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Résumé

Dans une variété de drapeaux, obtenue comme quotient d’un groupe algébrique
semi-simple défini sur Q par un sous-groupe parabolique maximal, nous
développons plusieurs techniques nouvelles pour compter les approximations
rationnelles d’un point réel choisi aléatoirement selon la mesure uniforme.
En particulier, nos résultats s’appliquent aux grassmanniennes et aux hy-
persurfaces quadratiques projectives. Les contributions de cette thèse se
répartissent selon les trois thèmes suivants :

1. Intégrabilité des transformées de Siegel

2. Comptage à l’exposant diophantien

3. Comptage en dessous de l’exposant diophantien

Plus précisément, nous généralisons la transformée de Siegel aux représent-
ations rationnelles irréductibles de plus haut poids desQ-groupes semi-simples
et, dans la perspective de la formule de moyenne de Siegel et de la formule
des moments supérieurs de Rogers pour la transformée classique de Siegel,
nous étudions l’intégrabilité au sens de Lp de la transformée de Siegel des
fonctions mesurables, bornées et à support compact pour p “ 1, 2,8.

Pour compter les approximations rationnelles sur les variétés de dra-
peaux de rang un à l’exposant diophantien, nous utilisons une approche er-
godique et une formule de moyenne pour les transformées de Siegel, également
développée dans cette thèse. Nous a�nons ensuite ce résultat en passant
d’une formule asymptotique à une estimation avec un terme d’erreur ex-
plicite. Pour cela, nous démontrons un résultat d’équidistribution e↵ective
de certaines orbites translatées d’un sous-groupe compact maximal, ainsi
qu’une propriété d’intégrabilité des transformées de Siegel.

Le comptage par rapport aux exposants en dessous de l’exposant dio-
phantien requiert une approche di↵érente. Nous utilisons le mélange expo-
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nentiel dans l’espace des réseaux, des outils issus de la géométrie des nombres
ainsi qu’une méthode de comptage célèbre due à Eskin-McMullen et Duke-
Rudnick-Sarnak. Cette méthode permet d’obtenir des estimations e↵ectives.
Enfin, nous en déduisons l’équidistribution e↵ective des points rationnels de
hauteur bornée sur les variétés de drapeaux de rang un.
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Abstract

On a generalized flag variety of rank one, we present several novel techniques
for counting rational approximations to a real point chosen randomly accord-
ing to the Riemannian volume. In particular, our results apply to Grassmann
varieties and projective quadric hypersurfaces. The contributions of this the-
sis can be categorized into the following three topics:

1. Integrability of Siegel transforms;

2. Counting at the Diophantine exponent;

3. Counting below the Diophantine exponent.

More precisely, we generalize the Siegel transform to rational irreducible
highest-weight representations of semisimple Q-groups and, with a view to-
ward Siegel’s mean value formula and Rogers’ higher moment formula for the
classical Siegel transform, characterize the Lp-integrability of the Siegel trans-
form of measurable bounded compactly supported functions for p “ 1, 2,8.

To count rational approximations on rank-one flag varieties with respect
to the Diophantine exponent, we use an ergodic-theoretic approach and a
mean value formula for Siegel transforms, also developed in this thesis. We
then refine this result from an asymptotic formula to an estimate with an
explicit error term. To this end, we prove e↵ective equidistribution of ex-
panding translates of orbits of maximal compact subgroups, along with an
integrability property of Siegel transforms.

Counting with respect to exponents below the Diophantine exponent re-
quires a di↵erent approach. We use exponential mixing in the space of lat-
tices, tools from the geometry of numbers, and a famous counting method
due to Eskin-McMullen and Duke-Rudnick-Sarnak. This method allows for
e↵ective estimates. Finally, we deduce e↵ective equidistribution of rational
points of bounded height on rank-one flag varieties.
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Chapter 1

Introduction

An important branch of number theory is Diophantine approximation, that
is, the study of rational approximations to real numbers with prescribed
properties. Given a real number x P R, a typical goal is to approximate x
well by rational numbers p{q with small denominators q, ensuring an e�cient
approximation. A central result in this field, due to Dirichlet, states that, for
any ✓ P R and Q ° 1, there exist coprime integers p and q with 1 § q † Q
such that |q✓´p| § 1{Q. An immediate consequence is that for any irrational
x P R, the inequality ˇ̌

ˇ̌x ´
p

q

ˇ̌
ˇ̌ †

1

q2

admits infinitely many coprime solutions pp, qq P Z ˆ N. On the other hand,
the Thue-Siegel-Roth Theorem [Rot55] shows that for any algebraic number
x P R and for any " ° 0, the inequality

ˇ̌
ˇ̌x ´

p

q

ˇ̌
ˇ̌ †

1

q2`"

admits at most finitely many coprime solutions pp, qq P Z ˆ N. Indeed, one
can show that beyond the algebraic numbers, this holds for almost every
real number. In particular, the exponent � “ 2 plays a critical role for
approximation of real numbers by rational ones and is referred to as the
Diophantine exponent of R.

In 1926, Khintchine [Khi26] proved a refinement of Dirichlet’s result.
More precisely, for any non-increasing function  : N Ñ R`, he showed
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that the inequality ˇ̌
ˇ̌x ´

p

q

ˇ̌
ˇ̌ †

 pqq

q

admits infinitely (resp. finitely) many solutions pp, qq P Z ˆ N for almost
every x P R, if the series

∞
 pqq diverges (resp. converges). In the case

where the series is divergent, Schmidt [Sch60a] strengthened Khintchine’s
Theorem. In fact, for x P R and T P N, he considered the counting function

N px, T q “ # tpp, qq P Z ˆ N : 0 § qx ´ p †  pqq, 1 § q § T u (1.0.1)

and showed that for almost every x P R, N px, T q is, up to a scalar, asymp-
totically equal to

∞
1§q†T  pqq as T tends to infinity, with an explicit error

term. This does not only apply to R, but to any Euclidean space Rn. We
state his result here.

Theorem 1.0.1 (Schmidt, 1960). Let n • 1 and, for each 1 § i § n, let
 i : N Ñ R` be a non-negative function and assume that  pqq “

±
i  ipqq is

non-increasing. For each x “ px1, . . . , xnq P Rn
and T P N, define

N px, T q “ # tpp, qq P Zn
ˆ N : @i, 0 § qxi ´ pi †  ipqq, 1 § q § T u .

Moreover, define

 pT q “

Tÿ

q“1

 pqq, ⌦pT q “

Tÿ

q“1

 pqqq´1

Let " ° 0. Then for almost every x P Rn,

N px, T q “  pT q ` Ox

`
 pT q

1{2⌦pT q
1{2 log2`" pT q

˘
.

More generally, given an algebraic variety X defined over Q such that the
rational points XpQq are dense in the set of real points X “ XpRq and a
point x P X, it is natural to investigate the quality of approximations of x
by points in XpQq. This area of study, proposed by Lang [Lan65] in 1965
and relatively unexplored until recently, seems to have regained considerable
interest. For instance, de Saxcé [Sax20], extending previous work of Fishman,
Kleinbock, Merrill, and Simmons [Fis+22], used methods from homogeneous
dynamics, particularly those developed by Margulis and his collaborators
[Dan85; KM98; KM99], to develop a theory of Diophantine approximation on
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generalized flag varieties. Simple examples of such varieties include projective
spaces, projective quadrics, and Grassmannians. However, many important
classical results still lack general analogs in this theory.

The goal of my doctoral thesis is to prove versions of Schmidt’s theo-
rem, where the Euclidean space Rn is replaced by the space of real points
X “ XpRq of a generalized flag variety X defined over Q. Recall that a gen-
eralized flag variety X defined over Q is a projective algebraic variety defined
over Q that can be expressed as a quotientX “ G{P, whereG is a connected
semisimple algebraic Q-group and P † G is a parabolic Q-subgroup. Sup-
pose that the unipotent radical of P is abelian. This assumption allows us to
work with a Riemannian metric on X instead of a sub-Riemannian one and
implies that P is a maximal parabolic Q-subgroup, or in other words, that
the Q-rank of X is 1. Let K be a maximal compact subgroup of G “ GpRq.
We measure the distance between a real point and its rational approxima-
tions using a K-invariant Riemannian distance dp¨, ¨q on X, and we equip X
with the unique K-invariant probability measure �X . Moreover, we equip
the rational points XpQq with a height H� associated with a dominant Q-
weight � of G. The height takes the place of the denominator q of a rational
number p{q written in reduced form. Rational points on X form a finite
union of orbits under the action of the arithmetic subgroup � “ GpZq of G
(see [Bor69, Proposition 15.6]). Problems in Diophantine approximation on
X can thus be reformulated in terms of certain diagonal orbits in the space
of lattices ⌦ “ G{�.

Given an arbitrary ⌧ ° 0 we shall consider the decreasing approximation
function  ptq “ t´⌧ . In analogy to (1.0.1), for x P X and T ° 1, we thus
define

N⌧ px, T q “ #tv P XpQq : dpx, vq † H�pvq
´⌧ , 1 § H�pvq † T u. (1.0.2)

It was shown by de Saxcé [Sax20, Théorème 2.4.5] that there exists a rational
number �� ° 0 such that the inequality

dpx, vq † H�pvq
´⌧ (1.0.3)

has infinitely (resp. finitely) many solutions v P XpQq for �X-almost every
x P X if ⌧ § �� (resp. ⌧ ° ��). We refer to �� as the Diophantine expo-

nent of X with respect to �. We strengthen this statement by providing an
asymptotic formula for the number of solutions N⌧ px, T q as T Ñ `8, when
x P X is chosen randomly according to the measure �X on X.
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The contributions of this thesis can be subdivided into the following three
themes:

1. Integrability of Siegel transforms;

2. Counting at the Diophantine exponent;

3. Counting below the Diophantine exponent.

We now describe each contribution.

1.1 Integrability of Siegel transforms

The classical Siegel transform, introduced in 1945 by Carl Ludwig Siegel
[Sie45], maps a function of su�cient decay on the Euclidean space Rn to a
function on the space of unimodular lattices ⌦ “ SLnpRq{SLnpZq, by aver-
aging over the lattice. We recall that, for any bounded compactly supported
measurable function f : Rn

Ñ R, the primitive Siegel transform of f is
defined by

@ g P SLnpRq, Sfpgq “

ÿ

vPZn
pr

fpgvq.

Here Zn
pr denotes the subset of Zn consisting of all the vectors that are prim-

itive: a vector v P Zn is called primitive if it is non-zero and 1
kv R Zn for all

positive integers k • 2. The space of unimodular lattices carries a unique
SLnpRq-invariant probability measure that we fix and denote by µ. The
Siegel mean value theorem expresses the average of the Siegel transform of a
function f in terms of the average of f :

ª

⌦

Sf dµ “
1

⇣pnq

ª

Rn

f d�.

Here ⇣ denotes the Riemann zeta function and � denotes the usual Lebesgue
measure on Rn. Later, generalizing Siegel’s result, Rogers [Rog55] proved a
general k-th moment formula for the Siegel transform for k up to n ´ 1. For
instance, a remarkable application of the second moment formula was given
by Schmidt [Sch60a], who proved asymptotic formulas for counting lattice
points in an increasing family of sets in Euclidean space, with an explicit er-
ror term. As we will see later, one can in fact use this second moment formula
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to give an alternative proof of Schmidt’s theorem in metric Diophantine ap-
proximation for the projective space Pn

pRq, one of the simplest flag varieties.
In particular, one should think of the classical primitive Siegel transform as
the one corresponding to the projective space. For any connected semisimple
algebraic Q-group G and any parabolic Q-subgroup P (here we need no as-
sumptions on the unipotent radical of P), we shall attach a Siegel transform
to the generalized flag variety X “ G{P. To do so, we generalize the clas-
sical primitive Siegel transform to the setting of irreducible representations
of G that are strongly rational over Q. With a view towards Rogers’ higher
moment formulas, we shall characterize its integrability properties. Some of
these results will also be essential for counting rational approximations at
and below the Diophantine exponent in the last two chapters.

To state our results, we need to introduce some notation. As before, we
let G be a connected semisimple algebraic Q-group. Let P0 “ ZpTqU0 be a
minimal parabolic Q-subgroup, where U0 “ RupP0q is the unipotent radical
of P and ZpTq is the centralizer in G of a maximal Q-split torus T; see
[Bor69, § 11.7]. Let � be the associated set of simple roots relative to T,
for the ordering associated with P0. An element � in the Q-character group
X˚

pP0qQ of P0 is said to be dominant if its restriction toT satisfies p�,↵q • 0
for all ↵ P �, where p¨, ¨q is a fixed admissible Euclidean inner product on
X˚

pTq bR. Given a dominant Q-weight � P X˚
pP0qQ, there exists a unique,

up to rational equivalence, irreducible finite-dimensional representation ⇡� :
G Ñ GLpV�q which is strongly rational over Q and a P0-invariant line
D� Ä V� that is defined over Q, on which P0 acts via �; see Borel and
Tits [BT65, §12]. Let P be the stabilizer in G of the line D�. Then P is a
parabolic Q-subgroup containing P0. Fix a rational vector e� P D� r t0u

(to any such vector we shall refer to as a rational highest weight vector) and
let L be the stabilizer in G of e�. Let rX0 be the space of real points of the

cone pG ¨ D�qzt0u of the representation ⇡� and denote by rX “ rX0 \ t0u its
closure inside V� “ V�pRq. Fix a rational lattice V�pZq of V� “ V�pRq; its
stabilizer � in G “ GpRq is an arithmetic subgroup. Let L� denote the set

of all the primitive vectors in V�pZq that are contained in rX. Then for any

bounded compactly supported measurable function f : rX Ñ R we define the
Siegel transform of f at � by

@ g P G, S�fpgq “

ÿ

vPL�

fpgvq.
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Since f is bounded and compactly supported, this is a finite sum and hence
converges absolutely. Since L� is invariant under the action of �, the Siegel
transform S�f is right �-invariant and hence defines a function on the ho-
mogeneous space ⌦ “ G{�. Let µ be the unique G-invariant probability
measure on ⌦. We prove the following characterizations; the formula (1.1.1)
below is essentially a consequence of Weil’s integration formula [Wei53].

Theorem 1.1.1 (L1-integrability). The following assertions are equivalent.

(1) The Siegel transform S� maps Ccp
rXq into L1

p⌦q.

(2) There exists a unique (up to scaling) G-invariant Radon measure � rX
on rX and one has a convergent mean value formula: for all f P L1

p rXq,
ª

⌦

S�f dµ “

ª

rX
f d� rX (1.1.1)

In particular, for all f P Ccp
rXq,

}S�f}L1p⌦q § }f}L1p rXq
,

and hence the Siegel transform S� can be extended to a bounded operator

S� : L1
p rXq Ñ L1

p⌦q.

(3) The Lie group L “ LpRq is unimodular and L X � is a lattice in L.

(4) The parabolic Q-subgroup P of G is maximal.

(5) There exists " ° 0 such that S� maps Ccp
rXq into L1`"

p⌦q.

We studied the L2-integrability of S�f in terms of the Dynkin diagram
of G. We recall that there is a correspondence between subsets ✓ Ñ � of
the set of simple roots � and parabolic Q-subgroups P✓ containing P0. In
particular, one has PH “ P0 and P� “ G. Observe that P✓ is maximal if
and only if ✓ “ �zt↵u for some simple root ↵ P �. In this case we shall
simply write Pct↵u “ P✓.

Theorem 1.1.2 (L2-integrability). Suppose that the Siegel transform S�
maps Ccp

rXq into L2
p⌦q. Then P “ P↵ is a maximal parabolic Q-subgroup of

G and the simple root ↵ has at most one neighbor in the associated Dynkin

diagram.
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Question: In the case of G “ SLn for n • 2 the converse to Theorem
1.1.2 is true in the sense that if P “ P↵ is a maximal parabolic Q-subgroup of
G and the simple root ↵ has at most one neighbor in the associated Dynkin
diagram then the Siegel transform S� (being the classical primitive Siegel

transform with rX “ Rn) maps Ccp
rXq into L2

p⌦q. Does this hold, more
generally, for any connected semisimple algebraic Q-group G as considered
above?

Theorem 1.1.3 (L8-integrability). The following assertions are equivalent.

(1) The Siegel transform S� maps Ccp
rXq into L8

p⌦q.

(2) The Q-rank of G is 1.

(3) The discrete group L X � is a cocompact lattice in L.

We note that the Siegel transform as defined above is a finite sum of
incomplete/pseudo Eisenstein series, and the Mellin transform provides a
passage to the theory of Eisenstein series. We also used some of the inte-
grability results in order to count rational approximations at and below the
Diophantine exponent, as we now describe.

1.2 Counting at the Diophantine exponent

We assume here that X “ G{P is a generalized flag variety obtained as the
quotient of a connected semisimple algebraic Q-group G by a parabolic Q-
subgroup P, whose unipotent radical is abelian. Let ⇡� : G Ñ GLpV�q be
an irreducible representation defined over Q for which there exists a P-stable
rational line D� Ä V�, on which P acts via a dominant Q-weight � of G.
We let ⌧ “ �� be the Diophantine exponent with respect to � and, for all x
in X “ XpRq and T ° 1, we consider the associated counting function

N��px, T q “ #tv P XpQq : dpx, vq † H�pvq
´�� , 1 § H�pvq † T u.

First, one defines a height H� : PpV�qpQq Ñ R on the projective space
(we will give the details below) and then obtains a height on X “ G{P by
embedding it into the projective space PpV�q via gP fiÑ ⇡�pgqre�s, where
re�s denotes the point in the projective space corresponding to e�, and re-
stricting the height H� to X The height so obtained will still be denoted
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by H�. The problem in Diophantine approximation is then translated to a
problem in geometry of numbers, specifically counting lattice points in a cer-
tain increasing family of sets in the Euclidean space V�. We generalized the
ergodic-theoretic approach of Alam and Ghosh [AG22], who counted ratio-
nal approximations on spheres, which in turn builds on ideas from Athreya-
Parrish-Tseng [APT16]. Together with the mean value formula for Siegel
transforms as developed above, we were able to give the following explicit
formula for the asymptotic behavior of the counting function N��px, T q as T
approaches infinity.

Theorem 1.2.1. Let G be a connected semisimple algebraic Q-group, P a

parabolic Q-subgroup with abelian unipotent radical and X “ G{P. Then

there exists a constant { ° 0 such that for �X-almost every x P X,

N��px, T q „ { logpT q as T Ñ `8. (1.2.1)

In order to obtain an e↵ective estimate and not merely the asymptotic, we
extended a recent e↵ective result of Ouaggag [Oua23], who counted rational
approximations on spheres with respect to the Diophantine exponent, to the
setting of rank-one flag varieties. The methods are inspired by his arguments
and use the e↵ective equidistribution of translates of orbits of a maximal
compact subgroup K of G, as well as the integrability results for Siegel
transforms established above.

Theorem 1.2.2. Let G be a connected semisimple algebraic Q-group, P a

parabolic Q-subgroup with abelian unipotent radical and X “ G{P. Then

there exist constants { ° 0 and " ° 0 such that for �X-almost every x P X,

N��px, T q “ { logpT q
`
1 ` OxplogpT q

´"
q
˘
. (1.2.2)

1.3 Counting below the Diophantine

exponent

We assume here again that X “ G{P is a generalized flag variety obtained as
the quotient of a connected semisimple algebraic Q-group G by a parabolic
Q-subgroup P, whose unipotent radical is abelian. As above, we let H� be
a height function on XpQq associated with a dominant Q-weight � and we
let �� be the corresponding Diophantine exponent. In order to count with
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respect to exponents 0 † ⌧ † �� below the Diophantine exponent, a di↵erent
approach is used. Namely, exponential mixing in the space of lattices, tools
from geometry of numbers, and a famous counting method due to Eskin-
McMullen [EM93] and Duke-Rudnick-Sarnak [DRP93]. This method allows
for e↵ective estimates. Our proof was inspired by the work of Huang and de
Saxcé [HS24] on the local distribution of rational points on flag varieties. Let
d “ dimX be the dimension of X as a real manifold. For every decreasing
function  : R` Ñ R`, x P X, and T ° 1, we define

N px, T q “ #tv P XpQq : dpx, vq †  pH�pvqq, 1 § H�pvq † T u.

Theorem 1.3.1. Let  : R` Ñ R` be a decreasing function satisfying that

there exist ⌧ P p0, ��q and C ° 1 such that C´1y´⌧
§  pyq § Cy´⌧

for all

su�ciently large y. Define the integral

@T ° 1,  pT q “

ª T

1

 pyq
dy��d

dy

y
.

Then there exist constants { ° 0 and " ° 0 such that for �X-almost every

x P X, we have

N px, T q “ { pT q
`
1 ` Oxp pT q

´"
q
˘
. (1.3.1)

We can even treat the case ⌧ “ 0, which corresponds to the equidistri-
bution of rational points in X as the height tends to infinity. In [MG14,
Theorem 4], Mohammadi and Salehi Golsefidy counted rational points of
bounded height on a flag variety X “ G{P with respect to an arbitrary
metrized line bundle and arbitrary parabolic Q-subgroup P. Our method
yields the following e↵ective equidistribution result in X. More precisely, for
x P X and r ° 0 denote by Brpxq the open ball in X with center x and
radius r, and define the counting function

N�px, r, T q “ # tv P XpQq : v P Brpxq, 1 § H�pvq † T u . (1.3.2)

Our final main result is as follows. We recall that d “ dimX.

Theorem 1.3.2. There exist constants { ° 0 and " ° 0 such that for all

r ° 0 and x P X,

N�px, r, T q “ { T ��d�XpBrpxqq
`
1 ` OrpT

´"
q
˘
. (1.3.3)

This result can be regarded as a corollary of Theorem 1.3.1 and we prove
it in Section 6.5. It essentially follows by setting ⌧ “ 0 in the proof of the
former theorem.
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1.4 Some examples

In this section, we illustrate our main results using rational projective quadric
hypersurfaces and Grassmann varieties as examples of generalized flag vari-
eties of Q-rank one.

In the special case where X is a sphere or a rational ellipsoid, the problem
of counting rational approximations to a real point chosen randomly accord-
ing to the uniform probability measure has received much attention recently.
In particular, Alam and Ghosh [AG22] and Ouaggag [Oua23] counted ra-
tional approximations on the sphere of arbitrary dimension n, but only for
approximation functions  : N Ñ R` of the form  pqq “ cq´1 with c ° 0.
On the other hand, Kelmer and Yu [KY23], using the spectral theory of
Eisenstein series, were able to deal with a general approximation function,
but their result does not apply to spheres of dimension n ° 1 with n ” 1
mod 8.

More generally, let nowXQ be the space of real points of an n-dimensional
projective rational quadric hypersurface XQ, given as the set of zeros in
PpRn`2

q of a nonsingular rational quadratic form Q in n ` 2 variables:

XQ “ rQ´1
p0qs “

 
x P PpRn`2

q : x “ rxs with Qpxq “ 0
(
. (1.4.1)

The distance dp¨, ¨q and the height H are obtained by restriction of the usual
distance and height on PpRn`2

q, respectively. Let K be a maximal compact
subgroup of the special orthogonal group SOQpRq associated with Q and let
�Q be theK-invariant probability measure onXQ. Furthermore, one assumes
that XQ contains a rational point; by stereographic projection, this implies in
fact that XQpQq is dense in XQ. Fishman, Kleinbock, Merrill, and Simmons
[Fis+22] have obtained the first remarkable results for intrinsic Diophantine
approximation in this setting.

As a corollary of our main theorems, we obtain the following statement,
which complements the above-mentioned results. Contrarily to the Kelmer-
Yu theorem, we need no congruence condition on the dimension n, and we
may in fact take X to be any nonsingular quadric hypersurface as consid-
ered by Fishman-Kleinbock-Merrill-Simmons. Moreover, let X0 Ñ PpR4

q be
the quadric hypersurface defined by the equation Q1pxq “ x0x3 ´ x1x2. The
Q-rank of X0 is 2 (see §6.6 for details) and the formulation of the Khintchine-
type theorem for quadric hypersurfaces [Fis+22, Theorem 6.3] depends on
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whether or not XQ is rationally isomorphic to X0. Using [Fis+22, Theo-
rem 1.5], the inequality dpx, vq † Hpvq

´⌧ has infinitely (resp. finitely) many
solutions v P XQpQq for almost every x P XQ, if ⌧ § 1 (resp. ⌧ ° 1), that is,
the Diophantine exponent of XQ is 1.

Theorem 1.4.1. Let XQ be the space of real points of a nonsingular pro-

jective rational quadric hypersurface that is not rationally isomorphic to X0

and contains at least one rational point. Let ⌧ P p0, 1s. Define the integral

@T ° 1,  pT q “

ª T

1

yp1´⌧qn dy
y .

Then there exist constants { ° 0 and " ° 0 such that for almost every

x P XQ, we have

N⌧ px, T q “ { pT q
`
1 ` Oxp pT q

´"
q
˘
.

Our next result shows that rational points of bounded height are e↵ec-
tively equidistributed in XQ. For every x P XQ and r ° 0, denote by Brpxq

the open ball in XQ with center x and radius r, and define the counting
function

N�px, r, T q “ # tv P XQpQq : v P Brpxq, 1 § Hpvq † T u . (1.4.2)

Theorem 1.4.2. Let XQ be the space of real points of a nonsingular pro-

jective rational quadric hypersurface that is not rationally isomorphic to X0

and contains at least one rational point. Then there exist constants { ° 0
and " ° 0 such that for all r ° 0 and x P XQ, we have

N�px, r, T q “ { T n�QpBrpxqq
`
1 ` OrpT

´"
q
˘
. (1.4.3)

Remark 1.4.3. Unfortunately, it seems that our method does not yield a
similar result for the exceptional quadric hypersurface X0. We will provide
more details in §6.6.1, after introducing the necessary notation throughout
the paper.

For integers 1 § ` † n, our main results also apply to the Grassmann
variety X` “ Gr`,npRq of `-dimensional linear subspaces in the Euclidean
space Rn, which represents another novelty. As in Schmidt’s paper [Sch67],
we use the Plücker embedding to define the heightHpvq of a rational subspace
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v, and study the approximation of a real subspace chosen at random by
rational subspaces. The distance used onX` is the usual Riemannian distance
and we equip X` with the unique probability measure �` invariant under
rotations. Write d for the dimension dimR X` “ `pn ´ `q and set �` “

n
`pn´`q . As follows from [Sax22, Théorème 6], the inequality dpx, vq † Hpvq

´⌧

has infinitely (resp. finitely) many solutions v P Gr`,npQq for almost every
subspace x P X`, if ⌧ § �` (resp. ⌧ ° �`).

Theorem 1.4.4. For integers 1 § ` † n, let X` “ Gr`,npRq be the Grass-

mann variety of `-dimensional subspaces in Rn
and let ⌧ P p0, �`s. Define the

integral

@T ° 1,  pT q “

ª T

1

yp�`´⌧qd dy
y .

Then there exist constants { ° 0 and " ° 0 such that for almost every

subspace x P X`, we have

N⌧ px, T q “ { pT q
`
1 ` Oxp pT q

´"
q
˘
.

Finally, we show that rational points of bounded height are e↵ectively
equidistributed on the Grassmann variety X`. For every x P X` and r ° 0,
denote by Brpxq the open ball in X` with center x and radius r, and define
the counting function

N�px, r, T q “ # tv P Gr`,npQq : v P Brpxq, 1 § Hpvq † T u . (1.4.4)

Theorem 1.4.5. For integers 1 § ` † n, let X` “ Gr`,npRq be the Grass-

mann variety of `-dimensional subspaces in Rn
. Then there exist constants

{ ° 0 and " ° 0 such that for all r ° 0 and x P X`, we have

N�px, r, T q “ { T n�`pBrpxqq
`
1 ` OrpT

´"
q
˘
. (1.4.5)

1.5 Notation and conventions

For two positive quantities A and B, we will use the notation A À B or
A “ OpBq to mean that there is a constant C ° 0 such that A § CB, and we
will use subscripts to indicate the dependence of the constant on parameters.
We will write A — B for A À B À A. We denote by N the set of integers
that are • 0 and by N˚

“ Nzt0u. Moreover, we denote by R` the set of non-
negative real numbers r0,`8q. We denote algebraic varieties defined over Q
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by bold letters and their sets of real points by ordinary letters. Furthermore,
following the exposition in Borel [Bor69], we shall, by abuse of notation,
identify an algebraic variety defined overQ with its set of complex points. For
instance, we write X “ XpRq and X “ XpCq to denote the sets of real and
complex points of an algebraic variety X defined over Q, respectively. Given
a Q-subgroup H of an algebraic Q-group G and an arithmetic subgroup �
of G, we denote �H “ �X H. Discrete subgroups of G are always equipped
with the counting measure. Moreover, we denote by X˚

pGq “ HompG,GL1q

(resp. X˚pGq “ HompGL1,Gq) the group of characters (resp. cocharacters)
of G, and by X˚

pGqQ (resp. X˚pGqQ) the subgroup of X˚
pGq (resp. X˚pGq)

consisting of characters (resp. cocharacters) that are defined over Q.
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Chapter 2

An alternative proof of

Schmidt’s theorem

In this chapter, we give an alternative proof of Schmidt’s result [Sch60a] for
the projective space PpRn

q, one of the simplest flag varieties. The approach
adapts arguments in a recent work of Kelmer and Yu [KY23] and has the
advantage that it allows for an arbitrary decreasing approximation function.
Roughly speaking, the method of proof relies on a mean square bound for the
discrepancy that one deduces from a second moment formula of the Siegel
transform, mapping functions of su�cient decay on Rn to functions on the
space of unimodular lattices SLnpRq{ SLnpZq, by averaging over the lattice.

Before stating the result and describing the method in more detail, we
need to introduce some notation. Fix an integer n • 2 and let X “ Pn´1

be the projective pn ´ 1q-space. Write X “ PpRn
q for the set of real points.

Recall that X parametrizes lines passing through the origin in Rn. More
precisely, X is the space pRn r t0uq{„, where for v,w P Rn r t0u one has
v „ w if and only if there exists x P Rˆ such that v “ xw. We shall refer
to points in projective space X “ PpRn

q as lines. We denote by rvs P X the
line corresponding to a nonzero vector v P Rn r t0u and we say that v is a
representative for rvs.

Define a height H on the set of rational points XpQq “ PpQn
q as follows.

For v P XpQq, choose a primitive vector v P Zn that spans the rational line
v and put

Hpvq “ }v},

where } ¨ } denotes the Euclidean norm on Rn.
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The Euclidean inner product x¨, ¨y on Rn induces a Euclidean norm onô2 Rn, that we also denote by } ¨ }, by setting, for decomposable elements
v1 ^ v2,

}v1 ^ v2} “

b
detppxvi,vjyq1§i,j§2q.

To measure the distance between a real line and a rational approximation, we
use the following distance function on X. Given two lines x, x1

P X, choose
non-zero vectors x,x1

P Rn representing x, x1, respectively, and set

dpx, x1
q “

}x ^ x1
}

}x}}x1}
.

The projective space X “ PpRn
q can be viewed as a homogeneous space.

More precisely, let G “ GpRq “ SLnpRq be the group of real points of the
special linear group of rank n and note that G acts transitively on X by
g ¨ rvs “ rgvs. The stabilizer in G of the line through the first standard basis
vector e1 “ p1, 0, . . . , 0q is given explicitly by

P “

"ˆ
a ut

0 H

˙
P G : a P Rˆ, u P Rn´1, H P GLn´1pRq

*
.

In particular, P is a parabolic subgroup of G and we may identify X and
G{P via the map gP fiÑ g ¨ re1s. Moreover, note that already the maximal
compact subgroup K “ SOnpRq acts transitively on X; this is a consequence
of the well-known Iwasawa decomposition G “ KP of G. In particular, if
dk denotes the Haar probability measure on K, then its push-forward to X
via the orbit map k fiÑ k ¨ re1s defines a K-invariant probability measure on
X that we fix and denote by �X . We also note that the distance dp¨, ¨q is
K-invariant.

Let  : R` Ñ R` be a non-increasing function. Borrowing the terminol-
ogy of [KM15], we say that a point x P X is  -approximable in X, if there
are infinitely many rational points v P XpQq with dpx, vq †  pHpvqq. For
x P X and T ° 1 we define the counting function

N px, T q “ # tv P XpQq : dpx, vq †  pHpvqq, 1 § Hpvq † T u . (2.0.1)

Note that the function N px, T q is an increasing function of T and that it is
unbounded if and only if x is  -approximable in X.
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Let ⇣psq be the Riemann ⇣-function and let �psq “
≥

8

0 ts´1e´tdt for
Repsq ° 0 be the �-function. Define dpP q “ npn ´ 1q and the constant

{n “
⇡pn´1q{2

⇣pnq�p
n`1
2 q

. (2.0.2)

The goal of this chapter is to prove the following analogue of Schmidt’s
theorem [Sch60a, Theorem 1] for the projective space.

Theorem 2.0.1. Let n • 3 and let X “ PpRn
q be the projective space. Let

 : R` Ñ R` be a non-increasing function satisfying lim
tÑ`8

 ptq “ 0 and

define the two integrals

 pT q “

ª T

1

tn´1 ptqn´1dt and ⌦pT q “

ª T

1

tn´1 ptqn`1dt. (2.0.3)

Suppose that  pT q diverges as T Ñ `8. Then for almost every x P X, we

have

N px, T q “ {n pT q ` Ox

´
 pT q

2`dpP q
3`dpP q logp pT qq ` ⌦pT q

¯
.

2.1 Method of proof

Write ⌦ “ SLnpRq{SLnpZq for the homogeneous space of unimodular lattices
in Rn equipped with the unique SLnpRq-invariant Haar probability measure
µ⌦. A key input to the proof of Theorem 2.0.1 is a second moment formula
for the classical primitive Siegel transform introduced in 1945 by Carl Ludwig
Siegel [Sie45]. This transform maps a function f of su�cient decay on the
Euclidean space Rn to a function on the space of unimodular lattices ⌦, by
averaging over the primitive vectors of the lattice. Let Zn

pr denote the set of
primitive elements in Zn. More precisely, the primitive Siegel transform of f
is defined for every g P SLnpRq by

Sfpgq “

ÿ

vPZn
pr

fpgvq,

provided the sum converges absolutely. The Siegel mean value theorem ex-
presses the average of the Siegel transform of f in terms of the average of f .
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More precisely, denoting by �Rn the standard Lebesgue measure on Rn, and
denoting, for every v P Rn, f´

pvq “ fp´vq, one has
ª

⌦

Sf dµ⌦ “
1

⇣pnq

ª

Rn

f d�Rn . (2.1.1)

Later, Rogers [Rog55] proved a second moment formula for the Siegel trans-
form of a bounded compactly supported measurable function f , expressing
the average of |Sf |

2 as a quadratic form on f :

ª

⌦

|Sf |
2 dµ⌦ “

1

⇣pnq2

ˆª

Rn

f d�Rn

˙2

`
1

⇣pnq

ª

Rn

`
|f |

2
` ff´

˘
d�Rn . (2.1.2)

It is convenient to denote by d vol the normalized Lebesgue measure ⇣pnq
´1 d�Rn

on Rn.

Now, the outline of the proof is as follows. Similarly as in Schmidt’s paper
[Sch60b], for every g P SLnpRq and bounded Borel subset B Ä Rn, we define
the discrepancy of the lattice gZn in B by

Dpg, Bq “ |#pgZn
pr X Bq ´ volpBq|.

Applying the second moment formula (2.1.2) to the Siegel transform of the
indicator function of B, S Bpgq “ #pgZn

pr X Bq, one obtains the following
mean square bound on the discrepancy:

ª

⌦

|Dpg, Bq|
2 dµpgq À volpBq. (2.1.3)

To make use of this mean square bound, one translates the problem of count-
ing Diophantine approximations of bounded height in the projective space to
counting primitive lattice points in a certain family pE pT qqT°1 of growing
sets in the Euclidean space Rn. The counting function N px, T q can then be
expressed as

N px, T q “ #
`
k´1
x Zn

pr X E pT q
˘

for a certain kx P SOnpRq depending on x. We wish to show that the right-
hand side is asymptotically equal, up to a scalar, to the volume of E pT q,
as T Ñ `8. After showing that the sets pE pT qqT°1 satisfy a certain well-
roundedness condition, the desired asymptotic estimate is then deduced from
the mean square bound on the discrepancy (2.1.3) and a standard Borel-
Cantelli argument.
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2.2 Coordinates and measures

Here, we introduce some group-theoretic and measure-theoretic notation. Let
e1 “ p1, 0, . . . , 0q P Rn be the first standard basis vector and set x0 “ re1s P X
for the corresponding point in the projective space. We regard x0 as the base
point in X. Let L be the stabilizer in G of the vector e1 and let P be the
maximal parabolic subgroup fixing the line spanned by e1. The group G has
an Iwasawa decomposition G “ KP , with K “ SOnpRq a maximal compact
subgroup. Furthermore, P has a Langlands decomposition P “ MAU with

U “

"
ux “

ˆ
1 xt

0 In´1

˙
: x P Rn´1

*

the unipotent radical of P (note that ux fixes e1),

A “

!
apyq “ diagpy´1, y

1
n´1 , . . . , y

1
n´1 q : y ° 0

)

the R-split torus with apyq acting on e1 as apyqe1 “ y´1e1 and

M “

"
m “

ˆ
" 0

t

0 m̃

˙
: " “ ˘1, m̃ P GLn´1pRq, det m̃ “ "

*
.

Note that L “ M˝U , where M˝
– SLn´1pRq is the identity component of M .

Any g P G can be written as g “ kapyqmux with k P K, m P M , apyq P A,
and ux P U – Rn´1. While km, apyq and ux are uniquely determined by g,
the elements k and m are only determined up to multiplication of k from the
right and of m from the left by an element of K X M .

Let dx be the usual Lebesgue measure on U , dm the Haar measure of
M normalized so that the induced M -invariant measure on M{MpZq is a
probability measure, and dk the probability Haar measure of K. For every
a “ diag pa1, . . . , anq P G, let

⇢paq “

π

i†j

ai
aj

be the sum of the positive roots of G relative to the full diagonal subgroup
with multiplicities counted. Then ⇢ evaluates on apyq to ⇢papyqq “ y´n for
every y ° 0. Following [Kna02, §8.4 Integration], in these coordinates the
Haar measure µG of G is given by

dµGpgq “ !n ⇢papyqq dk dm
dy

y
dx “ !n y

´pn`1q dk dmdy dx, (2.2.1)
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where !n ° 0 is a constant so that the induced measure µ⌦ on G{� is a
probability measure.

