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Résumeé

Dans une variété de drapeaux, obtenue comme quotient d'un groupe algébrique
semi-simple défini sur Q par un sous-groupe parabolique maximal, nous
développons plusieurs techniques nouvelles pour compter les approximations
rationnelles d’un point réel choisi aléatoirement selon la mesure uniforme.
En particulier, nos résultats s’appliquent aux grassmanniennes et aux hy-
persurfaces quadratiques projectives. Les contributions de cette these se
répartissent selon les trois themes suivants :

1. Intégrabilité des transformées de Siegel
2. Comptage a l’exposant diophantien

3. Comptage en dessous de l’exposant diophantien

Plus précisément, nous généralisons la transformée de Siegel aux représent-
ations rationnelles irréductibles de plus haut poids des Q-groupes semi-simples
et, dans la perspective de la formule de moyenne de Siegel et de la formule
des moments supérieurs de Rogers pour la transformée classique de Siegel,
nous étudions l'intégrabilité au sens de LP de la transformée de Siegel des
fonctions mesurables, bornées et a support compact pour p = 1,2, co.

Pour compter les approximations rationnelles sur les variétés de dra-
peaux de rang un a l’exposant diophantien, nous utilisons une approche er-
godique et une formule de moyenne pour les transformées de Siegel, également
développée dans cette these. Nous affinons ensuite ce résultat en passant
d’une formule asymptotique a une estimation avec un terme d’erreur ex-
plicite. Pour cela, nous démontrons un résultat d’équidistribution effective
de certaines orbites translatées d’un sous-groupe compact maximal, ainsi
qu'une propriété d’intégrabilité des transformées de Siegel.

Le comptage par rapport aux exposants en dessous de l'exposant dio-
phantien requiert une approche différente. Nous utilisons le mélange expo-



nentiel dans I'espace des réseaux, des outils issus de la géométrie des nombres
ainsi qu’'une méthode de comptage célebre due a Eskin-McMullen et Duke-
Rudnick-Sarnak. Cette méthode permet d’obtenir des estimations effectives.
Enfin, nous en déduisons I'équidistribution effective des points rationnels de
hauteur bornée sur les variétés de drapeaux de rang un.



Abstract

On a generalized flag variety of rank one, we present several novel techniques
for counting rational approximations to a real point chosen randomly accord-
ing to the Riemannian volume. In particular, our results apply to Grassmann
varieties and projective quadric hypersurfaces. The contributions of this the-
sis can be categorized into the following three topics:

1. Integrability of Siegel transforms;
2. Counting at the Diophantine exponent;

3. Counting below the Diophantine exponent.

More precisely, we generalize the Siegel transform to rational irreducible
highest-weight representations of semisimple Q-groups and, with a view to-
ward Siegel’s mean value formula and Rogers’” higher moment formula for the
classical Siegel transform, characterize the LP-integrability of the Siegel trans-
form of measurable bounded compactly supported functions for p = 1, 2, c0.

To count rational approximations on rank-one flag varieties with respect
to the Diophantine exponent, we use an ergodic-theoretic approach and a
mean value formula for Siegel transforms, also developed in this thesis. We
then refine this result from an asymptotic formula to an estimate with an
explicit error term. To this end, we prove effective equidistribution of ex-
panding translates of orbits of maximal compact subgroups, along with an
integrability property of Siegel transforms.

Counting with respect to exponents below the Diophantine exponent re-
quires a different approach. We use exponential mixing in the space of lat-
tices, tools from the geometry of numbers, and a famous counting method
due to Eskin-McMullen and Duke-Rudnick-Sarnak. This method allows for
effective estimates. Finally, we deduce effective equidistribution of rational
points of bounded height on rank-one flag varieties.
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Chapter 1

Introduction

An important branch of number theory is Diophantine approximation, that
is, the study of rational approximations to real numbers with prescribed
properties. Given a real number z € R, a typical goal is to approximate x
well by rational numbers p/q with small denominators ¢, ensuring an efficient
approximation. A central result in this field, due to Dirichlet, states that, for
any # € R and ) > 1, there exist coprime integers p and ¢ with 1 < ¢ < @)
such that [¢f—p| < 1/Q. An immediate consequence is that for any irrational
x € R, the inequality
o-< 2
q q
admits infinitely many coprime solutions (p, q) € Z x N. On the other hand,
the Thue-Siegel-Roth Theorem | | shows that for any algebraic number
x € R and for any € > 0, the inequality

1

q2+€

. _‘ <

q
admits at most finitely many coprime solutions (p,q) € Z x N. Indeed, one
can show that beyond the algebraic numbers, this holds for almost every
real number. In particular, the exponent § = 2 plays a critical role for
approximation of real numbers by rational ones and is referred to as the
Diophantine exponent of R.

In 1926, Khintchine | | proved a refinement of Dirichlet’s result.
More precisely, for any non-increasing function ¢ : N — R,, he showed



that the inequality
. zg‘ _ ¥l
q q

admits infinitely (resp. finitely) many solutions (p,q) € Z x N for almost
every x € R, if the series > 1(q) diverges (resp. converges). In the case
where the series is divergent, Schmidt | ] strengthened Khintchine’s
Theorem. In fact, for z € R and T € N, he considered the counting function

Ny(@,T) = #{(p,q) eZxN:0<qr—p<t(q),1<q¢g<T} (1.0.1)

and showed that for almost every x € R, Ny, (z,T) is, up to a scalar, asymp-
totically equal to )}, 4<T ¥(q) as T tends to infinity, with an explicit error
term. This does not only apply to R, but to any Euclidean space R". We
state his result here.

Theorem 1.0.1 (Schmidt, 1960). Let n > 1 and, for each 1 < i < n, let
Y : N — Ry be a non-negative function and assume that ¢(q) =[], ¢i(q) is
non-increasing. For each = (x1,...,2,) € R" and T € N, define

Moreover, define

W(T) = > (q), AT) =D v(g)g "

q=1 q=1
Let € > 0. Then for almost every € R,

Ny(2,T) = U(T) + O, (V(T)2QT)"? log®** W(T)) .

More generally, given an algebraic variety X defined over Q such that the
rational points X(Q) are dense in the set of real points X = X(R) and a
point z € X, it is natural to investigate the quality of approximations of x
by points in X(Q). This area of study, proposed by Lang | ] in 1965
and relatively unexplored until recently, seems to have regained considerable
interest. For instance, de Saxcé | |, extending previous work of Fishman,
Kleinbock, Merrill, and Simmons | |, used methods from homogeneous
dynamics, particularly those developed by Margulis and his collaborators
[ : : ], to develop a theory of Diophantine approximation on
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generalized flag varieties. Simple examples of such varieties include projective
spaces, projective quadrics, and Grassmannians. However, many important
classical results still lack general analogs in this theory.

The goal of my doctoral thesis is to prove versions of Schmidt’s theo-
rem, where the Euclidean space R” is replaced by the space of real points
X = X(R) of a generalized flag variety X defined over Q. Recall that a gen-
eralized flag variety X defined over QQ is a projective algebraic variety defined
over Q that can be expressed as a quotient X = G/P, where G is a connected
semisimple algebraic Q-group and P < G is a parabolic Q-subgroup. Sup-
pose that the unipotent radical of P is abelian. This assumption allows us to
work with a Riemannian metric on X instead of a sub-Riemannian one and
implies that P is a maximal parabolic Q-subgroup, or in other words, that
the Q-rank of X is 1. Let K be a maximal compact subgroup of G = G(R).
We measure the distance between a real point and its rational approxima-
tions using a K-invariant Riemannian distance d(-,-) on X, and we equip X
with the unique K-invariant probability measure oyx. Moreover, we equip
the rational points X(Q) with a height H, associated with a dominant Q-
weight x of G. The height takes the place of the denominator ¢ of a rational
number p/q written in reduced form. Rational points on X form a finite
union of orbits under the action of the arithmetic subgroup I' = G(Z) of G
(see | , Proposition 15.6]). Problems in Diophantine approximation on
X can thus be reformulated in terms of certain diagonal orbits in the space
of lattices Q = G/T.

Given an arbitrary 7 > 0 we shall consider the decreasing approximation
function ¢ (t) = ¢~7. In analogy to (1.0.1), for x € X and T > 1, we thus
define

No(2,T) = #{ve X(Q) : d(z,v) < H(v)", 1< Ho(v) < T} (1.0.2)

It was shown by de Saxcé | , Théoreme 2.4.5] that there exists a rational
number 3, > 0 such that the inequality
d(z,v) < Hy(v)™" (1.0.3)

has infinitely (resp. finitely) many solutions v € X(Q) for ox-almost every
re X ifr < By (resp. 7> fy). We refer to 5, as the Diophantine expo-
nent of X with respect to x. We strengthen this statement by providing an
asymptotic formula for the number of solutions N, (z,T) as T — +00, when
x € X is chosen randomly according to the measure ox on X.

10



The contributions of this thesis can be subdivided into the following three
themes:

1. Integrability of Siegel transforms;
2. Counting at the Diophantine exponent;

3. Counting below the Diophantine exponent.

We now describe each contribution.

1.1 Integrability of Siegel transforms

The classical Siegel transform, introduced in 1945 by Carl Ludwig Siegel
[ ], maps a function of sufficient decay on the Euclidean space R™ to a
function on the space of unimodular lattices 2 = SL, (R)/SL,(Z), by aver-
aging over the lattice. We recall that, for any bounded compactly supported
measurable function f : R” — R, the primitive Siegel transform of f is
defined by

VgeSL.(R), Sf(g)= >, flgv).

VELR,

Here Zp, denotes the subset of Z" consisting of all the vectors that are prim-
itive: a vector v € Z" is called primitive if it is non-zero and %v ¢ 7" for all
positive integers k > 2. The space of unimodular lattices carries a unique
SL,(R)-invariant probability measure that we fix and denote by pu. The
Siegel mean value theorem expresses the average of the Siegel transform of a
function f in terms of the average of f:

1
Here ¢ denotes the Riemann zeta function and A denotes the usual Lebesgue
measure on R". Later, generalizing Siegel’s result, Rogers [ | proved a
general k-th moment formula for the Siegel transform for £ up to n — 1. For
instance, a remarkable application of the second moment formula was given
by Schmidt | ], who proved asymptotic formulas for counting lattice
points in an increasing family of sets in Euclidean space, with an explicit er-
ror term. As we will see later, one can in fact use this second moment formula
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to give an alternative proof of Schmidt’s theorem in metric Diophantine ap-
proximation for the projective space P"(R), one of the simplest flag varieties.
In particular, one should think of the classical primitive Siegel transform as
the one corresponding to the projective space. For any connected semisimple
algebraic Q-group G and any parabolic Q-subgroup P (here we need no as-
sumptions on the unipotent radical of P), we shall attach a Siegel transform
to the generalized flag variety X = G/P. To do so, we generalize the clas-
sical primitive Siegel transform to the setting of irreducible representations
of G that are strongly rational over Q. With a view towards Rogers’ higher
moment formulas, we shall characterize its integrability properties. Some of
these results will also be essential for counting rational approximations at
and below the Diophantine exponent in the last two chapters.

To state our results, we need to introduce some notation. As before, we
let G be a connected semisimple algebraic Q-group. Let Py = Z(T)Ug be a
minimal parabolic Q-subgroup, where Uy = R, (Py) is the unipotent radical
of P and Z(T) is the centralizer in G of a maximal Q-split torus T; see
[ , § 11.7]. Let A be the associated set of simple roots relative to T,
for the ordering associated with Py. An element y in the Q-character group
X*(Py)g of Py is said to be dominant if its restriction to T satisfies (x, @) = 0
for all « € A, where (-,-) is a fixed admissible Euclidean inner product on
X*(T)®R. Given a dominant Q-weight y € X*(Py)q, there exists a unique,
up to rational equivalence, irreducible finite-dimensional representation m, :
G — GL(V,) which is strongly rational over Q and a Pgy-invariant line
D, < V, that is defined over QQ, on which P, acts via x; see Borel and
Tits | , §12]. Let P be the stabilizer in G of the line D,. Then P is a
parabolic Q-subgroup containing Py. Fix a rational vector e, € D, ~\ {0}
(to any such vector we shall refer to as a rational highest weight vector) and
let L be the stabilizer in G of e,. Let X, be the space of real points of the
cone (G - D,)\{0} of the representation m, and denote by X = X, u {0} its
closure inside V, = V,(R). Fix a rational lattice V,(Z) of V, = V,(R); its
stabilizer I' in G = G(R) is an arithmetic subgroup. Let £, denote the set
of all the primitive vectors in V,(Z) that are contained in X. Then for any
bounded compactly supported measurable function f : X — R we define the
Siegel transform of f at x by

Vged, Suflg)= D, flgv).

vely
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Since f is bounded and compactly supported, this is a finite sum and hence
converges absolutely. Since £, is invariant under the action of I', the Siegel
transform S, f is right I'-invariant and hence defines a function on the ho-
mogeneous space ) = G/I". Let p be the unique G-invariant probability
measure on §2. We prove the following characterizations; the formula (1.1.1)
below is essentially a consequence of Weil’s integration formula | ].

Theorem 1.1.1 (L'-integrability). The following assertions are equivalent.
(1) The Stiegel transform S, maps C.(X) into L'(5).

(2) There exists a unique (up to scaling) G-invariant Radon measure A
on X and one has a convergent mean value formula: for all f € L'(X),

Lsxfduz L?fd)\)? (1.1.1)

In particular, for all f € C’c()z'),

IS fllerey < [fllpz)

and hence the Siegel transform S, can be extended to a bounded operator

~

S, LYX) — LY(Q).
(8) The Lie group L = L(R) is unimodular and L n T is a lattice in L.
(4) The parabolic Q-subgroup P of G is mazimal.
(5) There exists € > 0 such that S, maps C.(X) into L'*5(Q).

We studied the L2-integrability of S, f in terms of the Dynkin diagram
of G. We recall that there is a correspondence between subsets § < A of
the set of simple roots A and parabolic Q-subgroups Py containing Py. In
particular, one has Py = Py and Po = G. Observe that Py is maximal if
and only if # = A\{«} for some simple root o € A. In this case we shall
simply write Pegoy = Pp.

Theorem 1.1.2 (L*-integrability). Suppose that the Siegel transform S,
maps Co(X) into L2(Q). Then P = P, is a mazimal parabolic Q-subgroup of
G and the simple root o has at most one neighbor in the associated Dynkin
diagram.

13



Question: In the case of G = SL,, for n > 2 the converse to Theorem
1.1.2 is true in the sense that if P = P,, is a maximal parabolic Q-subgroup of
G and the simple root o has at most one neighbor in the associated Dynkin
diagram then the Siegel transform S, (being the classical primitive Siegel
transform with X = R") maps C.(X) into L2(Q2). Does this hold, more
generally, for any connected semisimple algebraic Q-group G as considered
above?

Theorem 1.1.3 (L*-integrability). The following assertions are equivalent.
(1) The Siegel transform S, maps C.(X) into L7().
(2) The Q-rank of G is 1.
(8) The discrete group L n T is a cocompact lattice in L.

We note that the Siegel transform as defined above is a finite sum of
incomplete/pseudo Eisenstein series, and the Mellin transform provides a
passage to the theory of Eisenstein series. We also used some of the inte-
grability results in order to count rational approximations at and below the
Diophantine exponent, as we now describe.

1.2 Counting at the Diophantine exponent

We assume here that X = G/P is a generalized flag variety obtained as the
quotient of a connected semisimple algebraic Q-group G by a parabolic Q-
subgroup P, whose unipotent radical is abelian. Let m, : G — GL(V,) be
an irreducible representation defined over Q for which there exists a P-stable
rational line D, < V,, on which P acts via a dominant Q-weight x of G.
We let 7 = 3, be the Diophantine exponent with respect to x and, for all «
in X = X(R) and T" > 1, we consider the associated counting function

Ns (2,T) = #{v e X(Q) : d(z,v) < Hy(v)™, 1< H(v) < T}.

First, one defines a height H, : P(V,)(Q) — R on the projective space
(we will give the details below) and then obtains a height on X = G/P by
embedding it into the projective space P(V,) via gP — m,(g)[ey], where
[e,] denotes the point in the projective space corresponding to e,, and re-
stricting the height H, to X The height so obtained will still be denoted
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by H,. The problem in Diophantine approximation is then translated to a
problem in geometry of numbers, specifically counting lattice points in a cer-
tain increasing family of sets in the Euclidean space V,. We generalized the
ergodic-theoretic approach of Alam and Ghosh | ], who counted ratio-
nal approximations on spheres, which in turn builds on ideas from Athreya-
Parrish-Tseng | ]. Together with the mean value formula for Siegel
transforms as developed above, we were able to give the following explicit
formula for the asymptotic behavior of the counting function N (z,T) as T
approaches infinity.

Theorem 1.2.1. Let G be a connected semisimple algebraic Q-group, P a
parabolic Q-subgroup with abelian unipotent radical and X = G/P. Then
there exists a constant » > 0 such that for ox-almost every x € X,

Np (2, T) ~ s log(T) as T — +o0. (1.2.1)

In order to obtain an effective estimate and not merely the asymptotic, we
extended a recent effective result of Ouaggag | |, who counted rational
approximations on spheres with respect to the Diophantine exponent, to the
setting of rank-one flag varieties. The methods are inspired by his arguments
and use the effective equidistribution of translates of orbits of a maximal
compact subgroup K of G, as well as the integrability results for Siegel
transforms established above.

Theorem 1.2.2. Let G be a connected semisimple algebraic Q-group, P a
parabolic Q-subgroup with abelian unipotent radical and X = G/P. Then
there exist constants » > 0 and € > 0 such that for ox-almost every x € X,

Ns, (2, T) = 5 log(T) (1 + O, (log(T) ™)) (1.2.2)

1.3 Counting below the Diophantine
exponent

We assume here again that X = G/P is a generalized flag variety obtained as
the quotient of a connected semisimple algebraic Q-group G by a parabolic
Q-subgroup P, whose unipotent radical is abelian. As above, we let H, be
a height function on X(Q) associated with a dominant Q-weight x and we
let 3, be the corresponding Diophantine exponent. In order to count with
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respect to exponents 0 < 7 < 3, below the Diophantine exponent, a different
approach is used. Namely, exponential mixing in the space of lattices, tools
from geometry of numbers, and a famous counting method due to Eskin-

McMullen | ] and Duke-Rudnick-Sarnak | ]. This method allows
for effective estimates. Our proof was inspired by the work of Huang and de
Saxcé | | on the local distribution of rational points on flag varieties. Let

d = dim X be the dimension of X as a real manifold. For every decreasing
function ¥ : R, - Ry, x € X, and T > 1, we define

Ny(z,T) = #{v e X(Q) : d(z,v) < Y(H,(v)), 1 < H(v) <T}.

Theorem 1.3.1. Let ¢ : R, — R, be a decreasing function satisfying that
there exist T € (0,8,) and C > 1 such that C™'y™™ < ¢(y) < Cy ™" for all
sufficiently large y. Define the integral

g d B a4y
VT >1, ¥U(T)=| ¥(y)y™ o
1

Then there exist constants x > 0 and € > 0 such that for ox-almost every
r € X, we have

Ny, T) =3 U(T) (14 O,(¥(T)79)) . (1.3.1)

We can even treat the case 7 = 0, which corresponds to the equidistri-
bution of rational points in X as the height tends to infinity. In | ,
Theorem 4], Mohammadi and Salehi Golsefidy counted rational points of
bounded height on a flag variety X = G/P with respect to an arbitrary
metrized line bundle and arbitrary parabolic Q-subgroup P. Our method
yields the following effective equidistribution result in X. More precisely, for
x € X and r > 0 denote by B,(x) the open ball in X with center = and
radius r, and define the counting function

Ny(z,r,T) =#{veX(Q):ve B, (z), 1 < Hy(v) <T}. (1.3.2)
Our final main result is as follows. We recall that d = dim X.

Theorem 1.3.2. There exist constants » > 0 and € > 0 such that for all
r>0 andx e X,

No(z,r,T) = 5Ty (B,(z)) (1 + O.(T7)). (1.3.3)

This result can be regarded as a corollary of Theorem 1.3.1 and we prove
it in Section 6.5. It essentially follows by setting 7 = 0 in the proof of the
former theorem.
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1.4 Some examples

In this section, we illustrate our main results using rational projective quadric
hypersurfaces and Grassmann varieties as examples of generalized flag vari-
eties of Q-rank one.

In the special case where X is a sphere or a rational ellipsoid, the problem
of counting rational approximations to a real point chosen randomly accord-
ing to the uniform probability measure has received much attention recently.
In particular, Alam and Ghosh | ] and Ouaggag | | counted ra-
tional approximations on the sphere of arbitrary dimension n, but only for
approximation functions ¢ : N — R, of the form (q) = c¢g~! with ¢ > 0.
On the other hand, Kelmer and Yu | ], using the spectral theory of
Eisenstein series, were able to deal with a general approximation function,
but their result does not apply to spheres of dimension n > 1 with n = 1
mod 8.

More generally, let now X¢ be the space of real points of an n-dimensional
projective rational quadric hypersurface X, given as the set of zeros in
P(R™*2) of a nonsingular rational quadratic form @ in n + 2 variables:

Xo=[Q7'(0)] = {z e P(R"™) : z = [x] with Q(x) = 0}. (1.4.1)

The distance d(-, -) and the height H are obtained by restriction of the usual
distance and height on P(R"™?), respectively. Let K be a maximal compact
subgroup of the special orthogonal group SOg(R) associated with @ and let
og be the K-invariant probability measure on Xq. Furthermore, one assumes
that X contains a rational point; by stereographic projection, this implies in
fact that Xg(Q) is dense in X¢. Fishman, Kleinbock, Merrill, and Simmons
[ ] have obtained the first remarkable results for intrinsic Diophantine
approximation in this setting.

As a corollary of our main theorems, we obtain the following statement,
which complements the above-mentioned results. Contrarily to the Kelmer-
Yu theorem, we need no congruence condition on the dimension n, and we
may in fact take X to be any nonsingular quadric hypersurface as consid-
ered by Fishman-Kleinbock-Merrill-Simmons. Moreover, let X, < P(R?) be
the quadric hypersurface defined by the equation Q;(x) = xoxs — r122. The
Q-rank of X is 2 (see §6.6 for details) and the formulation of the Khintchine-
type theorem for quadric hypersurfaces | , Theorem 6.3] depends on
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whether or not X is rationally isomorphic to X,. Using | , Theo-
rem 1.5], the inequality d(x,v) < H(v)~" has infinitely (resp. finitely) many
solutions v € X(Q) for almost every z € Xg, if 7 <1 (resp. 7 > 1), that is,
the Diophantine exponent of X is 1.

Theorem 1.4.1. Let Xq be the space of real points of a nonsingular pro-
jective rational quadric hypersurface that is not rationally isomorphic to Xq
and contains at least one rational point. Let T € (0,1]. Define the integral

T
VT > 1, \II(T):f ylmmn
1

Then there exist constants » > 0 and ¢ > 0 such that for almost every
x € Xg, we have

No(z,T) = 2 U(T) (1 + O, (¥(T)77)).

Our next result shows that rational points of bounded height are effec-
tively equidistributed in X¢. For every x € Xg and r > 0, denote by B, (z)
the open ball in Xy with center  and radius r, and define the counting
function

Ny(z,r,T) =#{veXg(Q):ve B, (z), l<H(v) <T}. (1.4.2)

Theorem 1.4.2. Let Xq be the space of real points of a nonsingular pro-
jective rational quadric hypersurface that is not rationally isomorphic to Xq
and contains at least one rational point. Then there exist constants » > 0
and € > 0 such that for allr > 0 and v € Xq, we have

Ny(z,r,T) = xT"0q(B,(x)) (1 + O.(T)). (1.4.3)

Remark 1.4.3. Unfortunately, it seems that our method does not yield a
similar result for the exceptional quadric hypersurface X,. We will provide
more details in §6.6.1, after introducing the necessary notation throughout
the paper.

For integers 1 < ¢ < n, our main results also apply to the Grassmann
variety X; = Grg,(R) of (-dimensional linear subspaces in the Euclidean
space R", which represents another novelty. As in Schmidt’s paper | ],
we use the Pliicker embedding to define the height H(v) of a rational subspace
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v, and study the approximation of a real subspace chosen at random by
rational subspaces. The distance used on X/ is the usual Riemannian distance
and we equip X, with the unique probability measure o, invariant under
rotations. Write d for the dimension dimg X, = ¢(n — ¢) and set 5, =
T As follows from [ , Théoreme 6], the inequality d(z,v) < H(v)™"
has infinitely (resp. finitely) many solutions v € Gr,,(Q) for almost every
subspace x € Xy, if 7 < B (resp. 7 > ).

Theorem 1.4.4. For integers 1 < ¢ < n, let Xy = Gry,,(R) be the Grass-
mann variety of £-dimensional subspaces in R™ and let T € (0, 5;]. Define the

integral
T

—71)d d
VT >1, W(T) —L yPemad,
Then there exist constants » > 0 and ¢ > 0 such that for almost every
subspace x € X,, we have

No(2,T) = 2 U(T) (1 + O, (¥(T) ).

Finally, we show that rational points of bounded height are effectively
equidistributed on the Grassmann variety X,. For every x € X, and r > 0,
denote by B,.(x) the open ball in X, with center z and radius r, and define
the counting function

Ny (,r,T) = #{veGryn(Q):ve B.(z), 1< H(v) <T}. (1.4.4)

Theorem 1.4.5. For integers 1 < { < n, let Xy = Gry,,(R) be the Grass-
mann variety of (-dimensional subspaces in R"™. Then there exist constants
x>0 and € > 0 such that for all r > 0 and x € X,, we have

Ny(z, 7, T) = 5 T"0y(B,(2)) (1 + O,(T79)) . (1.4.5)

1.5 Notation and conventions

For two positive quantities A and B, we will use the notation A < B or
A = O(B) to mean that there is a constant C' > 0 such that A < C'B, and we
will use subscripts to indicate the dependence of the constant on parameters.
We will write A = B for A < B < A. We denote by N the set of integers
that are > 0 and by N* = N\{0}. Moreover, we denote by R, the set of non-
negative real numbers [0, +o0). We denote algebraic varieties defined over Q
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by bold letters and their sets of real points by ordinary letters. Furthermore,
following the exposition in Borel | |, we shall, by abuse of notation,
identify an algebraic variety defined over QQ with its set of complex points. For
instance, we write X = X(R) and X = X(C) to denote the sets of real and
complex points of an algebraic variety X defined over QQ, respectively. Given
a Q-subgroup H of an algebraic Q-group G and an arithmetic subgroup I
of G, we denote I'y = I' n H. Discrete subgroups of G are always equipped
with the counting measure. Moreover, we denote by X*(G) = Hom(G, GL)
(resp. X«(G) = Hom(GLy, G)) the group of characters (resp. cocharacters)
of G, and by X*(G)g (resp. X.(G)g) the subgroup of X*(G) (resp. X«(G))

consisting of characters (resp. cocharacters) that are defined over Q.
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Chapter 2

An alternative proof of
Schmidt’s theorem

In this chapter, we give an alternative proof of Schmidt’s result | | for
the projective space P(R™), one of the simplest flag varieties. The approach
adapts arguments in a recent work of Kelmer and Yu | | and has the
advantage that it allows for an arbitrary decreasing approximation function.
Roughly speaking, the method of proof relies on a mean square bound for the
discrepancy that one deduces from a second moment formula of the Siegel
transform, mapping functions of sufficient decay on R™ to functions on the
space of unimodular lattices SL,(R)/SL,(Z), by averaging over the lattice.

Before stating the result and describing the method in more detail, we
need to introduce some notation. Fix an integer n > 2 and let X = P!
be the projective (n — 1)-space. Write X = P(R™) for the set of real points.
Recall that X parametrizes lines passing through the origin in R™. More
precisely, X is the space (R" \ {0})/~, where for v,w € R™ \ {0} one has
v ~ w if and only if there exists x € R* such that v = xw. We shall refer
to points in projective space X = P(R™) as lines. We denote by [v] € X the
line corresponding to a nonzero vector v € R™ \ {0} and we say that v is a
representative for [v].

Define a height H on the set of rational points X(Q) = P(Q") as follows.
For v € X(Q), choose a primitive vector v € Z" that spans the rational line

v and put
H(v) = |vl,

where || - | denotes the Euclidean norm on R”.
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The Euclidean inner product {-,-) on R" induces a Euclidean norm on
A*R”, that we also denote by | - |, by setting, for decomposable elements
U1 N\ Vg,

o1 A v = /et (v, 0))1ci<2).

To measure the distance between a real line and a rational approximation, we
use the following distance function on X. Given two lines x, 2’ € X, choose
non-zero vectors x, ' € R™ representing x, ', respectively, and set

/
oo lwaa
@) = el

The projective space X = P(R™) can be viewed as a homogeneous space.
More precisely, let G = G(R) = SL,(R) be the group of real points of the
special linear group of rank n and note that G acts transitively on X by
g-[v] = [gv]. The stabilizer in G of the line through the first standard basis
vector e; = (1,0,...,0) is given explicitly by

P-y(® )eG.aeR" ueR™, HeGL, ,(R)
= 0 H L a , U s n—1 .

In particular, P is a parabolic subgroup of G and we may identify X and
G/P via the map gP — g - [e1]. Moreover, note that already the maximal
compact subgroup K = SO, (R) acts transitively on X; this is a consequence
of the well-known Iwasawa decomposition G = KP of (G. In particular, if
dk denotes the Haar probability measure on K, then its push-forward to X
via the orbit map k — k- [e1] defines a K-invariant probability measure on
X that we fix and denote by ox. We also note that the distance d(-,-) is
K-invariant.

Let v : R, — R, be a non-increasing function. Borrowing the terminol-
ogy of [ ], we say that a point x € X is ¢-approzimable in X, if there
are infinitely many rational points v € X(Q) with d(x,v) < ¢ (H(v)). For
x € X and T > 1 we define the counting function

Ny(z,T) = #{veX(Q) : d(z,v) <y(H(v)), 1< H(w)<T}. (2.0.1)

Note that the function Ny (x, T) is an increasing function of 7" and that it is
unbounded if and only if x is ¢-approximable in X.
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Let ((s) be the Riemann (-function and let I'(s) = SSO ts~tetdt for
Re(s) > 0 be the I-function. Define d(P) = n(n — 1) and the constant

a(n=1)/2

ORES] (2.0.2)

Hy =

The goal of this chapter is to prove the following analogue of Schmidt’s
theorem | , Theorem 1] for the projective space.

Theorem 2.0.1. Let n = 3 and let X = P(R™) be the projective space. Let
v : Ry — Ry be a non-increasing function satisfying tligl W(t) = 0 and
—+00

define the two integrals

\If(T)szt"Iw(t)”ldt and  Q(T) = JTtnlw(t)"“dt. (2.0.3)

1 1

Suppose that V(T') diverges as T — +o0. Then for almost every x € X, we
have

Noy(2,T) = 56,%(T) + O, (W(T)% log(¥(T)) + Q(T)) |

2.1 Method of proof

Write Q = SL,,(R)/SL,,(Z) for the homogeneous space of unimodular lattices
in R™ equipped with the unique SL, (R)-invariant Haar probability measure
1a- A key input to the proof of Theorem 2.0.1 is a second moment formula
for the classical primitive Siegel transform introduced in 1945 by Carl Ludwig
Siegel | |. This transform maps a function f of sufficient decay on the
Euclidean space R™ to a function on the space of unimodular lattices €2, by
averaging over the primitive vectors of the lattice. Let Z, denote the set of
primitive elements in Z". More precisely, the primitive Siegel transform of f
is defined for every g € SL,(R) by

Sflg) = Y. flgv),

VELR,

provided the sum converges absolutely. The Siegel mean value theorem ex-
presses the average of the Siegel transform of f in terms of the average of f.
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More precisely, denoting by Ag» the standard Lebesgue measure on R, and
denoting, for every v € R", f~(v) = f(—v), one has

1
JQ ¢(n) Jgn ( )
Later, Rogers | ] proved a second moment formula for the Siegel trans-

form of a bounded compactly supported measurable function f, expressing
the average of |Sf|* as a quadratic form on f:

2, 1 N 2L ey Ty
L|Sf| dug = C(n)? <JRnfd>\R> +C(n) JRn (\f\ +ff )dAR. (2.1.2)

It is convenient to denote by d vol the normalized Lebesgue measure ¢ (n) ™! d\gn
on R".

Now, the outline of the proof is as follows. Similarly as in Schmidt’s paper
[ ], for every g € SL,(R) and bounded Borel subset B < R", we define
the discrepancy of the lattice gZ™ in B by

D(g, B) = [#(9Zy, 0 B) — vol(B)].

