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ABSTRACT

Chronic inflammatory bowel diseases (IBD) and mosquito-borne epidemics pose major public
health challenges. This thesis develops and analyses mathematical models based on reaction-
diffusion systems to study propagation dynamics and the conditions leading to blockage in
these biological phenomena.

In the first study, we focus on ulcerative colitis (UC), an IBD characterised by contin-
uous inflammation of the colon. We establish a model describing the interaction between
a pathogen and the immune system, demonstrating the existence of travelling waves that
represent the spread of inflammation in a homogeneous medium. We then identify the condi-
tions required to block this propagation in a heterogeneous medium and validate our findings
through numerical simulations.

In the second study, we analyse a strategy for controlling mosquito-borne diseases, specif-
ically the spread of Wolbachia, a bacterium that reduces the transmission of pathogens such
as dengue. We examine cases where propagation is hindered in a heterogeneous medium,
particularly when the carrying capacity varies spatially. We identify the conditions that lead
to blockage and validate our results using numerical simulations.

Finally, I have also worked on the project Modelling Compartmentalisation within Intra-
cellular Signaling Pathways, which focusses on modelling receptor-activated signaling path-
ways while accounting for the dynamics of endosomes and the associated biochemical reac-
tions.

Keywords: Inflammatory bowel diseases, reaction-diffusion system, travelling waves,
wave blocking, Wolbachia bacterium, vector-borne diseases, coagulation dynamics, integro-
partial differential equations, receptor-activated signaling pathways, compartmentalization.



RESUME

Les maladies inflammatoires chroniques de l'intestin (MICI) et les épidémies transmises par
les moustiques représentent des défis majeurs en santé publique. Cette these développe et
analyse des modeles mathématiques basés sur des systemes de réaction-diffusion afin d’étudier
les dynamiques de propagation et les conditions menant au blocage dans ces phénomenes
biologiques.

Dans la premiére étude, nous nous intéressons a la rectocolite hémorragique (RCH), une
MICT caractérisée par une inflammation continue du cdélon. Nous établissons un modele
décrivant l'interaction entre un pathogene et le systeme immunitaire, mettant en évidence
I'existence d’ondes progressives qui représentent la propagation de I'inflammation dans un
milieu homogene. Nous identifions ensuite les conditions nécessaires pour bloquer cette prop-
agation dans un milieu hétérogene et validons nos résultats a I’aide de simulations numériques.

Dans la deuxieme étude, nous analysons une stratégie de contrdle des maladies vecto-
rielles, en particulier la propagation de Wolbachia, une bactérie qui réduit la transmission de
pathogenes tels que la dengue. Nous examinons les cas ou la propagation est entravée dans
un milieu hétérogene, notamment lorsque la capacité de charge varie spatialement. Nous
identifions les conditions menant au blocage et validons nos résultats a ’aide de simulations
numériques.

Enfin, j’ai également travaillé sur le projet Modélisation de la compartimentation dans les
voies de signalisation intracellulaire, qui porte sur la modélisation des voies de signalisation
activées par les récepteurs en tenant compte de la dynamique des endosomes et des réactions
biochimiques associées.

Mots-clés: Maladies inflammatoires de l'intestin, systeme de réaction-diffusion, on-
des progressives, blocage des ondes, bactérie Wolbachia, maladies a transmission vectorielle,
dynamique de coagulation, équations aux dérivées partielles intégro-différentielles, voies de
signalisation activées par des récepteurs, compartimentalisation.



Remerciements

Avant toute chose, je rends grace a Dieu, Le Tres-Haut, pour m’avoir accordé la patience,
la force et la persévérance nécessaires pour mener a bien ce travail. Rien n’aurait été possible
sans sa volonté.

Quelles que soient les formules que je pourrais écrire ici, elles ne sauraient jamais exprimer
toute ma reconnaissance envers ceux qui ont rendu cette these possible. J’ai eu la chance
d’étre entourée des bonnes personnes au bon moment, et je mesure pleinement I'importance
de leur présence a chaque étape de ce parcours.

Ce travail n’aurait pu étre mené a bien sans le financement apporté par I’Ecole Universi-
taire de Recherche (EUR). Je remercie les responsables, notamment pour la confiance qu’ils
m’ont accordée et pour les moyens mis a disposition tout au long de ces années de these.

Je tiens a exprimer ma sincere gratitude a mes directeurs de these, Monsieur Nicolas
Vauchelet et Monsieur Hatem Zaag, pour la confiance qu’ils m’ont accordée en me proposant
de travailler sur ce projet de these a la fois pluridisciplinaire et novateur. Leur encadrement
bienveillant, leur disponibilité, ainsi que la richesse de nos échanges scientifiques ont été
essentiels tout au long de ce parcours. Je les remercie chaleureusement pour leur soutien
constant qu’il soit intellectuel, moral ou administratif, pour leur patience dans les moments
difficiles, et pour le temps qu’ils m’ont consacré sans compter. J’ai beaucoup appris a leurs
cOtés, et je tiens a souligner plus particulierement 'effort fourni pour m’aider a comprendre
les enjeux biologiques de ma these. Je leur adresse tous mes remerciements.

Je tiens tout particulierement a remercier Monsieur Nicolas Vauchelet pour son aide précieuse
dans le développement et la compréhension des aspects numériques, ainsi que pour le temps
qu’il a pris pour m’expliquer avec clarté des points qui m’échappaient parfois.

Je voudrais tout particulierement remercier les rapporteurs de ma these, Monsieur Thomas
Lepoutre, Chargé de recherches HDR a Inria, Centre de Lyon, au sein de 1’équipe-projet
DRACULA, rattachée a I'Institut Camille Jordan (Université Claude Bernard Lyon 1),
et Monsieur Quentin Griette, Professeur au Laboratoire de Mathématiques Appliquées du
Havre, Université Le Havre Normandie, pour 'intérét qu’ils ont porté a mon travail. Leurs
remarques enrichissantes, leurs appréciations et leurs validations ont été pour moi une mar-
que d’encouragement précieuse. Leurs rapports ont été, chacun a leur maniere, une source de
grande motivation, tant sur le plan personnel que scientifique. Je les en remercie sincerement.

Je souhaite vivement remercier Monsieur Eric Ogier-Denis, Directeur de recherche & 'In-
stitut national de la santé et de la recherche médicale (INSERM), Madame Takiko Sasaki,
Professeure a 1'Université Musashino au Japon, Madame Nejla Nouaili, maitre de conférences
HDR a I"Université Paris Dauphine ainsi que Monsieur Philippe Souplet, Professeur a 1’Uni-
versité Sorbonne Paris Nord, pour avoir accepté de faire partie de mon jury de these.

Je tiens a remercier chaleureusement le personnel administratif du LAGA, notamment
Laila, Yolande et Monia, pour les facilités apportées lors de la préparation de mes missions.



Je tiens a exprimer toute ma gratitude a Monsieur Thomas Duyckaerts pour son sou-
tien constant durant mon master, en particulier pour son aide dans le choix du sujet et sa
disponibilité a répondre a mes questions.

Je tiens a remercier chaleureusement Madame Hella Ounaies Khalgui pour son soutien
inestimable depuis mes débuts en Tunisie jusqu’a aujourd’hui. Ses encouragements et son
aide précieuse ont été essentiels tout au long de mon parcours. Je lui suis profondément
reconnaissante pour toute la confiance qu’elle m’a témoignée.

L’amitié est 'une des plus belles histoires que I'on puisse vivre dans une vie. Je tiens a
exprimer ma gratitude envers celles qui ont contribué a rendre ces années plus légeres et plus
humaines:

Je souhaite tout particulierement remercier chaleureusement Laila Baroukh, avec qui jai
partagée quatre années dans le méme bureau. Son amitié et son soutien ont été des facteurs
importants pour détendre I’atmosphere de travail et déstresser ensemble au quotidien. Nous
avons souvent fait face a des situations stressantes, mais grace a notre complicité, nous avons
toujours su trouver des moments pour rire et oublier la fatigue. Elle a toujours été présente
pour m’aider a résoudre mes questions de derniere minute. Je lui suis reconnaissante pour
sa gentillesse et sa présence tout au long de ces années.

Je tiens également a remercier Safa El-Ali, avec qui j’ai partagée le bureau pendant une
année. Méme apres son départ de l'université, nous sommes restées amies, et elle a toujours
continué a m’apporter son aide avec beaucoup de gentillesse. Elle a répondu a de nombreuses
de mes questions, toujours avec patience et disponibilité. Je garde un tres bon souvenir de
notre complicité et de sa bienveillance tout au long de ces années.

Je tiens a remercier Sami pour 'amitié que nous avons partagée au cours de ma these
et pour avoir pris le temps de répondre a mes questions, ce qui a rendu cette période plus
légere et plus humaine.

Je tiens également a remercier tous mes amis rencontrés au fil de ces années (Nesrine,
Samar, Laila, Cyrine, Ikram). Chacun, a sa maniére, a contribué a rendre ce parcours plus
léger et plus humain.

Je tiens a remercier sincerement ma famille pour sa présence, son soutien et ses encourage-
ments tout au long de ce parcours. Votre soutien, aussi bien dans les périodes d’incertitude
que dans les moments de joie, m’a été d'une grande aide. Merci d’avoir toujours été la,
chacun & votre maniere, pour m’aider a avancer vers cette étape.



CONTENTS

1 General Introduction 11

1.1 Basic Mathematical Concepts . . . . . . . . . . .. ... ... ... .. ... 11

1.1.1 Fundamental Concepts of Reaction-Diffusion Equations . . . . . . . . 11

1.1.2  Existence of Solutions to the Reaction-Diffusion Equation . . . . .. 12

1.1.3 Modeling with Reaction-Diffusion Equations . . . . . . . . . ... .. 15

1.2 A model of inflammation due to Ulcerative Colitis . . . . . . ... ... ... 16

1.2.1 Inflammatory bowel diseases . . . . . . . . .. ... ... 16

1.2.2 Stateof theart . . . . . . . . . . ... ... ... 18

1.2.3  Presentation of the main results . . . . . . ... ... ... ... ... 19

1.2.4  Perspectives and work in progress . . . . . . . ... ... 20

1.3 Mathematical Models and Vector Control Strategies . . . . . . . . . . . ... 20

1.3.1  What is Dengue Virus? . . . ... .. ... ... ... .. 20

1.3.2  Vector control methods . . . . . . ... ... ... ... ..., 21

1.3.3 Stateoftheart . . . . . . .. .. ... 24

1.3.4 Presentation of the main results . . . . ... ... ... ... .... 24

1.3.5 Perspectives and work in progress . . . . . . . ... ... 26

1.4 Dissertation outline . . . . . . . . .. ... 27

I Mathematical Analysis of Ulcerative Colitis 28
2 Mathematical study of the spread and Blocking in inflammatory bowel

disease 29

2.1 Introduction . . . . . . . . . .. 29

2.2 Mathematical model . . . . . . . ... ... ... 30

2.3 Mainresults . . . . . . . 33

2.4 Preliminary results . . . . . . .. ... Lo 34

2.4.1  Non-negativity property . . . . . . ... ... L. 34

2.4.2 Equilibria and Their Stability in the Dynamical System . . . . . .. 35

2.5 Estimation of the wave speed for the model . . . . . . ... .. ... .... 38

2.6 Proof of the main results . . . . . . . .. ... ... ... . 39

2.6.1 Proofof Theorem 6. . . . . . . . . . ... . ... ... ........ 39

2.6.1.1  Definition and Notations . . . . . . . ... ... ... ... 41

2.6.1.2  Proof of Theorem 6 . . . . . ... .. ... ... .. .... 41

2.6.2 Proof of Theorem 7. . . . . . . . . . . .. ... ... ... ... 43



2.7

2.8
2.9

2.6.2.1 Comparison principle . . . . . . . . ... .. L. 43

2.6.2.2  Construction of the supersolution . . ... ... ... ... 45
2.6.2.3  Construction of a subsolution . . . . . . ... ... .. ... 46
2.6.2.4  Construction of a stationary solution . . .. .. ... ... 47
2.6.3 Proof of Corollary 9 . . . . . . . .. ... 48
Numerical simulations . . . . . . . . . . ... ... ... ... 48
2.7.1 Parameters estimations . . . . . ... .. ... L. 48
2.7.2 Numerical results . . . . . . . . ... o 49
Biological interpretation . . . . . . . .. ... 52
Conclusion . . . . . . . . . 53

II Analysis of Reduced Models and Wave Blocking in Popula-
tion Dynamics 54

3 Reduction of a 2x2 reaction-diffusion system to a single closed equation 55

3.1 Introduction . . . . . . ... 55
3.2 Modelling . . . . . .. 56
3.2.1  Model with two compartments . . . . . . ... ... ... ... ... 56

3.2.2  Reduction for large fecundity . . . . .. ... ... o7

3.3 Mainresult . . . . ... 59
3.4 Proof of convergence . . . .. .. ..o 59
3.4.1  Uniform a priori estimates . . . . . .. .. ... ... ... ... 59

3.4.2 Compactness result and proof of Theorem 8 . . . . . .. .. ... .. 63

3.5 Conclusion . . . . . . . . . 66

4 Blocking of Bistable Front Propagation: Application to Wolbachia Popu-

lation Replacement 67
4.1 Introduction . . . . . . ..o 67
4.2 Results on the blocking . . . . . . . .. .. oo 68
4.3 Preliminary result . . . . . . . ... oo 70
4.4 Proofs of Main Results . . . . . . . .. .. .. ... 72
4.4.1 No blocking for small variations . . . . . ... .. .. ... ... ... 72

4.4.2 Proof of Theorem 9. . . . . . . . .. .. ... 73

4.5 Numerical simulations . . . . . . . .. . ... ... 83
4.6 Conclusion. . . . . . . .. 84
IIT Intracellular Signaling and Compartmentalization 85

5 Modeling Compartmentalization within Intracellular Signaling Pathway 86

5.1
5.2
9.3
5.4

9.5

Introduction . . . . . . . ... 86
Modelling compartmentalised signalling pathways . . . . . .. ... ... .. 88
Long time behavior of the 1D model (M1) . . . . .. ... .. ... ... .. 90
Numerical scheme for 1D and 2D models . . . . . . . ... .. ... ... .. 93
5.4.1 Finite volume scheme . . . . . . . . ... ... ... ... ... 93
5.4.2 Numerical tests . . . . . . . . ... 97
Applications . . . . . . . .. 102
5.5.1 Receptor trafficking . . . . ... ... 102
5.5.2  Second effector signaling . . . . . ... ... 0oL 105



1.1
1.2
1.3

1.4

1.5

1.6
1.7

2.1
2.2
2.3
24
2.5

2.6
2.7
2.8

2.9

2.10
2.11
2.12
2.13

4.1
4.2
4.3
4.4

Profile of a Traveling Wave. . . . . . . . .. ... ... ... ... . ...
Monostable and Bistable Nonlinearities. . . . . . . .. ... ... ... ...
Visual Comparison of Affected Regions in Ulcerative Colitis and Crohn’s Dis-
ease. (Source: drugwatch.com) . . . . .. .. ... L.
A global map highlighting regional growth rates of UC. Countries in dark red
show the highest incidence of UC, while those in gray indicate areas with no
available data. (Source: [3]) . . . . . . . ...
Geographical distribution of dengue endemic areas. (European Center for
Disease prevention and Control). . . . ... ... .. ... ...
Overview of Wolbachia transmission in mosquito populations. . . . . . . ..
Visualization of the Progressive Replacement of Non-Infected Mosquitoes by
Wolbachia-Infected Mosquitoes Over Time. . . . . . . . . .. ... ... ...

Casery, —d>0.. . . . .
Casery, —d <0.. . . . .
Bifurcation diagram of u as a function of d. . . . . . . . . ... ... ..
Bifurcation diagram of v as a functionofd. . . . . . .. ... ... ... ..
Dependence of the wave speed on the parameter d € (0.021,0.03712). Wave
speed in numerical simulations and analytical formula (curves coincide) for
the values of parameters : r, = 0.02, r. = 0.3129, = 0.06258, D = 0.2,
v =0.0856. . . . ..

Bacterial propagation at constant speed in a homogeneous medium over time.

Spatiotemporal Dynamics of Bacterial Propagation. . . . . . . . .. ... ..
ropagation of immune cell at constant speed in a homogeneous medium over

Spatiotemporal Dynamics of Immune Cell Propagation. . . . . . . . . .. ..
Initial spread followed by blockage over time: bacterial dynamics. . . . . . .
Spatiotemporal Dynamics of Bacterial Spread and Blockage. . . . . . . . ..
Initial Spread Followed by Blockage Over Time: Immune Cell Dynamics. . .
Spatiotemporal Dynamics of Immune Cell Spread and Blockage. . . . . . . .

Propagation of Infected Mosquitoes at Constant Speed Over Time. . . . . .
Propagation of Non-Infected Mosquitoes at Constant Speed Over Time. . . .
Blocking of Infected Mosquito Propagation. . . . . . . . . ... .. ... ..
Blocking of Non-Infected Mosquito Propagation. . . . . . . .. ... ... ..

LIST OF FIGURES

15
16

17

17

21
23

23

33
33
38
38

39
20
20


https://www.istockphoto.com/de/grafiken/morbus-crohn

5.1

5.2

5.3

5.4

9.5

0.6

5.7

0.8

5.9

Time evolution of the moments of order 0 and 1 (see inserted legend) computed
from our pure coagulation numerical scheme (5.24), with the constant kernel and
the model parameters (5.29) for the left picture and with the constant kernel and
the model parameters (5.30) for the right one. The results are obtained with the
numerical parameters (5.28). In both cases, the moment of order 0 is a nonincreasing
function and the moments of order 1 are constant. With the choice of our initial
condition, both moments of order 1 in r and a superimposed. . . . . . . . . . ..
Relative error of the moments of order 0 (left panel) and 1 (right panel) between
moments computed from our pure coagulation numerical scheme (5.24) and from the
analytical solution of the ODE system Eq. (5.26), in the case of a constant kernel
(5.29) with the same parameters as in the left panel of Figure 5.1. . . . . . . ..
Relative error of the moments of order 0 (left panel) and 1 (right panel) between
moments computed from our pure coagulation numerical scheme (5.24) and from
the analytical solution of the ODE system Eq. (5.26), in the case of an affine kernel
(5.30) with the same parameters as in the right panel of Figure 5.1. . . . . . . .
Hllustration of the convergence of the numerical scheme (5.24) in the case
of the pure coagulation (case 1, numerical and model parameters given by
Eqgs. (5.33)-(5.34)) . We plot the error as a function of the grid size h, in
log-log scale, using the siz different norms ||E(hy,,t")||,, defined in Eq. (5.31)
for 0 < k+1<2 (see inserted legend). . . . . . ... L
Tllustration of the convergence of the numerical scheme (5.20) in case 2 (nu-
merical and model parameters given by Eqgs. (5.33)-(5.35)). See legend of
Figure 5.4. . . . .« o
Size-distribution of the population density g of endosomal compartement for
model (M1) at different times (see inserted legend) and parameters given by
Eqgs. (5.36)-(5.37). On the left hand-side the condition Eq. (5.6) is satisfied
(v (r) = \/3.1) whereas on the right hand-side the condition Eq. (5.6) is not
satisfied (v (r) = 0.7). In both cases, the curves for t = 10 and t = 50 are
superimposed. . . ... ..
Time evolution of the endosomal size (left panel) and internalization ratio (right
panel). We numerically simulate the 2D model given by Egs. (M2a)-(M2b) with
parameters given by. (5.38)-(5.39)-(5.40) (LHR and B2AR affect only the inter-
nalization rate). On the left panel, the dashed blue (resp. dotted purple) line
represents the mean endosomal size for B2AR (resp. LHR), that corresponds to
[flli0 @)/ 1fllo0 (t), and the shaded light area represents its standard deviation. On

the right panel, the dashed blue (resp. dotted purple) line represents the internal-

ization ratio for B2AR (resp. LHR), that corresponds to % ..........

Time evolution of the endosomal size (left panel) and internalization ratio (right
panel). We numerically simulate the 2D model given by Egs. (M2a)-(M2b) with
parameters given by. (5.38)-(5.39)-(5.41) (LHR and B2AR affect the internalization
and the coagulation rate). See legend of Figure 5.7 for details. . . . . . . . . ..
Time evolution of the cAMP production for the LA-PTH ligand (left panel) and
the PTH-7D ligand (right panel). We numerically simulate the 2D model given
by Eqs. (M2a)-(M2b) with parameters given by. (5.42)-(5.43)-(5.44) (cAMP kinetic
parameters differ between PTH 7D and LA-PTH only by the production rate). In
both panels, the dotted blue line shows the endosomal quantity of cAMP, given by
[ fllo.1 (£), the dashed blue line shows the cAMP quantity at the plasma membrane,
given by M(t), and the dashed-dotted purple line shows the total cAMP quantity

O Fllon (B)F M) oo

99

99

100

101

102

103

105

105



5.10 Time evolution of the cAMP production for the LA-PTH ligand (left panel) and
the PTH-7D ligand (right panel). We numerically simulate the 2D model given
by Eqs. (M2a)-(M2b) with parameters given by. (5.42)-(5.43)-(5.45) (cAMP kinetic
parameters differ between PTH 7D and LA-PTH both by the production rate and
capacity of production.). See legend of Figure 5.9 for details. . . . . . . . . . ..



LIST OF TABLES

2.1 Specified parameter values for the model. . . . . . . . .. ... ... ... .. 50

4.1 Specified parameter values for the model. The values used in the simulations
are inspired by those presented in [24]. . . . . . ... .. oL 83

10



CHAPTER 1

GENERAL INTRODUCTION

“Research is to see what everybody else has seen,
and to think what nobody else has thought.”

Albert Szent-Gydrgyi

This work was motivated by two concrete problems that arise from biology. The first con-
cern the study of blocking the propagation of inflammation in chronic inflammatory diseases
of the digestive tract, such as ulcerative colitis. The second relates to a mosquito population
replacement technique that involves the bacterium Wolbachia. Although these two prob-
lems may seem distinct, they share a common mathematical foundation: reaction-diffusion
equations, population dynamics, and the study of stationary solutions. This mathematical
approach constitutes the main thread of this manuscript.

Before delving into the problems and main results in Sections 2 and 3 of this Introduction,
Section 1 provides an overview of the fundamental mathematical concepts underpinning the
work in this thesis. Finally, Section 4 briefly outlines the general structure of the manuscript.

1.1 Basic Mathematical Concepts

1.1.1 Fundamental Concepts of Reaction-Diffusion Equations

Reaction-diffusion equations play a key role in modeling biological, chemical, and physical
phenomena involving spatial and temporal dynamics. These equations are used to describe
a variety of processes, such as spreading diseases, interaction between populations or sub-
stances, and chemical reactions in heterogeneous environments. They combine two funda-
mental mechanisms: diffusion and reaction. Diffusion describes the dispersion of a substance
or population under the effect of concentration gradients, in accordance with Fick’s law. In
contrast, the reaction term models local interactions, such as growth, mortality, or competi-
tion between species. A classic form of the diffusion equation is a parabolic equation, which
can be expressed in the following general form, derived from the conservation of mass and
Fick’s law:

Owu(t,x) = DAu(t,z); t>0, z€QCR" ut,z)eR.

Where u(t, ) represents the density of the population as a function of time ¢ and space
x, and D is the diffusion rate. This diffusion model is fundamental in many contexts, but
it does not necessarily capture the interaction between the population or substance and the
factors that locally modify their density. To account for these reaction effects, it is necessary
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to complement the equation with a reaction term that depends on the density u(t,x). As
demonstrated by Kolmogorov, Petrovskii, and Piskunov in [53], assuming that diffusion is
accompanied by a variation of the amount of substance, which is a function of the density,
one obtains a semilinear parabolic equation, also known as a reaction-diffusion equation:

Ow(t,z) = DAu(t,z) + f(u(t,z)); t>0, ze€QCR" u(tx)eR. (1.1)

Where f(u(t,z)) is the reaction term that captures biological, chemical, or ecological
dynamics, such as individual growth or mortality, or species interactions. This model, often
used in various fields, requires initial conditions to define the state at time zero u(0,z) =
uo(x), as well as boundary conditions to describe the behavior at the boundaries of the
domain when it is bounded.

We have thus introduced the fundamental concepts of reaction-diffusion equations. We
now proceed to study the existence of solutions to these equations, which is the focus of the
next subsection.

1.1.2 Existence of Solutions to the Reaction-Diffusion Equation

To establish the existence of solutions to the reaction-diffusion equation, various theo-
retical approaches can be employed, depending on the properties of the reaction term f(u).
When this term is Lipschitz continuous, the existence and uniqueness of local weak solutions
can be guaranteed using Banach’s fixed-point theorem. Once these local solutions are estab-
lished, they can be extended over time to define a maximal solution, which may or may not
be global depending on the system’s properties.

At the same time, specific techniques, such as subsolution and supersolution methods,
prove particularly effective in demonstrating the existence of solutions while analyzing their
asymptotic behavior. In addition, the shooting method, which transforms a boundary value
problem into an initial value problem, is a valuable tool. These two techniques will be
employed in this manuscript to emphasize the existence of stationary solutions to the reaction-
diffusion equation. However, before presenting these methods, it is essential to introduce
stationary solutions, as their existence will be examined in all subsequent chapters.

Definition 1 (Stationary Solution).

A stationary solution of a reaction-diffusion equation is a time-independent solution,
where the temporal variation of the modeled quantity vanishes. These solutions satisfy the
equation obtained by setting:

ou

— =0,

ot
which leads to an algebraic equation in space. Mathematically, a stationary solution u(x) for
the reaction-diffusion equation is obtained by solving:

DAu+ f(u) =0,
where f(u) represents the local reaction function.

Stationary solutions, particularly in the context of biological models, are essential to
understand the behaviour of reaction-diffusion systems. As illustrated by Nadin et al., a
stationary solution can also act as a natural boundary, defining a threshold beyond which
the solutions of the equation cannot evolve. Thus, the existence of a stationary solution
imposes strong constraints on the dynamics of equation solutions (1.1). For more details, see
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[68]. This property shows that stationary solutions influence the behaviour of the solution
to the reaction-diffusion equation.

After we present stationary solutions and their fundamental role in the analysis of reaction-
diffusion systems, we now turn to the methods used to study their existence. In particular,
we introduce the sub- and super-solution method as well as the shooting method, which will
be applied to the two models studied in this manuscript. These techniques will play a key
role in demonstrating the existence of stationary solutions.

Monotone Methods for monotone Reaction-Diffusion Systems:

The monotone method, also known as the method of super-solutions and sub-solutions,
is a powerful tool for establishing existence results for differential equations. Moreover, this
method can also be applied to coupled systems of parabolic and elliptic equations. The basic
idea of this method is to use a supersolution or a subsolution as an initial iteration in an
appropriate iterative process, such that the resulting sequence of iterations is monotone and
converges to a solution of the problem. The underlying monotone iterative scheme can also
be used for the computation of numerical solutions when these equations are replaced by
suitable finite difference equations.

Since we will apply this method to a coupled system of parabolic equations in Chapter 2 of
this manuscript, this section presents the results of its application to such systems. However,
for coupled systems of equations, the definition of super-solutions and sub-solutions, as well
as the construction of monotone sequences, depends on the quasi-monotone property of the
reaction functions in the system. To illustrate the basic idea of this method, we consider a
coupled system of two parabolic equations of the form:

Owu — DAu = Fi(u,v), (z,t) € RxRy, (1.2)
0w — DAv = Fy(u,v), (x,t) € R xRy. '

Let D; C R, i =1,2. We have:

Definition 2. (Quasi-monotonic reaction function)

A function F; = F;(u1,us) is said to be quasi-monotonic increasing (resp decreasing) in
Dy x Dy, if for all u; € D; fived, F; is increasing (resp decreasing) with respect to u; € D;
fori#j.

Definition 3.