The subgroup L is unimodular with its Haar measure given by

dµLpmuxq “ dmdx. (2.2.2)

Since L is the stabilizer of e1 and G acts transitively on Rnr t0u, we can
identify Rnrt0u with the homogeneous space G{L. Explicitly, setting KL “

LXK – SOn´1pRq and further identifying K{KL ˆA with G{L via the map
pkKL, apyqq fiÑ kapyqe1 give natural polar coordinates on Rn r t0u: Every
v P Rn r t0u can be written uniquely as v “ kapyqe1 for some k P K{KL

and apyq P A. Let �n be the unique right K-invariant probability measure

on K{KL – Sn´1. Since the volume of the n-dimensional unit ball is ⇡n{2
�p

n
2 `1q

,

in these coordinates the measure d�Rn is given by

d�Rnpkapyqe1q “
2⇡n{2

�p
n
2 q

dy

yn`1
d�npkq. (2.2.3)

Let µL{LpZq be the unique L-invariant Borel probability measure on the quo-
tient L{LpZq. Let us denote by µG{LpZq the uniqueG-invariant Borel measures
on the quotient G{LpZq induced from the Haar measure µG on G, that is, so
that locally the projection G Ñ G{LpZq is measure-preserving. In particular,
the following integration formula holds: for all F P CcpG{LpZqq,

ª

G{LpZq

F dµG{LpZq “
1

⇣pnq

ª

K{KL

ª
`8

0

ª

L{LpZq

F pkapyq`qdµL{LpZqp`q
2⇡n{2

�p
n
2 q

dy

yn`1
d�npkq.

(2.2.4)

As already said, it follows from the Iwasawa decomposition G “ KP that
the fiber bundle map K Ñ X defined by k Ñ kre1s is onto. In particular, if

X Ñ K

x fiÑ kx

is a measurable section of this map, we have for all x P X, x “ kxre1s. The
group P is not unimodular and we let �P be the modulus character of P .
Fix a right Haar measure µP on P . As follows from [Fol15, page 64], the
K-invariant measure �X on X “ G{P is strongly quasi-invariant, meaning
there exists a continuous function ⌫P : G ˆ G{P Ñ p0,`8q such that the
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translated measures �X,gpEq “ �XpgEq (where g P G and E is a measurable
subset of X), satisfy

d�X,gpxq “ ⌫P pg, xq�Xpxq.

Moreover, using [Fol15, Theorem 2.61], there exists a constant c ° 0 such
that the continuous function �P : G Ñ p0,`8q defined by �P pgq “ c ⌫P pg, x0q

satisfies the functional equation:

@ g P G, @ p P P, �P pgpq “ �P ppq�P pgq, (2.2.5)

and the following integration formula holds:

@ f P CcpGq,

ª

G

fpgq�P pgqdµGpgq “

ª

G{P

ª

P

fpgpqdµP ppqd�XpgP q.

(2.2.6)

2.3 Second moment of the Siegel transform

Here, we give a new elementary proof of a well-known second moment formula
for the Siegel transform on the space of unimodular lattices that is used to
prove a mean square bound for the discrepancy. We recall that the primitive
Siegel transform Sf : ⌦ “ SLnpRq{ SLnpZq Ñ R of a measurable bounded
function f : Rn

Ñ R with compact support is defined, for every g P SLnpRq,
by

SfpgZn
q “

ÿ

vPZn
pr

fpgvq.

We shall simply write Sfpgq for SfpgZn
q and note that the right �-invariance

of g fiÑ Sfpgq implies that Sfpgq is well-defined on the space of unimodular
lattices ⌦ “ SLnpRq{ SLnpZq. Using Siegel’s mean value formula (2.1.1), for
any bounded Borel subset B Ä Rn, one has

ª

⌦

S B dµ⌦ “
1

⇣pnq

ª

Rn
B d�Rn “ volpBq, (2.3.1)

Later on in 1955, Rogers [Rog55, Theorem 5] proved a second moment for-
mula for more general functions on ⌦ for n • 3. The following is a special
case. In fact, in our result there is a constant c ° 0, that we weren’t able to
determine yet. However, by [Rog55, Theorem 5], its value is ⇣pnq

´2.
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Theorem 2.3.1 (Rogers). Let n • 3. There exists a constant c ° 0 such that

for every measurable bounded compactly supported function f : Rnrt0u Ñ R,
we have

ª

⌦

|Sf |
2 dµ⌦ “ c

ˆª

Rn

f d�Rn

˙2

`
1

⇣pnq

ª

Rn

`
|f |

2
` ff´

˘
d�Rn . (2.3.2)

The case n “ 2 was treated by Schmidt [Sch60b]. Let � be the standard

Euler �-function and, for every n P Z, let Jn “

ˆ
1 1
0 n

˙
. Given a 2ˆ2 matrix

h “

ˆ
a b
c d

˙
P Mat2pRq, we denote by rhs1 “

ˆ
a
c

˙
the first column and by

rhs2 “

ˆ
b
d

˙
the second.

Theorem 2.3.2. Let f : R2
zt0u Ñ R be a measurable bounded compactly

supported function. Then

ª

⌦

|Sf |
2 dµ⌦ “

ÿ

nPZzt0u

�pnq

⇣p2q2

ª

SL2pRq

fprgJns1qfprgJns2q dµ⌦pgq

`
1

⇣p2q

ª

R2

`
|f |

2
` ff´

˘
d�Rn .

Inspired by Schmidt’s approach, we present a simple proof of Rogers’
second moment formula in the case n • 3. We remark that a similar approach
was also used by Marklof and Strömbergsson [MS10, §7, Lemma 7.7]. Before
presenting the proof, we first state a consequence of Weil’s integration formula
[Wei53, Section 9], which we will use multiple times in this thesis. In practice,
this formula is often referred to as “folding/unfolding”.

Theorem 2.3.3. Let H be a second countable locally compact unimodular

group with Haar measure dh and H1 † H2 † H closed unimodular subgroups.

Then the following are true.

1. There exist unique (up to scaling) invariant measures µH{H1, µH{H2,

and µH2{H1 on H{H1, H{H2, and H2{H1, respectively.

2. We have f P L1
pH{H1q if and only if for almost every h P H, the
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function h2H1 fiÑ fphh2H1q is in L1
pH2{H1q and the function

H{H2 Ñ r0,`8s

hH2 fiÑ

ª

H2{H1

|fphh2H1q| dµH2{H1ph2H1q

is in L1
pH{H2q. In this case, there exists a constant ! ° 0 so that the

following formula holds:

ª

H{H1

f dµH{H1 “ !

ª

H{H2

ª

H2{H1

fphh2H1q dµH{H2phH2q dµH2{H1ph2H1q.

(2.3.3)

3. Assume f : H{H1 Ñ r0,`8s is measurable. Then the formula (2.3.3)
holds.

Proof of Theorem 2.3.1. Fix a measurable bounded compactly supported func-
tion f : Rn r t0u Ñ R. Notice that � “ SLnpZq acts transitively on Zn

pr. In
particular, we may write

Sfpgq “

ÿ

vPZn
pr

fpgvq “

ÿ

�P�{LpZq

fpg�e1q,

where LpZq “ �XL is the stabilizer in � of e1. Let µL{LpZq be the probability
Haar measure on L{LpZq. Using Weil’s integration formula (2.3.3) (applied
with H “ G, H1 “ �, and H2 “ LpZq) and the integration formula (2.2.4)
(applied with F pgLpZqq “ fpge1qSfpgq), we have
ª

⌦

|Sf |
2 dµ⌦ “

ª

⌦

ÿ

�P�{LpZq

pfpg�e1qSfpgqq dµ⌦pg�q

“

ª

G{LpZq

fpge1qSfpgq dµG{LpZqpgLpZqq

“
1

⇣pnq

ª

K{KL

ª
`8

0

fpge1q

ª

L{LpZq

Sfpg`q dµL{LpZqp`q
2⇡n{2

�p
n
2 q

dy

yn`1
d�npkq.

Our goal is to show that there exists a constant cn ° 0 such that for every
measurable bounded compactly supported function f : Rn r t0u Ñ R, we
have
ª

L{LpZq

Sfpg`q dµL{LpZqp`LpZqq “ cn

ª

Rn

f d�Rn ` fpkapyqe1q ` fp´kapyqe1q.
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We first decompose Zn
pr into a disjoint union of LpZq-orbits. The vectors ˘e1

are fixed under the action of LpZq. So let v P Zn
pr be a vector di↵erent from

˘e1. Write the vector v “ pw1,wq for some w1 P Z and w P Zn´1
zt0u. By

multiplying with a suitable element � P LpZq, we can make sure that

�v “ pl, gcdpwq, 0, . . . , 0q

for some unique 0 § l † gcdpwq with gcdpl, gcdpwqq “ 1. In fact, write

w “ gcdpwqw1 for some unique w1
P Zn´1

pr and let � “

ˆ
1 ut

0 �1

˙
P LpZq

where �1
P SLn´1pZq is such that �1w1

“ p1, 0, . . . , 0q and ut
P Zn´1 is such

that l “ w1 ` gcdpvqut
¨ w1 satisfies 0 § l † gcdpwq and gcdpl, gcdpwqq “ 1.

On the other hand, two primitive vectors pl, q, 0, . . . , 0q and pl1, q1, 0, . . . , 0q

with 0 § l † q and 0 § l1 † q1 lie in the same LpZq-orbit if and only if l “ l1

and q “ q1. For l, q as above, we define for simplicity vl,q “ pl, q, 0, . . . , 0q.
Denote the stabilizer of vl,q in L by L1 and notice that it does not depend
on the particular choice of l and 1 § q. Consequently, we have
ª

L{LpZq

Sfpg`q dµL{LpZqp`LpZqq

“

ª

L{LpZq

ÿ

vPZn
pr,

v‰˘e1

fpkapyq`vq dµL{LpZqp`LpZqq ` fpkapyqe1q ` fp´kapyqe1q

“

8ÿ

q“1

ÿ

0§l†q,
pl,qq“1

ª

L{LpZq

˜
ÿ

�PLpZq{L1pZq

fpkapyq`�vl,qq dµL{LpZqp`LpZqq

` fpkapyqe1q ` fp´kapyqe1q

¸
.

We equip L1 with the Haar measure µL1 normalized so that the induced
L1-invariant measure on L1{L1pZq is a probability measure. Using Weil’s
integration formula (2.3.3) again and the L1-invariance of vl,q, there exists a
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constant pc ° 0 such that
8ÿ

q“1

ÿ

0§l†q,
pl,qq“1

ª

L{LpZq

ÿ

�PLpZq{L1pZq

fpkapyq`�vl,qq dµL{LpZqp`LpZqq

“

8ÿ

q“1

ÿ

0§l†q,
pl,qq“1

ª

L{L1pZq

fpkapyq`vl,qq dµL{L1pZqp`L1pZqq

“

8ÿ

q“1

ÿ

0§l†q,
pl,qq“1

pc
ª

L{L1

ª

L1{L1pZq

fpkapyq``1vl,qq dµL1{L1pZqp`1qdµL{L1p`q

“ pc
8ÿ

q“1

ÿ

0§l†q,
pl,qq“1

ª

L{L1

fpkapyq`vl,qq dµL{L1p`q.

Now, we write
`vl,q “ `ple1 ` qe2q “ le1 ` q`e2,

and identify L{L1 with Rn r t0u via L Q ` fiÑ `e2 (and thus equipping L{L1

with the Lebesgue measure �Rn). Therefore, using the substitution qv fiÑ v,
the translation invariance of �Rn , and that kapyq has determinant 1, we have

pc
8ÿ

q“1

ÿ

0§l†q,
pl,qq“1

ª

L{L1

fpkapyqple1 ` q`e2qq dµL{L1p`q

“ pc
8ÿ

q“1

ÿ

0§l†q,
pl,qq“1

ª

Rn

fpkapyqple1 ` qvqq d�Rnpvq

“ pc
8ÿ

q“1

ÿ

0§l†q,
pl,qq“1

q´n

ª

Rn

fpkapyqvq d�Rnpvq

“ pc
8ÿ

q“1

�pqq

qn

ª

Rn

fpkapyqvq d�Rnpvq

“ pc ⇣pn ´ 1q

⇣pnq

ª

Rn

fpkapyqvq d�Rnpvq

“ pc ⇣pn ´ 1q

⇣pnq

ª

Rn

f d�Rn ,

31



as required. The constant c ° 0 in the statement of Theorem 2.3.1 is given
by c “ pc ⇣pn´1q

⇣pnq2
.

For any g P G and Borel subset B Ä Rn of finite measure, recall that the
discrepancy of gZn in B is defined as

Dpg, Bq “

ˇ̌
#pgZn

pr X Bq ´ volpBq

ˇ̌
.

We obtain from [Rog55, Theorem 5] the following mean square bound for
the discrepancy.

Lemma 2.3.4. Let B be a bounded Borel subset of Rn
. Then

ª

⌦

|Dpg, Bq|
2 dµpgq À volpBq. (2.3.4)

Proof. Observe that #pgZn
pr X Bq “ S Bpgq. Using Siegel’s mean value

formula (2.1.1) applied with f “ B, we have

ª

⌦

|Dpg, Bq|
2 dµ⌦pgq “

ª

⌦

|S B|
2 dµ⌦pgq ´ 2 volpBq

ª

⌦

S B dµ⌦pgq ` volpBq
2

“

ª

⌦

|S B|
2 dµ⌦ ´ volpBq

2.

Now, applying [Rog55, Theorem 5] to f “ B gives

ª

⌦

|S B|
2 dµ⌦ “ volpBq

2
`

1

⇣pnq

ª

Rn

| Bpvq|
2

` Bpvq Bp´vq d�Rnpvq.

Thus, altogether, we have
≥
⌦ |Dpg, Bq|

2 dµ⌦pgq À volpBq, as required.

2.4 Diophantine approximation and counting

lattice points

In this short section, we translate the problem of counting Diophantine ap-
proximations of bounded height in the projective space to corresponding
estimates for counting primitive lattice points in certain families of growing
sets in the Euclidean space.
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Let  : R` Ñ R` be a non-increasing function. For every T ° 1, define

E pT q “

!
v P rX : dpx0, rvsq †  p}v}q, 0 † }v} † T

)
.

We have the following simple lemma.

Lemma 2.4.1. Fix x in X and let kx P K be such that kxre1s “ x. Then

for any T ° 1, we have

N px, T q “
1

2
#

`
k´1
x Zn

pr X E pT q
˘
. (2.4.1)

Proof. It su�ces to show that N px, T q “
1
2 #

`
Zn

pr X kxE pT q
˘
. We first

note that

kxE pT q “ tv P Rn r t0u : dpx, rvsq †  p}v}q, 0 † }v} † T u .

Now a rational point v P XpQq satisfies dpx, vq †  pHpvqq and 0 † Hpvq † T
if and only if any of the two primitive vectors ˘v P Zn

pr representing v
satisfies dpx, rvsq †  p}v}q and 0 † }v} † T . This finishes the proof of the
lemma.

2.5 Measure estimates

In the last section, we have seen that for every x P X,

N px, T q “ #pk´1
x Zn

pr X E pT qq.

Noting that #pgZn
pr X E pT qq equals the Siegel transform S E pT qpgq of the

indicator function of E pT q and applying the first moment formula (2.3.1),
the expected value is given by

ª

⌦

#pgZn
pr X E pT qq dµpgq “ volpE pT qq.

Let dpP q “ npn ´ 1q. In Theorem 2.7.1 below, we will show that for almost
every x P X and for all T ° 1 su�ciently large,

#pk´1
x Zn

pr X E pT qq “ volpE pT qq ` O
´
volpE pT qq

2`dpP q
3`dpP q logpvolpE pT qqq

¯
.
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In order to make the link with our main Theorem 2.0.1, we explicitly compute
volpE pT qq in this section.

Let v “ pv1, . . . , vnq P Rn r t0u and note that

dpx0, rvsq “
}e1 ^ v}

}e1}}v}
“

}v1
}

}v}
, (2.5.1)

where by v1 we always denote the vector v1
“ pv2, . . . , vnq P Rn´1. Let

r P p0, 1q and set Dr “ tx “ px1, . . . , xnq P Sn´1 : }x1
} † r, x1 ° 0u. Since

x P Sn´1 and thus |x1|
2

` }x1
}
2

“ 1, we may alternatively write

Dr “ tx P Sn´1 : x1 °

?

1 ´ r2u.

Observe that Dr is a polar cap centered at the north pole on Sn´1.

Lemma 2.5.1. For every r ° 0, we have

�npDrq “
�p

n
2 q

2⇡
1
2�p

n`1
2 q

rn´1
` Onprn`1

q. (2.5.2)

Proof. By the form of the error term, it su�ces to prove the lemma for all
small r, say r P p0, 12q. Using [KY23, Lemma 5.2], for all r1

P p0, 1q, we have

�n

ˆ"
x P Sn´1 : x1 ° 1 ´

r12

2

*˙
“

�p
n
2 q

2⇡
1
2�p

n`1
2 q

pr1
q
n´1

` Onppr1
q
n`1

q (2.5.3)

Setting r1
“

b
2p1 ´

?

1 ´ r2q for small enough r ° 0, one can check that

Dr “ tx P Sn´1 : x1 ° 1 ´
r12

2
u.

Taylor expansion at r “ 0 gives
b
2p1 ´

?

1 ´ r2q “ r ` Opr3q,

and plugging this into (2.5.3) yields the claim.

Lemma 2.5.2. Let  : R` Ñ R` be a non-increasing function and define

the integrals

 pT q “

ª T

0

tn´1 ptqn´1dt, ⌦pT q “

ª T

0

tn´1 ptqn`1dt.
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Then, as T tends to `8, we have

volpE pT qq “ {n pT q ` Op⌦pT qq, (2.5.4)

where {n was defined in (2.0.2).

Proof. Recall that KL “ LXK – SOn´1pRq and that the map of K{KL ˆA
to G{L given by pkKL, apyqq fiÑ kapyqe1 gives natural polar coordinates on
Rn r t0u: Every v P Rn r t0u can be written uniquely as v “ kapyqe1 for
some k P K{KL and apyq P A. In these coordinates, the set E pT q can be
described as follows

E pT q “

!
v “ kapyqe1 P rX : }pke1q

1
} †  py´1

q, y ° T´1
)
.

Using equation (2.2.3) and Lemma 2.5.1, we have

volpE pT qq “
2⇡n{2

⇣pnq�p
n
2 q

ª
`8

T´1

�npD py´1qq
dy

yn`1

“
2⇡n{2

⇣pnq�p
n
2 q

ª
`8

T´1

�p
n
2 q

2⇡
1
2�p

n`1
2 q

 py´1
q
n´1

` Onp py´1
q
n`1

q
dy

yn`1

“ {n

ª T

0

tn´1 ptqn´1 dt ` On

ˆª T

0

tn´1 ptqn`1 dt

˙

This finishes the proof of the lemma.

2.6 Well-roundedness

The term well-roundedness was introduced in [EM93] and [DRP93], and has
been frequently used since then (see, for instance, [GN10], [GN12]). It refers
to the regularity property of a set to be almost invariant under the action of
a small ball centered at the identity in G, and it allows for asymptotic lattice
point counts with an error term. Our approach in this section is inspired by
the recent work of Kelmer and Yu [KY23].

The goal is to show that the family pE pT qqT°1 is well-rounded with re-
spect to a certain family O “ pP"q0†"†1 of symmetric identity neighborhoods
in the maximal parabolic subgroup P . We recall that P is defined as the
stabilizer in G “ SLnpRq of the line through e1.

We will work with the following definition of well-rounded sets.
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Definition 2.6.1 (Well-roundedness). Let O “ pP"q0†"†1 be an increasing
family of symmetric identity neighborhoods of P . We say that a family B

1

of finite-measure Borel subsets in Rn
zt0u is well-rounded with respect to O

if there exist C0 ° 0 and "0 P p0, 1q such that for any B1
P B

1 and any
" P p0, "0q, the Borel sets

B1

" “

£

pPP"

pB1
Ñ

§

pPP"

pB1
“: B

1

" satisfy volpB
1

"zB
1

"q § C0" volpB
1
q.

(2.6.1)

Let dGp¨, ¨q be a left-invariant Riemannian distance on G “ SLnpRq. Let
dP p¨, ¨q denote the induced left-invariant Riemannian distance on P by view-
ing P as an embedded submanifold of the Riemannian manifold G. Given
0 † " § 1 and c ° 0 (to be determined), we define P" “ BP pc"q to be
the metric open ball in P centered at the identity with radius c". Since
the dimension of P is npn ´ 1q, we have µP pP"q — "npn´1q, and we set
dpP q “ npn´ 1q. Next, we verify that the family pE pT qqT°1 is well-rounded
with respect to the family O “ pP"q0†"†1. Let  : R` Ñ r0, 1{2s be a non-
increasing function and define for every t P R` and " P p0, 12q the functions
 ˘

" ptq “ p1 ` "q˘1 pp1 ` "q¯1tq.

Lemma 2.6.2. Let  : R` Ñ r0, 1{2s be a non-increasing function. Then

there exists c ° 0 such that for all T ° 1, p P P", and " P p0, 12q,

E "́
pp1 ` "q´1T q Ñ pE pT q Ñ E "̀

pp1 ` "qT q. (2.6.2)

Proof. Fix " P p0, 12q, p “ mapyqux P P" and T ° 1. We first prove the
relation

pE pT q Ñ E "̀
pp1 ` "qT q.

That is, given v P E pT q, we need to verify the following two conditions:

(1) dpx0, rpvsq †  `

" p}pv}q,

(2) 0 † }pv} † p1 ` "qT .

Since each v P E pT q satisfies 0 † }v} † T , in order to prove p2q, it su�ces
to show that

0 † }pv} † p1 ` "q}v}.

Applying the triangle inequality, one has }pv} § }v} ` }pv ´ v}, and, since
}pv´v} § }p´id}}v}, the claim follows by choosing c ° 0 so that }p´id} † "
for every p P BP pc"q.
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Next, we show condition (1). Combining the estimate }pv} † p1 ` "q}v}

with the fact that  is non-increasing, we obtain

 p}v}q §  pp1 ` "q´1
}pv}q.

Therefore it su�ces to show that dpx0, rpvsq † p1 ` "q p}v}q. By Equation
(2.5.1), we have }e1 ^ pv} “ }ppvq

1
}. By choosing c ° 0 even smaller if

necessary, a calculation in the explicit coordinates of v “ pv1,v1
q and p “

mapyqux shows that

dpx0, rpvsq “
}ppvq

1
}

}pv}
§ p1 ` "q

}v1
}

}v}
“ p1 ` "qdpx0, rvsq.

Using that dpx0, rvsq †  p}v}q by assumption, we get pv P E "̀
pp1 ` "qT q,

as required. This finishes the proof of the relation pE pT q Ñ E "̀
pp1 ` "qT q.

Similarly, using the fact that P" is symmetric and applying the first part to
 “  ´

" , one gets
p´1

E "́
pp1 ` "q´1T q Ñ E pT q.

This completes the proof of the lemma.

Proposition 2.6.3. Let  : R` Ñ r0, 12s be a non-increasing function sat-

isfying limtÑ`8  ptq “ 0 and
≥

`8

0 tn´1 ptqn´1dt “ `8. Then the family

pE pT qqT°1 is well-rounded with respect to O “ pP"q0†"†1.

Proof. We show that there exists C0 ° 0 (depending only on n) such that
for any E pT q with T ° 1 and for any " P p0, 1{2q, there exist Borel subsets
B", B" satisfying

B" Ñ

£

pPP"

pE pT q Ñ

§

pPP"

pE pT q Ñ B" and volpB"zB"q § C0" volpBq.

(2.6.3)
For this, we take B" “ E "́

pp1 ` "q´1T q and B" “ E "̀
pp1 ` "qT q, where  ˘

"

are as in Lemma 2.6.2. The above inclusion relations follow from Lemma
2.6.2. For the measure bound, we note that B"zB" Ñ R1 Y R2 with

R1 “
 
kapyqe1 P Rn

zt0u :  ´

" py´1
q § }pke1q

1
} §  `

" py´1
q, 0 † y´1

§ p1 ` "q´1T
(
,

and

R2 “
 
kapyqe1 P Rn

zt0u : }pke1q
1
} §  `

" py´1
q, p1 ` "q´1T § y´1

§ p1 ` "qT
(
.
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By Lemma 2.5.1 (noting also that by our assumptions  `

" ptq † 1 for all
t P R`), we have

volpR1q Àn

ª
p1`"q

´1T

0

tn´1
`
 `

" ptqn´1
´  ´

" ptqn´1
˘
dt

and

volpR2q Àn

ª
p1`"qT

p1`"q´1T

tn´1 `

" ptqn´1 dt.

This, together with the measure estimate volpE pT qq —n  pT q (cf. Lemma
2.5.2) implies that

volpB"zB"q Àn

ª
p1`"qT

0

tn´1 `

" ptqn´1 dt ´

ª
p1`"q

´1T

0

tn´1 ´

" ptqn´1 dt

“
`
p1 ` "qn ´ p1 ` "q´n

˘ ª T

0

tn´1 ptqn´1 dt Àn " volpE pT qq.

This finishes the proof.

2.7 From mean square discrepancy to count-

ing

In this section, we prove e↵ective counting estimates on #pk´1
x Zn

pr X E pT qq

as T Ñ `8. Our approach is inspired by the arguments given in [KY23,
§3] to count rational approximations on spheres. More precisely, we use
the well-roundedness of the family pE pT qqT°1 as established in Proposition
2.6.3) and the mean square bound on the discrepancy (2.3.4) to deduce the
following counting result, which holds for almost every x P X as T Ñ `8.
Throughout, we let dpP q “ npn ´ 1q.

Theorem 2.7.1. Let  : R` Ñ r0, 1{2s be a non-increasing function satisfy-

ing limtÑ`8  ptq “ 0 and
≥

`8

0 tn´1 ptqn´1dt “ `8. Then for almost every

x P X and for all su�ciently large T ° 1, we have

#
`
k´1
x Zn

pr X E pT q
˘

“ volpE pT qq ` O
´
volpE pT qq

2`dpP q
3`dpP q logpvolpE pT qqq

¯
.

The following proposition, which is a key ingredient for Theorem 2.7.1, is
a special case of [KY23, Proposition 3.6]. Recall that for " P p0, 12q we defined
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P" “ BP pc"q to be the metric open ball in P centered at the identity with
radius c" for some su�ciently small and fixed c ° 0.

Proposition 2.7.2 (Kelmer-Yu). Let C0 ° 0 be as in Equation (2.6.3).
Then for all su�ciently large T ° 1 and for all 0 † Z † C0 volpE pT qq, we

have

�Xptx P X : Dpk´1
x , E pT qq ° Zuq ÀO,C0,n

volpE pT qq
1`dpP q

Z2`dpP q
.

For the convenience of the reader, we reproduce their argument here.

Proof. For any T ° 1 and any Z P p0, C0 volpE pT qqq, we set

MT,Z “
 
x P X : Dpk´1

x , E pT qq ° Z
(
.

Let us also denote by

M
˘

T,Z “
 
x P X : ˘

`
#pk´1

x Zn
pr X E pT qq ´ volpE pT qq

˘
° Z

(
,

so that MT,Z “ M
`

T,Z YM
´

T,Z . It thus su�ces to show that for all su�ciently
large T ,

�XpM
˘

T,Zq ÀO,C0,n
volpE pT qq

1`dpP q

Z2`dpP q
.

We prove this for M`

T,Z , the other case is shown similarly.

So take " “
Z

2C0 volpE pT qq
, so that Z ´C0" volpE pT qq “

Z
2 . Note that since

0 † Z † C0 volpE pT qq, we have " P p0, 12q. Let x P M
`

T,Z . Then for every

p P P", by Proposition 2.6.3 and since P" is symmetric, for B" as in (2.6.3),
we have

#pk´1
x Zn

pr X pB"q • #pk´1
x Zn

pr X E pT qq

° volpE pT qq ` Z

• volpB"q ´ C0" volpE pT qq ` Z

“ volpB"q `
Z

2
,

implying that

Dpp´1k´1
x , B"q • #pp´1k´1

x Zn
pr X B"q ´ volpB"q °

Z

2
.
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Hence

Z2

4
�XpM

`

T,ZqµP pP"q †

ª

X

ª

P"

Dpp´1k´1
x , B"q

2 dµP ppq d�Xpxq.

Let us denote by I this double integral.
On the other hand, letting S" “ tkxp : x P X, p P P"u Ñ G and using the

measure description in equation (2.2.6), since G is unimodular, we have

I “

ª

S"

Dpg´1, B"q
2�P pgq dµGpgq “

ª

S
´1
"

Dpg, B"q
2�P pg´1

q dµGpgq.

Since P" Ñ P1 and both P1 Ñ P and X are compact, S´1
" can be covered

by a finite number, possibly depending on P1, of fundamental domains for
G{�. Moreover, since �P is continuous and strictly positive on G and since
the closure of S" is compact, we have �P pg´1

q —P1 1 for all g P S
´1
" . Thus,

using the mean square bound on the discrepancy as in Lemma 2.3.4 and that
volpB"q † p1 ` C0"q volpE pT qq ÀC0 volpE pT qq, we have

I ÀP1

ª

S
´1
"

Dpg, B"q
2 dµGpgq

ÀP1

ª

⌦

Dpg, B"q
2 dµ⌦pg�q À volpB"q ÀC0 volpE pT qq.

Thus, recalling that µP pP"q — "dpP q, we have

�XpM
`

T,Zq ÀC0,P1

volpE pT qq

Z2 µP pP"q
´1

À
volpE pT qq

Z2

´
Z

2C0 volpE pT qq

¯
´dpP q

—C0,dpP q

volpE pT qq
1`dpP q

Z2`dpP q .

Similarly, we also have �XpM
´

T,Zq ÀO,C0,n
volpE pT qq

1`dpP q

Z2`dpP q , finishing the proof.

We can now prove Theorem 2.7.1 using a Borel-Cantelli-type argument.
The proof follows the arguments in [KY23, Lemma 3.2 and Corollary 3.3].

Proof of Theorem 2.7.1. Let  : R` Ñ r0, 12s be as in this theorem. By
Proposition 2.6.3, the increasing family pE pT qqT°1 is well-rounded with re-
spect to the family of identity neighborhoods O “ pP"q0†"†1. Thus we can
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apply Proposition 2.7.2 to get for all T ° V , where V ° 0 is some large
positive constant, and for all 0 † Z † C0 volpE pT qq,

�Xptx P X : Dpk´1
x , E pT qq ° Zuq ÀO,C0,n

volpE pT qq
1`dpP q

Z2`dpP q
. (2.7.1)

Now to prove the theorem, it su�ces to show that for almost every x P X
and for all su�ciently large T ° 1,

Dpk´1
x , E pT qq À volpE pT qq

2`dpP q
3`dpP q log pvolpE pT qqq .

Set ⌫ “
1

3`dpP q
and ! “

1
⌫ . Let pE pTkqqkPN˚ be the increasing sequence given

by volpE pTkqq “ maxtV, k! logpkqu. Since the family pE pT qqT°1 is increas-
ing, any E pT q with volpE pT qq ° V satisfies E pTkq Ñ E pT q Ñ E pTk`1q for
some k and we can estimate for all k su�ciently large

volpE pTk`1qzE pTkqq À k!´1 logpkq À k!´1 logpkq
2´⌫

—n volpE pTkqq
1´⌫ logpvolpE pTkqqq. (2.7.2)

We can also estimate

`8ÿ

k“1

volpE pTkqq
2`dpP q
3`dpP q ´1 logpvolpE pTkqqq

´p2`dpP qq

À

`8ÿ

k“1

k´1 logpkq
´p2`dpP qq

† `8. (2.7.3)

Set Mk “ tx P X : Dpk´1
x , E pTkqq ° volpE pTkqq

1´⌫ logpvolpE pTkqqqu. We
then need to show that the set

M8 “

£

m•1

§

k•m

Mk

has �X-measure zero. We can apply equation (2.7.1) to get for all k su�-
ciently large,

�XpMkq À volpE pTkqq
2`dpP q
3`dpP q ´1 logpvolpBkqq

´p2`dq.

This estimate and the summability in (2.7.3) then imply that �XpM8q “ 0.
Thus we have shown that for �X-a.e. x P X and for all k su�ciently large,
we have

Dpk´1
x , E pTkqq À volpE pTkqq

2`dpP q
3`dpP q log pvolpE pTkqqq .
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For arbitrary T ° 1 with su�ciently large volpE pT qq, the claim follows from

the estimate in (2.7.2) as 1 ´ ⌫ “
2`dpP q

3`dpP q
and the observation

Dpk´1
x , E pT qq § max

 
Dpk´1

x , E pTkqq, Dpk´1
x , E pTk`1qq

(
`volpE pTk`1qzE pTkqq,

whenever k is such that E pTkq Ñ E pT q Ñ E pTk`1q. This finishes the
proof.

2.8 Proof of Theorem 2.0.1

In view of Lemma 2.4.1 and the measure estimates in §2.5, Theorem 2.0.1
now essentially follows from Theorem 2.7.1.

Proof of Theorem 2.0.1. Let  : R` Ñ R` be a non-increasing function. We
first assume that  pR`q Ñ r0, 1{2s. We can thus apply Lemma 2.4.1 and
Theorem 2.7.1 to get for almost every x P X and for all su�ciently large T ,

N px, T q “ volpE pT qq ` O
´
volpE pT qq

2`dpP q
3`dpP q logpvolpE pT qqq

¯
.

Next, applying the measure estimate from Lemma 2.5.2 for E pT q, we get

N px, T q “ {n pT q ` Op pT q
2`dpP q
3`dpP q logp pT qq ` ⌦pT qq.

Finally, if  pR`q Ü r0, 1{2s, since lim
tÑ`8

 ptq “ 0, there exists some t0 ° 0

such that  ptq †
1
2 for all t • t0. Define  0 : R` Ñ r0, 1{2s by  0ptq “  pt0q

if t † t0 and  0ptq “  ptq if t • t0. Applying the previous result for  0 we
get for �X-a.e. x P X and for all su�ciently large T ,

N 0px, T q “ {n 0pT q ` Onp 0pT q
2`dpP q
3`dpP q logp 0pT qq ` ⌦0pT qq.

We can then conclude the proof by noting thatN px, T q “ N 0px, T q`O p1q,
 pT q “  0pT q ` O p1q and ⌦pT q “ ⌦0pT q ` O p1q for any T ° 1 and
x P X.
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Chapter 3

Integrability of Siegel

transforms

As we have seen in the previous chapter, we can obtain an alternative proof of
Schmidt’s classical result [Sch60a] for the projective space PpRn

q by adapting
the recent approach of Kelmer and Yu [KY23] and using Rogers’ second mo-
ment formula for the classical primitive Siegel transform (see Theorem 2.3.1).

Let us elaborate briefly on the work of Kelmer and Yu [KY23], as it in-
spired our generalization of the classical primitive Siegel transform to the
setting of connected semisimple algebraic Q-groups. Specifically, they in-
troduced and studied the light-cone Siegel transform that they associated
with a rational isotropic quadratic form Q of signature pn ` 1, 1q for n • 1.
They observed that this transform can be expressed as a finite sum of in-
complete Eisenstein series. Using the spectral theory of Eisenstein series,
they established a second moment formula and showed how it yields e↵ec-
tive counting results for rational points on spheres. Notably, they proved a
version of Schmidt’s theorem in metric Diophantine approximation on the
sphere Sn for n ı 1 pmod 8q, with respect to general non-increasing approx-
imation functions. Their light-cone Siegel transform is a special case of our
generalization.

Motivated by their approach and by our alternative proof of Schmidt’s
theorem (Theorem 2.0.1) for the projective space PpRn

q, using second mo-
ment formulas for Siegel transforms, we now turn to studying the integrability
properties of our new transform, that can be attached to any generalized flag
variety X “ G{P, obtained as a quotient of a connected semisimple alge-
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braic Q-group G by a parabolic Q-subgroup P. In particular, our goal is
to determine when this transform is in L2. Unfortunately, it turns out that
this transform fails to be square-integrable when the defining parabolic sub-
group P is not maximal. Consequently, the method employed in the previous
chapter cannot be extended directly to this more general setting, showing a
limitation of this approach.

However, when P is a maximal parabolic Q-subgroup, our generalized
Siegel transform admits a natural extension of Siegel’s classical mean value
formula (2.1.1) and, moreover, lies in L1`" for some small " ° 0. This
integrability property, together with e↵ective mixing in the space of lattices
and tools from the geometry of numbers, is crucial in establishing a version of
Schmidt’s theorem for the real points of rank-one generalized flag varieties,
as developed in Chapters 5 and 6.

3.1 Some preliminaries

In this section, for the convenience of the reader, we record precise statements
with references for certain results that are used in an crucial way in the rest
of this thesis.

3.1.1 Some structure theory of parabolic Q-subgroups

In this subsection, we record some fact concerning the structure of parabolic
Q-subgroups P of a connected semisimple algebraic Q-group G, as presented
in [Bor69, § 11.7].

We first recall that aQ-groupG is an almost direct product ofQ-subgroups
G1, . . . ,Gm § G if these are normal subgroups and the product map

G1 ˆ ¨ ¨ ¨ ˆ Gm Ñ G

pg1, . . . , gmq fiÑ g1 ¨ ¨ ¨ gm

is a Q-isogeny, that is, a surjective morphism of algebraic Q-groups with
finite kernel (this implies in particular that for i ‰ j the subgroups Gi and
Gj centralize each other).

Let G be a connected semisimple algebraic Q-subgroup. We recall that a
parabolic subgroup ofG is a closed subgroupP that contains a Borel subgroup
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B of G (that is, a maximal connected solvable subgroup). We say that P

is a parabolic Q-subgroup if, in addition to being a parabolic subgroup, it is
defined over Q.

Fix a minimal parabolic Q-subgroup P0 of G containing a maximal Q-
split torus T. Let � be the associated set of simple roots of G relative to
T, for the ordering associated with P0. Then P0 “ ZpTqU0 is the semi-
direct product of the centralizer ZpTq in G of T and the unipotent radical
U0 of P0. This centralizer is a connected reductive Q-subgroup of G. We
construct a family of parabolic Q-subgroups that are representatives of the
conjugacy classes under GpQq. To this end, we associate to each subset ✓ of
�, a Q-subtorus of T:

T✓ “

˜
£

↵P✓

kerp↵q

¸
˝

,

where p¨q
˝ means the connected component with respect to the Zariski topol-

ogy, and a parabolic Q-subgroup that contains P0:

P✓ “ ZpT✓qU0.