Applying the second moment formula (2.1.2) to the Siegel transform of the
indicator function of B, Slp(g) = #(gZy, n B), one obtains the following
mean square bound on the discrepancy:

L D(g, B) dulg) < vol(B). (2.1.3)

To make use of this mean square bound, one translates the problem of count-
ing Diophantine approximations of bounded height in the projective space to
counting primitive lattice points in a certain family (€4(7"))r>1 of growing
sets in the Euclidean space R". The counting function Ny (x, T) can then be
expressed as

Ny(@,T) = # (k' 22, ~ E4(T))

for a certain k, € SO, (R) depending on z. We wish to show that the right-
hand side is asymptotically equal, up to a scalar, to the volume of &,(T),
as T' — +0o. After showing that the sets (€4(T"))r-1 satisfy a certain well-
roundedness condition, the desired asymptotic estimate is then deduced from
the mean square bound on the discrepancy (2.1.3) and a standard Borel-
Cantelli argument.
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2.2 Coordinates and measures

Here, we introduce some group-theoretic and measure-theoretic notation. Let
e; = (1,0,...,0) € R" be the first standard basis vector and set zy = [e;] € X
for the corresponding point in the projective space. We regard x as the base
point in X. Let L be the stabilizer in G of the vector e; and let P be the
maximal parabolic subgroup fixing the line spanned by e;. The group G has
an Iwasawa decomposition G = K P, with K = SO, (R) a maximal compact
subgroup. Furthermore, P has a Langlands decomposition P = M AU with

1 ! . n—1
U—{uw— (0 ]n—l) cxelR }

the unipotent radical of P (note that u, fixes e;),
) IR 1
A= {a(y) = diag(y 1,yn—1,...,yn—1) Dy > 0}

the R-split torus with a(y) acting on e, as a(y)e; = y~'e; and

0O m

e 0O - -
M=<m= _ ) e=x1,meGL,_1(R), detm =¢.

Note that L = M°U, where M° =~ SL,,_;(R) is the identity component of M.
Any g € G can be written as g = ka(y)mu, with k € K, m e M, a(y) € A,
and u, € U = R"1. While km, a(y) and u, are uniquely determined by g,
the elements k£ and m are only determined up to multiplication of £ from the
right and of m from the left by an element of K n M.

Let dx be the usual Lebesgue measure on U, dm the Haar measure of
M normalized so that the induced M-invariant measure on M /M (Z) is a
probability measure, and dk the probability Haar measure of K. For every
a = diag (ay,...,a,) € G, let

pla) = Z—
i<j J

be the sum of the positive roots of G relative to the full diagonal subgroup
with multiplicities counted. Then p evaluates on a(y) to p(a(y)) = y=" for
every y > 0. Following | , §8.4 Integration], in these coordinates the
Haar measure ug of G is given by

d
duc(g) = wy pla(y)) dk dm ?y dz = w, y~ "V dk dm dy dz, (2.2.1)
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where w,, > 0 is a constant so that the induced measure ug on G/T" is a
probability measure.

The subgroup L is unimodular with its Haar measure given by
dpr(mug) = dmde. (2.2.2)

Since L is the stabilizer of e; and G acts transitively on R” \ {0}, we can
identify R™ \ {0} with the homogeneous space G/L. Explicitly, setting K =
L K ~S0,_1(R) and further identifying K /K x A with G/L via the map
(kKp,a(y)) — ka(y)e; give natural polar coordinates on R™ ~ {0}: Every
v € R" ~ {0} can be written uniquely as v = ka(y)e; for some k € K/K|,
and a(y) € A. Let o, be the unique right K-invariant probability measure

on K/K; =~ S"'. Since the volume of the n-dimensional unit ball is 1“(%121)7
2
in these coordinates the measure dAg. is given by
27% d
Aan(kaly)er) = 2o —2-do, (k). (2.2.3)
I'(3) y"

Let pi7/1,(z) be the unique L-invariant Borel probability measure on the quo-
tient L/L(Z). Let us denote by jic/1(z) the unique G-invariant Borel measures
on the quotient G/L(Z) induced from the Haar measure pg on G, that is, so
that locally the projection G — G/L(Z) is measure-preserving. In particular,
the following integration formula holds: for all F' € C.(G/L(Z)),

212 dy

1 +00
Fd = —f f J F(ka(y)l)d 0)—— do.
JG/L(Z) A C(n) J/k, Jo L/L(Z) (kaly) sz )F(E) yntl

(2.2.4)

As already said, it follows from the Iwasawa decomposition G = K P that
the fiber bundle map K — X defined by k — k[e;] is onto. In particular, if

X - K

T — ky

is a measurable section of this map, we have for all € X, x = k,[e;]. The
group P is not unimodular and we let Ap be the modulus character of P.
Fix a right Haar measure up on P. As follows from | , page 64], the
K-invariant measure ox on X = G/P is strongly quasi-invariant, meaning
there exists a continuous function vp : G x G/P — (0, +0o0) such that the

26

(F).



translated measures ox ,(E) = ox(gE) (where g € G and E is a measurable
subset of X)), satisfy

dox 4(z) = vp(g,z)ox(2).
Moreover, using [ , Theorem 2.61], there exists a constant ¢ > 0 such

that the continuous function dp : G — (0, +0) defined by dp(g) = cvp(g, zo)
satisfies the functional equation:

VgeG,Vpe P, 0p(gp) = Ap(p)dr(g), (2.2.5)

and the following integration formula holds:

Y feCuG), L £(9)8p(9)dpc(g) = L/P f F(gp)dup (p)dox (gP).
(2.2.6)

2.3 Second moment of the Siegel transform

Here, we give a new elementary proof of a well-known second moment formula
for the Siegel transform on the space of unimodular lattices that is used to
prove a mean square bound for the discrepancy. We recall that the primitive
Siegel transform Sf : = SL,(R)/SL,(Z) — R of a measurable bounded
function f : R™ — R with compact support is defined, for every g € SL,,(R),
by
Sf(9Z") = Y, flgv).

VELR,
We shall simply write S f(g) for S f(gZ") and note that the right I'-invariance
of g — Sf(g) implies that Sf(g) is well-defined on the space of unimodular
lattices 2 = SL, (R)/SL,(Z). Using Siegel’s mean value formula (2.1.1), for
any bounded Borel subset B < R", one has

1
Slpdug = — 1p dA\gn = vol(B 2.3.1
L B Ao C(n)fn B dAgn = vol(B), ( )
Later on in 1955, Rogers | , Theorem 5] proved a second moment for-

mula for more general functions on §2 for n > 3. The following is a special
case. In fact, in our result there is a constant ¢ > 0, that we weren’t able to
determine yet. However, by | , Theorem 5], its value is ¢(n)~2.
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Theorem 2.3.1 (Rogers). Letn > 3. There exists a constant ¢ > 0 such that
for every measurable bounded compactly supported function f : R"\ {0} — R,
we have

> digy R P
[P = o ([ rave) & s [ (P4 15) deen @232)

The case n = 2 was treated by Schmidt | |. Let ¢ be the standard
Euler ¢-function and, for every n € Z, let J,, = ((1) i) . Given a 2 x 2 matrix
= (i Z) € Mats(R), we denote by [h]; = (z) the first column and by

[h]2 = (Z) the second.

Theorem 2.3.2. Let f : R*\{0} — R be a measurable bounded compactly
supported function. Then

2 P(n)
|SfI7 dug = > f(lgJn]1) f([97n]2) dua(g)
). L b

1 9 _
b | WP 157) e

Inspired by Schmidt’s approach, we present a simple proof of Rogers’
second moment formula in the case n > 3. We remark that a similar approach
was also used by Marklof and Stréombergsson | , 87, Lemma 7.7]. Before
presenting the proof, we first state a consequence of Weil’s integration formula
[ , Section 9], which we will use multiple times in this thesis. In practice,
this formula is often referred to as “folding/unfolding”.

Theorem 2.3.3. Let H be a second countable locally compact unimodular
group with Haar measure dh and Hy < Hy < H closed unimodular subgroups.
Then the following are true.

1. There exist unique (up to scaling) invariant measures ftg/m,, IH/Hy
and pp,m, on H/Hy, H/Hy, and Hy/Hy, respectively.

2. We have f € L'(H/H,) if and only if for almost every h € H, the
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function hoHy — f(hhyHy) is in L'(Hy/Hy) and the function
H/H, — [0, +0]

hHy — | f(hhoHy)| dpver, i, (hoHy)
H2/H1

is in LY*(H/H,). In this case, there exists a constant w > 0 so that the
following formula holds:

J fdpnm, = w J J f(hhoHy) dpgy i, (hHz) dpips m, (he Hy).
H/H, H/Ho JH2/H,
(2.3.3)

3. Assume f: H/H; — [0, +m)] is measurable. Then the formula (2.3.3)
holds.

Proof of Theorem 2.3.1. Fix a measurable bounded compactly supported func-
tion f: R" \ {0} — R. Notice that I' = SL,(Z) acts transitively on Z7 . In

particular, we may write
= > flgv) = D] f gvei),
veZy, ~el'/L(Z

where L(Z) = I'n L is the stabilizer in I" of e;. Let 1 /1,z) be the probability
Haar measure on L/L(Z). Using Weil’s integration formula (2.3.3) (applied
with H = G, Hy = T', and Hy = L(Z)) and the integration formula (2.2.4)
(applied with F(gL(Z)) = f(ge1)Sf(g)), we have

| 15t dn = | Y, (lre)S7() diatal)

'yEF/L

— L/L f(ge1)Sf(g )dMG/L(Z (9L(Z))

2712 dy
fgef Sf(gl)d 0) =~ do, (k).
JK/KL.[ ' L/L(Z) (90) dpz o )F(E) yntt (k)

Our goal is to show that there exists a constant ¢, > 0 such that for every
measurable bounded compactly supported function f : R" \ {0} — R, we
have

L/L(Z) Sf(gl) dprjnz(CL(Z) = co | fddan + f(ka(y)er) + f(—ka(y)ey).

Rn
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We first decompose Z;, into a disjoint union of L(Z)-orbits. The vectors +e;
are fixed under the action of L(Z). So let v € Z] be a vector different from
+e;. Write the vector v = (wy,w) for some w; € Z and w € Z"'\{0}. By
multiplying with a suitable element « € L(Z), we can make sure that

v = (I, ged(w),0,...., 0)

for some unique 0 < [ < ged(w) with ged(l, ged(w)) = 1. In fact, write
t
w = ged(w)w' for some unique w’ € Z7" and let 7 = é :,) € L(Z)
where 7/ € SL,_1(Z) is such that vw’ = (1,0,...,0) and u’ € Z"! is such
that [ = wy + ged(v) u' - w' satisfies 0 < | < ged(w) and ged(l, ged(w)) = 1.
On the other hand, two primitive vectors (1, q,0,...,0) and (I',¢,0,...,0)
with 0 <! < ¢ and 0 <!’ < ¢ lie in the same L(Z)-orbit if and only if | = '
and ¢ = ¢'. For [,q as above, we define for simplicity v;, = (I,¢,0,...,0).
Denote the stabilizer of v;, in L by L; and notice that it does not depend
on the particular choice of [ and 1 < ¢q. Consequently, we have

f SF(gt) dyuz n (UL(Z))
L/L(Z)

- L/L( >, flka(y)tw) due) (CL(Z)) + f(ka(y)er) + f(—ka(y)er)

( D flka(y)tyvrg) i ((L(Z))

VeL(Z)/L1(Z)

+ f(ka(y)er) + f(—ka(y)e1)> :

We equip L; with the Haar measure pr, normalized so that the induced
Ly-invariant measure on L;/Li(Z) is a probability measure. Using Weil’s
integration formula (2.3.3) again and the L;-invariance of v; 4, there exists a
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constant ¢ > 0 such that

Z Z J f(ka(y)lyvig) dpryi (CL(Z))

q= 10<l<q L/L(Z) nep(z /Ll(Z)

=30 8 a1 s a2

< < L/L1(Z
q :
o0
B Z L/L L /LA f(ka(y)blrvig) dperyn, ) (b)dprr, (6)
q=10<l 1 1/L1
(l,q):l

—2 Y Z J(ka(y)tvry) dpaer, (£).

q=10<l<q, Y L/11

Now, we write

ly,, = ((ley + qes) = ley + gles,
and identify L/L; with R™ \ {0} via L 3 ¢ — fey (and thus equipping L/L;
with the Lebesgue measure Ag»). Therefore, using the substitution qv — v,
the translation invariance of Ag», and that ka(y) has determinant 1, we have

62 2 f/ Ka(y)(les + glea)) dprr, (6)

: S<
q:

2 Z f (ka(y)(ley + qv)) dAgn (V)

Ao

I
)
g MS

= o
//\

Z< "[ Htkalw)o) dree (v)
>‘f v) g (v)

J‘ v) g (v)
f g,
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as required. The constant ¢ > 0 in the statement of Theorem 2.3.1 is given

_ ~¢(n-1)
byc=c¢c ROLE

]

For any g € G and Borel subset B < R" of finite measure, recall that the
discrepancy of ¢gZ" in B is defined as
D(g,B) = |#(9Zy, n B) — vol(B)].

p

We obtain from | , Theorem 5| the following mean square bound for
the discrepancy.

Lemma 2.3.4. Let B be a bounded Borel subset of R™. Then
| 1D B dutg) 5 vol() (23.4)

Proof. Observe that #(gZ;, n B) = Slp(g). Using Siegel’s mean value
formula (2.1.1) applied with f = 15, we have

| 101 B)F dun(s) = [ 1516 dun(s) — 201(8) | S1adual) + vol(B)
Q Q Q
Zf 515/ due, — vol(B)?.
Q
Now, applying | , Theorem 5] to f = lp gives

2 = vo 2 L v 2 v —v n (U
J| 1500 d = vol(B)* + 2 [ 1160 + T5(0)10(~0) drss (o).

Thus, altogether, we have {, |D(g, B)|* dua(g) < vol(B), as required. O

2.4 Diophantine approximation and counting
lattice points

In this short section, we translate the problem of counting Diophantine ap-
proximations of bounded height in the projective space to corresponding

estimates for counting primitive lattice points in certain families of growing
sets in the Euclidean space.
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Let ¢y : R, — R, be a non-increasing function. For every 1" > 1, define
E(T) = {v e X+ dwo, [v]) < v(Jo]),0 < o] < T}

We have the following simple lemma.

Lemma 2.4.1. Fiz x in X and let k, € K be such that k,[e;] = x. Then
for any T > 1, we have

N, T) = 5 # (k' T3y 0 £4(T)) (2.4.1)

Proof. 1t suffices to show that Ny(z,T) = §# (Z0 0 ke&y(T)). We first
note that

kaEy(T) = {v € R* \ A0} 1 d(z, [v]) < ¢(|v]]), 0 <[] < T7}.

Now a rational point v € X (Q) satisfies d(z,v) < ¢(H(v)) and 0 < H(v) < T
if and only if any of the two primitive vectors tv € Zg, representing v
satisfies d(z, [v]) < ¢¥(|v]|) and 0 < |v| < T. This finishes the proof of the
lemma. ]
2.5 Measure estimates
In the last section, we have seen that for every x € X,

No(2,T) = #(k; ' Z, 0 E4(T)).

Noting that #(gZ;, n E,(T)) equals the Siegel transform ST¢,(7)(g) of the
indicator function of £,(T") and applying the first moment formula (2.3.1),
the expected value is given by

L H(gZ2, ~ E(T)) dpg) = vol(E,(T)).

Let d(P) = n(n —1). In Theorem 2.7.1 below, we will show that for almost
every x € X and for all T" > 1 sufficiently large,

#6125, 0 E4(T)) = vol(E4(T)) + O (vol(€,(T) 57 log(vol(£,(T))) ).
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In order to make the link with our main Theorem 2.0.1, we explicitly compute
vol(E,(T)) in this section.

Let v = (v1,...,v,) € R" . {0} and note that

ler n o ]
d(l’o, [UD = = ) (251>
ledlfv] o]
where by v’ we always denote the vector v/ = (vy,...,v,) € R Let
re (0,1) and set ©, = {x = (x1,...,2,) € S" ! : ||&'| < r, 21 > 0}. Since
x € S"! and thus |z1|*> + |2/|* = 1, we may alternatively write
D, ={xeS" iz >V1-12}.
Observe that ®, is a polar cap centered at the north pole on S 1.
Lemma 2.5.1. For every r > 0, we have
. ( ) n—1 n+1
on(®,) = ="+ Op (™). (2.5.2)

27T2 F(Tl)

Proof. By the form of the error term, it suffices to prove the lemma for all
small r, say r € (0, %) Using | , Lemma 5.2], for all 7’ € (0, 1), we have

on ({w eS"lig >1— %2}) = %(r')”—l + O, ((")"Y) (2.5.3)

Setting r’ = \/2(1 —4/1 —r2?) for small enough r > 0, one can check that

2
r

:{meS"‘1:x1>1—7}.
Taylor expansion at r = 0 gives

V201 = VI= %) = 7+ O(),

and plugging this into (2.5.3) yields the claim. ]

Lemma 2.5.2. Let v : R, — R, be a non-increasing function and define
the integrals

U(T) = JT ") tdt, QT = th”_l@b(t)”“dt.

0 0
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Then, as T tends to +o0, we have
vol(Ey(T)) = 2, 9(T) + O(UT)), (2.5.4)
where », was defined in (2.0.2).

Proof. Recall that K, = L n K =~ SO,,_;(R) and that the map of K/K x A
to G/L given by (kKp,a(y)) — ka(y)e; gives natural polar coordinates on
R™ ~ {0}: Every v € R" \ {0} can be written uniquely as v = ka(y)e; for
some k € K/Kp, and a(y) € A. In these coordinates, the set £,(T") can be
described as follows

Eu(T) = {v = kaly)es € X : |(ker)| < vly ™),y > T}

Using equation (2.2.3) and Lemma 2.5.1, we have

27'('”/2 +0 dy
vol(Ey(T)) = —f O (D (-1
( T/)( )) C(n)r(g) -1 ( Py ))yn+1
2m/2 JJ“D (%) 1yn—1 dy
_ = —2 — + On —1\n+1\_~9J
C(n)T(5) Jr- 27r21“(”7+1)¢(y ) W)
T T
= %“J t" ()" dt + O, (J ()t dt)
0 0
This finishes the proof of the lemma. O]
2.6 Well-roundedness
The term well-roundedness was introduced in | ] and | |, and has
been frequently used since then (see, for instance, | 1, [ |). It refers

to the regularity property of a set to be almost invariant under the action of
a small ball centered at the identity in G, and it allows for asymptotic lattice
point counts with an error term. Our approach in this section is inspired by
the recent work of Kelmer and Yu | ].

The goal is to show that the family (£,(7"))r=1 is well-rounded with re-
spect to a certain family O = (P.)g<c<1 of symmetric identity neighborhoods
in the maximal parabolic subgroup P. We recall that P is defined as the
stabilizer in G = SL,(R) of the line through e;.

We will work with the following definition of well-rounded sets.
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Definition 2.6.1 (Well-roundedness). Let O = (P.)g<c<1 be an increasing
family of symmetric identity neighborhoods of P. We say that a family B’
of finite-measure Borel subsets in R™\{0} is well-rounded with respect to O
if there exist Cy > 0 and ¢y € (0,1) such that for any B’ € B’ and any
e € (0,&9), the Borel sets

—e

Bl = ﬂ pB' < U pB' = B. satisfy vol(B.\B.) < Coe vol(B).
peP: peP:

(2.6.1)

Let dg(+, ) be a left-invariant Riemannian distance on G = SL,,(R). Let
dp(-,-) denote the induced left-invariant Riemannian distance on P by view-
ing P as an embedded submanifold of the Riemannian manifold G. Given
0 <e <1andc > 0 (to be determined), we define P. = Bp(ce) to be
the metric open ball in P centered at the identity with radius ce. Since
the dimension of P is n(n — 1), we have up(P.) = "™V and we set
d(P) = n(n—1). Next, we verify that the family (€4(T"))r>1 is well-rounded
with respect to the family O = (P.)p<c<1. Let ¥ : Ry — [0,1/2] be a non-
increasing function and define for every ¢ € R, and € € (0, 3) the functions

() = (1 +e)" (1 +)7').

Lemma 2.6.2. Let ¢ : R, — [0,1/2] be a non-increasing function. Then
there exists ¢ > 0 such that for all T > 1, p€ P., and € € (0, %),

€, ((1+2)7'T) € pEU(T) € £+ (1 + £)T). (2.6.2)

Proof. Fix € € (0,3), p = ma(y)uy € P- and T > 1. We first prove the
relation
PEWT) € £, (14 )T

That is, given v € &, (T'), we need to verify the following two conditions:
(1) d(zo, [pv]) < X ([pv]),
(2) 0 < |lpv| < (14 &)T.

Since each v € £,(T) satisfies 0 < |v|| < T, in order to prove (2), it suffices
to show that
0 < lpo] < (1 +¢)]v].

Applying the triangle inequality, one has |pv| < ||v| + [[pv — v|, and, since
|pv—v| < |p—id|||v|, the claim follows by choosing ¢ > 0 so that |p—id| <
for every p € Bp(ce).
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Next, we show condition (1). Combining the estimate |pv| < (1 + ¢)|v|
with the fact that ¢ is non-increasing, we obtain

Y(llvl) <91+ 2) " pol).

Therefore it suffices to show that d(zo, [pv]) < (1 + €)¥(||v|). By Equation
(2.5.1), we have |le; A pv| = ||(pv)’|. By choosing ¢ > 0 even smaller if
necessary, a calculation in the explicit coordinates of v = (vy,v’) and p =
ma(y)u, shows that

| [

< (1+¢e)— = (1 +&)d(xo, [v])-

d(an [p’U]) = ”(pv) HUH

Ipv||

Using that d(wo, [v]) < ¢(|v]) by assumption, we get pv € &,+((1 + ¢)T),
as required. This finishes the proof of the relation p&y (T) < &+ ((1 +€)T).
Similarly, using the fact that P. is symmetric and applying the first part to

1 =1, one gets
pE (L +e)7'T) = Eu(T).
This completes the proof of the lemma. n

Proposition 2.6.3. Let ¢ : Ry — [0, 1] be a non-increasing function sat-
isfying limy_, o ¥ (t) = 0 and SJOO t"Yp(t)"tdt = +oo. Then the family
(E(T))r>1 is well-rounded with respect to O = (P:)o<e<i-

Proof. We show that there exists Cy > 0 (depending only on n) such that
for any £y(T) with 7' > 1 and for any ¢ € (0,1/2), there exist Borel subsets
B., B, satisfying

&y =g

B, < ﬂ pEy(T) < U pEy(T) < B. and vol(B.\B.) < Cyevol(B).
peP: peP:
(2.6.3)
For this, we take B, = £, ((1 +¢)7'T) and B. = Eyr (1 +¢)T), where F
are as in Lemma 2.6.2. The above inclusion relations follow from Lemma
2.6.2. For the measure bound, we note that Eg\ﬁe < R; u Ry with

Ry = {ka(y)e; e R"\{0} : 9= (y ') < |[(ker) | < i (y™"), 0<y ' < (1+¢)'T},
and
Ry = {ka(y)er e R"\{0} : [(ker)'| < vF(y7"), (1+e)'T <y ' < (1+)T}.
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By Lemma 2.5.1 (noting also that by our assumptions ¥ (¢f) < 1 for all
t € R,), we have

(1+e)~ T

vol(Ry) <» f " (W ()" = () di

0

and
(14e)T

vol(Ry) <n f "Lt ()" dt.
(14e)-1T

This, together with the measure estimate vol(Ey(T")) =, Y(T') (cf. Lemma

2.5.2) implies that

(1+e)~iT

o (I4+e)T
W(BAB) S, [ e [ e e
0 0
T

=((1+e)"—(1+e)™) J " ()" dt <, e vol(E4(T)).

0

This finishes the proof. n

2.7 From mean square discrepancy to count-
ing

In this section, we prove effective counting estimates on #(k; 'Z%. n E,(T))
as T — +oo. Our approach is inspired by the arguments given in | ,
§3] to count rational approximations on spheres. More precisely, we use
the well-roundedness of the family (£,(7"))r~1 as established in Proposition
2.6.3) and the mean square bound on the discrepancy (2.3.4) to deduce the
following counting result, which holds for almost every x € X as T" — +o0.
Throughout, we let d(P) = n(n — 1).

Theorem 2.7.1. Let ¢ : R, — [0,1/2] be a non-increasing function satisfy-
ing limy_,, o, (t) = 0 and S;OO t"tp(t)"1dt = +o0. Then for almost every
x € X and for all sufficiently large T' > 1, we have

# (k722 A E4(T)) = vol(Ey(T)) + O @m(@(:r))ii%??? log(vol(c‘fw(T))D .

The following proposition, which is a key ingredient for Theorem 2.7.1, is
a special case of | , Proposition 3.6]. Recall that for € (0, ) we defined
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P. = Bp(ce) to be the metric open ball in P centered at the identity with
radius ce for some sufficiently small and fixed ¢ > 0.

Proposition 2.7.2 (Kelmer-Yu). Let Cy > 0 be as in Equation (2.6.3).
Then for all sufficiently large T > 1 and for all 0 < Z < Cyvol(E,(T)), we
have

vol(Ey (T))+4)
72+d(P) :

ox({re X : D(k;', E4(T)) > Z}) So.com
For the convenience of the reader, we reproduce their argument here.
Proof. For any T'> 1 and any Z € (0, Cyvol(Ey(T'))), we set
Mrz={ze X : Dk, E(T)) > Z}.
Let us also denote by
Mz, ={we X+ (#(k;'Z8 A E4(T)) — vol(Ey(T))) > Z},

so that My z = M7, ;UM 5. Tt thus suffices to show that for all sufficiently
large T,

vol(&,,(T)) 1+
JX(M%,Z) S0,Com ;2+d(P) )

We prove this for M7, ,, the other case is shown similarly.

So take € = WM’ so that Z — Coe vol(E4(T)) = . Note that since

0 < Z < Cyvol(Ey(T)), we have € € (0,3). Let x € M7 ,. Then for every
p € P., by Proposition 2.6.3 and since P. is symmetric, for B, as in (2.6.3),
we have

#(k ' 20 A pB.) = #(k "2 0 E4(T))
> vol(E,(T)) + Z

> vol(B;) — Coevol(Ey(T)) + Z

A
= VOl(BE> + 5,

implying that

D(p~'k; ', B.) = #(P_lkllzgr n B.) - vol(B.) >

b | N
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Hence

72 _
ToxMEue(P) < | | DT B dup(p) dox (o)
P

Let us denote by I this double integral.
On the other hand, letting S, = {k,p: x € X, pe P.} € G and using the
measure description in equation (2.2.6), since G is unimodular, we have

= Dlg Beorlg)ducle) = | Dlg, Belorlo™) dpclg).

Since P. € P, and both P, < P and X are compact, S-' can be covered
by a finite number, possibly depending on P, of fundamental domains for
G/T'. Moreover, since dp is continuous and strictly positive on G and since
the closure of S. is compact, we have dp(g') =p, 1 for all g € S-*. Thus,
using the mean square bound on the discrepancy as in Lemma 2.3.4 and that

vol(B.) < (1 + Coe) vol(Ey(T)) <c, vol(Ey(T)), we have

I<p D(g, B.)?duc(g)
Ko

Sn | Dl B dun(al) < vol(B) <, vollE(T)).
Thus, recalling that pp(P.) = e we have

vol(&.
O-X(M;,Z) SCo,Pr MMP(P) !

< Yol(€y(T)) z —dP) _ Vol(€,,(T))+4(P)
~ Z2 2Co vol(E, (1)) =Co,d(P) — ge2vd(®)

.. - vol(Ey (T)) 1 T4P) L.
Similarly, we also have ox (M7 ;) S0.com — gararer— finishing the proof.

]

We can now prove Theorem 2.7.1 using a Borel-Cantelli-type argument.
The proof follows the arguments in | , Lemma 3.2 and Corollary 3.3].

Proof of Theorem 2.7.1. Let 1 : R, — [0, %] be as in this theorem. By
Proposition 2.6.3, the increasing family (€4(7"))7r>1 is well-rounded with re-
spect to the family of identity neighborhoods O = (P.)p<.<i. Thus we can
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apply Proposition 2.7.2 to get for all T" > V, where V' > 0 is some large
positive constant, and for all 0 < Z < Cyvol(E,(T)),

vol(Ey (T)) "+
72+d(P)

ox({x e X : D(k;', E4(T)) > Z3}) So.com (2.7.1)

Now to prove the theorem, it suffices to show that for almost every x € X
and for all sufficiently large T' > 1,

D(k, ", £,(T)) < vol(E,(T)) 77 log (vol(£,(T)))

Set v = 3++(P) and w = 1. Let (E4(T}))ken be the increasing sequence given

by vol(E,(T))) = max{V, k“log(k)}. Since the family (£,(T))r>1 is increas-
ing, any £,(T") with vol(E,(T)) > V satisfies £y (1) € Ey(T) € Ey(T41) for
some k and we can estimate for all k sufficiently large
vOl(Ey(Tir1)\Eu(Th)) < k" log(k) < k" log(k)*™
=n V01(5¢<Tk))1_y 10g(VOl<(€¢(Tk))) (272)
We can also estimate

+00
3 VO(E4(Ti)) 549~ log (vol (€4(T))) "+
k=1

+00
< Dk og(k) "I < oo, (2.7.3)
k=1

Set My, = {x € X : D(k; ', Ep(Ty)) > vol(Ey(Ty)) " log(vol(Ey(T)))}. We
then need to show that the set

Mo = | M

m=1k>m

has ox-measure zero. We can apply equation (2.7.1) to get for all k suffi-
ciently large,

0x (Mk) $ V01(€¢ (Tk,))gigigf’;*l log(vol(Bk))_(g_i_d)'

This estimate and the summability in (2.7.3) then imply that ox (M) = 0.
Thus we have shown that for ox-a.e. € X and for all £ sufficiently large,
we have

Dk, £4(T1)) < vol(E,(T)) 7 log (vol(E4(Th)))
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For arbitrary 7' > 1 with sufficiently large vol(€, (7)), the claim follows from

the estimate in (2.7.2) as 1 —v = %ﬁg and the observation

D(k, ', E4(T)) < max {D(k; ", Ey(Tk)), Dk, ", Ep(Ths1)) }+vOl(Ey(Thsr)\Ey(Th)),

whenever £ is such that Ey(T;) € Ey(T) < Ey(Tk+1). This finishes the
proof. O]

2.8 Proof of Theorem 2.0.1

In view of Lemma 2.4.1 and the measure estimates in §2.5, Theorem 2.0.1
now essentially follows from Theorem 2.7.1.

Proof of Theorem 2.0.1. Let ¢b : R, — R, be a non-increasing function. We
first assume that ¥(R;) < [0,1/2]. We can thus apply Lemma 2.4.1 and
Theorem 2.7.1 to get for almost every z € X and for all sufficiently large T',

Ny(z,T) = vol(E,(T)) + O (vol(gw(T))% log(vol(£,(T))))

Next, applying the measure estimate from Lemma 2.5.2 for £,(T), we get

2+d(P)

Noy(2,T) = 5,9(T) + O(W(T) 54 log(W(T)) + Q(T)).

Finally, if ¢ (R;) € [0, 1/2], since tlim Y(t) = 0, there exists some ¢ty > 0
—+0

such that ¢ (t) < 3 for all t = t,. Define ¢ : Ry — [0,1/2] by ¥o(t) = ¢(to)
if t <ty and 9o(t) = ¢(t) if t = to. Applying the previous result for ¢, we
get for ox-a.e. x € X and for all sufficiently large T,

Ny (2, T) = 56,To(T) + O (Wo(T) 5547 log(Wo(T)) + (T)).
We can then conclude the proof by noting that Ny (z, T') = Ny, (z, T)+O0y(1),

U(T) = Uo(T) + Oy(1) and QUT) = Qo(T) + Oy(1) for any T > 1 and
re X. O
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Chapter 3

Integrability of Siegel
transforms

As we have seen in the previous chapter, we can obtain an alternative proof of
Schmidt’s classical result | | for the projective space P(R") by adapting
the recent approach of Kelmer and Yu | | and using Rogers’ second mo-
ment formula for the classical primitive Siegel transform (see Theorem 2.3.1).

Let us elaborate briefly on the work of Kelmer and Yu | ], as it in-
spired our generalization of the classical primitive Siegel transform to the
setting of connected semisimple algebraic Q-groups. Specifically, they in-
troduced and studied the light-cone Siegel transform that they associated
with a rational isotropic quadratic form @ of signature (n + 1,1) for n > 1.
They observed that this transform can be expressed as a finite sum of in-
complete Eisenstein series. Using the spectral theory of Eisenstein series,
they established a second moment formula and showed how it yields effec-
tive counting results for rational points on spheres. Notably, they proved a
version of Schmidt’s theorem in metric Diophantine approximation on the
sphere S™ for n # 1 (mod 8), with respect to general non-increasing approx-
imation functions. Their light-cone Siegel transform is a special case of our
generalization.

