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Résumeée

Cette these s’inscrit dans le domaine de la topologie algébrique, a I'intersection de
la théorie de ’homotopie, de la théorie des opérades et de la théorie des catégories
supérieures — ce que 'on appelle souvent algebre supérieure. On étudie des structures
algébriques homotopiquement cohérentes sur des familles d’espaces, et on le fait en
utilisant les co-opérades, qui permettent d’exprimer des opérations avec plusieurs entrées
et une sortie, ou la composition est définie seulement a des homotopies pres.

Au cceur de notre travail se trouvent la relation entre les co-opérades et leurs analogues
discrétes, plus simples, ne faisant intervenir aucune homotopie, ainsi que l'utilisation
de différents formalismes équivalents pour les co-opérades, en particulier le formalisme
dendroidal et celui de Lurie. Dans ce cadre, on étudie selon différents points de vue la
théorie de I'homotopie des co-opérades, avec ’'objectif d’améliorer la compréhension de
leurs algebres.

On commence par construire deux adjonctions dites "straightening-unstraightening"
opéradique, qui établissent une équivalence entre les algébres opéradiques et les fi-
brations a gauche opéradiques — certains morphismes d’opérades qui modelisent des
oo-opérades cofibrées en espaces. La premiére équivalence vaut pour toute oco-opérade
et est définie comme une équivalence d’co-catégories. La deuxieéme est définie pour les
opérades discretes seulement et est définie comme une équivalence de Quillen entre
catégories de modeles; elle utilise le formalisme dendroidal, ou les opérations sont mod-
elisées par des arbres. Le lien entre les équivalences de un/straightening est fort: on
montre que la deuxiéme est une presentation de la premiere. Pour ce faire, nous démon-
trons I'indépendance par rapport aux modeles des fibration opéradiques a gauche par
rapport au formalisme dendroidal et a celui de Lurie, comblant ainsi une lacune dans la
littérature.

Dans un second temps, on démontre que toute co-opérade est équivalente a la localisation
d’une opérade discrete, généralisant ainsi un résultat analogue établi par Joyal pour les
oo-catégories. Ce résultat fournit un cadre conceptuel qui relie les co-opérades et leurs
analogues discrétes. A titre d’application, nous exploitons les équivalences opéradiques de
un/straightening construites précédemment pour caractériser ’'co-catégories des algebres
sur une co-opérade comme celle des algebres localement constantes sur sa résolution dis-
crete. Nous en déduisons également une version locale du théoréeme de un/straightening
qui vaut pour toutes les co-operades.

Mots clefs: Topologie Algébrique, Théorie de ’'homotopie, Opérade, Infinie-catégorie



Abstract

This thesis lies in the domain of algebraic topology, at the intersection of homotopy theory,
operad theory and higher category theory— what is often called higher algebra. We study
homotopy coherent algebraic structures on families of spaces; this is done by means of
co-operads, which allow to encode operations with multiple inputs and one output, where
composition is defined only up to coherent homotopies.

Central to our work are the relationship between co-operads and their simpler, discrete
counterparts, where no homotopies are involved, as well as the use of different equivalent
formalisms for oo-operads, notably Lurie’s and the dendroidal formalisms. Under these
lenses, we investigate from different complementary perspectives the homotopy theory of
co-operads in order to improve the understanding of their algebras.

First, we construct two operadic un/straightening adjunctions, which establish equiva-
lences between algebras over an operad and operadic left fibrations — certain maps of
operads expressing co-operads cofibred in spaces. The first equivalence holds for any
oo-operad and is defined in Lurie’s formalism as an equivalence of co-categories. The
second is defined for discrete operads only and realized as a Quillen equivalence of model
categories by using the dendroidal formalism, where operations are modeled by trees.
The connection between the two is strong: we prove that the latter equivalence is in
fact a presentation of the former. To do this, we prove model-independence of operadic
left fibrations with respect to Lurie’s and the dendroidal formalisms, filling a gap in the
literature.