In fact, this group is a semi-direct product

P✓ “ ZpT✓qU✓

of ZpT✓q and its unipotent radical U✓. In particular, this is a Levi decom-
position of P✓ with Levi subgroup ZpT✓q. The characters of T that arise
from the adjoint representation of T on the Lie algebra u✓ of U✓pRq are the
positive roots that contain at least one simple root that is not in ✓. As for
the roots of ZpT✓q, these are the roots whose simple components are all in ✓.
Thus, the set of Q-roots of P✓ consists the positive roots and of the negative
roots that are linear combinations of the simple roots that are in ✓. The map
✓ fiÑ P✓ is increasing and one has:

P✓ X P✓1 “ P✓X✓1 , PH “ P0, P� “ G.

Let r✓s be the set of Q-roots that are linear combinations of elements of ✓. Let
Q be the largest connected Q-anisotropic Q-subgroup of ZpTq. There exist a
connected semisimple Q-subgroup M✓ of ZpT✓q and a connected Q-subgroup
Q✓ of Q such that:

• the Q-rank of M✓ is equal to the number of elements of ✓;
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• TM✓
“ pM✓ X Tq

˝ is a maximal Q-split torus of M✓;

• r✓s is the system of Q-roots of M✓;

• ZpT✓q is the almost direct product of Q✓, M✓, T✓.

The Lie algebra of M✓ is the sum of the subspaces g↵ ` rg↵, g´↵s, where g↵
is the root subspace corresponding to the root ↵ and ↵ runs through r✓s.

Lemma 3.1.1. Let M be the identity component of the intersection of the

kernels of the Q-characters of ZpT✓q. Then M “ Q✓M✓.

Proof. By [Bor69, Proposition 10.7], the group ZpT✓q is the almost direct
product of aQ-splitQ-torus S and a connectedQ-subgroupM satisfying that
its Q-character group, X˚

pMqQ, is trivial. Moreover, this decomposition is
unique andM is explicitly given as the identity component of the intersection
of the kernels of the Q-characters of ZpT✓q. Since ZpT✓q “ pQ✓M✓qT✓ is
another such decomposition, we must have M “ Q✓M✓ and S “ T✓.

Theorem 3.1.2 ([Bor69, Theorem 11.8]). Let G be a connected semisimple

Q-group.

1. Every parabolic Q-subgroup of G is conjugated by an element of GpQq

to a unique subgroup P✓.

2. Two parabolic Q-subgroups of G that are conjugated over Q are conju-

gated over Q.

3. The projection map GpQq Ñ pG{PqpQq is surjective. In particular,

one has pG{PqpQq “ GpQq{PpQq.

Let P be a parabolic Q-subgroup of G. Let ✓ be the unique subset of �
such that P✓ is conjugated to P by an element of GpQq. We say that P is a
maximal parabolic Q-subgroup of G, if there exists a simple root ↵ P � such
that ✓ “ �r t↵u. Let us also recall that the Q-rank of P, which is denoted
by rankQ P, is defined to be the cardinality of the set ✓. In particular, P is
a maximal parabolic Q-subgroup of G if and only if rankQ P “ rankQ G´ 1.
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3.1.2 Relative fundamental weights

Let us recall here the notion of relative fundamental weights. We follow the
exposition given in [MG14, §3] (where G is assumed to be simply connected)
and refer the reader to [BT65, §12] for the details.

LetG be a connected semisimple algebraic Q-group. We first work over Q
and then consider the corresponding “relativized” notions over Q, denoting
the former with a tilde.

So let S be a maximal Q-torus in G and B be a Borel subgroup of G
containing the torus S. Let r� “ r�pG,Sq be the associated absolute roots
of G relative to S and let r� Ä r� be the set of simple roots with respect
to the ordering induced on r� by the Borel subgroup B. We denote by
X˚

pSq (resp. X˚pSq) the groups of characters (resp. cocharacters) of S. Let
r�_

Ä X˚pSq be the absolute coroots of G relative to S. The absolute Galois

group GalpQ{Qq and the absolute Weyl group ÄW “ pNpSq{SqpQq act linearly
on SpQq. Let k be a finite Galois extension of Q such that S splits over k.
Then the absolute Galois group acts on SpQq through H “ Galpk{Qq and
ÄW “ pNpSq{Sqpkq. We fix an inner product x¨, ¨y on E “ X˚

pSq b R that is

invariant under the action of H ˙ ÄW . We refer to such an inner product on
E as admissible and we use it to identify X˚pSq as the dual of X˚

pSq in E
(in fact, using the natural pairing between X˚pSq and X˚

pSq, every element
a˚ P X˚pSq induces a linear functional ⇤a˚ on E and hence is of the form
x¨, a˚

y for some unique element a˚
P X˚

pSq and we identify a˚ with a˚).

Let now T be a maximal Q-split torus contained in S and P0 a minimal
parabolic Q-subgroup containing the Borel subgroup B. Let � “ �pG,Tq be
the roots of G relative to T and � be the set of simple roots corresponding
to the ordering coming from the minimal parabolic Q-subgroup P0. Let
j : T Ñ S be the injection map. It induces a surjection j˚ : X˚

pSq Ñ X˚
pTq

and an injection j˚ : X˚pTq Ñ X˚pSq. Via these maps, X˚pTq gets identified
with

Y˚ “ tv P X˚pSq : H ¨ v “ vu,

the extension of j˚ to X˚
pSq b R Ñ X˚

pTq b R gets identified with the
orthogonal projection ⇡ onto

V “ tv P E : H ¨ v “ vu,

and X˚
pTq gets identified with Y ˚

“ ⇡pX˚
pSqq. The root system � of G

relative toT is then ⇡pr�qrt0u and r� can be chosen such that� “ ⇡p r�qrt0u.
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For any absolute Galois automorphism h, there exists a unique wh in the
absolute Weyl group such that whphp r�qq “ r�. This induces a new linear
action ⌧ of the Galois group GalpQ{Qq on X˚

pSq. Let r� P r� be such that
⇡pr�q “ � P �. Then ⇡´1

p�q “ ⌧pHqpr�q. We recall that the anisotropic kernel
of G is the connected component of the derived subgroup of the centralizer
of T in G. The absolute root system of the anisotropic kernel of G is given
by �0 “ kerp⇡q X r� and �0 “ r�X �0 is a set of simple roots in �0.

For any r� P r� (resp. � P �), under the above identification, we have that
r�_

“ 2r�{pr�, r�q is a coroot (resp. �_
“ 2�{p�,�q is a relative coroot). Let

tr!r↵ : r↵ P r�u be the absolute fundamental weights of G. This means that
for every r↵ P r�, the element r!r↵ P X˚

pSq is the unique character of S such
that for every r� P r� we have pr!r↵, r�q “ �r↵,r�. For any ↵ P �, put

!↵ “ ⇡

¨

˝
ÿ

r↵P⇡´1p↵q

r!r↵

˛

‚.

These are called the relative fundamental Q-weights of G. Moreover, one has

x!↵, �y “
}r↵}

}↵}
�↵,�,

where r↵ is any element in ⇡´1
p↵q X r�. A character � P X˚

pTq is called a
dominant Q-weight if, for every ↵ P �, x�,↵y • 0. In particular, the relative
fundamental Q-weights are dominant Q-weights. Let P be a parabolic Q-
subgroup containing P0. By a slight abuse of notation, we shall say that
� P X˚

pPqQ, the Q-character group of P, is a dominant Q-weight if its
restriction to T is so. Moreover, by a highest Q-weight � P X˚

pTq we shall
always mean a dominant Q-weight � P X˚

pTq that is the highest Q-weight
of a representation ⇡� : G Ñ GLpV�q which is strongly rational over Q, as
defined below.

3.1.3 Strongly rational representations

Let us now recall the notion of a representation which is strongly rational
over Q. We refer the reader again to [BT65, §12] for the details.

Let G be a connected semisimple algebraic Q-group. Let B be a Borel
subgroup of G and suppose that S is a maximal Q-torus contained in B.
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Let ⇡ : G Ñ GLpVq be an irreducible representation. There exists a unique
line D Ä V that is invariant under the Borel subgroup B. In particular, S
acts on the line D through a character r� P X˚

pSq called the highest weight

of ⇡: @ s P S, v P D, we have ⇡psqv “ r�psqv. The orbit under G of the
line D is called the cone of the representation ⇡ and we denote it by C⇡.
The stabilizers of the lines in C⇡ form a class of parabolic subgroups of G,
denoted by P⇡, that are conjugated to each other. The representation ⇡ is
called strongly rational over Q if it is defined over Q and if P⇡ contains a
parabolic subgroup P which is defined over Q.

The character r� P X˚
pSq determines the representation ⇡ up to equiva-

lence. Moreover, the highest weight r� is a linear combination r� “
∞

r↵P r� cr↵ r!r↵
with cr↵ P N of the absolute fundamental weights tr!r↵ur↵P r� and conversely, if
G is simply connected, every linear combination

∞
r↵P r� cr↵ r!r↵ with cr↵ P N is

the highest weight of an irreducible representation ⇡ : G Ñ GLpV
1
q.

We suppose now until the end of this subsection that T is a maximal
Q-split Q-torus of G contained in S and that P0 is a minimal parabolic Q-
subgroup containing B. Let X˚

pP0qQ be the group of Q-characters of P0.
By [BT65, Corollary 12.11], an irreducible representation ⇡ : G Ñ GLpVq

is strongly rational over Q if and only if its highest weight r� is the restriction
to S of an element of X˚

pP0qQ. Let now ⇡ : G Ñ GLpVq be a strongly
rational representation. Then the stabilizer P of the unique B-invariant line
D Ä V is a parabolic Q-subgroup containing P0. The weights of ⇡ are the
characters µ P X˚

pSq for which there exists a non-zero v P V such that,
@ s P S, we have ⇡psqv “ µpsqv. The Q-weights of ⇡ are the restrictions to T

of the weights of ⇡; the highest Q-weight of ⇡, denoted by �, is the restriction
of r� to T. This character determines ⇡ up to rational equivalence. Hence we
denote from now on ⇡ by ⇡� and V by V�. By [BT65, Proposition 12.13],
the highest Q-weight � of an irreducible representation ⇡� : G Ñ GLpV�q

which is strongly rational over Q is a linear combination � “
∞
↵P� c↵ !↵

with c↵ P N of the relative fundamental weights t!↵u↵P� and, for every
↵ P �, there exists an integer d↵ • 1 such that for every c↵ P N, c↵ d↵ !↵
is the highest Q-weight of an irreducible representation ⇡ : G Ñ GLpVq

which is strongly rational over Q. If G is simply connected, every linear
combination

∞
↵P� c↵ !↵ with c↵ P N is the highest Q-weight of an irreducible

representation ⇡ : G Ñ GLpVq which is strongly rational over Q. For every
Q-weight µ P X˚

pTq of a representation ⇡� : G Ñ GLpV�q which is strongly
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rational over Q, let

V
µ

“ tv P V� : @t P T, ⇡�ptqv “ µptqvu.

This is a Q-subspace of V�. It is known that V� is the direct sum of the
linear subspaces V

µ, that V
� is one-dimensional, and that every Q-weight

of ⇡� has the form

µ “ � ´

ÿ

↵P�

c↵pµq↵ (3.1.1)

with c↵pµq P N. We fix once and for all a vector e� P V
�
pQq r t0u.

3.1.4 Reduction theory

Finally, we shall briefly recall the Bruhat decomposition of G and some
notions from reduction theory, as it is presented in [BT65]. Let W be the
Weyl group associated to G and T, given as the quotient of the normalizer
of T by its centralizer. The Bruhat decomposition [BT65, Théorème 5.15] of
GpQq allows to express

GpQq “

ß

wPW

P0pQqxwP0pQq, (3.1.2)

where pxwqwPW is a system of representatives of W in NpTqpQq. In what
follows, by a slight abuse of notation, we shall simply write w for xw. More-
over, we need the notion of a Siegel set. Let K be a maximal compact
subgroup of G, the group of real points of G. Moreover, let P0 be a minimal
parabolic Q-subgroup of G and T a maximal Q-split Q-torus of G contained
in P0. Let U0 “ RupP0q denote the unipotent radical of P0 and let M0 be
the maximal connected Q-anisotropic Q-subgroup of the centralizer ZpTq of
T in G. By a slight abuse of notation, we let a denote the Lie algebra of
T “ TpRq. For every ⌧ ° 0 let a⌧ “ tX P a : @↵ P �, ↵pXq § ⌧u and set
A⌧ “ exp a⌧ . Denote by M0 and U0 the groups of real points of M0 and U0,
respectively. Let ! be compact neighborhood of the identity in M0U0. Then
S “ S⌧,! “ K A⌧ ! is called a Siegel set (over Q). Let � be an arithmetic
subgroup of G contained in GpQq. Let us also recall that F Ä G is called a
fundamental set of � (see [Bor69, Definition 9.6]) if the following conditions
hold:

1. K F “ F ,
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2. F � “ G,

3. For every c P GpQq, the set t� P � : Fc X F� ‰ Hu if finite.

Theorem 3.1.3 ([Bor69, Theorem 15.5]). Let G be a connected semisimple

algebraic Q-group and � an arithmetic subgroup of G contained in GpQq.

There exists a Siegel set S over Q of G and a finite subset C Ä GpQq such

that SC is a fundamental set for � in G. This set has finite Haar measure

(since X˚
pGqQ “ t1u) and is compact if rankQpGq “ 0.

Consequently, if we let S “ K A⌧ ! be as above, every g P G can be
written as g “ kanc� with k P K, a P A⌧ , n P !, c P C, and � P �. Such
a decomposition is in general not unique. However, the a-component is de-
termined up to bounded error (see, for instance, [Sax20, Proposition 4.2.4.]):
if g “ k1a1n1c1�1 is any other such decomposition of g with k1

P K, a1
P A⌧ ,

n1
P !, c1

P C, and �1
P �, then a1a´1

“ exppOp1qq.

3.2 Generalizing the Siegel transform

Let G be a connected semisimple algebraic Q-group. Let P0 be a minimal
parabolic Q-subgroup of G and let T be a maximal Q-split Q-torus of G
contained in P0. Let ⇡� : G Ñ GLpV�q be a representation which is strongly
rational over Q and let � P X˚

pTq be the associated highest Q-weight. In
particular, there is a unique P0-invariant line D Ä V� that is defined over
Q, on which T acts via �. The stabilizer P in G of the line D is a parabolic
Q-subgroup containing P0. Fix a non-zero vector e� P DpQq and let L be the

stabilizer in G of e�. Let V� “ V�pRq and G “ GpRq. Let rX0 “ G ¨e� Ä V�
be the G-orbit of e� and denote by rX “ rX0 \ t0u. Fix a lattice V�pZq of V�
contained in V�pQq. Its stabilizer � in G is an arithmetic subgroup. Let L�
denote the set of all the primitive vectors in V�pZq that are contained in rX.
We assume that e� P L�.

Definition 3.2.1 (Siegel transform). For every measurable bounded com-
pactly supported function f : rX Ñ R, we define the Siegel transform of f at
� as the map S�f : G{� Ñ R given by

@ g P G, S�fpg�q “

ÿ

vPL�

fpgvq. (3.2.1)
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Since f is compactly supported, for each g P G, the sum on the right-hand
side is finite, and hence converges absolutely. Since L� is stable under the
action of �, the Siegel transform S�f is a well-defined function on ⌦ “ G{�.
By abuse of notation, we shall write S�fpgq for S�fpg�q.

We equip the Lie algebra g of G with the Killing form and choose a
maximal compact subgroupK of G whose Lie algebra is orthogonal to that of
T “ TpRq. We endow V� with a Euclidean inner product x¨, ¨y for which ⇡�pgq

is unitary (resp. self-adjoint) whenever g P K (resp. g P T ). In particular,
the eigenspaces V µ are mutually orthogonal. We equip the homogeneous
space ⌦ “ G{� with the unique G-invariant probability measure, that we
denote by µ⌦. In what follows, for p P t1, 2,8u, we study the Lp-integrability
of the Siegel transform. More precisely, we are interested in finding criteria
for the Siegel transform S� to map Ccp

rXq into Lp
p⌦q. We start with some

observation and reductions.

3.2.1 Incomplete Eisenstein series

We begin by showing that the Siegel transform is a finite sum of certain
incomplete Eisenstein series.

Observe that � acts on the discrete set L� and that this action is in general
not transitive. However, as we will now show, L� can always be expressed as a
finite union of �-orbits. Recall that P is the stabilizer inG of the line through
the highest weight vector e�. By a theorem of Borel and Harish-Chandra
[Bor69, Proposition 15.6], the set of double cosets �zGpQq{PpQq is finite.
According to Theorem 3.1.2 that we recorded above, one has pG{PqpQq “

GpQq{PpQq. In particular, the set of rational points XpQq of the generalized
flag variety X “ G{P is a finite union of �-orbits. Let x0 “ re�s be the
projective point in PpV�q corresponding to e�. The orbit map G Ñ PpV�q

given by g fiÑ gx0 induces an isomorphism G{P Ñ G ¨x0 defined over Q. We
identify X “ G{P with G ¨ x0 via this isomorphism. Observe that there is a
one-to-one correspondence between XpQq and lines passing through elements
of L�. Hence there exist finitely many representatives v1, . . . ,v P L� such
that

L� “

ß

i“1

� ¨ vi. (3.2.2)

We pick ⌧i P GpQq and �i ° 0 such that vi “ �i⌧ie�. Recall that L is
the stabilizer in G of the vector e� and that P is the stabilizer in G of
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the line through e�. Accordingly, Li “ ⌧iL⌧
´1
i is the stabilizer in G of vi

and Pi “ ⌧iP⌧
´1
i is the stabilizer in G of the line through vi. By abuse of

notation, we write LipZq “ � X Li. Consequently, for every f P Ccp
rXq and

g P G, we have

S�fpgq “

ÿ

i“1

ÿ

�P�{LipZq

fpg�viq “

ÿ

i“1

Eifpgq, (3.2.3)

where, for each i “ 1, . . . ,, the series

Eifpgq “

ÿ

�P�{LipZq

fpg�viq

is the incomplete Eisenstein series of f associated to the orbit � ¨ vi. In
particular, the Siegel transform is a finite sum of these incomplete Eisenstein
series.

Let us show that, for any p P r1,`8s, the Lp-integrability of the Siegel
transform S� does not depend on the choice of the particular lattice V�pZq

(and hence does not depend on � either) nor is it a↵ected if we replace � by a
dominant weight �1 that is a multiple of �. To this end, it will be convenient
to state a slightly more general result.

Fix a dominant weight � P X˚
pPqQ with kernel L “ ker� in P and set

L “ LpRq. For any arithmetic subgroup �1 of G and ⌧1 P GpQq, we define
for any f P CcpG{L⌧ q, where L⌧1 “ ⌧1L⌧1´1, the incomplete Eisenstein series

@ g P G, E⌧1,�1fpgq “

ÿ

�P�1{�1XL⌧1

fpg�L⌧1q.

If ⌧1 “ 1, we simply set E�1fpgq “ E1,�1fpgq.

Lemma 3.2.2. Fix p P r1,`8s. Let �1 and �2 be arithmetic subgroups of

G and ⌧1 and ⌧2 be elements of GpQq. Then E⌧1,�1 maps CcpG{L⌧1q into

Lp
pG{�1q if and only if E⌧2,�2 maps CcpG{L⌧2q into Lp

pG{�2q.

Given an arithmetic subgroup �1 as above, we identify G{�1 with a fun-
damental domain F1 in G and the G-invariant Haar measure on G{�1 with
the restriction of the Haar measure µG on G to F1. The proof essentially
only uses that the arithmetic subgroups �1 and �2 are commensurable, that
is, that their intersection �1 X �2 has finite index in both �1 and �2.
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Proof. It su�ces to show by symmetry that if E⌧1,�1 maps CcpG{L⌧1q into
Lp

pG{�1q then E⌧2,�2 maps CcpG{L⌧2q into Lp
pG{�2q.

Let c⌧1 : G{L Ñ G{L⌧1 be the conjugation map c⌧1pgLq “ ⌧1g⌧
´1
1 L⌧1 . We

first claim that for every f P CcpG{L⌧1q and g P G, we have

E⌧1,�1fpgq “

ÿ

�P⌧´1
1 �1⌧1{⌧´1

1 �1⌧1XL

pf ˝ c⌧1qp⌧´1
1 g⌧1�Lq.

In fact, using that the map c⌧´1
1

: �1{�1 X L⌧1 Ñ ⌧´1
1 �1⌧1{⌧´1

1 �1⌧1 X L given

by conjugation c⌧´1
1

p�1p�1 X L⌧1qq “ ⌧´1
1 �⌧1p⌧

´1
1 �1⌧1 X Lq is a bijection, we

have

E⌧1,�1fpgq “

ÿ

�P�1{�1XL⌧1

fpg�L⌧1q

“

ÿ

�P�1{�1XL⌧1

pf ˝ c⌧1qp⌧´1
1 g�⌧1Lq

“

ÿ

�P�1{�1XL⌧1

pf ˝ c⌧1qp⌧´1
1 g⌧1⌧

´1
1 �⌧1Lq

“

ÿ

�P⌧´1
1 �1⌧1{⌧´1

1 �1⌧1XL

pf ˝ c⌧1qp⌧´1
1 g⌧1�Lq,

as required.

Moreover, using the left-invariance of the Haar measure on G{�1 and the
substitution g fiÑ g⌧´1

1 , one has, for p † `8,
ª

G{�1

|E⌧1,�1f |
p dµG “

ª

G{⌧´1
1 �1⌧1

ˇ̌
ˇ

ÿ

�P⌧´1
1 �1⌧1{⌧´1

1 �1⌧1XL

pf ˝ c⌧1qpg�Lq

ˇ̌
ˇ
p

dµGpgq.

If p “ `8, then, as E⌧1,�1f is a continuous function,

}E⌧1,�1f}8 “ sup
gPG

|E⌧1,�1fpgq| “ sup
gPG

ˇ̌
ˇ̌
ˇ̌

ÿ

�Pp⌧´1
1 �1⌧1q{p⌧´1

1 �1⌧1XLq

pf ˝ c⌧1qpg�Lq

ˇ̌
ˇ̌
ˇ̌ .

A similar argument applies to E⌧2,�2 . Thus, up to replacing ⌧´1
1 �1⌧1 with �1

and ⌧´1
2 �2⌧2 with �2, we may assume that ⌧1 “ ⌧2 “ 1. Hence it is enough to

show that if E�1 maps CcpG{Lq into Lp
pG{�1q then E�2 maps CcpG{Lq into
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Lp
pG{�2q. So let f P CcpG{Lq. We may assume without loss of generality

that f • 0. We first treat the case p † `8. Observe that, for every g P G,
we have

|E�2fpgq|
p

§

ˇ̌
ˇ̌
ˇ̌

ÿ

�P�2{p�1X�2XLq

fpg�Lq

ˇ̌
ˇ̌
ˇ̌

p

§ max
�1P�2{�1X�2

ˇ̌
ˇ̌
ˇ̌#

`
�2{p�1 X �2q

˘ ÿ

�2Pp�1X�2q{p�1X�2XLq

fpg�1�2Lq

ˇ̌
ˇ̌
ˇ̌

p

.

Let F2 be a fundamental domain for �2 in G and let F1,2 be the fundamental
domain for �1 X �2 in G given by F1,2 “

ó
�1P�2{p�1X�2q

F2�1. Then, we have

ª

F2

|E�2f |
p dµG À�1,�2

ÿ

�1P�2{p�1X�2q

ª

F2�1

ˇ̌
ˇ̌
ˇ̌

ÿ

�Pp�1X�2q{p�1X�2XLq

fpg�Lq

ˇ̌
ˇ̌
ˇ̌

p

dµGpgq

“

ª

F1,2

ˇ̌
ˇ̌
ˇ̌

ÿ

�Pp�1X�2q{p�1X�2XLq

fpg�Lq

ˇ̌
ˇ̌
ˇ̌

p

dµGpgq.

Now, since p�1 X �2q{p�1 X �2 X Lq injects into �1{p�1 X Lq,

ˇ̌
ˇ̌
ˇ̌

ÿ

�Pp�1X�2q{p�1X�2XLq

fpg�Lq

ˇ̌
ˇ̌
ˇ̌

p

§

ˇ̌
ˇ̌
ˇ̌

ÿ

�P�1{p�1XLq

fpg�Lq

ˇ̌
ˇ̌
ˇ̌

p

.

Finally, we let F1 be a fundamental domain for �1 in G satisfying that
F1,2 “

ó
�1P�1{p�1X�2q

F1�1. Then, using the fact that the function sending g
to

∞
�P�1{�1XL fpg�Lq is right �1-invariant, we have

ª

F1,2

ˇ̌
ˇ̌
ˇ̌

ÿ

�Pp�1X�2q{p�1X�2XLq

fpg�Lq

ˇ̌
ˇ̌
ˇ̌

p

dµGpgq À�1,�2

ª

F1

ˇ̌
ˇ̌
ˇ̌

ÿ

�P�1{p�1XLq

fpg�Lq

ˇ̌
ˇ̌
ˇ̌

p

dµGpgq

and the latter converges, by assumption. This concludes the proof of the
case p † `8.
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Now suppose that p “ `8. It follows from the above that

|E�2fpgq| § max
�1P�2{p�1X�2q

#
`
�2{p�1 X �2q

˘
ˇ̌
ˇ̌
ˇ̌

ÿ

�2Pp�1X�2q{p�1X�2XLq

fpg�1�2Lq

ˇ̌
ˇ̌
ˇ̌

§ max
�1P�2{p�1X�2q

#
`
�2{p�1 X �2q

˘
ˇ̌
ˇ̌
ˇ̌

ÿ

�2P�1{p�1XLq

fpg�1�2Lq

ˇ̌
ˇ̌
ˇ̌ ,

where for the second inequality we used that p�1X�2q{p�1X�2XLq injects into
�1{p�1 X Lq. Taking upper bounds yields the claim. The proof is complete.

For every fixed p P r1,8s, the Siegel transform S� maps Ccp
rXq into Lp

p⌦q

if and only if each Ei does. Indeed, this follows from the following inequalities
and the fact that Lp

p⌦q is closed under addition: for every f P Ccp
rXq and

i “ 1, . . . ,, we have

Eif § S�|f | and S�f §

ÿ

i“1

Ei|f |.

In view of the above Lemma 3.2.2, it further su�ces to show that this is
the case for some i. Hence, as far as the integrability of the Siegel transform
is concerned, we may without loss of generality assume that L� consists in a
single �-orbit. In particular, we have

@ g P G, S�fpgq “

ÿ

�P�{�L

fpg�e�q.

Let ⇡� : G Ñ GLpV�q be a representation which is strongly rational over Q
and let � P X˚

pP0qQ be the associated highest Q-weight. Let D Ä V� be the
unique P0-invariant line and let P be the stabilizer in G of this line. Then
P is the standard parabolic Q-subgroup corresponding to the subset ✓ Ä �
defined by ✓ “ t↵ P � : x�,↵y “ 0u.

Corollary 3.2.3. Let �1,�2 P X˚
pP0qQ be two highest Q-weights such that

one is a multiple of the other. Let P “ P✓ be the associated standard parabolic

Q-subgroup corresponding to the subset ✓ “ t↵ P � : x�1,↵y “ 0u Ä �. Let

L be the kernel of �1 in P and put L “ LpRq. For every i P t1, 2u, let rXi be

the closure of G ¨ e�i in V�i and let ⌦i “ G{�i, equipped with the unique G-

invariant probability measure µ⌦i. Let p P r1,`8s. Then the Siegel transform

S�1 maps Ccp
rX1q into Lp

p⌦1q if and only if S�2 maps Ccp
rX2q into Lp

p⌦2q.
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Proof. Since the two highest Q-weights �1,�2 are multiples of each other,
they define the same parabolic Q-subgroup P and have the same kernel L
in P. The orbit maps ⇢1 : G{L Ñ rX1 and ⇢2 : G{L Ñ rX2, given by
⇢1pgLq “ ge�1 and ⇢2pgLq “ ge�2 , respectively, extend to homeomorphisms

and give rise to a homeomorphism between rX1 and rX2. The respective Siegel
transforms are given by, for every f1 P Ccp

rX1q, f2 P Ccp
rX2q, g1, g2 P G,

S�1f1pg1q “

ÿ

�1P�1{�1XL

f1pg1�1e�1q and S�2f2pg2q “

ÿ

�2P�2{�2XL

f2pg2�2e�2q.

It su�ces, by symmetry, to assume that the Siegel transform S�1 maps

Ccp
rX1q into Lp

p⌦1q and to show that S�2 maps Ccp
rX2q into Lp

p⌦2q. So

let f2 P Ccp
rX2q. We first claim that E�1 , in the notation of Lemma 3.2.2,

maps CcpG{Lq into Lp
p⌦1q. Indeed, observe that for every f1 P CcpG{Lq and

g P G,
E�1f1pgq “

ÿ

�1P�1{�1XL

f1pg�1Lq “ S�1pf1 ˝ ⇢´1
1 qpgq

and, since ⇢1 induces a homeomorphism, the claim follows. Using Lemma
3.2.2, it now follows that E�2 maps CcpG{Lq into Lp

p⌦2q. Using that ⇢2
induces a homeomorphism, a similar argument now implies that S�2 maps

Ccp
rX2q into Lp

p⌦2q. The proof is complete.

3.3 L1
-integrability

Let G, T, P0, �, �, P, e� and V� be as in the beginning of Section 3.2.
Here, we characterize the L1-integrability of the Siegel transform S�. We will
need the following lemma. For every g P G, we define

��pgq “ min
vPV�pZqrt0u

}gv}

to be the length of the shortest non-zero vector in gV�pZq. We wish to

bound the Siegel transform of a function f P Ccp
rXq in terms of ��. In order

to proceed, we need a consequence of Corollary 6.5.1, which is proved in
Chapter 6 and assumes that the parabolic Q-subgroup P is maximal. To
state it, we need to anticipate some notation. Using Lemma 3.2.2, we can
assume, without loss of generality, that the lattice V�pZq is spanned over Z
by an basis pviqiPI contained in V�pQq consisting of weight vectors for the
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action of TpRq. Fix a K-invariant Euclidean inner product x¨, ¨y on V� for
which this basis is orthonormal and we denote the implied norm on V� by
} ¨ }. Let us write a for the Lie algebra of TpRq and let Y↵ P a be the unique
element satisfying

↵pY↵q “ ´1 and �pY↵q “ 0 for all � P �r t↵u. (3.3.1)

Moreover, let d “ dimX be the dimension (as a real manifold) of the space
of real points of the generalized flag variety X “ G{P. Define �� “ ´

1
�pY↵q

.

We obtain a height function H� on PpV�qpQq by Hprvsq “ }v}, where v is a
primitive vector in the lattice V�pZq representing rvs. This height function
is well defined, since a primitive vector in V�pZq representing rvs is uniquely
determined up to multiplication by ˘1. The map ◆� : X Ñ PpV�q given by
◆�pgPq “ gre�s is an embedding defined over Q. One then obtains a height
function on XpQq, which we also denote by H�, using the embedding ◆�. For
every T • 1, we define the function

N�pT q “ # tv P XpQq : H�pvq † T u

counting rational points in X of height bounded by T . By Corollary 6.5.1,
there exists a constant { ° 0 such that

N�pT q „ { T ��d as T Ñ `8.

Moreover, since the projection map L� Ñ XpQq is surjective with finite fibers
(of cardinality § 2), for every T • 2, we have

# tv P L� : }v} † T u — T ��d. (3.3.2)

Lemma 3.3.1. Suppose that the parabolic Q-subgroup P is maximal. Then,

for every f P Ccp
rXq, we have

@ g P G, |S�fpgq| Àsupp pfq }f}8 ��pgq
´��d. (3.3.3)

Although this bound is not optimal, it is su�cient for our purposes.

Proof. Let f P Ccp
rXq and pick r “ rpsupp pfqq • 2 such that supp pfq

is contained in B rXprq “ tv P rX : }v} † ru. Using reduction theory as
presented in §3.1.4, since G “ SC �, where S “ KA⌧! is a Siegel set (we
recall that the sets K and ! are compact) and C Ä GpQq a finite subset, we
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can express g “ kanc� with k P K, a P A⌧ , n P !, c P C, and � P �. We
assumed that � acts transitively on L�. This implies that � acts transitively
on the set of rational points of X “ G{P. Hence, by [Bor69, Proposition
15.6], we can take C “ t1u. There exists a radius r0 ° 0 such that a⌧ is
contained in a0 ` Bapr0q, where

a0 “ tY P a : @↵ P �, ↵pY q § 0u.

Let k P K, n P !, a P A⌧ , and � P �. We express a “ a0 exppOp1qq with
a0 P exppa0q. Using that �� is right �-invariant, that K is compact and thatî

aPA⌧
a!a´1 is relatively compact (see [Bor69, Lemma 12.2]), we have

��pkan�q — ��pa0q. (3.3.4)

Let Y0 P a0 and a0 “ exppY0q. By the description of the Q-weights of the
representation ⇡� in (3.1.1), for every Q-weight µ of ⇡�, we have

�pY0q § µpY0q.

In particular, since we assumed V�pZq to be spanned over Z by an orthonor-
mal basis consisting of Q-weight vectors for the action of TpRq, we have
��pa0q “ expp�pY0qq. By taking inverses, we see that the largest eigenvalue
of a´1

0 is ��pa0q´1. Hence a´1
0 B rXprq Ñ ��pa0q

´1B rXprq. Since the ball B rXprq

is K-invariant, the Siegel transform S� BÄXprq is so, too. Using that S� BÄXprq

is right �-invariant, that K is compact and that
î

aPA⌧
a!a´1 is relatively

compact, there exists a constant C0 • 1, independent of f , such that, for ev-
ery g P G with Siegel decomposition g “ kan� (and writing a “ a0 exppOp1qq

as above), we have

|S�fpgq| § }f}8 S� BÄXprqpgq

§ }f}8 S� a´1
0 BÄXpC0rq

p1q À }f}8 S� BÄXpC0��pa0q´1rqp1q.

Using (3.3.4) and noting that

S� BÄXpC0��pa0q´1rqp1q “ # tv P L� : }v} † C0��pa0q
´1ru,

it now follows from (3.3.2) that

|S�fpgq| Àsupp pfq }f}8 ��pgq
´��d,

as desired.
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For the convenience of the reader, we recall the statement of Theorem
1.1.1. The first four equivalences in this theorem are probably standard.

Theorem (L1-integrability). The following assertions are equivalent.

(1) The Siegel transform S� maps Ccp
rXq into L1

p⌦q.

(2) There exists a unique (up to scaling) G-invariant Radon measure � rX
on rX and one has a convergent mean value formula: for all f P Ccp

rXq,
ª

⌦

S�f dµ⌦ “

ª

rX
f d� rX (3.3.5)

In particular, for any f P Ccp
rXq,

}S�f}L1p⌦q § }f}L1p rXq
,

and hence the Siegel transform S� can be extended to a bounded operator

S� : L1
p rXq Ñ L1

p⌦q.

(3) The Lie group L “ LpRq is unimodular and �L is a lattice in L.

(4) The parabolic Q-subgroup P of G is maximal.

(5) There exists " ° 0 such that S� maps Ccp
rXq into L1`"

p⌦q.

Proof of Theorem 1.1.1. We first show that p1q ñ p2q. In view of the Riesz-
Markov-Kakutani Representation Theorem, since ⇤pfq “

≥
⌦ S�f dµ defines

a positive G-invariant linear functional on Ccp
rXq by assumption, there exists

a unique G-invariant Radon measure � rX on rX such that for all f P Ccp
rXq,

ª

⌦

S�f dµ⌦ “

ª

rX
f d� rX .

Note that rX is the disjoint union of the two G-orbits rX0 and t0u. One may
restrict the functional ⇤ to the space Ccp

rX0q of functions in Ccp
rXq that are

supported away from the origin, and obtain a G-invariant Radon measure
�1 on rX0 such that for all f P Ccp

rX0q,
≥
⌦ S�f dµ⌦ “

≥
rX f d�1. The measure

� rX “ a�1
` b�0 is a linear combination of �1 and the Dirac delta measure

�0 supported at the origin. Let us show that a “ 1 and b “ 0. So let
fn P Ccp

rXq be a decreasing sequence of functions satisfying 0 § fn § 1,
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supp pfnq Ñ B rXp1{nq, fnp0q “ 1 for all n • 1, and fnpvq Ñ 0 for all non-zero

v P rX. Since for every n • 1, supp pfnq Ñ B rXp1{nq, we have, for every g P G,
that limnÑ8 S�fnpgq “ 0. Using this together with the fact that S�fn § S�f1
and the latter is in L1

p⌦q by assumption, Lebesgue’s dominated convergence
theorem now yields the desired claim: one has

lim
nÑ8

ª

⌦

S�fn dµ⌦ “ 0,

but also

lim
nÑ8

ª

⌦

S�fn dµ⌦ “ lim
nÑ8

ª

rX
fn d� rX “ lim

nÑ8

pa�1
pfnq ` bq “ b.

To see the implication p2q ñ p3q, one first notes that since rX0 “ G{L
carries a positive G-invariant Radon measure � rX , L must be a unimodular
subgroup of G (see, for instance, [Fol15, Theorem 2.51]). Fix a Haar measure
µL on L. The discrete group �L is unimodular and we equip it with the
counting measure. By assumption, for every non-negative f P Ccp

rXq, we
have ª

G{�

ÿ

�P�{�L

fpg�e�q dµ⌦pgq §

ª

⌦

S�f dµ⌦ † `8.

Using Weil’s integration formula in the form of Theorem 2.3.3, there exist
unique (up to scaling) G and L-invariant measures µG{L and µL{�L

on G{L

and L{�L, respectively, such that for every non-negative f P Ccp
rXq, we have

ª

G{�

ÿ

�P�{�L

fpg�e�q dµ⌦pgq “

ª

G{L

ª

L{�L

fpgle�q dµL{�L
plqdµG{Lpgq.

Using that L stabilizes the vector e�, we further have

ª

G{L

ª

L{�L

fpgle�q dµL{�L
plqdµG{Lpgq “ µL{�L

pL{�Lq

ª

G{L

fpge�q dµG{Lpgq.

Choosing f P Ccp
rXq non-negative so that

≥
G{L fpge�q dµG{Lpgq ° 0, we have

µL{�L
pL{�Lq §

≥
⌦ S�f dµ⌦≥

G{L fpge�q dµG{Lpgq
† `8,
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which shows that �L is a lattice in L.