Motivated by their approach and by our alternative proof of Schmidt’s
theorem (Theorem 2.0.1) for the projective space P(R"), using second mo-
ment formulas for Siegel transforms, we now turn to studying the integrability
properties of our new transform, that can be attached to any generalized flag
variety X = G/P, obtained as a quotient of a connected semisimple alge-
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braic Q-group G by a parabolic Q-subgroup P. In particular, our goal is
to determine when this transform is in L?. Unfortunately, it turns out that
this transform fails to be square-integrable when the defining parabolic sub-
group P is not maximal. Consequently, the method employed in the previous
chapter cannot be extended directly to this more general setting, showing a
limitation of this approach.

However, when P is a maximal parabolic Q-subgroup, our generalized
Siegel transform admits a natural extension of Siegel’s classical mean value
formula (2.1.1) and, moreover, lies in L'*¢ for some small ¢ > 0. This
integrability property, together with effective mixing in the space of lattices
and tools from the geometry of numbers, is crucial in establishing a version of
Schmidt’s theorem for the real points of rank-one generalized flag varieties,
as developed in Chapters 5 and 6.

3.1 Some preliminaries

In this section, for the convenience of the reader, we record precise statements
with references for certain results that are used in an crucial way in the rest
of this thesis.

3.1.1 Some structure theory of parabolic Q-subgroups

In this subsection, we record some fact concerning the structure of parabolic
@Q-subgroups P of a connected semisimple algebraic Q-group G, as presented
in | , § 11.7].

We first recall that a Q-group G is an almost direct product of Q-subgroups
Gy, ..., G,, < G if these are normal subgroups and the product map
G'l X+ X G.m — G—
(9155 9m) = g1+ Gm
is a Q-isogeny, that is, a surjective morphism of algebraic Q-groups with

finite kernel (this implies in particular that for ¢ # j the subgroups G; and
G, centralize each other).

Let G be a connected semisimple algebraic Q-subgroup. We recall that a
parabolic subgroup of G is a closed subgroup P that contains a Borel subgroup
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B of G (that is, a maximal connected solvable subgroup). We say that P
is a parabolic Q-subgroup if, in addition to being a parabolic subgroup, it is
defined over Q.

Fix a minimal parabolic Q-subgroup Py of G containing a maximal Q-
split torus T. Let A be the associated set of simple roots of G relative to
T, for the ordering associated with Pg. Then Py = Z(T)Uj is the semi-
direct product of the centralizer Z(T) in G of T and the unipotent radical
U, of Py. This centralizer is a connected reductive Q-subgroup of G. We
construct a family of parabolic Q-subgroups that are representatives of the
conjugacy classes under G(Q). To this end, we associate to each subset 6 of

A, a Q-subtorus of T:
Ty = (ﬂ ker(a)) :

where (-)° means the connected component with respect to the Zariski topol-
ogy, and a parabolic Q-subgroup that contains Pj:

Py = Z(Ty)U,.
In fact, this group is a semi-direct product

of Z(Ty) and its unipotent radical Uy. In particular, this is a Levi decom-
position of Py with Levi subgroup Z(Ty). The characters of T that arise
from the adjoint representation of T on the Lie algebra uy of Uyp(R) are the
positive roots that contain at least one simple root that is not in 6. As for
the roots of Z(Ty), these are the roots whose simple components are all in 6.
Thus, the set of Q-roots of Py consists the positive roots and of the negative
roots that are linear combinations of the simple roots that are in 8. The map
6 — Py is increasing and one has:

Pg M Pg/ = Pgmgl, P@ = Po, PA = G.

Let [0] be the set of Q-roots that are linear combinations of elements of 6. Let
Q be the largest connected Q-anisotropic Q-subgroup of Z(T). There exist a
connected semisimple Q-subgroup My of Z(Ty) and a connected Q-subgroup
Qg of Q such that:

e the Q-rank of My is equal to the number of elements of 6;
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e Ty, = (My nT)° is a maximal Q-split torus of My;
e [0] is the system of Q-roots of My;
e Z(Ty) is the almost direct product of Qg, My, Ty.

The Lie algebra of My is the sum of the subspaces g, + [ga, §—a], Where g,
is the root subspace corresponding to the root o and « runs through [6].

Lemma 3.1.1. Let M be the identity component of the intersection of the
kernels of the Q-characters of Z(Ty). Then M = QoM.

Proof. By | , Proposition 10.7], the group Z(Ty) is the almost direct
product of a Q-split Q-torus S and a connected Q-subgroup M satisfying that
its Q-character group, X*(M)g, is trivial. Moreover, this decomposition is
unique and M is explicitly given as the identity component of the intersection
of the kernels of the Q-characters of Z(Ty). Since Z(Ty) = (QyMy)Ty is

another such decomposition, we must have M = QyMy and S = T}. O
Theorem 3.1.2 (| , Theorem 11.8]). Let G be a connected semisimple
Q-group.

1. Every parabolic Q-subgroup of G is conjugated by an element of G(Q)
to a unique subgroup Py.

2. Two parabolic Q-subgroups of G that are conjugated over Q are conju-
gated over Q.

3. The projection map G(Q) — (G/P)(Q) is surjective. In particular,
one has (G/P)(Q) = G(Q)/P(Q).

Let P be a parabolic Q-subgroup of G. Let # be the unique subset of A
such that Py is conjugated to P by an element of G(Q). We say that P is a
maximal parabolic Q-subgroup of G, if there exists a simple root a € A such
that 6 = A \ {a}. Let us also recall that the Q-rank of P, which is denoted
by rankg P, is defined to be the cardinality of the set 6. In particular, P is
a maximal parabolic Q-subgroup of G if and only if rankg P = rankg G — 1.
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3.1.2 Relative fundamental weights

Let us recall here the notion of relative fundamental weights. We follow the
exposition given in | , §3] (where G is assumed to be simply connected)
and refer the reader to | , §12] for the details.

Let G be a connected semisimple algebraic Q-group. We first work over Q
and then consider the corresponding “relativized” notions over @, denoting
the former with a tilde.

So let S be a maximal Q-torus in G and B be a Borel subgroup of G
containing the torus S. Let d = CTD(G, S) be the associated absolute roots
of G relative to S and let A = ® be the set of simple roots with respect
to the ordering induced on o by the Borel subgroup B. We denote by
X*(S) (resp. X,(S)) the groups of characters (resp. cocharacters) of S. Let
v X« (S) be the absolute coroots of G relative to S. The absolute Galois
group Gal(Q/Q) and the absolute Weyl group W = (N(S)/S)(Q) act linearly

on S(Q). Let k be a finite Galois extension of Q such that S splits over k.
Then the absolute Galois group acts on S(Q) through H = Gal(k/Q) and
W = (N(S)/S)(k). We fix an inner product (-, -Y on E = X*(S) ® R that is
invariant under the action of H x W. We refer to such an inner product on
E as admissible and we use it to identify X, (S) as the dual of X*(S) in E
(in fact, using the natural pairing between X, (S) and X*(S), every element
ax € X«(S) induces a linear functional A,, on E and hence is of the form

(-, a*) for some unique element a* € X*(S) and we identify a, with a*).

Let now T be a maximal Q-split torus contained in S and Py a minimal
parabolic Q-subgroup containing the Borel subgroup B. Let ® = ®(G, T) be
the roots of G relative to T and A be the set of simple roots corresponding
to the ordering coming from the minimal parabolic Q-subgroup Py. Let
j : T — S be the injection map. It induces a surjection j* : X*(S) — X*(T)
and an injection j, : X, (T) — X,(S). Via these maps, X, (T) gets identified
with

Yi={ve X,(S): H -v=u},
the extension of j* to X*(S) ® R — X*(T) ® R gets identified with the
orthogonal projection 7 onto

V={veFE:H- v=u}
and X*(T) gets identified with Y* = 7(X*(S)). The root system ® of G

~

relative to T is then 7(®)~{0} and A can be chosen such that A = 7(A)~{0}.
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For any absolute Galois automorphism h, there exists a unique wy in the
absolute Weyl group such that wy,(h(A)) = A. This induces a new linear
action 7 of the Galois group Gal(@/@) on X*(S). Let ¢ € ® be such that

7(¢) = ¢ € ®. Then 7 (¢) = 7(H)(¢). We recall that the anisotropic kernel
of G is the connected component of the derived subgroup of the centralizer
of T in G. The absolute root system of the anisotropic kernel of G is given
by @y = ker(m) n ¢ and Ay = A N @y is a set of simple roots in .

For any « gf) ed (resp. ¢ € @), under the above identification, we have that
¢v = 2gz$/(gz§ $) is a coroot (resp. ¢V = 2¢/(¢,¢) is a relative coroot). Let
{@s : & € A} be the absolute fundamental weights of G. This means that
for every a e A, the element &3 € X *(S) is the unique character of S such
that for every B e A we have (Wa, 5) = 0 5 For any a € A, put

W =T Z (:)a

aer—1(a)

These are called the relative fundamental Q-weights of G. Moreover, one has
<w0¢7 6> H H Oé 67

where & is any element in 7 (o) n A. A character y € X*(T) is called a
dominant Q-weight if, for every a € A, {x, ) = 0. In particular, the relative
fundamental Q-weights are dominant Q-weights. Let P be a parabolic Q-
subgroup containing Py. By a slight abuse of notation, we shall say that
X € X*(P)g, the Q-character group of P, is a dominant Q-weight if its
restriction to T is so. Moreover, by a highest Q-weight x € X*(T) we shall
always mean a dominant Q-weight x € X*(T) that is the highest Q-weight
of a representation 7, : G — GL(V,) which is strongly rational over Q, as
defined below.

3.1.3 Strongly rational representations

Let us now recall the notion of a representation which is strongly rational
over Q. We refer the reader again to | , §12] for the details.

Let G be a connected semisimple algebraic Q-group. Let B be a Borel
subgroup of G and suppose that S is a maximal Q-torus contained in B.
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Let 7 : G — GL(V) be an irreducible representation. There exists a unique
line D < V that is invariant under the Borel subgroup B. In particular, S
acts on the line D through a character ¥ € X*(S) called the highest weight
of m: Vs €S, v e D, we have m(s)v = X(s)v. The orbit under G of the
line D is called the cone of the representation m and we denote it by C,.
The stabilizers of the lines in C, form a class of parabolic subgroups of G,
denoted by P,, that are conjugated to each other. The representation 7 is
called strongly rational over Q if it is defined over Q and if P, contains a
parabolic subgroup P which is defined over Q.

The character ¥ € X*(S) determines the representation 7 up to equiva-
lence. Moreover, the highest weight X is a linear combination X = »,._x ca Wa
with cz € N of the absolute fundamental weights {Jg};.x and conversely, if
G is simply connected, every linear combination ). x cs @5 with cz € N is
the highest weight of an irreducible representation 7 : G — GL(V’).

We suppose now until the end of this subsection that T is a maximal
Q-split Q-torus of G contained in S and that Py is a minimal parabolic Q-
subgroup containing B. Let X*(Pg)g be the group of Q-characters of Py.
By [ , Corollary 12.11], an irreducible representation 7 : G — GL(V)
is strongly rational over Q if and only if its highest weight Y is the restriction
to S of an element of X*(Pg)g. Let now 7 : G — GL(V) be a strongly
rational representation. Then the stabilizer P of the unique B-invariant line
D < V is a parabolic Q-subgroup containing Py. The weights of m are the
characters p € X*(S) for which there exists a non-zero v € V such that,
Vs e S, we have w(s)v = p(s)v. The Q-weights of m are the restrictions to T
of the weights of m; the highest Q-weight of 7, denoted by Y, is the restriction
of X to T. This character determines 7 up to rational equivalence. Hence we
denote from now on 7 by m, and V by V,. By | , Proposition 12.13],
the highest Q-weight x of an irreducible representation 7, : G — GL(V,)
which is strongly rational over Q is a linear combination x = > _A Ca Wa
with ¢, € N of the relative fundamental weights {w,}eea and, for every
a € A, there exists an integer d, > 1 such that for every ¢, € N, ¢, d, wq
is the highest Q-weight of an irreducible representation 7 : G — GL(V)
which is strongly rational over Q. If G is simply connected, every linear
combination )} . cq we With ¢, € Nis the highest Q-weight of an irreducible
representation m : G — GL(V) which is strongly rational over Q. For every
Q-weight pr € X*(T) of a representation 7, : G — GL(V,) which is strongly
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rational over Q, let
Vi ={veV,:VteT, m(t)v = pu(t)v}.

This is a Q-subspace of V. It is known that V, is the direct sum of the
linear subspaces V#, that VX is one-dimensional, and that every Q-weight
of 7, has the form

p=x- Y. calp)a (3.1.1)
aceA

with ¢, (p) € N. We fix once and for all a vector e, € VX(Q) \ {0}.

3.1.4 Reduction theory

Finally, we shall briefly recall the Bruhat decomposition of G and some

notions from reduction theory, as it is presented in | |. Let W be the
Weyl group associated to G and T, given as the quotient of the normalizer
of T by its centralizer. The Bruhat decomposition | , Théoreme 5.15] of
G(Q) allows to express
G(Q) = | | Po(Q)z.Po(Q), (3.1.2)
weW

where (Z,)wew is a system of representatives of W in N(T)(Q). In what
follows, by a slight abuse of notation, we shall simply write w for z,,. More-
over, we need the notion of a Siegel set. Let K be a maximal compact
subgroup of G, the group of real points of G. Moreover, let Py be a minimal
parabolic Q-subgroup of G and T a maximal Q-split Q-torus of G contained
in Py. Let Uy = R,(Py) denote the unipotent radical of Py and let My be
the maximal connected Q-anisotropic Q-subgroup of the centralizer Z(T) of
T in G. By a slight abuse of notation, we let a denote the Lie algebra of
T = T(R). Forevery 7 > 0let a, = {X € a:Vae A, a(X) < 7} and set
A, = expa,. Denote by M, and U, the groups of real points of My and U,
respectively. Let w be compact neighborhood of the identity in MyU,. Then
S =6,,=KA wis called a Siegel set (over Q). Let I be an arithmetic
subgroup of G contained in G(Q). Let us also recall that F < G is called a

fundamental set of T' (see | , Definition 9.6]) if the following conditions
hold:
1. KF=F,
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2. FI' =@,
3. For every c € G(Q), the set {yeT': Fen Fry # &} if finite.

Theorem 3.1.3 (| , Theorem 15.5]). Let G be a connected semisimple
algebraic Q-group and T' an arithmetic subgroup of G contained in G(Q).
There exists a Siegel set & over Q of G and a finite subset C' < G(Q) such
that &GC' 1s a fundamental set for I' in G. This set has finite Haar measure
(since X*(G)g = {1}) and is compact if rankg(G) = 0.

Consequently, if we let & = K A, w be as above, every g € G can be
written as g = kancy with k € K, a€ A;, n € w, ce C, and v € I'. Such
a decomposition is in general not unique. However, the a-component is de-
termined up to bounded error (see, for instance, | , Proposition 4.2.4.]):
if g = K'a'n’d+' is any other such decomposition of g with k' € K, o' € A,
n'ew,d eC,and v €T, then d'a™! = exp(O(1)).

3.2 Generalizing the Siegel transform

Let G be a connected semisimple algebraic Q-group. Let Py be a minimal
parabolic Q-subgroup of G and let T be a maximal Q-split Q-torus of G
contained in Py. Let m, : G — GL(V,) be a representation which is strongly
rational over Q and let xy € X*(T) be the associated highest Q-weight. In
particular, there is a unique Py-invariant line D < 'V, that is defined over
Q, on which T acts via x. The stabilizer P in G of the line D is a parabolic
Q-subgroup containing Py. Fix a non-zero vector e, € D(Q) and let L be the
stabilizer in G of e,. Let V;, = V(R) and G = G(R). Let X = G-e, c V,
be the G-orbit of e, and denote by X = X, 1 {0}. Fix a lattice V(Z) ot V,
contained in V, (Q). Its stabilizer I' in G is an arithmetic subgroup. Let £,
denote the set of all the primitive vectors in V,(Z) that are contained in X.
We assume that e, € L,.

Definition 3.2.1 (Siegel transform). For every measurable bounded com-
pactly supported function f : X — R, we define the Siegel transform of f at
x as the map S, f : G/I' — R given by

VgeG, Sf(gl) = > flgv). (3.2.1)

veELy
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Since f is compactly supported, for each g € G, the sum on the right-hand
side is finite, and hence converges absolutely. Since L, is stable under the
action of I, the Siegel transform S, f is a well-defined function on Q = G/T".
By abuse of notation, we shall write S, f(g) for S, f(gI').

We equip the Lie algebra g of G with the Killing form and choose a
maximal compact subgroup K of G whose Lie algebra is orthogonal to that of
T = T(R). We endow V, with a Euclidean inner product (, -) for which m, (g)
is unitary (resp. self-adjoint) whenever g € K (resp. g € T'). In particular,
the eigenspaces V# are mutually orthogonal. We equip the homogeneous
space 2 = G/I" with the unique G-invariant probability measure, that we
denote by pg. In what follows, for p € {1,2, o0}, we study the LP-integrability
of the Siegel transform. More precisely, we are interested in finding criteria
for the Siegel transform S, to map C.(X) into LP(£2). We start with some
observation and reductions.

3.2.1 Incomplete Eisenstein series

We begin by showing that the Siegel transform is a finite sum of certain
incomplete Eisenstein series.

Observe that I" acts on the discrete set £, and that this action is in general
not transitive. However, as we will now show, £, can always be expressed as a
finite union of I'-orbits. Recall that P is the stabilizer in G of the line through
the highest weight vector e,. By a theorem of Borel and Harish-Chandra
[ , Proposition 15.6], the set of double cosets I'\G(Q)/P(Q) is finite.
According to Theorem 3.1.2 that we recorded above, one has (G/P)(Q) =
G(Q)/P(Q). In particular, the set of rational points X(Q) of the generalized
flag variety X = G/P is a finite union of I'-orbits. Let =y = [e,] be the
projective point in P(V,) corresponding to e,. The orbit map G — P(V,)
given by g — gz induces an isomorphism G/P — G-z, defined over Q. We
identify X = G/P with G - z( via this isomorphism. Observe that there is a
one-to-one correspondence between X(Q) and lines passing through elements

of £,. Hence there exist finitely many representatives vy,...,v, € L, such
that ;
Ly=||T v (3.2.2)
i=1

We pick 7; € G(Q) and A\; > 0 such that v; = A\;7;e,. Recall that L is
the stabilizer in G of the vector e, and that P is the stabilizer in G of
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the line through e,. Accordingly, L; = 7L, " is the stabilizer in G of v;

and P; = 7;P7; ! is the stabilizer in G of the line through v;. By abuse of
notation, we write L;(Z) = I" n L;. Consequently, for every f € C.(X) and
g € G, we have

=2 f 9g7vi) Z Eif(9), (3.2.3)

1=1~el'/L;(Z

where, for each 7 = 1,..., k, the series

Ezf(g) = Z f g'Y'UZ

vel'/Li(Z)

is the incomplete Eisenstein series of f associated to the orbit I' - v;. In
particular, the Siegel transform is a finite sum of these incomplete Eisenstein
series.

Let us show that, for any p € [1,+0], the LP-integrability of the Siegel
transform S, does not depend on the choice of the particular lattice V, (Z)
(and hence does not depend on I either) nor is it affected if we replace x by a
dominant weight y’ that is a multiple of y. To this end, it will be convenient
to state a slightly more general result.

Fix a dominant weight x € X*(P)q with kernel L = ker x in P and set
L = L(R). For any arithmetic subgroup I'y of G and 7 € G(Q), we define
for any f € C.(G/L,), where L,, = 7 L7, !, the incomplete Eisenstein series

vg € Ga E‘I‘1,F1f(g) = Z f(gfyLﬁ)

~el'1/T1ALyy
If m =1, we simply set Er, f(g) = Evr, f(9).

Lemma 3.2.2. Fiz p € [1,+w]. Let I'y and 'y be arithmetic subgroups of
G and 7 and 1o be elements of G(Q). Then E; r, maps C.(G/L,,) into
LP(G/T) if and only if E,,r, maps C.(G/L.,) into LP(G/T).

Given an arithmetic subgroup I'; as above, we identify G/I'; with a fun-
damental domain F; in G and the G-invariant Haar measure on G/I'; with
the restriction of the Haar measure pug on G to F;. The proof essentially
only uses that the arithmetic subgroups I'y and I'y are commensurable, that
is, that their intersection I'y n I's has finite index in both I'y and I's.
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Proof. 1t suffices to show by symmetry that if £, r, maps C.(G/L,) into
LP(G/T'y) then E,, r, maps C.(G/L,,) into LP(G/I'y).

Let ¢,, : G/L — G/L,, be the conjugation map c,, (L) = 7197, 'L,,. We
first claim that for every f € C.(G/L,,) and g € G, we have

ET1,F1f<g) = Z (f © CTl)(Tf1g717L>'

'yETflf‘lﬁ/TlelnmL

In fact, using that the map ot ['y/Tyn L, — 7 'Tym/7'Tim N L given
by conjugation ¢ -1 (71 (I't 0 Lr,)) = 7 7 (7 'Tym A L) is a bijection, we
have

ETl,Flf(g) = Z f(g,yLTl)

’yEFl/Fl ﬁLq—l

- Y (foe)('ermL)

’yEFl/Fl ﬁLq—l

= Y (o)t gnmtvnl)

7eF1/F1mLTl
—1
= > (foen)(m gnyL),
’y€T1_1F1’7'1/7'1_1F17’1ﬁL
as required.

Moreover, using the left-invariance of the Haar measure on GG/I'; and the
substitution g — g7, ', one has, for p < +o0,

Jo . 1B = | Y (eeon) ducto)

-1
G/ T ’YETlelTl/T;lFlTlﬂL

If p = +o0, then, as E;, 1, f is a continuous function,
B dle =sw Eonf@ =swp| Y (Foen)lgnb].
g¢ g¢ WE(Tl_lrlTl)/(Tl_lrlTlﬁL)
A similar argument applies to E., p,. Thus, up to replacing 7, Ty 7 with Ty

and 7, Ty with Ty, we may assume that 7 = 7 = 1. Hence it is enough to
show that if Ep, maps C.(G/L) into LP(G/I'y) then Er, maps C.(G/L) into
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LP(G)Ty). Solet f e C.(G/L). We may assume without loss of generality
that f > 0. We first treat the case p < +o0. Observe that, for every g € G,
we have

[Er, f(9)I” < > v

’yEFz/(Fl (\FQ ﬁL)
p

< max  |#(To/(D1 n DY) flgmml)
nelz/ Tl 42€(P1AT2)/(C1AT2AL)

Let F; be a fundamental domain for I'; in G and let F; 5 be the fundamental
domain for I'y N I'y in G given by Fi o = |_|71€F2/(Fmr2) Foy1. Then, we have

p

J \Er, fI” dpe <r,.ry f(gyL)| duc(g)
Fa

'ylel‘g/ FlﬁFQ) ‘[7:2’71 'yE Fl ﬁFQ Fl ﬁFQﬁL)
p

- L D HovD)| dualg).

’yE(Fl ﬁrg)/(rl ﬁFQﬁL)

Now, since (I'y n I'y)/(I'y n Ty n L) injects into I'; /(T'y N L),
p P

D oD <| >, florL)

’yE(FlﬂFQ)/(FlﬁFQﬁL) ’yEFl/(FlﬂL)

Finally, we let F; be a fundamental domain for I'y in G satisfying that
Fig = |—|meF1/(FmF2) Fi171. Then, using the fact that the function sending g
t0 2 cry /ryaz f(g7L) is Tight I'y-invariant, we have

p p

L 2 florL)| duc(g) <r, FQJ > flovD)| ducly)

ve(l1AT2) /(T AT2NL) F1 el /(T1nL)

and the latter converges, by assumption. This concludes the proof of the
case p < +00.
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Now suppose that p = +o0. It follows from the above that

|Er, f(9)] <  max  #(Iy/(T1 nTy)) Z flgmel)

el /(I'1nT
n 2/( e 2) ’YQE(FlﬁFQ)/(FlﬁFQﬂL)

< max  #([/(Tinlw))| > flgmnl)|,

o /(T'1 D
Mel2/(T1nl) 72€T1/(T1nL)

where for the second inequality we used that (I'ynI'y)/(I'y nI'sN L) injects into
I'1/(I'y n L). Taking upper bounds yields the claim. The proof is complete.
[l

For every fixed p € [1, 0], the Siegel transform S, maps C.(X) into LP()
if and only if each E; does. Indeed, this follows from the following inequalities
and the fact that LP(Q) is closed under addition: for every f € C.(X) and
1=1,...,Kk, we have

Eif <Sfl and S.f <> Eilfl.
=1

In view of the above Lemma 3.2.2, it further suffices to show that this is
the case for some i. Hence, as far as the integrability of the Siegel transform
is concerned, we may without loss of generality assume that £, consists in a
single ['-orbit. In particular, we have

VgeG, Syflg) = Z flgvey).

Y¥el/I'g

Let m, : G — GL(V,) be a representation which is strongly rational over Q
and let xy € X*(Pg)g be the associated highest Q-weight. Let D < V, be the
unique Py-invariant line and let P be the stabilizer in G of this line. Then
P is the standard parabolic Q-subgroup corresponding to the subset § < A
defined by 6 = {a € A : {x,a) = 0}.

Corollary 3.2.3. Let x1,x2 € X*(Py)q be two highest Q-weights such that
one is a multiple of the other. Let P = Py be the associated standard parabolic
Q-subgroup corresponding to the subset 0 = {ov e A : (x1,a) = 0} = A. Let
L be the kernel of x1 in P and put L = L(R). For every i € {1,2}, let X; be
the closure of G - ey, in'V,, and let Q; = G/I';, equipped with the unique G-
invariant probability measure pg,. Let p € [1,+0]. Then the Siegel transform
Sy, maps C.(X1) into LP(Q) if and only if Sy, Maps C.(X5) into LP().
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Proof. Since the two highest Q-weights y1, y2 are multiples of each other,
they define the same parabolic Q-subgroup P and have the same kernel L
in P. The orbit maps p; : G/L — X; and py : G/L — Xj, given by
p1(gL) = gey, and pa(gL) = ge,,, respectively, extend to homeomorphisms
and give rise to a homeomorphism between X ; and Xo. The respective Siegel
transforms are given by, for every f; € C.(X7), fo € Co(X2), ¢1,92 € G,

Safilgr) = Z filgimey,) and Sy, fa(ge) = Z fa(g22€y,)-

'yleFl/FlmL ’YQEFQ/FQﬁL

It suffices, by symmetry, to assume that the Siegel transform S,, maps
C.(X,) into LP(Q;) and to show that Sy, Maps C.(X,) into LP(Q). So
let f» € C.(X5). We first claim that Ep,, in the notation of Lemma 3.2.2,
maps C.(G/L) into LP(€21). Indeed, observe that for every f; € C.(G/L) and
geda,

Erfilg)= ),  filgml) =Sy (frep')(9)

'yleI‘l/FlmL

and, since p; induces a homeomorphism, the claim follows. Using Lemma
3.2.2, it now follows that Er, maps C.(G/L) into LP(€s). Using that po
induces a homeomorphism, a similar argument now implies that S,, maps

C.(X5) into LP(€). The proof is complete. O

3.3 Ll-integrability

Let G, T, Py, A, x, P, e, and V,, be as in the beginning of Section 3.2.
Here, we characterize the L'-integrability of the Siegel transform S,. We will
need the following lemma. For every g € G, we define

Mlg) = Jmin ool
to be the length of the shortest non-zero vector in gV,(Z). We wish to
bound the Siegel transform of a function f € C.(X) in terms of Ay- In order
to proceed, we need a consequence of Corollary 6.5.1, which is proved in
Chapter 6 and assumes that the parabolic Q-subgroup P is maximal. To
state it, we need to anticipate some notation. Using Lemma 3.2.2, we can
assume, without loss of generality, that the lattice V,(Z) is spanned over Z
by an basis (v;)e; contained in V,(Q) consisting of weight vectors for the
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action of T(R). Fix a K-invariant Euclidean inner product {-,-) on V, for
which this basis is orthonormal and we denote the implied norm on V, by
| -|. Let us write a for the Lie algebra of T(R) and let Y,, € a be the unique
element satisfying

a(Y,)=—1 and pB(Y,) =0 forall fe A {a}. (3.3.1)

Moreover, let d = dim X be the dimension (as a real manifold) of the space
1

of real points of the generalized flag variety X = G/P. Define 3, = — 0
We obtain a height function H, on P(V,)(Q) by H([v]) = |v|, where v is a
primitive vector in the lattice V,(Z) representing [v]. This height function
is well defined, since a primitive vector in V, (Z) representing [v] is uniquely
determined up to multiplication by +1. The map ¢, : X — P(V,) given by
1y (gP) = gley] is an embedding defined over Q. One then obtains a height
function on X(Q), which we also denote by H,, using the embedding ¢,. For

every T' > 1, we define the function
NU(T) =#{veX(Q): Hy(v) <T}

counting rational points in X of height bounded by 7. By Corollary 6.5.1,
there exists a constant s > 0 such that

NY(T) ~ 3T as T — +oo.

Moreover, since the projection map £, — X(Q) is surjective with finite fibers
(of cardinality < 2), for every T' > 2, we have

#{vel,  |v]|<T} = T (3.3.2)

Lemma 3.3.1. Suppose that the parabolic Q-subgroup P is mazimal. Then,
for every f e C.(X), we have

Vge G, [Scf(9)] Ssupp () £ oo )‘x(g)_ﬂxd- (3.3.3)
Although this bound is not optimal, it is sufficient for our purposes.

Proof. Let f € C.(X) and pick r = r(supp (f)) = 2 such that supp (f)
is contained in Bg(r) = {v € X : |v| < r}. Using reduction theory as
presented in §3.1.4, since G = G CT, where & = KA,w is a Siegel set (we
recall that the sets K and w are compact) and C' ¢ G(Q) a finite subset, we
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can express g = kancy with k€ K, ae A, ne w,ce C, and y e I'. We
assumed that I' acts transitively on £,. This implies that I' acts transitively
on the set of rational points of X = G/P. Hence, by [ , Proposition
15.6], we can take C' = {1}. There exists a radius ro > 0 such that a, is
contained in ag + By(rg), where

g ={Yea:Yae A, a(Y) <0}.

Let ke K, new,ac A, and v € I'. We express a = ag exp(O(1)) with
ap € exp(ap). Using that A, is right I-invariant, that K is compact and that
Udea awa™" is relatively compact (see | , Lemma 12.2]), we have

Ay (kany) = Ay (ap). (3.3.4)

Let Yy € ag and ay = exp(Yp). By the description of the Q-weights of the
representation 7, in (3.1.1), for every Q-weight p of m,, we have

x(Yo) < (o).

In particular, since we assumed V,(Z) to be spanned over Z by an orthonor-
mal basis consisting of Q-weight vectors for the action of T(R), we have
Ay (ag) = exp(x(Yp)). By taking inverses, we see that the largest eigenvalue
of ag! is Ay (ag)~!. Hence ay'By(r) € A\ (ag) ' Bx(r). Since the ball Bg(r)
is K-invariant, the Siegel transform S, 1p_ () is so, too. Using that S,1p_(»)
is right I-invariant, that K is compact and that | J,., awa~! is relatively
compact, there exists a constant Cy > 1, independent of f, such that, for ev-
ery g € G with Siegel decomposition g = kan~y (and writing a = agexp(O(1))
as above), we have

1Sy F (@ < [ flloo Sx LBy (9)

[flleo SxLag 1B (cory (1) S 1f oo Sy LB (Cory(an)-1r) (1)-
Using (3.3.4) and noting that

S\, (o (1) = # {0 € £+ o] < Codylag) 7},
it now follows from (3.3.2) that

’SXf(g)’ Ssupp (f) HfHoo )‘x(gyﬁxdy

as desired. n

< |
< |
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For the convenience of the reader, we recall the statement of Theorem
1.1.1. The first four equivalences in this theorem are probably standard.

Theorem (L'-integrability). The following assertions are equivalent.
(1) The Stiegel transform S, maps C.(X) into L'(5).

(2) There exists a unique (up to scaling) G-invariant Radon measure Az
on X and one has a convergent mean value formula: for all f € C.(X),

Jﬂ S f dpg = L Fdry (3.3.5)

In particular, for any f € C’c()z'),
”SfoLl(Q) < ||fHL1()”()

and hence the Siegel transform S, can be extended to a bounded operator

Sy LMX) - LYQ).
(8) The Lie group L = L(R) is unimodular and Uy, is a lattice in L.
(4) The parabolic Q-subgroup P of G is maximal.

(5) There exists € > 0 such that S, maps C.(X) into L*=(Q).