Secondly, we employ the dendroidal formalism to demonstrate that every co-operad
is equivalent to the localization of a discrete operad, extending an analogous result
for oco-categories due to Joyal. This provides a conceptual bridge between oo-operads
and their discrete counterparts. As an application, we use the constructed operadic
un/straightening equivalences to characterize the oo-category of algebras over a den-
droidal co-operad as that of locally constant algebras over its discrete resolution; we also
deduce a local version of the un/straightening theorem for every co-operads.

Key words: Algebraic Topology, Homotopy theory, Operad, Infinity-Category
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Chapter 1

Introduction - francais

Cette introduction est congue pour étre lue indépendamment de la thése et résume les
résultats et motivations principaux de mon travail, tout en esquissant des directions
naturelles pour des travaux futurs ; elle fournit également un apercu détaillé de la
structure de la thése afin d’aider les lecteurs et lectrices 4 naviguer dans son contenu.

Contents
1.1 Contexte . . . v v v v v vttt ottt oot osoeessoeencsssases 1
1.2 Motivations . . . v v v ¢t v v vttt o et v ot s ooesoeesooeseos
1.3 Contributions . ... ... ...ttt ettt oeesooesoos 9
14 Plandelatheése .. ... ...ttt i ittt eennnnsanees 16
1.5 Perspectives . . . .o v vttt it ottt o et oeesoeesoceseos 17

1.1 Contexte

1.1.1 Opérades en théorie de ’homotopie

Les opérades sont des objets combinatoires modélisant des catégories d’algebres. Elles
ont été introduites pour la premiere fois par May ([May06]) et Boardman-Vogt ([BV73])
au début des années *70 , afin de décrire les structures algébriques homotopiquement co-
hérentes sur les espaces de lacets itérés des espaces topologiques, ainsi que les opérations
en homologie qui leur sont associées. Depuis lors, elles ont trouvé de nombreuses applica-
tions dans divers domaines des mathématiques, notamment en géométrie algébrique, en
combinatoire et en physique mathématique.

Pour mieux comprendre le type de structures algébriques concernées, considérons I'espace
des lacets pointés Q,X = Map(S', X) d’'un espace topologique pointé (X, ). La concaté-
nation de lacets dote 2, X d’'une opération qui n’est pas strictement associative, mais
qui l'est seulement @ homotopie prés — plus précisément, a des reparamétrisations des
lacets pres. De plus, les homotopies entre des concaténations différemment paramétrées
satisfont elles-mémes a des relations analogues d’associativité a homotopie pres, et ce
de maniere cohérente en toute dimension supérieure. Si 'on quotiente 2, X par les
équivalences d’homotopie, on obtient la structure de groupe usuelle sur 7;(X), le groupe
fondamental de X. Cependant, dans ce processus on perd une grande partie de la struc-
ture algébrique sur Q, X, que la notion d’algebre associative n’est pas apte a capturer.

1



2 CHAPTER 1. INTRODUCTION - FRANCAIS

Pour décrire cette structure algébrique dans sa totalité, c’est-a-dire, conserver toutes
les cohérences homotopiques de la concaténation de lacets, on se sert donc de la notion
d’opérade, et on regarde 2, X avec sa structure naturelle d’algébre sur Uopérade des petits
disques ;.

Celui-ci est donné par une collection d’espaces E; = {E(k)}r>0 ou, pour tout entier & > 0,
Pespace E; (k) est défini comme I’espace des configurations de k intervalles disjoints a
I'intérieur de l'intervalle unitaire. On pense E; (k) comme 'espace des opérations de E;
d’arité k; la structure de E;-algebre sur Q. X provient du fait que chaque configuration
dans E; (k) détermine une maniére de concaténer k lacets basés dans X, ce qui donne une
application continue d’espaces topologiques

Ei (k) — Map((2,X)**, Q,X).

Le fait que les configurations puissent étre imbriquées les unes dans les autres fournit
des lois de composition partielle sur la famille E; = E;(k),, et cela gouverne les lois de
composition pour les concaténations de lacets et leurs cohérences homotopiques.