We now show that p3q ô p4q. Here we use some facts about the structure
of the parabolic Q-subgroups, as recorded in §3.1.1. To maintain the flow
of reading, we briefly recall the facts used here. The parabolic Q-subgroup
P contains the minimal parabolic Q-subgroup P0 and it is the standard
parabolic Q-subgroup corresponding to a unique subset ✓ Ñ �. Therefore,

we write P “ P✓. Define the Q-split torus T✓ “

´ì
�P✓ kerp�q

¯
˝

, where p¨q
˝

means taking the connected component with respect to the Zariski topology.
The group P is the semidirect product P “ ZpT✓qU✓, where ZpT✓q is the
centralizer of T✓ in G and U✓ is its unipotent radical. Let Q be the largest
Q-anisotropic Q-subgroup of ZpTq. Furthermore, the centralizer ZpT✓q is
an almost direct product of Q✓, M✓, and T✓, where M✓ is a connected
semisimple Q-subgroup of ZpT✓q and Q✓ is a connected Q-subgroup of Q.
The stabilizer L in G of e� then satisfies L

˝
“ Q✓M✓pT✓ X kerp�qq

˝
U✓.

Now, by a theorem of Borel and Harish-Chandra [BH62, Theorem 9.4], the
Lie group L is unimodular and �L is a lattice in L if and only if L˝ does not
admit any non-trivial Q-characters. The group of Q-characters X˚

pL
˝
qQ can

be identified, by restriction, with X˚
pQ✓M✓ pT✓Xkerp�qq

˝
qQ. We claim that

the latter is trivial if and only if the central Q-split torus pT✓ X kerp�qq
˝ is

trivial. In fact, if pT✓ X kerp�qq
˝ is trivial, then Q✓M✓ does not admit any

non-trivialQ-characters since it is an almost direct product of aQ-anisotropic
and a semisimple Q-subgroup. Conversely, suppose that the Q-split torus
pT✓ X kerp�qq

˝ is non-trivial. Since pQ✓M✓q is a normal Q-subgroup of
ZpT✓q, the quotient map q : ZpT✓q Ñ ZpT✓q{pQ✓M✓q is a Q-morphism
of algebraic Q-groups. Since its restriction to T✓ is still surjective, we see
that ZpT✓q{pQ✓M✓q is a non-trivial Q-split torus (see, for instance, [Bor69,
Corollary10.4]). In particular, the composition of q with any non-trivial Q-
character of ZpT✓q{pQ✓M✓q gives a non-trivial Q-character of ZpT✓q, as
required. The torus T✓ acts non-trivially on the line through e� via the
character �. In particular, the quotient T✓{pT✓Xkerp�qq

˝ is one-dimensional.
Thus pT✓ X kerp�qq

˝ is trivial if and only if T✓ is one-dimensional if and only
if P is maximal, as claimed.

Next we show that p4q ñ p5q. By Lemma 3.2.2, we may assume that
the action of � on L� is transitive. The proof is based on reduction theory,
as it is presented in Borel [Bor69, §15, 16]. By assumption, P is a maximal
parabolic Q-subgroup. In particular, there exists a unique simple root ↵ P �
such that ✓ “ �r t↵u. Moreover, as was shown in the previous paragraph,
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P if maximal if and only if the Lie group L is unimodular and �L is a lattice
in L. Thus the cone rX0 “ G{L admits a unique (up to scaling) G-invariant
Radon measure (see, for instance, [Fol15, Theorem 2.51]), which we fix and
denote by � rX . It will be convenient to parametrize rX0 using polar coordinates
as follows. Let A be the connected component of the group of real points
of the one-dimensional torus T✓. Setting KL “ K X L to be the stabilizer
in K of the vector e� and further identifying rX0 “ G{L with K{KL ˆ A

gives natural polar coordinates on rX0. In fact, every v P rX0 can be written
uniquely as v “ kae� for some k P K{KL and a P A. The group A can be
parametrized concretely as follows. For y P Rˆ

` define

apyq “ expplogpyqY↵q, (3.3.6)

where Y↵ P LiepTpRqq is determined by, for every � P �,

�pY↵q “

#
0 if � ‰ ↵,

´1 if � “ ↵.

In particular, we have apyqe� “ expplogpyq�pY↵qqe� “ y�pY↵qe� for all y ° 0
and A “ tapyq : y ° 0u.

Let f P Ccp
rXq and let " ° 0. Let us prove that S�f P L1`"

p⌦q if
"1

“ "��d is small enough. Without loss of generality, we can assume that
f is non-negative and K-invariant. Then, using Weil’s integration formula
(2.3.3) (applied to the triple H “ G, H1 “ � and H2 “ �L), there exists a
unique G-invariant measure µG{�L

on G{�L such that we have
ª

⌦

|S�f |
1`" dµ⌦ “

ª

⌦

ÿ

�P�{�L

pfpg�e�q pS�fqpgq
"
q dµ⌦pg�q

“

ª

G{�L

fpg�e�q pS�fqpgq
" dµ⌦pg�q.

Now, using Weil’s integration formula (2.3.3) again (but applied to the triple
H “ G, H1 “ L and H2 “ �L), there exists a unique L-invariant measure
µL{�L

on L{�L such that we have
ª

G{�L

fpg�e�q pS�fqpgq
" dµ⌦pgq

“

ª

G{L

ª

L{�L

fpgle�q pS�fqpglq" dµL{�L
pl�Lq d� rXpgLq
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Further, using the fact that L stabilizes the vector e�, the right hand side
equals

ª

G{L

fpge�q

ª

L{�L

pS�fqpglq" dµL{�L
plq d� rXpgq.

Moreover, using the identification rX0 “ G{L “ K{KL ˆ A, this further
equals

ª

rX0

fpkapyqe�q

ª

L{�L

pS�fqpkapyqlq" dµL{�L
plq d� rXpkapyqe�q.

By Lemma 3.3.1, we can estimate |S�fpgq| Àsupp pfq }f}8��pgq
´��d. Putting

everything together, and using that f and �� are K-invariant, we obtain,
with "1

“ "��d,

ª

⌦

|S�f |
1`" dµ⌦

À }f}
"
8

ª

rX0

fpapyqe�q

ª

L{�L

��papyqlq´"1
dµL{�L

plqd� rXpkapyqe�q. (3.3.7)

where the implicit constant depends only on the support of f . Recall that
we assumed V�pZq to be spanned over Z by an orthonormal basis consisting
of Q-weight vectors for the action of TpRq. Hence ��papyqq is the smallest
eigenvalue of apyq with respect to this basis. Therefore, we have, for every
y ° 0 and l P L,

��papyqlq “ min
vPV�pZqrt0u

}apyqlv} • ��papyqq��plq

and, by raising to the power ´"1, ��papyqlq´"1
§ ��papyqq

´"1
��plq´"1

. As a
result, we can separate the above integral and get

ª

⌦

|S�f |
1`" dµ⌦

À

ª

rX0

fpapyqe�q��papyqq
´"1

d� rXpkapyqe�q

ª

L{�L

��plq´"1
dµL{�L

plq.

Let us first show that, for every su�ciently small "1
° 0, the first integral

in the product on the right-hand side converges. In the above coordinates
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(see, for instance, the measure description in Chapter 4, specifically Equation
(4.4.7)), there exists a constant !1 ° 0 such that the measure � rX is given by

d� rXpkapyqe�q “ !1y
´pd`1q d�pkqdy, (3.3.8)

where � is the unique K-invariant probability measure on K{KL and, as
before, d “ dimX is the dimension (as a real manifold) of the space of
real points of the generalized flag variety X “ G{P. Moreover, since f is
compactly supported, there exists yf ° 0 such that, for every y † yf , we
have (recall that �pY↵q † 0)

apyqe� “ y�pY↵qe� R supp pfq.

Therefore, fpapyqe�q��papyqq
´"1

vanishes for every y † yf . Let us now con-
sider the case y • yf . Recall from the proof of Lemma 3.3.1, that we denote
by a the Lie algebra of TpRq and we let

a0 “ tY P a : @↵1
P �, ↵1

pY q § 0u.

Moreover, we observed that elements Y0 P a0 satisfy, for every Q-weight µ of
⇡�,

�pY0q § µpY0q.

Notice that for apyq “ expplogpyqY↵q we have logpyqY↵ P a0 if and only if
logpyq • 0 (hence, if and only if y • 1). In particular, since we assumed
V�pZq to be spanned over Z by an orthonormal basis consisting of Q-weight
vectors for the action of TpRq, we have, for every y • 1,

��papyqq “ expplogpyq�pY↵qq “ y�pY↵q.

Since the interval ryf , 1s is compact, there exists a positive constant cf † 1
such that for every y P ryf , 1s, ��papyqq is bounded from below by cfy�pY↵q.
Now, using the measure description (3.3.8), we have
ª

rX0

fpapyqe�q��papyqq
´"1

d� rXpkapyqe�q “

ª

y•yf

fpapyqe�q��papyqq
´"1

y´pd`1q dy

À }f}8 c´"1
f

ª

y•yf

y´"1�pY↵q y´pd`1q dy,

which converges, if "1
° 0 is su�ciently small.
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Thus it su�ces to show that for "1
° 0 su�ciently small, we have

ª

L{�L

��plq´"1
dµL{�L

plq † `8.

Recall that since P is maximal, we know that L “ Q✓M✓pT✓ X ker�qU✓ is
an almost direct product of a connected Q-subgroup Q✓ of the largest Q-
anisotropic subgroup of ZpTq, a connected semisimple Q-group M✓, a finite
group pT✓Xker�q and the unipotent radical of P. Without loss of generality,

we may assume that pT✓ X ker�q “ t1u. We note that ÄM✓ “ Q✓M✓ is a

connected reductive Q-group, L is the semi-direct product of ÄM✓ and U✓ and
X˚

pÄM✓qQ “ t1u. Since by [BH62, Corollary 6.4] the group ÄM✓pZqU✓pZq has
finite index in �L, up to passing to a larger quotient, we may assume that
�L “ ÄM✓pZqU✓pZq.

As follows from [Bor69, Remark 9.9], if ⌦1 is a fundamental set (see

[Bor69, Definition 9.6]) for ÄM✓pZq in ÄM✓, rK a maximal compact subgroup

of ÄM✓ such that rK⌦1 “ ⌦1, and ⌦2 a compact subset of U✓ such that U✓ “

⌦2U✓pZq, then ⌦1⌦2 is a fundamental set for �L in L. Let dm✓ and du✓ be

Haar measures on ÄM✓ and U✓, respectively. Hence, after choosing appropriate
fundamental sets ⌦1 and ⌦2, it will be enough to check that

ª

⌦1

ª

⌦2

��pmuq
´"1

du✓dm✓

is finite.

Fix any compact subset ⌦2 of U✓ such that U✓ “ ⌦2U✓pZq. For ⌦1 we will

choose a large enough Siegel set for ÄM✓pZq in ÄM✓. To keep the exposition
simple, we use the same notation as in the reduction theory of � in G, but
with a tilde for distinction. Hence, using [Bor69, Theorem 13.1], there exists

a Siegel set rS (with respect to the maximal compact subgroup rK “ K X ÄM✓,

the minimal parabolic Q-subgroup ÄP0 “ P0 X ÄM✓, and the maximal Q-split
torus rT “ T X ÄM✓) and a finite subset rC Ä ÄM✓pQq such that

ÄM✓ “ rS rC ÄM✓pZq.

Let ÄU0 denote the unipotent radical of ÄP0 and let ÄM0 be the maximal Q-
anisotropic Q-subgroup of the centralizer ZprTq

˝ of rT in ÄM✓. Since P is
maximal by assumption, the subset ✓ Ñ � consists of all but one simple
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root ↵: ✓ “ �r t↵u and P “ P✓ is the corresponding standard parabolic Q-
subgroup. By the structure theory of the parabolic Q-subgroups, as recorded
in Section 3.1.1, we have that r� “ ✓ “ � r t↵u Ä � is the set of simple

roots of ÄM✓ relative to rT.

One has rS “ rK rA⌧ 1 r!, where rA⌧ 1 “ ta P rT ˝ : @� P r� , �paq § ⌧ 1
u with

r! a compact neighborhood of 1 in ÄM0
rU0. In particular, it is enough to show

that ª

rS¨ rC

ª

⌦2

��pmuq
´"1

du✓dm✓ † `8.

We claim that ��pmuq
´1

À ��paq
´1 for all m “ kanc with kan P rS, c P rC

and u P ⌦2. Indeed, using the fact that
î

aP rA⌧ 1 ar!a´1 is relatively compact

(see [Bor69, Lemma 12.2]) and since minvPV�pZqrt0u, cP rC, uP⌦2
}cuv} ° 0 (as rC

and ⌦2 are compact and V�pZq is discrete), we have

��pmuq “ min
vPV�pZqrt0u

}kanpaq
´1acuv} Á ��paq min

vPV�pZqrt0u, cP rC, uP⌦2

}cuv},

as required.

Let ra “ Liep rT q and ⇢ : ra Ñ p0,`8q be the character which is the sum

of all the positive roots of ÄM✓ relative to rT with multiplicities counted and
can therefore be written in the form ⇢ “

∞
�P r� n��, with n� • 1. According

to [Kna02, Proposition 8.44], since we have a decomposition ÄM✓ “ rK rB with
rB “ ÄM0

rT ˝ rN , the left Haar measures dk, dm0, da, and dn of rK, ÄM0, rT ˝, and
rN can be normalized so that

dm✓ “ ⇢paq dk dm0 da dn.

Hence, it su�ces to show that
ª

rA⌧ 1
��paq

´"1
⇢paq da † `8.

For every ⌧ 1
• 0, write ra⌧ 1 “ tX P ra : @ � P r� , �pXq § log ⌧ 1

u. The
exponential map is an isomorphism from ra onto rT ˝ that carries a Lebesgue
measure to a Haar measure. Let rA⌧ 1 “ exppÄa⌧ 1q. Since X˚

pÄM✓qQ “ t1u is
trivial by Section 3.1.1, the set of � P r� forms a basis of XprTq. Hence,
their di↵erentials, which we also denote by �, form a system of coordinates

67



on ra. Let I denote the set of Q-weights on V�. Since V�pZq is spanned by
an orthonormal basis consisting of Q-weight vectors for the action of T, we
have, for every a P rA⌧ 1 , ��paq “ minp�PI p�paq and p�paq “ e

∞
�PÄ� c�pp�q� with

c�pp�q P R. Therefore, for every a P rA⌧ 1 ,

��paq
´"1

“

ˆ
min
p�PI

p�paq

˙
´"1

“ max
p�PI

p�paq
´"1

§

ÿ

p�PI

p�paq
´"1

and it is enough to show that for every p� P I the integral
ª

rA⌧ 1
p�paq

´"1
⇢paq da “

ª

ra⌧ 1
p�pexppY qq

´"1
⇢pexppY qq dY

“

ª

ra⌧ 1
ex⇢`��,Xy dX

“

π

�P r�

ª log ⌧ 1

´8

ep´c�pp�q "1
`n�q� d�

converges. By choosing "1
° 0 su�ciently small, the implication p4q ñ p5q

follows.

Since p5q ñ p1q is immediate, this concludes the proof of the Theorem.

3.4 L2
-integrability

Let G, T, P0, �, �, P, e�, �, V�, L, �L and L� be as in the beginning
of Section 3.2. In this section, we study the L2-integrability of the Siegel
transform S�.

Let ✓ be the subset of � such that P “ P✓ is the standard parabolic Q-
subgroup associated to ✓ (see Section 3.1.1). Moreover, by Lemma 3.2.2, we
may without loss of generality assume that the action of � on L� is transitive.
Let W be the Weyl group of G relative to T. We note that, for every w P W ,
the vector we� is a highest Q-weight vector with associated Q-weight w ¨ �.
By Lemma 3.2.2, we may furthermore assume that the orbit of e� under W is
contained in L� (by letting V�pZq be spanned by a basis of Q-weight vectors
for the action of T).
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Theorem (Theorem 1.1.2). Suppose that the Siegel transform S� maps Ccp
rXq

into L2
p⌦q. Then the parabolic Q-subgroup P is maximal and the unique sim-

ple root ↵ P � with ✓ “ � r t↵u has at most one neighbor in the Dynkin

diagram of G relative to T with respect to P0.

The following lemma is the first step in the proof of Theorem 1.1.2.

Lemma 3.4.1. Suppose that the Siegel transform S� maps Ccp
rXq into L2

p⌦q.

Then, for every f P Ccp
rXq, we have

ª

L{�L

|S�f | dµL{�L
† `8.

For every measurable bounded compactly supported function f : rX Ñ R
and g P G, we let g ¨ f : rX Ñ R denote the function defined by

@v P V�, pg ¨ fqpvq “ fpg´1vq.

Proof. Let f P Ccp
rXq. Let ⇢ P Ccp

rXq be a non-negative K-invariant function
such that ⇢pe�q ° 0 and for all k P K, y P r1{2, 3{2s and v P rX, we have
|fpvq| † ppkapyqq

´1
¨ ⇢qpvq. By assumption, we have

ª

⌦

|S�⇢|
2 dµ⌦ † `8.

On the other hand, using the identification rX0 “ G{L “ K{KL ˆ A and
the corresponding measure description of � rX in Equation (3.3.8), by Weil’s
integration formula (see Theorem 2.3.3), there exists a constant ! ° 0 such
that we have
ª

⌦

|S�⇢|
2 dµ⌦ “

ª

G{�

ÿ

�P�{�L

`
⇢pg�e�qpS�⇢qpgq

˘
dµ⌦pgq

“

ª

G{�L

⇢pg�e�qpS�⇢qpgq dµG{�L
pgq

“ !

ª

rX
⇢pkapyqe�q

˜ ª

L{�L

S�⇢pkapyqlq dµL{�L
plq

¸
d� rXpkapyqe�q.

Since ⇢pe�q ° 0 and ⇢ is K-invariant, by continuity there exists 0 † " † 1{2
such that ⇢pkapyqe�q ° 0 for every k P K and y P r1 ´ ", 1 ` "s. Since
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the above integral converges, for � rX-almost every kapyqe� with k P K and
y P r1 ´ ", 1 ` "s, we have

ª

L{�L

S�⇢pkapyqlq dµL{�L
plq † `8.

Fix such an element kapyqe�. By construction of ⇢, for every v P rX, we have
|fpvq| † ppkapyqq

´1
¨ ⇢qpvq, and hence

ª

L{�L

|S�f | dµL{�L
§

ª

L{�L

S�ppkapyqq
´1

¨ ⇢q dµL{�L

“

ª

L{�L

pS�⇢qpkapyqlq dµL{�L
plq † `8,

as desired.

Proof of Theorem 1.1.2. Suppose that the Siegel transform S� maps Ccp
rXq

into L2
p⌦q. By Lemma 3.4.1, for every f P Ccp

rXq, we have
ª

L{�L

|S�f | dµL{�L
† `8.

We write L� as a disjoint union of �L-orbits, that is, we pick I a countable
subset of L� such that L� “

ó
vPI �L ¨ v. Let Lv be the stabilizer in L of

v P I, and let �Lv “ � X Lv. In particular, if f • 0, the integral above can
be expressed as (after interchanging the sum and integral since f • 0),

ª

L{�L

S�f dµL{�L
“

ÿ

vPI

ª

L{�L

ÿ

�P�L{�Lv

fpl�vq dµL{�L
plq.

Hence, for every v P I, the map ⇤v : Ccp
rXq Ñ R defined by

@ f P Ccp
rXq, ⇤vpfq “

ª

L{�L

ÿ

�P�L{�Lv

fpl�vq dµL{�L
plq † `8

is a positive L-invariant linear functional on Ccp
rXq, inducing a unique L-

invariant Radon measure �v on rX, whose support is contained in the closure
of the orbit L ¨ v. Therefore L ¨ v – L{Lv carries an L-invariant Radon
measure and since L is unimodular, this implies that Lv is also unimodular.
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Hence, applying Weil’s integration formula as in Theorem 2.3.3, there exists
an L-invariant Radon measure µL{Lv on L{Lv normalized so that

ª

L{�L

S�f dµL{�L
“

ÿ

vPI

ª

L{Lv

ª

Lv{�Lv

fpll1vq dµLv{�Lv
pl1qdµL{Lvplq

“

ÿ

vPI

µLv{�Lv
pLv{�Lv

ª

L{Lv

fplvq dµL{Lvplq.

It follows that �Lv is a lattice in Lv for every v P I. By a theorem of Borel
and Harish-Chandra [BH62, Theorem 9.4], L˝

v does not admit any non-trivial
Q-characters. Using the Bruhat decomposition

GpQq “

§

wPW

PpQqwPpQq,

for every v P I, there exist a scalar cv ° 0, wv P W , and pv P PpQq

such that v “ cv pv wv e�. In particular, since Lv “ StabLppv wv e�q and
L “ StabGpe�q, we have

Lv “ pvwvLw
´1
v p´1

v X L.

Moreover, as L is the kernel of the character � of P , and hence is a normal
subgroup of P , we may write Lv “ pv pwvLw´1

v X Lq p´1
v . By assumption,

the orbit of e� under W is contained in L�. As conjugation by pv defines
a rational isomorphism from wvLw´1

v X L onto Lv for all v P I, we must
have that pwLw´1

X Lq
˝ does not admit any non-trivial Q-characters for all

w P W .

Recall that we denote by � “ �pG,Tq the root system of G relative to T,
and by � the set of simple roots corresponding to the minimal parabolic Q-
subgroup P0. For a subset ✓ Ñ �, we let P✓ be the corresponding standard
parabolic Q-subgroup containing P0. Since the Siegel transform S� maps

Ccp
rXq into L2

p⌦q and L2
p⌦q is contained in L1

p⌦q, Theorem 1.1.1 implies
that P is a maximal parabolic Q-subgroup. Hence there exists a unique
simple root ↵ P �, such that P “ P�rt↵u. We wish to prove that the root
↵ has at most one neighbor in the Dynkin diagram of � relative to T with
respect to P0. Let us recall that two simple roots �1, �2 P � with �1 ‰ �2
are said to be neighbors if x�1, �2y ‰ 0. Denote the set of neighbors of ↵ by

V p↵q “ t� P �r t↵u : ↵ and � are neighbors in the Dynkin diagram of �u,
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and put Bp↵q “ V p↵q Y t↵u. Let w “ s↵ P W be the reflection about the hy-
perplane defined by the root ↵. For simplicity, we writeH↵ “ pwLw´1

X Lq
˝.

We claim that H↵ is contained in the standard parabolic Q-subgroup
P�rBp↵q. Observe that H↵ is normalized by T. Therefore the Lie algebra
h↵ “ LiepH↵q can be written as a direct sum of a maximal toral subalgebra
and corresponding root subspaces. Now, H↵ is contained in P�rBp↵q if the
negative roots � “

∞
�P� n�� arising in the adjoint representation of T on

H↵ satisfy n� “ 0 for all � P Bp↵q. Since H↵ is invariant under w “ s↵, we
know that s↵p�q is still a root of H↵ and hence cannot contain in its support
the root ´↵ (since H↵ Ñ L Ñ P�rt↵uq. Applying the reflection w “ s↵ gives

s↵p�q “

ÿ

�P�rt↵u

n�s↵p�q “

¨

˝
ÿ

�P�rt↵u

n��

˛

‚´

¨

˝
ÿ

�PV p↵q

2x↵, �y

x↵,↵y
n�

˛

‚↵,

and hence n� “ 0 for all � P V p↵q. Therefore, H↵ is contained in the
standard parabolic Q-subgroup P�rBp↵q, as required. Now, the Q-rank of
H↵ is at least rankQpGq ´2 (because H↵ contains TXker�Xkerpw ¨�q) and
the Z-rank of X˚

pP�rBp↵qqQ is |Bp↵q|. If |V p↵q| ° 1, and hence |Bp↵q| ° 2,
it would follow that H↵ admits a non-trivial Q-character. Thus we must
have |V p↵q| § 1.

3.5 L8
-integrability

Let G, T, P0, �, �, P, e�, �, V� and L� be as in the beginning of Section
3.2. In this section, we study the L8-integrability of the Siegel transform S�.
For the convenience of the reader, we recall the statement of Theorem 1.1.3.

Theorem (L8-integrability). The following assertions are equivalent.

(1) The Siegel transform S� maps Ccp
rXq into L8

p⌦q.

(2) The Q-rank of G is 1.

(3) The subgroup �L is a cocompact lattice in L.

Proof of Theorem 1.1.3. We first show that p1q ô p2q. Suppose that the
Q-rank of G is 1. In particular, the set of simple roots � consists of a single
element, say ↵, and P is the standard parabolic Q-subgroup associated to the
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empty set �rt↵u “ H, and hence equals the minimal parabolic Q-subgroup
P0. We need to show that S� maps Ccp

rXq into L8
p⌦q. Since any continuous

compactly supported function f on rX can be bounded by }f}8 BÄXprq for
some large radius r ° 0 depending only on the support of f , it su�ces to
show that S� BÄXprq P L8

p⌦q. We note that in this case T “ TpRq
˝ is one-

dimensional and equals the subgroup A given as the identity component of
T�rt↵upRq (see Section 3.1.1). By Lemma 3.2.2, we may assume that � acts
transitively on L�. Using the reduction theory for � in G, as detailed in
Section 3.1.4, we have G “ SC �, where S “ KA⌧! is a Siegel set and
the set A⌧ can be described as A⌧ “ tapyq P A : ↵papyqq “ y´1

§ e⌧u for
some ⌧ ° 0. Since � acts transitively on L�, it also acts transitively on the
set of rational points of X “ G{P. Hence, by [Bor69, Proposition 15.6], we
have C “ t1u. This allows us to express g as g “ kapyqn�, where k P K,
apyq P A⌧ , n P !, and � P �. Using the fact that B rXprq is K-invariant
and that

î
apyqPA⌧

apyq!apyq
´1 is relatively compact, there exists R • r,

depending on r, the choice of the Siegel set S and the finite set C, such that

S� BÄXprqpgq “ #pB rXprq X gL�q § #pB rXpRq X apyqL�q.

Since the Q-rank of G is 1, the Weyl group W – Z{2Z consists of 2 elements
and we let w P NGpTqpQq be a representative of the non-trivial element in
W . According to [BT65, Théorème 5.15], one has the Bruhat decomposition
G “ P \ PwP . Since w ¨ � “ ´�, the element apyq acts on e´� “ we� by

apyqwe� “ ww´1apyqwe� “ w�pw´1apyqwqe�

“ wpw ¨ �qpapyqqe� “ y´�pY↵qe´�,

and since �pY↵q † 0 this action expands e´� as y Ñ `8. We may assume
that e´� is in the basis B for V�. We first show that any v P L� with
v ‰ ˘e� satisfies }apyqv} Ñ `8 as y Ñ `8. This follows if we can show
that for any such v one has |xv, e´�y| • 1. Using the Bruhat decomposition
G “ P \PwP , there exist p1, p2 P P such that v “ p1wp2e�. Now, applying
apyq, one gets

apyqv “ apyqp1apyq
´1ww´1apyqw�pp2qe� “ apyqp1apyq

´1wy´�pY↵q�pp2qe�.

Noting that apyqp1apyq
´1w converges to some element p8w with p8 P P as y

tends to infinity, we deduce that }apyqv} grows at the highest possible rate:
y´�pY↵q. Hence using the fact that xv, e´�y P Z, we must have |xv, e´�y| • 1.
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Therefore, choosing y so large that y´�pY↵q
° R, we have for all v P L� r

t˘e�u,
}apyqv} • }apyqe´�} “ y´�pY↵q

° R.

Hence for all y large enough, B rXpRqXapyqL� “ t˘e�u. Since f P Ccp
rXq was

arbitrary, this shows that the Siegel transform S� maps Ccp
rXq into L8

p⌦q.

Conversely, suppose that we have rankQ G • 2. Let a be the Lie algebra
of TpRq

˝. The negative Weyl chamber is defined by

a´
“ tX P a : @� P �, �pXq † 0u.

Fix a K-invariant non-negative function ⇢ P Ccp
rXq such that ⇢ • BÄXp1q. To

show that the Siegel transform S� does not map Ccp
rXq into L8

p⌦q, it su�ces
to show that S�⇢ is unbounded on ⌦. By continuity of ⇢ (and hence of S�⇢),
it further su�ces to show that S�⇢ is unbounded on A´

“ exp a´. Roughly
speaking, we would like to find a P A´ such that aL� has many short vectors.
Let U0 be the unipotent radical of the minimal parabolic Q-subgroup P0.
Since the orbit of e� under W is contained in L�, it su�ces to find w P W
and Y P a´ such that �U0w

´1e� Ñ L� is infinite and gets contracted by
papyq “ expplogpyqY q P A´ as y Ñ `8. For any Y P a´, u P U0, w P W , we
have

}papyquw´1e�} “ }papyqupapyq
´1w´1wpapyqw´1e�}

—u,w } expplogpyqAdw Y qe�} “ ypw´1
¨�qpY q

Hence it is enough to pick w P W and Y P a´ such that

pw´1
¨ �qpY q “ x�,Adw Y y † 0

and �U0w
´1e� is infinite.

Fact: The group �U0w
´1e� is infinite, unless w is the identity element.

Proof of fact. Indeed, the stabilizer of w´1e� in �U0 is given by

�U0 X w´1�U0w “ U0 X w´1U0w X �X w´1�w.

Since � and w´1�w are commensurable (indeed, conjugation by w defines a
Q-isomorphism from G to itself and the image of � under a Q-isomorphism
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is again an arithmetic subgroup of G), the intersection �Xw´1�w has finite
index in �. Setting U0,w “ U0 X w´1U0w, it su�ces to show that �U0{�U0,w

is infinite. Note that the Lie algebra of U0,w is the sum of all the root spaces
associated to positive roots � ° 0 such that w ¨ � ° 0. Moreover, define
U´

w,0 “ U0 X w´1U´

0 w, where U´

0 is the unipotent subgroup opposite to U0.
Then its Lie algebra is the sum of all the root spaces associated to positive
roots � ° 0 such that w¨� † 0. Since the Weyl groups acts simply transitively
on the set of bases of �, for each non-trivial w there exists a positive root
� ° 0 such that w ¨ � † 0. In particular, U´

0,w is a non-trivial subgroup of U0

and the Lie algebra of U0 is the direct sum of the Lie algebras of U0,w and
U´

0,w. In particular, the group �U´
w,0

is infinite (as it is a lattice in U´

w,0) and

the inclusion map followed by the quotient map

�U´
w,0

Ñ �U0 Ñ �U0{�U0,w

is injective. Thus for every non-trivial w P W , the orbit �U0w
´1e� is infinite,

as required.

Let w0 be the unique element in the Weyl group W that takes the positive
Weyl chamber to the negative one. Our goal is to find w P W r t1, w0u and
Y P a´ such that x�,Adw Y y † 0.

We first claim that there exists " ° 0 and Y0 in the negative Weyl chamber
a´ such that the "-ball BapY0, "q with center Y0 is still contained in the
negative Weyl chamber and for all Y P BapY0, "q,

x�,Adw0 Y y ` x�, Y y • 0. (3.5.1)

To show this claim, we first suppose that w0 acts on � by w0 ¨� “ ´�. Then
(3.5.1) holds for all Y P a´, and we are done. Now suppose that w0 ¨� ‰ ´�.
Let Y� be the unique element in a such that �p¨q “ xY�, ¨y. Then we have
}Y�} “ }�} and �pY�q “ }�}

2. Set Y0 “ Adw´1
0

Y�. Then

x�,Adw0 Y0y “ x�, Y�y “ }�}
2,

and expressing w0 ¨ � “ a� ` b�K as an orthogonal sum with �K in the
orthogonal complement of R� and a ° ´1, we have

x�, Y0y “ xw0 ¨ �, Y�y “ xa� ` b�K, Y�y “ a}�}
2.
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Hence x�,Adw0 Y0y ` x�, Y0y “ }�}
2

` a}�}
2

° 0. If Y0 lies in a wall of the
negative Weyl chamber, we may replace Y0 with a closeby element Y 1

0 in the
interior of a´ and still have that x�,Adw0 Y

1

0y`x�, Y 1

0y ° 0. The claim (3.5.1)
follows now by continuity of the inner product.

Observe that for all Y P a, we have
∞

wPW Adw Y “ 0, since the only
element of a invariant under the Weyl group is 0. In particular, for all
Y P BapY0, "q, using (3.5.1), one has

ÿ

wPWrt1,w0u

x�,Adw Y y § 0.

Since the Q-rank of G is at least 2, the set W r t1, w0u is non-empty. Fix
Y P BapY0, "q. If there is w P W r t1, w0u with x�,Adw Y y † 0, then we
are done. Otherwise, we have for all such w that x�,Adw Y y “ 0. Since the
ball BapY0, "q is not contained in a proper linear subspace of a, we can pick
Y 1

P BapY0, "q closeby such that x�,Adw Y 1
y † 0, as required.

Finally, we show that the Q-rank ofG is 1 if and only if �L is a cocompact
(or uniform) lattice in L. To this end, we recall the structure of the stabilizer
L in G of e�, as described in the proof of Theorem 1.1.1. Let ✓ Ä � be
the proper subset of simple roots such that P, the stabilizer in G of the line
through e�, is the associated standard parabolic Q-subgroup P✓. Then L is

the semi-direct product of the reductive Q-group ÅM✓ “ Q✓M✓pT✓ X kerp�qq

and U✓ (the unipotent radical of P “ P✓), where Q✓ is a connected Q-
subgroup of the largestQ-anisotropicQ-subgroup of ZpTq,M✓ is a connected

semisimple Q-subgroup and T✓ “

´ì
�P✓ ker �

¯
˝

.

Now, if the Q-rank of G is 1, then ✓ “ H is the empty set and P “ PH

is the minimal parabolic Q-subgroup P0 and U “ UH, the unipotent radical
of P, is the unipotent radical U0 of P0. In particular, TH is the maximal Q-
split Q-torus T. By [Bor69, §11.7], the centralizer ZpTq is an almost direct
product of T and the largest connected Q-anisotropic subgroup M of ZpTq.
Since charpQq “ 0, we have X˚

pMqQ “ t1u and MpQq consists of semisimple
elements (see just below the [Bor69, Definition 10.5]). Let M “ MpRq. By
[Bor69, Theorem 8.4], �M “ �X M is thus a cocompact lattice in M . Also,
�U “ � X U is a cocompact lattice in U . Let rK “ K X M . Hence, we can
find a compact fundamental set ⌦1 for �M in M such that rK⌦1 “ ⌦1, and a
compact fundamental set for ⌦2 for �U in U (see [Bor69, Definition 9.6]). By
[Bor69, Remark 9.9], the compact set ⌦1⌦2 is a fundamental set for �M�U
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in L. Since by [BH62, Corollary 6.4] the group �M�U has finite index in �L,
we deduce that �L is a uniform lattice in L, as desired.

Conversely, suppose that �L is a uniform lattice in L. Without loss of
generality, we may assume that �L “ �ÄM✓

�U✓ . As follows from [Bor69, The-
orem 8.7], X˚

pL
˝
qQ “ t1u and every unipotent element of LpQq is contained

in the unipotent radical of L. Since L “ ÄM✓U✓ is the semi-direct product
of a reductive Q-subgroup and the connected unipotent Q-subgroup U✓, it
follows from [Bor69, §7.15] that RupLq “ U✓. In view of Theorem 1.1.1,
since X˚

pL
˝
qQ “ t1u, we must have that P “ P✓ is maximal, and hence

�r ✓ “ t↵u consists of a single element. To conclude, it is enough to show
that ✓ “ H is the empty set. Since X˚

pL
˝
qQ “ t1u and every unipotent

element of LpQq is contained in the unipotent radical of L, we must have

that X˚
pÄM˝

✓qQ “ t1u and every unipotent element of ÄM✓pQq is trivial. This

implies that ÄM✓ does not contain any non-trivial Q-split torus. In particu-
lar, the semisimple Q-subgroup M✓ of ÄM✓ does not contain any non-trivial
Q-split torus. However, by [Bor69, §11.7], the number of elements in ✓ is
equal to the Q-rank of M✓, and hence zero. Thus, we have shown that the
Q-rank of G is 1. The proof of Theorem 1.1.3 is complete.
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Chapter 4

Diophantine approximation and

counting lattice points

In this chapter and in the remainder of this thesis, we let X “ G{P be a
generalized flag variety defined over Q, where G is a connected semisimple
algebraic Q-group and P is a parabolic Q-subgroup of G. For a definition
of the Q-rank of P we refer to §3.1.1. Let us recall that the Q-rank of X is
defined by

rankQ X “ rankQ G ´ rankQ P.

We shall suppose that the unipotent radical of P is abelian. This implies
that the parabolic subgroup P is maximal, or in other words, the Q-rank of
X is 1. Let � be a highest Q-weight of G (see §3.1.3). The purpose of this
chapter is to equip the set of rational points of X “ XpRq with a height H�

associated to � and to specify the distance dp¨, ¨q and probability measure �X
that we use on X. We recall that, given ⌧ • 0, our goal will be to determine
the asymptotic behaviour, as T Ñ `8 and for almost every x P X with
respect to the Riemannian measure on X, of the counting function

N⌧ px, T q “ # tv P XpQq : dpx, vq † H�pvq
´⌧ , H�pvq † T u.

We then translate the problem of counting rational approximations of bounded
height in X to the problem of counting primitive lattice points in a certain
family of growing sets in the Euclidean space.

The notation introduced in this chapter will be used in the next two
Chapters 5 and 6.
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4.1 Height on XpQq

Roughly, a height on XpQq is obtained by picking a certain rational repre-
sentation p⇡,Vq of G such that X can be embedded into the projective space
PpVq and by restricting to X a height on PpVq.

We let P0 be a minimal parabolic Q-subgroup contained in P and we let
T be a maximal Q-split Q-torus of G contained in P0. Let �, � and t�↵u↵P�

be the set of roots of G relative to T, the set of simple roots for the ordering
associated to P0, and the relative fundamental Q-weights, respectively (see
§3.1.2). By the maximality of P, there exists a unique simple root ↵ P �
such that P “ P�zt↵u is the standard parabolic Q-subgroup associated to the
subset �zt↵u of � (see §3.1.1). As we will now show, we can, without loss of
generality, assume that G is a connected simply-connected almost Q-simple
Q-group. Write G “ G1 ¨ ¨ ¨Gn as an almost direct product of connected
almost Q-simple Q-groups Gj, for 1 § j § n, and suppose that the root
↵ belongs to the set of roots of G1 relative to the maximal Q-split Q-torus
pG1 X Tq

˝. Thus, we have Gj Ä P, for 2 § j § n, and we may assume

that G is almost Q-simple. Next, the universal cover rG of G is a connected
simply-connected almost Q-simple Q-group and the covering map r⇡ : rG Ñ G

is a Q-isogeny. Then rP “ ⇡´1
pPq is a maximal parabolic Q-subgroup of rG

and the implied morphism rG{rP Ñ G{P is an isomorphism defined over Q.
Hence, from now, we assume that G is a connected simply-connected almost
Q-simple Q-group.