Proof of Theorem 1.1.1. We first show that (1) = (2). In view of the Riesz-
Markov-Kakutani Representation Theorem, since A(f SQ S,y f dp defines
a positive G-invariant linear functional on C. ( ) by assumptlon there ex1sts
a unique G-invariant Radon measure Ay on X such that for all feC (X ),

L S f dpig = L{fd)\)z.

Note that X is the disjoint union of the two G-orbits X, and {O} One may
restrict the functional A to the space Cu(X,) of functions in C,(X) that are
supported away from the origin, and obtain a G-invariant Radon measure
A on Xy such that for all f e C.(Xo), {;, Syfdua = §5 fdN. The measure
Ay = a)X + by is a linear combination of X" and the Dirac delta measure
do supported at the origin. Let us show that @ = 1 and b = 0. So let
fn € C.(X) be a decreasing sequence of functions satisfying 0 < f, < 1,
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supp (fn) € B3(1/n), f,(0) =1 for all n > 1, and f,(v) — 0 for all non-zero
v e X. Since for every n = 1, supp (f,) < Bx(1/n), we have, for every g € G,
that lim,,_,o Sy f(g) = 0. Using this together with the fact that S, f,, < Sy f1
and the latter is in L'(Q) by assumption, Lebesgue’s dominated convergence

theorem now yields the desired claim: one has

lim | Sy fudpua =0,

n—o0 0

but also

lim | S, f,dug = lim f~ fndXz = lim (aX(f,) +b) =0b.

To see the implication (2) = (3), one first notes that since X, = G/L
carries a positive G-invariant Radon measure Ay, L must be a unimodular
subgroup of G (see, for instance, | , Theorem 2.51]). Fix a Haar measure
pr on L. The discrete group I'y is unimodular and we equip it with the
counting measure. By assumption, for every non-negative f € C.(X), we

have
).

Using Weil’s integration formula in the form of Theorem 2.3.3, there exist
unique (up to scaling) G’ and L-invariant measures pi/r, and iz, on G/L

flgvey) dua(g) < L Sy f dpg < 400.

/T yer/ry,

and L/T'p, respectively, such that for every non-negative f € C.(X), we have

L/F >, flavey) dua(9)=L/LL/FLf(glex) dpgr, (DdpcyL(g)-

Y¥el/T'

Using that L stabilizes the vector e,, we further have

f J f(gley) dpurr, (D)dpc(g) = por, (L/TL) flgey) duc(g)-
G/L JL/T, G/L

Choosing f € C’C()N() non-negative so that SG/L f(gey) dpc/r(g) > 0, we have

S, fd
prr, (L/Tr) < Jo Sif ditg

h SG/L f(gex> dﬂG/L(Q) =
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which shows that I';, is a lattice in L.

We now show that (3) < (4). Here we use some facts about the structure
of the parabolic QQ-subgroups, as recorded in §3.1.1. To maintain the flow
of reading, we briefly recall the facts used here. The parabolic Q-subgroup
P contains the minimal parabolic Q-subgroup Py and it is the standard
parabolic Q-subgroup corresponding to a unique subset 0 < Aé Therefore,
we write P = Py. Define the Q-split torus Ty = <ﬂ569 ker(ﬁ)) , where (+)°
means taking the connected component with respect to the Zariski topology.
The group P is the semidirect product P = Z(Ty)U,y, where Z(Ty) is the
centralizer of Ty in G and Uy is its unipotent radical. Let Q be the largest
Q-anisotropic Q-subgroup of Z(T). Furthermore, the centralizer Z(Ty) is
an almost direct product of Qy, My, and Ty, where My is a connected
semisimple Q-subgroup of Z(Ty) and Qy is a connected Q-subgroup of Q.
The stabilizer L in G of e, then satisfies L° = QyMjy(Ty n ker(x))°Uy.
Now, by a theorem of Borel and Harish-Chandra | , Theorem 9.4], the
Lie group L is unimodular and I', is a lattice in L if and only if L° does not
admit any non-trivial Q-characters. The group of Q-characters X*(L°)q can
be identified, by restriction, with X*(Qg My (T nker(x))°)g. We claim that
the latter is trivial if and only if the central Q-split torus (Ty n ker(x))° is
trivial. In fact, if (Ty n ker(x))® is trivial, then Qg My does not admit any
non-trivial Q-characters since it is an almost direct product of a Q-anisotropic
and a semisimple Q-subgroup. Conversely, suppose that the Q-split torus
(Ty n ker(x))° is non-trivial. Since (QpMy) is a normal Q-subgroup of
Z(Ty), the quotient map ¢q : Z(Ty) — Z(Ty)/(Qs Mpy) is a Q-morphism
of algebraic Q-groups. Since its restriction to Ty is still surjective, we see
that Z(Ty)/(Qg My) is a non-trivial Q-split torus (see, for instance, | :
Corollary10.4]). In particular, the composition of ¢ with any non-trivial Q-
character of Z(Ty)/(QgMy) gives a non-trivial Q-character of Z(Ty), as
required. The torus Ty acts non-trivially on the line through e, via the
character x. In particular, the quotient Ty/(Tyker(x))° is one-dimensional.
Thus (Ty nker())° is trivial if and only if Ty is one-dimensional if and only
if P is maximal, as claimed.

Next we show that (4) = (5). By Lemma 3.2.2, we may assume that
the action of I' on L, is transitive. The proof is based on reduction theory,
as it is presented in Borel | , 815, 16]. By assumption, P is a maximal
parabolic Q-subgroup. In particular, there exists a unique simple root @ € A
such that § = A \ {a}. Moreover, as was shown in the previous paragraph,
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P if maximal if and only if the Lie group L is unimodular and I'y, is a lattice
in L. Thus the cone X, = G/L admits a unique (up to scaling) G-invariant
Radon measure (see, for instance, | , Theorem 2.51]), which we fix and
denote by A . It will be convenient to parametrize X o using polar coordinates
as follows. Let A be the connected component of the group of real points
of the one-dimensional torus Ty. Setting K = K n L to be the stabilizer
in K of the vector e, and further identifying Xy = G/L with K/Kp x A
gives natural polar coordinates on XO In fact, every v € XO can be written
uniquely as v = kae, for some k € K/Kj, and a € A. The group A can be
parametrized concretely as follows. For y € RY define

a(y) = exp(log(y)Ya), (3.3.6)
where Y, € Lie(T(R)) is determined by, for every 8 € A,

)0 if 8 # «a,
B(Y“)_{i if 8= a.

In particular, we have a(y)e, = exp(log(y) x(Ya))e, = y*¥)e, for all y > 0
and A = {a(y) : y > 0}.

Let f € C(X) and let ¢ > 0. Let us prove that Syf e L'*(Q) if
¢’ = €f,d is small enough. Without loss of generality, we can assume that
f is non-negative and K-invariant. Then, using Weil’s integration formula
(2.3.3) (applied to the triple H = G, H; = I' and Hy = T'y), there exists a
unique G-invariant measure pigr, on G/T'p, such that we have

f 1S F1 dug f S (Fgrex) (S)(9)7) dualsT)

'yel"/l"
_ j f(g7ey) (Sxf)(9)F dpa(gT).
G/ry

Now, using Weil’s integration formula (2.3.3) again (but applied to the triple
H =G, Hy = L and Hy, = T'p), there exists a unique L-invariant measure
prr, on L/I'y, such that we have

f F(grex) (S f)(9)° dualg)
ary

_ J j Flgley) (Syf)(gl)F duryr, (IT1) dAg (gL)
G/LJL/T,
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Further, using the fact that L stabilizes the vector e,, the right hand side
equals

f(gey) f (S )l dpgr, (1) dAg (9)-

G/L LTy

Moreover, using the identification Xo = G/L = K/Kj, x A, this further
equals

 f(ka(y)ey) L/F (S, ) (ka(y)) dias e, () drg (ka(y)e, ).

Xo

By Lemma 3.3.1, we can estimate | Sy f(9)] Ssupp(s) | flloAc(g) 7% Putting
everything together, and using that f and A, are K-invariant, we obtain,
with &’ = ¢,d,

L 1S, F1 dug

<If | fatey fm Ala()l)™ dyugr, (Ddg (ka(y)ey). (33.7)

where the implicit constant depends only on the support of f. Recall that
we assumed V,(Z) to be spanned over Z by an orthonormal basis consisting
of Q-weight vectors for the action of T(R). Hence A, (a(y)) is the smallest
eigenvalue of a(y) with respect to this basis. Therefore, we have, for every
y>0andle L,

Mla)) = _ min - a()iv] > X ()0

! /

and, by raising to the power —¢’, A\, (a(y)))™= < A\ (a(y)) == A\ ()~
result, we can separate the above integral and get

As a

|| 1801 o
< || flateon @) dzkaten | a0 duur, )

Let us first show that, for every sufficiently small & > 0, the first integral
in the product on the right-hand side converges. In the above coordinates
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(see, for instance, the measure description in Chapter 4, specifically Equation
(4.4.7)), there exists a constant w; > 0 such that the measure A3 is given by

Az (ka(y)ey) = wiy™ Y do(k)dy, (3.3.8)

where o is the unique K-invariant probability measure on K /K and, as
before, d = dim X is the dimension (as a real manifold) of the space of
real points of the generalized flag variety X = G/P. Moreover, since f is
compactly supported, there exists y; > 0 such that, for every y < ys, we
have (recall that y(Y,) < 0)

a(y)e, = Z/X(Ya)ex ¢ supp (f).

Therefore, f(a(y)ey )\ (a(y))™ vanishes for every y < y;. Let us now con-
sider the case y > ys. Recall from the proof of Lemma 3.3.1, that we denote
by a the Lie algebra of T(R) and we let

ap={Yea:Va' eA oY) <0}

Moreover, we observed that elements Yj € ay satisfy, for every Q-weight p of
Ty,

x(Yo) < pu(Yo).

Notice that for a(y) = exp(log(y) Y,) we have log(y)Y, € aq if and only if
log(y) = 0 (hence, if and only if y > 1). In particular, since we assumed
V,(Z) to be spanned over Z by an orthonormal basis consisting of Q-weight
vectors for the action of T(R), we have, for every y > 1,

A(a(y)) = exp(log(y) x(Ya)) = y*7=).

Since the interval [yg, 1] is compact, there exists a positive constant ¢y < 1
such that for every y € [yy, 1], A (a(y)) is bounded from below by cpyX(¥=).
Now, using the measure description (3.3.8), we have

 flallei(a(y) ™ dix(ka(y)e,) = | feweonaw) =y @0y

2y

] e
y?yf

which converges, if ¢’ > 0 is sufficiently small.

65



Thus it suffices to show that for ¢ > 0 sufficiently small, we have

f M)~ dppr, (1) < +oo.
LTy

Recall that since P is maximal, we know that L = QgMj(Ty N ker x)Uy is
an almost direct product of a connected Q-subgroup Qg of the largest Q-
anisotropic subgroup of Z(T), a connected semisimple Q-group My, a finite
group (Tynker x) and the unipotent radical of P. Without loss of generality,
we may assume that (Ty n kerx) = {1}. We note that M, = QM is a
connected reductive Q-group, L is the semi-direct product Of@g and Uy and
X*(Mp)g = {1}. Since by | , Corollary 6.4] the group My(Z)Uy(Z) has
finite index in I', up to passing to a larger quotient, we may assume that
[y = My(Z)Uy(Z).

As follows from | , Remark 9.9], if Q; is a fundamental set (see
[ , Definition 9.6]) for M@(Z) in My, K a maximal compact subgroup
of ]\79 such that I?Ql = 1, and 5 a compact subset of Uy such that Uy =
OQUy(Z), then ng\% is a fundamental set for I'; in L. Let dmg and duy be

Haar measures on My and Uy, respectively. Hence, after choosing appropriate
fundamental sets €2; and €25, it will be enough to check that

f J Ay (mau) = dugdmy
01 J0o

is finite.

Fix any compact subset Qs of Uy such that Uy = QuUy(Z). For Q; we will
choose a large enough Siegel set for MQ(Z> in M. To keep the exposition
simple, we use the same notation as in the reduction theory of I' in G, but
with a tilde for distinction. Hence, using | , Theorem 13.1], there exists
a Siegel set S (with respect to the maximal compact subgroup K=Kn ]\79,
the minimal parabolic Q-subgroup If’vo =Pyn K//_[Q, and the maximal Q-split
torus T = T n MQ) and a finite subset C' MQ(Q) such that

My = & C My(Z).

Let ﬁa denote the unipotent radical of 13\(/) angl let ﬁo be :@e maximal Q-
anisotropic Q-subgroup of the centralizer Z(T)° of T in My. Since P is
maximal by assumption, the subset § < A consists of all but one simple
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root a: # = AN {a} and P = Py is the corresponding standard parabolic Q-
subgroup. By the structure theory of the parabolic Q-subgroups, as recorded
in Section 3.1.1, we have that A = 6 = A \ {a} < A is the set of simple

roots of 1\719 relative to T.
One has & = K A &, where A, = {a e T° : VB € A, B(a) < 7'} with
w a compact neighborhood of 1 in MyUy. In particular, it is enough to show

that
J J Ay (mu) ™ dugdmg < +c0.
&-C Jay
<

We claim that A\ (mu)™' < A (a)™* for all m = kanc with kan € &, ¢ € C
and u € Q. Indeed, using the fact that | J, ;5  a@a™! is relatively compact

(see | , Lemma 12.2]) and since min, ey (0}, ceé, uen, llcuv]| > 0 (as C
and {2y are compact and V,(Z) is discrete), we have

M(mu) = min |kan(a) acuv| = A\ (a) min |cuv||,
veV, (Z)~{0} veVy (Z)~{0}, ceC, uely

as required.

Let & = Lie(T) and p : a — (0, +00) be the character which is the sum

of all the positive roots of Mg relative to 7' with multiplicities counted and
can therefore be written in the form p = )] sei N, with ng = 1. According

to [ , Proposition 8.44], since we have a decomposition My = KB with
B = MyT°N, the left Haar measures dk, dmo, da, and dn of K, My, T°, and
N can be normalized so that

dmg = p(a) dk dmg da dn.

Hence, it suffices to show that
J~ A (@)™ p(a) da < +o0.
a,

For every 7 > 0, write & = {X € d : V3 € A, B(X) < log7’}. The
exponential map is an isomorphism from @ onto 7° that carries a Lebesgue
measure to a Haar measure. Let A, = exp(aT ). Since X*(I\N/Ig)@ = {1} is
trivial by Section 3.1.1, the set of 5 € A forms a basis of X(T). Hence,
their differentials, Whlch we also denote by 3, form a system of coordinates
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on d. Let I denote the set of Q-weights on V,. Since V,(Z) is spanned by
an orthonormal basis consisting of Q-weight vectors for the action of T, we
have, for every a € A, Ay(a) = minges X(a) and X(a) = e2oenx 0P with
c3(X) € R. Therefore, for every a € fL/,

/

Aa)™ = <min )?(a)) - max {(a)™ < ) R(a)™

xel xel
and it is enough to show that for every X € I the integral

L X(a)™ p(a) da =ﬁ R(exp(Y)) ™ p(exp(Y)) dY

T/

_ f P+ XD 1y

log 7’
= HJ : e(—cs(X) e'+np)B dg

BeA Y ~®
converges. By choosing ¢’ > 0 sufficiently small, the implication (4) = (5)
follows.

Since (5) = (1) is immediate, this concludes the proof of the Theorem.
[

3.4 L’ integrability

Let G, T, Py, A, x, P, e,, I', V,, L, I'; and L, be as in the beginning
of Section 3.2. In this section, we study the L2-integrability of the Siegel
transform S,,.

Let 0 be the subset of A such that P = Py is the standard parabolic Q-
subgroup associated to 6 (see Section 3.1.1). Moreover, by Lemma 3.2.2, we
may without loss of generality assume that the action of I' on £, is transitive.
Let W be the Weyl group of G relative to T. We note that, for every w € W,
the vector we, is a highest Q-weight vector with associated Q-weight w - x.
By Lemma 3.2.2, we may furthermore assume that the orbit of e, under W is
contained in £, (by letting V,(Z) be spanned by a basis of Q-weight vectors
for the action of T).
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Theorem (Theorem 1.1.2). Suppose that the Siegel transform S, maps C’c()?)
into L*(QY). Then the parabolic Q-subgroup P is maximal and the unique sim-
ple root a« € A with 0 = A~ {a} has at most one neighbor in the Dynkin
diagram of G relative to T with respect to Py.

The following lemma is the first step in the proof of Theorem 1.1.2.
Lemma 3.4.1. Suppose that the Siegel transform S, maps C,(X) into L*(2).
Then, for every f € C.(X), we have

J |SXf| d,uL/pL < +00.
LTy

For every measurable bounded compactly supported function f : X >R
and g € G, we let g- f : X — R denote the function defined by

VoeVy, (g-f)(v)=flg"'v).

Proof. Let f € C.(X). Let p € Co(X) be a non-negative K-invariant function
such that p(e,) > 0 and for all k € K, y € [1/2,3/2] and v € X, we have
|f(v)] < ((ka(y))™" - p)(v). By assumption, we have

J 1Syp|” dug < +oo.
0

On the other hand, using the identification X, = G/L = K/K;, x A and
the corresponding measure description of Ay in Equation (3.3.8), by Weil’s
integration formula (see Theorem 2.3.3), there exists a constant w > 0 such
that we have

f S0l dyue = f ((97€:) (S0)(9)) diia(g)

/T yer/ry,

- | e o) duar, (o)
e

= w L? p(ka(y)ey) (L/F Syp(ka(y)l) duL/pL(l)) dAz(ka(y)ey).

Since p(e,) > 0 and p is K-invariant, by continuity there exists 0 <& < 1/2
such that p(ka(y)e,) > 0 for every k € K and y € [1 —&,1 4+ ¢]. Since
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the above integral converges, for \g-almost every ka(y)e, with k£ € K and
ye[l—e,1+¢], we have

| swtkatyn dunr, ) < o0
LTy

Fix such an element ka(y)e,. By construction of p, for every v e X , we have

()] < ((ka(y))~" - p)(v), and hence
f S0/ dyize, < f Sy ((ka(y)™ - p) dusye,
_ j (Sy0) (ka(y)D) dusr, (1) <+,

as desired. O

Proof of Theorem 1.1.2. Suppose that the Siegel transform S, maps Cc()? )
into L*(Q). By Lemma 3.4.1, for every f € C.(X), we have

| isutdne, < e
LTy,

We write £, as a disjoint union of I'z-orbits, that is, we pick I a countable
subset of £, such that £, = | |,.; 'L -v. Let L, be the stabilizer in L of
vel,and let I'y, =I'n L,. In particular, if f > 0, the integral above can
be expressed as (after interchanging the sum and integral since f > 0),

L/F Sutdur, =3 |3 ) due, )

vel YL/TL yerp 1y,

Hence, for every v € I, the map A, : Cc()? ) — R defined by

VIECRL M= N ) dur, ) <+

/TL yerp /Ty,

is a positive L-invariant linear functional on C’C()Z' ), inducing a unique L-
invariant Radon measure \, on X , whose support is contained in the closure
of the orbit L - v. Therefore L -v =~ L/L, carries an L-invariant Radon
measure and since L is unimodular, this implies that L, is also unimodular.
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Hence, applying Weil’s integration formula as in Theorem 2.3.3, there exists
an L-invariant Radon measure pp,r,, on L/L, normalized so that

| s, =X || 00 e, () 0
L/FL /Lv L'v/FLv

vel

= 3 b (LT, | F@0) dina, ()

vel /L

It follows that 'z, is a lattice in L, for every v € I. By a theorem of Borel
and Harish-Chandra | , Theorem 9.4], L does not admit any non-trivial
@Q-characters. Using the Bruhat decomposition

G(Q) = | P(QuP(Q),

weW

for every v € I, there exist a scalar ¢, > 0, w, € W, and p, € P(Q)
such that v = ¢, p, wy €. In particular, since L, = Stabp(p, w, €,) and
L = Stabg(e, ), we have

L, = pvvawglpgl N L.

Moreover, as L is the kernel of the character y of P, and hence is a normal
subgroup of P, we may write L, = p, (w,Lw,' n L)p,'. By assumption,
the orbit of e, under W is contained in £,. As conjugation by p, defines
a rational isomorphism from w,Lw,' n L onto L, for all v € I, we must
have that (wLw™' n L)° does not admit any non-trivial Q-characters for all
we W.

Recall that we denote by & = ®(G, T) the root system of G relative to T,
and by A the set of simple roots corresponding to the minimal parabolic Q-
subgroup Py. For a subset § < A, we let Py be the corresponding standard
parabolic Q-subgroup containing Py. Since the Siegel transform .S, maps
C.(X) into L2(Q) and L*(Q) is contained in L'(£2), Theorem 1.1.1 implies
that P is a maximal parabolic Q-subgroup. Hence there exists a unique
simple root a € A, such that P = Pa_(,3. We wish to prove that the root
« has at most one neighbor in the Dynkin diagram of & relative to T with
respect to Py. Let us recall that two simple roots (1, 52 € A with 5 # (5
are said to be neighbors if (31, #2) # 0. Denote the set of neighbors of a by

V(a) ={f e A~ {a}: aand § are neighbors in the Dynkin diagram of &},
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and put B(a) = V(a)u{a}. Let w = s, € W be the reflection about the hy-
perplane defined by the root a. For simplicity, we write H, = (wLw™' n L)°.

We claim that H, is contained in the standard parabolic Q-subgroup
PA.B(). Observe that H, is normalized by T. Therefore the Lie algebra
ho = Lie(H,) can be written as a direct sum of a maximal toral subalgebra
and corresponding root subspaces. Now, H, is contained in Pa. p(q) if the
negative roots A = Y, sea Mgl arising in the adjoint representation of T on
H, satisfy ng = 0 for all § € B(a). Since H,, is invariant under w = s,, we
know that s, () is still a root of H, and hence cannot contain in its support
the root —a (since H, € L © Pao3). Applying the reflection w = s, gives

saN) = D7 mgsaB)=| X meB|-| D] iﬁ’f;nﬁ a,

BeA~{a} BeA~{a} BeV (a)

and hence ng = 0 for all 8 € V(a). Therefore, H, is contained in the
standard parabolic Q-subgroup Pa. p(a), as required. Now, the Q-rank of
H, is at least rankg(G) —2 (because H, contains T nker y nker(w-x)) and
the Z-rank of X*(Pa.p())o is |B(o)|. If [V (a)| > 1, and hence |B(a)| > 2,
it would follow that H, admits a non-trivial Q-character. Thus we must
have |V (a)| < 1. O

3.5 L*-integrability

Let G, T, Py, A, x, P, e, I', V| and L, be as in the beginning of Section
3.2. In this section, we study the L*-integrability of the Siegel transform S,.
For the convenience of the reader, we recall the statement of Theorem 1.1.3.

Theorem (L*-integrability). The following assertions are equivalent.
(1) The Siegel transform S, maps C.(X) into L*(1).
(2) The Q-rank of G is 1.
(8) The subgroup Ty, is a cocompact lattice in L.

Proof of Theorem 1.1.3. We first show that (1) < (2). Suppose that the
Q-rank of G is 1. In particular, the set of simple roots A consists of a single
element, say «, and P is the standard parabolic Q-subgroup associated to the
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empty set AN {a} = ¢J, and hence equals the minimal parabolic Q-subgroup
P,. We need to show that S, maps C.(X) into L*(Q). Since any continuous
compactly supported function f on X can be bounded by | flloolpy () for
some large radius r > 0 depending only on the support of f, it suffices to
show that Sy1p () € L*(€2). We note that in this case T = T(R)° is one-
dimensional and equals the subgroup A given as the identity component of
Tarfa}(R) (see Section 3.1.1). By Lemma 3.2.2, we may assume that I" acts
transitively on £,. Using the reduction theory for I' in G, as detailed in
Section 3.1.4, we have G = &G CT, where & = KA, w is a Siegel set and
the set A, can be described as A, = {a(y) € A : ala(y)) = y~! < €7} for
some 7 > (0. Since I' acts transitively on £,, it also acts transitively on the
set of rational points of X = G/P. Hence, by | , Proposition 15.6], we
have C' = {1}. This allows us to express g as g = ka(y)n~y, where k € K,
a(y) € A-, n € w, and v € I'. Using the fact that By (r) is K-invariant
and that Ua(y)eAT a(y)wa(y)~! is relatively compact, there exists R > r,
depending on r, the choice of the Siegel set G and the finite set C, such that

S\l (9) = #(Bg(r) ngLy) < #(Bz(R) na(y)Ly).

Since the Q-rank of G is 1, the Weyl group W =~ Z /27 consists of 2 elements
and we let w € Ng(T)(Q) be a representative of the non-trivial element in
W. According to | , Théoréme 5.15], one has the Bruhat decomposition
G = P u PwP. Since w - x = —Y, the element a(y) acts on e_, = we, by

a(y)we, = ww’la(y)wex = wx(w’la(y)w)ex

= w(w - x)(aly))e, =y

e_y,
and since x(Y,) < 0 this action expands e_, as y — +00. We may assume
that e_, is in the basis B for V). We first show that any v € £, with
v # te, satisfies |a(y)v|| — +o0 as y — +oo. This follows if we can show
that for any such v one has [(v,e_, )| = 1. Using the Bruhat decomposition
G = P u PwP, there exist p;, ps € P such that v = pywpse,. Now, applying
a(y), one gets

—x(Ya)

a(y)v = a(y)praly) ww ™ a(y)wx(p2)ey, = aly)pialy)  wy X(p2)ey-

Noting that a(y)pia(y) " w converges to some element p,w with p,, € P as y
tends to infinity, we deduce that ||a(y)v|| grows at the highest possible rate:
yXo) Hence using the fact that (v,e_,) € Z, we must have |[(v,e_,)| > 1.
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Therefore, choosing y so large that y=*¥e) > R we have for all v € £, \

{iex}a v

la(y)v] = |a(y)e_\| =y > R.
Hence for all y large enough, B (R)na(y)L, = {*e,}. Since f € C.(X) was
arbitrary, this shows that the Siegel transform S, maps C.(X) into L*(€2).

Conversely, suppose that we have rankg G > 2. Let a be the Lie algebra
of T(R)°. The negative Weyl chamber is defined by

a ={Xea:VgeA, (X) <0}

Fix a K-invariant non-negative function p € C’C()N( ) such that p > 1 By(1)- To

show that the Siegel transform S, does not map C.(X) into L?(Q), it suffices
to show that S, p is unbounded on 2. By continuity of p (and hence of S, p),
it further suffices to show that S, p is unbounded on A~ = expa~. Roughly
speaking, we would like to find @ € A~ such that a£, has many short vectors.
Let Uy be the unipotent radical of the minimal parabolic Q-subgroup Py.
Since the orbit of e, under W is contained in L,, it suffices to find w e W
and Y € a~ such that I'yyw~'e, = L, is infinite and gets contracted by
a(y) = exp(log(y)Y) e A~ asy — +o0. Forany Y e a™, ue Uy, we W, we
have

[a(y)uw™ ey = [a(y)ualy)  w wa(y)w ey

=uw | exp(log(y) Ad, Y)e,| =y )
Hence it is enough to pick w € W and Y € a~ such that
(™) (Y) = (, Ad, Y) <0

—1 . . .
and I'y,w™"e, is infinite.

Fact: The group I'y,w'e, is infinite, unless w is the identity element.
Proof of fact. Indeed, the stabilizer of w™'e, in I'y, is given by
'y, n wilFUOw =Uynw ' UywnT nw 'Tw.

Since I' and w™'T'w are commensurable (indeed, conjugation by w defines a
@Q-isomorphism from G to itself and the image of I' under a Q-isomorphism
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is again an arithmetic subgroup of G), the intersection I' " w™'T'w has finite
index in I'. Setting Up,, = Uy N wtUyw, it suffices to show that FUO/FUM
is infinite. Note that the Lie algebra of Uy, is the sum of all the root spaces
associated to positive roots 5 > 0 such that w - S > 0. Moreover, define
Upo =Uo N w Uy w, where Uy is the unipotent subgroup opposite to U.
Then its Lie algebra is the sum of all the root spaces associated to positive
roots 5 > 0 such that w-f# < 0. Since the Weyl groups acts simply transitively
on the set of bases of @, for each non-trivial w there exists a positive root
B > 0 such that w- 8 < 0. In particular, Uy, is a non-trivial subgroup of Uy
and the Lie algebra of Uy is the direct sum of the Lie algebras of Uj,, and
Up.w- In particular, the group FUJO is infinite (as it is a lattice in U, ,) and
the inclusion map followed by the 7qu0tient map

FU;,O - 11U0 - FUo/FUo,w

is injective. Thus for every non-trivial w € W, the orbit I'y;,w™'e, is infinite,
as required. O

Let wg be the unique element in the Weyl group W that takes the positive
Weyl chamber to the negative one. Our goal is to find w e W ~ {1, wy} and
Y € a” such that {x,Ad, Y) <0.

We first claim that there exists € > 0 and Y{ in the negative Weyl chamber
a~ such that the e-ball B,(Yp,e) with center Yy is still contained in the
negative Weyl chamber and for all Y € B,(Yp, ¢),

XAy, Y) + YY) = 0. (3.5.1)

To show this claim, we first suppose that wg acts on x by wg-x = —x. Then
(3.5.1) holds for all Y € a~, and we are done. Now suppose that wq -y # —Xx.
Let Y, be the unique element in a such that x(-) = (Y}, ). Then we have
[Yoll = [Ix]l and x(Yy) = x| Set Yo = Ad,,-1 Yy Then

O Ady, Yoy = O Yy = I,

and expressing wy - Y = ax + by as an orthogonal sum with y* in the
orthogonal complement of Ry and a > —1, we have

(X Yoy = (wo - x, Yy = Cax + by, Yy = allx|*.
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Hence {x, Ady, Yo) + (0 Yo) = |x|? + afx|? > 0. If Yj lies in a wall of the
negative Weyl chamber, we may replace Y; with a closeby element Y| in the
interior of a~ and still have that (x, Ad,, Y5 )+{x, Yy) > 0. The claim (3.5.1)
follows now by continuity of the inner product.

Observe that for all Y € a, we have > _,,, Ad, Y = 0, since the only
element of a invariant under the Weyl group is 0. In particular, for all
Y € By(Yp, €), using (3.5.1), one has

> (A Y)Y <0,

weW~{1,wo}

Since the Q-rank of G is at least 2, the set W ~ {1, wy} is non-empty. Fix
Y € By(Yo,e). If there is w € W N\ {1, wp} with {x,Ad,Y) < 0, then we
are done. Otherwise, we have for all such w that {x, Ad, Y) = 0. Since the
ball B,(Yp, ) is not contained in a proper linear subspace of a, we can pick
Y’ € By(Yy,€) closeby such that (x,Ad, Y’) < 0, as required.

Finally, we show that the Q-rank of G is 1 if and only if I';, is a cocompact
(or uniform) lattice in L. To this end, we recall the structure of the stabilizer
L in G of e,, as described in the proof of Theorem 1.1.1. Let # < A be
the proper subset of simple roots such that P, the stabilizer in G of the line
through e,, is the associated standard parabolic Q-subgroup Py. Then L is
the semi-direct product of the reductive Q-group My = QoMy(Ts N ker(y))
and Uy (the unipotent radical of P = Py), where Qg is a connected Q-
subgroup of the largest Q-anisotropic Q-subgroup of Z(T'), My is a connected

semisimple Q-subgroup and Ty = (ﬂ peq Ker ﬁ) .

Now, if the Q-rank of G is 1, then 6 = ¢F is the empty set and P = P
is the minimal parabolic Q-subgroup P, and U = U, the unipotent radical
of P, is the unipotent radical U, of Py. In particular, T is the maximal Q-
split Q-torus T. By | , §11.7], the centralizer Z(T) is an almost direct
product of T and the largest connected Q-anisotropic subgroup M of Z(T).
Since char(Q) = 0, we have X*(M)g = {1} and M(Q) consists of semisimple
elements (see just below the | , Definition 10.5]). Let M = M(R). By
[ , Theorem 8.4], I'y; = I' n M is thus a cocompact lattice in M. Also,
'y =T nU is a cocompact lattice in U. Let K=Kn M. Hence, we can
find a compact fundamental set €2; for I'); in M such that K€; = €4, and a
compact fundamental set for Qs for T'y in U (see | , Definition 9.6]). By
[ , Remark 9.9], the compact set 2,5 is a fundamental set for 'y 'y
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in L. Since by | , Corollary 6.4] the group I'),I'y has finite index in 'y,
we deduce that I'y is a uniform lattice in L, as desired.