A wector function F = (Fy, Fy) is said to be quasimonotone nondecreasing (or quasi-
monotone nonincreasing) in Dy X Day, if both Fy and Fy are quasimonotone nondecreasing
(or quasimonotone nonincreasing) in Dy X Ds.

If F is quasimonotone nonincreasing and Fy is quasimonotone nondecreasing in Dy X Dy
(or vice versa), then F is said to be mized quasimonotone.

The function F' is said to be quasimonotone in Dy x Dy if it has any one of the above
quasimonotone properties.

Definition 4 ( super-solutions and sub-solutions).
A pair of functions (u,v) and (u,v) in C*(R x R,) x C*(R x Ry) are called ordered
supersolution and subsolution of problem (1.2), if they satisfy

(u(z,t),v(x,t)) > (u(z,t),v(x,t)), zeR, teRy

and if
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{%?—DAu—Fl(u,v) >0> % — DAu— Fi(u,v), (1.3)

% — DAY — Fy(u,v) >0 > % — DAv — Fy(u,v).

When (Fy, F») is quasi-monotone non-decreasing;

%% — DA~ Fy(@,v) > 0> % — DAu — Fy(u, ),
% — DAG — Fy(u,v) > 0> % — DAv — Fy(a,v).

{Bﬁ — DAt — Fy(@,0) > 0> % — DAu — F(u, ),

When (Fy, F») is mized quasi-monotone.

We now state the following theorem concerning the existence of solutions using the method
of super-solutions and sub-solutions for coupled systems in the case of quasi-monotone in-
creasing functions, as this case is needed in Chapter 2 of this manuscript. The complete
proof of this theorem, along with the details of this method, are provided in [98].

Theorem 1.

Let W = (u,v), W = (u,v) be ordered super-solution and sub-solution of problem (1.2),
and (Fy, Fy) be quasimonotone nondecreasing in D1 x Dy and C" function in [W,W]. Then,
the problem (1.2) has a unique solution (u,v) is bounded between the sub and super-solutions.

The method of super-solutions and sub-solutions is particularly effective for monotone
parabolic equations, as it provides a constructive approach to framing the solutions. It
serves as a powerful alternative, especially when obtaining explicit solutions for the studied
systems is difficult or even impossible. After presenting the first method, the supersolution

and subsolution method, which is used in Chapter 2, we now proceed to the second method,
the Shooting Method, which will be applied in Chapter 4.

The Shooting Method

The shooting method is a widely used technique for solving boundary value problems.
While the previous method focuses on finding solutions through appropriate estimates of
sub-solutions and super-solutions, the shooting method addresses boundary conditions by
converting them into an initial value problem.

Thus, to solve a boundary value problem, we begin by choosing arbitrary initial conditions
and then solve the differential equation using these initial conditions. Once a solution is
obtained, we compare the result with the boundary condition and adjust the initial conditions
(often in the form of a parameter, called the shooting parameter) until the solution satisfies
the boundary conditions. This process is usually carried out through successive iterations.

This method can be effective in applications in the physical sciences and reaction-diffusion
models, where the solution of equations with boundary conditions is sought, but where a
direct approach is difficult to apply. Among the works that have used this method, there is
that of Nadin et al., who applied it in their analysis. For more details, see [68].

Before concluding this section, it is important to highlight the role of reaction-diffusion
equations in the modeling of various phenomena. These equations serve as a powerful math-
ematical tool for describing and analyzing spatiotemporal dynamics.
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1.1.3 Modeling with Reaction-Diffusion Equations

Reaction-diffusion equations are essential tools across various disciplines, enabling the
modeling of biological, physical, and social phenomena, including population dynamics. In
biology, these equations are particularly useful for describing propagation phenomena, often
in the form of traveling waves, which represent solutions that move at a constant speed while
maintaining their shape. Mathematically, a traveling wave can be described as

u(t,z) = w(x — ct),

where c is the propagation speed, and w is the wave profile, which is a monotonically de-
creasing function from R to R. This concept is illustrated in Figure 1.1.

Figure 1.1: Profile of a Traveling Wave.

These phenomena were first studied in the biological context by Kolmogorov and Fisher,
who introduced the Fisher-KPP equation to model the spread of a beneficial gene. This
equation includes a reaction term describing logistic growth:

f(u) = ru(l - U),

where u represents the population density and r is a constant parameter. The Fisher-KPP
model has two constant equilibria: u = 0 (unstable) and w = 1 (stable). The equation is
classified as monostable, as any positive initial condition evolves toward the stable equilibrium
u=1.

Fisher, Aronson-Weinberger, and Fife-McLeod further demonstrated that these reaction-
diffusion equations admit unique traveling waves with a minimum propagation speed given

by:
& =2VrD,

where D is the diffusion constant, and r is the population growth rate. In addition to this

simple dynamic, more complex models include bistable nonlinearities, described by functions
f(u) that have a threshold 6 € (0,1), with:

f(0)=f0O)=f(1)=0, f(u)y<0 for uwe(0,0), and f(u) >0 for ue (0,1).
A classic example of bistability is given by:
f(u) =ru(l —u)(u—0).

In this context, v = 0 and u = 1 are stable equilibria, while u = 6 is unstable. It is generally
assumed that the equilibrium v = 1 is energetically more favorable than w = 0, which is
verified if:

/Olf(s)ds>0.
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This configuration is commonly used to model processes like invasion (u(t,z) — 1 as
t — 00) or extinction (u(t,z) — 0 as t — 00). Additionally, terms like (u — 6) can represent
biological effects such as the Allee effect, where low population densities reduce survival
chances. A well-known example of an Allee nonlinearity is the Allen-Cahn nonlinearity,
obtained when 6 = % Figure 1.2 highlights the differences between monostable and bistable.

Monostable Nonlinearity Bistable Nonlinearity

f(v)
f(v)

v v

Figure 1.2: Monostable and Bistable Nonlinearities.

In the context of reaction-diffusion equations, it is crucial to ensure that solutions remain
within biologically or physically realistic bounds. These bounds are especially important
when wu represents a density or concentration naturally constrained between 0 and 1. By a
classical comparison principle, if the initial data u(0,z) satisfies 0 < w(0,2) < 1, then the
solution u(t, x) exists for all time ¢ > 0 and satisfies 0 < u(t, ) < 1. This property is essential
in mathematical analysis as it restricts the study to biologically admissible solutions.

1.2 A model of inflammation due to Ulcerative Colitis

1.2.1 Inflammatory bowel diseases

Inflammatory Bowel Diseases (IBD) primarily encompass two conditions: ulcerative coli-
tis (UC) and Crohn’s disease (CD). While both share common symptoms, such as abdominal
pain, diarrhea, and fatigue, they differ significantly in their location within the gastrointesti-
nal tract. UC, first described in 1875, affects only the colon and rectum, causing inflammation
and continuous lesions in the inner mucosal layer. In contrast, CD, identified later in 1932,
can affect any part of the digestive tract, from the mouth to the anus, with noncontiguous
transmural lesions separated by healthy regions. These distinctions are illustrated in the
figure 1.3.
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Crohn's disease Ulcerative colitis

Figure 1.3: Visual Comparison of Affected Regions in Ulcerative Colitis and Crohn’s Disease.
(Source: drugwatch.com)

Although the exact causes of IBD are unknown, it is widely accepted that these conditions
arise from an abnormal immune response against internal factors, such as bacteria. This im-
mune dysfunction, often linked to genetic predispositions, leads to chronic inflammation. UC
and CD usually present with digestive symptoms, but can also cause systemic manifestations
such as joint pain, skin lesions, and eye involvement.

Treatment aims to manage symptoms and reduce inflammation using medications such
as anti-inflammatory drugs, immunosuppressants, biological treatments, and, in severe cases,
surgical interventions. These diseases are often chronic and incurable and require continuous
monitoring and management of symptoms. Despite advances in treatment aimed at man-
aging symptoms and reducing inflammation, the global prevalence of inflammatory bowel
diseases, such as ulcerative colitis (UC) and Crohn’s disease, has increased in recent decades.
Industrialized regions such as North America, Western Europe, South Asia, and Australia
exhibit the highest growth rates. Since Chapter 2 of this manuscript focuses on UC, we will
examine the prevalence of this disease. According to GlobalData, the number of diagnosed
UC cases in eight countries (US, France, Germany, Italy, Spain, UK, Japan, Canada) is ex-
pected to increase from 1.7 million in 2019 to 2 million in 2029, with an annual growth rate
of 1.36%. See Figure 1.4 for a global map highlighting regional growth rates of UC.

UC Incidence 1990 - 2016

IC
[ unknown
N 0.00-1.85

[ 1.86-3.09

[J3.10-4.97

= 498-72.71

771

Western Europe ﬁ
.’; LSl

Figure 1.4: A global map highlighting regional growth rates of UC. Countries in dark red
show the highest incidence of UC, while those in gray indicate areas with no available data.

(Source: [3])

17


https://www.istockphoto.com/de/grafiken/morbus-crohn

In the context of chronic inflammatory bowel diseases (IBD), the analysis of the mech-
anisms underlying the onset and progression of these pathologies is of crucial importance.
Mathematical modeling is thus an essential tool to explore these complex phenomena. By
combining biology, medicine and mathematics, these models quantitatively describe the in-
teractions between intestinal bacteria, immune cells and other biological factors at the origin
of chronic inflammation.

Around the world, multidisciplinary research efforts aim to improve treatments and de-
velop early diagnostic tools for IBD. The INFLAMEX excellence cluster in France (ANR-
10-LABX-17) brings together top-level researchers conducting interdisciplinary studies. As
part of a collaboration between INFLAMEX and Sorbonne Paris North University, the idea
of designing and studying a model to explore differences in inflammatory patterns between
Crohn’s disease and ulcerative colitis emerged.

In chapter 2 of this manuscript, we introduce a reaction-diffusion model inspired by the
work of Nadin et al. ([67]). This mathematical model captures the interactions between a
pathogen, denoted by u, and immune cells, denoted by v. To simplify, the spatial domain is
represented as a one-dimensional interval simulating a segment of the digestive tract. The
model is formulated as follows:

{ Ou — DAu =ry(1 — 31 )u — 2% + (1 = §5)v — du, (1.4)

Spt+uU
oww — DAv = fu — r.v.

The primary goal is to describe the propagation in a homogeneous medium in the context of
ulcerative colitis (UC). We then study the conditions under which this propagation can be
halted in a heterogeneous medium. All the results presented in the aforementioned chapter
were obtained through collaboration with N. Vauchelet, H. Zaag and E. Ogier-Denis.

1.2.2 State of the art

In the scientific literature, there are few mathematical models specifically targeting IBD
dynamics. For instance, a model presented in [95] constructs a system of 29 ordinary differ-
ential equations to represent the interactions between various immune cells and bacteria in
the colon. While parameters were chosen to fit existing datasets, it remains difficult to infer
qualitative properties due to the system’s complexity.

The research on inflammatory bowel disease (IBD) has also been enriched by the data anal-
yses of Morilla et al. ([18]) as well as the innovative image processing research presented in
Al-Ali’s PhD thesis([3], [4], [5]), which provide essential foundations for understanding IBD.
Other researchers, such as Lo and Arsenescu et al. ([63]), have also contributed to this field.

Certain studies have focused on the impact of spatial heterogeneity in modeling inflam-
mation. For instance, El Khatib et al. ([28]) and El Khatib, Génieys et al. ([29]) investigated
the process of atherogenesis, while Lauffenburger and Kennedy ([59]) and Penner et al. ([70])
examined tissue inflammation. Meanwhile, Chalmers et al. ([19]) studied acute inflammatory
responses. These models are notable for their ability to replicate complex dynamics, consid-
ering variables such as immune cell density, pro-inflammatory cytokines, anti-inflammatory
mediators, and the presence of bacteria.

However, to the best of my knowledge, no studies have specifically addressed the propa-
gation of this disease or the mechanisms leading to its blockage. These questions constitute
the primary focus of Chapter 2 of this manuscript.
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1.2.3 Presentation of the main results

In this subsection, we present the main theoretical results of the model (1.4), developed
and proved in Chapter 2. These results highlight the ability of the model to represent both
the spread and the blocking of the disease. We start with the first result, which deals with
the spread of the disease in a homogeneous medium.

Theorem 2.
We assume that r, < d < ry + Z—B, with v > a and s, > max (bi,%). Under these

assumptions, there is a spreading speed c* > 0 with the properties that for every positive e,
the following holds:
lim [ max | (u(z,t),v(z,t)]] =0,

t=5-+00 2] >t(c )

and for any strictly positive constant vector w, there exists a positive R, such that if
(uo (z),v0 (x)) > w on an interval of length 2R,,, the following holds:

lim [ max | (uf,vf) = (u(z,t),0(2,1)]] =0.

t=Fo0 jz|<t(c*—e)

The pair (u2+ LUy ) s a positive equilibrium of the ODE system associated

with (1.4).

The goal of the following theorem is to prove the existence of a stationary solution for
the system described by (1.4), by identifying the conditions under which such a solution can
exist.

Theorem 3.

Let d(z) = dil,<o+doll,~, dp € Ry, k= 1,2. If the following conditions hold true: r. >
B, sp > max(b;, %), yY>a,m <dp < rb—l—% and ry+vy < do < min(ry+y+r.— B, sp(ryre+057)).
Then, there is a solution (U, V) of the following system.:

—D0Opzu = ryu(l — ) +v(1 = v — 5% — d(z)u,
—D0yv = Pu —rev,

(1, 0)(—00) = (uf, v, (,0)(+00) = (0,0),
u>0, v>0.

(1.5)

The aim of the following proposition is to prove the comparison principle according to
which, under certain conditions, the solution of a system evolving in time always remains
framed between a sub-solution and a super-solution.

Proposition 5. (Comparison principle)

Assume v > a and s, > b;. Let (u,v) be a solution of (1.4) in R, supersolution (u,v)
of (1.4) in R and subsolution (u,v) of (1.4) in R, such that (0,0) < (u,v) < (%,gf:),
(0,0) < (u,v) < (%, 2% and (0,0) < (u,v) < (%,5%). Then

27 2r, 27 2r,

(u(t=0,z),v(t =0,2)) < (u(t=0,z),v(t=0,2)) < (a(t =0,z),v(t =0,x)),
implies that

(u(t,x),v(t,z)) < (u(t,z),v(t,x)) < (u(t,x),o(t,z)), Vt>0, VreR.



The following corollary shows that if the model (1.4) admits a stationary solution and
satisfies the comparison principle, it leads to the blockage of the propagation.

Corollary 6. (Blocking of the Wave)

Under the assumptions of Theorem 3, any solution to the initial problem (1.4) with an
initial condition (u(0,z),v(0,x)) such that
(0,0) < (u(0,2),v(0,2)) < (U, V) ezhibits limited propagation.

1.2.4 Perspectives and work in progress

A natural continuation of this research would be to study the stability of the stationary
solutions of Model (1.4). Another perspective would be to explore a three-species model: wu,
representing the density of bacteria; v, the pro-inflammatory immune cells fighting bacteria;
and w, the anti-inflammatory immune cells limiting the action of pro-inflammatory immune
cells. This extended model can be formulated as follows:

Oyu — DAu = ryu(l — 3*) — a(z)vu,
o — DAv = B; + au — v — yow,
ow — DAw = v — psw.

In this system, B; represents the birth term of immune cells, while a(x) is a spatially
heterogeneous parameter describing the action of immune cells v on bacteria u. A funda-
mental assumption of this model is the constant presence of immune cells in the environment.
While they naturally degrade, these cells develop in response to the presence of bacteria, as
reflected by the birth term in the second equation.

We will discuss this model with the biologist E. Ogier-Denis for validation. Once vali-
dated, the main objective will be to study the propagation and blocking phenomena in a more
biologically realistic framework. This extended model also enables an analysis of how inter-
actions between pro-inflammatory and anti-inflammatory immune cells influence the overall
dynamics of the system. The theoretical and numerical analysis of this model, particularly
in environments where a(x) is spatially heterogeneous, represents a promising direction for
future research.

1.3 Mathematical Models and Vector Control Strate-
gies

The problem addressed in Part I is inspired by an innovative technique recently imple-
mented in several countries to combat vector-borne diseases transmitted by mosquitoes. In
this subsection, we will begin by presenting these diseases and the technique used to address
them, explaining their principles and impacts, before discussing the existing works related to
this topic. Finally, we will state all the main results of this part, placing them in the context
of current research.

1.3.1 What is Dengue Virus?

Dengue, also known as tropical flu, is a viral disease transmitted by mosquitoes, with
symptoms typically lasting 2 to 7 days. While many dengue infections are asymptomatic or
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present with only mild manifestations such as high fever (40 °C/104 °F), retro-orbital pain,
muscle and joint pain, nausea, and vomiting, there are also more severe forms. These severe
forms can lead to critical complications such as intense abdominal pain and the presence of
blood in vomit or stool. Though rare, these severe cases can result in death.

Dengue is found in tropical and subtropical climates worldwide, mainly in urban and
semi-urban areas. Over recent decades, the number of dengue cases has significantly increased
globally. According to the World Health Organization (WHO), approximately 505, 000 cases
were recorded in 2000, a number that increased to 5.2 million in 2019. Today, dengue is
present in more than 100 countries, primarily in Africa, the Americas, the Eastern Mediter-
ranean, Southeast Asia, and the Western Pacific. The most affected regions are Asia, ac-
counting for 70% of global cases, as well as the Americas and the Western Pacific. Recently,
the disease has reached new areas such as Europe, the Eastern Mediterranean, and South
America. In 2023, the number of cases reached a record high of 4.5 million reported in the
Americas Region, with 2,300 deaths. Significant cases were also reported in Asia: 321,000 in
Bangladesh, 111,400 in Malaysia, 150, 000in Thailand, and 369, 000 in Vietnam. The spread
of dengue is well illustrated on the following map (Figure 1.5), which highlights the endemic
regions for this disease.
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Figure 1.5: Geographical distribution of dengue endemic areas. (European Center for Disease
prevention and Control).

The disease is transmitted through the bites of infected female mosquitoes, particularly of
the Aedes aegypti species. Other species of the Aedes aegypti genus can also act as vectors,
but their contribution is generally secondary compared to that of Aedes aegypti. However, in
2023, a significant increase in the local transmission of the dengue virus by Aedes albopictus
(tiger mosquito) was observed in Europe. Mosquitoes become infected by biting an infected
person. An infected person is contagious only during the viral phase, which lasts about a
week. However, there is an incubation period of several days before mosquitoes can transmit
the virus. Once this period has passed, the mosquito remains infectious for the rest of its
life.

1.3.2 Vector control methods

Since there is no universally approved vaccine or specific treatment for dengue, prevention
and control depend entirely on the implementation of effective vector control strategies. There
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are several ways to manage mosquito-borne diseases, such as:

Insecticide spraying: This method involves spreading chemicals to eliminate mosquitoes
and other insects. However, these products can sometimes be harmful to human health. This
method can be used both indoors and outdoors and requires regular reapplication. It has also
been observed that some mosquitoes can develop resistance to certain insecticides. Although
this is the most widely used method in the world, it remains expensive and is not always
effective as a prevention tool.

Sterile Insect Technique (SIT): This method aims to reduce or eliminate mosquito
populations by preventing them from reproducing. This method involves sterilizing male
mosquitoes using radiation and then releasing them in large numbers into the wild. These
sterile mosquitoes mate with females, but the eggs produced cannot hatch. The effectiveness
of this technique depends on the number of males released and the regularity of the releases. If
these conditions are not met, the mosquito population can increase again. For a mathematical
analysis of this technique.

Genetic modification: is a method that involves introducing lethal genes into the tar-
geted mosquito population, which causes their numbers to gradually decrease. This approach
can be expensive, as it requires repeated applications. It is currently being used in Brazil,
and has shown positive results in decreasing the mosquito population. There is no conclusive
evidence yet on its effectiveness in reducing dengue transmission. In addition, a two-year
trial is underway in some areas of the United States.

All of the techniques discussed above seek to limit the mosquito population to reduce

dengue transmission. However, if interventions stop, the mosquito population can quickly
increase again and return to its initial level. These methods require constant action and
regular supervision by local authorities to ensure their long-term effectiveness.
There is a relatively new approach that tackles the problem of stopping the transmission of
mosquito-borne diseases in a different way. The idea is to prevent the infection by making
mosquitoes incapable of transmitting the pathogen to humans. This strategy is based on the
bacterium Wolbachia.

Wolbachia Method

Wolbachia is a bacterium naturally present in about 60% of insect species, but absent in
Aedes aegypti. Discovered in 1924, it was not until 1997 that researchers began to study its
link with mosquito-borne diseases. At that time, it had been shown that a strain of Wolbachia
could reduce the life expectancy of Aedes aegypti mosquitoes, thus limiting the transmission
of diseases. Subsequent work [63] revealed a crucial fact: Wolbachia competes with viruses
such as dengue, zika, chikungunya and yellow fever, significantly reducing their replication in
carrier mosquitoes. In addition, it has been established that females infected with Wolbachia
transmit the bacteria to their offspring. This hereditary transmission gives this method the
potential for autonomy, although several factors must be taken into account to ensure its
success. Wolbachia transmission occurs only from females to eggs. However, infected females
have slightly reduced fertility compared to uninfected mosquitoes. In addition, a wild female
cannot produce offspring if she mates with a male carrying Wolbachia, a phenomenon known
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as cytoplasmic incompatibility. see Figure 1.6.

» g e =g o ¢
- (s %

Cytoplasmic

incompatibility Risciie Dlsease causing

Cytoplasmlc Zika virus

incompatibility
genes

00800 000000 s

Figure 1.6: Overview of Wolbachia transmission in mosquito populations.

This scientific discovery, combined with the fact that Wolbachia is harmless to humans
and other animals, led to the development of what is now known as the Wolbachia method of
controlling dengue fever. Researchers raise Wolbachia-infected mosquitoes in the laboratory
and then release them into the wild. If this initial population becomes established, it can
transmit the bacteria to future generations. Eventually, it is expected that the wild mosquito
population will gradually be replaced by mosquitoes carrying Wolbachia, thereby limiting the
transmission of dengue and other mosquito-borne diseases. As shown in Figure 1.7.
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Figure 1.7: Visualization of the Progressive Replacement of Non-Infected Mosquitoes by
Wolbachia-Infected Mosquitoes Over Time.

Since the 2000s, the World Mosquito Program (WMP) has coordinated laboratory and
field research related to this method. The first releases of Wolbachia-carrying mosquitoes took
place in the Cairns region of Australia in 2011, during a 10-week experiment with weekly re-
leases. The results were encouraging and demonstrated the effectiveness of this strategy [78].
In recent years, several regions have joined the program, which now collaborates with more
than 10 countries. Clinical trials, risk analyses, economic impact studies and mathematical
modeling remain essential to apply this approach on a global scale and effectively control
dengue and other mosquito-borne diseases.
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1.3.3 State of the art

In this section, we will discuss some relevant studies that have examined the phenomenon
of propagation blocking in biological contexts. The observation of biological invasions and the
mechanisms used to stop them has inspired numerous studies in the literature. For instance,
Nadin et al. ([68]) proposed a simplified mathematical model that supports certain exist-
ing analyses. They highlight that differentiated adaptation alone is insufficient to explain
this blocking phenomenon. However, a pronounced population gradient could play a crucial
role, as suggested by quantitative studies that determine the minimum intensity required
to create such blocking. The blocking of propagation is a well-documented phenomenon in
various biological contexts, particularly for genetic traits or infections within heterogeneous
populations. Previous studies have shown that spatial heterogeneities in population density,
or even the Allee effect, can limit the spread of a trait or infection ([12]). This mechanism,
often referred to as ”pinning” or blocking, is attributed to spatial variations in the envi-
ronment that hinder invasion ([49]). Although long-term field experiments remain scarce,
artificial releases of mosquitoes infected with Wolbachia provide instructive examples. These
releases have shown phenomena such as ”stable fronts” and blocking ([44]; [69]), which align
with theoretical model predictions. These phenomena have been modeled in several studies,
particularly using reaction-diffusion models ([13]; [20]) and models accounting for habitat
heterogeneity ([38]). In Chapter 4 of the second part of this manuscript, we will study the
blocking of propagation in non-homogeneous environments. Specifically, we analyze scenarios
where the environmental carrying capacity varies significantly across different regions of the
spatial domain.

1.3.4 Presentation of the main results

In this subsection, we present the main results that will be established and proven in Part
I1. These results prove the model’s capacity to simulate the blocking of propagation under
particular conditions.

We first introduce a reaction-diffusion model inspired by the work of Vauchelet et al.([68]).
This model describes the dynamics of infected mosquitoes (n;) and uninfected mosquitoes
(ny). It is expressed by the following system of equations:

oni — An; = (1 — sy)Fyn; (1 — 2 — 5d,n;, in (0,T) x RY, (1.6)
Ony — Any = Fyny (1 — s —25—)(1 — 242) — dyn,,, in (0,7) x R% '

ni+ny
The uniform propagation of waves in a homogeneous medium with a constant parameter
K is a well-known phenomenon. However, the objective of Part I is to analyze the reduction
of system (1.6) to a single closed equation and to study wave blocking in a population
replacement technique, particularly in a heterogeneous medium where K varies.
Before stating the main results, it is necessary to establish conditions on K and on the initial
data:

First, we assume that K satisfies the following properties: K belongs to C?*(R%) and
L>®(R%). Moreover, K is bounded below, i.e., there exists a constant ¢’ > 0 such that K > ¢/
for all z € RY. Additionally, VK € L?*(R%) and AK € L'(R?).
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For the initial data, we assume:

ny" s uniformly bounded in L®(RY), ni™ >0,

niMte s uniformly bounded in L*®(R?), ninitc >,

ninit,e 0 nit,0
. o4 mite ; 0. it ; ‘ o g
and p™ € L (RY), prhe = init,el_l_ it > Y = im‘t,Oz_‘_ it weakly in L*(R7).
i U i U
(1.9)
Furthermore, we assume that the initial conditions are well-prepared, which means:
ni" p it = K 4 eK§, with || K§|le < C'. (1.10)

We now state the convergence result, which establishes the limiting behavior of the solu-
tion when ¢ — 0.

Theorem 4.
Let T > 0. Under Assumptions (1.7), (1.8), (1.9), and (1.10) on the initial data, as well

as the assumptions on K stated above, it follows that as € — 0, we have p = # — p°

strongly in L*(0, T, L*(RY)), weakly in L*(0, T, H'(R?)) where p° is the unique solution of

O’ — Ap° =255V’ = f(p°) + §Eg(0°), in (0,T) x R, (1.11)
po(t _ O,x) _ pinit<x>7 in R .
With dy(5snp° 9)
—sp+1-
0y — 0 1— 0 ulOShP 5f )
T =P =P G 5+ (= ) = snp)
and

—p°(1 = p°) (00" — sy)
1—sp)p® + (1= p°) (1 = spp°)

9(p°) = (

This result shows that the system (1.6) can be reduced to a scalar equation (1.11). There-
fore, we will focus on the study of this scalar equation, which is easier than analyzing a system.
When K is homogeneous, equation (1.11) becomes:

Oip — Ap = f(p),

where f(p) is a bistable function. This equation was studied in the work of Barton-Turrelli
[13]. In particular, it is known that propagation occurs if

/Olf(p)dp>0,

and we will assume that this condition is always satisfied in what follows.

We are now interested in studying the blocking of propagation in equation (1.11), in
heterogeneous medium where K varies significantly between different regions of the spatial
domain. We consider equation (1.11) in one dimension, and K increases exponentially in
a specific region of the spatial domain and remains constant elsewhere. More precisely, for
certain constants C' > 0, L > 0, we have:

A, if v <0,
K(xz) =1 Ae®", ifz €0, L], (1.12)
AeCt if x> L.
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Before stating this result, we introduce a fundamental concept for our analysis: propaga-
tion barrier. This concept refers to a boundary beyond which the propagation of Wolbachia
is halted, despite favorable conditions existing in other regions of the spatial domain. From a
mathematical point of view, this barrier corresponds to the stationary solution of the scalar
equation. However, the existence of such a barrier is not systematic. In particular, when
C' is small enough, propagation remains possible, and no blockage occurs. This is precisely
what we establish in the following lemma.