Lopérade E; est la premiére d'une famille d’'opérades {E, },>1, ou E,, est appelée opérade
des petits n-disques, qui gouvernent des structures algébriques homotopiquement asso-
ciatives et de plus en plus homotopiquement commutatives, lorsque n tend vers I'infini.
Pour tout £ > 0, 'espace E, (k) des opérations d’arité k£ de E, est donné par l’espace
des configurations de k petits disques n-dimensionnels disjoints a I'intérieur du disque
unitaire de dimension n. Par exemple, pour tout n > 1, 'espace des n-lacets QX dun
espace topologique pointé (X, z) possede la structure d'une E, -algébre — et en fait, a
homotopie pres, ce sont les seules (group-like) E,,-algébres dans les espaces topologiques,
d’apres le théoreme de reconnaissance de May ([May06]).

Plus généralement, on autorise ce qu'on appelle une opérade P, et qui est souvent appelée
par opérade colorée ou multicategorie, a posséder un ensemble d’objets Ob(P) et, pour
chaque k > 0, un espace (plus tard spécifié comme un ensemble simplicial) d’opérations

P(xy,...,x;y) pour tous objets z1, ..., z, y (dans le cas a un seul objet, on note P(k) pour
P(x,...,=;%)). Ces espaces sont munis de lois de composition opéradiques
¥'\/—'/
k
Ox; * P(.Il,... 7$k7y) X P(Zly' '-7Zm§$i) - P(‘Tla" 5 Li—15 215 -+ oy Bmy Litly - - ,ka,y)

qui sont unitaires et associatives, et équivariantes par rapport a I'action des groupes
symétriques qui permutent les variables.

X1 Z1 Z2 xr3

Figure 1.1: Une représentation graphique de la composition opéradique o,,.

Une algébre sur l'opérade P est une famille d’espaces I’ = F(x)erb( p) sur laquelle



1.1. CONTEXTE 3

Popérade agit via des applications continues

k

P(z1,...,zy) — MaP(H F(zi), F(y))
i=1

respectant les compositions, les unités et les symétries de 'opérade P.

En théorie de I’homotopie, les espaces topologiques sont considérés uniquement a équiva-
lence faible d’homotopie pres, et on traite la cohérence homotopique via des structures de
catégorie de modeles a la Quillen ou des oo-catégories. A cette fin, les espaces topologiques
sont représentés par des ensembles simpliciaux, c’est-a-dire des préfaisceaux sur la caté-
gorie des ordres linéaires finis A (par exemple, on peut prendre les chaines singuliéeres
d’un espace topologique), et on étudie leur théorie homotopique via la structure de modele
de Kan-Quillen sur les ensembles simpliciaux. Le fait de considérer les espaces a homo-
topie pres conduit naturellement a s’intéresser aux opérades simpliciales a équivalences
faibles, dites de Dwyer-Kan, prés, qui sont les aux morphismes d’opérades qui sont homo-
topiquement pleinement fideles et essentiellement surjectifs. Cela ameéne aussi a étudier
la théorie homotopique des algebres sur les opérades & homotopie pres.

Peut-étre le moyen le plus intuitif d’étudier la théorie homotopique des opérades sim-
pliciales est de construire une structure de modéle sur les opérades simpliciales ou les
équivalences faibles sont précisement les équivalences de Dwyer-Kan ; cela a été fait
indépendamment par Cisinski-Moerdijk [CM13b] et Robertson [Rob11]. La structure
supplémentaire fournie par une catégorie de modeles a la Quillen permet d’étudier des
constructions invariantes par homotopie ; par exemple, en présence d’'une structure de
modele, on dispose d'un moyen intrinseque de définir les algebres a homotopie pres sur
une opérade — plus précisément, comme des algebres sur un remplacement cofibrant de
lopérade.

Bien que facile a comprendre, cette approche est difficile a utiliser lorsqu’il s’agit
d’effectuer des constructions catégoriques élémentaires, et 'on rencontre des difficultés
analogues a celles que l'on trouve dans le cas des catégories simpliciales. Par exem-
ple, le calcul des espaces de morphismes dérivés est difficile a réaliser : bien que le
produit tensoriel de Boardman-Vogt confere a la catégorie des opérades simpliciales
un enrichissement simplicial, celui-ci n’est pas compatible avec la structure de modele.
En d’autres termes, la structure de modele mentionnée ci-dessus sur la catégorie des
opérades simpliciales n’est pas une catégorie de modéles monoidale. .