Conversely, suppose that 'y is a uniform lattice in L. Without loss of
generality, we may assume that 'y, =T MGFUo- As follows from | , The-
orem 8.7], X*(L°)g = {1} and every unipotent element of L(Q) is contained
in the unipotent radical of L. Since L = M@Ug is the semi-direct product
of a reductive Q-subgroup and the connected unipotent Q-subgroup Uy, it
follows from | , §7.15] that R, (L) = Uy. In view of Theorem 1.1.1,
since X*(L°)g = {1}, we must have that P = P, is maximal, and hence
AN 0 = {a} consists of a single element. To conclude, it is enough to show
that § = ¢J is the empty set. Since X*(L°)g = {1} and every unipotent
element of L(Q) is contained in the unipotent radical of L, we must have
that X *(i\V/IS)@ = {1} and every unipotent element of My(Q) is trivial. This

~

implies that My does not contain any non-trivial Q-split torus. In particu-
lar, the semisimple Q-subgroup My of My does not contain any non-trivial
Q-split torus. However, by | , §11.7], the number of elements in 6 is
equal to the Q-rank of My, and hence zero. Thus, we have shown that the
Q-rank of G is 1. The proof of Theorem 1.1.3 is complete. O
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Chapter 4

Diophantine approximation and
counting lattice points

In this chapter and in the remainder of this thesis, we let X = G/P be a
generalized flag variety defined over Q, where G is a connected semisimple
algebraic Q-group and P is a parabolic Q-subgroup of G. For a definition
of the Q-rank of P we refer to §3.1.1. Let us recall that the Q-rank of X is
defined by

rankg X = rankg G — rankg P.

We shall suppose that the unipotent radical of P is abelian. This implies
that the parabolic subgroup P is maximal, or in other words, the Q-rank of
X is 1. Let x be a highest Q-weight of G (see §3.1.3). The purpose of this
chapter is to equip the set of rational points of X = X(R) with a height H,
associated to x and to specify the distance d(-, -) and probability measure ox
that we use on X. We recall that, given 7 > 0, our goal will be to determine
the asymptotic behaviour, as 7" — 400 and for almost every z € X with
respect to the Riemannian measure on X, of the counting function

No(2,T) = #{veX(Q):d(zx,v) < H(v)", Hy(v) <T}.

We then translate the problem of counting rational approximations of bounded
height in X to the problem of counting primitive lattice points in a certain
family of growing sets in the Euclidean space.

The notation introduced in this chapter will be used in the next two
Chapters 5 and 6.
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4.1 Height on X(Q)

Roughly, a height on X(Q) is obtained by picking a certain rational repre-
sentation (7, V) of G such that X can be embedded into the projective space
P(V) and by restricting to X a height on P(V).

We let Py be a minimal parabolic Q-subgroup contained in P and we let
T be a maximal Q-split Q-torus of G contained in Py. Let &, A and {\, }aea
be the set of roots of G relative to T, the set of simple roots for the ordering
associated to Py, and the relative fundamental Q-weights, respectively (see
§3.1.2). By the maximality of P, there exists a unique simple root o € A
such that P = Pa\(q; is the standard parabolic Q-subgroup associated to the
subset A\{a} of A (see §3.1.1). As we will now show, we can, without loss of
generality, assume that G is a connected simply-connected almost Q-simple
Q-group. Write G = Gy ---G,, as an almost direct product of connected
almost Q-simple Q-groups G, for 1 < j < n, and suppose that the root
a belongs to the set of roots of Gy relative to the maximal Q-split Q-torus
(Gi1 n T)°. Thus, we have G; < P, for 2 < j < n, and we may assume
that G is almost Q-simple. Next, the universal cover G of Gis a connected
simply-connected almost Q-simple Q-group and the coveringmap 7 : G — G
is a Q-isogeny. Then P = 7~ !(P) is a maximal parabolic Q-subgroup of G
and the implied morphism é‘r/f3 — G/P is an isomorphism defined over Q.
Hence, from now, we assume that G is a connected simply-connected almost
Q-simple Q-group.

Let x € X*(P)g be a non-zero element such that its restriction to T
is the highest Q-weight of G and let m, : G — GL(V,) be the associated
representation which is strongly rational over Q (see §3.1.3). In particular,
there exists a unique P-invariant line D in V,, which is defined over Q and
on which T acts through the highest Q-weight x. For all g € G and v € V,,
we abbreviate m,(g)v as gv. Fix a non-zero vector e, € D(Q) and write
zo = [e,] for the corresponding point in the projective space P(V,). Then,
for every p € P, we have pe, = x(p)e, and

P={geG:gxy=x0}.

We identify the orbit G - zp with X = G/P via the map ¢, (gP) = gzo. Let
K be a maximal compact subgroup of G = G(R), equipped with the unique
K-invariant Haar probability measure px. By the Iwasawa decomposition
G = KP, the group K acts transitively on the set of real points X = X(R)
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of the flag variety X = G/P via the map k — kxy. We equip X with the
pushforward of px along this map; this is the unique K-invariant probability
measure on X. Fix a rational basis (v;);e; of V,, = V(R) and a Euclidean
inner product {-,-) on V, for which the action of K is unitary, the one of T
is self-adjoint, and such that the basis (v;) is orthonormal. We denote the
implied norm on V) by |- |. We assume that v; = e,. This gives us a height
function H on P(V,)(Q) by H([v]) = ||v|, where v is any primitive vector
in the lattice V,(Z) := @e;Zv; representing [v]. This height function is
well defined, since a primitive vector in V,(Z) representing |[v] is uniquely
determined up to multiplication by +1. Using the embedding ¢,, one then
obtains a height function H, on X(Q), which is given by

Yoe X(Q), Hy(v) = H(i(v)).

4.2 Distance on X

Here we equip the flag variety X with a Riemannian distance that is com-
patible with the Euclidean structure of V). Let S = {x € V : |z| = 1}
be the unit sphere in V,, viewed as a Riemannian submanifold of V). The
K-equivariant projection map S — P(V), v — [v], being a smooth local
diffeomorphism, induces a K-invariant Riemannian metric on P(V, ), and by
restriction also on X. We observe that the associated Riemannian measure
equals vol(X) ox, where vol(X) denotes the total Riemannian volume of X.
We denote the induced K-invariant Riemannian distance on X by d(-, ).

Let us denote by g the Lie algebra of G. For every 5 e ®, let gz = {Y €
g:VteT, Ad(t)Y =pB(t)Y}andlet 3={Y eg:VteT, Ad(t)Y =Y}. The
Lie algebra of G has a root space decomposition with respect to the action
of T

g=39 (g)gﬁ)'

Let @* be the set of positive roots and, as before, let v € A be the unique
root such that P = Pa\(q is the standard parabolic Q-subgroup associated
with the subset A\{a}. Let (A\{a})~ be the set of all roots that can be
expressed as a negative integer linear combination of elements in A\{a}.
Then the Lie algebras of P and of the unipotent subgroup U~ opposite to P
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are, respectively,
p=30 ( @ 9/3) and u”= @ g5
Bed+ U(A\{a})~ ped, —a<p

where —a < f means that —a occurs in the support of 3. Observe that
g=u @p. Let o : G — X be the projection map ¢(g) = gzo and let
Dip : g — T,,X be its derivative at the identity 1 € G. Observe that
kerD,¢ = p. In particular, if we denote the restriction of this projection map
from G to U~ still by ¢, then D¢ : u= — T, X is a linear isomorphism. We
equip u~ with a Euclidean structure for which this isomorphism is an isometry
and we denote the implied norm on u~ by |- |,-. It will be convenient for us
to relate the distance on X to the one on the Lie algebra u~.

Lemma 4.2.1. For every u e u~, we have
d(wo, exp(w)zo) = [ulu- + O(Juli-), (4.2.1)
where exp : u~ — U™ is the exponential map.

Proof. 1t suffices to prove (4.2.1) for all u € u™ sufficiently close to the origin.
Let | - |z be the implied norm on 7T,,X. For all Y € T, X close to the
origin, the Riemannian exponential map exp, : T,,X — X at z, satisfies:
d(xg, exp,,(Y)) = [[Y|4- Using the triangle inequality and the fact that the
derivative D;¢ is an isometry yields, for every u € u~ close to the origin,

d(xo, exp(u)zo) = [l + O (d(exp,, (D1g(u)), exp(u)zo)) -

Moreover, since exp,, is locally bi-Lipschitz, it suffices to show that the map
b = exp;o1 o¢ o exp, defined on a neighborhood of the origin in u™, satisfies:

B(u) = Dy(u) + O(Jul2).
Since ®(0) = 0, by Taylor’s theorem,
B(u) = Dy®(u) + O(Jul?).

By the chain rule, Dy® = D,, exp;o1 oD1¢p o Dyexp = Dq¢, as required. [

81



4.3 Diophantine exponent

As in | , Définition 2.4.1|, we define the Diophantine exponent f3,(x)
relative to x of a point x € X = X(R) by

By(z) =inf{B8 > 0:3c >0, Vv e X(Q), d(z,v) > cH,(v) "},

By [ , Theorem 2.4.5], this Diophantine exponent is constant almost
everywhere on X: there exists a positive rational number 3, = £,(X) > 0
such that for ox-almost every = € X, we have §,(z) = 3,. We refer to S, as
the Diophantine exponent of X relative to x. In particular, the inequality

d(z,v) < H(v)™"

has infinitely (at most finitely) many solutions v € X(Q), if 7 < 5, (7 > ).

4.4 Cone over X, coordinates and measures

By abuse of notation, we shall refer to X , the closure of the homogeneous
space Xy = G- e, in V,, which is contained in the punctured affine cone over
X, as the cone over X. Let L, be the set of primitive elements in V,(Z)
that are contained in X. Let I' be the stabilizer in G of V,(Z); this is an
arithmetic subgroup of G that stabilizes £,. We normalize the Haar measure
e on G so that the induced G-invariant measure on the quotient €2, which
we denote by piq, is a probability measure.

We briefly recall a few facts from the structure theory of parabolic sub-
groups and refer the reader to §3.1.1 for details. By the maximality of P,
there exists a unique simple root o € A such that P = Pa\(,) is the stan-
dard parabolic Q-subgroup associated with the subset A\{a} of A. De-
fine the one-dimensional Q-split Q-torus Ta\(a} = (ﬂ BeA\ (o) ker ﬁ) and let
Z(Ta\(ay) be its centralizer in G. The parabolic P is the semidirect product
P = Z(Ta\(}) x U, where U is its unipotent radical. Let M be the identity
component of the intersection of the kernels of the Q-characters of Z(T a\(a})-
By | , Proposition 10.7, (b)], we have X*(M)g = {1} and Z(Ta\(a}) is
an almost direct product of M and Ta\(o;. Hence P is an almost direct
product of M, Ta\(} and U:

P = MTa . U (4.4.1)
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Denote by L the stabilizer in G of the vector e, and let L = L(R). We note
that Ta\fa} N L is a finite group and we define M = M (Ta\(a} N L).

We claim that L = M x U. Indeed, the inclusion = holds because
every element of M x U fixes the vector e,. On the other hand, using the
decomposition (4.4.1) of P, for every [ € L, we have [ = mtu for some (not
necessarily unique) m € M, t € Ta\(oy and u € U. We need to show that
x(t) = 1. But since y is a character of P, this yields

1 =x(l) = x(mtu) = x(t).

We let M = M(R) and A = Ta(R)°. Note that L is the semi-

direct product L = M x U and P is the direct product P = MAU. We
identify the cone X with the homogeneous space G/L via the map gL — ge,,.
By Theorem 1.1.1, since P is assumed to be maximal, the Lie group L is
unimodular and I';, = I'n L is a lattice in L. Let uz be the Haar measure on
L normalized so that the induced L-invariant measure iy 1, is a probability
measure. In particular, by | , Theorem 2.51], there exists a unique G-
invariant Radon measure Ay = pig/r on X = G/L such that,

VGG, | st - L/L | o) i) dnanton). @42

We shall also use the following parametrization of A. Write t for the Lie
algebra of T(R) and Y, € t for the unique element satisfying

a(Yy)=—-1 and [(Y,) =0 forall 8e A\{a}. (4.4.3)

We then have A = {a(y) = exp(log(y)Ys) : vy > 0}. We recall that 3, de-
notes the Diophantine exponent of X relative to x (see §4.3). By | :
Théoreme 2.4.5], we have the relation

x(Ya) = —5% (4.4.4)

Hence, by Equation (3.3.6), the action of a(y) on e, is given by

1
a(y)e, =y Pre,. (4.4.5)
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Let p : t — R be the sum of all the positive roots with multiplicities
counted, that is, p = > 5 4+ B, where ®* is the set of positive roots of G
relative to T with respect to Pg. Let ®} be the set of elements in & whose
support contains the simple root «. Let d = dim X be the dimension of X
as a real manifold. We claim that p(Y,) = —d. Indeed, by the definition of

Y,, we have
P(Ya) = Z B(Ya>-

Bedd

Together with equation (4.4.4) applied to x = Yac, we have

p(Va) = 3 BVa) = xaelYa) = —

66@;: 5Xac

_d’

as required. In particular, we observe that p(a(y)) = y~%.

The Haar measure we consider on A is the push-forward of the Haar
measure y~'dy on RY via the morphism y — a(y). Let K, = K n L and let
o be the pushforward of the Haar probability measure ux on K to K, via the
map k — kK. By | , §11.19], we have G = KP = KP° = KM°AU
and the product map defines a homeomorphism of (KM°) x A x U onto G.
Therefore, every g € G can be written as g = kma(y)u with u € U, y € R,
m e M° and k€ K. Let I'yy = I' n M and let dpg; be a Haar measure

on M , normalized so that the induced M-invariant measure on M /T3 is a
probability measure. Similarly, we let I'y = I' n U and we let duy be a Haar
measure on U, normalized so that the induced U-invariant measure on U /Ty
is a probability measure. By | , Proposition], in these coordinates, there
exists a normalizing constant wy > 0 such that the Haar measure ug of G is
given by

dnc(9) = o play) dp ) duggm) “L (). (4:46)

We note that dup = dugy duy is a Haar measure on L such that the induced
L-invariant Radon measure on L/T'; is a probability measure. Moreover,
since the product map defines a homeomorphism of (KM°) x A x U onto G,
the map of (K/K.) x A to X = G/L given by (k K1, a(y)) — ka(y)e, is a
homeomorphism. We will now show that, in these coordinates, there exists
a constant w; > 0 such that the measure Ay is given by

Az (ka(y)ey) = wy y~ ) do(k) dy. (4.4.7)
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By the uniqueness (up to a scalar) of the G-invariant Radon measure on
X = G/L (see, for instance, | , Theorem 2.51]), it suffices to show the
G-invariance of the measure on the right hand side in (4.4.7). So fix gy € G
and f € C.(X). By | , Proposition 2.50], there exists ¢ € C.(G) such
that, for every g € G,

flgey) = | olad)dus (0
L
Hence, using the fact that p(a(y)) = y~¢, that o is the pushforward from K

to K /K|, of ug, the measure description in (4.4.6) of pg and its invariance,
we have

ﬁf (goka(y)ey) y~ TV dy do(k) = J f Slgoka(y)l) dur 1)y~ dy do (k)
X xJL
= || otaokatu)t) ety dy doth)
xJL
d
[ ||| etaskatsyma) ptatwdus(w) dugy(m) <2 dyrct
K JaJm Ju Y
= wp" L #(909) dpc(g) = wg* L ¢(9) dpa(g)-
By the same argument, we also have
| sratyye s @D dydoti) — i [ ol ducto)
X G
This shows that
f~ flgoka(y)ey) y_(dH) dydo(k) = J~ f(ka(y)ey) y_(dH) dy do (k)
X X
and, since gy € G was arbitrary, the measure on the right-hand side in (4.4.7)
is G-invariant, as required.
4.5 Lattice reduction with respect to M

In the proof of Theorem 1.3.1, we will need the effective equidistribution of
translates of certain L-orbits. We note that L° is the semi-direct product of
the connected reductive Q-group M and the unipotent radical U of P. We
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will deduce the required equidistribution result (see Lemma 6.4.1) by using
the effective equidistribution of expanding translates of (horospherical) U-
orbits (see | , Proposition 2.4.8.]) together with lattice reduction with
respect to M. The latter will be the content of this section. By | ,
Theorem 9.4], since M does not admit any non-trivial Q-characters, we have
that I'yy = ' M is a lattice in M. We note that Ky = K n M is a maximal
compact subgroup of M, Py n M is a minimal parabolic Q-subgroup of M
and S = (T n M)° is a maximal Q-split Q-torus of M (see | , Section
11.7]). Then [A ~\ {a}], the set of roots that are linear combinations of
elements of A \ {a}, is the root system of M relative to S. Let Uy denote
the unipotent radical of Py n M and let Mj be the maximal connected Q-
anisotropic Q-subgroup of the centralizer Z(S) of S in M. We let s denote
the Lie algebra of S = S(R). For every ¢ > 0, let

s, ={Xes: Ve A~ {a}, 5(X) <t}
The negative Weyl chamber of s is given by
s ={Xes:V0e A {a}, B(X)<0}.

We set S~ = exp(s~) and note that there exists a compact neighborhood @
of the identity in S such that exp(s;) < @ S~. Denote by My and U, the
groups of real points of My and Uy, respectively. By | , Theorem 13.1],
there exists ¢ > 0, a compact neighborhood w of the identity in MyU, and
a finite set C' < M(Q), such that the Siegel set & = &, = Ky exp(s;) w
satisfies M = & C'T'y;. For every 6 € (0, 1), we define

S(5) = {me & : M (Ad(m)r) < 6, (4.5.1)

and we denote by &(6)¢ the complementary subset of G(J) in &. Let pps be
the Haar measure on M. There exists ¢; > 0 such that, for every ¢ € (0, 1),
we have

(6 (9)) < 0. (4.5.2)

In fact, by | , Lemma 12.2], the union useexp(st)sws*1 is relatively com-
pact, and, for all ke K3, Q, se S, new, ce C, and v € I'y;, we have

A (Ad(ksney)r) = A (Ad(s)r). (4.5.3)

Moreover, since S is contained in the torus 71" and the roots ® are the non-
trivial Q-weights in the adjoint representation of G,

Vse S, M(Ad(s)r) = rgleig B(s). (4.5.4)
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Choose a character x’ € X*(S) such that

Vse ST, X'(s) <min S3(s).
ped
Let p' : s — R be the sum of all the positive S-roots with multiplicities
counted. By [ , Theorem 8.32], we can decompose the measure piy; on
M according to the decomposition M = Ky My S Uy and deduce that, for
some constant C’ > 1,

(S0 < | T zcrnr(s)us(s)

- f Liv(s) <mn(crayy € s.
a

Note that the Q-rank of M is r = rankg(M) = rankg(G) — 1. Let (V;)1<i<r
be the dual basis of the set of simple roots of M relative to S. This last
integral is the integral of an exponential function over a convex polytope in
s, and is therefore comparable to the maximum of the function on this set,
multiplied by a factor corresponding to the dimension of the face on which
this maximum is attained. This maximum is attained at one of the vertices of

the convex set, which are the points A; = lisg,g)Yi with 2 = 1,...,r. Hence,

for all 6 € (0, 1) sufficiently small, we have
1 / = (C'8 1n(C'S b—1<5a/2
(o <m(e oy p(s) s = (C6) | n(CO)" <
-

where

A P _
a = min = a}.
tsisr )/ (Y5) X' (Y7)
This proves the claim in (4.5.2) with ¢; = a/2. Moreover, for every m € &(4)¢,
we have

and b=#{1<i<r:

| Ad(m)| < 67" (4.5.5)

Indeed, by (4.5.3) and (4.5.4), for all m = ksncy with k€ Ky Q, s € S™,
new, ceC, and v e I'y, we have

| Ad(m)] = | Ad)] = max ) = (mip 505))

= M (Ad(s)r) "t = M(Ad(m)r) L < 6L,
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4.6 Exponential mixing

Finally, we will need the following theorem, which follows from the results of
[ , Section 3.4] and | , Section 4.1-4.3] applied to G, T and T" as
above.

Theorem 4.6.1. Let Y be an element in the Lie algebra of T(R) such that,
for every projection m; : g — @; onto a Q-simple factor, m;(Y) # 0. For
every y € RY, let a;, = exp(In(y)Y). Then there exist constants { € N and
C', > 0 such that for all ¢1, P2 € CL(Q) and all0 <y < 1,

< C'y T2 [ Lol

L b1(a2) da(z) pa(x) — pa(dn) pa(de)

where T denotes the differential operator
T=1->7Y7

where (Y;) is an orthonormal basis of the Lie algebra € of the mazimal compact
subgroup K of G.

4.7 Counting lattice points

Let v : R, — R, be a decreasing function. For every x € X and 7" > 1, we
define the counting function

Ny(@,T) = #{veX(Q) : d(z,v) < ¢¥(H(v), H(v) < T}.
Moreover, for every T > 1, we associate to ¢ the set
Ep(T) = {v eX: d(xg, [v]) < ¥(v]),1 < |v|| < T}. (4.7.1)

Fix a section s : X — K of the orbital map K — X sending k to kxy. Given
x € X, we shall write k, := s(z). As the following lemma shows, estimating
the counting function Ny (z,T) amounts to counting lattice points in the
increasing family (E7)rs1. Let [K n P : K n L] € {1,2} be the index of
KnLin KnP.

Lemma 4.7.1. Forallz e X and T > 1,
Ny(@,T)=[KnP:KnL " #(k'Lyn&E(TD)). (4.7.2)
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Proof. 1t suffices to show that Ny(z,T) = # (L, N k.Ey(T)). We first note
that
k(1) = {v e X :d(a, [v]) < (o]}, 1 < o] < T}

Now a rational point v = g[e,] € X(Q) satisfies d(x,v) < ¥(H,(v)) and
1 < H,(v) < T if and only if any of the primitive vectors v € £, representing
v satisfies d(z, [v]) < ¢ (|v|) and 1 < |v| < T'. This finishes the proof of the

lemma. O
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Chapter 5

Counting at the Diophantine
exponent

Let us recall that X = G/P denotes a generalized flag variety defined over Q,
where G is a connected semisimple algebraic Q-group and P is a parabolic
Q-subgroup of G. We suppose that the unipotent radical of P is abelian. In
particular, the parabolic subgroup P is maximal, or in other words, the Q-
rank of X is 1. As was specified in the previous chapter, the choice of a highest
Q-weight x of G associated to P defines a height H, on X(Q). The distance
d(-,-) and probability measure oy on X are the K-invariant Riemannian
distance and the corresponding normalized K-invariant Riemannian measure,
respectively. Throughout this chapter, we adopt the notation introduced in
Chapter 4.

In this chapter, we shall count rational approximations to a real point
chosen at random according to the Riemannian volume with respect to the
Diophantine exponent 7 = (3,. More precisely, we shall be interested in
determining the asymptotic behaviour of the counting function

Ns (2, T) = #{v e X(Q) : d(z,v) < Hy(v)"™, 1 < Hy(v) < T}

as T — +oo for almost every x € X. As shown in Chapter 3, the Siegel
transform is, in general, not in L2, even in the case the parabolic subgroup
is maximal. Therefore, the approach from Chapter 2, which relies on a
second moment formula for the Siegel transform, does not apply directly. To
start with, we use an ergodic-theoretic approach and a mean value formula
for Siegel transforms, as developed previously, to describe the almost sure

90



asymptotic behaviour of Nﬁx (z,T). Indeed, we will show that there exists
an explicit constant 3¢ > 0 such that for almost every z € X,

Ns (2, T) ~InT  asT — +o0.

We then refine this result from an asymptotic formula to an estimate with
an explicit error term. To this end, we use Theorem 1.1.1 giving equiva-
lent criteria for the L'-integrability of Siegel transforms and prove an effec-
tive equidistribution result for expanding translates of orbits of the maximal
compact subgroup K of G.

5.1 Ergodic-theoretic approach: An asymp-
totic formula without error term

The method is inspired by the ergodic-theoretic approach in | |, where
Alam and Ghosh counted rational approximations on spheres with respect
to the Diophantine exponent (which equals 1 for any sphere S*, n > 2).
Roughly, it can be described as follows. In view of Lemma 4.7.1, for any
zeX and T > 1, we have N3 (z,T) = # (k;' L, n €5, (T)), where

€5, (T) = {v e X : d(xo, [v]) < o] 7,1 < o] <T}.

First, one approximates £, (T') by regions that admit a nice tessellation with
respect to the action of the subgroup A. To conclude, one uses Birkhoff’s
ergodic theorem and an approximation argument.

Let 7+ : V, =V, be the orthogonal projection onto Re, and we abbrevi-
ate 71 (v) simply by v*. Recall from §4.2 that ¢ : G — X is the orbital map
g — gxo. Denote by D¢ : g — T,,X its derivative at the identity 1 € G.
It satisfies ker D1¢p = p, where p is the Lie algebra of P, and hence defines
an isomorphism Dq¢ : u~ — T, X. We use this isomorphism to identify u~
with T, X. By | , Lemme 2.4.2], using the definition

Vy>0, a,=exp(ln(y)Ya)
and the fact that u™ is abelian, the derivative action of a, on u™ = T, X is

given by
Vueu , Ad(ay)u” =yu .
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For every non-zero v € X, such that [v] is close to z, we denote by uy € u~
the unique element such that [v] = exp(uy )xy. Observe that

[a,0] = a,[v] = a, expluy )ay "ayz0 = exp(Ad(a, Juy )0 = explyuy )y

But one also has [a,v] = exp(u,_,)To. By uniqueness, this gives the simple
relation
Uy iy = Y Uy - (5.1.1)

In view of (4.2.1), there is a constant Cy > 0 such that
d(zo, [v]) < [ty | + Colluy [y (5.1.2)

We now approximate the region £z (T) from inside and from outside by
regions

Efe=fve X :fuy - < clot| ™, 1< vt < T}, (5.1.3)

where ¢ > 0 is a parameter that will approach 1. By enlarging () if necessary,
we can assume that |[v*| > C;t|v| if [v] is sufficiently close to xq. For every
natural number ¢ > 1, let

Qe ={veX:|v| < Cy} (5.1.4)

and put
co = (1+ Cot=5/2) M ¢ g 1), (5.1.5)

In particular, one has ¢, /' 1 as £ — +00. Fix a left-invariant Riemannian
distance dg(-, ) on G. Write Bp(r) for the (symmetric) open ball in P with
radius 7 > 0 and center 1 € P with respect to the distance induced by the
distance dg(-, ) on G.

The following lemma tells us, roughly, that the region & (T') can be
approximated well by regions of the form 5;{ ., that this approximation is
even stable under perturbations of elements p close to the identity in P, and
that the regions 5;{ . admit a tessellation with respect to the action of the
subgroup A. For every ¢ > 0, let

Fo={veX:|ug|e <clvt|, 1< v <2} (5.1.6)
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Lemma 5.1.1. For all large enough { =1, pe Oy = Bp({™%/?), and T > 1,
Efee Qo S 1 (€5 (T) N Q) < & . (5.1.7)

Moreover, for all ¢ > 0 and T = 1 such that T = 2V for some N € N, we
have

N-1
5}“76 = |_| ay_jl Fo, with y; = 253 for every j € N. (5.1.8)
i=0

Proof. Let us show the left inclusion in Equation (5.1.7). Put §, = ¢=%/2,
We need to show that for all large enough ¢ > 1, p € O,, T > 1, and
ve&f,, N Qy, we have

d(zo,p[v]) < [pv| ™, and Cul < [pv| < T.

Using the triangle inequality, we get d(zg, p[v]) < d(xo, [v]) + d([v], p[v]).
Next, writing [v] = exp(u, )z with u, € u™, using that p stabilizes the line
xg, and expressing exp(Ad(p)u, ) = exp(u)p’ with v’ e u=, p’ € P, we get

d([v], plv]) < d(exp(u, )0, pexp(u, )xo)
= d(exp(u, )zo, exp(Ad(p)us, )o)
= d(exp(u,, )zo, exp(u)ro) = [[u" — 1y |-
Note that the map from a bounded small neighborhood of 0 in the Lie algebra

g of G to u™ defined by X — X’ with X’ € u= and px € P° such that
exp(X) = exp(X')px is Lipschitz. Hence

[0 = uy | = [AdP)uy = uylly s [ Ad(p) = 1d[[u, |u- < ded(wo, [0]).

Therefore, by enlarging Cy if necessary, one has d(xq, p[v]) < (1+Cydp)d(zo, [v]).
Together with the estimate (5.1.2) and the fact that v € £, we thus get

d(zo, p[v]) < (1 + Code) Juy [u- (1 + Collug )
< “U+“_BX65 (1 + 0051) (1 + COH'UJFH_BX> .

Let vt = v — v be the projection of v onto the orthogonal complement of
Re,. Using the fact that v € £/, \ Qq, we have

1
v _
71 a0, 0) = - < o

- +H*ﬁx'
|vt]
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Hence, by enlarging Cj if necessary and using that |v|? = |v* |2 + |v|?, we
have

J_HQ

»Bx
— v _ B ﬁix
oI = ol (141225 ) < ol (14 Colo2) F

[

By enlarging Cp, we may assume that [v*| = Cy!|v]. Since v ¢ Qq, we thus
have |v*| = C;tlv| = 2¢. Moreover, we may assume that Cj is such that
Ipv| < (1 4+ Cody)|v|| for all large £ = 1 and p € Bp(d;). Putting everything
together and using the definition of ¢;, we have

d(zo, p[v]) < [pv| (Ce(l + Code) (1 + Coflv™|77) (1 + Collv™ |~ QBX)Q)

Bx
< vl (Cﬁ(l + Cobe) TP (1 + Col ™) (1 4+ Cot ™) 2 >
< [lpo] =,

as desired. Moreover, by the definition of ¢, in (5.1.5), we have

Finally, since v ¢ (Q9y, we have, when /¢ is large,
Ipv| = (1 + Coby) v > (1 + Coby) 1 Co(2¢) = Cyt.
This shows the left inclusion in Equation (5.1.7). The right inclusion is

proved similarly To see the last claim, let us recall that a, acts on v* by

a,vt =y ~Fxv*. Then the claim follows by using (5.1.1) and observing that

a,) Fo={ve X |uyl <c ot 7,20 < ot < 2%

[

We recall that, for every j € Z, we defined y; = 2°J. By Moore’s er-
godicity theorem (see | , Section 3, Theorem 2.1]), the action of the
unbounded subgroup {a,, : j € Z} of G on the probability space (£, uq)

is ergodic. Therefore, by Birkhoft’s ergodic theorem (see | , Section 1,
Theorem 2.5]), for every f € L'(Q) and almost every x € (,

| N
N Z flay,z) — L f dug as N — +oo. (5.1.9)
=0
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A point x € Q satisfying (5.1.9) is called Birkhoff generic with respect to f.

We are now ready to give the proof of Theorem 1.2.1. In order not to
interrupt the flow of reading, we recall the statement of this theorem:

Theorem (Theorem 1.2.1). Let G be a connected semisimple Q-group, P
a parabolic Q-subgroup with abelian unipotent radical and X = G/P. Then
there exists a constant » > 0 such that for ox-almost every x € X,

N (@, T) ~In(T)  asT — +oo. (5.1.10)

Proof of Theorem 1.2.1. For any ¢ > 0, with F,. as defined in Equation
(5.1.6), define the function F, : @ — R by F. : gI' —» #(gL, n F.). By
the proof of Lemma 6.4.2 and with s > 0 as in (6.4.9), for every ¢ > 0, we
have

f F.dpg = s A5 (Fe). (5.1.11)
Q

By the Iwasawa decomposition, the set S = O; - K, where O; = Bp(1) is
as above, contains an open neighborhood of the identity in G. Moreover, a
Fubini-type argument shows that for almost every p € Oy there is a measur-
able subset K, ¢ K with pux(K,) = 1 such that for every k € K, the point
pkI is Birkhoff generic with respect to the function F,.. Consequently, for all
¢ =1, we can find p, € O, and a full-measure subset K, c K such that for
every k € K, the point p,kI" is Birkhoff generic with respect to the functions
F., and Fczl. Let k€ Ky, = ()51 K. Since p, € Op, Lemma 5.1.1 gives for
all large ¢ and T" > 1, that

5;5,0( NQu S pr- (gﬁx( )\Qe) = T e

Intersecting with p,kL, and using the fact that the number of lattice points
in the set 0;Q, is bounded by an absolute constant times £°x¢ (see Corollary
6.5.1), up to enlarging Cy if necessary, we have

b (pokCy N EF,) — Col™* < # (kLy  Er) < # (pgkﬁx A 5T+,czl> + CytPd.