Lemma 7. B
If Kf and K? are sufficiently small, then there exists a sub-solution pa of equation (1.11)
that is not blocked, i.e pa converges to 1 as t — +oo uniformly on every compact.

On the contrary, for large enough C' and L, there exist barriers.

Theorem 5.
Let C >0, L > 0 and assume that the following conditions hold:

1
sp <1, sp<1—sp, and /Of(t)dt>0.

Assume also that K is given by (1.12). e, > 0 such that for all C > ¢, there exists L* such
that for all L > L* we have (C, L) € B(f).

Lastly, we use a comparison principle to demonstrate how a barrier affects the propaga-
tion of p(t). The following proposition formalizes this principle, ensuring that p(¢) remains
bounded below the barrier for all t > 0.

Proposition 8. -
Suppose that there exists a barrier (C,L) denoted by P and that K is given by (1.12).
Then every weak solution of

! "

K
Op — Oup — Qfaxp = f(p) + fg(p),

with initial data such that p™ < P, stops spreading, meaning ¥t > 0, p(t) < P.

1.3.5 Perspectives and work in progress

A natural continuation of this research would be to extend the study to a system in-
volving two coupled populations governed by reaction-diffusion equations. Although such an
extension significantly increases the mathematical complexity, the monotonicity properties
observed in these systems provide a promising perspective for further analysis.

Another potential avenue would be to expand the study to higher spatial dimensions. Un-
til now, our investigations have been limited to one spatial dimension, where the structure and
behavior of solutions can be more intuitively examined. By considering higher-dimensional
contexts, we aim to explore how spatial heterogeneity affects the system’s dynamics, thereby
offering richer insights into the mechanisms of propagation and blocking.
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1.4 Dissertation outline

The remainder of the manuscript is structured as follows:

® Chapter 2 is dedicated to the study of a mathematical model of inflammation in the
context of inflammatory bowel diseases, such as ulcerative colitis (UC). From a mathe-
matical point of view, the propagation of the disease in a homogeneous environment and
its blocking in heterogeneous environments are studied. The paper has been published
in Mathematical Biosciences. [57].

® Part I1 is dedicated to the study of a mathematical model for controlling mosquito-
borne diseases, such as dengue, through the introduction of the Wolbachia bacterium.
It is divided into two chapters: the first focuses on the reduction of a 2 x 2 reaction-
diffusion system to a single closed equation, while the second analyzes the phenomenon
of wave propagation blocking in a population replacement technique. The paper is
being prepared for submission [56].

® Part I presents a mathematical model of G-protein coupled receptor signaling sys-
tems, incorporating compartment dynamics and biochemical reactions. It also intro-
duces a finite volume scheme to simulate the model, with applications on receptor
trafficking and second messenger signaling. This work was carried out during my par-
ticipation in a summer school and has been published in ESAIM. [1].

27



Part 1

Mathematical Analysis of Ulcerative
Colitis

Abstract

The results presented in this chapter came from a multidisciplinary collaboration with
Nicolas Vauchelet, Eric Ogier-Denis, and Hatem Zaag and has been published, [57].

Ulcerative colitis (UC) is a chronic inflammatory bowel disease (IBD) with mechanisms
that are still partially unclear. Unlike other types of IBD, inflammation in UC is limited
to the inner lining of the large intestine and rectum, spreading continuously without breaks
between affected areas, creating a uniform pattern of inflammation along the colon.

In this chapter, we develop a mathematical model based on a reaction-diffusion system to
describe the inflammation caused by the interaction between a pathogen and immune cells in
the context of UC. Our contributions are both theoretical and numerical. We demonstrate the
existence of traveling wave solutions, showing how the disease progresses in a homogeneous
environment. We then identify the conditions under which the spread of inflammatory waves
can be stopped in a heterogeneous environment. Numerical simulations are used to highlight
and validate these theoretical results.
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CHAPTER 2

MATHEMATICAL STUDY OF THE SPREAD AND
BLOCKING IN INFLAMMATORY BOWEL DISEASE

“The more we know, the more we realize how much
remains to be discovered.”

Isaac Newton

2.1 Introduction

Inflammatory Bowel Diseases (IBD), such as ulcerative colitis (UC) and Crohn’s disease,
are characterized by persistent inflammation of the intestines. UC affects the large intestine
and rectum, while Crohn’s disease can affect any part of the gastrointestinal tract. Crohn’s
disease is marked by patchy damage with complications like narrowing or fistulas, impacting
deeper layers of tissue. In contrast, ulcerative colitis only affects the surface of the colon,
with no healthy areas between inflamed regions. The exact causes of IBD are not well under-
stood, but they may be linked to an excessive immune response influenced by genetic factors,
epithelial barrier issues, and environmental factors. Stress and certain foods do not directly
cause IBD, but they can trigger flare-ups (see [100]).

IBD illustrate an acute inflammatory response in body tissues caused by harmful factors like
pathogens or damaged cells. This defensive response is also related to other well-known condi-
tions, such as rheumatoid arthritis, inflammation of diabetic wounds, or tissue inflammation
in general, and has been the subject of many studies. Currently, this topic continues to in-
terest researchers. Although mathematical models have been developed in recent decades to
clarify the causes of acute inflammation, ongoing research continues to refine and expand our
understanding of this complex phenomenon. Foundational analyses on the causes of acute
inflammation are provided in [89] and [90].

Our goal was to propose a simplified mathematical model, inspired by the model presented
in [67], which simulates the immune response that triggers inflammation. Specifically, in
the case of ulcerative colitis, we aim to demonstrate the existence of progressive waves in a
uniform environment, representing the spread of inflammation or the pathological activity
associated with UC throughout the intestinal tissue. In the second phase of our study, we
explore the conditions that lead to the blockage of these waves in heterogeneous environ-
ments. The blockage of waves refers to the stopping or significant reduction of inflammation
spread in the intestinal tissue. Currently, the stopping point of disease spread in the colon
remains unexplained and cannot be effectively identified by videos obtained during colono-
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scopies. Further research is needed to determine this endpoint of inflammation. While this
topic is extensively explored, the mathematical modeling of this phenomenon continues to
evolve. Previous work on this disease includes the initial data analyses of Morilla et al. (see
[66]), as well as the innovative image processing research presented in Al-Ali’s PhD thesis
(see [3], [4], [5]), which provide essential foundations for our understanding of inflammatory
bowel disease (IBD). Additionally, the work of Rebai et al. (see [74]) explores the use of
physics-based neural networks to solve the equations modeling these diseases.

Many mathematical studies on inflammation develop models based on ordinary differen-
tial equations ([76]; [58]; [65]; [75]). Most of this research incorporates pro-inflammatory and
anti-inflammatory mediators, as well as pathogens and other physiological variables, with
various levels of realism. Depending on the parameters and initial conditions, these models
reproduce different observable scenarios both experimentally and clinically. This includes sit-
uations where the host successfully eradicates the infection, others where the immune system
fails to control the disease, and cases where oscillatory solutions lead to a cycle of chronic
inflammation.

In modeling the inflammatory response, several studies consider spatial heterogeneity. For
instance, El Khatib et al.([28]); El Khatib, Génieys, et al.[29] study the process of athero-
genesis, while Lauffenburger and Kennedy ([59]) and Penner et al.([70]) examine tissue in-
flammation. Chalmers et al.([19]) focus on acute inflammatory responses. These models
stand out for the dynamics they seek to replicate, incorporating variables like immune cell
density, pro-inflammatory cytokines, anti-inlammatory mediators, and the presence of bac-
teria. Although mathematical modeling of inflammation attracts considerable attention, it
continues to evolve. In our study, we also consider spatial heterogeneity, which is crucial
for explaining the blockage phenomenon observed in the spread of ulcerative colitis (UC).
In the presence of variations in the properties of the intestinal tissue, our reaction-diffusion
model simulates waves of inflammation that, when they encounter heterogeneous areas, are
either blocked or significantly slowed down. These heterogeneous areas act as barriers, re-
alistically reproducing the obstacles faced by inflammation in clinical situations. Analyzing
the impact of heterogeneity helps us better understand the mechanisms behind the blockage
of inflammatory waves in UC.

Like models based on ordinary differential equations, the stability of systems is rigorously
studied in these approaches. For example, Chalmers et al.([19]), Porras et al.([73]), and
Lauffenburger and Kennedy ([58]) conduct thorough analyses of different possible scenarios
based on model parameters. These studies provide biological interpretations of the observed
behaviors and numerical simulations that illustrate the results. Furthermore, El Khatib,
Génieys, et al.([29]) prove the existence of progressive wave solutions, highlighting their role
in triggering a chronic inflammatory response.

2.2 Mathematical model

In this section, we propose a reaction-diffusion system modeling the dysfunctional immune
response underlying chronic inflammatory bowel diseases (IBD), with a particular focus on
ulcerative colitis (UC). This type of model is relevant because it captures the complex inter-
actions between pathogens, immune cells, and biological tissues.

Fundamentally, the first line of defense in the mucosal immune system is the epithelial bar-
rier, a single polarized layer covered in mucus, where commensal microbes are anchored. A
decrease in epithelial resistance and an increase in mucosal permeability, whether inflamed or
not, are observed in UC patients. This leads to a disruption of the epithelial barrier, allowing
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luminal antigens to access the underlying tissue of the mucosa.

In a healthy intestine, immune cells such as intestinal phagocytes eliminate external agents,
thereby limiting inflammation. In contrast, in a pathological state, this finely regulated
immune system balance is disrupted, contributing to both acute and chronic inflammation.
Excessive migration of immune cells to the affected area may worsen the permeability of
the epithelial barrier, thereby facilitating the infiltration of microbial flora and exacerbating
inflammation. This complex mechanism triggers an inflammatory cascade characteristic of
the progression of diseases such as UC.

To model these phenomena, we focus on two main components that vary with time ¢ and
space z: the number of non-resident bacteria crossing the intestinal epithelial barrier, de-
noted by wu (also called microbes, pathogens, or antigens), and the number of immune cells,
denoted by v (often referred to as phagocytic cells). Additionally, to simplify the analysis,
we consider the intestine as a tube, which allows us to limit ourselves to a single spatial
dimension. Thus, the domain of study is defined for ¢ > 0 and z € R.

The model we propose is inspired by that of Nadin et al. ([67]), which studies the in-
teractions between pathogenic bacteria and immune cells in an inflammatory context. It
highlights Turing-type instabilities, explaining the formation of spatial patterns, notably in
diseases such as Crohn’s disease. In this reaction-diffusion model, bacteria act as activators
and immune cells as inhibitors. Bacteria multiply at a rate r,, while immune cells neutralize
them and regulate their lifespan via a parameter r.. The analysis shows that small per-
turbations can grow and generate stable patterns characteristic of Turing-type phenomena,
provided certain conditions are met, including the absence of unbounded growth modes or
population extinction.

However, although this model is relevant for Crohn’s disease, it has certain limitations when
analyzing the dynamics of inflammation propagation or blockage. Indeed, the study of
Turing-type instabilities primarily focuses on the emergence of stationary patterns under the
influence of diffusion and local interactions, but it does not precisely characterize whether
inflammation propagates or is blocked under certain conditions. This model is relevant for
Crohn’s disease because this disease is often characterized by segmented and discontinuous
patterns of inflammation in the intestine, which can be explained by the diffusion mecha-
nisms and local interactions.

On the other hand, ulcerative colitis (UC) presents characteristics different from Crohn’s
disease: it manifests as contiguous inflammation, progressing continuously from the rectum,
in contrast to the segmented and discontinuous patterns often observed in Crohn’s disease.
Thus, the model of Nadin et al. [67], which emphasizes mechanisms favoring the appearance
of stationary spatial structures, is not suitable for studying the propagation and blocking
phenomena specific to UC.

To better understand and model the dynamics of inflammation propagation in UC, we pro-
pose adapting the model by modifying the bacterial reproduction rate. Specifically, we divide
the reproduction rate into a birth rate minus a mortality rate. The modified model is defined
by the following equations:

{ Oy — DOy = ryu(l — bﬂ) + (1= bg)v ~ St — du, (2.1)

Spt+u
O — DOpyv = Pu — 1o0.

We complete by considering initial data w(0,x) = ug(x) and v(0,z) = vo(z) for all x € R.

We emphasize that this modeling choice is not directly based on a specific biological mech-
anism. Rather, it is intended to mathematically explore how allowing the net growth term
to become negative can lead to a blocking of traveling wave solutions. This serves as a theo-
retical hypothesis to explain how such blocking may occur in the context of ulcerative colitis
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(UC).

During an immune response, the first phase involves the migration of non-resident phagocytes
from the blood vessels to the intestinal mucosa. Then, in the second phase, these phagocytes
move to the damaged area to combat the bacteria. Since the first phase, which involves
transvascular transport, occurs almost instantly compared to the second phase, we choose to
omit it in this simplified model.

In this work, we assume the same diffusion constant D for the bacteria and the phago-
cytes. When the diffusion coefficients for bacteria and phagocytes differ, the model can
exhibit Turing instabilities, as shown in the article by Nadin, et al. ( see [67]).

The parameter r, represents the rate at which bacteria reproduce, and d represents the bac-
terial mortality rate.

Under healthy conditions, the number of bacteria present in the intestinal lumen remains
nearly constant and cannot cross the epithelial barrier. This quantity is denoted by b;. It is
important to note that b; may be seen as a carrying capacity. In the absence of the epithelial
barrier, the maximum number of bacteria in the colon does not exceed b;. This is why we
include the logistic term 1 — ;* in the first equation, ([71]; [86]).

The parameter 5 > 0 represents the immune response rate of the organism, which sends
phagocytes to damaged areas when pathogens are detected. Although their activation is not
instantaneous, phagocytes rapidly appear and migrate to infected zones to combat bacteria.
The term _52%7 where a > 0 and s, > 0, describes the effect of the immune system on
pathogens. In particular, s::ju represents the rate of phagocytosis, which is the speed with
which immune cells ingest bacteria. This rate depends on the density of the pathogens. It

takes into account the rate p. at which phagocytes encounter bacteria, given by p. := <+, and
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the average time 7 required for a phagocyte to neutralize a bacterium, calculated as 7 := %
These dynamics are supported by the experiments described in [62].

We consider v > 0 as a measure of the negative effect of phagocyte concentration on epithe-
lial resistance. Therefore, the larger the epithelial gap, the more bacteria are present. As the
concentration of bacteria increases, more immune cells are attracted to the damaged zone,
exacerbating epithelial permeability.

The term du in our model represents the mortality of bacteria in the intestinal tract, illus-
trating that these bacteria do not persist indefinitely. This dynamic is essential to avoid
excessive accumulation of pathogens and maintain microbial balance. This mechanism is
intrinsically linked to the natural defenses of the intestine, such as phagocytosis by immune
cells and the action of antimicrobial peptides, which contribute to the regulation of the bac-
terial population. Finally, a self-regulating mechanism of anti-inflammatory cells limits their
lifespan, resulting in an intrinsic mortality rate of immune cells, denoted as r. > 0 in the
model.

After understanding the model, we analyze the decomposition of the reproduction rate
and justify its relevance in our case. To do this, we consider the equation for u when v = 0.
In this case, the equation becomes:

Owu — DO, u = Ty (1 — ;j) — du.
Expanding this equation, we get:

ryu’

b . _ _ Ty u
bi _du_(rb d)u(l (Tb—d) bl>

g(u)

O — DOypt = Tpu —
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This is a Fisher-KPP type equation. In the case where r, —d > 0, it is well known that
this equation exhibits a hair-trigger effect: as soon as the initial condition is positive, the
solution rapidly converges to u = b"(’%}_d) (see [10]). Thus, to expect to observe a blockage of
the propagation, it is necessary that r, — d < 0, as shown in Figures 2.1 and 2.2.
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Figure 2.1: Case r, —d > 0. Figure 2.2: Case r, —d < 0.

In our case, this "hair-trigger effect” is all the more significant since, at first order, the action
of v on the bacteria is positive, as mentioned in Nadin et al. [67].

The first objective of this chapter is to prove that in a homogeneous medium, there is
propagation of the inflammation. Then, our second objective is to prove that in a heteroge-
neous environment the propagation can be blocked. We describe more precisely in the next
section these two main results.

2.3 Main results

In this section, we state the two main results of this chapter. Our first result concerns
the homogeneous case, where we show the existence of propagation. This is our statement:

Theorem 6.

We assume that r, < d < 1 + %, with v > a, and s, > max(bi,r—lc). Under these
assumptions, there is a spreading speed c* > 0 with the properties that for every positive €,
the following holds:

tngloo[|x|§tl(%§+e) |(u(z, 1), vlz )] =0,

and for any strictly positive constant vector w there ezists a positive R,, such that if (ug(x),vo(x)) >
w on an interval of length 2R,,, the following holds:

. + o) —
Jim [ max |(u,v5) = (ulz, 8), v(z, )] = 0.

The pair (u3,vy ) is a positive equilibrium of the ODE system associated with (2.1). It is

defined in lemma 11.

In order to prove Theorem 6, we first show that the system under study is cooperative
and monostable, which implies the existence of a stable equilibrium. We then establish the
propagation of the solution by applying ideas from Weinberger’s paper [94]. The detailed
proof of this result is presented in Part 2.6.1.

Our second result refers to the heterogeneous case. More precisely, when the death rate
of bacteria is heterogeneous, we show that blocking of the propagation occurs, as observed
in the homogeneous case. Our result is as follows.
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Theorem 7.

Letd(z) = di1,<o+dall,~0, dr. € Ry, k = 1,2. If the following conditions hold true : r. >
B, sp > max(b;, %), y>a,r, <d < rb—i—% and ry+vy < do < min(ry+y+r.— 0, sp(ryre+57)).
Then, there is a solution (U,V) of the following system:

—D0ypu = ryu(l — 3) + (1 — v — 45 — d(z)u,
—D0,,v = fu — 1.,

(u,0)(=00) = (u3,v3), (u,v)(+00) = (0,0),
u>0, v>0.

(2.2)

Our proof of this statement reduces to the construction of stationary solutions. That con-
struction represents a particular case of a traveling wave front at constant speed, linking two
equilibria of the system. More specifically, for d = d;, we have a stable positive equilibrium,
while for d = ds, the system reaches the stable equilibrium at (0,0). These equilibrium points
and their stability are analyzed in detail in subsection 2.4.2. To demonstrate the existence
of stationary solutions, we use the method of subsolutions and supersolutions and construct
explicitly such solutions.

Corollary 9. (Blocking of the Wave)
Under the assumptions of Theorem 7, any solution to the initial problem (2.1) with an
initial condition (ug,vy) such that (0,0) < (ug,vg) < (U, V) exhibits limited propagation.

Note that Corollary 9 is a direct consequence of Theorem 7 and the fact that there is a
comparison principle for the system (2.1). Its proof is given in Subsection 2.6.3.

Before proving the main results of the existence of propagation and the blocking of this
propagation, let us start with some preliminary results that will be used throughout this
chapter.

2.4 Preliminary results

2.4.1 Non-negativity property

We first show the persistence of the non-negativity property of our model, which is a cru-
cial requirement for any population dynamics model. In other words, it is crucial that when
the initial data holds a biologically plausible interpretation, the solution of the differential
equation maintains this feature.

Proposition 10.
If the initial conditions (u (0,z),v (0,x)) are nonnegative, then (u (t,z),v (t,x)) remains
nonnegative for allt > 0.

Proof.
We consider the following model:

(2.3)

8tu—D8mu:rbu(1—b%> —l—’y(l—b%)v—ssﬁv—du,
v — DOpv = Pfu — 10

With initial conditions u (0,z) = uy (z) and v (0, 2) = vy (z) for all z € R.
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Consider t; the first instant when either w (¢1,z) or v (t1, ) becomes negative,
then for some z; € R we have u (t1,z1) v (t1,21) = 0.

If u(ty,z1) = 0 and v(t,z) > 0 for all (t,z) € (0,t;] x R. The function v = 0 is a
sub solution of the first equation in (2.3), As long as v > 0, the right-hand side is strictly
positive when u = 0, By the strong maximum principle, this implies that u(t,z) > 0 for all
(t,x) € (0,t;] x R, which contradicts u(t;,z;) = 0.

Similarly, if v(t;, 1) = 0 and u(t,z) > 0 for all (¢,z) € (0,¢,] x R. The function v = 0
is a sub solution of the second equation in (2.3). As long as u > 0, the right-hand side is
strictly positive when v = 0, By the strong maximum principle, this implies that v(¢,z) > 0
for all (t,z) € (0,¢] x R, which contradicts v(ty, 1) = 0. Therefore, the solution remains
strictly positive for all £ > 0 and = € R. m

2.4.2 Equilibria and Their Stability in the Dynamical System

In this subsection, we closely examine the equilibria of the dynamical system and study
their stability, which enables us to gain a better understanding of the system without diffu-
sion. Consider the ODE system associated with (2.1) with positive real parameters 7y, b;, 7,
a, Sp, fand r. and d € R,.

{ Opu™ = rput (1 = 45) +y(1 = £ )o* — 22 — du”, (2.4)

sptu*
ow* = pu* — r.o*.

Lemma 11. (Ezistence of equilibria)
Let d € Ry. Suppose that d < sy(rpre+ B7) and sp > Tlc Then, we have the two following
cases:

e Case 1: d < ry, + % In this case, equation (2.4) has three equilibria: a negative

equilibrium (uf,vy), and a positive equilibrium (ué“, v;) and (0,0).

e Case 2: d>nr,+ 1—6 In this case, equation (2.4) has three equilibrium: two negative
equilibria (ui,v}), <u2_, UQ_) and (0,0).

Remark 1. The decay parameter was chosen to ensure that (0,0) is the only stationary point
of equation (2.4).

Remark 2. We note that negative stationary states are not biologically meaningful because
they do not correspond to realistic population densities. Therefore, our analysis focuses on
nonnegative solutions.

Proof.
We note that (u*,v*) is the critical point of (2.4) if it satisfies the following system:
reu*(1 — Z—l) + (1 — IZT)U* - S‘TZ —du* =0, (2.5)
&
B 2.6
vt = u (2.6)
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By substituting (2.6) into (2.5), we get:

u* W e W ap(u*)?
(L= ) = '+ (1= ) = e
u* v u* apu*
= l——)—d+ 21— —)— ——
I e o Y PR
=0
which yields
u* =0
Or * * *
-y —d+ L= Ly -

b; Te b; re(sp + u*)

We can simplify the previous equation to obtain a more concise expression. The following
equation represents this simplification:

(u*)?[=rery — VB) + w[rery(bi — s) — dbire + vB8(bi — sp) — afb;] + s (2.7)
— dbi’f‘csb + ’76()2‘8(, =0.

To find the nonzero equilibria, it suffices to determine the values of u* for which equation
(2.7) vanishes. We then solve equation (2.7), we calculate the discriminant A of (2.7).

A = [(ryre + By)(bi — sp) — abiB — dbsre)* 4 4(ryre + By) (spbs(rore + By) — dby).

According to the hypothesis of the lemma, we have A > 0. Therefore equation (2.7) has two
solutions

* (TbT‘c + 57)(@‘ - Sb) — ab;8 — db;r. — \/Z

uy = :
' 2(ryre + B7)
e (rore 4 BY)(bi — 5) — abip — dbire + VA
: 2(rure + 57)
We conclude that (2.4) has three equilibria (0,0), (u},v]) and (u}, v3),
where v} = ﬁu’{ and vy = rﬁu;

For all £ € {1,2}, u} are the solutions of equation (2.7), and thus we have the following
relations:

ul u2 *Tbrc*ﬁ )
(bi—sp) (rerp+vB)—apBb;—dbire
Tyre+YB '

*p ok spbi[rpre+By]—dbiresy
uy +uy =

o Case 1: ujuy < 0. Since d < 1, + 75, we have that u] and uj are of opposite sign.
Therefore, we have a negative equlhbrlum (uf,v]) and a positive equilibrium (u3, v3),
which will be denoted (u3,vy).

o Case 2: ujus; > 0 and uj +u5 < 0. Since d > 7, + Z—B, uj and uj are both negative.
Therefore, we have two negative equilibria.

]

Let us discuss the stability of the equilibria in the following statement:
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Lemma 12. (Stability of equilibria)
Let d € R,.. Suppose that d < sp(ryre + fy) and s, > r—lc

a) Ifr, <d< rb+7ﬁ andf’ (u2> > max (?};r - <, _,23% -4+ M) where f (u*) =
U2 U2 7)2

— (1 — bf) + = then (0,0) is an unstable equilibrium and

(uj,vgr) is a stable posztwe equilibrium of (2.4).

b) If d > 1y + %, then (0,0) is a stable equilibrium
Moreover, there is no positive equilibrium of (2.4).

Proof.
We consider the following ODEs:

O = ryu (1= §7) = du” = f () v* = Fi (", v7),
Op* = fu” —rev” = Fy (u”, v7).

With F (u*,v*) = (Fy (u*,v*), Fy (u*,v*)) and f (u*) = —y (1 - 7) + o

b; sptu*’

We define DF (u*,v*) the differential of the function F at the equilibrium point (u*,v*):
oF, 0F _2u* / - _ "
DF(u*,v*)z( : %2):( (1 ) fru)vr —d f(“))
ou*  Ov* 6 —Te

We compute the determinant and the trace of this matrix:

5!

=
&

2u*
b;

Tr (DF (u*,07)) = 74 (1 - ) — (W) —d -1,

*

det (DF (u*,v")) = —r.ry (1 — 25 ) +rof (u)v* +dr.+ Bf (u¥).

Then, we consider the two cases in the statement of the Lemma:

a) Tr (DF (0,0)) = rp—d—r. < 0, since r, < d and det (DF (0,0)) = —rpr.+dr.— 5y <0,
since d <, + 22. Hence, (0, 0) is an unstable
equilibrium of (2 4)
Similarly,

2uy
Tr(DF(uQ,vz)) :rb< _l)2> —f’(u;)v;—d—rm

@qnpq%ﬂg»):_mxg_2f) rof () of +rud+ B (u3)

Bb vl Bb; vy v
then Tr (DF <u2 , Us )) < 0 and det (2DF <u2 , Us )2) > 0, 2thus (u2 ,v;) is a stable
positive equilibrium of (2.4).

As we have f’ <u2> > max (T”TC — 4 Z2nre  d (rb_rc)),

b) Tr (DF (0,0)) =r,—d—r. <0, since r, < d and det (DF (0,0)) = ryr.+dr.— By >0,
since d > ry, + 1—6 Thus, (0,0) is a stable equilibrium.

O
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Remark 3.

This lemma confirms that the mere existence of a nontrivial positive equilibrium implies the
instability of the trivial equilibrium (0,0). However, the stability of this positive equilibrium
is not automatic: it requires an additional condition on the derivative f' at this point.

After studying the stability of the equilibrium points, we now analyze how they evolve as
a function of the parameter d. In particular, we plot a bifurcation diagram to visualize the
critical thresholds where a qualitative change occurs in the system dynamics.

1.0 0.5
—— Stable u* —— Stable v*
————— Critical threshold ----- Critical threshold

0.8 === u=0 (unstable) 0.4 v=0 (unstable)
. —— u=0 (stable) . —— v=0 (stable)
= >
g 06 £03
= =
— —
o] o)
=04 =02
3 =]
O O
i w

0.2 0.1

0.0 ====————— 0.0

0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200 0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
Parameter d Parameter d

Figure 2.3: Bifurcation diagram of u as a Figure 2.4: Bifurcation diagram of v as a
function of d. function of d.

Following the preliminary results obtained in the previous section, we now present the
estimation of the wave speed for the model, the existence of which was demonstrated in
Theorem 6.