1.1.2 Un formalisme plus souple : les «w-opérades

Ces difficultés peuvent étre contournées en adoptant le formalisme des co-opérades, dans
lequel certains des axiomes définissant les opérades simpliciales sont relachés, et ou la
composition n’est définie qu’a homotopie pres. Bien que les opérades simpliciales puissent
étre vues comme des exemples d’co-opérades (via les constructions du nerf), la notion
d’oo-opérade est plus souple et mieux adaptée aux objectifs de la théorie moderne de
I’homotopie.

'Plus précisément, la structure de modéle sur les opérades simpliciales n’est pas monoidale au
sens de Quillen: en particulier, 'axiome du produit-quotient échoue, comme c’était déja le cas
pour la structure de modele de Bergner sur les catégories simpliciales ; voir la discussion sur
https:/ | mathoverflow.net | questions [ 198205 [ boardman-vogt-tensor-product.
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Il existe plusieurs modeles équivalents pour les co-opérades, que 'on peut représenter
schématiquement de la manieére suivante, ainsi que les équivalences entre eux :

Quasi-opérades [MWO07]

(pour les‘o/;{érades ouvertes)[ﬁﬁli/{m] [CM13a]
0-opérades a la Lurie [I‘;L;I/‘/l;] (HM24) Espaces de Segal complets [CM13a]
[Ha1‘123] T (Bar18] [CHH18]
Monades analy“ciques [GHK22] Categories d’operateurs a la Barwick [Bar18]

Dans ce travail, nous utilisons deux formalismes : le premier est celui des co-opérades
de Lurie, et le second est le formalisme dendroidal, qui se décline en deux modeles : les
quasi-opérades et les espaces de Segal dendroidaux complets.

De maniére intuitive, ’approche de Lurie repose sur I'idée qu'une opérade peut étre vue
comme une forme affaiblie de catégorie monoidale symétrique, ou le produit tensoriel
1 ® - ® x, est spécifié uniquement via le foncteur covariant y — Hom(z1,...,®z,;y),
lequel n’a pas besoin d’étre représentable. La formalisation de cette notion homotopique-
ment cohérente d’'opérade comme relachement de celle de catégorie monoidale symétrique
repose de facon fondamentale sur la théorie des fibrations coCartésiennes.

Le formalisme dendroidal est basé sur une catégorie d’arbres (2, appelée la catégorie
dendroidale, introduite par Moerdijk-Weiss dans [MWO07], qui modélise les opérations et
la composition opéradique d’'une manieére qui reflete I'intuition diagrammatique présentée
dans la Figure 1.1. Ce formalisme repose sur le fait que les opérades constituent une
généralisation des catégories — en effet, les opérades sont parfois appelées multicatégories
symétriques —, dans le sens que les morphismes f: z — y (& une seule entrée et une seule
sortie) sont remplacés par des multimorphismes (z1,...,z,) — y qui autorisent plusieurs
entrées (en nombre fini) et une seule sortie. La catégorie 2 est donc congue pour capturer
la structure de tels multimorphismes et leur composition de la méme maniere que la
catégorie simpliciale A modélise les morphismes et la composition dans les catégories
ordinaires.