(5.1.12)
Using the decomposition of £ in (5.1.8) with ¢ large enough and T' = 2%
for every integer N > 1, we have
N—
#(pek Ly N ST Z c(ay, pekT). (5.1.13)
7=0
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For T" > 1 and ¢ large, let N > 1 be the unique integer with éQN <T <
éZN“. Plugging this back into (5.1.12), we get the lower and upper bounds

N—
Z (ay, k) — Col> < # (kL  Er)

7=0

N
Z 1(ay, pekl) + CotPx,

Dividing by In(7"), using that p,kI" is Birkhoff generic with respect to F, and
F-1, taking limits 7' — +0o0 and evaluating them using (5.1.11), we have

#(kLynEr)

) o) < lm Tm T S g V) (5.1.14)

Since the function ¢ — Ag(F) is continuous, we have Ay (F 1) — Ay (F1)
as ¢ — +00. Let 5 > 0 be as in (6.2.4). By Lemma 4.7.1 and letting ¢ go to
infinity in (5.1.14), for every k € K_!, we have, as T — +o0,

Np (kzo, T) = [K nL: K nPl# (k'LynEr) ~ s In(T),

Noting that X = K /(K n P) and that, for every k€ K and pe K n P, we
have N (kpxo,T) = N (kxo, T), implies that, for ox-almost every z € X,
as ' — 40,

N (2, T) ~ 2 In(T).

The proof of Theorem 1.2.1 is complete. O]

5.2 Counting with an error term: The method

In the remainder of this chapter, we would like to refine the asymptotic
formula to an estimate with an explicit error term. To this end, we use
Theorem 1.1.1 giving equivalent criteria for the L!-integrability of Siegel
transforms and we prove an effective equidistribution result for expanding
translates of orbits of the maximal compact subgroup K of G. For the
convenience of the reader, let us recall the statement of Theorem 1.2.2.

Theorem (Theorem 1.2.2). Let G be a connected semisimple algebraic Q-
group, P a parabolic Q-subgroup of G with abelian unipotent radical and
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X = G/P. Then there exists an explicit constant > 0 and € > 0 such that
for ox-almost every x € X, as T — +o0, we have

Ns, (2, T) = 2 In(T) (1 + O,(In(T) 7)) .

In this section, we sketch the method of proof of Theorem 1.2.2; it is
inspired by the arguments of Ouaggag [ ] used to count rational ap-
proximations on spheres. The detailed proof will be given in Sections 5.3 -
5.8.

In chapter 4, we translated the problem of counting rational approxima-
tions to a point 2 € X of bounded height to counting primitive lattice points
within a growing family (k,Eg, (T'))7>1 of subsets of the cone X, where k, € K
is any element such that z = k,x¢. Moreover, we obtained the relationship

Vee X, VT =1, Ny (2,T) = #(Ly A ks (T)).

We will show an asymptotic formula for # (L, n k,E3 (T)), for almost every
xr € X, with an explicit error term. Just as in the ergodic-theoretic approach
in Section 5.1, we will first approximate g, (1") with a region £ (1)* that
admits a tessellation under the one-parameter diagonal subgroup A. For
convenience, we shall use a different parametrization of A for the remainder
of this chapter. Namely, for ¢t € R, we put a(t) = exp(tY,), where Y, is as
in (4.4.3). Therefore, a(t) will act on e, by a(t)e, = eiiex and on the
tangent space at xop € X through scalar multiplication by e'. In fact, there
will be an elementary domain F < X such that for every N € N, we have,
with T = eV,

N-1

& = |_| at) - F, with ¢; = ,j for j e N.

i=0
For the sake of describing the method, we suppose that I' - e, = £, that is,
that L, is a single I'-orbit. The definition of the Siegel transform together
with the tessellation of £ will give

N-1 N-1
#(Ly 0 ks (T)Y) = . Sy liawy-7T) = ) S L@tk 'T). (5.2.1)
1=0 1=0

Noting that N = In(7"), Theorem 1.2.2 will follow from the fact that there
exists € > 0 such that for almost every k € K,

2 lef(a(ti)kr) = Jﬂ Sxf d,uQ N (1 + Ok(N_E)) .
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This result in turn will be deduced from an LP-bound, for some p > 1, of the

form
[ 1% (sasain - | s.)

for all a,b € N, a < b. The latter is shown using the L'*°-integrability
of the Siegel transform as in Theorem 1.1.1 and using the effective double
equidistribution of expanding translates of K-orbits. In particular, we will
need to work with smooth compactly supported functions that, on translated
K-orbits, approximate the Siegel transform S, 1, which typically is neither
smooth nor compactly supported.

p

dk < b—a,

b

2

Jj=a

5.3 Approximation of & (T

So it remains to provide an asymptotic formula for #(k; 'L, n & (T)) for
almost every x € X. To this end, exactly as in Section 5.1, we now ap-
proximate the region &£ (T") from inside and from outside by regions that
admit a tessellation with respect to the action of the one-parameter diagonal
subgroup A.

Recall that the map u~ — X sending u — exp(u)zg restricts to a diffeo-
morphism from a neighborhood of 1 € u™ to a neighborhood of zg € X. In
particular, any v € X, so that [v] is close to zg, defines an element u, in
the Lie algebra u™ by [v] = exp(uy )xo. The adjoint action of a(t) € A on
u” = T,,X acts by scalar multiplication Ad(a(t))u™ = e’ u~ by e'. Observe
that

[a(t)v] = a(t)[v] = a(t) exp(u, )a(t)a(t) " zo = exp(Ad(@(t))u, )zo.

But one also has [a(t)v] = exp(ug,,)zo. By uniqueness, this gives the simple
relation
Ua(ty = el uy . (5.3.1)

Moreover, by the distance estimate (4.2.1), there exists a constant Cy > 0
such that d(xo, [v]) < |ug |- (1 4+ Co |uy|lu-). Let 7+ = V), — V, be the
orthogonal projection onto Re, and we abbreviate 7% (v) by v™.

For every T' > 1 and ¢ > 0 close to 1, we will work with exactly the same
regions &7, that were introduced in (5.1.3) and were defined by

Efe=1ve X |uyl <clv[ 1< o] <eT)
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By enlarging Cj if necessary, we can assume that [v*]| = C;'|v| as soon
as d(xo, [v]) < 1. For every integer ¢ > 1, exactly as in (5.1.4), we let

Qr={veX:|v|<Ct}

and we define )
= (1+Cot=) " e (0,1).

In particular, one has ¢, /' 1 as £ — +oo0.

The sets 5}”’ . have the following nice properties. By a slight abuse of
notation (see Equation 5.1.6), for every ¢ > 0, let

FomfoeX:luyle <clo 1< lvt <el (532)

Lemma 5.3.1. 1. (Approximation) For all large enough ¢ > 1 andT > 1,

we have
Efey Qo € E5 (T)N Qe < 5;5;1- (5.3.3)
2. (Tessellation) For all ¢ > 0 and T = 1 such that ¢T' = eV for some
N e N, we have
N-1
&= | |a) " F.,  witht; = Byj for jeN. (5.3.4)
i=0

Proof. Let v € 8;{ g, \ Qar. Let us first prove that for all sufficiently large ¢

and 7', we have
d(zo, [v]) < [v]|™™, Col < v < T

Let v = v — v™. Observe that, for large enough ¢, we have

ot _ "
w = d(zo, [v]) < [v| ™.
Therefore, we have
v]? [t ? -
[or]? b [o 2 < 1+ Co ot ]2,
and hence o]
VX _ Bx/2
o < (L Gl 17229,
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Since v does not lie in Qg, we have |v*| = C;'||v| = 2¢. Thus, using the
definition of ¢;, we have (by enlarging Cy where necessary)

d(zo, [v]) < Jluy [u- (L + Colluy [-)
< G| v™ 7P (1 + Co o™ 7™)

ol (A
= ol (@ (14 Co o)

PHE

< ]~ (@ (1+Co g—zb’x)ﬁx/Z (1+Co g—ﬁx)>

< ol ™

Since v does not lie in Q)o, it does, in particular, not lie in (),. Moreover,
we have |v| = |v*|| HL':’J” < ¢ HL':’J” T < T. This shows the left inclusion in

Equation (5.3.3). The other inclusion is proved similarly.

To see the last claim in the lemma, let us recall that a, acts on v* by

1
a,v" =y Pxvt. Then, using (5.3.1) and observing that

) Fo={ve X uy | <ot el < ot] < et

yields the desired tessellation. O]

Intersecting (5.3.3) with the discrete set k'L, and using the fact that
the number of lattice points in the set (); is bounded by an absolute constant
times ¢%x? (see Corollary 6.5.1), we get, by enlarging Cj if necessary,

# (kLo 0 Efg, ) —Col <t (k7 L 0 &) < # (K Ly 0 5;@_1> +Col,
(5.3.5)
Using the tessellation of 8;{ .asin (5.3.4) with T = %eN for every integer
N > 1, we have

#(kz_IEX A g;’_,c) = #(’C’X a kivg’l—t,c)

N-1 N-1
= Y S\ liae) 7)) = D Sz @)k, 'T).  (5.3.6)
=0 1=0

Plugging this back into (5.3.5), we get the lower and upper bounds, for every
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T’ > 1 and large enough /,

|T"+1Ince|—1
D Suls, @)k T) = Co 49 < # (k'L 0 €5 (")
=0
[T'—In&;]—1
< ) Syl (@(t)k;'T) + Co .
i=0 “

(5.3.7)

The proof of Theorem 1.2.2 consists of effectively estimating the left- and
right-hand sides of (5.3.7). To this end, we will now develop the necessary
tools and ingredients for these estimates.

5.4 A uniform upper bound for the K-average
of the Siegel transform

A crucial estimate used in this approximation is given in the following lemma.
Using Theorem 1.1.1, we fix € > 0 such that the Siegel transform S, maps

C.(X) into L**=(1).

Lemma 5.4.1. Let s€ (0,14 ¢€). For all¢> 0 and g € G, we have

sup [ (511 k)| dirc(h) < +oz
K

=0
The upper bound is uniform as g and c vary in compact sets.

Let dg(, ) be a left-invariant Riemannian metric on G; this induces left-
invariant metrics on the parabolic subgroup P and on the quotient Q = G/T,
and we denote them by dp(-, ) and dq(-, -), respectively. The key observation
used in the proof is that the translated sets a(t)~'F, are almost invariant
under a small neighborhood of the identity in P.

Proof. We fix s € (0,1 4+ ¢). We show that for ¢ > 0 and gy in a compact
subset ) of G, we have

sup JK (Sxﬂfc(atkgo))s d/vLKUC) Ss,Q JX ]l]_-c d/\;(

t=0
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For every ¢ € (0, %), we define a d-neighborhood of F, by
Fo(0) = {ve X : ug o < (14+6) o |7, (140) ™" < [v*] < (1+6)e}.

One can show that A\(F.(0) \ F.) <. 0. For every r > 0, let Bp(r) denote
the metric open ball in P with radius » > 0 and center 1 € P. We claim that
there exists some small constant ¢ > 0, independent of §, such that for all
0<d<12i peBp(@), and t =0, we have

pa(t) ' F.cat) " F.(0).

First, using the relationship (5.3.1) and the fact that, for every t € R, a(t)

acts on e, via a(t)e, = e Px e,, we have
A F = e X fuyl <clot] e < Jut] < et
and likewise
(1) F(0) = {v e X :fug lu- < (1+6) ot P,
(1+6)"LePx < vt| < (1+ ).

So we need to show that for some small ¢ > 0, for all 0 < § < 1, p € Bp(d),
t >0, and v € a(t)"'F,, we have

(1) Nt = < (1 +0) e |[(pv) |7, and

(2) (14 68)LePx < |(po)*] < (1+8) e

_t _t
Let us start with condition (2). Since v satisfies e?x < [v*] < ePx ™' it is
enough to show that for some small ¢ > 0, for all 0 < § < %, p € Bp(cd),
t =0, and v € a(t)"'F., we have

(1+8) 0" ] < 1po)*] < (1+6)o"]. (5.4.1)
However, applying the triangle inequality, we already see that
[(po) "] = o™ < |(po)" = 7| < [pv = v| < @|v] < v

By shrinking ¢ > 0 if necessary, this gives |(pv)™| < (1+¢)|v ™|, as required.
The other inequality is shown similarly and we omit the details.
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So it remains to show the first condition. Recall that u,, € u™ is defined
by the relation p[v] = exp(u,,,)zo. On the other hand, since x is fixed by
p, we have p[v] = exp(Ad(p)u )zo. Consider the decomposition g = u~ @ p,
where p denotes the Lie algebra of P. The map u~ @p — G sending (u—,p’)
to exp(u~)exp(p’) is a local diffcomorphism. In particular, there exists a
unique (u=,p’) € u~ @ p such that exp(Ad(p)u,) = exp(u~)exp(p’). When
applied to xg, we have

plo] = exp(Ad(p)uy a0 = exp(u )z, and  plo] = exp(uy,)o.

This implies that u~ = u,,,. The induced map g — u™, sending Y € g to uy
such that exp(Y) = exp(uy ) exp(py) with py € p, is Lipschitz on a bounded
neighborhood of the origin in g. Thus

Ju

= [u" - = [Ad(p)uy g < [Ad(p) vy [[u-

;’UHU7

where || Ad(p)|| denotes the operator norm as an operator on g. By shrinking
¢ > 0 if necessary, one has p € Bp(¢e) implies that | Ad(p)|| < 1 +e¢.

Since v € a(t)~'F,, we get from the first inequality in (5.4.1) applied to
p~! that
(L+e)cfo™ |7 = (1 +e)e| (™ po) "™
(1+ &) Pxe(po) |7,

[l < (1 + &)y - <
<

as desired. This completes the proof of the claim.

We can now prove Lemma 5.4.1. Letting gy € ), we see that

f S\ 1z (akgo)|” dp (k) = f |y 1.7 (kgo)|” dpxc ()
K K

1 i f .
S 77 Silaw—17.)(Pkgo)| du (k) dpp(p
pp(Bp(€0)) Jpp @) K} Lat1:(c) (PRgo) (k) dyee (p)
1 ( .
= o S 1501 ()99 d,UG g
i BrE)) Sy |10 20 990)] ()
1 ( .
N =0 Silaw- 7. 9)] dua(g)-
MP(BP(C(S))J(BP(&;)K)QO| Jaw17.60(9)] dna

Similarly as in the proof of Theorem 1.1.1, let & be a Siegel set and C' < G(Q)
a finite subset such that G = G CT'. Fix a fundamental domain F' € &G ('
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with nonempty interior for the right action of I' on G. There exist a finite
subset I of G such that the union  J,.; hF' covers the closure of Bp(¢d) K Q
in GG, which is compact. Together with the G-invariance of ugq, we have

L{ |9 17, (@kg)|” dpx (k) <. Z LF 1S Lay17.0)(9)] dpc(9)

hel

Se ZJ S\ Loy 7. (h9)|” dpa(g) Ser f 1S\ 17.)(9)] dpa(gl).
hel Y F Q

To conclude, let us recall a few facts. First, applying the inequality (3.3.7) in
the proof of Theorem 1.1.1 to f = 1£,() and using that | f[, = 1, we have

f 1S fI° dua < f fla,ey) J M (ay) ™ dpp o (Dd 5 (kayey).
Q be L/L(Z)

where the implicit constant depends only on the support of f. Since this
support is compact, and consequently a, € A varies in a compact set, for
every [ € L, we have A, (a(t))~ Yo <0 r A (D) ~6~Dax. Hence

f |Sxf|S dpa < JN flayey) dA g (kayey) f Ax(l)_(s_l)ax d:uL/L(Z)(l)
Q X L/L(Z)

and the integral SL/L(Z) M (D)=E=Yax dpp 7 (1) converges by the choice of
s and the arguments in the proof of Theorem 1.1.1. Putting everything
together, we have

f (SXI]-}'C (atkA))s dﬂK(k) se,F,c,s J~ ]]-]-'C(a) d)\)? sa,F,c,s J~ ]]-.7-'0 d)‘)}a
K X X

as desired. Since the sets F.(¢), for ¢ and ¢ varying in fixed compact sets,
are all contained in a fixed compact subset of X, one sees that the implicit
constant only depends on s and the compact set (), completing the proof. [J

5.5 Equidistribution of compact-orbit trans-
lates

In this section, we prove an effective double equidistribution result for ex-
panding translates of K-orbits. The proof is based on the one of Ouaggag’s
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result [ , Proposition 4.1], which is derived from the effective equidis-
tribution of unstable horospherical orbits established in | ]

In order to state the result, we shall need to introduce certain Sobolev
norms on C(2) and C*(K). Each element Z in the Lie algebra g of G
defines a first order differential operator Dz on C'P(2) by

Voe Cr(Q),Yee, Dzp(xr)= % t:0¢(eXp(tZ)x).

Let D be the dimension of g and let B = (Z;)1<i<p be a basis of the real
vector space g. Then each monomial

Dy =D} o oDp (5.5.1)

with (j1,...,7p) € NP defines a differential operator of degree deg(Dz) =
J14+ -+ jp. Forallr =1 and ¢ € C*(Q), we define the degree r Sobolev
norm of ¢ by

Si@)= D, [Dél,. (5.5.2)

deg(D)<r
where D ranges over all monomials of elements in B of degree < r. Simi-

larly, one can define a degree r Sobolev norm on C*(K), which, by abuse of
notation, we also denote by S,.

For every bounded continuous function ¢ : 2 — R and time ¢ > 0, we
introduce

Ay(t) = . (5.5.3)

jK H@(k) durc (k) — pe(é1)a(62)

Moreover, for all ty > t; > 0 we shall write m(t1,ty) = min{ty, ¢, — t1} and
given bounded continuous functions ¢, ¢s : Q — R, and times t5 > t; > 0,
we introduce

A¢1,¢2(t17t2) = . (5.5.4)

fK 61 (@(12)K) b2 (@(t2) k) dpre (k) — (1) ()

Proposition 5.5.1 (Effective single and double equidistribution). There ez-
ist constants ¢ > 0, C' > 0 and an integer r = 1 such that for all ¢ € C(Q)
and t = 0, we have

Ay(t) < Ce 'S, (9). (5.5.5)
and, for all ¢y, P € CL(Q) and ty = t; = 0, we have
Dgy ot ta) < Ce MRS (61)S,(¢s). (5.5.6)
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Observe that U™, the unipotent subgroup opposite to the unipotent rad-
ical U of P, is the expanding horospherical subgroup with respect to the
one-parameter diagonal subgroup A = {a(t) : t € R}:

U™ = {g eG: tlim a(t)ga(—t) = 1} .
——00

Let - be a Haar measure on U~. The idea of proof of Proposition 5.5.1 is to
deduce the effective single and double equidistribution of expanding compact-
orbit translates from the corresponding effective single and double equidis-

tribution of expanding horospherical translates, as proved by Bjorklund and
Gorodnik (see [ , Theorem 1.2]).

Theorem 5.5.2. There exists a constants ¢ > 0 and an integer r = 1 such
that the following hold. Let Q) be a compact subset of G. Then, for all
feCrU), pe Cr(Q), ge Q, and t = 0, we have

o fo(alt)ug)duy-(u”) = po-(fua(e) | Sq € 'S (f)S:(¢).

and, for all f € CP(U), ¢1,p2€ CP(Q), g€ Q, and ty = t; = 0, we have

. fw)r(alt)u™g) o (alta)u™g)dpy-(u™) — po-(f)pa(dr)pa(d:)
Sq ¢ RIS ()8 (61)S(92). (5.5.7)

Proof of Proposition 5.5.1. Let us prove the effective double equidistribution
statement in (5.5.6). The proof of the corresponding effective single equidis-
tribution statement in (5.5.5) follows along the same line of argument and
we omit the details.

Let £p be the Lie algebra of the stabilizer Kp = K n P in K of zy € X.
Let us define s to be the orthogonal complement inside the Lie algebra € of
K of the Lie algebra ¢p with respect to the Killing form (:,-); on the Lie
algebra g of G. In particular, we have £ = s ® £p. Let V' be a neighborhood
of the origin in g such that the exponential map exp : g — G restricts to a
diffeomorphism exp |y : V' — exp(V). Consider the embedded submanifold

= exp(V n s) of exp(V). In order to relate the double equidistribution
of translated K-orbits to that of translated horospherical orbits, we first
construct a local diffeomorphism from S to U~.
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Note that the product map S x Kp — K restricts to a diffeomorphism in
a neighborhood of the identity, giving a decomposition k = s(k)kp(k) with
s(k) € S and kp(k) € Kp for every k € K in this neighborhood. We recall
that u~ and p denote the Lie algebras of U~ and P respectively and that the
Lie algebra of G decomposes as the direct sum g = u~ @ p. In particular,
every element g € GG close to the identity 1 € G can be uniquely decomposed
as g = u (g)p(g) with u=(g) € U~ and p(g) € P.

We claim that there exists a neighborhood Vg of the identity 1 € S such
that the map h : Vg — U~ given by sending s € S to u™(s) is well-defined
and defines a diffeomorphism onto a neighborhood of the identity 1 € U~.
Observe first that the dimensions of S and U~ agree:

dimS =dimK —dimKp =dimX =dimU".

To show the claim, by the inverse function theorem, it suffices to show that
the derivative Dih of the map h at 1 € S is injective. This however follows
from the fact that ker Dyh is contained in s N p = {0}.

Let pg, be the Haar probability measure on Kp. Let us now equip S with
a measure jig such that, for all integrable functions f : K — R supported in
a sufficiently small neighborhood of 1 € K, we have

L £ () duc () = f sk dus(s) sy (k)

Let pk/k, be the pushforward of px along the projection map K — K/Kp.
By [ , Theorem 2.51], for all integrable functions f : K — R supported
in a sufficiently small neighborhood of 1 € K, we have

| ) ductr) - fm o) din iy (0 ()

Since the kernel of the derivative at 1 € K of the projection map K — K/Kp
is €p, the restriction to .S of this projection map defines a local diffeomorphism
at 1. We let g be the pushforward of the restriction of g /k, to a suitable
neighborhood along the inverse of this diffeomorphism.

Let » = 1 be as in Theorem 5.5.2. There exist constants ¢; > 0 and
co > 0 such that the following holds. For every small rq > 0, there exists
N e N with N < ry®, non-negative functions x; € CF(K) with 1 <i < N,

107



all supported in Bk (ry) and satisfying |x;|, < ry®, and elements k; € K
with 1 <7 < N such that we have a partition of unity: for every k € K, we
have 1= 32Nk (kkY).

For all ¢, ¢p € CF(Q) and ty = ¢, = 0, we define

I¢1,¢>2 (tb tQ) = JK ¢1 (a(tl)k) ®2 (a(tz)k)dﬂ[((k)

Let ro > 0 be small, to be fixed later. Using the direct sum decompositions

t=¢tpPs and g=pPu,
for every k close the identity in K, we have
k = kp(k)s(k) = kp(k)p(s(k))u” (s(k)).

Observe that Kp is the centralizer Zx(A) in K of A. Putting everything
together and letting, for j = 1,2,

g(k,t;) = kp(k)a(t;)p(s(k))a(—t;),

we have
Ly 9, (t1,t2) = Z L ki(k)o1(a(ty)kki)p2(a(te)kki)dpr (k)

_ Z L k(K)o (g(k, t1)a(t ) u™ (s(k) k) da(g(k, t2)alts)u™ (s(k))k;) dpgc (k).

We recall that P is the semi-direct product of the centralizer Z;(A) in G of
A and the unipotent radical U of P. This unipotent radical is also the con-

tracting horospherical subgroup with respect to the one-parameter diagonal
subgroup A = {a(t) : t € R}:

U = {geG: lim a(t) ga(—t) = 1}.

t—+00

In particular, for every t > 0, elements p € P do not get expanded by the
conjugation action of a(t). By Lipschitz continuity of the coordinate maps
k— kp(k), k — p(s(k)) on Bk (rg) with o > 0 small enough, there exists a
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constant C; > 0, independent of ¢; and ¢, such that for every k € Bg(ry),
we have

ki (k). a(t5)p(s(k))a(—t;) € Ba(Ciro).
By the Lipschitz continuity of ¢; and ¢, we have

Lgy,0, (1, 12) = Z L ri(k)or(a(t)u” (s(k) ki) p2(ata)u™ (s(k))k:) dp (k)

Sr To Sr(¢1)8r(¢2)

Recall that there exists a neighborhood Vs of the identity 1 € S such that
the map h : Vg — U~ given by sending s € S to u ™ (s) is well-defined and
defines a diffeomorphism onto a neighborhood of the identity 1 € U~. Hence,
denoting by u~ + s(u~) the local inverse of this diffeomorphism, there exists
a smooth density pg defined in a neighborhood of 1 € U~ such that for all
sufficiently small 7o > 0 and all f € C.(S) supported in Bg(rg), we have

| e austs) = | pstu ) (w0,

Using the local decomposition of the measure px as a product of the measures
i, and pg, we have

Z JK ki(k)pr(@(t)u™ (s(k)) ki) po(a(ta)u™ (s(k))k;) dpx (k)
— ZJK L Ri(kps)or(a(ty)u (s)ki)po(a(ta)u™(s)k;:) dus(s)dpk, (kp)

= JK Z (f B Ki(kPS(U_))¢1(a(t1)U_ki)gbg(a(tQ)u_/{ji)p()(u_) d,uU, (u_)) dMKp(kP)~
. (5.5.8)

By Theorem 5.5.2, applied to ¢1, ¢2 and the functions fi, ;, for 1 <i < N,
defined on a neighborhood of 1 € U™ by

=S ka,i(u_) = /fi(kPS(u_))pO(u—)’
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there exist constants ¢ > 0, C' > 0, independent of fi,;, ¢1, ¢, such that
we have

- Jrpi(u™)or(a(t)u” ki) ga(@lta)u™ ki) duy-(u™) — pro-(frp i) a(P1) pa(e2)
< O e MRS, ((fr, )80 (61) S, (¢2).

Observing that S, (fk,.i) < S, (ki)Sr(po), that N < ry®, that S,(k;) < rg?,
that S, (polB,_(ro)) < 1, and that

| S - (Fop iy (k) = Lf willps) dus(s)dpusey () = 1,

P g=1

the integral (5.5.8) is equal to

| 2(% (Fup)a(@)na(62)+0 (00 152 8, (61)8 <¢2>)>duKP<kp>

P =1

= pa(61)a(62) + O ("0 rg 7 8, (61)8,(6) )

Hence, putting everything together, we have

Ioya(t1:12) = pa(91)ia(82) + O (€7 ™20 15972 4 1) §,(61)8,(62))

Setting ¢ = 1 and 1y = e~c™tut2) now completes the proof of Proposi-

tion 5.5.1. O

5.6 Non-escape of mass

We equip the K-orbit Y = KT/T' of the identity coset I' € Q with the
pushforward measure vy, defined via the orbital map k — kI', of the Haar
probability measure px on K. We will be interested in establishing upper
bounds for the Siegel transform of bounded compactly supported functions
f + X — R when evaluated at points of the translated K-orbit a(¢)Y. To
this end, similarly as in | , Proposition 4.5, we begin by establishing a
non-escape of mass property for a(t)Y.
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We recall that, for every g € G, we defined

Mg = Jin ool
to be the length of the shortest non-zero vector in gV, (Z). Let us also recall
that d stands for the dimension of X and f,, is the Diophantine exponent of X
with respect to x. For each 0 < § < 1, we define an open cusp neighborhood
in Q by
Qs = {gl'e Q2 : A\ (g9) <6}

Lemma 5.6.1. There exists a constant k > 0 such that for all 6 € (0,1) and
te[kInd™t, +00), we have

w({yeY : \(a(t)y) < 5}) < 0%,

Proof. Let us denote by lge the indicator function of the complementary
subset 2§ = €\ {25. By Mahler’s compactness criterion, the support of Tqe
is compact. We fix once and for all a non-negative function p; € C*(G)
with SG prduc = 1 and define x5 = p1 = Lge : @ — [0, 4+00). Since pugq is
G-invariant, we have

f Xs dpo = J lo: dug = pa({Ay = d6}).
Q Q

Moreover, by the G-invariance of uq again, for any differential operator D, we
have Dx;s = D(p) * 1oz In particular, we have x5 € C°(Q2) and, letting r > 1
be the integer from Proposition 5.5.1, also S,(xs) < S.(p1) < 1. Moreover,
there exists £ = £(p1) > 1 such that, for every g € supp (p1) and z € 2, we
have A\, (gz) < &\ (x). Therefore, for every g € supp (p1), we have

{reQ: N\ (g2) =8} S {reQ:\(z) =716}
and hence x5 < 192715' Thus, for every ¢t > 0, we have
iy e Y s M@ > €79) = | 1o, @(0y) dn(y
Y

>memmw@.
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By Proposition 5.5.1, since vy is the pushforward to Y of the Haar probability
measure px on K, there exists ¢ > 0 such that, for every ¢ > 0, we have

L s(@(t)y) oy (y) = fK \s @(1)KT) dyuge (k)

= L Xs dpa + O (e77Sq(x5))
— oA, > 8)) + 0(e ™).
By | , Proposition 3.1.1], we have the measure estimate
pa(Qs) = 674, (5.6.1)
Putting everything together, for every ¢t > 1, this yields
v({y e Y \(@(t)y) = £7'0}) = pa({A = 01)+0 () = 140 (6% + 7).

Therefore, since p; is fixed and £ only depends on py, for every t > 1, we
have

vy({ye Y : A\ (@(t)y) < 6}) < (£0)7F + e < 0% 4 e,

Letting x = %, the claim holds for all § € (0,1) and ¢t € [k Ind~!, +00). [

5.7 Approximation by smooth functions

The Siegel transform of the indicator function of the set F. appearing in
the tessellation (5.3.4) is neither smooth nor bounded. In order to apply ef-
fective equidistribution results, we approximate S, 1x, by smooth compactly
supported functions. We again fix the integer r > 1 as in Proposition 5.5.1.

Lemma 5.7.1. For every £ > 1, there exists a family of functions (Ds)se(0,1)
in CP(Q) satisfying

0<Ds<1, Ds=1on{\ =&}, Ds=0o0n{\ <&}, S(Ds) <1

The proof is essentially analogous to that of | , Lemma 4.11] and we
omit the details. We refer to the family (Ds)se(0,1) as a family of smooth cut-
off functions on 2 and, fixing once and for all a £ > 1 in the above lemma, we
will omit £ from the notation. For every § € (0,1) and measurable bounded
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compactly supported function f : X - R, we define the d-truncated Siegel
(3)F:Q—R
transform Sy of f by

VgeG, SPf(g) = Ds(g)S/f(9). (5.7.1)

Next, we approximate 1z, for ¢ arbitrarily close to 1 by a family of non-
negative smooth compactly supported functions.

For every ¢ € (0,1), we recall the definition of the e-neighborhood F.(¢)
of F. given by

Fole) = fv e Xt fuy o < (1) e ot (1+e) ™ < ot < (1+e)e}.

There exists a family (fe,c)ae(0,1),ce[1/2,3/2] < CSO()?) and supp (fzc) © Fe(e)
satisfying the following properties:

Vee (Oa 1)7 ]]‘]:c < fa,c < 17 H.fac ]l}'c

LYU(X ) <e Sr(fac) < 5—7"7
(5.7.2)
and the implicit constants are uniform in c € [1/2,3/2].

Proposition 5.7.2. There exists €1 > 0 such that for all € € (0,1) and
te [—’f—’l‘ln(ﬁxe), +0), we have

j 1SS o(@(t)y) — S Lr. @(0)y)| din (9) < <.

The implicit constant is uniform in c € [1/2,3/2], but depends on S, and d.