2.5 Estimation of the wave speed for the model

In this subsection, we analytically determine the wave speed based on the model param-
eters. Thanks to Theorem 6, we can affirm that model (2.1) exhibits solutions in the form
of progressive waves. Consequently, the variables u(x,t) and v(z,t) can be represented as
progressive waves, i.e., u(z,t) = U(x — ct) and v(z,t) = V(x — ct). It is noteworthy that we
employ the same strategy as in [27] to analyze the wave speed in our context. To find the
minimum speed, we begin by linearizing the system (2.1) at (0,0) to find positive solutions.
Subsequently, we search for the minimum value of the wave speed for which positive solutions
exist. After this linearization at (0,0), we obtain the system:

—clU — DU" = —
{ U' — DU = (ry, — A)U + 4V, 28)

—cV' = DV" = pU —r.V.
We are looking for solutions in the form
Uz —ct) = pre ME=et), V(e —ct) = poe M@=,
Hence, system (2.8) yields:

C)\pl - D)\Qpl = (T'b - d)pl + P2, (2 9)
cApy — D/\2P2 = Bp1 — Tcp2.
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To determine the minimum wave speed, it is necessary to find the minimum value of ¢ for
which the system 2.9 admits a positive solution A. Introducing the parameter X = c\ — D2
and eliminating the variables p; and ps, we obtain the following equation :

X2+(7’C+d—rb)X—|—Tc(d—rb)—6720.

Hence,

. X,
¢ = r)\n;ng)\ + U 2/ DX,
where X, = —re—d+rp+ (;“Cfd+rb)2+4,37‘

We are studying the dependence of the analytical wave speed on several parameters,
particularly the parameter d, which represents the mortality rate. We consider the range of
values for d to be (0.021,0.03712). In addition to the analysis of the analytical wave speed’s
dependence, we are calculating and graphically representing the numerical wave speed, which
is calculated using the formula for dividing distance by time (see Figure 2.5). A detailed
explanation of the values of all parameters used in this simulation is provided later in Section
2.7 of the paper.

Analytical and Mumerical wave speeds

—— Analytical wave speed
0.10 =&~ Numerical wave speed

0.08 +

0.06 4

Wave speed

0.04 4

0.02 4

0.00 4

0022 0024 0026 0028 0030 0032 0.034 0036
Value of d

Figure 2.5: Dependence of the wave speed on the parameter d € (0.021,0.03712).
Wave speed in numerical simulations and analytical formula (curves coincide) for
the values of parameters : r, = 0.02, r. = 0.3129, § = 0.06258, D = 0.2, v = 0.0856.

2.6 Proof of the main results

In this section, we prove our main results. We will start by presenting the proof of the
first result.

2.6.1 Proof of Theorem 6

Before proving the theorem, let us first show that our system is cooperative, then we
define the concept of invariant sets and introduce some notations, as they are necessary for
the proof.
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Lemma 13.
Ifv>a>0,>0,8>b,and 0 <u < %, then the system (2.1)
1S cooperative.

Proof.
As introduced in Lemma 12, the functions Fj(u,v) and Fy(u,v) are given by:

u au

Fl(u,v):rbu<1—;i>—l—’y(l—bi)v—Sb_i_uv—du,

Fy(u,v) = fu — rev.

We aim to demonstrate that the system is cooperative by showing that %%(u, v)
and %%(u, v) are positive. First, we compute the partial derivatives:

aFl(u,v):fy<1—u> B

ov b; sp+u
Next, we rewrite the expression for 21 (u,v) as follows:
8F1 1 u
T () = - —au).
) = —— (5 (1= ) (v ) - au)

Now, we observe that since 0 < u < % and v > a, it follows that:

7(1—;;;) (sb+u)>a(8b;_u>.

From this, under the assumption that s, > b;, u < %, and a > 0, we can conclude:

7(1—5) (sp+ u) > au.

This implies that:

OF
T;(u, v) > 0.
Next, we compute the partial derivative of Fy(u,v) with respect to wu:
OF.
aij(uv U) - 6
Since # > 0, we conclude that:
OF:
a—j(u, v) > 0.

Thus, both partial derivatives are positive, which proves that the system is cooperative.
]

The monotonicity of the system guarantees the existence of traveling wave solutions in
both bistable and monostable cases, our paper focusing mainly on the latter.
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2.6.1.1 Definition and Notations

Definition 14. (Definition of Invariant Set)

Let Q2 be an open subset of R". A closed subset I C R™ is called a (positively) invariant
region for the solution defined by equations (2.1) if the following condition holds: Any solution
(u(z,t),v(x,t)) with all its boundary and initial values in I satisfies (u(x,t),v(z,t)) € I for
all x € Q and for all t € [0,00).

This definition is found in [82]. More precisely, we consider a set of the form:
I={VeR"|Gi(V)<0, Vi=1,...,n}. (2.10)

To show that [ is an invariant region, we verify that the associated vector field points strictly
inward on the boundary dI. That is, the smooth function G : R" — R satisfies:

dG;(F) <0 at Vy, where G;(Vp)=0. (2.11)

This condition ensures that any trajectory of the system starting in I remains in [ for all
t > 0, thus proving that I is an invariant region.

Notation 1.

In the following sections, the vector X = (X, X3) is said to be positive if X1 > 0 and
Xo > 0 and we note it (X1, Xs) > (0,0). The vector X = (X1, Xs) is said to be strictly
positive if X1 > 0 and Xy > 0 and we note it (X1, X3) > (0,0). For any (X1, Xs) > (0,0),
we define C(x, x,) = {(u,v), 0 <u< Xq, 0<v < Xo})

2.6.1.2 Proof of Theorem 6

To establish the existence of a propagation speed, we follow the approach of Theorem
4.1 from [94], which ensures the existence of a well-defined asymptotic speed under certain
conditions. Before verifying these conditions, let us briefly recall the underlying intuition:
the idea is to identify an invariant region that constrains the evolution of the solution and to
demonstrate that the system admits a well-defined propagation speed. In what follows, we
verify the hypotheses of Theorem 4.1.

i) Since d < 1, + %, then from Lemma 11, we see that (2.1) has a positive equilibrium
(ug,vy), ie (uf, vy) > (0,0).

ii) Next, we show that

is an invariant set of (2.1). We use Definition 14. Let (u,v) € Clug vy and define
G1 (u,v) = —u. Now, since

u u auv
F - -2 1— ) p— - -
(u,v) (rbu < bi> +7 ( bi) v Py du, fu rcv> ,

and by taking the differential of GG, we obtain
dGl(F)|u:0 = —vyv < 0,
since v > 0 and —y < 0. Moreover, if we set G3(u,v) = —v, we obtain that

dG2<F)|’U:0 = —5U < 0,
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since v > 0 and § > 0. Similarly, if Gs(u,v) = v — o5, and Gy(u,v) = u — ug , we

obtain that
dG3(F)l,_yr = Pu — revy = B(u—ug) <0,

and

ud ug aulv
dG4(F)| ey = roud (1 - f> — dug +~(1 - b;%)v . +2u+
1 7 2

Rewriting the above expression, we get:

+
+ TyTe 1—u—2 v d .
AG4(F)|,_yz = rous (1 = Yy g -2 1-5) rev

bi B B

Further simplifying, we have:

N
ACHF)uma = 1= GNP = ree) v — 3.

Rearranging terms, we obtain:

+
CTle . Up oo rod oy
AG4(F)| iy = 3 (1= o)l =+ 5 [v—vy].
Finally, the concluding statement about the inequality:
Jr
Ao = o~ lld =y + 25 < 0,

respectively, since u < uy, v < vy, 3 > 0 and d > 1,. By using the definition of
an invariant set, we conclude that C(u;ﬂg) = {(u,v),0 <u<ui,0<v<wvs}isan
invariant set of (2.1).

iii) In this step, we will verify the hypotheses of [94, proposition 2.1 |.

e [7(0,0) = F(uf,vy) = (0,0) and (u3,v3) > (0,0) which is minimal in the sense
that there is no other equilibrium than (0,0) and (uj, vy ) in the set Cut op» When
d<ry,+ %

o [(£1,&5) is a continuous and piecewise continuously differentiable in (£;,&s) for
(0,0) < (&,&) < (ug,vy) and differentiable at (0,0).

e Sincey>a; >0;s,>band 0 <u < %, we can conclude from Lemma 13 that
the system (2.1) is cooperative.

e [/ does not depend explicitly on either x or t.

ry—d 7y

e The Jacobian matrix DF(0,0) = ( 3 .

) is in Frobenius form. The

principal eigenvalue

—d—r et/ (—rytd+70) 2 —A(—ryrotdro— .
1(0) =" rety/( ”’++;) (Craretdr 7’8)>O,s1nced<7“b—|-%.

Then according to Theorem 4.1 in [94], there is a spreading speed ¢* > 0 with the
properties that for every positive e:

e For any initial function (uy(z),vo(x)) in Clug vty = {(u,v),0 <u<uy,0<ov<

vy} which vanishes outside a bounded set, the solution of (2.1) satisfies

lim [ max |(u(z,t),v(z,t))]] =0, Ve>D0.

t—=+400"|z|>t(c*+€)
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e For any strictly positive constant vector w, there exists a positive R, with the
property that if (ug(z),vo(x)) > w on an interval of length 2R,,, then

: + .+ =
Jdim [ max (o) = (ula,0), (2, )] = 0.

We are now in a position to establish our second main result.

2.6.2 Proof of Theorem 7

In this subsection, our goal is to prove the existence of a stationary solution for problem
(2.1). This solution corresponds to a solution of the associated elliptic problem, which can
be formulated as follows:

—DOppu=ryu(l = ) +v(1 = 3o — 2% — du = Fi(u,v),
—D0ypv = fu —rov = Fy(u,v),

(u, v)(—00) = (uj,v;), (u, v)(400) = (0,0),

u>0,v>0 zeR.

(2.12)

The proof is done by four steps. First, we begin by proving a comparison principle. Then,
we construct the super and subsolution and finally we show the existence of the stationary
solution.

2.6.2.1 Comparison principle

Before proving the comparison principle, we start by presenting the following property :

Lemma 15.
Assume that (0,0) < (u,v) < (bi Bbi). Then

27 2r¢

[

oF b;
G ()] < 2+ S e = T,
U)he?"@ ||f/||00 = Supogug% f/ (U) | :

Proof.

The proof of this result is based on a straightforward calculation. In fact, let 0 < u <
and Fy (u,v) = rpu (1 - bﬂ) — f(u)v — du, wheref (u) = —v (1 — bﬂ) P
Since the function F} and f are C°°, we calculate:

b
2

F 2
aaul(u,v) =7y (1 - btb> — [ (u)v —d.
Therefore, we obtain:
oF bi
S o)l <2n+d+ S =T
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Proposition 16. (Comparison principle)

Assume v > a and s, > b;. Let (u,v) be a solution of (2.1) in R, supersolution (u,v)
of (2.1) in R and subsolution (u,v) of (2.1) in R, such that (0,0) < (u,v) < (%,gfz),
(0,0) < (u,v) < (%,5%) and (0,0) < (u,v) < (&, 5% t). Then

27 2r¢

(u(t=0,2),v(t =0,2)) < (u(t =0,z),v(t

0,2)) < (a(t =0,z),v(t =0,x)),

implies that
(u(t,z),v(t,z)) < (u(t,z),v(t,x)) < (u(t,x),v(t,z)), Vt>0, VoeR.

Proof.

Suppose that (u(t = 0,z),v(t = 0,2)) < (u(t = 0,z),v(t = 0,z)) < (u(t = 0,z),0(t =
0,x)). We use the strategy in [[71], Chapter 1], we have (u,v) a supersolution of (2.1) and
(u,v) a solution of (2.1), then we have

O(u—1u) — DOpp(u — ) < Fy(u,v) — Fy(u,v). (2.13)

We multiply ((2.13)) by (u — )4 and integrate on R, we obtain

at/R (u2)+dx n D/ (u — @), )2da < /[Fl(u, v) = Fi(@,9)](u — @), dz.

R

Implies that

8t/R(u 5 )+d ~|—D/ (v — )4 )%da

< /R[Fl(u, v) — Fi(u,v)](u — u)yde + /R [Fi(u,v) — Fi(u,v)](u—u) dz. (2.14)

I

Since (0,0) < (u,v) < (¥

%, 2b") 9F (4, v) is bounded. Then the term I; is bounded by
['y(u — uw)?. Hence

7 Ou

atAde+D/ (4 — @), )2da

< Iy /R(u—u +d:1:—|—/R [F1(u,v) — Fy(u,0)](u—1u), de.

1P

According to the cooperativity property proven in the lemma 13, we have %F L(u,v) =

—f(u) > 0. Then I, is bounded by || f|loc(v — @)+ (v — ). Hence
(9t/ (u= 5 )+dx+D/ Op(u — )y )*dx
< I [ (w=@)ide + | flls [ (0= ) (0= 0)sda

Which implies that

(u — ﬂ)i N2 - -
8t/ de < max(I'y,7.) / (u—u)7dr +max(8, || fll) / (u—1u)y(v—"0)pdz. (2.15)
R R R
Similarly, we can prove that

o | (U—QUMQ; < max(Ty,re) [ (0= 0Ydz -+ max(8, | fll) [ (u= )+ (0~ 0),de. (216)
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o [ T har < max(Dy.r) [ (0 - 03+ max(d | flle) [ ()0 - v) e, (217)

o [ 7P < max(Tyr) [ (e max(8, ) [ (- ) (0 v) . (215)
We define

() = [[0=0%+ @@= +(@—0)} + (u—u)da. (2.19)
By summing ((2.15)), ((2.16)), ((2.17)) and ((2.18)), and using the fact 2ab < a® + b?, we
obtain
Oz(t) < T'z(t),
{ . (2.20)

Where I' = 2max(T'y, r.) + 2max (5, || f|lo)-

System ((2.20)) admits unique nonnegative solution z(¢) = 0, V¢ > 0 which implies [g[(v —
03+ (w—w)i + (v —v)i+ (u—u)ilde =0

Since (v —v)%, (u — )%, (v —v)2 and (u — u)? are four continuous and positive functions,

we have the result. OJ

2.6.2.2 Construction of the supersolution

The objective of this subsection is to construct a supersolution for equation (2.12) on R.
We choose (u3,v3) as a supersolution on the interval (—oo,0), given that C(u;rw;) remains

invariant for d > r,. The next step is to construct a supersolution on the interval (0, +o0) for
d = dy. Before proceeding with the construction of the supersolution on the interval (0, +00),
we begin by stating the following property.

Lemma 17.
Let dy > 1y + . There exists (¢1, p2) satisfying

_Dazx¢l + (bl(_rb -+ d2) = 07
Daa:x¢2 - rc¢2 = 07

$1(0) = uy, ¢1(+00) =0, (2.:21)
$2(0) = uy — vy, Po(400) =0,
o1 >0, ¢ > 0.

Indeed, for all x € ( ) ¢1( ) = u26 5 (=ry—vy+d2)z and ¢2( ) _ (u;- _ U;)e_\/%x

are solutions to system (2.21).

Lemma 18.
Under the assumptions that vy +v < do < min(ry +v+7.— 3, sp(rere + 7)), sp > =, and
B < 1., we have that (u,v) = (¢1, 1 — P2) is a supersolution of (2.12) on (0,+00).

Proof.
Let (u,v) be a supersolution of (2.12), such as v . For all z > 0, we show that

’ (2.22)



Before proving system (2.22), note that « = ¢; and v = ¢ — ¢ are positive since 1, + v <
dy <ry+~y+r.—pand 8 < r.. Now, let us demonstrate system (2.22). Starting with the
first equation, we have:

| =i

—D,pit — Fy(,0) = =Dyt — ryii(1 — —) 4 doti + f()0.

S

)

With the definition of f, we get:

)? uv auv
(@7 , yuo | etw
bi bl Spt+u

Ja

_Daxza - Fl(ﬂaﬂ) = _Daxxa - 7abﬂ - 71_) + d2a + o

Since Jy > 0, we have
— D8yt — Fi(4,0) > =Dyt — 1yt — Y0 + do.
Under the condition that v < u, we have
— D0, — Fi(4,0) > =Dyt + -1y, — v + da).
By definition of the function ¢y, we have —D30,,¢1 + ¢1|—rp, — 7 + da] = 0. Therefore,
— D81 — Fy(4,0) > 0.
Now, let us proceed to the second equation of the system. We have:
— D00 — F3(1,0) = —D0p0 — P+ 1.0 = —D0yppy + [re — Bld1 + DOrppo — 1.
Based on the definitions of the functions ¢; and ¢,, we can deduce that:
—D0yy0 = Fo(u,0) = [re = B+ 1 + 7 — da] 1.
Considering that dy < 1, + v + r. — 8,we can deduce that:
—D0,,0 — Fy(a,v) > 0.

To complete the proof, we need to prove that (u,v)(+00) = (0,0) and (@, v)(0,0) = (u3,vy).
According to the definition of the functions ¢;, where i = 1,2, we know that ¢;(+o0c) = 0.
Hence, (@,7)(+00) = (0,0). Furthermore, since ¢;(0) = u3 and ¢»(0) = uj — vy, we can
compute (u,v)(0,0) as follows:

(ﬂ,@)(0,0) = (¢1a¢1 - ¢2)(O> = (u;—’u; - u;_ +U;_) = (u;,v;’)

Therefore, we have shown that (#,7)(+00) = (0,0) and (@,2)(0,0) = (ug, v ). O

2.6.2.3 Construction of a subsolution

The goal of this subsection is to construct a subsolution for the system represented by
(2.12) over the entire real line. We choose (0, 0) as the subsolution over the interval (0, 4+00)
because the system is cooperative. Now, we proceed to establish a subsolution over the
interval (—oo,0).

Lemma 19.
If v > a, s, > b; and dy > 1, then the system defined by (2.12) admits a subsolution on
the interval (—o0,0).
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Proof.

For R > 0, A > \/%[% +d; — %’], 0 < a; <uf and z > Rr. We define the function as
follows:

aje 2@ +2) gin (L*Z) , for 0 < &2 <7,

) — R R
Vi) {0, otherwise.

For 0 < %2 < 7, we show that (u,v) = (¢, %@D) is a subsolution of (2.12), i.e., we show that

<0,
= (2.23)
—D0pv — Fy(u,v) <0.

{ _Dax:pﬂ - F1(M, Q)
Before showing (2.23), note that u =1 and v = s w are positive, since a; > 0 and 0 < “”*Z <
7. Now, let us demonstrate system (2.23). Startlng with the first equation, we have:

—D0ypu — F1<Q7Q) = —D0ypu+ Ji1 + diu — Tbg(l — b%),

%

with Jy = [—y(1 — £) + -2

Sbw]y. Since v > a, s, > b; and u < %, we have J; < 0, therefore

—D0pru — Fi(u,v) < —D0ppu — rpu(l — b%) + diu < —=D0ppu + [dy — %]u-

Using the definition of u, we write:

D
—D0yu + [dy — %]u = q;eMF ) gin <x ; Z) [—DN + = +d, — ]

R? 2

Since \ > \/%[% +dy — %] and a; > 0, we can conclude that

_Dammg - Fl(@; Q) S _Damxﬂ"i_ [dl - %]Q S 07

Now, let’s proceed to the second equation of the system. We have:
_Da:cxy - FQ(@, Q) = —Dﬁme - B@ + rev = _Daxxﬂ - 5@ + /BQ = _Da:va:ﬂ

We previously showed that —Dd,,u < [ — di]u. Therefore,

—DOsv — Fyw,v) < [ — diJu.

Since dy > 1, thus
—D0yv — Fy(u,v) <0.
+

To prove that (u,v)(—o00) = (0,0) and (u,v)(0,0) = (0,0) < (u3,v3), we can refer to the
definition of the function . Thus, we have (u,v)(—o0) = (0,0) and (u,v)(0,0) = (0,0) <
(g, 03). O

2.6.2.4 Construction of a stationary solution

To establish the existence of a solution for the system represented by (2.12), we will first
show that the subsolutions and supersolutions are ordered. Here are the supersolutions and
subsolutions we have identified for equation (2.12):
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/a _ uS_’ on (_00’0)7 ,l—) _ ,U;r = B:}’? On (_0070)7
u;e_ %(_Tb_7+d2)m7 on (07 +OO), ¢1 - ¢27 on (07 +OO)
¥, on (—o0,0), Tﬁzb, on (—o00,0),

U= v=2( "

- 0, on (0,400), - 0, on (0, 400).

On the interval (—o0,0), we have (0,0) < (u,v) = (¥, 2¢) < (4,0) = (ug,vy), given
that 0 < a1 < uj.
On the interval (0, 4+00), we have (u,v) = (0,0) and (u,v) = (¢1, 1 — ¢2). These satisfy the
following properties:

UV—v=(¢1—¢2) —0=¢1 —¢2>0, and u—u= ¢ > 0.

We can construct a solution for equation (2.12) using the above subsolution and superso-
lution. According to Lemma 18 and Lemma 19, we identify a well-ordered subsolution and
supersolution. Application of the method of subsolution and supersolution (as described in
subsection 1.1.2 of the Introduction chapter), we conclude that there exists a unique solu-
tion for (2.12). Moreover, according to Proposition 16, this solution is within the interval

[(w, ), (u,0)].

2.6.3 Proof of Corollary 9

We would like to emphasize that Corollary 9 is proved using the results of Theorem
7 (existence of a stationary solution) and Proposition 5 (comparison principle). We show
that our system admits a stationary solution by applying the method of subsolutions and
supersolutions, satisfying the comparison principle as outlined in Proposition 5. According
to this principle, if the initial positive solution is smaller than the stationary solution, then
for all t > 0, the solution remains below the stationary solution.
By applying this principle to our model, we conclude that if the initial positive solution is
smaller than the stationary solution, it can never reach or exceed the stationary solution.
Indeed, the stationary solution acts as a barrier to propagation. The term ’blocking’ is
therefore justified because it describes the situation where the solution consistently remains
below the stationary solution, thus confirming the phenomenon of propagation blocking.

2.7 Numerical simulations

2.7.1 Parameters estimations

In this section, we aim to estimate the values of the model parameters. Whenever pos-
sible, we will rely on values obtained from the article by [67]. However, in some cases, the
exact values are unknown due to the difficulty of measuring them in vivo, or even in vitro.
We begin by estimating the bacterial reproduction rate, denoted by r,. This parameter,
expressed in w/min, represents the number of bacterial divisions per unit of time. Its es-
timation relies on experimental data from studies on bacterial growth, where the doubling
time of E. coli is approximately 20 minutes under optimal conditions. According to Nadin
et al. [67], for Crohn’s disease, ry is estimated as 3.47 x 1072 u/min, based on the generation
rate of E. coli under standard conditions (Korem et al. [55]). For our ulcerative colitis (UC)
model, we choose r, = 0.02 u/min. This slightly lower value accounts for potential differences
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in bacterial dynamics and interactions with the intestinal epithelium specific to UC, which
influence the bacterial growth rate. The value of r, = 0.02 complies with the constraints
identified in our study for ulcerative colitis ( UC ). This estimation is therefore consistent
with the observations and specific conditions of our model.

After estimating the rate of reproduction of the bacteria, we now focus on the mortality
rate of phagocytes, denoted by 7.. Like 7, this parameter is also expressed in u/min to
ensure consistency with experimental data on immune cell turnover in an inflammatory en-
vironment. Its value is estimated at 10~*u/min, which corresponds to an average half-life
of phagocytes of approximately two days. However, other studies suggest variations ranging
from 1073 u/min in cases of severe inflammation to 107% u/min in early stages of atheroscle-
rosis. For Crohn’s disease, a rate of 0.02wu/min is used, but this value does not apply to
ulcerative colitis (UC). Indeed, the mechanisms involved in UC result in a mortality rate of
0.6258 u/min (see Table 2.1), which satisfies the conditions of our study. In our study, The
parameter D, which represents diffusion, is used in a dimensionless form in our simulations.
We consider the same value for immune cells and bacteria, assuming equivalent mobility in
the studied environment. For our simulations, we set D = 0.2, ensuring a consistent inter-
pretation of the numerical results.

The bacterial density in the intestinal lumen is approximately b; = 105 u/m3. At the positive
equilibrium (u,v), which corresponds to an inflammatory phase, we estimate that about 30%
of this density can cross the epithelial barrier. Therefore, we set u = 0.3 X b;. Experimen-
tal data suggest that, in the affected area, the density of immune cells is about ten times
lower than that of bacteria, which is consistent with the larger size of phagocytes compared
to bacteria. We therefore assume x = 1—10, which implies that v = 10v and consequently,
v =3 x 1072 x b;. For the model of ulcerative colitis (UC'), we consider that the immune
response rate, represented by 3, is less than 107! r.. This decision is based on the fact that in
UC, the immune response is generally less aggressive and more regulated compared to other
inflammatory states. Thus, the parameter 5, which represents the rate of immune response
mobilizing cells to combat bacteria in damaged areas, is adjusted to be less than 107! r.. This
reflects a more moderate response and stricter regulation of the immune response compared
to the immune cell death rate r.. This approach better models the balance between bacterial
growth and the immune response specific to UC.

The value of v is calculated in such a way that it satisfies the conditions of our study.

2.7.2 Numerical results

We conduct numerical simulations of the mathematical model that describes the inter-
action between bacteria and phagocytes (immune cells) to illustrate our theoretical results.
We use the parameter values shown in Table 2.1 below, which are estimated in the previous
section.
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H Parameters Interpretations Values  Units H

b Reproduction rate of bacteria 0.02  (u/min)
b; maximum bacterial density 10 (u/m?)
v Related to the porosity of the epithelium 0.0856 (u/min)
a coefficient proportional to the rate of phagocytosis 0.0347 (u/min)
Sp Proportionality coefficient between p. and a 10 (u/m?)
d mortality rate 0.030  (u/min)
g immune response rate 0.3129  (u/min)
Te intrinsic death rate of phagocytes 0.6258  (u/min)

Table 2.1: Specified parameter values for the model.

After satisfying the conditions stated in Theorem 3.1 with the given parameter values,
we proceed to perform numerical simulations of system (2.1) in a one-dimensional space with
a diffusion constant D = 0.2. The simulation covers a time period from ¢ = 0 to 1" = 600
seconds, using the initial conditions (uéF vy ) The numerical domain spans the interval
[—50, 50], corresponding to a total length of 2L, = 100 cm. This choice is biologically rele-
vant as it approximates the average length of the human colon. Thus, the domain can be
interpreted as a simplified representation of a significant portion of the colon where inflam-
matory phenomena occur. It was discretized using a semi-implicit finite difference scheme
with J = 1000 points and a spatial step size of dx = % The scheme treated the right-hand
side implicitly. For the simulations, we used a time step of dt = 0.7 seconds. To ensure
appropriate boundary conditions in the numerical domain, Neumann boundary conditions
were imposed at the boundaries. This was necessary as we were dealing with a bounded
domain for numerical purposes. Finally, we present in the following the simulation results
that visually illustrate the temporal propagation of bacteria and immune cells, as shown in
Figure 2.6 and Figure 2.8, along with the corresponding space-time dynamics in Figures 2.7

and 2.9.
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In the second simulation, we aim to explore the behavior of the system under different
conditions, specifically focusing on the blocking of propagation. To achieve this, we extend
the final time to 1500 seconds and introduce changes to the value of d at specific spatial
points. These modifications are designed to impede the spread of bacteria and immune cells
in those particular areas. we define a customized d function to reflect these alterations:

0.030, if <0

d (SE‘) — ) f — 9

0.1065, ¢f x> 0.
By implementing this modified function d and running the simulation, we observe significant
differences in propagation patterns compared to the previous simulation. The results of this

simulation, which illustrate the blocked propagation in the specified regions, are presented
in the subsequent images.
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2.8 Biological interpretation

In this section, we will biologically interpret the results obtained in our model of wave
propagation in a homogeneous medium, as well as the resulting blocking phenomenon in
a heterogeneous medium. First, we analyze the propagation of waves in a homogeneous
medium. This result has a deep meaning in the biological context, suggesting that homo-
geneous wave propagation corresponds to uniform diffusion of inflammation throughout the
colon. More specifically, in the context of inflammatory bowel diseases such as ulcerative coli-
tis, this model can be interpreted as a mathematical representation of the overall extension of
inflammation along the colonic mucosa, thus characterizing pancolitis where the entire colon
is affected by inflammation. According to statistics, after 20 years, about 50% patients have
cumulative pancolitis [22]. When inflammation spreads evenly, it means that the entire sur-
face of the colon is affected by the disease in the same way, leading to widespread symptoms
and impaired bowel function. This interpretation reinforces the importance of holistically

treating the disease, targeting not only symptomatic domains but also areas where inflam-
mation is present subclinically, in order to effectively control disease progression and improve
the quality of life of patients.