Let � P X˚
pPqQ be a non-zero element such that its restriction to T

is the highest Q-weight of G and let ⇡� : G Ñ GLpV�q be the associated
representation which is strongly rational over Q (see §3.1.3). In particular,
there exists a unique P-invariant line D in V�, which is defined over Q and
on which T acts through the highest Q-weight �. For all g P G and v P V�,
we abbreviate ⇡�pgqv as gv. Fix a non-zero vector e� P DpQq and write
x0 “ re�s for the corresponding point in the projective space PpV�q. Then,
for every p P P, we have pe� “ �ppqe� and

P “ tg P G : gx0 “ x0u.

We identify the orbit G ¨ x0 with X “ G{P via the map ◆�pgPq “ gx0. Let
K be a maximal compact subgroup of G “ GpRq, equipped with the unique
K-invariant Haar probability measure µK . By the Iwasawa decomposition
G “ KP, the group K acts transitively on the set of real points X “ XpRq
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of the flag variety X “ G{P via the map k fiÑ kx0. We equip X with the
pushforward of µK along this map; this is the unique K-invariant probability
measure on X. Fix a rational basis pviqiPI of V� “ V�pRq and a Euclidean
inner product x¨, ¨y on V� for which the action of K is unitary, the one of T
is self-adjoint, and such that the basis pviq is orthonormal. We denote the
implied norm on V� by } ¨ }. We assume that v1 “ e�. This gives us a height
function H on PpV�qpQq by Hprvsq “ }v}, where v is any primitive vector
in the lattice V�pZq :“ ‘iPIZvi representing rvs. This height function is
well defined, since a primitive vector in V�pZq representing rvs is uniquely
determined up to multiplication by ˘1. Using the embedding ◆�, one then
obtains a height function H� on XpQq, which is given by

@ v P XpQq, H�pvq “ Hp◆�pvqq.

4.2 Distance on X

Here we equip the flag variety X with a Riemannian distance that is com-
patible with the Euclidean structure of V�. Let S “ tx P V� : }x} “ 1u

be the unit sphere in V�, viewed as a Riemannian submanifold of V�. The
K-equivariant projection map S Ñ PpV�q, v fiÑ rvs, being a smooth local
di↵eomorphism, induces a K-invariant Riemannian metric on PpV�q, and by
restriction also on X. We observe that the associated Riemannian measure
equals volpXq�X , where volpXq denotes the total Riemannian volume of X.
We denote the induced K-invariant Riemannian distance on X by dp¨, ¨q.

Let us denote by g the Lie algebra of G. For every � P �, let g� “ tY P

g : @ t P T, AdptqY “ �ptqY u and let z “ tY P g : @ t P T, AdptqY “ Y u. The
Lie algebra of G has a root space decomposition with respect to the action
of T :

g “ z ‘

˜
à

�P�

g�

¸
.

Let �` be the set of positive roots and, as before, let ↵ P � be the unique
root such that P “ P�zt↵u is the standard parabolic Q-subgroup associated
with the subset �zt↵u. Let x�zt↵uy

´ be the set of all roots that can be
expressed as a negative integer linear combination of elements in �zt↵u.
Then the Lie algebras of P and of the unipotent subgroup U´ opposite to P
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are, respectively,

p “ z ‘

˜
à

�P�`Yx�zt↵uy´
g�

¸
and u´

“

à

�P�,´↵†�
g�,

where ´↵ † � means that ´↵ occurs in the support of �. Observe that
g “ u´

‘ p. Let � : G Ñ X be the projection map �pgq “ gx0 and let
D1� : g Ñ Tx0X be its derivative at the identity 1 P G. Observe that
kerD1� “ p. In particular, if we denote the restriction of this projection map
from G to U´ still by �, then D1� : u´

Ñ Tx0X is a linear isomorphism. We
equip u´ with a Euclidean structure for which this isomorphism is an isometry
and we denote the implied norm on u´ by } ¨ }u´ . It will be convenient for us
to relate the distance on X to the one on the Lie algebra u´.

Lemma 4.2.1. For every u P u´
, we have

dpx0, exppuqx0q “ }u}u´ ` O
`
}u}

2
u´

˘
, (4.2.1)

where exp : u´
Ñ U´

is the exponential map.

Proof. It su�ces to prove (4.2.1) for all u P u´ su�ciently close to the origin.
Let } ¨ }x0 be the implied norm on Tx0X. For all Y P Tx0X close to the
origin, the Riemannian exponential map expx0

: Tx0X Ñ X at x0 satisfies:
dpx0, expx0

pY qq “ }Y }x0 . Using the triangle inequality and the fact that the
derivative D1� is an isometry yields, for every u P u´ close to the origin,

dpx0, exppuqx0q “ }u}u´ ` O
`
dpexpx0

pD1�puqq, exppuqx0q
˘
.

Moreover, since expx0
is locally bi-Lipschitz, it su�ces to show that the map

� “ exp´1
x0

˝� ˝ exp, defined on a neighborhood of the origin in u´, satisfies:

�puq “ D1�puq ` O
`
}u}

2
u´

˘
.

Since �p0q “ 0, by Taylor’s theorem,

�puq “ D0�puq ` O
`
}u}

2
u´

˘
.

By the chain rule, D0� “ Dx0 exp
´1
x0

˝D1� ˝ D0 exp “ D1�, as required.
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4.3 Diophantine exponent

As in [Sax20, Définition 2.4.1], we define the Diophantine exponent ��pxq

relative to � of a point x P X “ XpRq by

��pxq “ inft� ° 0 : Dc ° 0, @v P XpQq, dpx, vq ° cH�pvq
´�

u.

By [Sax20, Theorem 2.4.5], this Diophantine exponent is constant almost
everywhere on X: there exists a positive rational number �� “ ��pXq ° 0
such that for �X-almost every x P X, we have ��pxq “ ��. We refer to �� as
the Diophantine exponent of X relative to �. In particular, the inequality

dpx, vq § Hpvq
´⌧

has infinitely (at most finitely) many solutions v P XpQq, if ⌧ § �� (⌧ ° ��).

4.4 Cone over X, coordinates and measures

By abuse of notation, we shall refer to rX, the closure of the homogeneous
space rX0 “ G ¨e� in V�, which is contained in the punctured a�ne cone over
X, as the cone over X. Let L� be the set of primitive elements in V�pZq

that are contained in rX. Let � be the stabilizer in G of V�pZq; this is an
arithmetic subgroup of G that stabilizes L�. We normalize the Haar measure
µG on G so that the induced G-invariant measure on the quotient ⌦, which
we denote by µ⌦, is a probability measure.

We briefly recall a few facts from the structure theory of parabolic sub-
groups and refer the reader to §3.1.1 for details. By the maximality of P,
there exists a unique simple root ↵ P � such that P “ P�zt↵u is the stan-
dard parabolic Q-subgroup associated with the subset �zt↵u of �. De-

fine the one-dimensional Q-split Q-torus T�zt↵u “

´ì
�P�zt↵u

ker �
¯

˝

and let

ZpT�zt↵uq be its centralizer in G. The parabolic P is the semidirect product
P “ ZpT�zt↵uq ˙U, where U is its unipotent radical. Let M be the identity
component of the intersection of the kernels of the Q-characters of ZpT�zt↵uq.
By [Bor69, Proposition 10.7, (b)], we have X˚

pMqQ “ t1u and ZpT�zt↵uq is
an almost direct product of M and T�zt↵u. Hence P is an almost direct
product of M, T�zt↵u and U:

P “ MT�zt↵u U. (4.4.1)
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Denote by L the stabilizer in G of the vector e� and let L “ LpRq. We note

that T�zt↵u X L is a finite group and we define ÄM “ M pT�zt↵u X Lq.

We claim that L “ ÄM ˙ U. Indeed, the inclusion Ö holds because
every element of ÄM ˙ U fixes the vector e�. On the other hand, using the
decomposition (4.4.1) of P, for every l P L, we have l “ mtu for some (not
necessarily unique) m P M, t P T�zt↵u and u P U. We need to show that
�ptq “ 1. But since � is a character of P, this yields

1 “ �plq “ �pmtuq “ �ptq.

We let ÄM “ ÄMpRq and A “ T�zt↵upRq
˝. Note that L is the semi-

direct product L “ ÄM ˙ U and P is the direct product P “ ÄMAU . We
identify the cone rX with the homogeneous space G{L via the map gL fiÑ ge�.
By Theorem 1.1.1, since P is assumed to be maximal, the Lie group L is
unimodular and �L “ �XL is a lattice in L. Let µL be the Haar measure on
L normalized so that the induced L-invariant measure µL{�L

is a probability
measure. In particular, by [Fol15, Theorem 2.51], there exists a unique G-
invariant Radon measure � rX “ µG{L on rX “ G{L such that,

@ f P CcpGq,

ª

G

fpgq dµGpgq “

ª

G{L

ª

L

fpgvq dµLplq dµG{LpgLq. (4.4.2)

We shall also use the following parametrization of A. Write t for the Lie
algebra of TpRq and Y↵ P t for the unique element satisfying

↵pY↵q “ ´1 and �pY↵q “ 0 for all � P �zt↵u. (4.4.3)

We then have A “ tapyq “ expplogpyqY↵q : y ° 0u. We recall that �� de-
notes the Diophantine exponent of X relative to � (see §4.3). By [Sax20,
Théorème 2.4.5], we have the relation

�pY↵q “ ´
1

��
(4.4.4)

Hence, by Equation (3.3.6), the action of apyq on e� is given by

apyqe� “ y
´

1
�� e�. (4.4.5)
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Let ⇢ : t Ñ R be the sum of all the positive roots with multiplicities
counted, that is, ⇢ “

∞
�P�` �, where �` is the set of positive roots of G

relative to T with respect to P0. Let �`

↵ be the set of elements in �` whose
support contains the simple root ↵. Let d “ dimX be the dimension of X
as a real manifold. We claim that ⇢pY↵q “ ´d. Indeed, by the definition of
Y↵, we have

⇢pY↵q “

ÿ

�P�↵̀

�pY↵q.

Together with equation (4.4.4) applied to � “ �ac, we have

⇢pY↵q “

ÿ

�P�↵̀

�pY↵q “ �acpY↵q “ ´
1

��ac

“ ´d,

as required. In particular, we observe that ⇢papyqq “ y´d.

The Haar measure we consider on A is the push-forward of the Haar
measure y´1dy on Rˆ

` via the morphism y fiÑ apyq. Let KL “ K X L and let
� be the pushforward of the Haar probability measure µK on K to KL via the
map k fiÑ kKL. By [Bor69, §11.19], we have G “ KP “ KP ˝

“ KM˝AU
and the product map defines a homeomorphism of pKM˝

q ˆ A ˆ U onto G.
Therefore, every g P G can be written as g “ kmapyqu with u P U , y P Rˆ

`,

m P M˝, and k P K. Let �ÄM “ � X ÄM and let dµÄM be a Haar measure

on ÄM , normalized so that the induced ÄM -invariant measure on ÄM{�ÄM is a
probability measure. Similarly, we let �U “ �XU and we let dµU be a Haar
measure on U , normalized so that the induced U -invariant measure on U{�U

is a probability measure. By [Kna02, Proposition], in these coordinates, there
exists a normalizing constant !0 ° 0 such that the Haar measure µG of G is
given by

dµGpgq “ !0 ⇢papyqq dµKpkq dµÄMpmq
dy

y
dµUpuq. (4.4.6)

We note that dµL “ dµÄM dµU is a Haar measure on L such that the induced
L-invariant Radon measure on L{�L is a probability measure. Moreover,
since the product map defines a homeomorphism of pKM˝

q ˆAˆU onto G,
the map of pK{KLq ˆ A to rX “ G{L given by pkKL, apyqq fiÑ kapyqe� is a
homeomorphism. We will now show that, in these coordinates, there exists
a constant !1 ° 0 such that the measure � rX is given by

d� rXpkapyqe�q “ !1 y
´pd`1q d�pkq dy. (4.4.7)
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By the uniqueness (up to a scalar) of the G-invariant Radon measure on
rX “ G{L (see, for instance, [Fol15, Theorem 2.51]), it su�ces to show the
G-invariance of the measure on the right hand side in (4.4.7). So fix g0 P G
and f P Ccp

rXq. By [Fol15, Proposition 2.50], there exists � P CcpGq such
that, for every g P G,

fpge�q “

ª

L

�pglq dµLplq.

Hence, using the fact that ⇢papyqq “ y´d, that � is the pushforward from K
to K{KL of µK , the measure description in (4.4.6) of µG and its invariance,
we have
ª

rX
fpg0kapyqe�q y´pd`1q dy d�pkq “

ª

rX

ª

L

�pg0kapyqlq dµLplq y´pd`1q dy d�pkq

“

ª

rX

ª

L

�pg0kapyqlq dµLplq y´pd`1q dy d�pkq

“

ª

K

ª

A

ª

ÄM

ª

U

�pg0kapyqmuq ⇢papyqqdµUpuq dµÄMpmq
dy

y
dµKpkq

“ !´1
0

ª

G

�pg0gq dµGpgq “ !´1
0

ª

G

�pgq dµGpgq.

By the same argument, we also have
ª

rX
fpkapyqe�q y´pd`1q dy d�pkq “ !´1

0

ª

G

�pgq dµGpgq.

This shows that
ª

rX
fpg0kapyqe�q y´pd`1q dy d�pkq “

ª

rX
fpkapyqe�q y´pd`1q dy d�pkq

and, since g0 P G was arbitrary, the measure on the right-hand side in (4.4.7)
is G-invariant, as required.

4.5 Lattice reduction with respect to M

In the proof of Theorem 1.3.1, we will need the e↵ective equidistribution of
translates of certain L-orbits. We note that L˝ is the semi-direct product of
the connected reductive Q-group M and the unipotent radical U of P. We
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will deduce the required equidistribution result (see Lemma 6.4.1) by using
the e↵ective equidistribution of expanding translates of (horospherical) U -
orbits (see [KM96, Proposition 2.4.8.]) together with lattice reduction with
respect to M . The latter will be the content of this section. By [BH62,
Theorem 9.4], since M does not admit any non-trivial Q-characters, we have
that �M “ �XM is a lattice in M . We note that KM “ KXM is a maximal
compact subgroup of M , P0 X M is a minimal parabolic Q-subgroup of M
and S “ pT X Mq

˝ is a maximal Q-split Q-torus of M (see [Bor69, Section
11.7]). Then r� r t↵us, the set of roots that are linear combinations of
elements of � r t↵u, is the root system of M relative to S. Let U0 denote
the unipotent radical of P0 X M and let M0 be the maximal connected Q-
anisotropic Q-subgroup of the centralizer ZpSq of S in M. We let s denote
the Lie algebra of S “ SpRq. For every t ° 0, let

st “ tX P s : @� P �r t↵u, �pXq § tu

The negative Weyl chamber of s is given by

s´
“ tX P s : @� P �r t↵u, �pXq † 0u.

We set S´
“ expps´

q and note that there exists a compact neighborhood Q
of the identity in S such that exppstq Ä QS´. Denote by M0 and U0 the
groups of real points of M0 and U0, respectively. By [Bor69, Theorem 13.1],
there exists t ° 0, a compact neighborhood ! of the identity in M0U0 and
a finite set C Ä MpQq, such that the Siegel set S “ S⌧,! “ KM exppstq!
satisfies M “ SC �M . For every � P p0, 1q, we define

Sp�q “ tm P S : �1pAdpmq�q † �u, (4.5.1)

and we denote by Sp�qc the complementary subset of Sp�q in S. Let µM be
the Haar measure on M . There exists c1 ° 0 such that, for every � P p0, 1q,
we have

µMpSp�qq À �c1 . (4.5.2)

In fact, by [Bor69, Lemma 12.2], the union YsPexppstqs!s´1 is relatively com-
pact, and, for all k P KM Q, s P S´, n P !, c P C, and � P �M , we have

�1pAdpksnc�q�q — �1pAdpsq�q. (4.5.3)

Moreover, since S is contained in the torus T and the roots � are the non-
trivial Q-weights in the adjoint representation of G,

@ s P S, �1pAdpsq�q — min
�P�

�psq. (4.5.4)
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Choose a character �1
P X˚

pSq such that

@ s P S´, �1
psq § min

�P�
�psq.

Let ⇢1 : s Ñ Rˆ

` be the sum of all the positive S-roots with multiplicities
counted. By [Kna02, Theorem 8.32], we can decompose the measure µM on
M according to the decomposition M “ KM M0 S U0 and deduce that, for
some constant C 1

• 1,

µMpSp�qq À

ª

S´
t�1psq §C1 �u⇢

1
psqµSpsq

“

ª

s´
t�1psq § lnpC1 �qu e

⇢1
psq s.

Note that the Q-rank of M is r “ rankQpMq “ rankQpGq ´ 1. Let pYiq1§i§r

be the dual basis of the set of simple roots of M relative to S. This last
integral is the integral of an exponential function over a convex polytope in
s, and is therefore comparable to the maximum of the function on this set,
multiplied by a factor corresponding to the dimension of the face on which
this maximum is attained. This maximum is attained at one of the vertices of
the convex set, which are the points Ai “

lnpC1 �q

�1pYiq
Yi with i “ 1, . . . , r. Hence,

for all � P p0, 1q su�ciently small, we have
ª

s´
t�1psq § lnpC1 �qu ⇢

1
psq s — pC 1�qa| lnpC 1�q|

b´1
À �a{2

where

a “ min
1§i§r

⇢1
pYiq

�1pYiq
and b “ #t1 § i § r :

⇢1
pYiq

�1pYiq
“ au.

This proves the claim in (4.5.2) with c1 “ a{2. Moreover, for everym P Sp�qc,
we have

}Adpmq} À �´1. (4.5.5)

Indeed, by (4.5.3) and (4.5.4), for all m “ ksnc� with k P KM Q, s P S´,
n P !, c P C, and � P �M , we have

}Adpmq} — }Adpsq} — max
�P�

�psq “

ˆ
min
�P�

�psq

˙
´1

— �1pAdpsq�q
´1

— �1pAdpmq�q
´1

§ �´1.
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4.6 Exponential mixing

Finally, we will need the following theorem, which follows from the results of
[KM99, Section 3.4] and [MA20, Section 4.1-4.3] applied to G, T and � as
above.

Theorem 4.6.1. Let Y be an element in the Lie algebra of TpRq such that,

for every projection ⇡i : g Ñ gi onto a Q-simple factor, ⇡ipY q ‰ 0. For

every y P Rˆ

`, let a
1

y “ expplnpyqY q. Then there exist constants ` P N and

C 1, c1
° 0 such that for all �1,�2 P C8

c p⌦q and all 0 † y § 1,
ˇ̌
ˇ̌
ª

⌦

�1pa
1

yxq�2pxqµ⌦pxq ´ µ⌦p�1qµ⌦p�2q

ˇ̌
ˇ̌ § C 1 yc

1
}⌥`�1}2 }⌥`�2}2,

where ⌥ denotes the di↵erential operator

⌥ “ 1 ´

ÿ

i

Y 2
i ,

where pYiq is an orthonormal basis of the Lie algebra k of the maximal compact

subgroup K of G.

4.7 Counting lattice points

Let  : R` Ñ R` be a decreasing function. For every x P X and T • 1, we
define the counting function

N px, T q “ #
 
v P XpQq : dpx, vq †  pH�pvqq, H�pvq † T

(
.

Moreover, for every T • 1, we associate to  the set

E pT q “
 
v P rX : dpx0, rvsq †  p}v}q, 1 § }v} † T

(
. (4.7.1)

Fix a section s : X Ñ K of the orbital map K Ñ X sending k to kx0. Given
x P X, we shall write kx :“ spxq. As the following lemma shows, estimating
the counting function N px, T q amounts to counting lattice points in the
increasing family pET qT•1. Let rK X P : K X Ls P t1, 2u be the index of
K X L in K X P .

Lemma 4.7.1. For all x P X and T • 1,

N px, T q “ rK X P : K X Ls
´1 #

`
k´1
x L� X E pT q

˘
. (4.7.2)
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Proof. It su�ces to show that N px, T q “ # pL� X kxE pT qq. We first note
that

kxE pT q “

!
v P rX : dpx, rvsq †  p}v}q, 1 § }v} † T

)
.

Now a rational point v “ gre�s P XpQq satisfies dpx, vq †  pH�pvqq and
1 § H�pvq † T if and only if any of the primitive vectors v P L� representing
v satisfies dpx, rvsq †  p}v}q and 1 § }v} † T . This finishes the proof of the
lemma.
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Chapter 5

Counting at the Diophantine

exponent

Let us recall that X “ G{P denotes a generalized flag variety defined over Q,
where G is a connected semisimple algebraic Q-group and P is a parabolic
Q-subgroup of G. We suppose that the unipotent radical of P is abelian. In
particular, the parabolic subgroup P is maximal, or in other words, the Q-
rank ofX is 1. As was specified in the previous chapter, the choice of a highest
Q-weight � of G associated to P defines a height H� on XpQq. The distance
dp¨, ¨q and probability measure �X on X are the K-invariant Riemannian
distance and the corresponding normalizedK-invariant Riemannian measure,
respectively. Throughout this chapter, we adopt the notation introduced in
Chapter 4.

In this chapter, we shall count rational approximations to a real point
chosen at random according to the Riemannian volume with respect to the
Diophantine exponent ⌧ “ ��. More precisely, we shall be interested in
determining the asymptotic behaviour of the counting function

N��px, T q “ #tv P XpQq : dpx, vq † H�pvq
´�� , 1 § H�pvq † T u

as T Ñ `8 for almost every x P X. As shown in Chapter 3, the Siegel
transform is, in general, not in L2, even in the case the parabolic subgroup
is maximal. Therefore, the approach from Chapter 2, which relies on a
second moment formula for the Siegel transform, does not apply directly. To
start with, we use an ergodic-theoretic approach and a mean value formula
for Siegel transforms, as developed previously, to describe the almost sure
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asymptotic behaviour of N��px, T q. Indeed, we will show that there exists
an explicit constant { ° 0 such that for almost every x P X,

N��px, T q „ { lnT as T Ñ `8.

We then refine this result from an asymptotic formula to an estimate with
an explicit error term. To this end, we use Theorem 1.1.1 giving equiva-
lent criteria for the L1-integrability of Siegel transforms and prove an e↵ec-
tive equidistribution result for expanding translates of orbits of the maximal
compact subgroup K of G.

5.1 Ergodic-theoretic approach: An asymp-

totic formula without error term

The method is inspired by the ergodic-theoretic approach in [AG22], where
Alam and Ghosh counted rational approximations on spheres with respect
to the Diophantine exponent (which equals 1 for any sphere Sn, n • 2).
Roughly, it can be described as follows. In view of Lemma 4.7.1, for any
x P X and T • 1, we have N��px, T q “ #

`
k´1
x L� X E��pT q

˘
, where

E��pT q “ tv P rX : dpx0, rvsq † }v}
´�� , 1 § }v} † T u.

First, one approximates E��pT q by regions that admit a nice tessellation with
respect to the action of the subgroup A. To conclude, one uses Birkho↵’s
ergodic theorem and an approximation argument.

Let ⇡` : V� Ñ V� be the orthogonal projection onto Re� and we abbrevi-
ate ⇡`

pvq simply by v`. Recall from §4.2 that � : G Ñ X is the orbital map
g fiÑ gx0. Denote by D1� : g Ñ Tx0X its derivative at the identity 1 P G.
It satisfies kerD1� “ p, where p is the Lie algebra of P , and hence defines
an isomorphism D1� : u´

Ñ Tx0X. We use this isomorphism to identify u´

with Tx0X. By [Sax22, Lemme 2.4.2], using the definition

@ y ° 0, ay “ expplnpyqY↵q

and the fact that u´ is abelian, the derivative action of ay on u´
“ Tx0X is

given by
@u P u´, Adpayqu´

“ yu´.
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For every non-zero v P rX, such that rvs is close to x0, we denote by u´

v P u´

the unique element such that rvs “ exppu´

v qx0. Observe that

rayvs “ ayrvs “ ay exppu´

v qa´1
y ayx0 “ exppAdpayqu´

v qx0 “ exppyu´

v qx0

But one also has rayvs “ exppu´

ayvqx0. By uniqueness, this gives the simple
relation

u´

ayv “ y u´

v . (5.1.1)

In view of (4.2.1), there is a constant C0 ° 0 such that

dpx0, rvsq § }u´

v }u´ ` C0}u
´

v }
2
u´ . (5.1.2)

We now approximate the region E��pT q from inside and from outside by
regions

E
`

T,c “ tv P rX : }u´

v }u´ † c }v`
}

´�� , 1 § }v`
} † c T u, (5.1.3)

where c ° 0 is a parameter that will approach 1. By enlarging C0 if necessary,
we can assume that }v`

} • C´1
0 }v} if rvs is su�ciently close to x0. For every

natural number ` • 1, let

Q` “ tv P rX : }v} § C0`u (5.1.4)

and put

c` “
`
1 ` C0 `

´��{2
˘´2p1`��q

P p0, 1q. (5.1.5)

In particular, one has c` Õ 1 as ` Ñ `8. Fix a left-invariant Riemannian
distance dGp¨, ¨q on G. Write BP prq for the (symmetric) open ball in P with
radius r ° 0 and center 1 P P with respect to the distance induced by the
distance dGp¨, ¨q on G.

The following lemma tells us, roughly, that the region E��pT q can be
approximated well by regions of the form E

`

T,c, that this approximation is
even stable under perturbations of elements p close to the identity in P , and
that the regions E

`

T,c admit a tessellation with respect to the action of the
subgroup A. For every c ° 0, let

Fc “ tv P rX : }u´

v }u´ † c }v`
}

´�� , 1 § }v`
} † 2u. (5.1.6)
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Lemma 5.1.1. For all large enough ` • 1, p P O` “ BP p`´��{2
q, and T • 1,

E
`

T,c`
rQ2` Ñ p

`
E��pT q rQ`

˘
Ñ E

`

T,c´1
`

. (5.1.7)

Moreover, for all c ° 0 and T • 1 such that cT “ 2N for some N P N, we
have

E
`

T,c “

N´1ß

i“0

a´1
yj Fc, with yj “ 2��j for every j P N. (5.1.8)

Proof. Let us show the left inclusion in Equation (5.1.7). Put �` “ `´��{2.
We need to show that for all large enough ` • 1, p P O`, T • 1, and
v P E

`

T,c`
rQ2`, we have

dpx0, prvsq † }pv}
´�� , and C0` † }pv} † T.

Using the triangle inequality, we get dpx0, prvsq § dpx0, rvsq ` dprvs, prvsq.
Next, writing rvs “ exppu´

v qx0 with u´

v P u´, using that p stabilizes the line
x0, and expressing exppAdppqu´

v q “ exppu1
qp1 with u1

P u´, p1
P P , we get

dprvs, prvsq À dpexppu´

v qx0, p exppu´

v qx0q

“ dpexppu´

v qx0, exppAdppqu´

v qx0q

“ dpexppu´

v qx0, exppu1
qx0q — }u1

´ u´

v }u´

Note that the map from a bounded small neighborhood of 0 in the Lie algebra
g of G to u´ defined by X fiÑ X 1 with X 1

P u´ and pX P P ˝ such that
exppXq “ exppX 1

qpX is Lipschitz. Hence

}u1
´ u´

v }u´ À }Adppqu´

v ´ u´

v }g À }Adppq ´ Id}}u´

v }u´ À �` dpx0, rvsq.

Therefore, by enlarging C0 if necessary, one has dpx0, prvsq § p1`C0�`qdpx0, rvsq.
Together with the estimate (5.1.2) and the fact that v P E

`

T,c`
, we thus get

dpx0, prvsq § p1 ` C0�`q }u´

v }u´
`
1 ` C0}u´

v }u´
˘

† }v`
}

´��c` p1 ` C0�`q
`
1 ` C0}v

`
}

´��
˘
.

Let vK
“ v ´ v` be the projection of v onto the orthogonal complement of

Re�. Using the fact that v P E
`

T,c`
rQ2`, we have

}vK
}

}v`}
— dpx0, vq — }u´

v }u´ À }v`
}

´�� .
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Hence, by enlarging C0 if necessary and using that }v}
2

“ }v`
}
2

` }vK
}
2, we

have

}v`
}

´�� “ }v}
´��

ˆ
1 `

}vK
}
2

}v`}2

˙��
2

§ }v}
´��

`
1 ` C0}v

`
}

´2��
˘��

2 .

By enlarging C0, we may assume that }v`
} • C´1

0 }v}. Since v R Q2`, we thus
have }v`

} • C´1
0 }v} • 2`. Moreover, we may assume that C0 is such that

}pv} § p1 ` C0�`q}v} for all large ` • 1 and p P BP p�`q. Putting everything
together and using the definition of c`, we have

dpx0, prvsq † }pv}
´��

ˆ
c`p1 ` C0�`q

1`��p1 ` C0}v
`

}
´��q

`
1 ` C0}v`

}
´2��

˘��
2

˙

§ }pv}
´��

ˆ
c`p1 ` C0�`q

1`��p1 ` C0`
´��q

`
1 ` C0`

´2��
˘��

2

˙

§ }pv}
´�� ,

as desired. Moreover, by the definition of c` in (5.1.5), we have

}pv} § p1 ` C0 �`q}v`
}

}v}

}v`}
§ p1 ` C0 �`qc`

}v}

}v`}
T † T.

Finally, since v R Q2`, we have, when ` is large,

}pv} • p1 ` C0�`q
´1

}v} ° p1 ` C0�`q
´1C0p2`q • C0`.

This shows the left inclusion in Equation (5.1.7). The right inclusion is
proved similarly. To see the last claim, let us recall that ay acts on v` by

ayv`
“ y

´
1
�� v`. Then the claim follows by using (5.1.1) and observing that

a´1
yj ¨ Fc “ tv P rX : }u´

v }u´ † c ¨ }v`
}

´�� , 2j § }v`
} † 2j`1

u.

We recall that, for every j P Z, we defined yj “ 2��j. By Moore’s er-
godicity theorem (see [BM00, Section 3, Theorem 2.1]), the action of the
unbounded subgroup tayj : j P Zu of G on the probability space p⌦, µ⌦q

is ergodic. Therefore, by Birkho↵’s ergodic theorem (see [BM00, Section 1,
Theorem 2.5]), for every f P L1

p⌦q and almost every x P ⌦,

1

N

N´1ÿ

j“0

fpayjxq ›Ñ

ª

⌦

f dµ⌦ as N Ñ `8. (5.1.9)
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A point x P ⌦ satisfying (5.1.9) is called Birkho↵ generic with respect to f .

We are now ready to give the proof of Theorem 1.2.1. In order not to
interrupt the flow of reading, we recall the statement of this theorem:

Theorem (Theorem 1.2.1). Let G be a connected semisimple Q-group, P

a parabolic Q-subgroup with abelian unipotent radical and X “ G{P. Then

there exists a constant { ° 0 such that for �X-almost every x P X,

N��px, T q „ { lnpT q as T Ñ `8. (5.1.10)

Proof of Theorem 1.2.1. For any c ° 0, with Fc as defined in Equation
(5.1.6), define the function Fc : ⌦ Ñ R by Fc : g� fiÑ #pgL� X Fcq. By
the proof of Lemma 6.4.2 and with {2 ° 0 as in (6.4.9), for every c ° 0, we
have ª

⌦

Fc dµ⌦ “ {2 � rXpFcq. (5.1.11)

By the Iwasawa decomposition, the set S “ O1 ¨ K, where O1 “ BP p1q is
as above, contains an open neighborhood of the identity in G. Moreover, a
Fubini-type argument shows that for almost every p P O1 there is a measur-
able subset Kp Ä K with µKpKpq “ 1 such that for every k P Kp the point
pk� is Birkho↵ generic with respect to the function Fc. Consequently, for all
` • 1, we can find p` P O` and a full-measure subset K` Ä K such that for
every k P K` the point p`k� is Birkho↵ generic with respect to the functions
Fc` and Fc´1

`
. Let k P K8 “

ì
`•1 K`. Since p` P O`, Lemma 5.1.1 gives for

all large ` and T • 1, that

E
`

T,c`
rQ2` Ñ p` ¨

`
E��pT q rQ`

˘
Ñ E

`

T,c´1
`

.

Intersecting with p`kL� and using the fact that the number of lattice points
in the set O1Q` is bounded by an absolute constant times `��d (see Corollary
6.5.1), up to enlarging C0 if necessary, we have

#
`
p`kL� X E

`

T,c`

˘
´ C0`

��d § # pkL� X ET q § #
´
p`kL� X E

`

T,c´1
`

¯
` C0`

��d.

(5.1.12)
Using the decomposition of E`

T,c in (5.1.8) with ` large enough and T “
1
c2

N

for every integer N • 1, we have

#pp`kL� X E
`

T,cq “

N´1ÿ

j“0

Fcpayjp`k�q. (5.1.13)
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For T • 1 and ` large, let N • 1 be the unique integer with 1
c`
2N § T †

1
c`
2N`1. Plugging this back into (5.1.12), we get the lower and upper bounds

N´1ÿ

j“0

Fc`payjp`k�q ´ C0`
��d § # pkL� X ET q

§

Nÿ

j“0

Fc´1
`

payjp`k�q ` C0`
��d.

Dividing by lnpT q, using that p`k� is Birkho↵ generic with respect to Fc` and
Fc´1

`
, taking limits T Ñ `8 and evaluating them using (5.1.11), we have

{2

lnp2q
� rXpFc`q § lim

TÑ`8

# pkL� X ET q

lnpT q
§

{2

lnp2q
� rXpFc´1

`
q. (5.1.14)

Since the function c fiÑ � rXpFcq is continuous, we have � rXpFc˘1
`

q Ñ � rXpF1q

as ` Ñ `8. Let { ° 0 be as in (6.2.4). By Lemma 4.7.1 and letting ` go to
infinity in (5.1.14), for every k P K´1

8
, we have, as T Ñ `8,

N��pkx0, T q “ rK X L : K X P s#
`
k´1

L� X ET

˘
„ { lnpT q,

Noting that X “ K{pK X P q and that, for every k P K and p P K X P , we
have N��pkpx0, T q “ N��pkx0, T q, implies that, for �X-almost every x P X,
as T Ñ `8,

N��px, T q „ { lnpT q.

The proof of Theorem 1.2.1 is complete.

5.2 Counting with an error term: The method

In the remainder of this chapter, we would like to refine the asymptotic
formula to an estimate with an explicit error term. To this end, we use
Theorem 1.1.1 giving equivalent criteria for the L1-integrability of Siegel
transforms and we prove an e↵ective equidistribution result for expanding
translates of orbits of the maximal compact subgroup K of G. For the
convenience of the reader, let us recall the statement of Theorem 1.2.2.

Theorem (Theorem 1.2.2). Let G be a connected semisimple algebraic Q-

group, P a parabolic Q-subgroup of G with abelian unipotent radical and
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X “ G{P. Then there exists an explicit constant { ° 0 and " ° 0 such that

for �X-almost every x P X, as T Ñ `8, we have

N��px, T q “ { lnpT q
`
1 ` OxplnpT q

´"
q
˘
.

In this section, we sketch the method of proof of Theorem 1.2.2; it is
inspired by the arguments of Ouaggag [Oua23] used to count rational ap-
proximations on spheres. The detailed proof will be given in Sections 5.3 -
5.8.

In chapter 4, we translated the problem of counting rational approxima-
tions to a point x P X of bounded height to counting primitive lattice points
within a growing family pkxE��pT qqT°1 of subsets of the cone rX, where kx P K
is any element such that x “ kxx0. Moreover, we obtained the relationship

@x P X, @T • 1, N��px, T q “ #pL� X kxE��pT qq.

We will show an asymptotic formula for #pL� X kxE��pT qq, for almost every
x P X, with an explicit error term. Just as in the ergodic-theoretic approach
in Section 5.1, we will first approximate E��pT q with a region E��pT q

` that
admits a tessellation under the one-parameter diagonal subgroup A. For
convenience, we shall use a di↵erent parametrization of A for the remainder
of this chapter. Namely, for t P R, we put paptq “ expptY↵q, where Y↵ is as

in (4.4.3). Therefore, paptq will act on e� by paptqe� “ e
´

t
�� e� and on the

tangent space at x0 P X through scalar multiplication by et. In fact, there
will be an elementary domain F Ä rX such that for every N P N, we have,
with T “ eN ,

E
`

T “

N´1ß

i“0

paptiq
´1

¨ F , with tj “ ��j for j P N.

For the sake of describing the method, we suppose that � ¨ e� “ L�, that is,
that L� is a single �-orbit. The definition of the Siegel transform together
with the tessellation of E`

T will give

#pL� X kxE��pT q
`

q “

N´1ÿ

i“0

S� kxpaptiq´1Fp�q “

N´1ÿ

i“0

S� Fppaptiqk
´1
x �q. (5.2.1)

Noting that N “ lnpT q, Theorem 1.2.2 will follow from the fact that there
exists " ° 0 such that for almost every k P K,

N´1ÿ

i“0

S� Fppaptiqk�q “

ª

⌦

S�f dµ⌦ N
`
1 ` OkpN´"

q
˘
.
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This result in turn will be deduced from an Lp-bound, for some p ° 1, of the
form ª

K

ˇ̌
ˇ̌
ˇ

bÿ

j“a

ˆ
S� Fppaptiqk�q ´

ª

⌦

S�f

˙ˇ̌
ˇ̌
ˇ

p

dk À b ´ a,

for all a, b P N, a † b. The latter is shown using the L1`�-integrability
of the Siegel transform as in Theorem 1.1.1 and using the e↵ective double
equidistribution of expanding translates of K-orbits. In particular, we will
need to work with smooth compactly supported functions that, on translated
K-orbits, approximate the Siegel transform S� F , which typically is neither
smooth nor compactly supported.

5.3 Approximation of E��pT q

So it remains to provide an asymptotic formula for #pk´1
x L� X E��pT qq for

almost every x P X. To this end, exactly as in Section 5.1, we now ap-
proximate the region E��pT q from inside and from outside by regions that
admit a tessellation with respect to the action of the one-parameter diagonal
subgroup A.