Proof. Since supp (f:.c) < Fe(e), we have Sy 17, o) — Sy Lz = Sy fee — Sylr,.
The difference 17,y — 1, is bounded by the sum IR, (e) + Lrye) + Lry(e) of
indicator functions of the sets

Rife) = {ve X i Juy o < (14 ) e|ot | (14)7 < o' <1},
Ra(e) = fv e X : lug |u- < (1+2) Pefo| P e < [vf] < (1+e)e},
Ra(e) = fv e X tcfor| ™ < ug o < (1+) P cfot 75,1 < o] < e},
In particular, we have S, fc . — Sy1r. < Sy1gr, () + SyIrye) + Sylr,(e), and it

is enough to show that for all ¢ > 0 sufficiently large in terms of €, we have,
for every i € {1,2, 3},

ZJ I, (@1)kv) duw (k) < e.

veLly

50 = | Sdn @0 durly
Y
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We start with J;(t). Using polar coordinates on X ~ {0} (sce Section 4.4),
for every v € L, there exist k,, € K and t(v) € R such that v = k,a(t(v))e,.
Taking norms of both sides and recalling that a(t(v)) acts through the char-
acter x on e,, we have v = |v||kye,. Now, the right K-invariance of px
gives, for every t € R,

- X | e @olvltey dux b

vely

Let v € £, and let us define the two intervals I;(e) = [(1 4+ ¢)~!,1) and
I(e) = [0,(1 + ¢)*Pxc). We observe that, for every k € K, we have
Iz, (a(t)|v|key) = 1 if and only if

Lo (I@®)vlkey) 1) Ly (Hu ey v (@ ()HW%)*!W*) =1L (5.73)

For every v € X ~ {0} and k € K, we have (a(t Jv|key)t =e v (|v|key)*t

and Hua(t)keXHu— = €'fuge - (see Equation (5.3.1)). Moreover, we have
|(lvllkey) ™| = |v| [(key, ey)], since e, is unitary. Hence, (5.7.3) holds if and
only if

Lo (¢ ol Khey e]) T (e, o (0] [Ckey, e0)™ ) =1,

By the definition of R4 (¢), there exists an absolute constant C > 1 such that
for every v € Ry(g), we have |ug | < C. In particular, if [R;(g)] denotes the
corresponding set in X, then [Ry(e)] © B,-(C)xy. This implies that there
exists a small constant ¢ > 0 such that the region R;(¢) is contained in the
set C = {v e X ~ {0} : |vt| = ¢|v|}. For every ¢t = 0, the set C is stable
under the action of @(t) and for every v € C, written as v = ||v|ke, as above,
we have |(key, e, )| = ¢. Therefore, letting K(¢) = {k € K : [(ke,,e,)| = ¢},
we have that Jy(¢) is given by

2, fm Lo (¢ olidkey el) Tne (i, J (10][Cke, e))™ ) (k).
vELy ¢
Let us write Ji(t) = By(t) + Ba(t), where By(t) is given by

S e (R elken e)) Tne (Il (olite, e)l) ) duc(b)
vel ((A+e)~1)
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and Bs(t) = Ji(t) — Bi(t). Consequently, for every k € K satisfying that
(key, e = (1+e)7Y, if 1y, <e‘@||vu|<kex,ex>|) — 1, then

(1+e)lePr < o] < (1+¢)edx

Hence, if also 1y, (\|u,;ex\|u,(||vuy<kex, ex>\)ﬂx) — 1, then

[ttge, - < €™

The latter implies that we have d(xo, kzo) < e™'. Together this gives,

Bi(t) < > L Ipy(et(z) dox(z)

t t
VELy, |v|=ePX +O(cePx)

< Z e~

L t
vELy, [v]|=ePX +O(eex)
Using Theorem 1.3.2, there exist constants s > 0 and £; > 0 such that
#{vel,:|v| <T} = (1 + O(T~)),

and consequently
eqt
#{ve L, : (1+e)lePr < |v] < (1+e)ePx} = 28, ds e e +O (2% e P ).

Hence we get By (t) < fy e for all t > —f—’; In(By €).

Let us now bound the term Bs(t), where we integrate over all k € K
such that ¢ < |[(key, e, )| < (1 +¢)~!. The vector (ke,)* = ke, — (ke,, e,)
satisfies

[they - = d(ko, 20) = [[(key) ™| = 1 — [Ckey, ey)] 2 e

In particular, there exists dy > 0 such that |uke, [ |(key, e = doe is
bounded away from zero. Thus, if 11, (Hu,;eXHu—(HvH|<keX,eX>|)fBX> -1,
then 1y, (doc]v|?) =1 and hence

[o] < (1 + )" *Pre(doe) ™ (5.7.4)
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Therefore, for every ¢ > 0, the non-negative term Bs(t) is bounded from
above by

> Lo (¢ TollChey. el ) duc(h)
K((14¢)~H)\K (o)

vely
[v]#x <(14€) +Px e(6ge) !

(5.7.5)
We claim that, for all ¢ = In ((1 4 €)'*#xc(6pe) "), the expression (5.7.5) is
zero. In fact, by (5.7.4) and since ¢ < |(ke,, e,)| < (1 + &), we have

¢ o] [Chey, exd] < e P (14 &) Fre(e) 1) P (1 + )7

and, for all ¢ > In ((1 + &) ™Px¢(dpe) '), the right-hand side is smaller than
(1+:2)7" (and hence 1y, (¢ 7 vl [Ckey, e)]) = 0).

The calculations for J,(t) and J3(t) are essentially analogous to that for
J1(t) and we omit the details. O

5.8 Proof of Theorem 1.2.2

We first generalize | , Lemma 1.4], a useful tool in the theory of metric
Diophantine approximation for deriving effective counting statements from
an L2-bound, to obtain such effective statements from an LP-bound for ar-
bitrary p € (1,2]. The idea of the proof goes back to the work of H.
Weyl | | on the equidistribution of numbers modulo one. Moreover,
W. Schmidt strengthened | , Lemma 1.4] in | ], obtaining the op-
timal error term, though we shall content ourselves with the following weaker
version.

Lemma 5.8.1. Let (f/ vg) be a probability space and let (¢ : Y - — R); pens
be a family of non-negative random wvariables. Let C > 1 be a constant and
(¢Z£)Z€€N* and (¢;)ien+ be families of real numbers satisfying, for alli,( € N*,

0 < ¢, ¢ < ¢, < Cy, and put Ziy = Pig — qﬁm. Assume that Zf’;lal =+
and that for some p € (1,2] and Cy > 0, we have

N
VN e NF YL e N, “ZZM ‘duy Za (5.8.1)
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Let e > 0 and let ({n)n=1 be a sequence of positive integers. Then there is a
constant C3 > 0 such that almost surely

N p%"r&
< Gy (2 6,-) (5.8.2)
i=1

Proof. Let ¢ > 0 and let (¢5)y=1 be a sequence of positive integers. For
every N € N* and y € Y, we define

N

Z iy

i=1

VN e N*,

(N, y) = ien(y)

i=1

E(N,y) = W(N,y) = U(N) = ) Zisy (y).

Let x > 1. For every k € N*, let N}, € N* be the smallest integer with
O(N,) > kP L (5.8.3)

We remark that the sequence (Ny)gen+ is increasing. Next, for every k € N*|
we define the subset Ay of Y by

Ay ={yeY :|E(Ny,y)| > k).

By Chebyshev’s inequality and our assumption (5.8.1), we have

1
05 (40) < e | BN )
pr—1
< Cyk + (4

kpx+pe
<k

Hence >/, v5(Ay) converges. By the Borel-Cantelli lemma, we have, for
almost every y € Y, that there exists an integer k(y) € N* such that for all
k = k(y), we have

|E(Nk,y)| < k™
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and also, by (5.8.3),

x+e

kr+6 sx (l{i o 1)x+6 g (I)<Nk—1)m_1-

Now, for an arbitrary N € N* there exists £ € N* such that N,_; < N < Ny
and

Thus, for almost every y € Y, there exists an integer k(y) € N* such that for
all k > k(y), we have

U(N,y) = U(N)+0 (lIf(Nk) — U(Ney) + @(Nk_m’fl) . (5.84)

Next, we note that, for all kK € N*, we have

pr—2
U(Ng) — U(Ni—y) < B(Ng) — D(Nipoy) S kP72 < B(Nj—y) ot (5.8.5)

We put x = ;J_f, so that the exponents in (5.8.4) and (5.8.5) match. Plugging

this back into pﬁfl, we find that

Zte  24e(2-p) _2+e(2-p) _ 2

p2E—1  p+l+ps — p+l T p+l

+ €.
The proof of Lemma 5.8.1 is complete. O
5.8.1 Upper bound estimate
We recall that, for all £ € N*, we defined
&= (1+Cot?) " e (0,1)
and we let, for every c € [1/2,3/2],
Fe=f{ve X :|uy | <ot 1< vt <e}.

We also defined, for every ¢ € N, the times t; = 8,4 and recall from Section
5.3 that there exists a constant Cy > 0 such that for every 7" > 1 and x € X,
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we have the following lower and upper bounds on the lattice point counting
function # (k;lﬁx N Sﬁx(eT')): for all large enough ¢ € N*, we have

|7’ +1n &, |—1
> S, @tk T)=Co 05 < 4 (k' Ly 0 €5, (7))
i=0
[T'—Iné,]—1
< ) Sdg L@tk T + Cp £,
i=0

(5.8.6)

The proof of Theorem 1.2.2 consists of effectively estimating the left- and
right-hand sides of (5.8.6) and we start with the latter.

Proposition 5.8.2. There exist ' € (0,1) and € € (0,1) such that the follow-
ing holds. Let sy = Mg (F) be the volume of F = Fy and, for every N € N*,
let {x = |N?|. Then for almost every x € X and for all large enough N € N*¥,
we have

N—
Z A7, . t)k'T) + Co 0™ = 30 N + Oy (N'79). (5.8.7)

Using the inequality (5.8.6), by Lemma 4.7.1 and Proposition 5.8.2, this
prove the desired upper bound in (1.2.2). The lower bound in (1.2.2) is shown
analogously and we omit the details.

Proof of Proposition 5.8.2. We recall that Y denotes the K-orbit of the iden-
tity coset I' € €2 and vy is the pushforward to Y under the orbit map k — kI’
of the Haar probability measure px on K. We will apply Lemma 5.8.1 with
(Y,vg) = (Y,vy). Let ¢’ and ({n)nen+ be as in the statement of Proposition
5.8.2. Let us define, for all ¢ € N* and ¢ € N, the function ¢;, : ¥ — R and
the number gzﬁw by

YyeY. 6uly) = Sl @t G- | Sils duo
¢ Q ¢

Moreover, we define the function Z;, : Y — R by Z;; = ¢; ¢ — Eil' Let us
also put ¢, = ¢, (so that, i€ N* and (€ N, ¢, > ¢, ,). By Lemma 5.8.1, we
need to show that there exists p € (1, 2], such that
P

VN eN* V{eN* dvy (y) < N. (5.8.8)

zZ
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Fix ¢ € N* and ¢ € (0, 1] such that the Siegel transform S, maps CC()N() into
LY*0(Q) (see Theorem 1.1.1). Let us simply write 1, for 17 .
‘e

First, we approximate the Siegel transform S, 1, by the J-truncated Siegel
transform Sg)]lg = D5 S\ 1, (with (Ds)se(0,1) as in Lemma 5.7.1) with 0 €
(0,1) to be determined later. That is, we would like to give an upper bound
in terms of the truncation parameter § for

|(saaeoate) - | scae)dua = (5010080 - | sPwedua),,,,

Note that, using Theorem 1.1.1 and Holder’s inequality with p’ = 1 +¢9 > 1
and ¢’ = (1 - .;)7", we have

j 15,1 — SOL| dug = f (S,14) (1 — Dy)| due
Q Q

<(L(Sxﬂe)p/duﬂ>l/ o (A <€ 00

1
Py

Using Holder’s inequality again with p € (1,1 + &¢/2), s = 1 + £¢/2, and
¢=(;— ;)" and Lemma 5.6.1 with ¢ > x1In(6"), we thus have

H <lelgoa(t) — L S, 1, d,UQ) - <S§f> Lo a(t) — JQ SO, du9> H

< [S leoat) - SPL 0 at)],, .y, + L 1S, 1y — S| dug

Lp(Y)

SIS0 08B, oy v (€ Y A(@(t)y) < 8}) 7 4+ g0 )

)
< 654Gt (5.8.9)

Next, we approximate the d-truncated Siegel transform S>(<6)Ilg by the Siegel
transform of the smooth compactly supported approximation function f,, =
fee, with € € (0,1), as constructed in (5.7.2). That is, we would like to give
an upper bound in terms of the truncation parameter ¢ and in terms of the
approximation parameter ¢ for

H (Sié)ﬂf © a(t) - JQ S>(<6)1€> dpg — ( fae o a( ) f S(a)fggd,ug>

Le(y)
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By the mean value formula in Theorem 1.1.1 and by the approximation
properties of f., (see Equation (5.7.2)), we have

| 180 e = SOL dua < [ 1Sfer = Sitil dn = [ (o= 10 s 5
By the estimate in (3.3.3) applied with 1, — f.,, we have

Vge G, [S(Le = fe) ()] Soupp(e—to) MlgD) >
This together with the fact that supp (Ds) € {x € Q2 : A\, (z) = £15}, gives

p-1 o
SO, = fo) 0at)] 1y, < 075

Putting everything together, by Proposition 5.7.2, there exists ¢; > 0 such
that for all ¢ € [—ff—f In(Bye), +0), we have

H (S}({&)h oa(t) — L SO, d/m) - <5>(<6)f€:f od(t) — L SO, d/m) Hmm
< [SPLe0d(t) = SO fep 0@t Ly + f SO 1, — S f. 0| dpse

<H( ( faE HLOC H(S6 fsé OCL HLl +é

<O b e < 5 (1_5)511) (5.8.10)

~

Next, using the effective equidistribution of compact-orbit translates (see
Proposition 5.5.1), we would like to give an upper bound in terms of the rate
of equidistribution on

N p
L Z (Sg)fa,e - L Si(s)fa,z d#Q)

=1

vy = |2 (5010 | 80 fesdun)cato)]
t=1

Le(Y)

Note that, for every f e C*(X), we have SO f e C*(Q). Let us now show
that, for every f e CP(X), we have

VreN*  S.(Sf) appis) S (f). (5.8.11)

First, for every f € C*(X) and every differential operator D as in (6.4.1), we
note that D(S, f) = Sy (Df). Then, by the point-wise upper bound estimate
(3.3.3) for the Siegel transform applied with D f, we have

VgeG, 1S (D9 Ssup(r) Sr(f) Alg) ™.
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Since supp (Ds) < {z € Q : A\ (z) = £'6} and S,.(Ds) < 1, we deduce
(5.8.11), as desired.

We recall that for every i € N, we defined ¢; = §,i. For every 7,5 > 0
we shall write m(¢;,t;) = min{¢;, ¢;, [t; —t;|}. By Proposition 5.5.1, there are
constants ¢ > 0 and C' > 0 such that, using also the estimate for the Sobolev
norm (5.8.11) and the inequality S,(f.,) < e~ (see (5.7.2)), we have

N N
Z(S)((‘”fg,z—f SOf) o) < D (89fr - f SO L) o)
i=1 Q Lr(Y) i=1 @ L3 (Y)
1/2
_ EJ fs)(f)fs,e)o’a\(ti)(s)((é)fe J5(5)f€€>oa( )dyy>
i,7=1 Q
1/2
S 2 C8.(S0f.0)° m>>
i,j=1
N 1/2
ij=1

N 1/2
< 5—Bxd e (Z e—cm(ti,tj)> )

ij=1

Next, we would like to show that

N 1/2
( Z ecm(ti,tj)> S Nl/z' (5812)
1

Z’Mj:

We have

Z efcm(ti,tj) < 2 et — NZefcti < N.

ij=1 i,j=1 i=1
t1<min{t;, [t —t;]}

By symmetry, we also have 3" e~emtiti) < N, and, by letting
t;<min{t;,|t;—t;|}
n =1 — 7 and noting that ¢; — t]j ti—; if 4,7 = 0, we have

N N N N

Z e—cm(ti,tj) < Z Z e—C‘tn‘ < Z (N_ ’n’)e_c‘t‘"‘l S N
b,j= n=—N =1 n=—N
[t;—t;|<min{t;,t;} i€[14+n,N+n]



as desired. Hence, putting everything together, we have shown that

N
2 (5010 — | SO 10) oiie

i=1

< o Axdem N2, (5.8.13)

Lr(Y)

Let x be as in Proposition 5.6.1 and €; as in Proposition 5.7.2. Later we will
choose A, Ay > 0 and let § = N~ and e = N~*2. Let us note that for every
such choices of A1, Ay and for all large N € N*, we have

N

Hie{l,...,N}:t; > max{kA; In N, 5—1‘72 ln(B;/WN)}} 0 <lnN>
- ~ )

Hence the proportion of indices i € {1,..., N} for which Lemma 5.6.1 and
Proposition 5.7.2 do not apply to the time ¢; is asymptotically negligible.
Since we are free to choose A, \s > 0, let us determine them by a heuristic
argument. So suppose for a moment that Propositions 5.6.1 and 5.7.2 hold
for all ¢ = 0. Then using Minkowski’s inequality and combining (5.8.9),
(5.8.10), and (5.8.13), we would have

N
> (ang —f S, 1 d,m) oa(t;)
=1 Q Lp(Y)

< NG mam) 4 5500 5) 4 NV25=Bude= (5.8.14)

By setting

1
- 1 1 1 _ 1
§ = N *G rgr 0o me)  and g = ¢ PUTTRGR) (5.8.15)

the exponents of the three terms on the right-hand side in (5.8.14) match.
Hence we let

1
>\1 = 1 1
26,d(5 — 1o + 11— 5573))
and 1
N = p(l - 1+80/2)
2ol o o1 ep(l - )
P 1+e0/2 D 14e0/2
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Now having fixed \; and Ay, let us show that (up to a multiplicative constant)
(5.8.14) holds true. We recall that, by Lemma 5.4.1, there exists an absolute
constant C' = 1 such that, for every c € [1/2,2/3], we have

supf |9, 17, (@y)|" dvy (y) < C.
Y

t=0

Applying this estimate in the case where t € R, satisfies
t < max{rA; In N, 29, In(BY 2 N)},

using Minkowski’s inequality and combining (5.8.9), (5.8.10), and (5.8.13),
we have

N N N
1
Z (Sx]lg —J Sxﬂg) [¢) /CL\(tZ) < Z 5ﬁxd(1*; + Z C
— Q - .
=1 LP(Y) tiZKi\l 1ln(N) ti<,‘£3\1 lln(N)
N ) N
+ Z 5Bxd(1—g) 4 Z |+ (Sfﬁxd o N1/2
i=1 i=1
ti?f_i(’m ln(ﬁi/"@ N) ti<§_)1(72 1n(/8>1</"/2 N)

< N(§PA073) 4 5=Ad0=5) g0y o N1/2g-Bxder,

Plugging in the formulas for ¢ and e, we have

i <th - L SX]1£> o a(t:)

=1

(3~ 17e72)
1— P 1+eg/2
<N 25 meerttriomen) | (5.8.16)

L(Y)
Consider the function h : (1,1 + €9/2) — R given by

1 1
(5 B 1+50/2)

1 1 1 :
2(5 Tz T 1+rp(l— 1+€o/2))

h(p) =1~

This function satisfies lim,_,; h(p) < 1. Let p € (1,1+¢¢/2) be maximal with
the property that h(p) < i. Then we have

é (sxh _ L Sx]lg) o dlt,)
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Let & > 0 and, for every N € N*, let ¢y = |[N?|. By Lemma 5.8.1, for every
¢’ > 0 and for almost every y € Y, we have

VN e N*, Z S, Ir_ @tk = f S 1r duQN+o<Nﬁ+€’>
Q ‘e
By the mean value formula in Theorem 1.1.1, we have
J SXI[}-;1 d,uQ = )‘)? <fc£—1> .
Q ¢

There exists a constant ' > 0 such that A3 <fC;1) = Mg (F1) + O(™).
Plugging this into the inequality (5.8.6), we have, for all N € N*,

N—
Z (L @tk IT) + Cy £
= A (F) N+ O(IN?] ™) + 0 (NFT+) 0 (IN0)e).
This completes the proof of Proposition 5.8.2 with

12 2
= — :1—— — ~ F .
g Bedp+1 °© pr1 o Ax(F)
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Chapter 6

Counting below the
Diophantine exponent

Here the setting is the same one as in the previous chapter. In particular,
X = G/P denotes a generalized flag variety defined over Q, where G is a
connected semisimple Q-group and P is a parabolic Q-subgroup of G. We
shall again suppose that the unipotent radical of P is abelian. Throughout
this chapter, we adopt the notation introduced in Chapter 4, in particular,
the Q-character x € X*(P)g and the height function H, : X(Q) — R.

In this chapter, we shall count rational approximations to a real point
of X chosen at random according to the Riemannian volume on X = X(R)
with respect to exponents 7 > 0 less than the Diophantine exponent j3,. We
recall that, given a non-increasing function ¢ : R, — R, , for every z € X
and T > 1, we defined the counting function

Ny(a, T) = #{v € X(Q) : d(z,v) < 9(Hy(v), 1 < Hy(v) < T).
Let 7 € (0, By). In the case where 1, : R, — R, is the decreasing function
defined by ¢.(t) = t~7, we will simply write N, (z,T) for Ny, (z,T). We
shall be interested in determining, for almost every x € X, the asymptotic
behaviour of N, (z,T) as T — +o0. Let d denote the dimension of X. In

fact, we will find that there exists an explicit constant s > 0 such that for
almost every x € X, as T' — 400, we have

No(z,T) ~ » TBx=7)d

Counting with respect to exponents below the Diophantine exponent requires
a different approach than the one of Chapter 5. We use the exponential
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mixing of diagonal orbits in the space of lattices, tools from the geometry of
numbers, and a famous counting method due to Eskin-McMullen and Duke-
Rudnick-Sarnak. This method allows for effective estimates. In fact, we even
prove that there exists a positive constant € > 0 such that for almost every
r € X, we have

N (2, T) = 5T (1 + 0,(T79)) .

Finally, in addition to our counting result of rational approximations, we
deduce effective equidistribution of rational points of bounded height on rank-
one flag varieties, improving on an earlier result of Mohammadi and Salehi-
Golsefidy | | in the setting of rank-one flag varieties.

6.1 Method of proof

We sketch here the method of proof of Theorem 1.3.1, which was inspired by
the work of Huang and de Saxcé | | on the local distribution of rational
points on flag varieties and uses a celebrated counting method due to Eskin-

McMullen | | and Duke-Rudnick-Sarnak | .

We recall that, given a non-increasing function ¥ : R, — R, for every
T > 1, we defined in Equation (6.5.1) the region

Ex(T) = {v € X : d(wo, [v]) < ¥(|v]), 1 < |v] < T}.

Let 7 € (0, 8y). In the case where ¢, : R, — R is the decreasing function
defined by - (t) = t™7, we will simply write £.(T") for &, (T'). Using Lemma
4.7.1 in Chapter 4, we translate the problem of counting rational approxima-
tions to z € X of bounded height to counting primitive lattice points within
a growing family (k.&,(T))r=1 in the cone X, where k, € K is any element
such that x = k,P. We find the relation

Ny, T)=[KnP:KnL#(L, nkE(T)).

We prove an asymptotic formula for #(k; 'L, n & (T)) for almost every
r € X. We recall that I' is the stabilizer of V,(Z) in G and the diagonal
subgroup A = {a(y) : y > 0} is defined as in the line after Equation (4.4.3).

The set £(T') is typically not well-rounded; this term was introduced in
[ |, it refers to the regularity property of a set to be almost invariant
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€9

X =PY(R)
Vx =R*\ {0}

Figure 6.1: The set k&, (T) for the group G = SLy(R), X = PY(R), X = R?,
and L, = P(Z?).

under the action of a small ball centered at the identity in GG, and it allows
for asymptotic lattice point counts with an error term. The idea is then to
tessellate &£, (T") dyadically

E(T) = |_|]-"Tj where Fr, = E(T/2\E (T /27*) for all j = 0,
J=0

and to apply to each Fr, an element a(y;) of the diagonal subgroup A in
order to obtain a well-rounded set By, = a(y;)Fr;.
This leads us to the expression
#(k Lo 0 ENT)) = ) #(aly;)k; Ly 0 Br).
=0

Now, using the exponential mixing property of diagonal orbits and the fact
that £, is a finite union of I'-orbits, we show that there exists ¢ > 0 such that
for every T' > 1 sufficiently large and every g € G whose norm is bounded by
7=, one can estimate # (gL, N Br) in terms of the volume of the set By:

# (gL N Br) =wA(Br) (1+0(T7)),
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G = SLy(R)
X =PY(R)
Vx =R\ {0}

~1/2 N
Figure 6.2: The action of a(y) = <y y1/2> with y > 1 on X = R?

contracts the line through e, = e; and expands the line through e,. We
show that for a suitable time yr, the set Br = a(yr)Fr is well-rounded and
the lattice a(yr)k,'Z? is not too distorted for oy-almost every x € X. The
Gauss circle argument thus suggests that # (a(yr)k, 'L, n Br) should be
(up to scalars) approximately given by the volume of Br.
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for some positive constant w > 0. On the other hand, using the ergodicity
of the action of A on the space of lattices and reduction theory, we can show
that the first minimum of the lattice a(y;)k; 'V (Z) is not affected too much.
Altogether, we can thus estimate #(k; 'L, n & (T)) in terms of the volume
of the set & (T). Providing the necessary volume estimates then concludes
the proof of Theorem 1.3.1.

6.2 Reduction of Theorem 1.3.1

In this section, using Lemma 4.7.1, we reduce Theorem 1.3.1 to a statement
about counting primitive lattice points within a growing family in the cone
X. In fact, Theorem 1.3.1 follows from the following result, which provides
an asymptotic formula in terms of the measure of the set £-(7') and whose
proof will be given in Sections 6.3 and 6.4. Recall that the measure Ay on

X has been constructed in (4.4.7).

Proposition 6.2.1. Let vy : R, — R, be a non-increasing function. Suppose
that there exist T € (0,8y) and C > 1 such that C~ 'y~ < ¢(y) < Cy™" for
all sufficiently large y = 1. Then there exist ¢ > 0 and an explicit constant
» > 0 such that for ox-almost every v € X, as T — +o0, we have

# (k'L 0 (D)) = 2 A5 (D)) (1+ 005 (1))

The constant s is explicitly given in (6.4.9). Before proving Theorem
1.3.1, we recall its statement:

Theorem (Theorem 1.3.1). Let G be a connected semisimple Q-group, P
a parabolic Q-subgroup with abelian unipotent radical and X = G/P. Let
Y : Ry — Ry be a decreasing function satisfying that there exist T € (0, )
and C > 1 such that C~ 'y~ < (y) < Cy~" for all sufficiently large y. For
every T' = 1, define the integral

W) = [ vy

Then there exists an explicit constant s« > 0 and € > 0 such that for ox-
almost every x € X, we have

Ny(z,T) =3 ¥(T) (14 O,(¥(T)79)) . (6.2.1)
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The constant s is explicitly given in (6.2.4).

Proof of Theorem 1.53.1. Let ¢ : R, — R, be as in Theorem 1.3.1. By
Lemma 4.7.1 and Proposition 6.2.1, it only remains to provide the desired
measure estimate for £.(T'). Let o be the pushforward of the Haar probability
measure jx on K to the quotient K /K along the quotient map k — kK.
We recall from Section 4.4 that the map of (K/Kp) x A to Xy = G/L given
by (k Kp,a(y)) — ka(y)e, is a homeomorphism and, in these coordinates,
there exists a constant w; > 0 such that the measure Ay is given by

dy(ka(y)ey) = w y~ @+ do (k) dy.

By Equation (4.4.5), the action of a(y) on e, is given by
_ 1
a(y)ey =y Prey.

Using the fact that the norm || - | on V, is K-invariant and |e,|| = 1, the set
E-(T) can now be described as

E(T) = {k:a(y)ex e Xo : d(zo, ko) < w(gf@), 1< yfi < T} :

We denote by Bx(r) the ball of radius » > 0 centered at zy € X. Since
ox is the pushforward of o to the quotient X = K/(K n P) along the map
k(K n L) — k(K n P), we have

dy
1 (kxg)wydo(k
JT Bx JK/KmL Bx(4(y BX)))( o)wr do >?/d+1

= o A w d_y
- [ o

Let volg(X) be the total Riemannian volume of X. As is true for any Rie-

mannian manifold | , Theorem 3.1], for every r > 0, we have
1 w2 d+2
B = volg(X) ™' ——r* + O(r** 6.2.2
x(Bx() = voln(X)™ i+ 00, (622
where F(%fl) is the volume of the unit ball in the Euclidean space R?. Let
us define the constant
/2 X
———— volg(X) " wy.
6)( F(g 1) Vv R( ) w1
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1
Using the change of variable y — y Px, the assumption ¢(y) = y~ 7, and
defining, for every T > 1, the integral ¥(7T') = Sipw(y)dyﬁxd%, we have

A (E(T)) = Bxf oX<BX<w<y>>>yﬁxdwl% (62.3)

T d
J w d Bxd y + O <J y(ﬁxT)dZT_y>
1 1 Y

= 2 U(T) +0(T<ﬁx T)d=2Ty
= 2W(T) (1+O(¥(T) 771))

Let ¢ > 0 and s’ > 0 be as in Proposition 6.2.1. This establishes the proof
of Theorem 1.3.1 with

|
A\

d/2

w=0KnP:KnL|” m

volg (X)) wy 5. (6.2.4)

2T

Bond) -

and ¢ = min{e’,

6.3 Diagonal action and well roundedness

Let ¢, 7, C' be as in Proposition 6.2.1. To establish the lattice point counting
in Proposition 6.2.1, we use the exponential mixing property of a certain diag-
onal flow and the well-roundedness property of certain sets, in the spirit of the
counting method developed by Eskin-McMullen | | and Duke-Rudnick-
Sarnak | |. However, the set £.(T) is typically not well-rounded with
respect to the action of G. For every T > 1, we define

Fr={ve X :d(w,[v]) < o(lv]), max{1, 7/2} < o] < T}.
The idea is to first tessellate £, (T") dyadically:

T)=| |Fr, where T, =T/2, j > 0.

>0
It will turn out that, for every T' > 1, if we set yr = T, then the set

Br = a(yr)Fr
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is well-rounded as defined below. The purpose of this section is to establish
the well-roundedness of the family B = (Br)7rs1.

We shall work with the following definition. Let dg(-, ) be a left-invariant
Riemannian metric on G and Bg(r) the ball with radius » > 0 and center
1 € G. Our definition is inspired by that of | , Section 3.2, which in
turn is inspired by the work of | ].

Definition 6.3.1. A family B’ = (B/)r>1 of Borel subsets of X with finite
measure for Ay is said to be well-rounded if there exist constants C; > 0,
dp > 0, and Ty > 1 such that for all § € (0,0¢) and T > T, the sets

Biﬂézz U gBr and Br;:= ﬂ gl

geBa(6) 9€Ba ()
satisfy
Ay (B’Tﬁ N 5;76) < C1oN5(BL). (6.3.1)

Let (x;)jes be the finite family of Q-weights of the representation (m,, V)
and (V;),es the corresponding Q-weight spaces, explicitly given by

Vi={veV,: VyeR}, a(y)v = x;(a(y))v}.
Then the vector space V, decomposes as a finite direct sum

V=@V, (6.3.2)

jedJ
By our choice of inner product on V,, the subspaces V; are mutually orthog-

onal (see Section 4.1). We denote by 7+ : V,, — V, the orthogonal projection
onto Re, and we simply write v* for 7% (v).

For all § € (0,1) and y > 0, we define
Py () = (1+0) (1 +0)y) and i (y) = (1+8)y((1+6)""y). (6.3.3)

Using these functions 15 : R, — R, we define the sets

Frs = {ve Ko dlwo, [v]) < 5 (ol), (1+0)F < o] < (1+8)7'T}
and

Frs = {ve Ko do, [v]) < v (Jol), (1+0) 7% <ol < (1 +0)T}.
Then we put

Brs = alyr)Ers and ET,& = a(yT)J_-"T,g. (6.3.4)
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Lemma 6.3.2. For all T > 1 large enough and w € Br, we have |w| =
Jw™].

Proof. For all T > 1 large enough, every v € Fr satisfies that [v] € X is
close to xy. Since the map ¢ : u= — X given by ¢ : u= — exp(u )z
parametrizes a neighborhood of xy € X, there exists a unique u, € u~ such
that [v] = exp(u, )ro. Moreover, there exists a unique y, € R} such that
v = texp(uy)ay,e,. Without loss of generality, we may assume that v =
exp(u, )ay, ey. Using the definition of a, = exp(log(y)Y,) and the fact that ~

is abelian, the adjoint action of a, on =~ = T,, X is given by Ad(a,)u™ = yu~
(see | , Lemme 2.4.2]). Hence the element w = a,,v € Br can be
written as

Ay U = exXp(Yriy, ) Ay, Ay, €.
The elements yru, stay in a fixed compact neighborhood V' of the origin in
u~. In fact, by the estimate (4.2.1), we have |Ju, |- = d(zo, [v]) < ¥(|v]) <
T~7, and hence
yr g |- < 1.
This implies that
lwl = llay,ay,ex| = x(ayay,)- (6.3.5)

On the other hand, we observe that for every v~ € u™ and y € R}, we have

ayexp(u”)e, = exp(yu~)x(ay)e,.

Thus the vector exp(u~)e,, gets expanded under the action of a, at the high-
est possible rate x(a,) as y tends to zero and we must have ||(exp(u™)e, )| >
0. By the compactness of V', we thus have |(exp(u™)e,)"| = 1forallu™ e V.
This yields

lw™ | = x(ayay,)|(exp(yruy)ey) " | = x(ay,ay, ). (6.3.6)
Putting (6.3.5) and (6.3.6) together completes the proof of Lemma 6.3.2. [J

Lemma 6.3.3. There ezists ¢; > 0 such that for all T > 1, § € (0,1),
g € Bg(c16), we have B
ﬁT,é - gBT - BT,&- (637)

Proof. We prove the right inclusion in (6.3.7); the proof of the other inclusion
Brs S gBr is essentially identical and we omit the details. To simplify the
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notation, for all g € G and T > 1, we write g7 = a(yr) ‘ga(yr) and for
vE )?0 we denote by v = [v] the corresponding projective point.