Having explored in detail the homogeneous propagation of waves and its biological corollary,
namely the uniform diffusion of inflammation throughout the colon, we now examine the sec-
ond result of our study: the blocking phenomenon observed in heterogeneous environments.
In this configuration, we introduce variability into the model by modifying the mortality
coefficient of bacteria. This change leads to a significant alteration in inflammation spread.
Where previously the spread is uniform, we now see a progressive blockage. This observation
is consistent with clinical findings, in which doctors often report that certain areas of the
colon of patients with inflammatory bowel diseases, such as ulcerative colitis, may exhibit lo-
calized areas of blockage, leading to resistance to the progression of inflammation. Until now,
stopping the spread of the disease in the colon remains inexplicable and cannot be effectively
identified by the video obtained after a colonoscopy. More studies are needed to identify the
end point of inflammation. In conclusion, our results highlight the crucial role of bacterial
mortality in the spread of inflammation. Although constant rates of spread are observed
in a homogeneous environment, local variations in this term can result in a blockage of the
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progression of inflammation in specific regions of the colon. This observation highlights the
important role that interactions between bacteria and local inflammatory processes play in
the progression of the disease.

2.9 Conclusion

This work is a simplified approach to modeling the inflammatory response in ulcerative
colitis (UC). We make several assumptions to gain a general understanding of the mechanisms
of disease spread and blockage, while keeping the model relatively simple in terms of variables
and equations. In future research, it is useful to explore the stability of the stationary solution
and study how it depends on different parameters. Furthermore, expanding the model to
include more factors, such as additional interacting species, can provide a more complete
understanding of the complex dynamics involved in the spread and control of inflammatory
diseases.
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Part 11

Analysis of Reduced Models and Wave
Blocking in Population Dynamics

Abstract

The results presented in this chapter are the result of a collaboration with Nicolas Vauchelet
and Hatem Zaag and are currently being prepared for submission.

To control mosquito-borne diseases such as dengue, for which no effective vaccine is avail-
able, several strategies focus on targeting mosquito populations. One such approach involves
introducing Wolbachia, a symbiotic bacterium that blocks pathogen transmission, into the
mosquito population. A mathematical model describing the introduction of Wolbachia and
the subsequent population replacement has demonstrated that, in a homogeneous environ-
ment, spatial propagation occurs.

The objective of this part is to prove the blocking of this propagation in a heterogeneous
environment. To achieve this goal, we divide this part into two chapters:

The first chapter focuses on the reduction of a 2x2 reaction-diffusion system to a single
closed equation, providing a simplified framework for studying the dynamics of Wolbachia
propagation.

The second chapter investigates the study of wave blocking in a population replacement
technique, where we examine scenarios in which environmental heterogeneity, particularly
spatial variations in carrying capacity, may prevent the spread of Wolbachia.
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CHAPTER 3

{REDUCTION OF A 2x2 REACTION-DIFFUSION SYSTEM TO
A SINGLE CLOSED EQUATION

“Nothing in life is to be feared. It is only to be
understood.”

Marie Curie

3.1 Introduction

We study the dynamics of two biological populations belonging to the same species,
which move, reproduce, and compete. Their evolution is described by a reaction-diffusion
system with two equations posed in the space R? with d > 1. The reaction terms, generally
nonlinear, represent the interactions between these populations, including competition or
mutualism effects.

Let ny(t,z) and ny(t, z) denote the respective densities of the two variants at time ¢ > 0
and position x € R%. The model is given by:

{ omy — Any = nlfl(nla n2)7 (3 1)

Ong — Ang = n2f2(”1, 712)'

The functions f; and f, model these interactions and are accompanied by initial conditions.
Directly studying such a system is often complex. An alternative approach is to analyze
the proportion of one population relative to the total population, defined as:

ni

b= ni + No .
In this framework, it is possible to show that the evolution of p is governed by a reaction-
diffusion equation of the form:

dp — Ap = pF(p). (3.2)

Since the pioneering works of Fisher [32] and Kolmogorov, Petrovskii, and Piskunov [54], such
equations have been widely studied in mathematics, particularly concerning the existence of
traveling waves and invasion phenomena (see [91]). However, the analysis of competitive
reaction-diffusion systems remains challenging and introduces additional difficulties, as il-
lustrated in [35]. This chapter aims to establish a rigorous link between systems (3.1) and
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(3.2). More precisely, we seek to determine whether the solutions of system (3.1) can approx-
imate those of system (3.2) for the proportion p. Our main result shows that, under certain
assumptions on the reaction terms in (3.1), the proportion

n

= ) 3.3
p ny + N9 ( )

remains close, in a precise sense, to a solution of (3.2). Specifically, we prove that when the
total population becomes large and competition intensifies, the frequency p associated with
system (3.1) converges to the solution of equation (3.2), where the nonlinear function F' is
explicitly derived from f; and fs. The proof relies on a compactness argument based on a
priori estimates.

Similar results have been obtained for the reduction of competition-diffusion models in
[41] and [40], particularly in bounded domains with a detailed study of boundary conditions.

One of the main motivations for this study arises from the phenomenon of cytoplasmic
incompatibility, induced by the endosymbiotic bacterium Wolbachia in certain arthropod
species (see [96], [13]). These bacteria are of increasing interest due to their potential as a
tool for controlling arboviruses (see [44], [92]). This biological phenomenon can be modeled
by a reaction-diffusion system, and we show that if the reaction terms are properly adjusted,
then the frequency of Wolbachia infection converges to the solution of a closed reaction-
diffusion equation, which is bistable. Such equations have long been proposed to describe
this phenomenon (see [80]).

3.2 Modelling

Let T > 0 denote a fixed horizon of time.

3.2.1 Model with two compartments

The model for infected and non-infected mosquitoes proposed in [84] can, in a certain
sense, be used to derive a two-population model posed on R%. In this model, n,; represents
the density of infected mosquitoes, and n,, represents the density of non-infected mosquitoes.
The model is described by the following equations:

{ i — An; = (1 — sy)Fyni(1 — 2t ) — ddyn;, in (0,T) x R%,

3.4
Oy — Any, = Fyny (1 — sp ) (1 — 22) — dyn,,, in (0,T) x R<. (34)

ni+ny

Complemented by initial conditions n;(t = 0, z) = n;(2)"™* > 0, n,(t = 0, 1) = n,(z)™"* > 0.
The parameters in the model are defined as follows:

* dy, d; = dd, with 6 > 1 represent the death rates for uninfected and infected mosquitoes,
respectively. We assume that d; > d, because Wolbachia shortens their lifespan;

* s¢ € (0,1) is a dimensionless parameter that reflects the reduced fecundity of infected
mosquitoes;

* F,, F; = (1 —sy)F, denote the fecundity rates for uninfected and infected mosquitoes,
respectively. We assume that F; < F),, as Wolbachia reduces fecundity;

* sp € (0,1) is the cytoplasmic incompatibility parameter, representing the fraction of
eggs from uninfected females fertilized by infected males that do not hatch. In other
words, a proportion 1 — s, of the eggs fertilized by infected males actually hatch.
Cytoplasmic incompatibility is perfect when s, = 1;
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* K denotes the environmental capacity.

All the constants mentioned previously are assumed to be positive. In the literature related
to this model, one can find analyses of equilibrium states and their stability. Moreover, the
existence and uniqueness of solutions for such a reaction—diffusion system are by now well-
known; see, e.g.,[30, 71]. The equations governing the dynamics of n; and n,, are respectively
bistable and monostable reaction-diffusion equations It is worth noting that in the reaction
term of the second equation, the term _T represents the vertical transmission of the dis-
ease, while the coefficient s; models the imperfection of this transmission due to cytoplasmic
incompatibility. In accordance with [6], we will assume moreover that the relation

Sf+5—1<8h(5 (35)

holds true. This choice of parameters is relevant, as for Wolbachia-infected Aedes mosquitoes,
and more specifically in the case of the wMel strain, cytoplasmic incompatibility (CI) is
nearly perfect for this species-strain combination (see [26]), implying that s, is close to 1.
Furthermore, these mosquitoes typically have slightly reduced fecundity, which is represented
by sy ~ 0.1. In addition, the parameters J and s; take the values § ~ 1.1 and s, ~ 0.9,
ensuring the validity of equation (3.5).

3.2.2 Reduction for large fecundity

We assume high fecundity, as described in [84], and introduce a small parameter ¢ < 1

such that F,, = % When fecundity becomes dominant compared to the other parameters,
it is relevant to consider the asymptotic regime ¢ — 0 in order to simplify the equations
of the system (3.4). This reduction method is inspired by [6], where the authors explore a
differentiable system. In this section, we elaborate on the reduction procedure of this system
in detail. Since n; and n, will depend on €, we use the notation n{ and n,. Before we begin
rigorous reasoning, we use the following assumptions:

Assumptions 20.
1- K in C?*(RY).
2- K € L>*(R?).
3- K is bounded from below, i.e., there exists ¢ > 0 such that K > ¢, for all x € RY.
4- VK € L*(R%) and AK € L*(RY).

Formal reasoning: we introduce the total population as N¢ = n{ 4+ n{, and the fraction

of infected mosquitoes as p¢ = n;fne' After straightforward computations from (3.4), we

obtain the system

€

K

OIN° — AN* — N° (Fuu s+ (L= (L = sp)) (3.6)
—dy(0p*+1— pe)>.

Vp*VN© N¢
o = Ayt = 2P = (1= ) (Rl = ) =) +dul1=0)). (37)
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We can therefore reformulate equation (3.6) as:

o I s+ (0 - )0 ) (39

—du(p° +1— p€)>-

ON®— AN = N€<

We expect that, as ¢ — 0, we have N¢(¢t,x) = K(z)(1 + O(¢)). Then we introduce an
expansion
Ne(t,z) = K(x)(1 — ez*(t, x)).

Equating the leading terms in (3.8) yields

d,[(6 — 1)pe(t, x) + 1] — SE)
Z€<t,$) _ [( )p ( ) ] K(z) '

Fu((1 = sp)pe(t,2) + (1= pe(t, 2))(1 = sup(t, x)))

In subsection 3.4.1, we show that z¢ is uniformly bounded with respect to e. Equation (3.7)
then rewrites

VK

Opt — Ap© — 27Vp€ —2VpVin(l — ezf)

dy (6 —1)pc+1) — 8K
(1= sp)pe + (1 = p)(1 — spp©)

=p°(1 —p) <(Shp€ — 5¢)

—%w—lﬁ,

which is equivalent to

VK AK
Op" — Ap© — 27Vp6 - 2VP€V1H(1 - 626) = f(pe) + ?9@6)7 (3-9>
where 0.5 )
€ € € U Shpe — Sf +1- ‘|
p)=p(1—p ;
ddiatd >L1—wmﬁ+a—px1—%w>
and

o —pe(l — pe)(ShpE - Sf)
9(p°) = (1 —sp)p + (1 — p) (1 — sppe)”

Before stating the convergence theorem, we will make a remark on the property of bistability:

Remark 4. The function f is continuous and Lipschitz, with f(0) = f(1) = f(6,) = 0.
Furthermore, f < 0 on the interval (0,601) and f >0 on (01,1) , where 6; = % € (0,1),
under the condition (6 — 1) 4 sy < s0.

Assumptions 21.
We assume that the initial conditions satisfy:

n" is uniformly bounded in L®(R%), nl"*>0, (3.10)
nim is uniformly bounded in L®(R?), nime >0, (3.11)
init,e init,0
. . A € . n; ’ .
and p™ € L*(RY), p™"* = ot —e = pmi = 0 o Wweakly in L*(R?).
i TNy n; Tty
(3.12)
Furthermore, we assume that the initial conditions are well-prepared, which means:
ny" it = K 4 eKS, with || Kflle < C. (3.13)
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3.3 Main result

We are now able to present our main result, namely the the reduction of system (3.6)-(3.7)
to the scalar equation (3.9) as ¢ — 0. This result extends the one presented in [84], where
the carrying capacity is assumed to be constant.

Theorem 8.
Let T'> 0. Under Assumptions 20 and 21, as € — 0, we have p¢ := e p° strongly

in L2(0,T, L*(R%)), weakly in L?(0,T, H*(R?)) where p° is the unique solution of

€
n;

Ap° — Ap° — 2VE 0 = £(p°) + AKg(p°), in (0,T) x R, (3.14)
p°(t = 0,x) = p™i(x), in R, |
with dy (550" J)
_ 1—
0 _ 001 — o u(0Shp” — Sp + ,
f®)=p(1-p") (1—s7)p° + (1 —p°)(1 — spp")
and

—p° (1 — p°)(snp” — 5¢)
L—sp)p+ (1 —p°) (1 = spp°)

g(p)=<

3.4 Proof of convergence

In this section, we provide a proof of Theorem 8, which enables us to reduce the system
(3.4) to a scalar reaction-diffusion equation for the proportion as the parameter e tends to
0. This approach is inspired by [6], where the authors employ a model consisting of two
differential equations. First, we present the system of equations that is satisfied by (N¢, pc)

DN — AN = N[ (1 — NY(1 = s7)p° + (1 — p)(1 — spp°))
—dy(6p° + 1 —p)],

Op° — Ap* — 25K Vpr — 2Vp VIn(1 — e2) = f(p) + 5Eg(p°),

Ne(t — 0) — Ninit,57 p€<t — O) — pinit,s.
Where
dy(6spp” — sp+1—19)

f() =p(1=p9) (1= s/)p°+ (1 — p) (1 — spp?) |

and
—p(1 — p°)(snp — sy)
L —s7)pc+ (1 —p)(1 — spp°)

9(p) = (

3.4.1 Uniform a priori estimates

We initially establish some uniform bounds with respect to € > 0.
Before starting with the first lemma which demonstrates that z¢ is uniformly bounded with
respect to €, we introduce the following system of equations, which is used to demonstrate
this property. We have N¢ = K (z)(1 — e2¢(t, z)) and p¢ = —

€ € *
ng+ng,
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Let us replace N¢ with its expression in equation (3.6), and then, from straightforward
computations, we get

K
Ozt — Az — 2VKVZ6 (3.15)

Lo etlh) (Fm (L= s+ (L= (1 - shzf)))
(1 —ez(t, 7))

€ K
. . (1 —ex) AK
- (=du(0p" +1-p9)) — I

Lemma 22.

Assume that the assumptions of Theorem 8 hold, and let (z¢,p%) be the unique solution
of system (3.15)-(3.9). Then z¢ is uniformly bounded with respect to €, and 0 < p* < 1 on
[0, 7] x R

Proof.

By nonnegativity of /™ and ni"*< it is standard to deduce the nonnegativity of n¢ and
(Indeed 0 is a subsolution for (3.4)). Moreover, since R is invariant for the equation of
and nM¢ > 0, we deduce that nS > 0 on [0,T] x R% Therefore, p¢ is well-defined on
[0, 7] x R? and satisfies by definition 0 < p¢ < 1 on [0,T] x R%.

t

n
n

gagn

Consider the function % defined as h(p) = ( (1751;;?;;?2175”)). We remark that the de-
nominator is positive, since p € [0, 1]. Let
min 25

K = max{ e (0) — e ),

Let ¢y be such that K < % (& 1 — €K > 0), then, thanks to this choice we have for
0<e<Leq:

_(1_65[()(]%[(((1 —sp)p°+ (1= p)(1 = spp)) — du(dp° + 1 —p)) — Q_;IQA;(
:_u_:K%EM“‘”ﬂﬁ*Wl—ﬁﬂl—%ﬁDW?—Mﬁﬂ+ﬁf)

According to the definition of K, we have

_ “—;K)(ﬁu[((l — 5P+ (1= p)(1 = spp))|[K — h(p9)] + A[f)

gozak—AK—ziva.

Hence, we have that K is a super-solution for (3.15) for any 0 < ¢ < ¢y. Then 2¢ < K for
any 0 < € < €.
By the same token, we have that the negative constant

max AK

K = min{ min (h(p) — —= K s = [12™ | o
S R (TR P T L

is a sub-solution for (3.15). Indeed, Let €y be such that K < % (& 1 - 6K > 0), then,
thanks to this choice we have for 0 < € < ¢q:
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1—€eK)T o
_(EN) [Fu{?((l —sp)pt+ (1 —p°)(1 — Shp6)> —dy(GpF 1 _pe)‘| N (EN)A;(
(1—€eK) /.
- _6N<Fu[(1 —sp)pt+(1—p)(1 — shpﬁ)} {}N( _ h(pﬁ)} 4 A}f)
According to the definition of K, we have:
(1—€eK) /.
B 6N<Fu[(1 —sp)p"+ (1= p)(1 = sup) | [K — h(pF)] + A;)

20:8,5K—AK—2EVK.

~ ~ B ~

Hence, we conclude that K is a sub-solution for (3.15). Thus, 2¢ is uniformly bounded
from below by K. We therefore deduce the uniform bound of z*. [

Lemma 23.
We assume that Assumptions 20 holds. Let (z,p°) represent the unique solution of the
equations (3.15)-(3.9). For any sufficiently small e > 0, the following uniform estimate holds:

T
e/ / V2 [2dwdt < Sy (3.16)
0 R4

T
/0 /Rd V< 2dzdt < S, (3.17)
for some positive constant Sk, k=1, 2.

Proof. We begin by demonstrating the following estimate:

T
6/ / V2 Pdadt < S).
0 Jrd

We multiply equation (3.15) by 2¢ and integrate it over RY, to get
cd
2dt Jra
< LA - ez“(t, ) [Fuz (1 = sp)p" + (1 = p)(1 = s,p)) — du(0p° + 1 — p°)]

(29)2dx + E/Rd IV 2|?dx

. S AK 1 VK .
+2(1 — ez )7]|d:13+26/Rd |z ||7||Vz |dx.

We have proved that z¢ and p¢ are uniformly bounded, and under Assumptions 20, there
exist two positive constants S3 and S; such that

€d €\2 €12 €
s [ e+ E/Rd V22 dx < S + 2546/Rd IV K||V2¢dx.
Using a Cauchy-Schwarz inequality and a Young inequality, we deduce

€d

3€
€\2 €2
3 Rd(z) d:v+(—4)/d|Vz |“dz < Ss.
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We obtain (3.16) through time integration.

Before proving estimation (3.17), we show that [ foa |V In(1 — €2¢)|?dzdt approaches 0 as e
tends to 0. We have

2
//yv1n1—ez \dxdt_e// VT
Rd |1 — €2¢]?

Since z¢ is bounded, there exists a constant Sg such that,

T T
/ / IV In(1 — e2)*dadt < 6256/ / V22 dxdt.
0 R4 0 Rd

Then, according to estimate (3.16), we have [} foa [V In(1 — €2¢)|?dzdt tends to 0 as ¢
goes to 0.
Now we will demonstrate the estimate (3.17). We multiply equation (3.9) by p¢ and integrate
it over R?, we obtain

1d , , VK
- € € _2 67 €
5% Rd(p)dx—l—/Rde]dx /de KVpdx

- 2/ pVpVin(l —ez)dx
R4

< [ v f )+ 22000 WO [y pejag,

Using a Cauchy-Schwarz inequality, we get

1d €\ 2 c|2
- Rd(p)d:c+/Rd|vp|czan
]_ 1 1
< = 625/ 9 K2§ € €
< SLIVEPEL RVERE + [ e

2
+ 7(/ |Vpe|2 % / 13VIn(1 — ez%)|*dx)

maXpE 0,1]

N|=

p)l / IAK|dz.

From assumptions 20 and the well-known inequality 2ab < a? + b?, we deduce after an
integration in time

! Vet [ [ |V Pdedt < “f(p)d " Vin( - ) Pdadt. (3.18
S Lo durg [ ] Ve Pdedt < s+ [ prpGfde [ [ Vin(-e) Prd. (318)

We note that pf(p€) < C(p°)? for some constant C' > 0. Therefore,

L) de<c [ )2 ds

Inequality (3.18) can thus be rewritten as:

;Rd(p) .:1:~|—6/ / |Vp\dxdt<S’+C/ daH—/ / |Vin(1 — ez)Pdxdt.

We then apply Gronwall’s lemma to the inequality
1d
2 dt Jra
Which provides a uniform bound for [pa(p€)? dz in terms of the initial data.
Finally, by taking e small enough, we obtain the desired estimate.

(P de<C | () dr
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3.4.2 Compactness result and proof of Theorem 8

Before proceeding to prove our theorem, it is relevant to recall the compactness result
(see [81]).

Lemma 24. (Lions-Aubin). LetT >0, q € (1,00), (¢n)n a bounded sequence in L4(0,T, H),
where H is a banach space. If 1, is bounded in LY(0,T,V) and V' compactly embeds in H,
and if (Oythn)n 1s bounded in L1(0,T, V") uniformly with respect to n, then (V). is relatively
compact in L(0,T, H).

The proof of the theorem is divided into several steps.

Step 1 : Local relative Compactness. For R > 0, we define the increasing sequence
(Bgr)r of balls of radius R with center 0 in R¢. We use lemma (Aubin-Lions ) with ¢ = 2,
Hpr = L*(Bg) and Vg = H'(Br)NL*>(Bg). Then, we apply Lions-Aubin Lemma with ¢ = 2.
Then the sequence (p¢) is uniformly bounded in L?(0, T, Vz) from Lemma 23. The compact
embedding of Vi in Hp is well-known from the Rellich-Kondrachov theorem. We are left to
verify the bound on the time derivative : Let ¢ € Vi, we denote (-, ) = (-, '>V,’?,VR= the duality
bracket. From equation (3.9), we get

T T VK
| 10w @)t = [ [(ap + 252y + 299V In(1 = ) - v, ).

Where 9¢ is the function defining the right hand side in equation (3.9), which is uniformly
bounded in L'((0,T) x Bg) N L>*((0,T) X Bg) , then

T VK
/ (A + 2= Vi +2Vp VIn(l — ) — ¢, 0) dt
0

T
< Vol [ VP IRt
216112 VK| ' V|72 g dt
+C/H¢HL°°(BR)H %282 A VDI T2(85)
T
+ 2||¢||%°°(BR)||/O IVIn(1 — €2 (723, [IVP 728 @t + 101172 () 1] |7 (5)-

Step 2 : Global convergence. For all R € N, one can extract converging in L*(0,T, Hg)
subsequence from (p). by Lions-Aubin lemma. We perform a diagonal extraction process
successively in R, so that

6571:”) m——+4o0

p P in L2(0,T, Hg)

and by construction (e!/%2)), is a subsequence of (eli)),, if R, > R;. This ensures the
consistency of the subsequences on increasing nested domains. Since the family (p). is
uniformly bounded in L%*(0,T; H*(R%)), we can also obtain the weak convergence of the

gradient:
Uptn 2 (R iy 120, T; Hy).

The limits p® are well defined, independent of the extracted subsequences, and satisfy the

same bounds as (p®).. Additionally,

R2 > Rl — p(R2) (Rl)'

=P
Br,
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This property allows us to define a global limit function p° € L*(0, T’; L*(R?)) by combining
the local limits p® for R > 0. Finally, we have constructed a subsequence, still denoted as
(p®), such that

=% 0 strongly in L2(0,T; L*(Bg)), VR > 0.
To transition from local convergence to global convergence, it is necessary to obtain uniform
estimates in € for the tails, i.e., for |z|] > R. To achieve this, we introduce a function
¢ € C=(R?) such that 0 < ¢ <1, ¢(2) = 0 if |2] < %, and ¢(x) = 1 if [z| > 1. We then
define ¢r(z) = ¢ (%) Multiplying (3.9) by p¢r and integrating over R%, we obtain:

1d
o < T € __€
S5 [ onde / P bR) V¢ dx+2/ Kvppqudx

+2/ VpVIn(l — e2)p ¢Rdx+A/ Vo du,

AK

—p)(shp—s5)du[(0—1)p+1] max [ 55 (1-p) (snp—sy)
(I=s;)p+(1—p)(1—snp) —du(0 = 1)[ +| (1- Spr+ 1—p)(1—s.p) |}

1-
where A = sup,¢(o. 1]{|(
We begin by expanding the expression:

/Rd V(por) - Vp©dr = /Rd pVor - Vp-dr + /Rd ¢R\Vp6\2da:.

By bounding |V¢g| by its L norm and applying Holder’s inequality, we get the following.

|/ pVor - Vp-dx| < \|V¢R||Loo/ |p© - Vp© |dz.
R R
Then, using Young’s inequality, we deduce:

IV
R

|/de6v¢R - Vptdz| < P2 [Vl 2

Following the same procedure and given that z¢ is uniformly bounded, we obtain the following
inequality:

I\VchLoo

K
5&/]1{11(296)2¢Rd1’ < '/ |V p or|dx

v
12| 2| VD] | L2 + 2 max
+€/ Vp* |2d:r+e25’/ V¢ |2dx+A/ g da.

This implies:

1d 2 1 . . / 62
23 o nde < (e (\|V¢|\Loor|p||m||v;o||L2+es/ V)

’/ ‘VPEP6¢R|CZ$+A/ )’ ¢r du.

+ 2max

Let us define:

1
net) = (3 + €) (IVlle 122 Vol 22 + 5" [ 192 do )

K €__€
K‘ /Rd |V or|de.

+ 2max
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Thanks to Lemma 23, we know that hgr . € L'(0,T), so we obtain:

1d
57 e ( Vordr < hp(t) +A/ )R dz.

Using Gronwall’s Lemma, this inequality implies:

o t
/ (p€)2¢R dr S €2At/ <p1n1t)2¢R dr + / h/R7€<7_)€2A(t_T) dr.
R4 R4 0

By the definition of ¢p (where ¢r(z) = 1 on R?\ Bg), we deduce that for all € > 0
sufficiently small and for all R > 0, we have:

/ /R . )2 de dt (3.19)
< / / Vopdadt < z (247 1) ( /R oy (p™%)2 da + /0 " he() dt) |

This result implies a uniform bound, as p™* € L?(R?). Therefore, we conclude that the
subsequence (p©). converges strongly to p° in L?*(0,T; L*(R%)) as € — 0.
The reasoning is as follows:

T T T
/ |pe—p0|2dxdt:/ / |p6—p0|2dxdt+/ / Ip© — p°|? da dt.
0 Jrd 0 JBg 0 JRNBg

This inequality leads to:

T T T
/ |p6—p0|2dxdt§/ / |p6—pO]2dazdt+2/ / p°|? da dt
0 JRrd 0 JBg 0 JRA\Bg

T
+2/ / 1p°|? d dt.
0 Jri\Bg

The second term on the right-hand side is uniformly bounded for sufficiently large R due
to inequality (3.19) and the fact that p® € L*(0,T; L*(R?)). Regarding the first term, we rely
on local convergence.