Recall that the map u´
Ñ X sending u fiÑ exppuqx0 restricts to a di↵eo-

morphism from a neighborhood of 1 P u´ to a neighborhood of x0 P X. In
particular, any v P rX, so that rvs is close to x0, defines an element u´

v in
the Lie algebra u´ by rvs “ exppu´

v qx0. The adjoint action of paptq P A on
u´

“ Tx0X acts by scalar multiplication Adppaptqqu´
“ et u´ by et. Observe

that

rpaptqvs “ paptqrvs “ paptq exppu´

v qpaptqpaptq´1x0 “ exppAdppaptqqu´

v qx0.

But one also has rpaptqvs “ exppu´

paptqvqx0. By uniqueness, this gives the simple
relation

u´

paptqv “ et u´

v . (5.3.1)

Moreover, by the distance estimate (4.2.1), there exists a constant C0 ° 0
such that dpx0, rvsq § }u´

v }u´ p1 ` C0 }u´

v }u´q. Let ⇡` : V� Ñ V� be the
orthogonal projection onto Re� and we abbreviate ⇡`

pvq by v`.

For every T • 1 and c ° 0 close to 1, we will work with exactly the same
regions E`

T,c that were introduced in (5.1.3) and were defined by

E
`

T,c “ tv P rX : }u´

v }u´ † c }v`
}

´�� , 1 § }v`
} † c T u.
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By enlarging C0 if necessary, we can assume that }v`
} • C´1

0 }v} as soon
as dpx0, rvsq † 1. For every integer ` • 1, exactly as in (5.1.4), we let

Q` “ tv P rX : }v} § C0 `u

and we define
pc` “

`
1 ` C0 `

´��
˘´p1`��q

P p0, 1q.

In particular, one has pc` Õ 1 as ` Ñ `8.

The sets E
`

T,c have the following nice properties. By a slight abuse of
notation (see Equation 5.1.6), for every c ° 0, let

Fc “ tv P rX : }u´

v }u´ † c}v`
}

´�� , 1 § }v`
} † eu. (5.3.2)

Lemma 5.3.1. 1. (Approximation) For all large enough ` • 1 and T • 1,
we have

E
`

T,pc` rQ2` Ñ E��pT q rQ` Ñ E
`

T,pc´1
`

. (5.3.3)

2. (Tessellation) For all c ° 0 and T • 1 such that cT “ eN for some

N P N, we have

E
`

T,c “

N´1ß

i“0

paptiq
´1

Fc, with tj “ ��j for j P N. (5.3.4)

Proof. Let v P E
`

T,pc` r Q2`. Let us first prove that for all su�ciently large `
and T , we have

dpx0, rvsq † }v}
´�� , C0 ` † }v} † T.

Let vK
“ v ´ v`. Observe that, for large enough `, we have

}vK
}

}v`}
— dpx0, rvsq † }v}

´�� .

Therefore, we have

}v}
2

}v`}2
“ 1 `

}vK
}
2

}v`}2
§ 1 ` C0 }v`

}
´2�� ,

and hence
}v}

��

}v`}��
§

`
1 ` C0 }v`

}
´2��

˘��{2
.
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Since v does not lie in Q2`, we have }v`
} • C´1

0 }v} • 2`. Thus, using the
definition of pc`, we have (by enlarging C0 where necessary)

dpx0, rvsq § }u´

v }u´
`
1 ` C0 }u´

v }u´
˘

§ pc`}v`
}

´��
`
1 ` C0 }v`

}
´��

˘

“ }v}
´��

ˆ
pc`

}v}
��

}v`}��
p1 ` C0 }v`

}
´��q

˙

§ }v}
´��

´
pc`

`
1 ` C0 `

´2��
˘��{2

p1 ` C0 `
´��q

¯

§ }v}
´��

Since v does not lie in Q2`, it does, in particular, not lie in Q`. Moreover,
we have }v} “ }v`

}
}v}

}v`}
§ pc` }v}

}v`}
T † T . This shows the left inclusion in

Equation (5.3.3). The other inclusion is proved similarly.

To see the last claim in the lemma, let us recall that ay acts on v` by

ayv`
“ y

´
1
�� v`. Then, using (5.3.1) and observing that

paptiq
´1

Fc “ tv P rX : }u´

v }u´ † c }v`
}

´�� , ej § }v`
} † ej`1

u

yields the desired tessellation.

Intersecting (5.3.3) with the discrete set k´1
x L� and using the fact that

the number of lattice points in the set Q` is bounded by an absolute constant
times `��d (see Corollary 6.5.1), we get, by enlarging C0 if necessary,

#
´
k´1
x L� X E

`

T,pc`

¯
´C0`

��d § #
`
k´1
x L� X ET

˘
§ #

´
k´1
x L� X E

`

T,pc´1
`

¯
`C0`

��d.

(5.3.5)
Using the tessellation of E`

T,c as in (5.3.4) with T “
1
ce

N for every integer
N • 1, we have

#pk´1
x L� X E

`

T,cq “ #pL� X kxE
`

T,cq

“

N´1ÿ

i“0

S� kxpaptiq´1Fcp�q “

N´1ÿ

i“0

S� Fcppaptiqk
´1
x �q. (5.3.6)

Plugging this back into (5.3.5), we get the lower and upper bounds, for every
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T 1
• 1 and large enough `,

tT 1
`ln pc`u´1ÿ

i“0

S� Fc`
ppaptiqk

´1
x �q ´ C0 `

��d § #
´
k´1
x L� X E��peT

1
q

¯

§

rT 1
´ln pc`s´1ÿ

i“0

S� Fpc´1
`

ppaptiqk
´1
x �q ` C0 `

��d.

(5.3.7)

The proof of Theorem 1.2.2 consists of e↵ectively estimating the left- and
right-hand sides of (5.3.7). To this end, we will now develop the necessary
tools and ingredients for these estimates.

5.4 A uniform upper bound for theK-average

of the Siegel transform

A crucial estimate used in this approximation is given in the following lemma.
Using Theorem 1.1.1, we fix " ° 0 such that the Siegel transform S� maps

Ccp
rXq into L1`"

p⌦q.

Lemma 5.4.1. Let s P p0, 1 ` "q. For all c ° 0 and g P G, we have

sup
t•0

ª

K

ˇ̌
S� Fcppatkgq

ˇ̌s
dµKpkq † `8.

The upper bound is uniform as g and c vary in compact sets.

Let dGp¨, ¨q be a left-invariant Riemannian metric on G; this induces left-
invariant metrics on the parabolic subgroup P and on the quotient ⌦ “ G{�,
and we denote them by dP p¨, ¨q and d⌦p¨, ¨q, respectively. The key observation
used in the proof is that the translated sets paptq´1

Fc are almost invariant
under a small neighborhood of the identity in P .

Proof. We fix s P p0, 1 ` "q. We show that for c ° 0 and g0 in a compact
subset Q of G, we have

sup
t•0

ª

K

`
S� Fcppatkg0q

˘s
dµKpkq Às,Q

ª

rX
Fc d� rX .
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For every � P p0, 12q, we define a �-neighborhood of Fc by

Fcp�q “ tv P rX : }u´

v }u´ † p1`�q1`�� c }v`
}

´�� , p1`�q´1
§ }v`

} † p1`�qeu.

One can show that �pFcp�q r Fcq Àc �. For every r ° 0, let BP prq denote
the metric open ball in P with radius r ° 0 and center 1 P P . We claim that
there exists some small constant rc ° 0, independent of �, such that for all
0 † � †

1
2 , p P BP prc�q, and t • 0, we have

ppaptq´1
Fc Ñ paptq´1

Fcp�q.

First, using the relationship (5.3.1) and the fact that, for every t P R, paptq

acts on e� via paptq e� “ e
´

t
�� e�, we have

paptq´1
Fc “ tv P rX : }u´

v }u´ † c }v`
}

´�� , e
t
�� § }v`

} † e
t
��

`1
u,

and likewise

paptq´1
Fcp�q “ tv P rX : }u´

v }u´ † p1 ` �q1`�� c }v`
}

´�� ,

p1 ` �q´1e
t
�� § }v`

} † p1 ` �qe
t
��

`1
u.

So we need to show that for some small rc ° 0, for all 0 † � †
1
2 , p P BP prc�q,

t • 0, and v P paptq´1
Fc, we have

(1) }u´

pv}u´ † p1 ` �q1`��c }ppvq
`

}
´�� , and

(2) p1 ` �q´1e
t
�� § }ppvq

`
} † p1 ` �q e

t
��

`1
.

Let us start with condition p2q. Since v satisfies e
t
�� § }v`

} † e
t
��

`1
, it is

enough to show that for some small rc ° 0, for all 0 † � †
1
2 , p P BP prc�q,

t • 0, and v P paptq´1
Fc, we have

p1 ` �q´1
}v`

} § }ppvq
`

} † p1 ` �q}v`
}. (5.4.1)

However, applying the triangle inequality, we already see that

}ppvq
`

} ´ }v`
} § }ppvq

`
´ v`

} § }pv ´ v} À rc�}v} À rc�}v`
}.

By shrinking rc ° 0 if necessary, this gives }ppvq
`

} † p1`"q}v`
}, as required.

The other inequality is shown similarly and we omit the details.
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So it remains to show the first condition. Recall that upv P u´ is defined
by the relation prvs “ exppu´

pvqx0. On the other hand, since x0 is fixed by
p, we have prvs “ exppAdppqu´

v qx0. Consider the decomposition g “ u´
‘ p,

where p denotes the Lie algebra of P . The map u´
‘ p Ñ G sending pu´, p1

q

to exppu´
q exppp1

q is a local di↵eomorphism. In particular, there exists a
unique pu´, p1

q P u´
‘ p such that exppAdppqu´

v q “ exppu´
q exppp1

q. When
applied to x0, we have

prvs “ exppAdppqu´

v qx0 “ exppu´
qx0 and prvs “ exppu´

pvqx0.

This implies that u´
“ u´

pv. The induced map g Ñ u´, sending Y P g to u´

Y

such that exppY q “ exppu´

Y q expppY q with pY P p, is Lipschitz on a bounded
neighborhood of the origin in g. Thus

}u´

pv}u´ “ }u´
}u´ À }Adppqu´

v }g´ § }Adppq}}u´

v }u´ ,

where }Adppq} denotes the operator norm as an operator on g. By shrinking
c ° 0 if necessary, one has p P BP prc"q implies that }Adppq} † 1 ` ".

Since v P paptq´1
Fc, we get from the first inequality in (5.4.1) applied to

p´1 that

}u´

pv}u´ § p1 ` "q}u´

v }u´ § p1 ` "q c }v`
}

´�� “ p1 ` "qc }pp´1pvq
`

}
´��

§ p1 ` "q1`�� c }ppvq
`

}
´�� ,

as desired. This completes the proof of the claim.

We can now prove Lemma 5.4.1. Letting g0 P Q, we see that
ª

K

ˇ̌
S� Fcpatkg0q

ˇ̌s
dµKpkq “

ª

K

ˇ̌
S� paptq´1Fcpkg0q

ˇ̌s
dµKpkq

§
1

µP pBP prc�qq

ª

BP prc�q

ª

K

ˇ̌
S� paptq´1Fcp"qppkg0q

ˇ̌s
dµKpkq dµP ppq

“
1

µP pBP prc�qq

ª

BP prc�qK

ˇ̌
S� paptq´1Fcp"qpgg0q

ˇ̌s
dµGpgq

“
1

µP pBP prc�qq

ª

pBP prc�qKqg0

ˇ̌
S� paptq´1Fcp"qpgq

ˇ̌s
dµGpgq.

Similarly as in the proof of Theorem 1.1.1, letS be a Siegel set and C Ä GpQq

a finite subset such that G “ SC �. Fix a fundamental domain F Ñ SC
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with nonempty interior for the right action of � on G. There exist a finite
subset I of G such that the union

î
hPI hF covers the closure of BP prc�qKQ

in G, which is compact. Together with the G-invariance of µ⌦, we have

ª

K

ˇ̌
S� Fcppatkgq

ˇ̌s
dµKpkq À"

ÿ

hPI

ª

hF

ˇ̌
S� paptq´1Fcp"qpgq

ˇ̌s
dµGpgq

À"

ÿ

hPI

ª

F

ˇ̌
S� paptq´1Fcp"qphgq

ˇ̌s
dµGpgq À",F

ª

⌦

ˇ̌
S� Fcp"qpgq

ˇ̌s
dµ⌦pg�q.

To conclude, let us recall a few facts. First, applying the inequality (3.3.7) in
the proof of Theorem 1.1.1 to f “ Fcp"q and using that }f}

�
8

“ 1, we have

ª

⌦

|S�f |
s dµ⌦ À

ª

rX
fpaye�q

ª

L{LpZq

��paylq
´ps´1qa� dµL{LpZqplqd� rXpkaye�q.

where the implicit constant depends only on the support of f . Since this
support is compact, and consequently ay P A varies in a compact set, for
every l P L, we have ��ppaptqlq´ps´1qa� Àsupp f ��plq´ps´1qa� . Hence

ª

⌦

|S�f |
s dµ⌦ À

ª

rX
fpaye�q d� rXpkaye�q

ª

L{LpZq

��plq´ps´1qa� dµL{LpZqplq

and the integral
≥
L{LpZq

��plq´ps´1qa� dµL{LpZqplq converges by the choice of
s and the arguments in the proof of Theorem 1.1.1. Putting everything
together, we have

ª

K

`
S� Fcppatk�q

˘s
dµKpkq À",F,c,s

ª

rX
Fcp"q d� rX À",F,c,s

ª

rX
Fc d� rX ,

as desired. Since the sets Fcp"q, for c and " varying in fixed compact sets,
are all contained in a fixed compact subset of rX, one sees that the implicit
constant only depends on s and the compact set Q, completing the proof.

5.5 Equidistribution of compact-orbit trans-

lates

In this section, we prove an e↵ective double equidistribution result for ex-
panding translates of K-orbits. The proof is based on the one of Ouaggag’s
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result [Oua23, Proposition 4.1], which is derived from the e↵ective equidis-
tribution of unstable horospherical orbits established in [BG21].

In order to state the result, we shall need to introduce certain Sobolev
norms on C8

c p⌦q and C8
pKq. Each element Z in the Lie algebra g of G

defines a first order di↵erential operator DZ on C8

c p⌦q by

@� P C8

c p⌦q, @x P ⌦, DZ�pxq “
d

dt

ˇ̌
ˇ
t“0
�pexpptZqxq.

Let D be the dimension of g and let B “ pZiq1§i§D be a basis of the real
vector space g. Then each monomial

DZ “ D
j1
Z1

˝ ¨ ¨ ¨ ˝ D
jD
ZD

(5.5.1)

with pj1, . . . , jDq P ND defines a di↵erential operator of degree degpDZq “

j1 ` ¨ ¨ ¨ ` jD. For all r • 1 and � P C8

c p⌦q, we define the degree r Sobolev

norm of � by
Srp�q “

ÿ

degpDq§r

}D�}
8
, (5.5.2)

where D ranges over all monomials of elements in B of degree § r. Simi-
larly, one can define a degree r Sobolev norm on C8

pKq, which, by abuse of
notation, we also denote by Sr.

For every bounded continuous function � : ⌦ Ñ R and time t • 0, we
introduce

��ptq “

ˇ̌
ˇ̌
ª

K

�
`
paptqk

˘
dµKpkq ´ µ⌦p�1qµ⌦p�2q

ˇ̌
ˇ̌ . (5.5.3)

Moreover, for all t2 • t1 ° 0 we shall write mpt1, t2q “ mintt1, t2 ´ t1u and
given bounded continuous functions �1,�2 : ⌦ Ñ R, and times t2 • t1 • 0,
we introduce

��1,�2pt1, t2q “

ˇ̌
ˇ̌
ª

K

�1

`
papt1qk

˘
�2

`
papt2qk

˘
dµKpkq ´ µ⌦p�1qµ⌦p�2q

ˇ̌
ˇ̌ . (5.5.4)

Proposition 5.5.1 (E↵ective single and double equidistribution). There ex-

ist constants c ° 0, C ° 0 and an integer r • 1 such that for all � P C8

c p⌦q

and t • 0, we have

��ptq § C e´c t
Srp�q. (5.5.5)

and, for all �1,�2 P C8

c p⌦q and t2 • t1 • 0, we have

��1,�2pt1, t2q § C e´cmpt1,t2q
Srp�1qSrp�2q. (5.5.6)
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Observe that U´, the unipotent subgroup opposite to the unipotent rad-
ical U of P , is the expanding horospherical subgroup with respect to the
one-parameter diagonal subgroup A “ tpaptq : t P Ru:

U´
“

"
g P G : lim

tÑ´8

paptq g pap´tq “ 1

*
.

Let µU´ be a Haar measure on U´. The idea of proof of Proposition 5.5.1 is to
deduce the e↵ective single and double equidistribution of expanding compact-
orbit translates from the corresponding e↵ective single and double equidis-
tribution of expanding horospherical translates, as proved by Björklund and
Gorodnik (see [BG21, Theorem 1.2]).

Theorem 5.5.2. There exists a constants c1
° 0 and an integer r • 1 such

that the following hold. Let Q be a compact subset of G. Then, for all

f P C8

c pUq, � P C8

c p⌦q, g P Q, and t • 0, we have

ˇ̌
ˇ̌
ª

U´
fpuq�

`
papt1qu

´g
˘
dµU´pu´

q ´ µU´pfqµ⌦p�q

ˇ̌
ˇ̌ ÀQ e´c1 t

SrpfqSrp�q.

and, for all f P C8

c pUq, �1,�2 P C8

c p⌦q, g P Q, and t2 • t1 • 0, we have

ˇ̌
ˇ̌
ª

U´
fpuq�1

`
papt1qu

´g
˘
�2

`
papt2qu

´g
˘
dµU´pu´

q ´ µU´pfqµ⌦p�1qµ⌦p�2q

ˇ̌
ˇ̌

ÀQ e´c1 mpt1,t2q
SrpfqSrp�1qSrp�2q. (5.5.7)

Proof of Proposition 5.5.1. Let us prove the e↵ective double equidistribution
statement in (5.5.6). The proof of the corresponding e↵ective single equidis-
tribution statement in (5.5.5) follows along the same line of argument and
we omit the details.

Let kP be the Lie algebra of the stabilizer KP “ K X P in K of x0 P X.
Let us define s to be the orthogonal complement inside the Lie algebra k of
K of the Lie algebra kP with respect to the Killing form x¨, ¨yg on the Lie
algebra g of G. In particular, we have k “ s ‘ kP . Let V be a neighborhood
of the origin in g such that the exponential map exp : g Ñ G restricts to a
di↵eomorphism exp |V : V Ñ exppV q. Consider the embedded submanifold
S “ exppV X sq of exppV q. In order to relate the double equidistribution
of translated K-orbits to that of translated horospherical orbits, we first
construct a local di↵eomorphism from S to U´.
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Note that the product map S ˆKP Ñ K restricts to a di↵eomorphism in
a neighborhood of the identity, giving a decomposition k “ spkqkP pkq with
spkq P S and kP pkq P KP for every k P K in this neighborhood. We recall
that u´ and p denote the Lie algebras of U´ and P respectively and that the
Lie algebra of G decomposes as the direct sum g “ u´

‘ p. In particular,
every element g P G close to the identity 1 P G can be uniquely decomposed
as g “ u´

pgqppgq with u´
pgq P U´ and ppgq P P .

We claim that there exists a neighborhood VS of the identity 1 P S such
that the map h : VS Ñ U´ given by sending s P S to u´

psq is well-defined
and defines a di↵eomorphism onto a neighborhood of the identity 1 P U´.
Observe first that the dimensions of S and U´ agree:

dimS “ dimK ´ dimKP “ dimX “ dimU´.

To show the claim, by the inverse function theorem, it su�ces to show that
the derivative D1h of the map h at 1 P S is injective. This however follows
from the fact that kerD1h is contained in s X p “ t0u.

Let µKP be the Haar probability measure onKP . Let us now equip S with
a measure µS such that, for all integrable functions f : K Ñ R supported in
a su�ciently small neighborhood of 1 P K, we have

ª

K

fpkq dµKpkq “

ª

S

ª

KP

fpskP q dµSpsqdµKP pkP q.

Let µK{KP
be the pushforward of µK along the projection map K Ñ K{KP .

By [Fol15, Theorem 2.51], for all integrable functions f : K Ñ R supported
in a su�ciently small neighborhood of 1 P K, we have

ª

K

fpkq dµKpkq “

ª

K{KP

ª

KP

fpxkP q dµK{KP
pxqdµKP pkP q.

Since the kernel of the derivative at 1 P K of the projection map K Ñ K{KP

is kP , the restriction to S of this projection map defines a local di↵eomorphism
at 1. We let µS be the pushforward of the restriction of µK{KP

to a suitable
neighborhood along the inverse of this di↵eomorphism.

Let r • 1 be as in Theorem 5.5.2. There exist constants c1 ° 0 and
c2 ° 0 such that the following holds. For every small r0 ° 0, there exists
N P N with N À r´c1

0 , non-negative functions i P C8

c pKq with 1 § i § N ,

107



all supported in BKpr0q and satisfying }i}r À r´c2
0 , and elements ki P K

with 1 § i § N such that we have a partition of unity: for every k P K, we
have 1 “

∞N
i“1 ipkk

´1
i q.

For all �1,�2 P C8

c p⌦q and t2 • t1 • 0, we define

I�1,�2pt1, t2q “

ª

K

�1

`
papt1qk

˘
�2

`
papt2qk

˘
dµKpkq.

Let r0 ° 0 be small, to be fixed later. Using the direct sum decompositions

k “ kP ‘ s and g “ p ‘ u´,

for every k close the identity in K, we have

k “ kP pkqspkq “ kP pkqppspkqqu´
pspkqq.

Observe that KP is the centralizer ZKpAq in K of A. Putting everything
together and letting, for j “ 1, 2,

gpk, tjq “ kP pkqpaptjqppspkqqpap´tjq,

we have

I�1,�2pt1, t2q “

Nÿ

i“1

ª

K

ipkq�1ppapt1qkkiq�2ppapt2qkkiqdµKpkq

“

Nÿ

i“1

ª

K

ipkq�1pgpk, t1qpapt1qu´
pspkqqkiq�2pgpk, t2qpapt2qu

´
pspkqqkiq dµKpkq.

We recall that P is the semi-direct product of the centralizer ZGpAq in G of
A and the unipotent radical U of P . This unipotent radical is also the con-
tracting horospherical subgroup with respect to the one-parameter diagonal
subgroup A “ tpaptq : t P Ru:

U “

"
g P G : lim

tÑ`8

paptq g pap´tq “ 1

*
.

In particular, for every t • 0, elements p P P do not get expanded by the
conjugation action of paptq. By Lipschitz continuity of the coordinate maps
k fiÑ kP pkq, k fiÑ ppspkqq on BKpr0q with r0 ° 0 small enough, there exists a
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constant C1 ° 0, independent of t1 and t2, such that for every k P BKpr0q,
we have

kP pkq, paptjqppspkqqpap´tjq P BGpC1r0q.

By the Lipschitz continuity of �1 and �2, we have

ˇ̌
ˇ̌
ˇ I�1,�2pt1, t2q ´

Nÿ

i“1

ª

K

ipkq�1ppapt1qu
´

pspkqqkiq�2ppapt2qu
´

pspkqqkiq dµKpkq

ˇ̌
ˇ̌
ˇ

Àr r0 Srp�1qSrp�2q.

Recall that there exists a neighborhood VS of the identity 1 P S such that
the map h : VS Ñ U´ given by sending s P S to u´

psq is well-defined and
defines a di↵eomorphism onto a neighborhood of the identity 1 P U´. Hence,
denoting by u´

fiÑ spu´
q the local inverse of this di↵eomorphism, there exists

a smooth density ⇢0 defined in a neighborhood of 1 P U´ such that for all
su�ciently small r0 ° 0 and all f P CcpSq supported in BSpr0q, we have

ª

S

fpsq dµSpsq “

ª

U´
fpspu´

qq⇢0pu´
q dµU´pu´

q.

Using the local decomposition of the measure µK as a product of the measures
µKP and µS, we have

Nÿ

i“1

ª

K

ipkq�1ppapt1qu´
pspkqqkiq�2ppapt2qu

´
pspkqqkiq dµKpkq

“

Nÿ

i“1

ª

KP

ª

S

ipkP sq�1ppapt1qu
´

psqkiq�2ppapt2qu´
psqkiq dµSpsqdµKP pkP q

“

ª

KP

Nÿ

i“1

ˆª

U´
ipkP spu´

qq�1ppapt1qu´kiq�2ppapt2qu
´kiq⇢0pu´

q dµU´pu´
q

˙
dµKP pkP q.

(5.5.8)

By Theorem 5.5.2, applied to �1, �2 and the functions fkP ,i, for 1 § i § N ,
defined on a neighborhood of 1 P U´ by

u´
fiÑ fkP ,ipu

´
q “ ipkP spu´

qq⇢0pu´
q,
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there exist constants c1
° 0, C 1

° 0, independent of fkP ,i, �1, �2, such that
we have

ˇ̌
ˇ̌
ª

U´
fkP ,ipu

´
q�1ppapt1qu

´kiq�2ppapt2qu
´kiq dµU´pu´

q ´ µU´pfkP ,iqµ⌦p�1qµ⌦p�2q

ˇ̌
ˇ̌

§ C 1 e´c1 mpt1,t2q
SrpfkP ,iqSrp�1qSrp�2q.

Observing that SrpfkP ,iq À SrpiqSrp⇢0q, that N § r´c1
0 , that Srpiq À r´c2

0 ,
that Srp⇢0|BU´ pr0qq À 1, and that

ª

KP

Nÿ

i“1

µU´pfkP ,iqdµKP pkP q “

ª

KP

ª

S

Nÿ

i“1

ipkP sq dµSpsqdµKP pkP q “ 1,

the integral (5.5.8) is equal to

ª

KP

Nÿ

i“1

˜
µU´pfkP ,iqµ⌦p�1qµ⌦p�2q`O

´
e´c1 mpt1,t2q r´c2

0 Srp�1qSrp�2q

¯¸
dµKP pkP q

“ µ⌦p�1qµ⌦p�2q ` O
´
e´c1 mpt1,t2q r´c1´c2

0 Srp�1qSrp�2q

¯

Hence, putting everything together, we have

I�1,�2pt1, t2q “ µ⌦p�1qµ⌦p�2q ` O
´

pe´c1 mpt1,t2q r´c1´c2
0 ` r0qSrp�1qSrp�2q

¯
.

Setting c “
c1

1`c1`c2
and r0 “ e´cmpt1,t2q now completes the proof of Proposi-

tion 5.5.1.

5.6 Non-escape of mass

We equip the K-orbit Y “ K�{� of the identity coset � P ⌦ with the
pushforward measure ⌫Y , defined via the orbital map k fiÑ k�, of the Haar
probability measure µK on K. We will be interested in establishing upper
bounds for the Siegel transform of bounded compactly supported functions
f : rX Ñ R when evaluated at points of the translated K-orbit paptqY . To
this end, similarly as in [BG19, Proposition 4.5], we begin by establishing a
non-escape of mass property for paptqY .
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We recall that, for every g P G, we defined

��pgq “ min
vPV�pZqrt0u

}gv}

to be the length of the shortest non-zero vector in gV�pZq. Let us also recall
that d stands for the dimension ofX and �� is the Diophantine exponent ofX
with respect to �. For each 0 † � † 1, we define an open cusp neighborhood
in ⌦ by

⌦� “ tg� P ⌦ : ��pgq † �u.

Lemma 5.6.1. There exists a constant  ° 0 such that for all � P p0, 1q and

t P r ln �´1,`8q, we have

⌫Y
`
ty P Y : ��ppaptqyq † �u

˘
À ���d.

Proof. Let us denote by ⌦c
�
the indicator function of the complementary

subset ⌦c
� “ ⌦r ⌦�. By Mahler’s compactness criterion, the support of ⌦c

�

is compact. We fix once and for all a non-negative function ⇢1 P C8

c pGq

with
≥
G ⇢1 dµG “ 1 and define �� “ ⇢1 ˚ ⌦c

�
: ⌦ Ñ r0,`8q. Since µ⌦ is

G-invariant, we have
ª

⌦

�� dµ⌦ “

ª

⌦
⌦c
�
dµ⌦ “ µ⌦pt�� • �uq.

Moreover, by the G-invariance of µ⌦ again, for any di↵erential operator D, we
have D�� “ Dp⇢q ˚ ⌦c

�
. In particular, we have �� P C8

c p⌦q and, letting r • 1
be the integer from Proposition 5.5.1, also Srp��q À Srp⇢1q À 1. Moreover,
there exists ⇠ “ ⇠p⇢1q ° 1 such that, for every g P supp p⇢1q and x P ⌦, we
have ��pgxq § ⇠��pxq. Therefore, for every g P supp p⇢1q, we have

tx P ⌦ : ��pgxq • �u Ñ tx P ⌦ : ��pxq • ⇠´1�u

and hence �� § ⌦c
⇠´1�

. Thus, for every t • 0, we have

⌫Y pty P Y : ��ppaptqyq • ⇠´1�uq “

ª

Y
⌦c
⇠´1�

ppaptqyq d⌫Y pyq

•

ª

Y

��ppaptqyq d⌫Y pyq.
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By Proposition 5.5.1, since ⌫Y is the pushforward to Y of the Haar probability
measure µK on K, there exists c ° 0 such that, for every t • 0, we have

ª

Y

��ppaptqyq d⌫Y pyq “

ª

K

��ppaptqk�q dµKpkq

“

ª

⌦

�� dµ⌦ ` O
`
e´ct

Srp��q
˘

“ µ⌦pt�� • �uq ` Ope´ct
q.

By [Sax22, Proposition 3.1.1], we have the measure estimate

µ⌦p⌦�q — ���d. (5.6.1)

Putting everything together, for every t • 1, this yields

⌫Y pty P Y : ��ppaptqyq • ⇠´1�uq • µ⌦pt�� • �uq`O
`
e´ct

˘
“ 1`O

`
���d ` e´ct

˘
.

Therefore, since ⇢1 is fixed and ⇠ only depends on ⇢1, for every t • 1, we
have

⌫Y pty P Y : ��ppaptqyq † �uq À p⇠�q��d ` e´ct
À ���d ` e´ct.

Letting  “
��d
c , the claim holds for all � P p0, 1q and t P r ln �´1,`8q.

5.7 Approximation by smooth functions

The Siegel transform of the indicator function of the set Fc appearing in
the tessellation (5.3.4) is neither smooth nor bounded. In order to apply ef-
fective equidistribution results, we approximate S� Fc by smooth compactly
supported functions. We again fix the integer r • 1 as in Proposition 5.5.1.

Lemma 5.7.1. For every ⇠ ° 1, there exists a family of functions pD�q�Pp0,1q

in C8

c p⌦q satisfying

0 § D� § 1, D� “ 1 on t�� • ⇠�u, D� “ 0 on t�� † ⇠´1�u, SrpD�q À 1.

The proof is essentially analogous to that of [BG19, Lemma 4.11] and we
omit the details. We refer to the family pD�q�Pp0,1q as a family of smooth cut-
o↵ functions on ⌦ and, fixing once and for all a ⇠ ° 1 in the above lemma, we
will omit ⇠ from the notation. For every � P p0, 1q and measurable bounded
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compactly supported function f : rX Ñ R, we define the �-truncated Siegel

transform Sp�qf :⌦ÑR
� of f by

@ g P G, Sp�q

� fpgq “ D�pgqS�fpgq. (5.7.1)

Next, we approximate Fc for c arbitrarily close to 1 by a family of non-
negative smooth compactly supported functions.

For every " P p0, 1q, we recall the definition of the "-neighborhood Fcp"q
of Fc given by

Fcp"q “ tv P rX : }u´

v }u´ † p1`"q1`�� c }v`
}

´�� , p1`"q´1
§ }v`

} † p1`"qeu.

There exists a family pf",cq"Pp0,1q, cPr1{2,3{2s Ä C8

c p rXq and supp pf",cq Ä Fcp"q
satisfying the following properties:

@ " P p0, 1q, Fc § f",c § 1, }f",c ´ Fc}L1p rXq
À ", Srpf",cq À "´r,

(5.7.2)
and the implicit constants are uniform in c P r1{2, 3{2s.

Proposition 5.7.2. There exists "1 ° 0 such that for all " P p0, 1q and

t P r´
��
"1

lnp��"q,`8q, we have

ª

Y

|S�f",cppaptqyq ´ S� Fcppaptqyq| d⌫Y pyq À ".

The implicit constant is uniform in c P r1{2, 3{2s, but depends on �� and d.

Proof. Since supp pf",cq Ä Fcp"q, we have S� Fcp"q ´S� Fc • S�f",c ´S� Fc .
The di↵erence Fcp"q ´ Fc is bounded by the sum R1p"q ` R2p"q ` R3p"q of
indicator functions of the sets

R1p"q “ tv P rX : }u´

v }u´ † p1 ` "q1`�� c }v`
}

´�� , p1 ` "q´1
§ }v`

} † 1u,

R2p"q “ tv P rX : }u´

v }u´ † p1 ` "q1`�� c }v`
}

´�� , e § }v`
} † p1 ` "qeu,

R3p"q “ tv P rX : c }v`
}

´�� § }u´

v }u´ † p1 ` "q1`�� c }v`
}

´�� , 1 § }v`
} † eu.

In particular, we have S�f",c ´S� Fc § S� R1p"q `S� R2p"q `S� R3p"q, and it
is enough to show that for all t • 0 su�ciently large in terms of ", we have,
for every i P t1, 2, 3u,

Jiptq “

ª

Y

S� Rip"qppaptqyq d⌫Y pyq “

ÿ

vPL�

ª

K
Rip"qppaptqkvq dµKpkq À ".
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We start with J1ptq. Using polar coordinates on rX r t0u (see Section 4.4),
for every v P L� there exist kv P K and tpvq P R such that v “ kvpaptpvqqe�.
Taking norms of both sides and recalling that paptpvqq acts through the char-
acter � on e�, we have v “ }v}kve�. Now, the right K-invariance of µK

gives, for every t P R,

J1ptq “

ÿ

vPL�

ª

K
R1p"qppaptq}v}ke�q dµKpkq.

Let v P L� and let us define the two intervals I1p"q “ rp1 ` "q´1, 1q and
I2p"q “ r0, p1 ` "q1`��cq. We observe that, for every k P K, we have

R1p"qppaptq}v}ke�q “ 1 if and only if

I1p"q

`
}ppaptq}v}ke�q

`
}
˘

I2p"q

´
}u´

paptqke�
}u´ }ppaptq}v}ke�q

`
}
��

¯
“ 1. (5.7.3)

For every v P rX r t0u and k P K, we have ppaptq}v}ke�q
`

“ e
´

t
�� p}v}ke�q

`

and }u´

paptqke�
}u´ “ et}u´

ke�
}u´ (see Equation (5.3.1)). Moreover, we have

}p}v}ke�q
`

} “ }v} |xke�, e�y|, since e� is unitary. Hence, (5.7.3) holds if and
only if

I1p"q

´
e

´
t
�� }v} |xke�, e�y|

¯
I2p"q

´
}u´

ke�
}u´ p}v} |xke�, e�y|q

��
¯

“ 1.

By the definition of R1p"q, there exists an absolute constant pC ° 1 such that
for every v P R1p"q, we have }u´

v } † pC. In particular, if rR1p"qs denotes the
corresponding set in X, then rR1p"qs Ä Bu´p pCqx0. This implies that there
exists a small constant pc ° 0 such that the region R1p"q is contained in the
set C “ tv P rX r t0u : }v`

} • pc }v}u. For every t • 0, the set C is stable
under the action of paptq and for every v P C, written as v “ }v}ke� as above,
we have |xke�, e�y| • pc. Therefore, letting Kppcq “ tk P K : |xke�, e�y| • pcu,
we have that J1ptq is given by

ÿ

vPL�

ª

Kppcq

I1p"q

´
e

´
t
�� }v}|xke�, e�y|

¯
I2p"q

´
}u´

ke�
}u´p}v}|xke�, e�y|q

��
¯
dµKpkq.

Let us write J1ptq “ B1ptq ` B2ptq, where B1ptq is given by

ÿ

vPL�

ª

Kpp1`"q´1q

I1p"q

´
e

´
t
�� }v}|xke�, e�y|

¯
I2p"q

´
}u´

ke�
}u´p}v}|xke�, e�y|q

��
¯
dµKpkq.
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and B2ptq “ J1ptq ´ B1ptq. Consequently, for every k P K satisfying that

|xke�, e�y| • p1 ` "q´1, if I1p"q

´
e

´
t
�� }v}|xke�, e�y|

¯
“ 1, then

p1 ` "q´1e
t
�� § }v} § p1 ` "qe

t
��

Hence, if also I2p"q

´
}u´

ke�
}u´p}v}|xke�, e�y|q

��
¯

“ 1, then

}u´

ke�
}u´ À e´t.

The latter implies that we have dpx0, kx0q À e´t. Together this gives,

B1ptq À

ÿ

vPL�, }v}“e
t
�� `Op"e

t
�� q

ª

X
BXpe´tqpxq d�Xpxq

À

ÿ

vPL�, }v}“e
t
�� `Op"e

t
�� q

e´dt.

Using Theorem 1.3.2, there exist constants {1 ° 0 and "1 ° 0 such that

#tv P L� : }v} § T u “ {1 T
��dp1 ` OpT´"1qq,

and consequently

#tv P L� : p1`"q´1e
t
�� § }v} § p1`"qe

t
�� u “ 2 �� d{1 " e

dt
`Op"2edt`e

´
"1t
�� edtq.

Hence we get B1ptq À �� " for all t • ´
��
"1

lnp�� "q.

Let us now bound the term B2ptq, where we integrate over all k P K
such that pc § |xke�, e�y| § p1 ` "q´1. The vector pke�q

K
“ ke� ´ xke�, e�y

satisfies

}uke�}u´ — dpkx0, x0q — }pke�q
K

} • 1 ´ |xke�, e�y| Á ".

In particular, there exists �0 ° 0 such that }uke�}u´ |xke�, e�y|
�� • �0" is

bounded away from zero. Thus, if I2p"q

´
}u´

ke�
}u´p}v}|xke�, e�y|q

��
¯

“ 1,

then I2p"q

`
�0"}v}

��
˘

“ 1 and hence

}v}
�� † p1 ` "q1`��cp�0"q

´1. (5.7.4)
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Therefore, for every t • 0, the non-negative term B2ptq is bounded from
above by

ÿ

vPL�

}v}
��†p1`"q

1`��cp�0"q
´1

ª

Kpp1`"q´1qrKppcq

I1p"q

´
e

´
t
�� }v}|xke�, e�y|

¯
dµKpkq.