Fix 6 € (0,1). First, using the fact that By = a(yr)Fr and Brs =
a(yT)fTV(;, we note that the inclusion gBr < BTﬁ holds if and only if grFr s <
7:735. Therefore, using the definitions of Fr; and 7-"@5, we need to show
that there exists a constant ¢; > 0 such that for all 7" > 1, v € Fr, and
g € Bg(c16), we have

1) (@+9

(2)  d(zo, grv) < ¥y (|grvl)).

Since each v € Fr satisfies T'/2 < |v| < T, in order to prove (1), it suffices
to show that

< [grof < (1 +0)T,

no| N

(1+0) vl < llgroll < (1+8)|v]. (6.3.8)

We first show the right inequality | grv|| < (1+0)|v| in (6.3.8). Applying the
triangle inequality, one has |grv| < |v|| + ||[grv — v||. Thus, we are further
reduced to showing that for all g € Bg(9),

lgrv — o[ < 6]v]. (6.3.9)

Then, by decomposing v = ;;_; v; (recall that we assumed that v; = v"),
into weight vectors according to (6.3.2), for every j € J, we have

1

L —_—
lgrv; = v5]l < yP|galyr)v; — alyr)vjl < yr*lalyr)v] < dlv*],

where for the last inequality we used that |a(yr)v;| < |a(yr)v?| = yi vt
which follows from Lemma 6.3.2. This implies (6.3.9), which is the right hand
side of (6.3.8). The proof of the other inequality in (6.3.8) is very similar
and we omit the details.

Let us now show Assertion (2). Using (6.3.8) and the fact that v is
decreasing, we have

U5 (lgrvl) = (1+ 0w (1 +0) " grvl) = (1 + 8)v(|v]).

Thus, it is enough to check that

d(xo, grv) < (1 +0)¢([lv]). (6.3.10)
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Using the triangle inequality and the fact that v € Fr satisfies d(zg,v) <
Y(||v|), we have

d(xo, grv) < ¢(||v]) + d(v, grv).
Therefore, in order to prove (2), we only have to prove that, for every T > 1
and v € Fr, and for all g € Bg(), we have

d(v, grv) < 6¢([vl). (6.3.11)

We then have

d(v, grv) = d(exp(u, )zo, gr exp(u,, )zo) < d(zo, exp(—u, )gr exp(u, ) o).
Conjugating exp(uy, ) by a(yr) yields
exp(—u,, )gr exp(u, ) = a(yr) " exp(— Ad(a(yr))u, )g exp(Ad(a(yr))u, alyr).
Using the decomposition G = U~ P, where U~ = exp(u~) is the unipotent
subgroup opposite to P, we may write exp(— Ad(a(yr))u, )gexp(Ad(a(yr))u, ) =
exp(u')p with «' € U~ and p € P. The distance we want to bound is then
d(v, grv) < d(zo, a(yr) " exp(u')zo) = d(wo, exp(Ad(alyr) ")u')zo) < yr' |u']u-.

Using the definition yr = T7 and the inequality T-7 < ¥(|v]) gives y;' <
¥(||v]). On the other hand, using again that | Ad(a(yr))u, |~ < 1, one has

[/~ < de(1, exp(u’)p)
= da(exp(Ad(a(yr))u, ), g exp(Ad(alyr))u, ) < da(l,9) <0,
as desired. 0
Proposition 6.3.4. The family (By)r=1 is well-rounded.

Proof. Let ¢; > 0 be as in Lemma 6.3.3. We show that the_re exists C7 > 0
such that for all 7' > 1 and 6 € (0,1), the Borel subsets Brs and By as
defined in (6.3.4) satisfy

Brs< () 9Brs |J 9Br<Bus

gGB(;((315) gEBc;(C15)

and Ag(Brs N Brs) < CidAg(Br). The inclusion relations follow from
Lemma 6.3.3. Thus, using the G-invariance of the measure A, it suffices to
show the measure bound

)\)}(‘TT,S N £T,6) < Cﬂ”\&(f:p).
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We have 7T75 N Frs S R U Ry U Rz, where

~ U5 <Z/_E> < d(wo, kxo) < b5 (y_@> ;
Ry =< ka(y)e, € X - X ,
(1+0)E <y x<(1+6)7'T

L dlwekng) < 0f (),
Ry =< ka(y)e, € X : X )
(1+6)"' L <y " <(1+6)%
and

~ d(.ﬁlﬁo,kxo < 1/}6 ( ﬁi
Rs = < ka(y)e, € X :

(1+6) T <y ™ <(1+06)T

Let us start with giving an upper bound on the measure of R;. By the
arguments given in (6.2.3) in the proof of Theorem 1.2.2, using the change
1

of variable y — y #x, we have

(1+6)7 T

(s [ o (Bt )~ Be(vr () 442

By | , Theorem 3.1], for all 0 < r < r; small enough, the volume of
the difference of two small balls centered at zg satisfies

ox(Bx(r1)\Bx(r2)) < 1 =19 (6.3.12)

Using this estimate, we have A3 (Ry) < [y — I, where

(1+6)~'T d (1+8)~1T d
Yy _ Yy
h=£ i )y, h=£ s (y)'yP

1+6)T 1+46)Z Y

Using the change of variable y — (1 + §)~!y in I; and rearranging, one gets
_ 7 _ 7@
L =1 1”7, where

1) i 4 ey
IV =(1+90) (1+5) J; Y(y) yx ?,
@) i 4 4 5.ady
11=u+®“mf byt
(1+6)—2T Y
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Similarly, by the change of variable y — (1 4+ )y in I, and rearranging, we
have I, = 12(1) — [2(2), where

T
B dy
Y = (14 6)74080 | g (y)dyi=L
z Yy
(1+5)2% d
)
1 = (g [ gty

2

Let us show that ]{1) - 12(1)’ I{Q), 12(2) < 0A g (Fr). We have

[1(1) _12(1) (<1+5) (I4+8x) _ (1+5> 1+5>< f w ,Bxddyy

< A5 (Fr).

Next, using that ¥ (y) = y~" and evaluating the integral, we have

T

)yt
146)—2T Y
T

(1+5) (1+8x) f y(BX_T)d_l dy
(14+6)—2T

< (1+ 5) (1+8y) (T(BX*T) —((1446)" 2T) (Bx—7)d )
(]_ =+ 5) (1+8x) (1 ((]_ + 5) ) (Bx—T)d )T(/BX_T)
§TED = § ) (Fr).

I() (1+5) (1+8y) f
(

A

By symmetry, we also have 1. 52) < 60X (Fr), as required. The measure bounds
A (R2) < 0 A5 (Fr) and Ay (R3) < 6A5(Fr) are shown similarly, and we omit
the details. ]

6.4 From exponential mixing to counting

In this section, we use the exponential mixing property of A, an ingredi-
ent from the geometry of numbers, and the well-roundedness of the family
(Br)r=1 in order to prove Proposition 6.2.1.
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6.4.1 Sobolev norms

Following | , §3.6, §3.7], we introduce a function ht : 2 — R and a
degree ¢ € N Sobolev norm S, on the space C(Q2) of compactly supported
smooth functions on 2. More precisely, we fix an Ad(K)-invariant Euclidean
norm | - |, on the Lie algebra g of G such that |[u,v]|; < |ullv], and
choose a rational Ad(I")-stable lattice gr < g satisfying [gr, gr] < gr. For
every z € Q) = G/I', we then set

ht(x) = sup {H Ad(g)vH;1 cx =gl vegr~ {0}}

Let us show, using lattice reduction theory, that there exist constants c3 €
(0,1) and kg > 0 so that the map G 3 g — gx € Q is injective for dg(1,9) <
csht(z)~". Let x € G/T" and suppose that ¢;, gs € G satisfy g1z = gox and
dg(e, g;) < csht(x)7" where the values of the constants c3 > 0, ko > 0 will
still be determined. Choose g € G with z = gI'. Then g, 'g; stabilizes the
lattice Ad(g)gr. For every non-zero v € Ad(g)gr, we have |v| > ht(z)~.
The covolume of Ad(g)gr is independent of g and by lattice reduction theory
Ad(g)gr admits a basis vy, ..., Vdimg Such that, for every i € {1,...,dim g},
we have |v;| < ht(2)d™8=1, Thus, if we choose kg = dim g and c3 sufficiently
small, we have

lg2 g1vi — il < da(1, 95" g1) vl < ht(x)~"

for every i € {1,...,dimg}, and thus g, 'g; fixes Ad(g)gr pointwise. Thus
g5 *g1 belongs to the finite center of G. By choosing c¢3 > 0 small enough,
the claim follows.

Given a lattice A in g, we denote by A(A) the first minimum, that is,
the length [|v| of the shortest non-zero vector v in A. In particular, we have
ht(gT") = A\ (Ad(g)gr)~'. Each element Z in the Lie algebra g of G defines a
first order differential operator Dz on C*(2) by

Voe CF(Q), Vo eQ, Dzp(x)= 4 o(exp(tZ)x).

dt lt=0
Let D be the dimension of g and let B = (Z;)1<i<p be an orthonormal basis
of the real vector space g. Then, for all (ji,...,jp) € NP, the monomial
Dy =D} o oDp (6.4.1)
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defines a differential operator of degree deg(Dy) = j1+---+jp. Forall £ > 1
and ¢ € C*(Q), we define the L?-Sobolev norm S;(¢) of ¢ by

S€(¢)2 = Z Hht(x)g D‘ﬁ“%%m»
D

where the sum ranges over all monomials D in the chosen basis of degree < /.

6.4.2 Equidistribution of translated L-orbits

The following equidistribution result, derived from the effective equidistri-
bution of translated horospherical orbits (see | , Proposition 2.4.8]), is
probably standard. For the sake of completeness, we include a proof. We
recall that L denotes the stabilizer in G of the vector e, and that {2 denotes
the homogeneous space G/I". For every g € G(Q), we consider the stabilizer
'Y = gT'g™' n L in L of the rational point z = gI" in Q and we equip the
quotient L/T"Y with the unique finite L-invariant measure /i, sre induced from
the Haar measure py, on L.

Lemma 6.4.1. Let (Q be a compact subset of G. There exist ¢ > 0 and { €
N>, depending only on G, such that, for every g€ G(Q), g€ Q, 0 <y <1,
and ¢ € CP(Q),

L/rg P(qaylg) dugrs (1) — prrs (1) po(@)| <gere ¥ Se(9). (6.4.2)

Proof. We recall from Section 4.5 that L° is the semi-direct product of the
reductive Q-subgroup M of G and the unipotent radical U of P. Without
loss of generality, we may assume that the total volume of L/ is 1. Note
that the group (L°)(R) is open and closed, normal, and of finite index in
L = L(R), so (L°)(R)/(I'Y n (L°)(R)) is open and closed in L/T", and the
latter is the union of a finite number of translates h(L°)(R)/(T'Y n (L°)(R))
with h € Z(A) (since L ¢ P = Z(A)xU and U is connected). Hence, we may
further assume that L = (L°)(R). In particular, we have L = M x U. Note
that I'Y, = 'Y " U and I}, = ' n M are lattices in U and M, respectively.
Let us denote by fuyy/rs and fipr/re the unique U and M-invariant probability
measures on U/TY, and M /T, respectively. Let Q' be a compact subset of
G. We recall that G is assumed to be simply connected and almost Q-simple.
Hence, by the definition of Y, in (4.4.3), for every projection p; : g — g; onto
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a Q-simple factor g; of g, we have p;(Y,) # 0. Thus, by Theorem 4.6.1, the
flow a, = exp(In(y) Y,) is exponential mixing on €. Therefore, by the proof
of | , Proposition 2.4.8|, there exists a constant ¢ > 0 and ¢ € N*|
depending only on G, such that, for every g € G(Q), ¢ @', 0 <y < 1, and
¢ € CX(G/T), we have

<gara ¥ Si9). (6.4.3)

f blaayug) iy oy (1) — ()
U/ry,

By | , Corollary 6.4], the semi-direct product I'{, I'{; has finite index in
I | and we may, without loss of generality, assume that I'} = I'Y, 'Y, Let us
now show that, for every ¢ € CP(Q),

f fb(qaylg)dm/r%(l):f f ¢(qaymug) dpiy s (u)dpa g, (m).
L/rd My, Jure,

(6.4.4)
We first observe that conjugation by v € I'Y, defines a map from U/T'{; to
itself and sends the U-invariant probability measure pre, to a U-invariant
probability measure, which, by uniqueness, must be [ /T8, - Thus, for every

¢ € C.(L/TY), the map m > SU/F?] ¢'(mu) dpgrs, on M defines a well-
defined function on M /I",. Note that

M) = [ | ) dueg (), (m)
myre, Jure,

M

defines a positive L-invariant linear functional on C.(L/T'7). Thus, by the
Riesz-Markov-Kakutani representation theorem, there exists a unique con-
stant ¢y > 0 such that for every ¢’ € C.(L/T'?), we have

J Qb/(l) dML/FgL(l) =G J J ¢’(hu) dMU/Fg, (U)dﬂM/FgJ(h>~
Lry M/T3, JUTY,

/

By Lebesgue’s dominated convergence theorem, this equality still holds for
¢ = 1. Hence, we have ¢y = 1. Since the restriction of ¢(ga,-) to LI'/T9 =
L/T is a continuous compactly supported function, equation (6.4.4) follows.
As in Section 4.5, we let & be a Siegel set of M with respect to I'}, and we

let C' < M(Q) be the finite subset such that M = & CT¥,. Therefore, for
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every g € G(Q),qe Q,0<y<1and ¢ € CP(Q),

¢(qaylg) dpgrs (1) — un(fb)‘
LT

= J J P(gmayug) duU/rg,(U)duM/riI(m)—ua(aﬁ)‘
myr9, Jure,

<)X

S ceC

dpips(m).

f plameayug) iy ey (1) — o)
u/ry,

We recall from Section 4.5 that, for every ¢ € (0, 1), we defined
S(0) = {me&: \(Ad(h)gr) < d}.

By (4.5.2), there exists a constant ¢; > 0 such that, for all § € (0,1) small
enough, we have 113/(&(6)) < 0. In particular, using that |¢| < [|¢] =),

we have
| . lamenyug) diey () (&) di m) < 90 0°
U/Td

(6.4.5)

Denote by &(6)¢ the complementary subset of G(J) in &. By (4.5.5), for
every m € &(6)¢, we have | Ad(m)| < é~'. Moreover, by | , Section
3.7], provided ¢ is large enough, there is ¢o > 0 such that, for every g € G
and ¢ € C2(92), we have Sy(g - ¢) < [Ad(g)[* Si(¢) and [¢]Le() S Se(d).
Applying (6.4.3) with the compact subset Q' = Q &(0)° C of G (but keeping
the dependency on m € &(§)° explicit), we have

oo 2

¢ ceC

f p(gmeayug) dpgrs (w) — po(@)| dpim(m)
U/TY,

Ngcmj Sy | Ad(m)|=Se(6) dpuar(m)

e

<¢,GT,Q J yc 0728u(¢) dpups(m)
&(6)°

Seorq ¥ 07 S(9) (6.4.6)
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Therefore, combining (6.4.5) and (6.4.6), we have

< y° 6728(9) + 5USy(9).

j o(kayl) dugyrs (1) — pia(6)
Lrd

Setting § = y01ic2 proves Lemma 6.4.1 with ¢ = ¢ (1 — C—2> O

c1+c2

6.4.3 A lattice point counting lemma

The following lemma is one of the key ingredients to Proposition 6.2.1, hence
to Theorem 1.3.1.

Lemma 6.4.2. There exist constants ' > 0, ¢ > 0, and Ty > 1 such that
for all T > Ty and all g, € G with ht(g;[") < T¢, we have

# (91£X N BT) = %/)\<BT) (1 + O(T_E)) .

Proof. We analyze the contribution of each I'-orbit in £, separately. In fact,
by a theorem of Borel and Harish-Chandra | , Proposition 15.6], the
set of double cosets I'\G(Q)/P(Q) is finite. Moreover, according to | :
Lemma 2.6], one has (G/P)(Q) = G(Q)/P(Q). As a consequence, X(Q)
is a finite union of I'-orbits and, since there is a one-to-one correspondence
between X (Q) and lines passing through elements of £, there exist finitely
many vi, ..., 0, € £, such that

= |i| T'v;, (6.4.7)
i=1

and we can pick 7; € G(Q) and A; > 0 such that v; = \;7;e,. Note that
L, = TiLTi_l is the stabilizer of v; in G and put I';, = I'n L;. Then for every
g € G, we have

#(gLy N Br) = Z (gT'v; N Br) = Z Z 15, (97v;), (6.4.8)

=1 ’YEF/FLi
We now fix 1 <4 < k and define the function F : Q2 — R by

FPGD) = > g, (7))

’YEF/FL,L-
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Using Weil’s integration formula (2.3.3) and the change of variable g7; — g,
for every measurable bounded function ¢ : 2 — R, we have

(Y, $y1200) = ] > s (g7v:) (g dug(gT)
G/T yer/ry,

] 1, (gvi)¢(9l) dpcyr,,, (91'L,)

G/,

J y HBT (A’Lgex)as(g/rl_lr) d/“’LG/‘r.ilrL_Ti (g(Ti_lrLiTi>)'
G T,L_IFLZ.TZ' ‘ ¢

Let us write I'; = Ti_eri and hence Ti_lf ;7 = I'in L. Using Weil’s integra-
tion formula (2.3.3) again, together with the measure decomposition of pg
and the fact that L fixes e,, we have

<F¥)7 Prr20) = f~ J 1g, (Nika(y)ey)p(ka(y)lr ") dupr,~ (LN L)dA ¢ (ka(y)ey).
X JorinL

Let us carry out the change of variable yy; — y with y; = A, g X, so that
1 ,
a(y)e, = y; e, = \iey. Then <F¥), ®)12(q) is given by

[ 1o ratren (7 otbat) o))t )) s hatysen)

X

In particular, setting ¢ = 1, we have
f Fr}i) dpo = v; A3 (Br), with v; = )‘z'_ﬂxd/lL/TflrL_n (L/77'Tm) .
Q 7 K2

Hence we only need to show that there exists € > 0, independent of i, such
that for all sufficiently large 7" and for all g; € G with ht(¢;I") < T, we have

EX (i) = # (1T 0 Br) = v A3 (Br) (1 +O(T79)) .

We will obtain Lemma 6.4.2 with

¥ = Z v = Z )‘;BXdML/Ti—lrLin (L/77'Tm) . (6.4.9)

=1 =1

Note that

sup {y e R : Ik € K, ka(y)e, € Br} < T~ A",
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Let w; = )\fxdyi. For all ¢ € CF(£2), by Lemma 6.4.1, we have

<F¥)7 ¢>L2(Q) — U A)?(BT) L ¢ dpg

< J 1, (ka(y)e ) A
X

f d(ka(y:)  a(y)lr; ") dpgr,~L(l)
L/TinL

— W J (;Sdug
G/T

[ e ratwre ) drstraten) sico

g(
X

< T2z (Br) Si(9).

dAz(ka(y)ey)

Let ¢; > 0 be as in Lemma 6.3.3, and let O = (Os)g<5<1 with
05 = Bg(clé).

Recall that for every x € Q, the positive number czht(z)™"° is a lower bound
for the injectivity radius at z. Using [ , Lemma 2.4.7], for each £; > 0
and g; € G with ht(g,I') < T=', we let ¢ € CF(§2) be a non-negative function
so that

(2)  Supp ¢ € Os5.9:T with § = 3T < cght(g ) 7",

(3) Si(¢) < TP, where D = k(£ + (dim G)/2) + .
Putting everything together, we obtain the averaged counting result
), ) r20) = vi A g (Br)| £ TP\ o (By).
Using Proposition 6.3.4, the family (Br)rs1 is well-rounded, and we showed

that there exists Cy > 0 such that for all sufficiently large 7" > 1 and d € (0, 1),
there are Borel sets By s, Br,s satisfying

ET,(; < ﬂ gBr < U gBr < ET,(S

96(95 9605
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and Az (Brs ~ Brs) < C16A5(Br). For § = ¢;T~%0 € (0,1), define

Frs(9) = Y, ls,,(97mey) and Frslg) = Y. 1g,,(977i€y).

el /T, Yel/T',
Then for gI" € Supp ¢, there exists h € Os such that gI' = hg;[". Thus
Fr5(9) = Frs(hgr) = # (aiTrex 0 h7'Brs) < Fy(g0).
Multiplying by ¢(g) and integrating over the support of ¢ gives
(Ers o < Fr (o).

Similarly as above, we can estimate

‘<ET,57 Pyar — Vidg (ﬁT,5)| < Tﬁc(ﬁX*THElD}\X (Brs)-
Moreover, from Ag(Brs ~ Brs) < C16A 5 (Br) we get

Ag(Brs) = (1= C16)A;(Br).

Therefore, one has

F}i) (91) = virg(Br) = (Ep s, ¢)cr — virg (Brs) + vidg (Brs) — vidg (Br)
> _ch(BXfT)+E1D)\)~<(§T76) _ C15>\)2(BT)
> —(T~BAFal L peairo)\ o (By).

Similarly, using the subset Br s, one can show that

Fi (1) = vidg(Br) < (T2 4 7200 g (Br,).
Together, this gives

Fi (1) = vidg (Br)| S (T8 4 720\ (Br,).

Setting ¢ = C(Dﬁi—;of) proves Lemma 6.4.2 with ¢ = ; and s/ given by Equa-

tion (6.4.9). 0
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6.4.4 Proof of Proposition 6.2.1

Proof of Proposition 6.2.1. By the proof of | , Theorem 2.4.5], using the
ergodicity of the action of A on the probability space (€2, ugq), for ug-almost
every g € (G, we have

lim B (A1 (Ad(a(y)g)er))

Jim ) — 0. (6.4.10)

For every p € P, there exists p, € P such that, as y — +00, we have
a(y)pa(y)~* — py. Hence the above limit only depends on the class Pg of g
in P\G. Therefore, for ox-almost every x = k, P € X, we have

i O (Ad (@)l ar))

lim i) — 0. (6.4.11)

Plugging in the definition yr = T7 of yr, there exists a full measure subset
Xo € X such that for every x € Xy, we have, as T' — +o0,

M (Ad(a(yr)k; Ygr) = T°W. (6.4.12)

Fix z € X,. Since £, = | |,;.,. I'v; is a finite union of I'-orbits (see (6.4.7)),
it is sufficient to prove that there exists € € (0, 1), independent of i, such that
for every sufficiently large T > 1,

# (k;'Tv; 0 E(T)) = vidz(E(T)) (1 + O,(T7)). (6.4.13)
Recall that for every T' > 1, we defined
Fr = {ve Ko dlwo, [v]) < ¢(Jo]), max{1,T/2} < o] < T}.
With T; = T'/27 for every j € N, this gives the disjoint union

E(T) = | | 7o,

§=0

and therefore

# (kT 0 E(T)) = > # (k' Tvi n Fr) . (6.4.14)

j=0

For a given T' > 1, we now analyze and estimate each term # (k, 'T'v; n Fr)
individually. In view of (6.4.12) we have ht(a(yr)k;'T') = T°M). Hence
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Lemma 6.4.2 and the invariance of the measure Ay under A since By =
a(yr)Fr imply that for all sufficiently large T' > Ty,
# (k; 'Tv; 0 Fr) = # ( (?JT k, 'Tv; n Br)
= Fr) (14 0,(T7))
) (14 0.(T79)).

Note that

Z 7 (k:ZlFTiex a ‘FTJ') - Z Vi)‘)?<-7:Tj) =0, (2 Tje)‘)?U:Tj)> .

T;<To T;<To j=0

Returning to (6.4.14), we deduce that

# (k,'Tvi 0 E(T)) = > # (k,'Tvi 0 Fr)

J=0

= > # (K Toin Fr) + > vidg(Fr) + 0a | D T A5 (Fr)

Tj <Ty Tj >To Tj >To

— v A3 (E(T) + O, (2 Tjw(ij)) .

j=0

Thus to prove the formula (6.4.13), it suffices to show that if € € (0,1) is
small enough, then

DT A (Fry) < TAz (E(T)).
7=0
Using the volume estimate
T

d —T T —(By— -7
Ae(Fr) < J B gy < T () g-(emnay

Jj+1
T+

and choosing € > 0 smaller than (8, — 7)d if necessary, we get

J
—€ (Bx—T)d—e x—T)d—¢ 1
DTN (Fry) £ DT, < TPy (W>

§=0 7=0 §=0

< T A (E(T)).
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6.5 Proof of Theorem 1.3.2 and a corollary

In this section, we briefly explain how Theorem 1.3.2 follows from the proof
of Theorem 1.3.1.

For the reader’s convenience, we recall its statement. Recall that, for
every € X and radius r > 0, we denote by B,(x) the open ball in X with
center x and radius r, and we define the counting function

Ny(z,r,T) =#{veX(Q):ve B.(x), 1l < H,(v) <T}.

Let 1, : R, — R, be the constant function defined by v,.(t) = r. Then, in
the notation of Theorems 1.2.2 and 1.3.1, we remark that, for every x € T
and T > 1, we have N, (z,r,T) = Ny, (z,T).

Theorem. Let X = X(R) be the space of real points of a generalized flag va-
riety X = G/P, obtained as the quotient of a connected semisimple algebraic
Q-group by a parabolic Q-subgroup P with abelian unipotent radical. Then,
there exists an explicit constant » > 0 and € > 0 such that for all r > 0 and
re X, as T — +oo0, we have

No(z,r,T) = 5Ty (B,(z)) (1 + O.(T7°)).

Proof of Theorem 1.3.2. Let the constant s > 0 be given as in Equation
(6.2.4). Fix x € X and r > 0. For every T' > 1, we define the set

E(r,T) = {v e Xy d(zo,[v]) <7 1< o] < T} . (6.5.1)
By Lemma 4.7.1 applied to ¢ = 9, for every x € X and T' > 1, we have
Ny(z,r, T)=[KnP: KL # (k'L nE(r,T)).
For T' > 1, we define
F(r,T) = {v e Xy : d(xo, [v]) < r, max{1,T/2} < |[v| < T} .
We tessellate £(r, T') dyadically:

Er,T)=| | F(r,T;) where T; =T/27, j > 0.

Jj=0
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For any d € (0,1), we define the sets

F(r,T,5) = {v e Xt d(wo, [v]) < (1+0)"r, 14 6)T < o] < (1+ 5)—1T}

and

F(r,T,8) = {v e Xyt d(wo, [v]) < (1+0)r, (1+0)'L < o < (1+ 6)T} .

Then, following the notation of Lemma 6.3.3, we simply put (without apply-
ing an element of A)

B(r,T,0) = F(r,T,5) and B(r,T,) = F(r,T,6).

Then Lemma 6.3.3 and Proposition 6.3.4 still apply, and hence the family
(B(r,T))r=1 is well-rounded in the sense of Definition 6.3.1. In the proof of
Proposition 6.2.1, we used the ergodicity of the action of A on G/T" to show
that for almost every x € X, we have

M (Ad(a(yr)k;YHgr) = T°V  as T — +oo.

Since here yr = 1, and hence a(yr) = 1, we have, for every x € X, that
A (Ad(a(yr)k;')gr) = 1 and hence also ht(a(yr)k;'T) = 1. Hence, by
Lemma 6.4.2, there exist constants s > 0, & > 0, and Ty > 1 such that for
all T > T,

#(@fﬁxmlﬂnlﬁ)=;4Agaﬂniﬁ)<1+CXT“d».

The proof now proceeds similarly (with 7 = 0 and ¢ = 1,) as the one of
Proposition 6.2.1. Thus, by choosing ¢ = min{¢’, 5,d/2}, we get

# (k'L nET)) = Az (E(r,T)) (1+0(T7)).
By the volume computation in the proof of Theorem 1.3.1, we have

1 dy
AEED) = [ | g (han)wn dolh)
T-Px JK/KnL Yy

1 dy

= fTBX Ux<Bx(7’))W1 W
1

= Ewl Ux(BX<T‘)) Tﬂxd + 0(1),
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as required. This proves Theorem 1.3.2 with ¢ = min{¢’, 5,d/2} and

1
%z%’E[Kr\P:KﬁL]’lwl.

]

Let X = X(R) be the set of real points of a generalized flag variety, ob-
tained as the quotient X = G/P of a connected semisimple algebraic Q-group
by a maximal parabolic Q-subgroup P. Without the assumption that the
unipotent radical of P is abelian, we can still asymptotically count rational
points of bounded height in X. This complements the work of Mohammadi
and Salehi Golsefidy | , Theorem 4], where they additionally assume G
to be simply connected. This estimate is used in the proof of Lemma 3.3.1.

We equip X with the Carnot—Carathéodory distance d(-,-), whose con-
struction is detailed in | , §2.2]. In the case where the unipotent radical
of P is abelian, this distance is a Riemannian distance.

For every T' > 1, we define the function
NU(T) =#{veX(Q): Hy(v) <T}

counting rational points in X of height bounded by 7. Indeed, observe
that the Carnot-Carathéodory distance, for which we were not able to derive
estimates similar to (6.2.2) and (6.3.12), is not involved in the definition of
N, (T). Therefore, the steps in the proof of Theorem 1.3.2 above still apply,
and we get the following asymptotic estimate.

Corollary 6.5.1. Let X = X(R) be the set of real points of a generalized
flag variety X = G/P, obtained as the quotient of a connected semisimple
algebraic Q-group by a mazimal parabolic Q-subgroup P. Let H, be a height
on X(Q) corresponding to a highest Q-weight x of G. Then, there exists an
explicit constant » > 0 such that, as T — 400, we have

N(T) = 5T (1+0(T7)).

6.6 Applications

We briefly outline how our applications fit within the framework of Theorems
1.2.2 and 1.3.1.
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6.6.1 Projective quadrics

Let n > 1 be a positive integer, and let @ : R**2 — R be a non-degenerate
Q-isotropic rational quadratic form in n + 2 variables. We write X = G/P,
where G = SOy, is the special orthogonal group associated with the quadratic
form @, and P < G is the parabolic QQ-subgroup stabilizing a rational
isotropic line in the standard representation. If the quadratic form () is not
conjugated over Q to the exceptional quadratic form Qo(x) = z124 — 223,
then the group G is Q-simple and the parabolic Q-subgroup P is maximal:
rankg P = rankg G — 1. On the other hand, if () is conjugated over Q to Qo,
we have an isomorphism

G ~ S50(2,2) ~ SO(2,1) x SO(2,1),

and rankg P = rankg G —2. The space of real points of Xy, is identified with
the n-dimensional projective rational quadric hypersurface given as the set
of zeros in P(R™?) of the quadratic form Q:

Xq =[Q7'(0)] = {z e P(R™?) : z = [] with Q(x) = 0}. (6.6.1)

The distance d(-,-) and the height function H are obtained by restriction
of the usual distance and height function on P(R"*?), respectively. Let K
be a maximal compact subgroup of the special orthogonal group SOg(R)
associated to ) and let oo be the K-invariant probability measure on Xg.
Furthermore, one assumes that X contains a rational point; by stereographic
projection, this implies in fact that Xg(Q) is dense in Xg.

As mentioned in Remark 1.4.3, let us briefly explain why our methods,
both for counting below and at the Diophantine exponent, do not apply to
the exceptional quadric hypersurface Xy. Indeed, Lemmas 6.4.2 and 6.4.1
rely on the assumption that the parabolic subgroup defining X is maximal,
whereas the parabolic subgroup defining Xy is not maximal. This maximality
is essential for the existence of a G-invariant measure on the cone Xy, for
guaranteeing that L n T' is a lattice in L, and for the validity of the mean
value formula (1.1.1), which was also used in (5.1.11).

6.6.2 Grassmann varieties

Let 1 < ¢ < n be positive integers, and write X, = G/P, where G = SL,,
and P < G is the parabolic Q-subgroup stabilizing a rational line spanned
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by a pure tensor in the ¢-th exterior power of the standard representation.
Then the parabolic subgroup P is maximal and X, viewed as a subvariety
of P(A\"R™), is the Grassmann manifold Gr,,(R) of /-dimensional subspaces
of R™. This is in accordance with Schmidt’s paper | |, where he used
the Pliicker embedding to define the height H(v) of a rational subspace v of
R". The distance used on X, is the usual Riemannian distance and we equip
X, with the unique probability measure o, invariant under K = SO, (R).
Let T be the subgroup of G consisting of all diagonal matrices. Then T is a
maximal Q-split Q-torus. Let Py be the Borel subgroup of G consisting of all
upper-triangular matrices. Let ®(G, T) be the associated root system with
ordering induced by Py, A the set of simple roots, and (Ay)aea the set of
fundamental Q-weights. Let o € A be the simple root such that P = Paq}
is the standard parabolic Q-subgroup corresponding to the subset A \ {a}
of simple roots. The representation of G given by the /-th exterior power is
the unique strongly rational representation of G corresponding to the choice
of dominant Q-weight x given by the fundamental Q-weight A,.

We refer to the introduction for the statements of Theorems 1.4.4 and
1.4.5, that are special cases of the Theorems 1.2.2; 1.3.1 and 1.3.2.
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