1.2 Motivations

Comme on vient d’évoquer, le formalisme des co-opérades fournit des outils pour traiter
de maniére combinatoire les cohérences homotopiques et effectuer des constructions
homotopiquement cohérentes. Cependant, il existe une classe importante d’co-opérades
pour lesquelles cette complexité n’est pas nécessaire : il s’agit des opérades discrétes, dont
les espaces d’opérations ne possédent aucune structure topologique et sont simplement
des ensembles. Cela rend les opérades discrétes beaucoup plus simples a étudier que
leurs homologues oo-catégoriques dans de nombreux cas, car il n’est pas nécessaire de
s’occuper des éventuelles cohérences homotopiques des espaces des multimorphismes,
car la topologie est triviale. D’un autre c6té, leur rigidité impose parfois de les étudier
comme des cas particuliers d’co-opérades. Ce contraste entre la rigidité et simplicité des
opérades discretes et la flexibilité des co-opérades donne lieu a une interaction subtile
mais féconde, dont ’analyse constitue le fil conducteur de ce travail.
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1.2.1 Opérades discretes et localisations

Les opérades discretes jouent un réle fondamental pour obtenir des co-opérades non
triviales, grace a la notion d’opérade relative, c’est-a-dire, une opérade discréte P munie
d’un ensemble de morphismes S, appelés équivalences faibles. A partir d’une opérade
relative (P, S), on peut inverser formellement les fleches de S dans I'co-opérade N®(P)
déterminée par le nerf de P, et obtenir une oo-opérade NV (P)®[S~!], que on appelle la
localisation de P en S: elle est caractérisée par la propriété universelle usuelle d’étre
initiale parmi les oo-opérades sous N®(P) dans lesquelles les fleches de S deviennent des
équivalences.

Une premieére classe fondamentale d’oco-opérades obtenues de cette maniere est celle
des oo-catégories: le théoréme de délocalisation de Joyal, énoncé dans [Joy07, §13.6]
et démontré par Stevenson dans [Stel7], garantit que toute oco-catégorie X, que l'on
peut représenter sous forme d'un ensemble simplicial (c’est-a-dire une quasicatégorie),
est équivalente a une localisation du nerf de sa catégorie des éléments A/X. Cette
équivalence est réalisée via le foncteur du dernier sommet (déja apparu dans les travaux
de Waldhausen [Wal85, §1.6]), une application d’ensembles simpliciaux N (A/X) — X, du
nerf de A/X vers X, qui évalue un n-simplexe de X au 7'*™® sommet. Dans le théoréme
il est montré que cette application induit un morphisme d’ensemble simpliciaux

N@A/X)T— X

qui présente X comme la localisation oo-catégorique de N (A/X) en 'ensemble 7 des
morphismes donné par les préimages des identités.

Une autre classe importante d’oo-opérades qui ne sont pas simplement des co-catégories
et qui apparaissent comme des localisations d’opérades relatives est celle des opérades
des petits disques E,, introduites dans les sections précédentes. Rappelons que, pour tout
k = 0, I'espace des opérations k-aires E, (k) est I’espace des configurations de k disques
unitaire n-dimensionnels disjoints a 'intérieur du disque unitaire n-dimensionnel. Un
point de E,, (k) peut étre représenté par un diagramme de plongement d’inclusions :

k
(-

D" D"
\ (1.2.1)
R" /

qui commute a isotopie pres ; les chemins dans E,, (k) sont donnés par des isotopies entre
de telles configurations, et ainsi de suite.

Considérons maintenant 'opérade discrete Disks,,, qui posséde un ensemble d’objets non
trivial donné par I’ensemble des inclusions D" — R™ de disques ouverts unitaires n-
dimensionnels dans R", et dans laquelle une opération de k tels plongements vers un
autre est un triangle comme dans le diagramme (1.2.1), mais qui commute strictement.
Il existe un morphisme naturel d’«-opérades N'®Disks,, —> E,, du nerf de Disks,, vers E,,,
envoyant chaque inclusion d’une réunion disjointe finie de disques sur la configuration
correspondante dans R™. Chaque fleche dans Disks,, est envoyée sur une équivalence dans
E,, et dans [Lurl7, §5.4.5.], Lurie montre que le morphisme induit depuis la localisation
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w-opéradique? en la preimage des équivalences
N®(Disks,)[T '] = E,

est une équivalence d’oo-opérades. La conséquence fondamentale est que le foncteur
induit entre les oo-catégories d’algebres

