B�+���H �b�+�?�2�K�2 �B�M
�i�?�2 �+���b�2 �Q�7 �� �T�m�`�2 �+�Q���;�m�H���i�B�Q�M �K�Q�/�2�H �U� = 
 = � = V = JM = 0�V�X �q�2 �+�Q�M�b�B�/�2�` �i�?�2 �T�m�`�2
�+�Q���;�m�H���i�B�Q�M �2�[�m���i�B�Q�M�,

@t f (t; r; a ) = ~Q (f (t) ; f (t)) ( r; a) ; �r�B�i�?t > 0; r > 0 ���M�/a > 0: �U�8�X�k�j�V

�h�?�2 �/�B�b�+�`�2�i�2 �2�[�m���i�B�Q�M ���b�b�Q�+�B���i�2�/ �i�Q �1�[�X �U�8�X�k�j�V �B�b �;�B�p�2�M �#�v�- ���b �� �b�T�2�+�B���H �+���b�2 �Q�7 �1�[�X �U�8�X�k�y�V
�r�?�2�M� = 
 = � = V = JM = 0�-

f n+1
i;j = f n

i;j +
� t

� r � a
Qn

i;j (f; f ) ; n 2 f 1; : : : ; Ng; i 2 f 1; : : : ; I r g ���M�/j 2 f 1; : : : ; I ag :

�U�8�X�k�9�V
���M�/ �r�?�2�`�2Qn

i;j �B�b �/�2�}�M�2�/ �B�M �1�[�X �U�8�X�R�3�V�X �q�2 �`�2�K���`�F �i�?���i �r�2 �F�2�2�T �i�?�2 �b���K�2 �T�`�Q�T�2�`�i�B�2�b �Q�M �i�?�2
�K�Q�K�2�M�i�b �/�v�M���K�B�+�b �7�Q�` �i�?�2 �i�r�Q �1�[�b�X �U�8�X�k�j�V ���M�/ �U�8�X�k�9�V�X �6�Q�` �b�Q�K�2 �i�2�b�i �7�m�M�+�i�B�Q�M' �- �r�2 �/�2�}�M�2
H ('; t ) �i�?�2 �K�Q�K�2�M�i �Q�7f ���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2 �7�m�M�+�i�B�Q�M' ���i �i�B�K�2t > 0�-

H ('; t ) :=
Z 1

0

Z 1

0
' (r; a) f (t; r; a ) dadr ;

���M�/H n (' ) �B�i�b �/�B�b�+�`�2�i�2 ���M���H�Q�;�m�2 �K�Q�K�2�M�i�- ���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2 �7�m�M�+�i�B�Q�M' ���i �i�B�K�2tn �r�B�i�?
n 2 f 1; : : : ; Ng�-

H n (' ) := � r � a
I r

X

i =1

I a
X

j =1

'
�
r i � 1

2
; aj � 1

2

�
f n

i;j : �U�8�X�k�8�V

�h�?�2�M

d
dt

H ('; t ) =
d
dt

� Z 1

0

Z 1

0
' (r; a) f (t; r; a ) dadr

�

=
Z 1

0

Z 1

0
' (r; a) ~Q (f (t) ; f (t)) ( r; a) dadr

=
1
2

Z 1

0

Z 1

0

Z 1

0

Z 1

0
[' (r + r 0; a + a0) � ' (r; a) � ' (r 0; a0)]

� � (r; r 0) f (t; r; a ) f (t; r 0; a0) da0dr 0dadr ;

�N�d



���M�/ �b�B�K�B�H���`�H�v

H n+1 (' ) � H n (' )
� t

=
(� r � a)2

2

I r
X

i =1

I a
X

j =1

I r � i +1X

k=1

I a � j +1X

m=1

h
'

�
r i + k� 1� 1

2
; aj + m� 1� 1

2

�

� '
�
r i � 1

2
; aj � 1

2

�
� '

�
r k� 1

2
; am� 1

2

�i
� i;k f n

i;j f n
k;m :

�h�?�m�b �+�?�Q�Q�b�B�M�;' (r; a) = r �Q�'̀ (r; a) = a�- �r�2 �?���p�2 �i�?���i �i�?�2 �}�`�b�i�@�Q�`�/�2�` �K�Q�K�2�M�i�b ���`�2
�+�Q�M�b�i���M�i �B�M �i�B�K�2 �#�Q�i�? ���i �i�?�2 �/�B�b�+�`�2�i�2 ���M�/ �+�Q�M�i�B�M�m�Q�m�b �H�2�p�2�H�b�- �+�Q�M�b�B�b�i�2�M�i�H�v �r�B�i�? �1�[�b�X �U�8�X�9�V�@�U�8�X�8�V
���M�/ �1�[�b�X �U�8�X�R�j�V�@�U�8�X�R�9�V �7�Q�` �i�?�2 �T�m�`�2 �+�Q���;�m�H���i�B�Q�M �+���b�2�X �q�2 ���H�b�Q �?���p�2 �i�?���i �i�?�2 �x�2�`�Q�i�?�@�Q�`�/�2�`
�K�Q�K�2�M�i�b ���`�2 �M�Q�M�@�B�M�+�`�2���b�B�M�; �7�m�M�+�i�B�Q�M�b �Q�7 �i�B�K�2 �B�M �#�Q�i�? �+���b�2�b�X