(5.7.5)
We claim that, for all t • ln

`
p1 ` "q1`��cp�0"q´1

˘
, the expression (5.7.5) is

zero. In fact, by (5.7.4) and since pc § |xke�, e�y| § p1 ` "q´1, we have

e
´

t
�� }v}|xke�, e�y| § e

´
t
��

`
p1 ` "q1`��cp�0"q

´1
˘ 1
�� p1 ` "q´1

and, for all t • ln
`
p1 ` "q1`��cp�0"q´1

˘
, the right-hand side is smaller than

p1 ` "q´1 (and hence I1p"q

´
e

´
t
�� }v}|xke�, e�y|

¯
“ 0).

The calculations for J2ptq and J3ptq are essentially analogous to that for
J1ptq and we omit the details.

5.8 Proof of Theorem 1.2.2

We first generalize [Har98, Lemma 1.4], a useful tool in the theory of metric
Diophantine approximation for deriving e↵ective counting statements from
an L2-bound, to obtain such e↵ective statements from an Lp-bound for ar-
bitrary p P p1, 2s. The idea of the proof goes back to the work of H.
Weyl [Wey16] on the equidistribution of numbers modulo one. Moreover,
W. Schmidt strengthened [Har98, Lemma 1.4] in [Sch60b], obtaining the op-
timal error term, though we shall content ourselves with the following weaker
version.

Lemma 5.8.1. Let ppY , ⌫pY q be a probability space and let p�i,` : pY Ñ Rqi,`PN˚

be a family of non-negative random variables. Let C1 ° 1 be a constant and

p�i,`qi,`PN˚ and p�iqiPN˚ be families of real numbers satisfying, for all i, ` P N˚
,

0 § �i,` § �i § C1, and put Zi,` “ �i,` ´ �i,`. Assume that
∞

8

i“1 �i “ `8

and that for some p P p1, 2s and C2 ° 0, we have

@N P N˚, @ ` P N˚,

ª

pY

ˇ̌
ˇ

Nÿ

i“1

Zi,`pyq

ˇ̌
ˇ
p

d⌫pY pyq § C2

Nÿ

i“1

�i. (5.8.1)
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Let " ° 0 and let p`NqN•1 be a sequence of positive integers. Then there is a

constant C3 ° 0 such that almost surely

@N P N˚,

ˇ̌
ˇ̌
ˇ

Nÿ

i“1

Zi,`N

ˇ̌
ˇ̌
ˇ § C3

˜
Nÿ

i“1

�i

¸ 2
p`1`"

(5.8.2)

Proof. Let " ° 0 and let p`NqN•1 be a sequence of positive integers. For
every N P N˚ and y P pY , we define

 pN, yq “

Nÿ

i“1

�i,`N pyq

 pNq “

Nÿ

i“1

�i,`N

�pNq “

Nÿ

i“1

�i

EpN, yq “  pN, yq ´ pNq “

Nÿ

i“1

Zi,`N pyq.

Let x ° 1. For every k P N˚, let Nk P N˚ be the smallest integer with

�pNkq ° kpx´1. (5.8.3)

We remark that the sequence pNkqkPN˚ is increasing. Next, for every k P N˚,
we define the subset Ak of pY by

Ak “ ty P pY : |EpNk, yq| ° kx`"
u.

By Chebyshev’s inequality and our assumption (5.8.1), we have

⌫pY pAkq §
1

kpx`p"

ª

pY
|EpNk, yq|

p d⌫Y pyq

§
C2kpx´1

` C1

kpx`p"

À k´1´p".

Hence
∞

8

k“1 ⌫pY pAkq converges. By the Borel-Cantelli lemma, we have, for
almost every y P Y , that there exists an integer kpyq P N˚ such that for all
k • kpyq, we have

|EpNk, yq| § kx`"
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and also, by (5.8.3),

kx`"
Àx pk ´ 1q

x`"
À �pNk´1q

x`"
px´1 .

Now, for an arbitrary N P N˚ there exists k P N˚ such that Nk´1 § N † Nk

and
 pNk´1, yq §  pN, yq §  pNk, yq.

Thus, for almost every y P Y , there exists an integer kpyq P N˚ such that for
all k • kpyq, we have

 pN, yq “  pNq ` O
´
 pNkq ´ pNk´1q ` �pNk´1q

x`"
px´1

¯
, (5.8.4)

Next, we note that, for all k P N˚, we have

 pNkq ´ pNk´1q § �pNkq ´ �pNk´1q À kpx´2
À �pNk´1q

px´2
px´1 . (5.8.5)

We put x “
2`"
p´1 , so that the exponents in (5.8.4) and (5.8.5) match. Plugging

this back into x`"
px´1 , we find that

2`"
p´1 ` "

p 2`"
p´1 ´ 1

“
2 ` "p2 ´ pq

p ` 1 ` p"
§

2 ` "p2 ´ pq

p ` 1
§

2

p ` 1
` ".

The proof of Lemma 5.8.1 is complete.

5.8.1 Upper bound estimate

We recall that, for all ` P N˚, we defined

pc` “
`
1 ` C0 `

´��
˘´p1`��q

P p0, 1q

and we let, for every c P r1{2, 3{2s,

Fc “ tv P rX : }u´

v }u´ † c}v`
}

´�� , 1 § }v`
} † eu.

We also defined, for every i P N, the times ti “ ��i and recall from Section
5.3 that there exists a constant C0 ° 0 such that for every T 1

• 1 and x P X,
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we have the following lower and upper bounds on the lattice point counting
function #

`
k´1
x L� X E��peT

1
q
˘
: for all large enough ` P N˚, we have

tT 1
`ln pc`u´1ÿ

i“0

S� Fc`
ppaptiqk

´1
x �q´C0 `

��d § #
´
k´1
x L� X E��peT

1
q

¯

§

rT 1
´ln pc`s´1ÿ

i“0

S� Fpc´1
`

ppaptiqk
´1
x �q ` C0 `

��d.

(5.8.6)

The proof of Theorem 1.2.2 consists of e↵ectively estimating the left- and
right-hand sides of (5.8.6) and we start with the latter.

Proposition 5.8.2. There exist �1
P p0, 1q and " P p0, 1q such that the follow-

ing holds. Let {1 “ � rXpFq be the volume of F “ F1 and, for every N P N˚
,

let `N “ tN �1u. Then for almost every x P X and for all large enough N P N˚
,

we have

N´1ÿ

i“0

S� Fpc´1
`N

ppaptiqk
´1
x �q ` C0 `

��d
N “ {1 N ` OxpN1´"

q. (5.8.7)

Using the inequality (5.8.6), by Lemma 4.7.1 and Proposition 5.8.2, this
prove the desired upper bound in (1.2.2). The lower bound in (1.2.2) is shown
analogously and we omit the details.

Proof of Proposition 5.8.2. We recall that Y denotes the K-orbit of the iden-
tity coset � P ⌦ and ⌫Y is the pushforward to Y under the orbit map k fiÑ k�
of the Haar probability measure µK on K. We will apply Lemma 5.8.1 with
ppY , ⌫pY q “ pY, ⌫Y q. Let �1 and p`NqNPN˚ be as in the statement of Proposition
5.8.2. Let us define, for all i P N˚ and ` P N, the function �i,` : Y Ñ R and
the number �i,` by

@ y P Y, �i,`pyq “ S� F
c´1
`

ppaptiqyq, �i,` “

ª

⌦

S� F
c´1
`

dµ⌦.

Moreover, we define the function Zi,` : Y Ñ R by Zi,` “ �i,` ´ �i,`. Let us

also put �i “ �i,1 (so that, i P N˚ and ` P N, �i • �i,`). By Lemma 5.8.1, we
need to show that there exists p P p1, 2s, such that

@N P N˚, @ ` P N˚,

ª

Y

ˇ̌
ˇ̌
ˇ

Nÿ

i“1

Zi,`pyq

ˇ̌
ˇ̌
ˇ

p

d⌫Y pyq À N. (5.8.8)
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Fix ` P N˚ and "0 P p0, 1s such that the Siegel transform S� maps Ccp
rXq into

L1`"0p⌦q (see Theorem 1.1.1). Let us simply write ` for F
c´1
`

.

First, we approximate the Siegel transform S� ` by the �-truncated Siegel

transform Sp�q

� ` “ D� S� ` (with pD�q�Pp0,1q as in Lemma 5.7.1) with � P

p0, 1q to be determined later. That is, we would like to give an upper bound
in terms of the truncation parameter � for

›››
´
S� ` ˝ paptq ´

ª

⌦

S� `

¯
dµ⌦ ´

´
Sp�q

� ` ˝ paptq ´

ª

⌦

Sp�q

� ` dµ⌦

¯›››
LppY q

.

Note that, using Theorem 1.1.1 and Hölder’s inequality with p1
“ 1 ` "0 ° 1

and q1
“ p1 ´

1
p1 q

´1, we have

ª

⌦

ˇ̌
S� ` ´ Sp�q

� `

ˇ̌
dµ⌦ “

ª

⌦

|pS� `q p1 ´ D�q| dµ⌦

§

ˆª

⌦

pS� `q
p1
dµ⌦

˙ 1
p1
µ⌦

`
t�� § ⇠´1 �u

˘ 1
q1

Àsupp p `q, p1 ���dp1´
1

1`"0 q.

Using Hölder’s inequality again with p P p1, 1 ` "0{2q, s “ 1 ` "0{2, and
q “ p

1
p ´

1
sq

´1, and Lemma 5.6.1 with t •  lnp�´1
q, we thus have

›››
´
S� `˝paptq ´

ª

⌦

S� ` dµ⌦

¯
´

´
Sp�q

� ` ˝ paptq ´

ª

⌦

Sp�q

� ` dµ⌦

¯›››
LppY q

§

››S� ` ˝ paptq ´ Sp�q

� ` ˝ paptq
››
LppY q

`

ª

⌦

ˇ̌
S� ` ´ Sp�q

� `

ˇ̌
dµ⌦

À }S� ` ˝ paptq}L⌫sY pY q
⌫Y

`
ty P Y : ��ppaptqyq † �u

˘1{q
` ���dp1´

1
1`"0 q

À ���dp
1
p´

1
1`"0{2 q. (5.8.9)

Next, we approximate the �-truncated Siegel transform Sp�q

� ` by the Siegel
transform of the smooth compactly supported approximation function f",` “

f",c` with " P p0, 1q, as constructed in (5.7.2). That is, we would like to give
an upper bound in terms of the truncation parameter � and in terms of the
approximation parameter " for

›››
´
Sp�q

� ` ˝ paptq ´

ª

⌦

Sp�q

� `

¯
dµ⌦ ´

´
Sp�q

� f",` ˝ paptq ´

ª

⌦

Sp�q

� f",` dµ⌦

¯›››
LppY q

.
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By the mean value formula in Theorem 1.1.1 and by the approximation
properties of f",` (see Equation (5.7.2)), we have
ª

⌦

ˇ̌
Sp�q

� f",` ´ Sp�q

� `

ˇ̌
dµ⌦ §

ª

⌦

|S�f",` ´ S� `| dµ⌦ “

ª

rX
pf",` ´ `q d� rX À ".

By the estimate in (3.3.3) applied with ` ´ f",`, we have

@ g P G, |S�p ` ´ f",`qpgq| Àsupp p `´f",`q ��pg�q
´��d.

This together with the fact that supp pD�q Ñ tx P ⌦ : ��pxq • ⇠´1�u, gives

››Sp�q

� p ` ´ f",`q ˝ paptq
››

p´1
p

L8pY q
À �´��d

p´1
p .

Putting everything together, by Proposition 5.7.2, there exists "1 ° 0 such
that for all t P r´

��
"1

lnp��"q,`8q, we have

›››
´
Sp�q

� ` ˝ paptq ´

ª

⌦

Sp�q

� ` dµ⌦

¯
´

´
Sp�q

� f",` ˝ paptq ´

ª

⌦

Sp�q

� f",` dµ⌦

¯›››
LppY q

§

››Sp�q

� ` ˝ paptq ´ Sp�q

� f",` ˝ paptq
››
LppY q

`

ª

⌦

ˇ̌
Sp�q

� ` ´ Sp�q

� f",`
ˇ̌
dµ⌦

§

››pSp�q

� p ` ´ f",`qq ˝ paptq
››

p´1
p

L8pY q

››pSp�q

� p ` ´ f",`q ˝ paptq
›› 1

p

L1pY q
` "

À �´��d
p´1
p "

1
p ` " À �´��dp1´

1
p q"

1
p . (5.8.10)

Next, using the e↵ective equidistribution of compact-orbit translates (see
Proposition 5.5.1), we would like to give an upper bound in terms of the rate
of equidistribution on

ª

Y

ˇ̌
ˇ̌
ˇ

Nÿ

i“1

´
Sp�q

� f",` ´

ª

⌦

Sp�q

� f",` dµ⌦

¯ˇ̌
ˇ̌
ˇ

p

d⌫Y “

›››
Nÿ

t“1

´
Sp�q

� f",`´

ª

⌦

Sp�q

� f",` dµ⌦

¯
˝paptq

›››
p

LppY q

Note that, for every f P C8

c p rXq, we have Sp�q

� f P C8

c p⌦q. Let us now show
that, for every f P C8

c p rXq, we have

@ r P N˚, SrpS
p�q

� fq Àsupppfq �
´��dSrpfq. (5.8.11)

First, for every f P C8

c p rXq and every di↵erential operator D as in (6.4.1), we
note that DpS�fq “ S�pDfq. Then, by the point-wise upper bound estimate
(3.3.3) for the Siegel transform applied with Df , we have

@ g P G, |S�pDfqpgq| Àsupp pfq Srpfq��pgq
´��d.
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Since supp pD�q Ñ tx P ⌦ : ��pxq • ⇠´1�u and SrpD�q À 1, we deduce
(5.8.11), as desired.

We recall that for every i P N, we defined ti “ ��i. For every i, j • 0
we shall write mpti, tjq “ mintti, tj, |ti ´ tj|u. By Proposition 5.5.1, there are
constants c ° 0 and C ° 0 such that, using also the estimate for the Sobolev
norm (5.8.11) and the inequality Srpf",`q À "´r (see (5.7.2)), we have
›››››

Nÿ

i“1

´
Sp�q

� f",` ´

ª

⌦

Sp�q

� f",`
¯

˝ paptiq

›››››
LppY q

§

›››››

Nÿ

i“1

´
Sp�q

� f",` ´

ª

⌦

Sp�q

� f",`
¯

˝ paptiq

›››››
L⌫2Y pY q

“

˜
Nÿ

i,j“1

ª

Y

´
Sp�q

� f",` ´

ª

⌦

Sp�q

� f",`
¯

˝ paptiq
´
Sp�q

� f",` ´

ª

⌦

Sp�q

� f",`
¯

˝ paptjq d⌫Y

¸1{2

À

˜
Nÿ

i,j“1

C SrpS
p�q

� f",`
˘2

e´cmpti,tjq

¸1{2

À

˜
Nÿ

i,j“1

C �´2��d Srpf",`q
˘2

e´cmpti,tjq

¸1{2

À �´��d "´r

˜
Nÿ

i,j“1

e´cmpti,tjq

¸1{2

.

Next, we would like to show that
˜

Nÿ

i,j“1

e´cmpti,tjq

¸1{2

À N1{2. (5.8.12)

We have
Nÿ

i,j“1
t1§minttj ,|ti´tj |u

e´cmpti,tjq
§

Nÿ

i,j“1

e´c ti “ N
Nÿ

i“1

e´c ti À N.

By symmetry, we also have
∞N

i,j“1
tj§mintti,|ti´tj |u

e´cmpti,tjq
À N , and, by letting

n “ i ´ j and noting that ti ´ tj “ ti´j if i, j • 0, we have

Nÿ

i,j“1
|ti´tj |§mintti,tju

e´cmpti,tjq
§

Nÿ

n“´N

Nÿ

i“1
iPr1`n,N`ns

e´c |tn|
§

Nÿ

n“´N

pN ´ |n|qe´c |t|n|| À N.
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as desired. Hence, putting everything together, we have shown that
›››››

Nÿ

i“1

´
Sp�q

� f",` ´

ª

⌦

Sp�q

� f",`
¯

˝ paptiq

›››››
LppY q

À �´��d "´r N1{2. (5.8.13)

Let  be as in Proposition 5.6.1 and "1 as in Proposition 5.7.2. Later we will
choose �1,�2 ° 0 and let � “ N´�1 and " “ N´�2 . Let us note that for every
such choices of �1,�2 and for all large N P N˚, we have

|ti P t1, . . . , Nu : ti • maxt�1 lnN, ��"1 �2 lnp�1{�2
� Nquu

N
“ O

ˆ
lnN

N

˙
,

Hence the proportion of indices i P t1, . . . , Nu for which Lemma 5.6.1 and
Proposition 5.7.2 do not apply to the time ti is asymptotically negligible.
Since we are free to choose �1,�2 ° 0, let us determine them by a heuristic
argument. So suppose for a moment that Propositions 5.6.1 and 5.7.2 hold
for all t • 0. Then using Minkowski’s inequality and combining (5.8.9),
(5.8.10), and (5.8.13), we would have

›››››

Nÿ

i“1

ˆ
S� ` ´

ª

⌦

S� ` dµ⌦

˙
˝ paptiq

›››››
LppY q

À Np���dp
1
p´

1
1`"0{2 q

` �´��dp1´
1
p q"

1
p q ` N1{2�´��d"´r. (5.8.14)

By setting

� “ N
´

1

2��dp 1
p ´ 1

1`"0{2 `1`rpp1´ 1
1`"0{2 qq

and " “ ���dpp1´
1

1`"0{2 q (5.8.15)

the exponents of the three terms on the right-hand side in (5.8.14) match.
Hence we let

�1 “
1

2��dp
1
p ´

1
1`"0{2 ` 1 ` rpp1 ´

1
1`"0{2qq

and

�2 “

pp1 ´
1

1`"0{2q

2p
1
p ´

1
1`"0{2 ` 1 ` rpp1 ´

1
1`"0{2qq

.
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Now having fixed �1 and �2, let us show that (up to a multiplicative constant)
(5.8.14) holds true. We recall that, by Lemma 5.4.1, there exists an absolute
constant C • 1 such that, for every c P r1{2, 2{3s, we have

sup
t•0

ª

Y

ˇ̌
S� Fcppatyq

ˇ̌p
d⌫Y pyq § C.

Applying this estimate in the case where t P R` satisfies

t † maxt�1 lnN, ��"1 �2 lnp�1{�2
� Nqu,

using Minkowski’s inequality and combining (5.8.9), (5.8.10), and (5.8.13),
we have

›››››

Nÿ

i“1

ˆ
S� ` ´

ª

⌦

S� `

˙
˝ paptiq

›››››
LppY q

À

¨

˚̋ Nÿ

i“1
ti•�1 lnpNq

���dp1´
1
p

˛

‹‚`

¨

˚̋ Nÿ

i“1
ti§�1 lnpNq

C

˛

‹‚

`

¨

˚̊
˚̊
˝

Nÿ

i“1

ti•
��
"1
�2 lnp�

1{�2
� Nq

���dp1´
1
p q

˛

‹‹‹‹‚
`

¨

˚̊
˚̊
˝

Nÿ

i“1

ti†
��
"1
�2 lnp�

1{�2
� Nq

C

˛

‹‹‹‹‚
` �´��d "´r N1{2

À Np���dp1´
1
p q

` �´��dp1´
1
p q"

1
p q ` N1{2�´��d"´r.

Plugging in the formulas for � and ", we have

›››››

Nÿ

i“1

ˆ
S� ` ´

ª

⌦

S� `

˙
˝ paptiq

›››››
LppY q

À N
1´

p 1
p ´ 1

1`"0{2 q
2p 1

p ´ 1
1`"0{2 `1`rpp1´ 1

1`"0{2 qq
. (5.8.16)

Consider the function h : p1, 1 ` "0{2q Ñ R given by

hppq “ 1 ´

p
1
p ´

1
1`"0{2q

2p
1
p ´

1
1`"0{2 ` 1 ` rpp1 ´

1
1`"0{2qq

.

This function satisfies limpÑ1 hppq † 1. Let p P p1, 1`"0{2q be maximal with
the property that hppq §

1
p . Then we have

›››››

Nÿ

i“1

ˆ
S� ` ´

ª

⌦

S� `

˙
˝ paptiq

›››››

p

LppY q

À N.
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Let �1
° 0 and, for every N P N˚, let `N “ tN �1u. By Lemma 5.8.1, for every

"1
° 0 and for almost every y P Y , we have

@N P N˚,
N´1ÿ

i“0

S� Fpc´1
`

ppaptiqk
´1
x �q “

ª

⌦

S� F
c´1
`

dµ⌦ N ` O
´
N

2
p`1`"1¯

By the mean value formula in Theorem 1.1.1, we have
ª

⌦

S� F
c´1
`

dµ⌦ “ � rX

´
Fc´1

`

¯
.

There exists a constant 1
° 0 such that � rX

´
Fc´1

`

¯
“ � rX pF1q ` Op`´1

q.

Plugging this into the inequality (5.8.6), we have, for all N P N˚,

N´1ÿ

i“0

S� Fpc´1
`

ppaptiqk
´1
x �q ` C0 `

��d
N

“ � rX pF1q N ` OptN �1u´1
q ` O

´
N

2
p`1`"1¯

` O
´

tN �1u��d
¯
.

This completes the proof of Proposition 5.8.2 with

�1
“

1

��d

2

p ` 1
, " “ 1 ´

2

p ` 1
, and {1 “ � rXpFq.
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Chapter 6

Counting below the

Diophantine exponent

Here the setting is the same one as in the previous chapter. In particular,
X “ G{P denotes a generalized flag variety defined over Q, where G is a
connected semisimple Q-group and P is a parabolic Q-subgroup of G. We
shall again suppose that the unipotent radical of P is abelian. Throughout
this chapter, we adopt the notation introduced in Chapter 4, in particular,
the Q-character � P X˚

pPqQ and the height function H� : XpQq Ñ R.
In this chapter, we shall count rational approximations to a real point

of X chosen at random according to the Riemannian volume on X “ XpRq

with respect to exponents ⌧ ° 0 less than the Diophantine exponent ��. We
recall that, given a non-increasing function  : R` Ñ R`, for every x P X
and T • 1, we defined the counting function

N px, T q “ #tv P XpQq : dpx, vq †  pH�pvqq, 1 § H�pvq † T u.

Let ⌧ P p0, ��q. In the case where  ⌧ : R` Ñ R` is the decreasing function
defined by  ⌧ ptq “ t´⌧ , we will simply write N⌧ px, T q for N ⌧ px, T q. We
shall be interested in determining, for almost every x P X, the asymptotic
behaviour of N⌧ px, T q as T Ñ `8. Let d denote the dimension of X. In
fact, we will find that there exists an explicit constant { ° 0 such that for
almost every x P X, as T Ñ `8, we have

N⌧ px, T q „ { T p��´⌧qd.

Counting with respect to exponents below the Diophantine exponent requires
a di↵erent approach than the one of Chapter 5. We use the exponential
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mixing of diagonal orbits in the space of lattices, tools from the geometry of
numbers, and a famous counting method due to Eskin-McMullen and Duke-
Rudnick-Sarnak. This method allows for e↵ective estimates. In fact, we even
prove that there exists a positive constant " ° 0 such that for almost every
x P X, we have

N⌧ px, T q “ { T p��´⌧qd
`
1 ` OxpT´"

q
˘
.

Finally, in addition to our counting result of rational approximations, we
deduce e↵ective equidistribution of rational points of bounded height on rank-
one flag varieties, improving on an earlier result of Mohammadi and Salehi-
Golsefidy [MG14] in the setting of rank-one flag varieties.

6.1 Method of proof

We sketch here the method of proof of Theorem 1.3.1, which was inspired by
the work of Huang and de Saxcé [HS24] on the local distribution of rational
points on flag varieties and uses a celebrated counting method due to Eskin-
McMullen [EM93] and Duke-Rudnick-Sarnak [DRP93].

We recall that, given a non-increasing function  : R` Ñ R`, for every
T • 1, we defined in Equation (6.5.1) the region

E pT q “ tv P rX : dpx0, rvsq †  p}v}q, 1 § }v} † T u.

Let ⌧ P p0, ��q. In the case where  ⌧ : R` Ñ R` is the decreasing function
defined by  ⌧ ptq “ t´⌧ , we will simply write E⌧ pT q for E ⌧ pT q. Using Lemma
4.7.1 in Chapter 4, we translate the problem of counting rational approxima-
tions to x P X of bounded height to counting primitive lattice points within
a growing family pkxE⌧ pT qqT•1 in the cone rX, where kx P K is any element
such that x “ kxP . We find the relation

N px, T q “ rK X P : K X Ls#pL� X kxE⌧ pT qq.

We prove an asymptotic formula for #pk´1
x L� X E⌧ pT qq for almost every

x P X. We recall that � is the stabilizer of V�pZq in G and the diagonal
subgroup A “ tapyq : y ° 0u is defined as in the line after Equation (4.4.3).

The set E⌧ pT q is typically not well-rounded; this term was introduced in
[EM93], it refers to the regularity property of a set to be almost invariant
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Figure 6.1: The set kxE⌧ pT q for the group G “ SL2pRq, X “ P1
pRq, rX “ R2,

and L� “ PpZ2
q.

under the action of a small ball centered at the identity in G, and it allows
for asymptotic lattice point counts with an error term. The idea is then to
tessellate E⌧ pT q dyadically

E⌧ pT q “

ß

j•0

FTj where FTj “ E⌧ pT {2jqzE⌧ pT {2j`1
q for all j • 0,

and to apply to each FTj an element apyjq of the diagonal subgroup A in
order to obtain a well-rounded set BTj “ apyjqFTj .

This leads us to the expression

#pk´1
x L� X E⌧ pT qq “

ÿ

j•0

#papyjqk
´1
x L� X BTjq.

Now, using the exponential mixing property of diagonal orbits and the fact
that L� is a finite union of �-orbits, we show that there exists " ° 0 such that
for every T • 1 su�ciently large and every g P G whose norm is bounded by
T ", one can estimate # pgL� X BT q in terms of the volume of the set BT :

# pgL� X BT q “ ! �pBT q
`
1 ` OpT´"

q
˘
,
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Figure 6.2: The action of apyq “

ˆ
y´1{2

y1{2

˙
with y ° 1 on rX “ R2

contracts the line through e� “ e1 and expands the line through e2. We
show that for a suitable time yT , the set BT “ apyT qFT is well-rounded and
the lattice apyT qk´1

x Z2 is not too distorted for �X-almost every x P X. The
Gauss circle argument thus suggests that # papyT qk´1

x L� X BT q should be
(up to scalars) approximately given by the volume of BT .
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for some positive constant ! ° 0. On the other hand, using the ergodicity
of the action of A on the space of lattices and reduction theory, we can show
that the first minimum of the lattice apyjqk´1

x V�pZq is not a↵ected too much.
Altogether, we can thus estimate #pk´1

x L� X E⌧ pT qq in terms of the volume
of the set E⌧ pT q. Providing the necessary volume estimates then concludes
the proof of Theorem 1.3.1.

6.2 Reduction of Theorem 1.3.1

In this section, using Lemma 4.7.1, we reduce Theorem 1.3.1 to a statement
about counting primitive lattice points within a growing family in the cone
rX. In fact, Theorem 1.3.1 follows from the following result, which provides
an asymptotic formula in terms of the measure of the set E⌧ pT q and whose
proof will be given in Sections 6.3 and 6.4. Recall that the measure � rX on
rX has been constructed in (4.4.7).

Proposition 6.2.1. Let  : R` Ñ R` be a non-increasing function. Suppose

that there exist ⌧ P p0, ��q and C ° 1 such that C´1y´⌧
§  pyq § Cy´⌧

for

all su�ciently large y • 1. Then there exist "1
° 0 and an explicit constant

{1
° 0 such that for �X-almost every x P X, as T Ñ `8, we have

#
`
k´1
x L� X E⌧ pT q

˘
“ {1 � rXpE⌧ pT qq

´
1 ` Oxp� rXpE⌧ pT qq

´"1
q

¯
.

The constant {1 is explicitly given in (6.4.9). Before proving Theorem
1.3.1, we recall its statement:

Theorem (Theorem 1.3.1). Let G be a connected semisimple Q-group, P

a parabolic Q-subgroup with abelian unipotent radical and X “ G{P. Let

 : R` Ñ R` be a decreasing function satisfying that there exist ⌧ P p0, ��q

and C ° 1 such that C´1y´⌧
§  pyq § Cy´⌧

for all su�ciently large y. For

every T • 1, define the integral

 pT q “

ª T

1

 pyq
dy��d

dy

y
.

Then there exists an explicit constant { ° 0 and " ° 0 such that for �X-
almost every x P X, we have

N px, T q “ { pT q
`
1 ` Oxp pT q

´"
q
˘
. (6.2.1)
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The constant { is explicitly given in (6.2.4).

Proof of Theorem 1.3.1. Let  : R` Ñ R` be as in Theorem 1.3.1. By
Lemma 4.7.1 and Proposition 6.2.1, it only remains to provide the desired
measure estimate for E⌧ pT q. Let � be the pushforward of the Haar probability
measure µK on K to the quotient K{KL along the quotient map k fiÑ kKL.
We recall from Section 4.4 that the map of pK{KLq ˆ A to rX0 “ G{L given
by pkKL, apyqq fiÑ kapyqe� is a homeomorphism and, in these coordinates,
there exists a constant !1 ° 0 such that the measure � rX is given by

d� rXpkapyqe�q “ !1 y
´pd`1q d�pkq dy.

By Equation (4.4.5), the action of apyq on e� is given by

apyqe� “ y
´

1
�� e�.

Using the fact that the norm } ¨ } on V� is K-invariant and }e�} “ 1, the set
E⌧ pT q can now be described as

E⌧ pT q “

!
kapyqe� P rX0 : dpx0, kx0q †  py

´
1
�� q, 1 § y

´
1
�� † T

)
.

We denote by BXprq the ball of radius r ° 0 centered at x0 P X. Since
�X is the pushforward of � to the quotient X “ K{pK X P q along the map
kpK X Lq fiÑ kpK X P q, we have

� rXpE⌧ pT qq “

ª 1

T´��

ª

K{KXL BXp py
´ 1
�� qqq

pkx0q!1 d�pkq
dy

yd`1

“

ª 1

T´��
�XpBXp py

´
1
�� qqq!1

dy

yd`1
.

Let volRpXq be the total Riemannian volume of X. As is true for any Rie-
mannian manifold [Gra74, Theorem 3.1], for every r ° 0, we have

�XpBXprqq “ volRpXq
´1 ⇡d{2

�p
d
2 ` 1q

rd ` Oprd`2
q, (6.2.2)

where ⇡d{2
�p

d
2 `1q

is the volume of the unit ball in the Euclidean space Rd. Let

us define the constant

p{ “ ��
⇡d{2

�p
d
2 ` 1q

volRpXq
´1 !1.
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Using the change of variable y fiÑ y
´

1
�� , the assumption  pyq — y´⌧ , and

defining, for every T • 1, the integral  pT q “
≥T
1  pyq

dy��d dy
y , we have

� rXpE⌧ pT qq “ ��

ª T

1

�XpBXp pyqqqy��d !1
dy

y
(6.2.3)

“ p{
ª T

1

 pyq
dy��d

dy

y
` O

ˆª T

1

yp��´⌧qd´2⌧ dy

y

˙

“ p{ pT q ` O
`
T p��´⌧qd´2⌧

˘

“ p{ pT q

´
1 ` Op pT q

´
2⌧

p��´⌧qd q

¯
,

Let "1
° 0 and {1

° 0 be as in Proposition 6.2.1. This establishes the proof
of Theorem 1.3.1 with

{ “ �� rK X P : K X Ls
´1 ⇡d{2

�p
d
2 ` 1q

volRpXq
´1 !1 {1. (6.2.4)

and " “ mint"1, 2⌧
p��´⌧qdu.

6.3 Diagonal action and well roundedness

Let  , ⌧ , C be as in Proposition 6.2.1. To establish the lattice point counting
in Proposition 6.2.1, we use the exponential mixing property of a certain diag-
onal flow and the well-roundedness property of certain sets, in the spirit of the
counting method developed by Eskin-McMullen [EM93] and Duke-Rudnick-
Sarnak [DRP93]. However, the set E⌧ pT q is typically not well-rounded with
respect to the action of G. For every T • 1, we define

FT “

!
v P rX : dpx0, rvsq †  p}v}q, maxt1, T {2u § }v} † T

)
.

The idea is to first tessellate E⌧ pT q dyadically:

E⌧ pT q “

ß

j•0

FTj where Tj “ T {2j, j • 0.

It will turn out that, for every T • 1, if we set yT “ T ⌧ , then the set

BT “ apyT qFT
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is well-rounded as defined below. The purpose of this section is to establish
the well-roundedness of the family B “ pBT qT•1.

We shall work with the following definition. Let dGp¨, ¨q be a left-invariant
Riemannian metric on G and BGprq the ball with radius r ° 0 and center
1 P G. Our definition is inspired by that of [KY23, Section 3.2], which in
turn is inspired by the work of [EM93].

Definition 6.3.1. A family B
1

“ pB
1

T qT•1 of Borel subsets of rX with finite
measure for � rX is said to be well-rounded if there exist constants C1 ° 0,
�0 ° 0, and T0 ° 1 such that for all � P p0, �0q and T ° T0, the sets

B
1

T,� :“
§

gPBGp�q

gB1

T and B
1

T,� :“
£

gPBGp�q

gB1

T

satisfy

� rX

´
B

1

T,� r B
1

T,�

¯
§ C1�� rXpB

1

T q. (6.3.1)

Let p�jqjPJ be the finite family of Q-weights of the representation p⇡�,V�q

and pVjqjPJ the corresponding Q-weight spaces, explicitly given by

Vj “ tv P V� : @ y P Rˆ

`
, apyqv “ �jpapyqqvu.

Then the vector space V� decomposes as a finite direct sum

V� “

à

jPJ

Vj. (6.3.2)

By our choice of inner product on V�, the subspaces Vj are mutually orthog-
onal (see Section 4.1). We denote by ⇡` : V� Ñ V� the orthogonal projection
onto Re� and we simply write v` for ⇡`

pvq.

For all � P p0, 1q and y ° 0, we define

 ´

� pyq “ p1` �q´1 pp1` �qyq and  `

� pyq “ p1` �q pp1` �q´1yq. (6.3.3)

Using these functions  ˘

� : R` Ñ R`, we define the sets

FT,� “

!
v P rX0 : dpx0, rvsq †  ´

� p}v}q, p1 ` �qT
2 § }v} † p1 ` �q´1T

)

and

FT,� “

!
v P rX0 : dpx0, rvsq †  `

� p}v}q, p1 ` �q´1 T
2 § }v} † p1 ` �qT

)
.

Then we put

BT,� “ apyT qFT,� and BT,� “ apyT qFT,�. (6.3.4)
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Lemma 6.3.2. For all T • 1 large enough and w P BT , we have }w} —

}w`
}.

Proof. For all T • 1 large enough, every v P FT satisfies that rvs P X is
close to x0. Since the map � : u´

Ñ X given by � : u´
fiÑ exppu´

qx0

parametrizes a neighborhood of x0 P X, there exists a unique u´

v P u´ such
that rvs “ exppu´

v qx0. Moreover, there exists a unique yv P Rˆ

` such that
v “ ˘ exppu´

v qayve�. Without loss of generality, we may assume that v “

exppu´

v qayve�. Using the definition of ay “ expplogpyqY↵q and the fact that ´

is abelian, the adjoint action of ay on ´
“ Tx0X is given by Adpayqu´

“ yu´

(see [Sax20, Lemme 2.4.2]). Hence the element w “ ayTv P BT can be
written as

ayTv “ exppyTu
´

v qayT ayve�.

The elements yTu´

v stay in a fixed compact neighborhood V of the origin in
u´. In fact, by the estimate (4.2.1), we have }u´

v }u´ — dpx0, rvsq §  p}v}q À

T´⌧ , and hence
yT }u´

v }u´ À 1.

This implies that
}w} — }ayT ayve�} “ �payT ayvq. (6.3.5)

On the other hand, we observe that for every u´
P u´ and y P Rˆ

`, we have

ay exppu´
qe� “ exppyu´

q�payqe�.

Thus the vector exppu´
qe� gets expanded under the action of ay at the high-

est possible rate �payq as y tends to zero and we must have }pexppu´
qe�q

`
} °

0. By the compactness of V , we thus have }pexppu´
qe�q

`
} — 1 for all u´

P V .
This yields

}w`
} “ �payT ayvq}pexppyTu

´

v qe�q
`

} — �payT ayvq. (6.3.6)

Putting (6.3.5) and (6.3.6) together completes the proof of Lemma 6.3.2.

Lemma 6.3.3. There exists c1 ° 0 such that for all T • 1, � P p0, 1q,

g P BGpc1�q, we have

BT,� Ñ gBT Ñ BT,�. (6.3.7)

Proof. We prove the right inclusion in (6.3.7); the proof of the other inclusion
BT,� Ñ gBT is essentially identical and we omit the details. To simplify the
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notation, for all g P G and T • 1, we write gT “ apyT q
´1gapyT q and for

v P rX0 we denote by v “ rvs the corresponding projective point.

Fix � P p0, 1q. First, using the fact that BT “ apyT qFT and BT,� “

apyT qFT,�, we note that the inclusion gBT Ñ BT,� holds if and only if gTFT,� Ñ

FT,�. Therefore, using the definitions of FT,� and FT,�, we need to show
that there exists a constant c1 ° 0 such that for all T • 1, v P FT , and
g P BGpc1�q, we have

p1q p1 ` �q´1T

2
§ }gTv} § p1 ` �qT,

p2q dpx0, gTvq †  `

� p}gTv}q.

Since each v P FT satisfies T {2 § }v} † T , in order to prove p1q, it su�ces
to show that

p1 ` �q´1
}v} § }gTv} § p1 ` �q}v}. (6.3.8)

We first show the right inequality }gTv} § p1`�q}v} in (6.3.8). Applying the
triangle inequality, one has }gTv} § }v} ` }gTv ´ v}. Thus, we are further
reduced to showing that for all g P BGp�q,

}gTv ´ v} À �}v}. (6.3.9)

Then, by decomposing v “
∞

jPJ vj (recall that we assumed that v1 “ v`),
into weight vectors according to (6.3.2), for every j P J , we have

}gTvj ´ vj} § y
1
�� }gapyT qvj ´ apyT qvj} À y

1
��

T �}apyT qvj} À �}v`
},

where for the last inequality we used that }apyT qvj} À }apyT qv`
} “ y

1
�� }v`

},
which follows from Lemma 6.3.2. This implies (6.3.9), which is the right hand
side of (6.3.8). The proof of the other inequality in (6.3.8) is very similar
and we omit the details.