AIgEn (’S) - AlgDisksn (’S)

est pleinement fidele et permet d’identifier les E,-algebres avec les algébres localement
constantes sur Disks,,, c’est-a-dire les Disks,-algebres pour lesquelles les morphismes
unaires de Disks,, correspondent a des équivalences. Cette caractérisation des [E,,-algebres
permet de démontrer que toute E,,-algébre peut étre étendue de maniere cocontinue d’une
algebre sur l'oo-opérade O(R™) de tous les sous-espaces ouverts de R”, par un processus
de prolongement de Kan opéradique a gauche ([Lurl7, Théoréme 5.5.2.5]). En fait, le
méme résultat vaut pour les co-opérades E); et Disks); obtenues en remplacant R" par
une variété M n-dimensionnelle équipé d’une trivialisation du fibré tangent (dit framed
manifold) 3, et constitue le coeur de la définition de I’homologie de factorisation de la
variété M, un invariant topologique et algébrique relié a ’'homologie de Hochschild et
aux théories d’homologie ([Lurl7], [AF15], [AFT17]).

La localisation s’aveére donc étre un outil fondamental pour comprendre la théorie des
co-opérades, et comme nous 'avons vu, exprimer une co-opérade comme la localisation
d’une opérade discréte peut simplifier certains arguments dans des calculs concrets. A la
lumiére de cela, et en suivant le principe selon lequel les résultats pour les oo-catégories
devraient admettre des extensions au cadre opéradique (que I'on peut appeler aussi des
extensions multiplicatives) il est naturel de poser la question suivante :

Question 1. Est-ce que toute co-opérade peut s’écrire comme la localisation d’'une opérade
discrete ? Peut-on décrire explicitement une telle opérade discréete ? Peut-on y parvenir
en étendant le théoréeme de délocalisation de Joyal ?

Je répondrai par l'affirmative a toute cette question multiple, comme on le verra dans la
Section 1.3, et cela nous permettra de décrire ’co-catégorie des algebres sur une co-opérade
en les caractérisant comme des algebres localement constantes sur leur résolution discrete.
Cette perspective ouvre la voie a divers outils pour étudier la théorie homotopique des
algebres opéradiques, notamment a I'aide de la classe cruciale de méthodes connues
sous le nom d’équivalences opéradiques de un /straightening, que nous allons a présent
explorer.

1.2.2 Equivalences opéradiques de un/straightening

De maniere générale, une équivalence de un/straightening (a lire ’équivalence de
straightening-unstraightening’, et qu’en francais on pourrait peut-étre traduire par
’équivalence de rectification-dérectification’) consiste a décrire des diagrammes dans
I'co-catégorie des espaces S (et méme dans celle des co-catégories) a ’'aide de certaines
fibrations plus faciles a comprendre. En topologie algébrique classique, on peut penser

2Pour étre précis, pour traiter la localisation des co-opérades, Lurie utilise la théorie des approximations
faibles (weak approximations).
%En réalité, méme une variété stratifiée, voir les travaux de Ayala-Francis-Tanaka [AFT17].
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a la correspondance entre les revétements £ — X d’un espace topologique X et les
ensembles munis d’'une action du groupe fondamental 7; (X ). Dans le langage moderne,
Iéquivalence de un/straightening a été formulée et démontrée pour la premiere fois par
Lurie dans le cadre du formalisme des oo-catégories ([Lurl7]): cela consiste, pour toute
oo-catégorie C, en une équivalence doo-catégories

St¢: Lefte = Fun(C,S) :Unst®,

ou Lefte est 'oo-catégorie des fibrations a gauche au-dessus de C, une généralisation
de la notion de catégories co-fibrées en groupoides, et Fun(C,S) celle des foncteur co-
catégoriques de C a S.

Encore une fois, un principe directeur de la théorie des co-opérades est qu’un résultat
valable pour les co-catégories devrait admettre une extension multiplicative au cadre des
co-opérades. Dans cette généralisation opéradique, les foncteurs deviennent des algebres,
et les objets fibrés deviennent des objets multiplicativement fibrés : une équivalence de
un/straightening opéradique consiste donc, pour toute co-opérade P, en une équivalence
d’oo-catégories

St¢: Lefte = Algp(S) : Unst®,

ou Left(Op,,)p est une co-catégorie de fibrations opéradiques & gauche au-dessus de P,
une généralisation oco-catégorique des opérades co-fibrées en groupoides, et Alg,(S) celle
des P-algebres a valeurs dans S.