Step 3 : Passing to the limit. Using the strong convergence of the sequence (p©)
in L2(0,T; L*(R%)) and the Lipschitz continuity of the function I, we deduce that (I(p¢))
converges strongly in L0, T; L*(R%)) to I(p°).

du[(6—1)p+1]-5E
Where I(p) = p(1 —p) {(shp S) e S[f()p+()f iy — du(d = 1))

Using the weak formulations of the equations concerning p°¢ (3.9), we derive the equation
satisfied by p°. Let x € C&((0,T) x R?), we have

T K
/ / PO~ VPV 2VKvaX —oVpVIn(l — e2f)ydadt (3.20)
0 R

_ / / ) xdwdt,
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from the above convergence it is straightforward to pass into the first two terms of the left
hand side. For the fourth term, we use

T
/ / \Vp|Pdzdt < S’
0 Jre
and a Cauchy Schwarz inequality to get
T
[ [, Vo — ex)xdudt < S|l V In(1 = 2o <=5 0.
o Jr

In the case where p° converges strongly, we can take the limit for the first term on the
right-hand side of (3.20). Finally, by letting ¢ — 0 in (3.20), we obtain

VK AK
o’ — ApY — 27va = f(°) + 7g(po)_ (3.21)
Where 0.6 . 5
— 1 —
0y — ,0(] — 0 ul0Shp” — 57 + ’
Te) =P =) [0 + (1= )0 — sn)
and

—p°(1 = p°)(sup’ — sy)
1—sp)p” + (1= p°)(1 — sp°)

g(p):<

3.5 Conclusion

In this chapter, we have proven the rigorous convergence, under appropriate assumptions,
of a two-equation reaction-diffusion model to a reduced model describing the frequency of a
variant. This result legitimizes the use of simplified models in practice. However, while the
bistable model approach is mathematically justified, its validity relies on specific scaling con-
ditions, particularly regarding population size and fecundity. Bistable equations are widely
used to model the spatial spread of Wolbachia, as they allow the analysis of traveling waves
and the estimation of invasion speed.
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CHAPTER 4

BLOCKING OF BISTABLE FRONT PROPAGATION:
APPLICATION TO WOLBACHIA POPULATION
REPLACEMENT

“It always seems impossible until it’s done.”

Nelson Mandela

4.1 Introduction

The fight against dengue, a global scourge [14], and other arboviruses has mobilized sig-
nificant efforts within the scientific community. The development of innovative vector control
techniques is a particularly dynamic field of research. Among these approaches, the use of
Wolbachia in Aedes mosquitoes to limit disease transmission [92, 7| has attracted growing
interest. The artificial infection of mosquitoes with Wolbachia can be achieved in laboratory
settings, and its vertical transmission enables the rapid and large-scale spread of the infected
strain.

The first mathematical models of this strategy include the works of Barton et al. [13], Hughes
et al. [45], and Hancock et al. [39], which have contributed to a better understanding of the
dynamics of this infection and its population-level implications. The impact of spatial di-
mensions in vector control processes has also attracted significant attention from researchers.
Several studies have explored the conditions under which mathematical models incorporating
spatial variations can predict the blocking of a biological invasion, particularly in the context
of Wolbachia-infected mosquito releases.

The observation of biological invasions and the mechanisms used to stop them is a widely
studied topic in the literature. For example, the experimental study conducted by Atyame
et al. [11] demonstrated that stable coexistence between multiple natural Wolbachia strains
could be observed in a Culex pipiens population. Several hypotheses have been proposed to
explain this stability. Nadin et al. [68], through a simplified mathematical model, supported
some of the analyses derived from these studies.

Our results in this chapter support these analyses. We show that the environmental carrying
capacity K plays a crucial role in propagation. When spatial variations, represented by the
terms K' /K and K" /K, are small, blocking propagation is impossible. However, when these
variations are sufficiently pronounced, they can halt the invasion. This result highlights the
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importance of environmental gradients in controlling biological invasions and opens new per-
spectives for explaining experimental observations.

Although long-term field experiments remain limited, artificial releases of Wolbachia-infected
mosquitoes [44, 69] have revealed phenomena such as stable fronts and blockages [43, 99].
These phenomena have been modeled in several studies, notably using reaction-diffusion
equations [13, 20] and models accounting for habitat heterogeneity [38].

Our approach is based on the analysis of a modified equation in one spatial dimension that
accounts for spatial variations:

"

K’ K
Oyp — DOpup — 2D—0,p = — . 4.1
ip p 7 0ep = f(0) + —=9(p) (4.1)
This formulation explicitly integrates spatial heterogeneity through the term K?”, a determin-

ing factor in blocking propagation. Mathematically, our study relies on demonstrating the
existence of stationary solutions for this equation, using the shooting method, a commonly
employed approach for solving partial differential equations. In particular, we show that
when K?' and K?" are of small amplitude, propagation is not blocked. On the other hand,
if these terms are sufficiently large, propagation is blocked. To simplify the analysis, we
assume that the diffusion coefficient is normalized, meaning that D = 1 and will maintain

this assumption throughout the remainder of the work.

4.2 Results on the blocking

In this section, we present our main result, which addresses blocking the propagation of
Wolbachia in heterogeneous environments where the environmental carrying capacity varies
significantly across different regions of the spatial domain. Before presenting our main result
for equation (3.21), we introduce the concept of propagation barrier (referred to simply as
barrier below). We consider the domain to be one-dimensional and therefore study the
differential equation :

/ 1

atp - 8xxp - 2I[<(axp = f(p) + I[i—g(p)v t Z 07 YIS R (42)
Where 0.5 5
_ _ uwl0Spp — 55 + 1 —
1w =1 -0 (T RE )
and

—p(1 = p)(snp — s¢)
1—sp)p+ (1 —p)(1—sup)
To proceed, let us define the function F'(x) as

9(p) = (

On the one hand, under hypothesis
(5 — 1) + 55 < Sp0,
the function f is bistable meaning that it is continuous and Lipschitz, and satisfies

((5 — 1) + Sf
shé

f(0)=f(1) = f(01) =0, where 6, = € (0,1).
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Furthermore, f < 0 on the interval (0,6,) and f > 0 on (6, 1).
On the other hand, throughout this chapter, we assume that

F(1) = /Olf(t) dt > 0.

In the case where K is homogeneous, it is well known that a unique traveling wave exists.
Its speed has the sign of

F) = [ f

which is positive. Depending on the initial conditions, the solution may converge to 1, leading
to an invasion phenomenon.

In this chapter, we are interested in what happens when K depends on x. To obtain a
tractable problem, we assume that K increases exponentially in a given region of the spatial
domain and remains constant elsewhere. Specifically, for certain constants C' > 0, L > 0:

A, for x < 0,
K(x) =14 Ae®*, for x €0, L], (4.3)
AeCl for x > L.

In this context, our goal is to prove the blocking of Wolbachia propagation where K varies
significantly across different regions of the spatial domain. To achieve this, we will show
that equation (4.2) admits a stationary solution and satisfies the comparison principle. The
existence of a stationary wave for this problem boils down to the existence of a solution to

_p” - Cpl - 029<p) = f(p>7 on ]07 L[7
_p” - f(p)7 on [Oa L]cu
p'(07) —p'(07) = Cg(p(0)), (4.4)

P(L7) —p/(LY) = =Cyg(p(L)),
p(—o0) =1, p(+00) =0, p> 0.

In our study, stationary solutions of equation (4.2), which exhibit specific behavior at infinity
as described by the solutions of equation (4.4), act as barriers that prevent propagation.
Before presenting the main results, we first introduce the definition of a barrier and the
assumptions.

Definition 25.
We name a (C, L)-barrier any solution to (4.4). For any bistable function f we define
the barrier set

B(f) ={(C,L) € (0,4+)?, there exists a (C, L) — barrier}.

Assumptions 26.

Before presenting the Barrier Existence Theorem, it is important to note that if C is
small enough, there is no blockage. This is the objective of the following lemma.
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Lemma 27.
If K? and K? are sufficiently small, then there exists a sub-solution that is not blocked.

On the contrary, for large enough C' and L, there exist barriers.

Theorem 9.

Let C > 0, L > 0, and assume that K is given by (4.3), that assumption 26 holds and
that F(1) > 0. 3¢, > 0 such that for all C > c, there exists L* such that for all L > L* we
have (C, L) € B(f).

The existence of a barrier significantly and directly influences the asymptotic behavior of
the solutions of equation (4.2), as established by the following proposition.

Proposition 28. B
Suppose that there exists a barrier (C, L) denoted by P and that K is given by (4.3). Then
every weak solution of

/ 1"

K K
Oip — OpaD — 2?61617 = f(p) + ?9(1)),

with initial data such that p™ < P, stops spreading, meaning ¥t > 0, p(t) < P.
4.3 Preliminary result

In this section, we present a fundamental result on barriers, as defined in Definition 25.
Specifically, we prove that the barriers are decreasing. Since F(1) = [J f(t)dt > 0, we
introduce 6., the unique real number such that

0(2
F(6,) = / F(t)dt =0.
0
We assume that the following inequality holds:
(5 — 1) +Sf < sh(5.

Lemma 29.
If (C,L) € B(f), p(L) < %L and p is a (C, L)-barrier, then p is decreasing.

Sh

Proof.
Consider the following system:
—p" = Cp — C?g(p) = f(p), on 10, L],
-—P = f(p)7 on [07 L]cv

p'(07) = p'(07) = Cy(p(0)),
p(L7)—p(LT)=-Cg(p(L)),
p(—o0) =1, p(+o00) =0, p>0.

We first consider the interval (—oo,0). Since —p” = f(p), multiplying by p’ and integrating

yields .
S (@) + Plp) = F().
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Thus, p'(z) = 0 if and only if p(x) = 1. However, the maximum principle forbids this
situation because 1 is a super-solution, so p cannot touch it.

Now consider x € (L, +00). Similarly, we obtain

1

5 (@) + Flp(a)) = 0.

Hence, p’ can vanish only if p = 0 or p = 0.. Since p = 0 is impossible, the only remaining
possibility is p = 6.

Assume by contradiction that there exists x; > L such that p(x;) = 6. and p/(x;) = 0.
Since p(L) < 0., the function p increases on (L, x;) and decreases after x;, meaning that z;
would be a maximum with value p(x;) = 6, > 0.

By the strong maximum principle, such an interior maximum would force p to be constant
on (L, 400), which is impossible because lim,_, ,~, p(z) = 0. Therefore, p’ never vanishes on
(L,+00). Since p > 0 and lim,, . p(x) = 0, it follows that p is strictly decreasing on
(L, +00).

We now turn to the interval (0, L). Define
Ty = inf{z > 0: p'(z) = 0}.

Suppose by contradiction that x,, < L. There are two possible cases.

Either p(z,,) < 0.. In this case we introduce

B) = 5(#@) + Fp) + CGo), 6() = [ glu)du

Differentiating gives

E(r) = —C(¥(x)) <o,
then E is decreasing. At x,,, since p'(z,,) = 0, we have
E(zpn) = F(p(rm)) + C*G(p(xm)).
At x = L, using the transmission condition
P(L7) =p/(L7) = Cg(p(L)),

and the fact that )
LP(Lh)) + F(p(L) =0,

we obtain after simplification

E(L) = Cg(p(L))\/—2F(p(L)) + S9(p(L))* + C*G(p(L)).

To analyze the sign of E(L) — E(z,,), we distinguish two cases: p(z,,) < p(L) and p(z,,) >
p(L).
* I p(am) < p(L),

p(L)

E(L) = E(xn) = Cg(p(L))\/=2F (p(L)) + G g(p(L))* = F(p(w,n)) + 02/ g(u) du.

p(Tm)
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s

L with g(u) > 0 for all 0 < u < z—}f, the integral is
T

Since 0 < p(zn,) < p(L), and p(L) <
> FE(x,,). This contradicts the fact that E is decreasing

nonnegative, which implies E(L)
and z,, < L.

At p(wm) > p(L),

Since p'(z,,) = 0 with p(x,,) > p(L), the function must increase before x,, and decrease
after. But on (—o00,0), p is already decreasing. For p to increase before x,,, there must exist
another point before x,, where p’ = 0, contradicting the definition of z,, as the first zero of
p’. Hence this case is impossible.

We are left with 6, < p(z,,) < 1. Since p(L) < 0., it follows that p(z,,) > p(L). In
this case, we fall back to the previous case, which leads to a contradiction. Hence p' < 0 on
(0, L). Because 0 < p < 1 and because of its limits at +00 and —oo, p necessarily decreases
at (—o0,0) U (L, +00). O

4.4 Proofs of Main Results

In this section, we provide the proofs of the main results presented in Section 4.2.

4.4.1 No blocking for small variations

In this subsection, we present the proof of Lemma 27.

Proof.

We consider the following equation.

!

K
Oip — Opup — 2?(%29 (4.5)

- ) KT _
=t (P (o (o0 ) -t ).
Let 0 < A < s3,0d,, and define

p(1—p)
(I—sp)p+ (1 —p)(1—sup)

falp) = (pA —du(sp+0—1)),

satisfies condition [ fa(p)dp > 0, it is possible since F'(1) > 0. Then, there exists c4 > 0
and and a decreasing function ¢4 satisfying

— @y — cady = falda),
pa(—00) =1, ¢a(+o0) =0,
¢4 <O,

Assume

IE(N' S Shadu_A and 2 ‘Ig‘ < CA. Let pA(t’l’) —_ QSA(J;_CAZ':) Wlth cA > O Then

! / !/

K K ! 1" K !
- Oypa = —Qf@x —q = [CA - QK] G4+ fa(da).

Oipa — OpaPa — 2?
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Since 2 ‘1}((" < ¢y and ¢, <0, it follows that

’

K
atpA - am:pA - 2? : a'rpA < fA(¢A) = fA<pA)'

Finally, using ‘Ig’ < sp6d, — A, we have

K/ p(l . p) K//
OPpA—0Opzpa—2—0,pa < ody, — — || —d, b—1)].
Therefore, p4 is a sub-solution of equation (4.5), which implies that there is no blocking for
Kf and 1; sufficiently small.

]

4.4.2 Proof of Theorem 9

Now, we proceed to the proof of Theorem 9, which establishes the existence of stationary
solutions.
To get a better description of B(f), we use a shooting method. We separate the study of
equation (4.4) on (0, L) by introducing

p(0) =8, p(L) =«

We now face a problem that is slightly differently formulated:
for;S—fh<a<Z—i<5<1,WeaimtoﬁndCandL>Osuchthat

—p" = Cp —C%(p) = f(p),

p(0) =B, p(L) = «a,

p'(07) = p'(0%) = Cyg(p(0)) = Cy(B), (4.6)
P(L7)—p'(L*) = =Cyg(p(L)) = —Cg(a),

sp (072 + F(8) = F(1), 3p(L*)*+ F(a)=0.

There is an evident and direct link between equations (4.4) and (4.6).

Lemma 30.

Let C,L > 0. If (C,L) € B(f), then there exists («, 3) such that (4.6) has a solution.
Conversely, if there exist o, 5, C, and L such that (4.6) has a solution, then this solution is
also a solution of (4.4).

Proof.
Let C and L be positive constants. If (C,L) € B(f), then the problem (4.4) admits a
solution denoted by p, which satisfies the following equations:

—p" = Cp — C%(p) = f(p), on 10, L],
—p" = f(p), on [0, L],
p'(07) = p'(0%) = Cyg(p(0)),

p(L7) —p' (L) = -Cyg(p(L)),

p(—o0) =1, p(+00) =0, p> 0.
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Thus, the first equation of problem (4.6) is satisfied. It remains to demonstrate the existence
of o and 3 that fulfill the conditions:

p0) =6, p(L) =0, 250+ F(5) = F(1), 3/ (L) + F(a) =0,

Since the problem (4.6) is well-posed in the space of real functions that are twice continuously
differentiable on [0, L] and on [0, L], we can find «, 3 > 0 such that p(0) = 8 and p(L) =

It is straightforward to demonstrate that $p'(07)? + F(3) = F(1) and
1p'(L*)? + F(a) = 0. The proof of these equations is direct and intuitive.

In conclusion, we can establish the existence of o and [ that fulfill the conditions in
Equation (4.6) and ensure the solvability of the problem. Similarly, to reverse the statement,
we can employ a similar line of reasoning.

]
Lemma 31 (Existence of a Solution).
Let - <a< f < B <1, with a < 6.. Assume that assumption 26 is satisfied.
Under these condztzons, there exist unique constants C = ~(a, f) and L = X a, ) such
that the system (4.6) has a solution.

Proof.
Here, we employ a shooting argument. Let p, be a unique (by the Cauchy-Lipschitz
theorem) decreasing (by similar arguments as in Lemma 29) solution to

— Cp, — C%g(pa) = f(pa),
pa(L) =a, 3p,(L7)*+ F(a) =0, (4.7)
Pa’'(L7) = pa'(LT) = —=Cg(pa(L)).

Since p,, is decreasing, we may invert it and define X, :]po(L), po(0)[ —]0, L[ such that
Pa(Xa(p)) = p. Moreover, we introduce the function:

we(p) =

1) + Cg(8)\2(F(1) — F(8)) - Cgla)y/—2F(a) <2

Consequently, the following system of equations holds:

= CJ\/Q(W‘D@ — F(p)) + C?9(p)? + 2Cg(a)y/—2F ()

~C2Jg(p)[1 + ¢ (p)], (4.8)
we(a) = 0.

Where J = F) is positive. In what follows, we assume that
F(1)+Cg(8)\/2(F(1)~F(8))~Cy(e) \/~2F (a)

V' J, satisfies the following condition:

C(B — ) = V2 F(1) + € (9(8)2(F (1) = F(5)) — gla)/~2F (a))

VI < C?(f — a)max R ’
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where the function R is defined by

i) = S0 0 @)

with w, being positive (which will be shown later).

Equation (4.8) has a solution as long as w, > JF(p). On the interval (a,6,.), we have
F(p) < 0 by definition of .. Consequently, on («, 0.), equation (4.8) has at least one solution.

Next, we consider 6. < py < 1 and denote by (a,pg) the largest interval within («, 1) for
which equation (4.8) has a solution.

The question now is whether it is possible to choose a value for C' such that w,(8) = F(1)
holds for a < Z—Z < B < 17 Before answering this question, we need to show that w,, is positive.
Since we have p > « and w,(«) = 0, to prove that w, is positive, it suffices to show that w,
is increasing. we have

Lo _ CJW“’”J@) — F(p)) + C2g(p)? + 2Cg(a)/~2F (@)
—C*Jg(p)[1 + ¢'(p)]-

This is equivalent to

d;;a — CJ(J 2 <wa}p) _ F(p)) + CQg(p)2 + QC’g(a) —2F(a)

—Cyg(p)[1 + g’(p)]> :

The sign of w,, depends on the sign of 1+ ¢'. If 14 ¢ is positive, in this case, for simplicity,
we will show that 1+ ¢ < 1.
Considering

g (p) =
( —spp(1 = p) (1 = spp) (1 = p) + (L = s5)p) + (snp — 57) (—570° +2p — 1)>
(1= sp)p+ (1= p)(1—spp))*

After straightforward calculations, it’s found that :

—spp(1 —p) (1 = spp) (1 —p) + (1 — s£)p) + (Sup — S¢) (—sfp2 +2p — 1) <0,

for all ;Tfh < pand sy <1—s5p,. Then we obtain that 1+ g < 1. Hence, we have:

J2 (ZUJ(M - F<p>> +C2g(p)* + 2Cg(a)\/=2F(a) = Cy(p) = Cg(p)[L + g (p))-

Implies that

J 2 <wa<p) - F(p)> +C?g(p)? +2Cg(@)y/=2F(a) = Cg(p)[1 + ¢'(p)] = 0.
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For the second case, when 1 + ¢ is negative, the same reasoning applies, and hence w,, is
positive.

In conclusion, since w,, is positive, w, is increasing, thus we(p) > wa(a) = 0, s0 wq is
positive.
Now let us return to our question: is it possible to choose a value for C' such that w, (5) = F(1)
holds for a < Z—fl < B < 17. Here, we evaluate:

1, C?

nl) = 7 (.00 + F(B) = S a6 — Cate)/2F (@)

We can rewrite the derivative of

w.(p) = CJJ 9 (w“}p) _ F(p)> + C2g(p)? + 2Cg(a)y/—2F (a)
—C*Jg(p)[1 + ¢'(p)]-

To address our question, we will consider two cases.

—2F(a) F(1)
gle) (g(a)\/—ZF(a)—g(ﬁ)\/2(F(1)—F(/3))) )

We note that on the interval («,0.), the function F(p) is negative, i.e., F(p) < 0. Con-
sequently, we can estimate the derivative as follows:

e We first show that for C' = min ( wa(B) > F(1):

) = C\2 ) — P+ 20001 + 20000y —2FTe)

— C*Jg(p)[1+ ¢ (p)]
> CVJ\/2wa(p) — C2Jg(p)[1 + ¢ (p)].

By integrating both sides over («, p), we get:
14
2wa(p) > CVJI(p — ) — CQJ/ R(u)du

Thus, evaluating at p = 3, we obtain:

2we(B) > CVJI(f —a) — C2J(B — a) max R(p) > \/2F(1).

pE(a,pB)

V3 \/ +o V2FED-F(B)—g(a) 72F<a>)
Since v/.J < oL .

—2F (o) F(1)
9(a) ’(g(a) “2F(a)—g(8)\/2AF()—F(B))

a)max R

Choosing C' = min )> ensures that w,(8) >
F(1).

e Then we show that for C' small enough w,(5) < F(1):
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If we consider F'(6;) = minp ] F', we obtain:

w,,(p) < CJ 2 (waj(p) - F(01)> +C? I%g?g(p)“’ +2Cg(a)y/—2F(a)
— C?Jg(p)(1 + ' (p))-

Integrating this inequality over (a, p), we get:

J
wa(p) < JF(6) — 502 r[%al?g(p)z — JCg(a)y/—2F ()

¢ VI P g(u)
+ (-0 - 2 [ g

\/>\/ 2F(6) +(]2maxg() +2Cg(a)y/ —2F (a ))

— F(61)) + C?maxo 1) 9(p)? + 2Cg(ar)\/ —2F ().

Where n =
Therefore:

walB) < JF(6)) - jcz n[%a?g(p)? — JCg(a)y—2F(a)
(-0 [0
\/>\/ 2F(6y) +C’2maxg() +2Cg(a)y/—2F(« ))

Therefore, we can choose C' small enough such that w,(8) < F(1).

e Next, we prove that w, is increasing with respect to C.

We define z¢(p) = d‘f;g 2 From equation (4.8), we have:

dZC(p) d dwa d dwa

dp _?p<do):%(dp)

- ‘W oW pp) + gty + Cota)y2F ()

_2Cq(p)(1 + g'<p)>>

7



Equivalent to

) — Jao(p) + J[y/2(%0 — F(p) + Sg(p)? + Cgla)y—2F ()
—QC’g( Y1+ (p)],

zo(a) = 0.

where
J,: —F(1)(g(B)\/2(F(1) — F(8)) — g(a)\/—2F(a))
+Cgﬁ¢zF1 — F(B) — Cg(a)\/—2F(a))?’
and
- (B)2(F(1) - >—g<a> —2F(a))

+Cg B)\/2(F( 3)) — Cg(a)y/—2F(a)

Near p = «, the solution of this equation is positive. It remains positive for all p € (a, )
because if zo(p) becomes too small the equation tells us that its derivative is positive, since

g(a)C < /—2F(«).

Therefore, dzg(p ) > 0, indicating that z¢ is increasing, and consequently, zc(p) > z¢ () = 0.
This implies that the solution w, is increasing with respect to C', meaning that for each f,
there exists a unique C' = y(«, 3) such that w, () = F(1). We can rename this solution as
Wq 3 SO that

tas = C.J\[2(252 — F(p) + Cg(p)? +2Cg(a)y/—2F ()
—CUdMD+d@H (4.9
wap(a) =0, wep(f) = F(1)

To recover the value of L such that w, s comes from a solution p, of (4.8), with

pal0) =5 and p,(07)? + F(pa(0)) = F(1).

We simply need to note that L = [5' X 5 ( )dp. To calculate it from w, g, we observe that

Therefore, we define

¢2 F(p) + So(p)? + Cgla)y/~2F(a)

Recall that p,, < 0 on ]0, L[, so L = A(a, ) is uniquely defined.
Before moving on to the second objective, let us state some useful properties of the func-

tions v(a, ) and A(«, ) defined in the lemma 31. These properties will be demonstrated
immediately afterward. First, we denote £ =
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Corollary 32.

1. The functions v and X are continuous on («, 3), £ < a < z—}{ <pB<1, a<d..
2. y(a, ) is increasing in o and decreases in 3. M «, [3) is increasing in 3.

3. The functions v and X\ satisfy the following properties: ~(a, ) — +o00 as f \ @,
Ma, B) = +o0 as f— 1, and Mo, f) = 0 as f — a — 0.

Our objective now is to demonstrate that for a given couple (C, L), it is possible to find
values a and f such that C' is equal to y(«, §) and L is equal to A(a, ). We first note that
the limit of v(a, ) as o approaches £ and 8 approaches 1 can be established based on the
monotonic properties described in corollaire 32. Furthermore, it is worth noting that ~y(a, )
is bounded from below by ¢,. Consequently, for any o € (£,6,) and § € (&, 1), the following
limits hold:

lim Y(a, B) = Cq, lirrp(oz, B) = Cg

Let C' > ¢,. Our aim is to demonstrate the existence of a unique o € (§,0.) such that
C, = C. We observe that the function a — C,, is continuous and increasing, as stated in
corollaire 32. Therefore, it is sufficient to prove that the limit as o approaches 6. of C,, is
infinite. Once this condition is established, defining «, as the value satisfying C,, = C will
yield the desired result.

Similarly, we will demonstrate the existence of a unique 5 € (&,1) such that C3 = C.
Once again, we observe that the function 8 — Cj is continuous, decreasing. Therefore, it
suffices to prove that limg_, Cs = +oo0.

We now aim to show that Cy, = Cy = +o00, where Cp, = lim,_,9, C, and Cy = limg_,¢ C3. The
fact that Cy = 400 is a direct consequence of corollaire 32. Next, assuming, by contradiction,
that Cp, < +o00, we proceed to find a solution to the following system:

—p" —Co.p —Ciglp) = f(p), on ]0;L],
_p// = f(p)v on [0 ; L]c’
p'(07) = p'(0%) = Cyg(p(0)),

p(L7) —=p' (L) = -Cyg(p(L)),

p(—o0) =1, p(+00) =0, p> 0.

By multiplying by p' and integrating over (L, +0c), we obtain:

oo, / +oo
_/L p (z)p <x>:/ f(p(x))p (x)dz.

L

Implies that
1 ’ +Oo ’
PN = [ f @)y ()de.
Letting u(z) = p(z), we have:

Since p/(LT) = p/(L™) + Cyg(p(L)), then:
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S (L))" = S(0/(L7)* + CP/(L7)g(p(L)) + 5C9(p(L))*
This yields:
S('(L7))? + Cp'(L7)g(p(L)) + ;029(19@))2 = —F(p(L))
Which implies:
P(L) + 5Colp(L)) = 0

On the other hand,

PL) + 5 Colp(1) = p(17) — SColp(L)).

Which further implies:

V(L) = LCa((L)).

Absurd since p is decreasing over (L, +o0) and $Cg(p(L)) > 0. Therefore, we conclude that
Cy, = Cy = +00. According to Corollaire 32, for any « € (€, 0..), there exists a unique 5 > «
such that Mo, 5) = L. O

Proof of Theorem 9.
Theorem 9 is a direct consequence of Lemmas 30 and 31. 0

Before moving on to the proof of the final main results, we prove the properties presented
in Corollary 32.

Proof of Corollary 32.

1. We have w,, 5(p) = Jy(a, B)H(was5(p), p) — (e, 8)*Tg(p)[L + ¢'(p)], where w(a) = 0,
w(fB) = F(1), and

H(wq5(p),p) = J2 (waﬁ(m - F(p)) + C2g(p)* +2Cg(a)y/ —2F (a)

is a solution of a differential equation with boundary conditions.

On the set (o, 8),§ < a < z—i < [ <1, a < 6, the functions H and g are continuous,
which implies the continuity of w with respect to v and, consequently, the continuity
of v with respect to f (when w(a) = 0) and with respect to o (when w(5) = F(1)).
This implies the continuity of A.