Let us now show Assertion p2q. Using (6.3.8) and the fact that  is
decreasing, we have

 `

� p}gTv}q “ p1 ` �q pp1 ` �q´1
}gTv}q • p1 ` �q p}v}q.

Thus, it is enough to check that

dpx0, gTvq † p1 ` �q p}v}q. (6.3.10)
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Using the triangle inequality and the fact that v P FT satisfies dpx0, vq †

 p}v}q, we have
dpx0, gTvq §  p}v}q ` dpv, gTvq.

Therefore, in order to prove p2q, we only have to prove that, for every T • 1
and v P FT , and for all g P BGp�q, we have

dpv, gTvq À � p}v}q. (6.3.11)

We then have

dpv, gTvq “ dpexppu´

v qx0, gT exppu´

v qx0q À dpx0, expp´u´

v qgT exppu´

v qx0q.

Conjugating exppu´

v q by apyT q yields

expp´u´

v qgT exppu´

v q “ apyT q
´1 expp´AdpapyT qqu´

v qg exppAdpapyT qqu´

v qapyT q.

Using the decomposition G “ U´P , where U´
“ exppu´

q is the unipotent
subgroup opposite to P , we may write expp´AdpapyT qqu´

v qg exppAdpapyT qqu´

v q “

exppu1
qp with u1

P U´ and p P P . The distance we want to bound is then

dpv, gTvq À dpx0, apyT q
´1 exppu1

qx0q “ dpx0, exppAdpapyT q
´1

qu1
qx0q À y´1

T }u1
}u´ .

Using the definition yT “ T ⌧ and the inequality T´⌧
À  p}v}q gives y´1

T À

 p}v}q. On the other hand, using again that }AdpapyT qqu´

v }u´ À 1, one has

}u1
}u´ À dGp1, exppu1

qpq

“ dGpexppAdpapyT qqu´

v q, g exppAdpapyT qqu´

v qq À dGp1, gq † �,

as desired.

Proposition 6.3.4. The family pBT qT•1 is well-rounded.

Proof. Let c1 ° 0 be as in Lemma 6.3.3. We show that there exists C1 ° 0
such that for all T • 1 and � P p0, 1q, the Borel subsets BT,� and BT,� as
defined in (6.3.4) satisfy

BT,� Ñ

£

gPBGpc1�q

gBT Ñ

§

gPBGpc1�q

gBT Ñ BT,�.

and � rXpBT,� r BT,�q § C1�� rXpBT q. The inclusion relations follow from
Lemma 6.3.3. Thus, using the G-invariance of the measure � rX , it su�ces to
show the measure bound

� rXpFT,� r FT,�q § C1�� rXpFT q.
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We have FT,� r FT,� Ñ R1 Y R2 Y R3, where

R1 “

$
&

%kapyqe� P rX :
 ´

�

´
y

´
1
��

¯
§ dpx0, kx0q †  `

�

´
y

´
1
��

¯
,

p1 ` �qT
2 § y

´
1
�� † p1 ` �q´1T

,
.

- ,

R2 “

$
&

%kapyqe� P rX :
dpx0, kx0q †  `

�

´
y

´
1
��

¯
,

p1 ` �q´1 T
2 § y

´
1
�� † p1 ` �qT

2

,
.

- ,

and

R3 “

$
&

%kapyqe� P rX :
dpx0, kx0q †  `

�

´
y

´
1
��

¯
,

p1 ` �q´1T § y
´

1
�� † p1 ` �qT

,
.

- .

Let us start with giving an upper bound on the measure of R1. By the
arguments given in (6.2.3) in the proof of Theorem 1.2.2, using the change

of variable y fiÑ y
´

1
�� , we have

� rXpR1q À

ª
p1`�q

´1T

p1`�q
T
2

�X
`
BXp `

� pyqq r BXp ´

� pyqq
˘
y��d

dy

y

By [Gra74, Theorem 3.1], for all 0 † r2 † r1 small enough, the volume of
the di↵erence of two small balls centered at x0 satisfies

�XpBXpr1qzBXpr2qq À rd1 ´ rd2. (6.3.12)

Using this estimate, we have � rXpR1q À I1 ´ I2, where

I1 “

ª
p1`�q

´1T

p1`�q
T
2

 `

� pyq
dy��d

dy

y
, I2 “

ª
p1`�q

´1T

p1`�q
T
2

 ´

� pyq
dy��d

dy

y
.

Using the change of variable y fiÑ p1 ` �q´1y in I1 and rearranging, one gets

I1 “ Ip1q

1 ´ Ip2q

1 , where

Ip1q

1 “ p1 ` �qdp1`��q

ª T

T
2

 pyq
dy��d

dy

y
,

Ip2q

1 “ p1 ` �qdp1`��q

ª T

p1`�q´2T

 pyq
dy��d

dy

y
.
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Similarly, by the change of variable y fiÑ p1 ` �qy in I2 and rearranging, we

have I2 “ Ip1q

2 ´ Ip2q

2 , where

Ip1q

2 “ p1 ` �q´dp1`��q

ª T

T
2

 pyq
dy��d

dy

y
,

Ip2q

2 “ p1 ` �q´dp1`��q

ª
p1`�q

2 T
2

T
2

 pyq
dy��d

dy

y
.

Let us show that Ip1q

1 ´ Ip1q

2 , Ip2q

1 , Ip2q

2 À �� rXpFT q. We have

Ip1q

1 ´ Ip1q

2 “
`
p1 ` �qdp1`��q

´ p1 ` �q´dp1`��q
˘ ª T

T
2

 pyq
dy��d

dy

y

À � � rXpFT q.

Next, using that  pyq — y´⌧ and evaluating the integral, we have

Ip2q

1 “ p1 ` �qdp1`��q

ª T

p1`�q´2T

 pyq
dy��d

dy

y

À p1 ` �qdp1`��q

ª T

p1`�q´2T

yp��´⌧qd´1 dy

À p1 ` �qdp1`��q
`
T p��´⌧qd

´ pp1 ` �q´2T q
p��´⌧qd

˘

“ p1 ` �qdp1`��q
`
1 ´ pp1 ` �q´2

q
p��´⌧qd

˘
T p��´⌧qd

À � T p��´⌧qd
— � � rXpFT q.

By symmetry, we also have Ip2q

2 À �� rXpFT q, as required. The measure bounds
� rXpR2q À � � rXpFT q and � rXpR3q À �� rXpFT q are shown similarly, and we omit
the details.

6.4 From exponential mixing to counting

In this section, we use the exponential mixing property of A, an ingredi-
ent from the geometry of numbers, and the well-roundedness of the family
pBT qT•1 in order to prove Proposition 6.2.1.
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6.4.1 Sobolev norms

Following [EMV09, §3.6, §3.7], we introduce a function ht : ⌦ Ñ R°0 and a
degree ` P N Sobolev norm S` on the space C8

c p⌦q of compactly supported
smooth functions on ⌦. More precisely, we fix an AdpKq-invariant Euclidean
norm } ¨ }g on the Lie algebra g of G such that }ru,vs}g § }u}g}v}g and
choose a rational Adp�q-stable lattice g� Ä g satisfying rg�, g�s Ñ g�. For
every x P ⌦ “ G{�, we then set

htpxq “ sup
 

}Adpgqv}
´1
g : x “ g�, v P g� r t0u

(
.

Let us show, using lattice reduction theory, that there exist constants c3 P

p0, 1q and 0 ° 0 so that the map G Q g fiÑ gx P ⌦ is injective for dGp1, gq †

c3htpxq
´0 . Let x P G{� and suppose that g1, g2 P G satisfy g1x “ g2x and

dGpe, giq † c3htpxq
´0 where the values of the constants c3 ° 0, 0 ° 0 will

still be determined. Choose g P G with x “ g�. Then g´1
2 g1 stabilizes the

lattice Adpgqg�. For every non-zero v P Adpgqg�, we have }v} • htpxq
´1.

The covolume of Adpgqg� is independent of g and by lattice reduction theory
Adpgqg� admits a basis v1, . . . ,vdim g such that, for every i P t1, . . . , dim gu,
we have }vi} À htpxq

dim g´1. Thus, if we choose 0 “ dim g and c3 su�ciently
small, we have

}g´1
2 g1vi ´ vi} À dGp1, g´1

2 g1q}vi} À htpxq
´1

for every i P t1, . . . , dim gu, and thus g´1
2 g1 fixes Adpgqg� pointwise. Thus

g´1
2 g1 belongs to the finite center of G. By choosing c3 ° 0 small enough,
the claim follows.

Given a lattice � in g, we denote by �1p�q the first minimum, that is,
the length }v} of the shortest non-zero vector v in �. In particular, we have
htpg�q “ �1pAdpgqg�q

´1. Each element Z in the Lie algebra g of G defines a
first order di↵erential operator DZ on C8

c p⌦q by

@� P C8

c p⌦q, @x P ⌦, DZ�pxq “
d

dt

ˇ̌
ˇ
t“0
�pexpptZqxq.

Let D be the dimension of g and let B “ pZiq1§i§D be an orthonormal basis
of the real vector space g. Then, for all pj1, . . . , jDq P ND, the monomial

DZ “ D
j1
Z1

˝ ¨ ¨ ¨ ˝ D
jD
ZD

(6.4.1)
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defines a di↵erential operator of degree degpDZq “ j1 `¨ ¨ ¨`jD. For all ` • 1
and � P C8

c p⌦q, we define the L2
-Sobolev norm S`p�q of � by

S`p�q
2

“

ÿ

D

}htpxq
`
D�}

2
L2p⌦q

,

where the sum ranges over all monomials D in the chosen basis of degree § `.

6.4.2 Equidistribution of translated L-orbits

The following equidistribution result, derived from the e↵ective equidistri-
bution of translated horospherical orbits (see [KM96, Proposition 2.4.8]), is
probably standard. For the sake of completeness, we include a proof. We
recall that L denotes the stabilizer in G of the vector e� and that ⌦ denotes
the homogeneous space G{�. For every g P GpQq, we consider the stabilizer
�g
L “ g�g´1

X L in L of the rational point x “ g� in ⌦ and we equip the
quotient L{�g

L with the unique finite L-invariant measure µL{�g
L
induced from

the Haar measure µL on L.

Lemma 6.4.1. Let Q be a compact subset of G. There exist c ° 0 and ` P

Nˆ
, depending only on G, such that, for every g P GpQq, q P Q, 0 † y § 1,

and � P C8

c p⌦q,

ˇ̌
ˇ̌
ˇ

ª

L{�g
L

�pqaylgq dµL{�g
L

plq ´ µL{�g
L

p1qµ⌦p�q

ˇ̌
ˇ̌
ˇ Àg,G,�,Q yc S`p�q. (6.4.2)

Proof. We recall from Section 4.5 that L˝ is the semi-direct product of the
reductive Q-subgroup M of G and the unipotent radical U of P. Without
loss of generality, we may assume that the total volume of L{�g

L is 1. Note
that the group pL

˝
qpRq is open and closed, normal, and of finite index in

L “ LpRq, so pL
˝
qpRq{p�g

X pL
˝
qpRqq is open and closed in L{�g

L, and the
latter is the union of a finite number of translates hpL

˝
qpRq{p�g

X pL
˝
qpRqq

with h P ZpAq (since L Ä P “ ZpAq˙U and U is connected). Hence, we may
further assume that L “ pL

˝
qpRq. In particular, we have L “ M ˙ U . Note

that �g
U “ �g

X U and �g
M “ �g

X M are lattices in U and M , respectively.
Let us denote by µU{�g

U
and µM{�g

M
the unique U and M -invariant probability

measures on U{�g
U and M{�g

M , respectively. Let Q1 be a compact subset of
G. We recall that G is assumed to be simply connected and almost Q-simple.
Hence, by the definition of Y↵ in (4.4.3), for every projection pi : g Ñ gi onto
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a Q-simple factor gi of g, we have pipY↵q ‰ 0. Thus, by Theorem 4.6.1, the
flow ay “ expplnpyqY↵q is exponential mixing on ⌦. Therefore, by the proof
of [KM96, Proposition 2.4.8], there exists a constant c1

° 0 and ` P Nˆ,
depending only on G, such that, for every g P GpQq, q P Q1, 0 † y § 1, and
� P C8

c pG{�q, we have

ˇ̌
ˇ̌
ˇ

ª

U{�g
U

�pqayugq dµU{�g
U

puq ´ µ⌦p�q

ˇ̌
ˇ̌
ˇ Àg,G,�,Q1 yc

1
S`p�q. (6.4.3)

By [BH62, Corollary 6.4], the semi-direct product �g
M �

g
U has finite index in

�g
L, and we may, without loss of generality, assume that �g

L “ �g
M �

g
U . Let us

now show that, for every � P C8

c p⌦q,

ª

L{�g
L

�pqaylgq dµL{�g
L

plq “

ª

M{�g
M

ª

U{�g
U

�pqaymugq dµU{�g
U

puqdµM{�g
M

pmq.

(6.4.4)
We first observe that conjugation by � P �g

M defines a map from U{�g
U to

itself and sends the U -invariant probability measure µU{�g
U
to a U -invariant

probability measure, which, by uniqueness, must be µU{�g
U
. Thus, for every

�1
P CcpL{�g

Lq, the map m fiÑ
≥
U{�g

U
�1

pmuq dµU{�g
U

on M defines a well-

defined function on M{�g
M . Note that

⇤p�1
q “

ª

M{�g
M

ª

U{�g
U

�1
pmuq dµU{�g

U
puqdµM{�g

M
pmq

defines a positive L-invariant linear functional on CcpL{�g
Lq. Thus, by the

Riesz-Markov-Kakutani representation theorem, there exists a unique con-
stant c0 ° 0 such that for every �1

P CcpL{�g
Lq, we have

ª

L{�g
L

�1
plq dµL{�g

L
plq “ c0

ª

M{�g
M

ª

U{�g
U

�1
phuq dµU{�g

U
puqdµM{�g

M
phq.

By Lebesgue’s dominated convergence theorem, this equality still holds for
�1

“ 1. Hence, we have c0 “ 1. Since the restriction of �pqay¨q to L�g
{�g

“

L{�g
L is a continuous compactly supported function, equation (6.4.4) follows.

As in Section 4.5, we let S be a Siegel set of M with respect to �g
M and we

let C Ä MpQq be the finite subset such that M “ SC �g
M . Therefore, for
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every g P GpQq, q P Q, 0 † y § 1 and � P C8

c p⌦q,

ˇ̌
ˇ̌
ˇ

ª

L{�g
L

�pqaylgq dµL{�g
L

plq ´ µ⌦p�q

ˇ̌
ˇ̌
ˇ

“

ˇ̌
ˇ̌
ˇ

ª

M{�g
M

ª

U{�g
U

�pqmayugq dµU{�g
U

puqdµM{�g
M

pmq ´ µ⌦p�q

ˇ̌
ˇ̌
ˇ

À

ª

S

ÿ

cPC

ˇ̌
ˇ̌
ˇ

ª

U{�g
U

�pqmcayugq dµU{�g
U

puq ´ µ⌦p�q

ˇ̌
ˇ̌
ˇ dµMpmq.

We recall from Section 4.5 that, for every � P p0, 1q, we defined

Sp�q “ tm P S : �1pAdphqg�q † �u.

By (4.5.2), there exists a constant c1 ° 0 such that, for all � P p0, 1q small
enough, we have µMpSp�qq À �c1 . In particular, using that |�| § }�}L8p⌦q,
we have

ª

Sp�q

ÿ

cPC

ˇ̌
ˇ̌
ˇ

ª

U{�g
U

�pqmcayugq dµU{�g
U

puq ´ µ⌦p�q

ˇ̌
ˇ̌
ˇ dµMpmq À }�}L8p⌦q �

c1 .

(6.4.5)
Denote by Sp�qc the complementary subset of Sp�q in S. By (4.5.5), for
every m P Sp�qc, we have }Adpmq} À �´1. Moreover, by [EMV09, Section
3.7], provided ` is large enough, there is c2 ° 0 such that, for every g P G
and � P C8

c p⌦q, we have S`pg ¨ �q À }Adpgq}
c2 S`p�q and }�}L8p⌦q À S`p�q.

Applying (6.4.3) with the compact subset Q1
“ QSp�qc C of G (but keeping

the dependency on m P Sp�qc explicit), we have

ª

Sp�qc

ÿ

cPC

ˇ̌
ˇ̌
ˇ

ª

U{�g
U

�pqmcayugq dµU{�g
U

puq ´ µ⌦p�q

ˇ̌
ˇ̌
ˇ dµmpmq

Àg,G,�,Q

ª

Sp�qc

ÿ

cPC

yc
1
}Adpmq}

c2S`p�q dµMpmq

Àg,G,�,Q

ª

Sp�qc

yc
1
�´c2S`p�q dµMpmq

Àg,G,�,Q yc
1
�´c2S`p�q (6.4.6)
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Therefore, combining (6.4.5) and (6.4.6), we have
ˇ̌
ˇ̌
ˇ

ª

L{�g
L

�pkaylq dµL{�g
L

plq ´ µ⌦p�q

ˇ̌
ˇ̌
ˇ À yc

1
�´c2S`p�q ` �c1S`p�q.

Setting � “ y
c1

c1`c2 proves Lemma 6.4.1 with c “ c1

´
1 ´

c2
c1`c2

¯
.

6.4.3 A lattice point counting lemma

The following lemma is one of the key ingredients to Proposition 6.2.1, hence
to Theorem 1.3.1.

Lemma 6.4.2. There exist constants {1
° 0, " ° 0, and T0 ° 1 such that

for all T ° T0 and all g1 P G with htpg1�q † T "
, we have

# pg1L� X BT q “ {1 �pBT q
`
1 ` OpT´"

q
˘
.

Proof. We analyze the contribution of each �-orbit in L� separately. In fact,
by a theorem of Borel and Harish-Chandra [Bor69, Proposition 15.6], the
set of double cosets �zGpQq{PpQq is finite. Moreover, according to [BT65,
Lemma 2.6], one has pG{PqpQq “ GpQq{PpQq. As a consequence, XpQq

is a finite union of �-orbits and, since there is a one-to-one correspondence
between XpQq and lines passing through elements of L�, there exist finitely
many v1, . . . ,v P L� such that

L� “

ß

i“1

�vi, (6.4.7)

and we can pick ⌧i P GpQq and �i ° 0 such that vi “ �i⌧ie�. Note that
Li “ ⌧iL⌧

´1
i is the stabilizer of vi in G and put �Li “ �XLi. Then for every

g P G, we have

#pgL� X BT q “

ÿ

i“1

#pg�vi X BT q “

ÿ

i“1

ÿ

�P�{�Li

BT pg�viq, (6.4.8)

We now fix 1 § i §  and define the function F piq
T : ⌦ Ñ R by

F piq
T pg�q “

ÿ

�P�{�Li

BT pg�viq.

143



Using Weil’s integration formula (2.3.3) and the change of variable g⌧i fiÑ g,
for every measurable bounded function � : ⌦ Ñ R, we have

xF piq
T ,�yL2p⌦q “

ª

G{�

ÿ

�P�{�Li

BT pg�viq�pg�q dµ⌦pg�q

“

ª

G{�Li

BT pgviq�pg�q dµG{�Li
pg�Liq

“

ª

G{⌧´1
i �Li

⌧i
BT p�ige�q�pg⌧´1

i �q dµG{⌧´1
i �Li

⌧i
pgp⌧´1

i �Li⌧iqq.

Let us write �i “ ⌧´1
i �⌧i and hence ⌧´1

i �Li⌧i “ �i XL. Using Weil’s integra-
tion formula (2.3.3) again, together with the measure decomposition of µG

and the fact that L fixes e�, we have

xF piq
T ,�yL2p⌦q “

ª

rX

ª

L{�iXL
BT p�ikapyqe�q�pkapyq`⌧´1

i q dµL{�iXLp`�iXLqd� rXpkapyqe�q.

Let us carry out the change of variable yyi fiÑ y with yi “ �´��
i , so that

apyiqe� “ y
´

1
��

i e� “ �ie�. Then xF piq
T ,�yL2p⌦q is given by

ª

rX
BT pkapyqe�q

ˆ
�´��d
i

ª

L{�iXL

�pkapyiq
´1apyq`⌧´1

i q dµL{�iXLp`q

˙
d� rXpkapyqe�q.

In particular, setting � “ 1, we have
ª

⌦

F piq
T dµ⌦ “ ⌫i � rXpBT q, with ⌫i “ �´��d

i µL{⌧´1
i �Li

⌧i

`
L{⌧´1

i �Li⌧i
˘
.

Hence we only need to show that there exists " ° 0, independent of i, such
that for all su�ciently large T and for all g1 P G with htpg1�q † T ", we have

F piq
T pg1�q “ # pg1�vi X BT q “ ⌫i � rXpBT q

`
1 ` OpT´"

q
˘
.

We will obtain Lemma 6.4.2 with

{1
“

ÿ

i“1

⌫i “

ÿ

i“1

�´��d
i µL{⌧´1

i �Li
⌧i

`
L{⌧´1

i �Li⌧i
˘
. (6.4.9)

Note that

sup ty P Rˆ

`
: D k P K, kapyqe� P BT u À T´p��´⌧q.
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Let !i “ ���di ⌫i. For all � P C8

c p⌦q, by Lemma 6.4.1, we have

ˇ̌
ˇ̌
ˇxF

piq
T ,�yL2p⌦q ´ ⌫i � rXpBT q

ª

⌦

� dµ⌦

ˇ̌
ˇ̌
ˇ

§

ª

rX
BT pkapyqe�q�´��d

i

ˇ̌
ˇ̌
ˇ

ª

L{�iXL

�pkapyiq
´1apyq`⌧´1

i q dµL{�iXLp`q

´ !i

ª

G{�

� dµ⌦

ˇ̌
ˇ̌
ˇ d� rXpkapyqe�q

À

ˆª

rX
BT pkapyqe�qyc d� rXpkapyqe�q

˙
S`p�q

À T´cp��´⌧q � rXpBT qS`p�q.

Let c1 ° 0 be as in Lemma 6.3.3, and let O “ pO�q0†�†1 with

O� “ BGpc1�q.

Recall that for every x P ⌦, the positive number c3htpxq
´0 is a lower bound

for the injectivity radius at x. Using [KM96, Lemma 2.4.7], for each "1 ° 0
and g1 P G with htpg1�q † T "1 , we let � P C8

c p⌦q be a non-negative function
so that

p1q µ⌦p�q “ 1,

p2q Supp � Ñ O�.g1� with � “ c3T
´"10 § c3htpg1�q

´0 ,

p3q S`p�q À T "1D, where D “ 0p` ` pdimGq{2q ` `.

Putting everything together, we obtain the averaged counting result
ˇ̌
ˇxF piq

T ,�yL2p⌦q ´ ⌫i � rXpBT q

ˇ̌
ˇ À T´cp��´⌧q`"1D� rXpBT q.

Using Proposition 6.3.4, the family pBT qT•1 is well-rounded, and we showed
that there exists C1 ° 0 such that for all su�ciently large T • 1 and � P p0, 1q,
there are Borel sets BT,�,BT,� satisfying

BT,� Ñ

£

gPO�

gBT Ñ

§

gPO�

gBT Ñ BT,�

145



and � rXpBT,� r BT,�q § C1�� rXpBT q. For � “ c3T´"10 P p0, 1q, define

F T,�pgq “

ÿ

�P�{�Li

BT,�
pg�⌧ie�q and F T,�pgq “

ÿ

�P�{�Li

BT,�
pg�⌧ie�q.

Then for g� P Supp �, there exists h P O� such that g� “ hg1�. Thus

F T,�pgq “ F T,�phg1q “ #
`
g1�⌧ie� X h´1

BT,�

˘
§ F piq

T pg1q.

Multiplying by �pgq and integrating over the support of � gives

xF T,�,�yG{� § F piq
T pg1q.

Similarly as above, we can estimate

ˇ̌
xF T,�,�yG{� ´ ⌫i� rXpBT,�q

ˇ̌
À T´cp��´⌧q`"1D� rXpBT,�q.

Moreover, from � rXpBT,� r BT,�q § C1�� rXpBT q we get

� rXpBT,�q • p1 ´ C1�q� rXpBT q.

Therefore, one has

F piq
T pg1q ´ ⌫i� rXpBT q • xF T,�,�yG{� ´ ⌫i� rXpBT,�q ` ⌫i� rXpBT,�q ´ ⌫i� rXpBT q

Á ´T´cp��´⌧q`"1D� rXpBT,�q ´ C1�� rXpBT q

Á ´pT´cp��´⌧q`"1D ` T´"10q� rXpBT q.

Similarly, using the subset BT,�, one can show that

F piq
T pg1q ´ ⌫i� rXpBT q À pT´cp��´⌧q`"1D ` T´"10q� rXpBT q.

Together, this gives
ˇ̌
ˇF piq

T pg1q ´ ⌫i� rXpBT q

ˇ̌
ˇ À pT´cp��´⌧q`"1D ` T´"10q� rXpBT q.

Setting "1 “
cp��´⌧q

D`0
proves Lemma 6.4.2 with " “ "1 and {1 given by Equa-

tion (6.4.9).
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6.4.4 Proof of Proposition 6.2.1

Proof of Proposition 6.2.1. By the proof of [Sax20, Theorem 2.4.5], using the
ergodicity of the action of A on the probability space p⌦, µ⌦q, for µG-almost
every g P G, we have

lim
yÑ8

ln p�1pAdpapyqgqg�qq

lnpyq
“ 0. (6.4.10)

For every p P P , there exists p8 P P such that, as y Ñ `8, we have
apyqpapyq

´1
Ñ p8. Hence the above limit only depends on the class Pg of g

in P zG. Therefore, for �X-almost every x “ kxP P X, we have

lim
yÑ8

ln p�1pAdpapyqk´1
x qg�qq

lnpyq
“ 0. (6.4.11)

Plugging in the definition yT “ T ⌧ of yT , there exists a full measure subset
X0 Ñ X such that for every x P X0, we have, as T Ñ `8,

�1pAdpapyT qk´1
x qg�q “ T op1q. (6.4.12)

Fix x P X0. Since L� “
ó

1§i§ �vi is a finite union of �-orbits (see (6.4.7)),
it is su�cient to prove that there exists " P p0, 1q, independent of i, such that
for every su�ciently large T • 1,

#
`
k´1
x �vi X E⌧ pT q

˘
“ ⌫i� rXpE⌧ pT qq

`
1 ` OxpT´"

q
˘
. (6.4.13)

Recall that for every T • 1, we defined

FT “

!
v P rX0 : dpx0, rvsq †  p}v}q, maxt1, T {2u § }v} † T

)
.

With Tj “ T {2j for every j P N, this gives the disjoint union

E⌧ pT q “

ß

j•0

FTj ,

and therefore

#
`
k´1
x �vi X E⌧ pT q

˘
“

ÿ

j•0

#
`
k´1
x �vi X FTj

˘
. (6.4.14)

For a given T • 1, we now analyze and estimate each term # pk´1
x �vi X FT q

individually. In view of (6.4.12) we have htpapyT qk´1
x �q “ T op1q. Hence
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Lemma 6.4.2 and the invariance of the measure � rX under A since BT “

apyT qFT imply that for all su�ciently large T ° T0,

#
`
k´1
x �vi X FT

˘
“ #

`
apyT qk´1

x �vi X BT

˘

“ ⌫i� rXpFT q
`
1 ` OxpT´"

q
˘

“ ⌫i� rXpBT q
`
1 ` OxpT´"

q
˘
.

Note that

ÿ

Tj§T0

#
`
k´1
x �⌧ie� X FTj

˘
´

ÿ

Tj§T0

⌫i� rXpFTjq “ Ox

˜
ÿ

j•0

T´"
j � rXpFTjq

¸
.

Returning to (6.4.14), we deduce that

#
`
k´1
x �vi X E⌧ pT q

˘
“

ÿ

j•0

#
`
k´1
x �vi X FTj

˘

“

ÿ

Tj§T0

#
`
k´1
x �vi X FTj

˘
`

ÿ

Tj°T0

⌫i� rXpFTjq ` Ox

¨

˝
ÿ

Tj°T0

T´"
j � rXpFTjq

˛

‚

“ ⌫i � rXpE⌧ pT qq ` Ox

˜
ÿ

j•0

T´"
j � rXpFTjq

¸
.

Thus to prove the formula (6.4.13), it su�ces to show that if " P p0, 1q is
small enough, then

ÿ

j•0

T´"
j � rXpFTjq À T´"� rXpE⌧ pT qq.

Using the volume estimate

� rXpFTjq À

ª Tj

Tj`1

yp��´⌧qddy

y
À T p��´⌧qd

j ´ T p��´⌧qd
j`1 “ p1 ´ 2´p��´⌧qd

qT p��´⌧qd
j ,

and choosing " ° 0 smaller than p�� ´ ⌧qd if necessary, we get

ÿ

j•0

T´"
j � rXpFTjq À

ÿ

j•0

T p��´⌧qd´"
j À T p��´⌧qd´"

ÿ

j•0

ˆ
1

2p��´⌧qd´"

˙j

À T´"� rXpE⌧ pT qq.
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6.5 Proof of Theorem 1.3.2 and a corollary

In this section, we briefly explain how Theorem 1.3.2 follows from the proof
of Theorem 1.3.1.

For the reader’s convenience, we recall its statement. Recall that, for
every x P X and radius r ° 0, we denote by Brpxq the open ball in X with
center x and radius r, and we define the counting function

N�px, r, T q “ # tv P XpQq : v P Brpxq, 1 § H�pvq † T u .

Let  r : R` Ñ R` be the constant function defined by  rptq “ r. Then, in
the notation of Theorems 1.2.2 and 1.3.1, we remark that, for every x P T
and T • 1, we have N�px, r, T q “ N rpx, T q.

Theorem. Let X “ XpRq be the space of real points of a generalized flag va-

riety X “ G{P, obtained as the quotient of a connected semisimple algebraic

Q-group by a parabolic Q-subgroup P with abelian unipotent radical. Then,

there exists an explicit constant { ° 0 and " ° 0 such that for all r ° 0 and

x P X, as T Ñ `8, we have

N�px, r, T q “ { T ��d�XpBrpxqq
`
1 ` OrpT

´"
q
˘
.

Proof of Theorem 1.3.2. Let the constant { ° 0 be given as in Equation
(6.2.4). Fix x P X and r ° 0. For every T • 1, we define the set

Epr, T q “

!
v P rX0 : dpx0, rvsq † r, 1 § }v} † T

)
. (6.5.1)

By Lemma 4.7.1 applied to  “  r, for every x P X and T • 1, we have

N�px, r, T q “ rK X P : K X Ls
´1 #

`
k´1
x L� X Epr, T q

˘
.

For T • 1, we define

Fpr, T q “

!
v P rX0 : dpx0, rvsq † r, maxt1, T {2u § }v} † T

)
.

We tessellate Epr, T q dyadically:

Epr, T q “

ß

j•0

Fpr, Tjq where Tj “ T {2j, j • 0.
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For any � P p0, 1q, we define the sets

Fpr, T, �q “

!
v P rX0 : dpx0, rvsq † p1 ` �q´1 r, p1 ` �qT

2 † }v} † p1 ` �q´1T
)

and

Fpr, T, �q “

!
v P rX0 : dpx0, rvsq † p1 ` �q r, p1 ` �q´1 T

2 † }v} † p1 ` �qT
)
.

Then, following the notation of Lemma 6.3.3, we simply put (without apply-
ing an element of A)

Bpr, T, �q “ Fpr, T, �q and Bpr, T, �q “ Fpr, T, �q.

Then Lemma 6.3.3 and Proposition 6.3.4 still apply, and hence the family
pBpr, T qqT•1 is well-rounded in the sense of Definition 6.3.1. In the proof of
Proposition 6.2.1, we used the ergodicity of the action of A on G{� to show
that for almost every x P X, we have

�1pAdpapyT qk´1
x qg�q “ T op1q as T Ñ `8.

Since here yT “ 1, and hence apyT q “ 1, we have, for every x P X, that
�1pAdpapyT qk´1

x qg�q — 1 and hence also htpapyT qk´1
x �q — 1. Hence, by

Lemma 6.4.2, there exist constants {1
° 0, "1

° 0, and T0 ° 1 such that for
all T ° T0,

#
`
k´1
x L� X Bpr, T q

˘
“ {1 � rXpBpr, T qq

´
1 ` OpT´"1

q

¯
.

The proof now proceeds similarly (with ⌧ “ 0 and  “  r) as the one of
Proposition 6.2.1. Thus, by choosing " “ mint"1, ��d{2u, we get

#
`
k´1
x L� X Epr, T q

˘
“ {1 � rXpEpr, T qq

`
1 ` OpT´"

q
˘
.

By the volume computation in the proof of Theorem 1.3.1, we have

� rXpEpr, T qq “

ª 1

T´��

ª

K{KXL
BXprqpkx0q!1 d�pkq

dy

yd`1

“

ª 1

T´��
�XpBXprqq!1

dy

yd`1

“
1

d
!1 �XpBXprqqT ��d ` Op1q,
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as required. This proves Theorem 1.3.2 with " “ mint"1, ��d{2u and

{ “ {1
1

d
rK X P : K X Ls

´1!1.

Let X “ XpRq be the set of real points of a generalized flag variety, ob-
tained as the quotientX “ G{P of a connected semisimple algebraicQ-group
by a maximal parabolic Q-subgroup P. Without the assumption that the
unipotent radical of P is abelian, we can still asymptotically count rational
points of bounded height in X. This complements the work of Mohammadi
and Salehi Golsefidy [MG14, Theorem 4], where they additionally assume G
to be simply connected. This estimate is used in the proof of Lemma 3.3.1.

We equip X with the Carnot–Carathéodory distance dp¨, ¨q, whose con-
struction is detailed in [Sax20, §2.2]. In the case where the unipotent radical
of P is abelian, this distance is a Riemannian distance.

For every T • 1, we define the function

N�pT q “ # tv P XpQq : H�pvq † T u

counting rational points in X of height bounded by T . Indeed, observe
that the Carnot-Carathéodory distance, for which we were not able to derive
estimates similar to (6.2.2) and (6.3.12), is not involved in the definition of
N�pT q. Therefore, the steps in the proof of Theorem 1.3.2 above still apply,
and we get the following asymptotic estimate.

Corollary 6.5.1. Let X “ XpRq be the set of real points of a generalized

flag variety X “ G{P, obtained as the quotient of a connected semisimple

algebraic Q-group by a maximal parabolic Q-subgroup P. Let H� be a height

on XpQq corresponding to a highest Q-weight � of G. Then, there exists an

explicit constant { ° 0 such that, as T Ñ `8, we have

N�pT q “ { T ��d
`
1 ` OpT´"

q
˘
.

6.6 Applications

We briefly outline how our applications fit within the framework of Theorems
1.2.2 and 1.3.1.
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6.6.1 Projective quadrics

Let n • 1 be a positive integer, and let Q : Rn`2
Ñ R be a non-degenerate

Q-isotropic rational quadratic form in n ` 2 variables. We write XQ “ G{P,
whereG “ SOQ is the special orthogonal group associated with the quadratic
form Q, and P § G is the parabolic Q-subgroup stabilizing a rational
isotropic line in the standard representation. If the quadratic form Q is not
conjugated over Q to the exceptional quadratic form Q0pxq “ x1x4 ´ x2x3,
then the group G is Q-simple and the parabolic Q-subgroup P is maximal:
rankQ P “ rankQ G´1. On the other hand, if Q is conjugated over Q to Q0,
we have an isomorphism

G » SOp2, 2q » SOp2, 1q ˆ SOp2, 1q,

and rankQ P “ rankQ G´2. The space of real points of XQ is identified with
the n-dimensional projective rational quadric hypersurface given as the set
of zeros in PpRn`2

q of the quadratic form Q:

XQ “ rQ´1
p0qs “

 
x P PpRn`2

q : x “ rxs with Qpxq “ 0
(
. (6.6.1)

The distance dp¨, ¨q and the height function H are obtained by restriction
of the usual distance and height function on PpRn`2

q, respectively. Let K
be a maximal compact subgroup of the special orthogonal group SOQpRq

associated to Q and let �Q be the K-invariant probability measure on XQ.
Furthermore, one assumes thatXQ contains a rational point; by stereographic
projection, this implies in fact that XQpQq is dense in XQ.

As mentioned in Remark 1.4.3, let us briefly explain why our methods,
both for counting below and at the Diophantine exponent, do not apply to
the exceptional quadric hypersurface X0. Indeed, Lemmas 6.4.2 and 6.4.1
rely on the assumption that the parabolic subgroup defining X is maximal,
whereas the parabolic subgroup definingX0 is not maximal. This maximality
is essential for the existence of a G-invariant measure on the cone rX0, for
guaranteeing that L X � is a lattice in L, and for the validity of the mean
value formula (1.1.1), which was also used in (5.1.11).

6.6.2 Grassmann varieties

Let 1 § ` † n be positive integers, and write X` “ G{P, where G “ SLn

and P § G is the parabolic Q-subgroup stabilizing a rational line spanned
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by a pure tensor in the `-th exterior power of the standard representation.
Then the parabolic subgroup P is maximal and X`, viewed as a subvariety
of Pp

ô`Rn
q, is the Grassmann manifold Gr`,npRq of `-dimensional subspaces

of Rn. This is in accordance with Schmidt’s paper [Sch67], where he used
the Plücker embedding to define the height Hpvq of a rational subspace v of
Rn. The distance used on X` is the usual Riemannian distance and we equip
X` with the unique probability measure �` invariant under K “ SOnpRq.
Let T be the subgroup of G consisting of all diagonal matrices. Then T is a
maximal Q-split Q-torus. Let P0 be the Borel subgroup of G consisting of all
upper-triangular matrices. Let �pG,Tq be the associated root system with
ordering induced by P0, � the set of simple roots, and p�↵q↵P� the set of
fundamental Q-weights. Let ↵ P � be the simple root such that P “ P�rt↵u

is the standard parabolic Q-subgroup corresponding to the subset � r t↵u

of simple roots. The representation of G given by the `-th exterior power is
the unique strongly rational representation of G corresponding to the choice
of dominant Q-weight � given by the fundamental Q-weight �↵.

We refer to the introduction for the statements of Theorems 1.4.4 and
1.4.5, that are special cases of the Theorems 1.2.2, 1.3.1 and 1.3.2.
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enne”. In:manuscrit disponible à l’adresse https://www.math.univ-

paris13.fr/ desaxce/ (2020).
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