La définition des oo-catégories intervenant dans D'équivalence opéradique de
un/straightening, ainsi que la construction de cette équivalence elle-méme, dépendent du
modele d’oco-opérade choisi; dans les cadres de Lurie et dans 'approche dendroidale, les co-
catégories Leftp(Op,,) et Algp(S) sont bien définies, et certaines équivalences opéradiques
de un/straightening ont été établies. Voici un bref résumé de ces résultats.

Dans les modeles dendroidaux, la notion de fibration opéradique a gauche étend au
contexte combinatoire donné par les arbres ’analogue existant pour les co-catégories. La
premiere définition a été formulée dans le modele des ensembles dendroidaux dSets et
remonte a Heuts [Heul1]. Elle repose sur la notion de leaf horn (litteralement cornet de
feuille) d'un arbre, un objet combinatoire qui permet de capturer 'existence et I'unicité, a
homotopie supérieure pres, des relevements des opérations. L'oo-catégorie des fibrations
opéradiques a gauche au-dessus d’'une quasiopérade X est modélisée par la structure
de modele covariante sur la catégorie dSets/X des ensembles dendroidaux au-dessus
de X. Dans [Heull], Heuts démontre une équivalence opéradique de un/straightening
pour un ensemble dendroidal normal* X: il construit une équivalence de Quillen entre la
structure de modeéle covariante sur dSets/X et la structure de modele projective sur la
catégorie Algyy, x)(sSets) des algebres simpliciales sur I'opérade simpliciale W\(X) (une
sorte de résolution homotopiquement cohérente a la Boardman-Vogt de X).

Dans le modele des espaces de Segal dendroidaux complets, une équivalence analogue
a été construite par Boavida-Moerdijk dans [BABM20] pour une notion de fibration
opéradique a gauche équivalente a celle donnée dans le cas des énsembles dendroidaux.
Si dans ce dernier modele une fibration opéradique a gauche est définie par une propriété
de relevement a droite par rapport aux inclusions des leaf horns, pour les espaces

411 s’agit d’une condition de cofibrance, correspondant a une action libre du groupe symétrique sur une
opérade.



8 CHAPTER 1. INTRODUCTION - FRANCAIS

dendroidaux elle est définie comme un objet local par rapport aux inclusions de feuilles
d’arbres. Dans les deux cas d’équivalences dendroidaux de un/straightening, ’adjoint a
gauche, qui associe a une fibration opéradique a gauche sur une co-opérade dendroidale
une algebre sur celle-ci, agit sur les fibrations représentables comme un foncteur d’«
algebre libre ».

Dans le formalisme de Lurie, une équivalence de un/straightening pour une cc-opérade
P peut étre déduite de la construction de Grothendieck monoidale, plus générale, intro-
duite par Ramzi pour les co-catégories monoidales P ([Ram22]). Pour toute co-catégorie
monoidale P donnée, que I'on peut voir comme une co-opérade cofibrée au-dessus de P,
la construction de Ramzi établit une équivalence d’co-catégories entre I’'co-catégorie des
fibrations a gauche P-monoidales au-dessus de C et celle des foncteurs P-lax monoidaux
C — S°. Dans ce cadre formel, on retrouve 'co-catégorie des algébres sur P comme celle
des foncteurs P-monoidaux P — S, et les fibrations opéradiques a gauche au-dessus de
P comme étant les fibrations a gauche P-monoidales D — P. La méme équivalence a
également été démontrée par Kern dans [Ker23], en utilisant le formalisme des motifs
algébriques. Bien que cette approche se préte bien a des généralisations plus larges,
I'introduction des motifs algébriques dépasse le cadre de cette theése, et nous n’en dirons
donc pas davantage.