* Let £ <a< z—fb <f<l,a<b <., C=~(a,p), and w be the solution to (4.9) as-

sociated with C' and . Similarly, let 3 > 3, C' = ~(a, 3), and @ be the solution to (4.9)
associated with C' and J (i.e., w(5) = F(1)). We assume by contradiction that C' > C.
Then, w is a supersolution to the equation satisfied by w with the initial condition
(o) = 0. Hence, W > w over |, 3], which implies @(3) > w(3) = F(1) = w(/3). This
implies that w is decreasing, which contradicts the fact that w is increasing. Therefore,
we conclude that C' < C. Since w(a) = w(a) = 0, it follows that w > 1 on the interval
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(@, 8).

*x We can calculate :

/5 : _ 1 dp
"R = P + Go(p)? + Cola)y/—2F ()
B 1
> o
/a ¢2(wfjp> — F(p) + S 9 + Cg(a)/—2F(a))

which demonstrates the monotonicity of the function \.

*Let{ <a< Z—i < B <1,C=7(a,p), and w be the solution to (4.9) associated with

C and a. Similarly, let a@ > a, C' = ~(a, ), and @ be the solution to (4.9) associated
with C' and & (i.e., w(&) = 0).

Suppose by contradiction that C' < €. This implies that @ < w on [a,; ], which
further implies that w(a) < w(a) =0 = W (&).

Therefore, w is decreasing, which contradicts the fact that @ is increasing. Hence, 7 is
increasing in «.

* As (3 approaches o, C' = v(«, ) — 400. Indeed, we have already proven it above:

walp) < S0 — 5 C s o(p)? — ICgla)y/—2F (a)
\/_C 2 g /
—l—(\/_(— C\/_/ + ¢’ (u))du

\/>\/ 2F(6) +C’2maxg() +2Cg(a)\/ —2F (a ))

Taking p = 3, we obtain:
wa(B) < JF(01) — £C2 ma?;g(p)2 — JCg(a)\/—2F ()

+ (mw e [0 g

f ¢ 2F(01) + Capas g(p)? + 209(a)y/~2F(a >)

If v(e, B) does not tend to +o00 as  — «, then this function would be bounded, as it
is monotonic. Therefore, by taking the limit in the inequality, we obtain

F(1)<o.

This contradicts the fact that F(1) = [, f(t)dt > 0. Thus, we conclude that y(«, 3) —
+oo as f — a.
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* As (8 approaches 1, A(«, ) — +00. Indeed, we observe that the function y(«, ) is
decreasing and bounded from below by c,. Therefore, it converges to a limit C, as
B — 1. Since A(a, -) is increasing, if it does not diverge to +o0o, then it converges to a
limit A,. Consider the system of equations:

—p" —(a, B)p — v, B)%g(p) = f(p),
W02+ F(8)=F(Q), 3p'(L)*+ F(a) = 0.

If 3 — 1, then we obtain the following system of equations:

—p" = Coop — C29(p) = f(p),
W02+ F(1)=F(1), 1'(\)?+Fla)=0.

This implies p'(0) = 0, which in turn gives p = 1 by uniqueness. However, this
contradicts 2p'(As)? + F(a) = 0. Therefore, we conclude that A(a,-) — +oc as
68— 1.

* As [ approaches a, A(«, 3) — 0. We know that
2

2(”“’)—F<p>+c

y S 90 + Cale)=2F (@) | > 20g(a) /-2 a).

Therefore,

Ma, B) = /B ! dp

: J2 (“ _ F(p) + S + Cgla) —2F<a>)

0 —«

B dp _ :
<. \/2Cg(oz)\/% \/209(0‘)\/%

If 5 — «, we deduce that A(a, §) — 0.

]

Having established the properties, we now proceed with the proof of the final main result,
which is Proposition 28.

Proof of Proposition 28.

The result follows directly from the maximum principle, given that P is a barrier and
p™ < P. Therefore, the solution remains bounded by P for all ¢ > 0, implying that the
spreading stops. ]

The results of Theorem 9 and Proposition 28 conclude that if the initial positive solution
is smaller than the stationary solution, it can never reach or exceed the stationary solution.
Indeed, the stationary solution acts as a barrier to propagation. The term ’blocking’ is
therefore justified, as it describes the situation where the solution consistently remains below
the stationary solution, thus confirming the phenomenon of propagation blocking.
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4.5 Numerical simulations

We performed numerical simulations of Mathematical Model (3.4) to illustrate our theo-
retical results. We used the parameter values listed in Table 4.1 below, which were estimated
based on the conditions identified in the theoretical results.

Parameters | Interpretations Values
5f A dimensionless parameter that reflects the reduced fecundity of infected mosquitoes | 0.015
F, Fecundity 1
d,, Mortality rate of non-infected mosquitoes 0.30
d; Mortality rate of infected mosquitoes 0.315
) The ratio j—u 1.05
Sn Cytoplasmic incompatibility parameter 0.7

Table 4.1: Specified parameter values for the model. The values used in the simulations are
inspired by those presented in [24].

We performed numerical simulations of the system in a one-dimensional space. The
simulations spanned a time interval from ¢ = 0 to 7" = 600 days. The numerical domain used
was the interval [—40, 40], representing a total width of 80 units. This domain was discretized
using a semi-implicit finite difference scheme with 2000 spatial points, resulting in a spatial
step size of dx = %. A time step of dt = 0.7. The implicit scheme efficiently handled the
complex terms in the system.

Neumann boundary conditions were applied at the edges of the domain, ensuring consis-
tent behavior at the boundaries.

In these simulations, the function K (x), which directly influences the propagation dy-

namics, was defined as follows:

A, for x < 0,
K(z) =14 Ae®", forx €0, %],

2
AeCt) for x> L.

The constant C', which appears in the exponential expression of K (), plays a crucial role in
determining the propagation dynamics. As demonstrated in Lemma 3.2, small values of C
allow continuous propagation. For instance, with C' = 0.0001, the results illustrate uninter-
rupted propagation, as shown in Figures 4.1 and 4.2.

In a second simulation, we studied a propagation blocking scenario by extending the simu-
lation duration to 7" = 800 days. A moderately high value of C, sufficiently large to cause
blocking but not excessive to avoid unrealistic numerical behaviors, was used. Specifically,
we set C' = 0.4. The observed blocking can be explained by the exponential nature of the
function K(z), where higher values of C effectively limit propagation. The results illustrate
the blocking of propagation, as shown in Figures 4.3 and 4.4.
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Figure 4.1: Propagation of Infected Figure 4.2: Propagation of Non-Infected
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Figure 4.3: Blocking of Infected Mosquito Figure 4.4: Blocking of Non-Infected

Propagation. Mosquito Propagation.

4.6 Conclusion

Our work has contributed to deepening the understanding of strategies to control mosquito-
borne disease epidemics. A mathematical model describing the introduction of the endosym-
biotic bacterium Wolbachia was used to analyze the spatial propagation mechanisms of the
replacement of the mosquito population. While propagation already exists when the carrying
capacity K is constant, our study focused on the potential blocking of this propagation in
heterogeneous environments.

More specifically, we investigated scenarios where the environmental carrying capacity
varies significantly across different regions of the spatial domain. Our results highlighted
that such environmental heterogeneity can pose a major obstacle to the effective replacement
of mosquito populations with Wolbachia-carrying populations. These findings are of great
importance for the development of targeted control strategies.
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Part 111

Intracellular Signaling and
Compartmentalization

Abstract

The results presented in this chapter stem from a collaboration with Claire Alamichel, Juan
Calvo, Erwan Hingant, Nathan Quiblier, and Romain Yvinec. They were obtained during
my participation in CEMRACS 2022 and have been published in the journal ESAIM [1].

We present a novel approach to modeling receptor-activated signaling pathways that take into
account the compartmentalization of receptors and their effectors, both on the cell surface
and in dynamic intracellular vesicles called endosomes. The first building block of the model
concerns compartment dynamics. It takes into account creation of de novo endosomes, i.e.
endocytosis, and further recycling of endosomes to the cell surface or degradation, as well
as fusion of endosomes via coagulation dynamics. The second building block concerns bio-
chemical reactions on the cell surface and within intra-cellular compartments. Both building
blocks are coupled by the transfer of molecules that occurs at each event that modifies the
compartments.

The model is formulated as a integro-partial differential equation, with transport and co-
agulation operators, and source terms, coupled to an integro-differential equation. In this
work, we prove sufficient conditions to obtain exponential ergodicity for the size distribution
of intracellular compartments. We further design a finite volume scheme to simulate our
model. Finally, we show two application cases that show qualitative agreement with recently
published data, proving that our model can help capture the spatio-temporal complexity of
receptor-activated signaling pathway.
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CHAPTER b

MODELING COMPARTMENTALIZATION WITHIN
INTRACELLULAR SIGNALING PATHWAY

“Do what you can, with what you have, where you

are.”

Theodore Roosevelt

5.1 Introduction

G Protein Coupled Receptors (GPCR) are a large class of transmembrane receptors:
they are proteins located at the cell surface (plasma membrane) that are specialized in re-
ceiving (binding to) extracellular molecules, called ligand. The ligand-bound receptor will
subsequently affect biochemical changes through the plasma membrane towards intracellular
molecules. GPCR thus play a key role in the signal transduction, which allows long range
cell communications mediated by ligand (e.g. hormones, cytokines, growth factors etc) and
leads to major changes in the metabolism and activity of a cell [61, 77]. In addition, GPCR
form an important class of targeted pharmaceutical agents in many different physiological
contexts.

A receptor-activated signalling pathway, or biochemical cascade, is a chain of biochemical
events activated by a receptor upon ligand binding. A series of signal transducers, or effector
molecules, are activated within a reaction network (with typically many feedbacks and/or
feedforward loops) and ultimately leads to a cell response, e.g. changes in gene expression,
cell growth, metabolism [51]. Recently, it has been shown that GPCR are pleiotropic: they
are able to selectively activate different signalling pathways. Distinct biochemical events
can indeed be modulated by the nature of the ligand (either native physiological ligand or
pharmaceutical agent) and the specific 3D conformational structured adopted by the ligand-
bound receptor. This pleiotropy sheds light into important cell regulation mechanisms that
need to be taken into account to design efficient therapeutic strategies [50].

GPCR do not permanently stay at the plasma membrane. Rather, an important desen-
sitization mechanism of signaling pathways is receptor endocytosis. Receptor endocytosis
is the internalization inside the cell of a vesicle surrounded by an area of cell membrane
which contains receptor (and other) molecules. Endocytosis is an active form of transport
of molecules. The vesicles, called endosomes, and their molecular content, can further be
degraded by cell machinery through hydrolytic enzymes, or be partly recycled back to the
plasma membrane. These spatial movements induce, upon ligand binding, an heterogeneous
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population of receptors spread out between plasma membrane and a dynamic population of
endosomes with distinct micro-environment. Within the context of receptor-activated sig-
nalling pathways, the processes of endocytosis, degradation and/or recycling are commonly
referred to receptor trafficking, and provide further cell regulation mechanisms of signaling
pathways [15]. Key evidence have indeed shown that the intra-cellular traffic of internalized
receptors has a major impact in cell response to a given stimuli [48, 87].

In this work, we will focus our applications on a specific class of receptors that share in
common the activation of the same effector molecule, the cyclic adenosine monophosphate
(cAMP). For a number of GPCR among this class, including the Beta-2 Adrenergic Recep-
tors (S2AR) [52], the parathyroid hormone receptor (PTHR) [47], the luteinizing hormone
receptor (LHR) [64], or the follicle-stimulating hormone receptor (FSHR) [79], after ligand
binding, the production of cAMP occurs first at the plasma membrane and later on from a
highly dynamic pool of endosomes following internalization of the receptor by endocytosis.
This spatio-temporal dimension of signaling has been found to have a significant impact on
physiological functions, such as the control of serum calcium by PTHR signaling [97], or the
resumption of meiosis by LHCGR signaling [64].

Thus, to faithfully represent the complexity of signalling pathways, we need to take into
account the dynamic of the transient pool of specialised endosomes [83, 15, 88] following
receptor stimulation, and its role on the reaction networks involved in the signalling pathways.
The current biological hypothesis is that the endosomal compartments provide a dynamic
and heterogeneous compartmentalised structure that allows specialised effector molecules to
be separated from the bulk cytoplasm (physically separated through a lipid bilayer) in order
to have a proper function of the cell response.

(Classical ways to model the dynamic behaviour of signalling pathways use Chemical Re-
action Networks [46], either in a deterministic formalism using ordinary differential equations
[31], or in a stochastic formalism (typically when few molecules are present) using continuous-
time Markov chains [9]. Both approaches typically assume the law of mass action and an
idealised homogeneous environment. When spatial dynamics is important to take into ac-
count, one may use reaction-diffusion models to represent for instance spatial gradients [51],
or compartmental models, to physically represent segregation between static compartments
[93]. Note that in most applied literature, like in the field of epidemiology (e.g. SIR model),
compartmental models refers to finite-dimensional dynamical systems where one variable is
associated to each compartment, and the model described fluxes between compartments.

Up to our knowledge, relatively few works have addressed the issue of representing ex-
plicitly the segregation of molecules in a dynamic environment. The peculiarity of receptor
trafficking at play within signalling pathways is that the endosomal compartments are created
upon receptor activation, and their number, their size and their molecular content evolved
dynamically, within a similar time scale than that of the signalling pathways activation.
A first attempt of defining such models, within the context of signalling pathways, dates
back to [33] and uses a deterministic population dynamics formalism to follow a popula-
tion of compartments, structured by their size and molecular content, and which undergo
coagulation-fragmentation like dynamics, representing endocytosis, fusion, fission, recycling
and degradation. Recently, a stochastic counterpart has been proposed by [25, 72, 8]. To the
best of our knowledge, a model that represents the chemical reactions that take place both
at plasma membrane and within a dynamic population of endosomal compartment has never
been considered and represents a novelty of our current work.

In this work, we define and study the long-time behavior and numerical schemes of mini-
mal deterministic models that can represent compartmentalised signalling pathways, taking
inspiration from [33]. Furthermore, we provide two simple examples of our model that show
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that this model is able to represent qualitatively main experimental observations on cAMP
signaling from [47, 97].

5.2 Modelling compartmentalised signalling pathways

The first objective is to be able to define a model to simulate the endosomal compartment
dynamics from their size structure perspective only. We adopt a deterministic population
dynamic approach, where individuals are structured by a single positive variable (their size).
From biological observations, the main processes that shape the size distribution of the
endosomal population include:

» Endocytosis: creation of a de-novo compartment from the cell membrane;

e Removal of compartment: either recycling back to the cell membrane, or degradation
through lysosomal pathways;

o Fusion: binary coagulation of compartments.

Let g = g(t,r) be the population density of endosomal compartments at time ¢ € R* and size
(volume) r € R*. The evolution equation for g, that takes into account the three mechanisms
above is given by, for all ¢ > 0 and r > 0:

agg£r>zw+ alr)  —anglt.r), (M1)

‘ coagulation ‘ ’ endocytosis ‘ removal

where

Qo)) = [

0

T o0

k(r —r' gt r —r")g(t,r")dr’ — /0 k(r,r)g(t,m)g(t, r)dr’' . (5.1)

In the sequel, we denote ¢g(0,7) = go(r) the initial condition of Eq. (M1). A similar
equation may be found in [33, 2]. The coagulation operator is quadratic: two compartments
of respective size r,r’ fuse in one compartment of size r 4+ 1’ at rate x(r,r’). One obtains
Eq. (5.1) by considering all compartments that reach size r and all that leave size r. The
kernel k > 0 is symmetric (k(r,7’") = (1, 7)), such that the coagulation operator Eq. (5.1)
preserves mass ([ rQ(g,g)(r)dr =0). In particular, we have (at least formally),

(;it/ooo rg(t,r)dr = /00O ra(r)dr — /Ooo y(r)rg(t,r)dr. (5.2)

Endocytosis is a zero-order process at rate « (source term), compartment removal is a first-

order process and occurs at a rate 7. In the sequel, model (M1) will be referred as our 1D
model.

The second modelling step is to include molecular content into Eq. (M1). One may first
think as an additional one dimensional structure variable. The first example we have in mind
is the quantity of (active) receptor within each compartment, which is of primary interest to
represent receptor trafficking within cells (see application in subsection 5.5.1). The second
example we have in mind is the production of cAMP effector molecules, both at the plasma
membrane and within each endosomes (see application in subsection 5.5.2). Thanks to this
second structuring variable, besides compartment dynamics, we aim to represent:
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e Biochemical reactions inside each compartment. Reaction rates are dependent on local
abundances of molecular species, as well as the size (and more generally other physical
variable like pH) of the compartment.

e Biochemical reactions that occur at the plasma membrane.

o Molecular conservation laws that may hold at each event that modifies the compart-
ments, in particular between membrane and compartments. Hence we will now distin-
guish between compartment degradation and compartment recycling.

Let f = f(t,7,a) be the population density of compartments at time ¢t € R*, size (volume)
r € R and molecular content a € R*. Let also M = M(t) € RT be the molecular quantity
at the plasma membrane. The joint evolution equation for f, M is , for all £ > 0, r > 0 and
a> 0,

oft,r,a) OV (r,a)f(t,r,a))
ot + da = Q(fa f)(tv 7, CL) <M2a)

reactions coagulation

+ a(r,a, M(t)) —~y(r,a)f(t,r,a) — X(r,a) f(t,r,a),

’ endocytosis ‘ ’ degradation ‘

WO~ guoa@) - [7 [ aatr,a, M(0)dacr (M2b)

reactions :
endocytosis

* /0OO /OOO aX(r,a)f(t,r,a)dadr,

where

QD) =3 [ [ str =)t == ) f(e ) ddar’
_ /Ooo /000 R(?‘) T’)f(t, r, a)f(t, 7“/, a/)da'dr’ . (5'3)

In the sequel, we denote f(0,r,a) = fo(r,a) and M(0) = M, the initial conditions of
Egs. (M2a)-(M2b).

In Eq. (M2a), the extension of the coagulation and endocytosis processes to include the
second structuring variable a is clear. Note that we chose the coagulation kernel to be depen-
dent on the size of the compartments (not their molecular content), for the sake of simplicity.
The removal terms are now splitted in two: the degradation occurs at rate ~, and the recy-
cling occur at rate A. The transport term represents the biochemical reactions that modify
the molecular content within each compartment, and which occur at rate V(r,a). Also, the
endocytosis rate « is necessarily dependent on the molecular content of the plasma mem-
brane M, to avoid negative values for M, e.g. «a(r,a,0) = 0. In Eq. (M2b), Jys represent
biochemical reactions that occur at the plasma membrane, and the two integral terms rep-
resent the molecules that are lost or gained at the plasma membrane through respectively
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the endocytosis or recycling processes. The Eq. (M2b) on the scalar variable M was not
present in [33] and, to the best of our knowledge, it is a novelty of our model. Still inter-
preting the molecular content as a quantity of receptors, it allows to represent conservation
laws of receptors between plasma membrane and endosomal compartments, giving a satisfac-
tory representation of the biological concept of receptor trafficking: receptors (together with
other molecules) undergo directed movement back-and-forth between plasma membrane and
intra-cellular endosomal compartments. In particular, we have (at least formally),

dt(/ / rftradrda) / / ra(r,a, M(t))drda (5.4)
/ / v(r,a)rf(t,r,a)drda
R

(rya)rf(t,r,a)drda,

and
jt (/OO" /0°° af(t,r, a)drda + M(t)> = Ju(M(2)
+/ / tradrda—/ / ~v(r,a)af(t,r)drda. (5.5)

The choice of the rate functions «, v, A and x mainly governs the compartment size dynam-
ics. In [33, 2], the authors consider a one-dimensional model (M1) with constant coagulation
kernel, constant first-order rate v, and exponentially decaying source rate «(r) = Ce~"/,
The choice of the rate functions V and Jj; will mainly impact the molecular content at the
plasma membrane and within compartments. Its choice may be guided by the underlying
chemical reactions that take place at the plasma membrane and within compartments. Linear
or polynomial functions may thus be suitable to represent mass action kinetic law.

In the sequel, the model given by Eqgs. (M2a)-(M2b) will be referred as our 2D model.

In the remaining, in Eq. (M1), Egs. (M2a)-(M2b), all rate functions and initial conditions
are nonnegative. Further, we do not address in this paper the well-posedness of solutions of
either Eq. (M1) or Egs. (M2a)-(M2b) and rather take for granted that a unique sufficiently
smooth nonnegative solution is given.

5.3 Long time behavior of the 1D model (M1)

In this section we provide sufficient conditions so that Eq. (M1) exhibits a unique globally
stable steady state. The large-time behaviour of this equation -also known as coagulation
equation with source and effluz [18], has been studied first in [34] with drift, in [23, 60] without
efflux, in [85] with a bounded coagulation kernel and in [37] with a singular coagulation kernel.
Here, we limit ourselves to give a self-contained proof of exponential stability of the steady
state in L' with bounded coagulation kernel. We mainly use a contraction argument, taking
inspiration from [21].

Theorem 10.
Let gy, o, K,y nonnegative. Assume « is integrable, k and v are bounded and morevover
infy=r>0. If
Bllllr el <7, (5.6)
then there erists a unique nonnegative stationary solution in L'(R,) of Eq. (M1), denoted
by goo. Moreover,

||goo||L1 < Ha’y‘% )
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and for every solution g € C(Ry, L'(R,)) we have

lim lg(t) = goollr = 0.

t—+00

95 =3llsl oo [l 1

The convergence is at least exponential with rate > 0.

We do not expect condition (5.6) to be optimal. See the discussion in Section 5.4.2.
We assume here that well-posedness of a unique nonegative solution g € C(R, L'(R,)) of
Eq. (M1) is given. We note that this implicitly imposes conditions on the rate functions and
the initial condition, which will at least need to be nonnegative and integrable. See [17] for
more details.

Proof. First we prove existence and uniqueness of a stationary solution g., thanks to a Banach
fixed point argument. Let us define

X:{geL%Rn:gzommmlsW”“}.
Yo
Consider a constant K > |||z + ||&]| = ”O‘”Ll . For g € X we define

1
Tkg = ?(a—vngQ(g,g)JrKg)-

The operator T is well-defined since (g, g) is also well-defined for any integrable g provided
that  is bounded [21, Lemma 3]. We aim to apply Banach’s fixed point theorem for T on
X -which is a closed subset of the Banach space L'(R,); this will give a stationary solution
of Eq. (M1). Let g € X, we have that

1
Trg 2 72 (K = [7lle= = I5ll=llgllzr) g (5.7)
Indeed, g and « are positive and & is bounded, thus
Qlg-9) = —g(r) [~ k(g (1)’ || llgl119(r)

which leads to Eq. (5.7) thanks to the boundedness of 4. The fact that ||g|[;: < ”%‘% and
the condition on K entail the positivity of Tk f. Then, because

/OOOQ( / / Yg(r)dr'dr < 0,

we deduce that

Tglln = [~ = (@) = 19() + Qo 0)(r) + Kg(r)) dr
ol

< el | K- 70
But K > |||z~ > 70, thus, for g € X

- K

lodlz:

Ll
K Txglir < llallo + (K — o 1ol < g
Yo Yo
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and we conclude that Tk g belongs to X. We now show that T is a contraction on X. Let
g and h in X. It is straightforward to check that

v 1
Ticq — Tichllsr < (1= 22)llg — hllus + 1:1Q(0,9) ~ QU W

By a simple computation (see e.g. [21, Lemma 3| or [85, 17]),

3
1Q(g, 9) = Qh, h)llzr < Sl (llgllzr + [[Pllz) g — Rl (5-8)

lovf|

0

< 3|kl

lg = Al (5.9)

Thus, we have

1 0] 1
|1 Tkg — Tihl||r < <1+K(3||“||L°°” I _70)> lg — Rl
Yo

Then the hypothesis Eq. (5.6) allows us to conclude that there exists a unique fixed point
to Tx in X. Moreover, this is the unique stationary solution which is positive and belongs
to L'. Indeed, assume we have a positive stationary solution g ¢ X ie. in L! satisfying
Y J g > |la||r:. Then

0= /OOO (a(r) =~(r)g(r) + Qg,9)(r)) dr < [lal[r =0 /Ooog(r) dr <0,

which is a contradiction.

We now turn to the proof of asymptotic stability. Let g € C(R,, L'(R.)) be a nonnegative
solution to Eq. (M1) in the sense of distributions and let g,, € L*(R,) be the stationary
solution. We first provide a bound on g. We have

d ) ) 00
o[ attrar = ol =0 [ gtt.r)ar+ [T Qo) r)ar

<l =70 | gt.r)dr.

Thus,
ol

lo(t, Mer < lg(0, e +

It is a classical computation that
0 .
519 = ool = =7(1)lg = goc| + (Q(9, 9) = Q(9o0, 90)) s1gng — 9o0).
t
Thus, using Eq. (5.8),
d
—lg(t,") — guo
g9t ) = geolle

<

3 _ i
30+ 318l (Hgm, R ”9°°””>] lg(t.) — gocll

ol 3 .
< (30l 1202 0 Dm0 e ) ) = gl

We conclude that

3llsll Lo % =3kl Lol 1
Hg(ou')”Ll_ t

lg(t, ) — goollzr < 119(0,-) — goollre 20 p |
which ends the proof. 0
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5.4 Numerical scheme for 1D and 2D models

In this section, we detail our Finite Volume numerical scheme used to simulate our models,
and numerically illustrate their properties. In order to tackle the complexity of the model, we
decided to construct a conservative scheme that preserves moments of the solution. To that,
we use of the finite volume scheme framework, after reformulating the coagulation operator
in a divergence form in the spirit of [16, 42]. The transport term is treated by an up-wind
scheme. Remaining terms are approximated in a standard way. Time is treated by a first
order Euler explicit approximation.

5.4.1 Finite volume scheme

We want to write a numerical scheme of the 2D model, Eqs. (M2a)-(M2b) using a finite
volume method.

First we can rmk that, for » > 0 and a > 0, we can rewrite our Eq. (M2a) in the following
conservative form [16]

01 (t,7,0) ==-0,0,C () (t,7,0) = 0 (V (1,0) f (1,7, )
+a(r,a, M (t)) — A(r,a) f(t,r,a) — v (r,a) f (t,r,a),

(5.10)

where

C(f)(t,r,a) / / dQ(f, f)(t, ', a)dd'dr.

From Eq. (5.10), we will first detail the truncation we use (step (i)) and the discretization
(step (ii)). Then, we detail the finite volume approximation of the coagulation and first-order
transport operator in the right-hand side of Eq. (5.10) (step (iii)). We finally sum-up the
numerical scheme in the last step (step (iv)).

(i) Truncation. Asin [42, 16], to study our equation, we will truncate the size variable to
a maximal value R > 0 and the quantity of reactants variable to a maximal value A > 0 and
we will choose a truncation of the functional C. We chose the following truncation, given by,
for any r < R and a < A,

CH(f) (t,rya) =
3 / / r'a / / (r" =" ") f =" d —d") f(t,r", ") da"dr" da’ dr (5.11)
R—r' pA—d
—/ / r'a f (t,r',a')/ / k(r',r") f (¢, r" a") da"dr"da’dr’.
0 Jo 0 0

The truncation in Eq. (5.11) ensures that no cluster of size larger than R and molecular
content larger than A arise. It can be obtained from Eq. (5.3) using the truncated kernel
K(r, 7)1y <rlarar<a instead of k(r,r"). The equation we will numerically approximate is a
truncated version of Eq. (5.10) on the time interval [0, 7], where 7" > 0. We then look at the
equation, forany 0 <t <T,0<r< Rand 0 <a < A,

o fR A (t,r,a) :;aTaacfA (fRA) (t,r,a) — 0, (V (r,a) fBA (t,r, a))
+a(r,a, M (t) = X(r,a) [ (t,r,a) — v (r,a) £ (t,r,a).