�6�Q�` �i�?�2 �T�m�`�2 �+�Q���;�m�H���i�B�Q�M �K�Q�/�2�H �;�B�p�2�M �#�v �1�[�X �U�8�X�k�j�V�- �+�?�Q�Q�b�B�M�; ���M ���{�M�2 �F�2�`�M�2�H� (r; r 0) =
K 0 + K 1 (r + r 0) �H�2���/�b �i�Q �� �+�H�Q�b�2�/ �K�Q�K�2�M�i �2�[�m���i�B�Q�M �B�M �i�?�2 �7�Q�`�K �Q�7 ���M �P�.�1 �b�v�b�i�2�K�X �A�M�/�2�2�/�-
�B�M �b�m�+�? �+���b�2�- �B�i �B�b �2���b�v �i�Q �b�2�2 �i�?���i �r�2 �?���p�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �P�.�1 �b�v�b�i�2�K �7�Q�` �i�?�2 �K�Q�K�2�M�i�b �Q�7
�Q�`�/�2�` �y ���M�/ �R�,

8
>>>>>>>>>>><

>>>>>>>>>>>:

d
dt

H (1; t) = �
1
2

K 0 (H (1; t))2 � K 1H (1; t) H (r; t ) ;

d
dt

H (r; t ) = 0 ;

d
dt

H (a; t) = 0 :

�U�8�X�k�e�V

�1�[�X �U�8�X�k�e�V �B�b �Q�7 �i�?�2 �7�Q�`�K �Q�7 �� �"�2�`�M�Q�m�H�H�B �/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�- ���M�/ �B�i�b ���M���H�v�i�B�+���H �b�Q�H�m�i�B�Q�M
�+���M �#�2 �+�Q�K�T�m�i�2�/�X �h�?�2 �T�m�`�2 �+�Q���;�m�H���i�B�Q�M �+���b�2 �r�B�i�? ���M ���{�M�2 �F�2�`�M�2�H �B�b �i�?�m�b ���M ���T�T�`�Q�T�`�B���i�2
�b�2�i�i�B�M�; �i�Q �+�Q�K�T���`�2 ���M���H�v�i�B�+���H �b�Q�H�m�i�B�Q�M�b �r�B�i�? �K�Q�K�2�M�i�b ���b�b�Q�+�B���i�2�/ �i�Q �Q�m�` �M�m�K�2�`�B�+���H �b�+�?�2�K�2
�U�8�X�k�9�V �+���H�+�m�H���i�2�/ �#�v �1�[�X �U�8�X�k�8�V�X �6�Q�` �i�?�B�b �T�m�`�T�Q�b�2�- �r�2 �B�M�i�`�Q�/�m�+�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �M�Q�i���i�B�Q�M�- �7�Q�`
x > 0�,

Nx (�; � ) =
1

p
2��

e� 1
2

�
x � �

�

� 2

1x> 0 : �U�8�X�k�d�V

�q�2 ���T�T�`�Q�t�B�K���i�2 �i�?�2 �T�m�`�2 �+�Q���;�m�H���i�B�Q�M �1�[�X �U�8�X�k�j�V �m�b�B�M�; �i�?�2 �b�+�?�2�K�2 �1�[�X �U�8�X�k�9�V �r�B�i�? �i�?�2
�7�Q�H�H�Q�r�B�M�; �M�m�K�2�`�B�+���H �T���`���K�2�i�2�`�b�,

T = 1 ; � t = 10� 4 ; R = A = 10 ; � r = � a = 0:25: �U�8�X�k�3�V

�q�2 �b�i�m�/�v �i�r�Q �+���b�2�b�X �h�?�2 �}�`�b�i �Q�M�2 �B�b �i�?�2 �+���b�2 �Q�7 �� �+�Q�M�b�i���M�i �F�2�`�M�2�H �r�B�i�? �i�?�2 �7�Q�H�H�Q�r�B�M�; �K�Q�/�2�H
�T���`���K�2�i�2�`�b�,

f 0 (r; a) = 0 :5 � [N r (1:5; 0:15) � N a (0:5; 0:3) + N r (0:5; 0:3) � N a (1:5; 0:15)] ;

� (r; r 0) = 0 :5:
�U�8�X�k�N�V

�h�?�2 �b�2�+�Q�M�/ �Q�M�2 �B�b �i�?�2 �+���b�2 �Q�7 ���M ���{�M�2 �F�2�`�M�2�H �r�B�i�? �i�?�2 �7�Q�H�H�Q�r�B�M�; �K�Q�/�2�H �T���`���K�2�i�2�`�b�,

f 0 (r; a) = 0 :5 � [N r (1:5; 0:15) � N a (0:5; 0:3) + N r (0:5; 0:3) � N a (1:5; 0:15)] ;

� (r; r 0) = 0 :5 + 0:1 (r + r 0) :
�U�8�X�j�y�V

���b �2�t�T�2�+�i�2�/�- �r�2 �`�2�+�Q�p�2�` �7�`�Q�K �Q�m�` �M�m�K�2�`�B�+���H �b�+�?�2�K�2 �U�8�X�k�9�V �i�?���i �i�?�2 �K�Q�K�2�M�i �Q�7 �Q�`�/�2�` �y �B�b
�� �M�Q�M�B�M�+�`�2���b�B�M�; �7�m�M�+�i�B�Q�M ���M�/ �i�?�2 �K�Q�K�2�M�i�b �Q�7 �Q�`�/�2�` �R ���`�2 �+�Q�M�b�i���M�i �U�6�B�;�m�`�2�8�X�R�V�X �J�Q�`�2�Q�p�2�`�- �r�2
���H�b�Q �Q�#�b�2�`�p�2�/ �i�?���i �i�?�2�b�2 �M�m�K�2�`�B�+���H �`�2�b�m�H�i�b ���`�2 �p�2�`�v �+�H�Q�b�2 �i�Q �i�?�2 ���M���H�v�i�B�+���H �b�Q�H�m�i�B�Q�M�b �/�B�`�2�+�i�H�v
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