(5.12)

Heuristically, we expect f#4 to be close to f as long as the mass of f outside [0, R/2] x [0, A/2]
is small (so that coagulation that leads to compartment of size larger than R and molecular
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content larger than A are unlikely). We call Eq. (5.12) a conservative truncation of Eq. (5.10)
because the choice of the truncation of the coagulation operator does not lead to a loss

of mass in the first moments. In particular, ff4 satisfies, at least formally, (compare to
Egs. (5.4)-(5.5)),

dt</ / rfRAtTadea> / / ra(r,a, M)drda

/ / (r,a)r fRA(t, r, a)drda (5.13)
—/ / (r,a)r fEA(t, r,a)drda,

and

jt (/OC’O /0°° aff(t,r, a)drda + M(t)) = Ju(M(t)) (5.14)
+/ / (r,a) fRA t,r,a)drda
_/ / (r,a)af(t,r)drda.

We choose to use a conservative truncation for our scheme in order to construct a scheme

that preserves the conservation properties (5.13)-(5.14), as we will verify it in the case of
pure coagulation.

(ii) Grids definition. Let I" € N. We discretize the size interval [0, R] into I" intervals.

We denote by ( 1") L) regular mesh of [0, R] with size step Ar and we set

—;>Ar, ie{l,....I'}.

Let I* € N. We discretize the size interval [0, A] into I* intervals. We denote by
a regular mesh of [0, A] with step Aa and we set

-----

it Nae jeqr).
Forallie {1,...,I"} and j € {1,..., 1%}, we set

Ay = [rieprisg] % [ajop asy]
Let At > 0 be the time step. We discretize [0, T'] by the set of points {t" = n At, n € {0,..., N}},
where N = {AtJ

(iii) Finite volume approximation. For all n € {0,...,N}, i € {1,...,I"} and j €
{1,...,1%}, we denote f'; an approximation of the function B4 at the point (", 74, a;). We
will recurswely calculate f"; such that

n 1 RA /in
fiy =~ ATACL/ f (", r, a) dadr.
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Similarly, we denote by M™ an approximation of M (™). First, we write the explicit forward
Euler scheme in time associated to the Eq. (5.12). For all n € {0,..., N — 1}, we have

fRA (thrl’ r, a) o fRA (tn7 r, a)
At

:Tla@raaCfA (fRA) (t",r, a) (5.15)
— 0, (V (r,0) f4 (17,7, 0))
+a(r,a, M™) — X(r,a) fhrA (t",r,a)
— 7y (r,a) [P (7, r,0) +O(AY).

For each ¢ € {1,...,I"} and j € {1,...,1%}, we will integrate Eq. (5.15) over A;;. We
first deal with the coagulation operator. Approximating ra by the constant r;_1a; 1 on Ay,
2
and integrating, we obtain

/A —8 9,C14 (fRA) (t",r,a)dadr (5.16)

i Ta

a s (Cfm (F) (" riagsaag) = € (F5) (o micy gy

—CH () (i) + € (1) (e ) )

Using a change of variable 7’ —r” — " in Eq. (5.11), and decomposing the first two integrals
in telescopic sums we have,

e (M) (i o) -

,Z Z/ A e / ) (1Y R ()

klml -1 7%

l\.’)

% fRA (tn, T’/, a/) fRA (tn, 7,//’ a//) da"dr"da'dr'

D e [T [ s

k=1m=1
x fRA@" " a") da”dr"da’dr.
. 1 el TRl ’ ’ . . .
Further, setting ry 1 = N / / Kk (r,7") dr'dr, and approximating again product
reJr, 1 I,
2

terms ra by their left value on A;;, we approximate CF4 by:

cra (fRA) (1, 7e100,00)

7 i—k+1j-—m+1

- ATAa Z Z Z Z ( @, 1 —|—am,_;> (Tk_l +7“k/—l) LN Ay 17
2 k=1m=1 k=1 m'=1 : ’ : ’ (5.17)
k41 I9—m—+1

— (ArAa)® ZZ Z > a, AT 1Kk S R

k=1m=1 k'=1 m/=1
Plugging this latter approximation (5.17) into Eq. (5.16), we finally define the approximation
of the coagulation operator, as

1
Zj (f, f) ATAG (2 Z Z “k,i—k-&-lfl?,mfin—k—i-l,j—m-&-l

I —it1 I9—j+1 )

=5 2 X skl )-
k=1 m=1

(5.18)



Note that the approximation Q7 of Q ( fEA fRA) is conservative (in the sense that it pre-
serves the first moments in r and a), as we will show in the next section. Then, we use
an upwind approximation for the transport term, together with an integration of transport

velocity over r using the midpoint rule:

[ o (V) £ )

= [V () £ (o) ar = RV () 7 () o

T'i7 1

[N

NWj+2fRA(t,ri,aj+%)Ar—W’] fRA<t Tiy @ )Ar

~ Ar - |:Aup (W 1, Z'T,Lja z]—i—l) Aup( i 7f] 1 7:Lj>:| ’ (519)

zy+

(V (T‘H N ) +V (?"F%, a];%)), fio = fi'r+1 =0, and the operator A"

where W. .

)=

D=

DN | —

1S
ufy itu>0,

AWWJQf)I{uﬁ if 0 < 0

(iv) Finite volume scheme. Finally, the scheme of the model (M2a)-(M2b) is given by:

o Initialization: For i € {1,...,I"} and j € {1,...,I%} we set

1
[ = ArAg /A f(0,r,a)dadr.

o Time iteration: For all n € {1,...,N}, i € {1,...,I"} and j € {1,...,I*}, using
Egs. (5.18)-(5.19), and an explicit forward Euler scheme in time for M, we set:

fn+1 fzj + 7@ (f7 f) (520>
At u n u n n
3l ), )]
4 At [ atra, My dadr = 2, [ A(r,0) dad
oaal ), alma adr — fi'; . r,a) dadr
— dadr|.
i /Aijfy(r,a) a r]
R A
M™ =M™ + At Jy, (M”)—At/ / da(r' d, M™)dddr (5.21)
o Jo
oI
—l—AtZZf”/ aX (r,a) dadr. (5.22)

=1 j=1

The remaining integrals in Eq. (5.20) are calculated using an automatic adaptive numer-
ical integration method, detailed in [36] and implemented in the Julia package HCubature.
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Remark 5. With the same tools, we can write a scheme in dimension 1 for model (M1),
noticing that if we set h (t,r) =rg (t,r) we have

Oth (t,1) = =0:J (g) (t,r) +ra(r, M () =~ (r) h(tr),
where J (g) is defined as follows

(t,r) / / g(t, ") g(t,r")dr"dr.

A conservative truncation is then given by:
R—r'
JE(g) (t,7) / / Vg (t,r')g(t,r")dr" dr'.

5.4.2 Numerical tests

In this section, we will investigate the behavior of the numerical scheme given by Eq. (5.20)
in some particular cases. We aim to verify the conservation laws satisfied by the numerical
scheme, the consistency and convergence properties of the numerical scheme, as well as to
illustrate the long-time behavior we proved in Theorem 10.

Conservation laws and consistency. First, we will evaluate the numerical scheme in
the case of a pure coagulation model (¢« = v = A =V = Jy = 0). We consider the pure
coagulation equation:

of (t,ra)=Q(f(t),f () (r,a), witht>0,7>0anda>0. (5.23)

The discrete equation associated to Eq. (5.23) is given by, as a special case of Eq. (5.20)
when a =v= A=V = Jy, =0,

T = ;}j+Af£aQ;jj(f,f) ., o ne{l,...,N}, ie{l,....I"Y andje{1,...,1° .
(5.24)
and where Q7; is defined in Eq. (5.18). We remark that we keep the same properties on the
moments dynamlcs for the two Egs. (5.23) and (5.24). For some test function ¢, we define
H (¢, t) the moment of f associated with the function ¢ at time ¢ > 0,

/ / f(t,r,a)dadr,

and H™ (p) its discrete analogue moment, associated with the function ¢ at time " with

ne{l,...,N},
e

=ArAad > ¢ (Ti_%, aj_%) Iiy- (5.25)

i=1j=1

Then

th (p,t) =% U / f(tra) dadr}

:/0 /0 o (r,a)Q(f(t), f(t)) (r,a)dadr

:;/ooo/ooo/()oo/ooo[w(r+r’>a+a’)—w(r,a)—w(rﬁa')]

X k(r,r') f(t,r,a) f(t,7",a)dd'dr'dadr,
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and similarly

Hn+1 (90) — H" (@) AT’A(I 2 77 1% I"—i+11%—j+1

At )V [ (H‘k’_l_%’aj-f—m—l—%)

i=1j5=1 k=1 m=1
n o gn
_90( i laa] 1) —QO(Tk_%,CLm_%)} "ii,kfi,jfk,m'

Thus choosing ¢ (r,a) = r or ¢(r,a) = a, we have that the first-order moments are
constant in time both at the discrete and continuous levels, consistently with Eqgs. (5.4)-(5.5)
and Egs. (5.13)-(5.14) for the pure coagulation case. We also have that the zeroth-order
moments are non-increasing functions of time in both cases.

For the pure coagulation model given by Eq. (5.23), choosing an affine kernel « (r,r") =
Ko+ K; (r 4+ r') leads to a closed moment equation in the form of an ODE system. Indeed,
in such case, it is easy to see that we have the following ODE system for the moments of
order 0 and 1:

d 1 2
S (1,0) = =3 Ko (H (1,1) = Ky (11) H (1,1),

d
SH () =0, (5.26)

th (a,t) = 0.

Eq. (5.26) is of the form of a Bernoulli differential equation, and its analytical solution
can be computed. The pure coagulation case with an affine kernel is thus an appropriate
setting to compare analytical solutions with moments associated to our numerical scheme
(5.24) calculated by Eq. (5.25). For this purpose, we introduce the following notation, for
x > 0O ,

Ny o) = e 3 (5591, (5.27)

210

We approximate the pure coagulation Eq. (5.23) using the scheme Eq. (5.24) with the
following numerical parameters:

T=1,At=10", R=A=10,Ar =Aa=0.25. (5.28)

We study two cases. The first one is the case of a constant kernel with the following model
parameters:

fo(r,a) = 0.5- [N, (1.5,0.15) x N, (0.5,0.3) + N, (0.5,0.3) x N, (1.5,0.15)] ,

5.29
k(r,r")=0.5. (5.29)

The second one is the case of an affine kernel with the following model parameters:
fo(r,a) =0.5- [N, (1.5,0.15) x N, (0.5,0.3) + N, (0.5,0.3) x N, (1.5,0.15)] , (5.30)

k(r,r)=05+01(r+7r").

As expected, we recover from our numerical scheme (5.24) that the moment of order 0 is
a nonincreasing function and the moments of order 1 are constant (Figure 5.1). Moreover, we
also observed that these numerical results are very close to the analytical solutions directly
computed from Eq. (5.26) (Figures 5.2 and 5.3). Relative error of moments of order 0 are
increasing through time, as expected from the fact that the size-truncation of the numerical
scheme (5.24) implies more and more error as compartments gets bigger in pure-coagulation
dynamics.
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Figure 5.1: Time evolution of the moments of order 0 and 1 (see inserted legend) computed from
our pure coagulation numerical scheme (5.24), with the constant kernel and the model parameters
(5.29) for the left picture and with the constant kernel and the model parameters (5.30) for the right
one. The results are obtained with the numerical parameters (5.28). In both cases, the moment of
order 0 is a monincreasing function and the moments of order 1 are constant. With the choice of
our initial condition, both moments of order 1 in r and a superimposed.
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Figure 5.2: Relative error of the moments of order 0 (left panel) and 1 (right panel) between moments
computed from our pure coagulation numerical scheme (5.24) and from the analytical solution of
the ODE system Eq. (5.26), in the case of a constant kernel (5.29) with the same parameters as in
the left panel of Figure 5.1.

Convergence. We now investigate the convergence property of our numerical scheme given
by Eq. (5.20) in a more general setting. We want to illustrate the convergence of the numerical
scheme as the size steps Ar and Aa decreases to 0. Regarding stability, we expect the
numerical scheme to be conditionally stable for small enough AAi as our scheme is a first-
order finite volume scheme, but the proof of stability is out of the scope of this paper. See for
instance [16] for stability results on the coagulation part. We thus fix a small enough time
step At and choose Ar = Aa = h Wlth linearly decreasing h in a log2 scale, namely h,, = 5%

for integers m from 0 to 11 and hy = 5. The finite volume size is then decreasing from h2 to

2

(2}%) . We choose the finest solution as reference solution and compare the solutions defined
on the coarser grids to this reference solution with the following different norms, defined for
a function f and k,l € N as follows:

= [ [ a1 ()| dadr
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Figure 5.3: Relative error of the moments of order 0 (left panel) and 1 (right panel) between moments
computed from our pure coagulation numerical scheme (5.24) and from the analytical solution of
the ODE system Eq. (5.26), in the case of an affine kernel (5.30) with the same parameters as in
the right panel of Figure 5.1.

Those moment-based norms are natural within the context of coagulation equations, see e.g.
Egs. (5.13)-(5.14). The fact that the grids are nested allows to compute the following errors,
for m € {0,...10},

R/h11 A/hll

||E(hm7tn)Hk,z :hfl Z Z Tf_

i=1  j=1

7hm 7h
aé._% | flnj - fﬁj ), (5.31)

N |=

where the value of f;' J’-hm are extended from the coarser grid to the finer grid by taking its

value constant over the subdomains defined by the finer grid. We compute the errors defined
in Eq. (5.31) up to second order moments (0 < k41 < 2) in two different cases as we detail
now. For that aim, we introduce the notation, for x > 0,

P - (T2 (4) 532

T +e€ T

(i) Case 1 We approximate the pure coagulation case Eq. (5.23) (Figure 5.4) with the
numerical parameters

At =0.0005, R=A=3,Ar=Aa=h,,, (5.33)
and the model parameters

fo(r,a) = 0.5 [N, (1.5,0.15) x N, (0.5,0.3) + N, (0.5,0.3) x N, (1.5,0.15)] ,

k(r,r")=0.5. (5.34)
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(ii) Case 2 We approximate the general case Eqs. (M2a)-(M2b) (Figure 5.5), with the
model parameters

fo(r,a) = 0.5+ | N, (1.5,0.15) x N, (0.5, 0.3)

+ N, (0.5,0.3) x N, (1.5,0.15) |,

My =20,
k(r,r')=0.5,
a(rya, M) =0.1-M-[N,(0.6,0.01) x N, (0.3,0.05) + N, (0.3,0.05) x N, (0.6,0.01)] ,
¥ (r;a) =20 (r =5)" 1,55+ 107,
A(r,a) =107%-P.(10,0),
Vi(r,a) =0,
Ju (M) =0,

(5.35)

and the same numerical parameters as in Eq. (5.33). In both cases, we observe that the
error decreases linearly (in log-log scale) when the size of the discretization step h does. For
both cases, the order of the scheme appears to be 1.

| E(h ,t")HO‘O, slope = 1.027
-2 —— —— 1By, t")], . Slope = 1.027
E ,,,,,,,,,,,,,,,, | E(h ’t")HO.l' slope = 1.027
5, | ECh, t")l, . Slope = 1.03
= | 81t ,» Slope = 1.03
- . | (1, t")], . Slope = 1.027
-6

-7 -6 -5 -4 -3 -2 -1
log(h)

Figure 5.4: lllustration of the convergence of the numerical scheme (5.24) in the case of the
pure coagulation (case 1, numerical and model parameters given by Fqs. (5.33)-(5.34)) . We
plot the error as a function of the grid size h, in log-log scale, using the six different norms
| E (P, t™)|l)., defined in Eq. (5.31) for 0 <k +1 <2 (see inserted legend).
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Figure 5.5: Illustration of the convergence of the numerical scheme (5.20) in case 2 (numerical
and model parameters given by Egs. (5.33)-(5.35)). See legend of Figure 5.4.

Long-time behavior. Finally, we we illustrate the long-time behavior of the numerical
solutions and test the optimality of the conditions from the long time behavior given in
Theorem 10 for the one dimensional model (M1), with the numerical parameters

At=0.05, R=5,I"=301, (5.36)
and the model parameters

fo(r,a) =0.5-N,.(0.2,0.15),
k(r,r')=1, (5.37)
a(r,M)=M-N,(0.6,0.1).

We show in Figure 5.6 two cases. In the first one (left hand-side), we use 7 (r) = v/3.1 together
with Eq. (5.37), for which the condition Eq. (5.6) of Theorem 10 is satisfied. In the second
one (right hand-side), we use « (r) = 0.7 together with Eq. (5.37), for which the condition
Eq. (5.6) is not satisfied. In both cases, the curves for ¢ = 10 and ¢ = 50 are superimposed,
and we observe that the solution seems to converge to a stationary state. Numerically, while
we verify the conclusion of Theorem 10 holds true, it seems that the condition Eq. (5.6) is
too restrictive since the scheme stays stable in a wider range of parameters such that the
condition Eq. (5.6) is not satisfied.

5.5 Applications

In this section we provide two applications of our 2D model given by Eqs. (M2a)-(M2b),
that show good qualitative agreement with published experimental data on receptor-activated
signaling pathways. Our simulations also provide additional insight, which calls for new
experiments.

5.5.1 Receptor trafficking

The 2D model given by Eqgs. (M2a)-(M2b) is ideally suited to model receptor traffick-
ing from plasma membrane to endocytic comparments. As detailed in the introduction, the
GPCR are typically located at the surface of the cells, on the plasma membrane. Upon ligand
binding, the GPCR activate several signalling pathways as well as their own internalization
through endocytosis. The vesicles still carry the internalised receptors on their surface. En-
dosomes are then sorted thanks to complex processes which are not yet fully understood,
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Figure 5.6: Size-distribution of the population density g of endosomal compartement for model
(M1) at different times (see inserted legend) and parameters given by Eqgs. (5.36)-(5.37). On
the left hand-side the condition Eq. (5.6) is satisfied (v (r) = +/3.1) whereas on the right
hand-side the condition Eq. (5.6) is not satisfied (v (r) = 0.7). In both cases, the curves for
t =10 and t = 50 are superimposed.

but that depends both on the nature of the receptor and the ligand. Internalized receptors
can indeed commit to several endosomal compartments of different kinds, and be recycled at
the cell surface, which could impact on the kinetic profile of the receptor and its signalling
pathways. Consequently, endocytosis regulate receptor cell surface density and signaling pro-
file, and endosomal targeting of receptors may produce specificity in the signaling pathways.
In particular, it has been shown [47] that the LHR and the B2AR are two GPCR that un-
dergo divergent trafficking to distinct endosomal compartments. B2AR traffics mostly to
early endosomes (EEs) and LHR to pre-early endosomes (pre-EEs). In short, the authors
in [47] demonstrate that LHR endosome sizes increased over time quickly before reaching a
plateau, producing a small endosome population (400-500 nm of diameter). The mean B2AR
endosome sizes are bigger (1200-1400 nm of diameter). They also see that B2AR was more
internalized than LHR in percentage but both receptors are equally recycled. The objective
of this section is to provide numerical simulations of our model (M2a)-(M2b) that can repro-
duce these two distinct scenarios.

In order to compare qualitatively our model with the experimental results presented in
[47], we choose the following parametrization (we recall definitions in Egs. (5.27)-(5.32)):

fO (7“, a) =0 )
My="7.2x10"*,
k(r,r") = Ky,
a(r,a, M) =aN,.(200,10) x N,(r,0.5) x M,
-1 4 5.38
Y (7", (I) = 1075 +2 % 101 X (7150950> ]-{7">1950}7 ( )
A(r,a) = 1072 x P,(2000,0),
V(r,a) =0,

which we interpret as follows. Endosomes fuse at a constant coagulation kernel x, whose rate
will depend on the receptor. Endosomes are created with a size following a Gaussian law
and with a quantity of reactant proportional to their size, and the rate @ > 0 will depend on
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the receptor. Small endosomes are degraded at constant (low) rate, and degradation rates
quickly increases for endosomes large enough. Endosomes recycling increase with the surface
of endosomes and decreases with their volume ( A ri — r). We don’t consider reactions,
e.g. V and Jj; are taken as null functions.

For the numerical scheme, we take

T=30,At=10"", I"=1°=30,R=A=2000. (5.39)

To explain the qualitative differences between LHR and B2AR trafficking observed in
[47], we tested two hypotheses here.

o (H1) In the first hypothesis (Figure 5.7), we modify only the internalization rate @ > 0
between LHR and B2AR, with a higher internalization rate for the B2AR, keeping all
the remaining parameters the same. This hypothesis is in line with [47]. LHR and
B2AR affect only the endocytosis rate as follows (refer to Eq. (5.38)):

Parameters K, @
LHR 5x 1071 | 8 x 107 (5.40)
B2AR 5x 107! | 3 x 107*

« (H2) In the second hypothesis (Figure 5.8), both the internalization rate and the co-
agulation rate are higher for the B2AR compared to the LHR (H2). LHR and B2AR
affect the internalization and the coagulation rate as follows:

Parameters Ky «@
LHR 5x 1073 | 8 x 1077 (5.41)
B2AR 5x 1071 | 3 x 1074

In [47], mean and variance of the size of the endosomal populations are measured at different
time after ligand stimulation, as well as the internalization ratio, which corresponds to the

fraction of internalised receptors among the total number of receptors initially present at the
plasma membrane. Consistently, we define in the model the internalization ratio as W
In both hypotheses the internalization ratio is well reproduced by the model, compared to
[47]. The major discrepancy of the first hypothesis with the experiments is the variance
in size of the endosomal population, which seems too high compared to experimentation.
Furthermore the production of large endosomes with LHR seems too high and similar to the
ones of B2AR (Figure 5.7). In the second hypothesis, however, these two discrepancies are
not present anymore (Figure 5.8). These results indicate that the differences in endosome
dynamics between LHR and B2AR signaling pathways seem not only due to a difference in
internalization rate, but probably also to the coagulation dynamics inside cells. Difference in
coagulation dynamics may be explained by differences in endosomes sorting and /or differences
in molecular composition of endosomes, which are believed to be of different nature between

LHR and B2AR vesicles [47].
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Figure 5.7: Time evolution of the endosomal size (left panel) and internalization ratio (right
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el). We numerically simulate the 2D model given by Eqs. (M2a)-(M2b) with parameters given
(5.38)-(5.39)-(5.40) (LHR and B2AR affect only the internalization rate). On the left panel, the

dashed blue (resp. dotted purple) line represents the mean endosomal size for B2AR (resp. LHR),
that corresponds to ||flly o (t)/ || flloo (t), and the shaded light area represents its standard deviation.
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Figure 5.8: Time evolution of the endosomal size (left panel) and internalization ratio (right

pan

by.
lege

el). We numerically simulate the 2D model given by Egqs. (M2a)-(M2b) with parameters given
(5.38)-(5.39)-(5.41) (LHR and B2AR affect the internalization and the coagulation rate). See
nd of Figure 5.7 for details.

5.5.2 Second effector signaling

The second application of our model we present here concerns the efficacy of second

messenger molecules production as a function of the localization of the active receptor. We
focus on the production of cAMP induced by the activation of the PTHR. Recent discoveries
find that the PTHR may engage cAMP signaling not only at the cell’s plasma membrane but
also in early endosomes after receptor internalization through endocytosis [87]. Furthermore,

the

full-length parathyroid hormone (LA-PTH) induces through the activation of PTHR an

augmentation of production of cAMP in the endosomes, whereas the ligand PTH 7D (PTHR
peptide ligand through amino acid epimerization at position 7 of PTH 1_34) induces the
production of cAMP at the plasma membrane. In White’s paper [97], the authors show that
even if the production place is different, the total amount of cAMP stays the same after some

tim
for
our

e, a phenomenon that could be named location-biased, and that can have implications

the cellular response. The objective of this section is to provide numerical simulations of
model (M2a)-(M2b) that can reproduce these two distinct scenarios.

We could reproduce qualitatively these observations with our model following this parametriza-
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tion:

fO (Ta CL) =0 )
MO - 07
k(r,r)=2x10"",
a (r,a, M) = N,(200,10) x N,(0,0.1)) x M,
r —1950\*
v (r, a) = P.(2000, 100)1{r§1950} +2 % 10% x <50> 1g>1950y (5.42)

A(r,a) = 1072 x P,.(2000, 100) ,

a _
Vv (T, CL) = (US]'{ESTSF} + Ul].{f<r}) X (1 — pr) s € = 10/3, r = 500,

Tar (M) = vy % (MA;M) |

which we interpret as follows. Endosomes fuse via a constant coagulation kernel, and are
created with a size following a Gaussian law and with a quantity of reactant, independently
of the size, taken as a positive fraction of the quantity M present at the plasma membrane.
Endosomes recycling and degradation increase with the surface of endosomes and decrease
with their volume (A and v ri — r). c¢AMP is produced at the plasma membrane at
constant rate and linearly degraded, where both the saturation M, and the production rate
vy may depend on the ligand. cAMP is produced in endosomes at two different rates, vy, for
the endosomes smaller than 7 and v;, for larger endosomes. Also the amount of saturation
depends linearly on the size of the endosomes (caracterized by a portion p of r). Here v, v;
and p may depend on the ligand.
For the numerical scheme, we take

At=3"2 J"=1*=30,R=2000,A=30. (5.43)

We have two different hypotheses to explain the different qualitative behaviour of the two
ligand LA-PTH and PTH 7D described above:

e (H1) Suppose LA-PTH and PTH 7D differs in cAMP production kinetics only in terms

of rate (Figure 5.9), with a higher rate for LA-PTH at the plasma membrane (vi7H#™P <

vEAZPTHY “and a higher rate for PTH 7D in the endosomes (vZA-PTH < PTHTD

UZLA_PTH < U{DTH?D).

and

Parameters | v, v P vy | M
LA-PTH |0.05|0.02|1/20| 3.5 | 10 (5.44)
PTH 7D 5 2 1/20 | 0.035 | 10

e (H2) Suppose LA-PTH and PTH 7D differs in cAMP production kinetics not only in

terms of rate but also in terms of saturation (Figure 5.10) with MLA-PTH - pfPTH™
and pPTH7D > pLA—PTH )

Parameters | vy | v P vy | M
LA-PTH | 0.5]0.2]1/200 | 3.5 | 10 (5.45)
PTH 7D 5 2 1/20 [ 0.35 | 1
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With both hypotheses, we observe a much more efficient cAMP production at the plasma
membrane with LA-PTH and a much more efficient cAMP production in the endosomes
with PTH 7D (Figures 5.9 and 5.10). Consistently with the observation in [97], both total
responses have similar magnitude for the time period of the numerical simulation.

However, from the numerical simulation presented in figures 5.9 and 5.10, the cAMP
production has already reached a ”stable” state at T = 20 for LA-PTH, while it keeps
increaseasing for PTH 7D. Therefore, a longer time measurement could discriminate between
both ligands.

Also we could notice a fine kinetic difference between the responses induces by LA-PTH
and PTH 7D with the two hypotheses. Indeed, PTH 7D leads to a convex kinetic production
of cAMP during the early dynamics, which switches to a concave kinetic at later time.
Whereas with LA-PTH the production stays concave all time long. Of course this behaviour
may be quite complicated to observe experimentally due to the accuracy of the measures.

Evolution of cCAMP quantity (LA-PTH) Evolution of cCAMP quantity (PTH 7D)
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o a . 7
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Figure 5.9: Time evolution of the cAMP production for the LA-PTH ligand (left panel) and the
PTH-7TD ligand (right panel). We numerically simulate the 2D model given by Egqs. (M2a)-(M2b)
with parameters given by. (5.42)-(5.43)-(5.44) (cAMP kinetic parameters differ between PTH 7D
and LA-PTH only by the production rate). In both panels, the dotted blue line shows the endoso-
mal quantity of cAMP, given by ||f||071 (t), the dashed blue line shows the cAMP quantity at the
plasma membrane, given by M (t), and the dashed-dotted purple line shows the total cAMP quantity
(1l (6)+ M(1)).
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Figure 5.10: Time evolution of the cAMP production for the LA-PTH ligand (left panel) and the
PTH-7D ligand (right panel). We numerically simulate the 2D model given by Eqs. (M2a)-(M2b)
with parameters given by. (5.42)-(5.43)-(5.45) (cAMP kinetic parameters differ between PTH 7D
and LA-PTH both by the production rate and capacity of production.). See legend of Figure 5.9 for
details.
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