Dans la section précédente, nous avons observé le role central de l'interaction entre
opérades discretes et co-opérades via la localisation. Cela nous méne a une motivation
essentielle :

Motivation. Etudier linteraction entre la localisation opéradique et les fibrations
opéradiques a gauche. Construire des équivalences opéradiques de un/straightening
adaptées a la manipulation des opérades discretes.

En outre, 'analyse de ces équivalences opéradiques de un/straightening dans les dif-
férents modeles d’co-opérades souléve également des questions d’équivalence des modeles,
comme on explique dans la section suivante.

1.2.3 Indépendance vis-a-vis du modele

L'équivalence entre les différents formalismes pour les co-opérades n’implique pas de facon
automatique une équivalence entre les différents modeles pour les fibrations opéradiques
a gauche — bien qu’une telle équivalence soit, a juste titre, une caractéristique nécessaire
de toute définition robuste. En effet, pour définir les fibrations opéradiques a gauche, le
principal point technique a traiter est de donner un sens aux relevements coCartésiens
opéradiques homotopiquement cohérents des opérations, ce qui est réalisé a I'aide de
techniques qui ne sont pas manifestement indépendantes du modele choisi: comme on I'a
vu, les solutions adoptées dans le cas dendroidal passent soit par des objets combinatoires,
comme les leaf horns ou les inclusions de feuilles d’arbres, alors que, dans le cas de Lurie,
on utilise la notion déja existante de fibration a gauche des co-catégories.

Une premieére question a poser est donc la suivante : 1’'oo-catégorie des fibrations
opéradiques a gauche au-dessus d’'une co-opérade est-elle indépendante du modele choisi?

®En fait, il est démontré que ces deux co-catégories s’identifient a des oo-catégories d’algebres sur P
dans des oo-catégories monoidales P, et que 'équivalence provient d'une équivalence P-monoidale entre ces
dernieres.
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Pour les modeles dendroidaux, la réponse est positive : dans [BdBM20], Boavida-Moerdijk
démontrent I'invariance par changement de modele des fibrations opéradiques a gauche
dans les deux modeles dendroidaux, a savoir les espaces de Segal dendroidaux complets
et les ensembles dendroidaux, en s’appuyant sur une équivalence directe entre ces deux
modeles d’co-opérades.

A ce jour, aucune réponse n’a été apportée concernant les cadres de Lurie et des modéles
dendroidaux, un des défis principaux étant que la premieére équivalence entre les deux
formalismes était indirecte, et faisait intervenir un troisieme modele d’co-opérades, celui
des catégories d’opérateurs de Barwick (voir le diagramme de la Section 1.1.2). Cependant,
dans un travail récent, Hinich et Moerdijk [HM24] ont construit une équivalence directe
entre les co-opérades de Lurie et les modeles dendroidaux, formulée a I'aide des espaces
de Segal dendroidaux complets, établissant ainsi une équivalence adjointe d’co-catégories

d: £Op,, = DOp,, :A.
Cela nous permet d’affiner notre question précédente et de formuler la suivante :

Question 2. L'équivalence de Hinich-Moerdijk induit-elle une équivalence entre les oo-
catégories de fibrations opéradiques a gauche dans les modeles de Lurie et dendroidaux?

Dans la Section 1.3.3, nous verrons que c’est effectivement le cas.

1.3 Contributions

Dans cette section, nous présentons les contributions originales de cette thése. Avant
d’entrer dans une exposition plus détaillée, nous proposons un bref récit résumant les
résultats principaux.

Lun des points de départ de notre approche consiste 4 montrer que toute co-opérade
est équivalente a la localisation d’'une opérade discréte, au moyen du foncteur racine
(ou root functor). Cela nous conduit a étudier les constructions de un/straightening
opéradique spécifiquement pour les opérades discretes. Comme le foncteur racine est
formulé dans le formalisme dendroidal et que les opérades discretes sont fondamentale-
ment 1-catégoriques, nous travaillons avec le modeéle des ensembles dendroidaux. Nous
construisons, pour toute opérade discrete et X-libre, une équivalence de un/straightening
opéradique sous forme d’une équivalence de Quillen entre les structures de modeles
covariante (pour les fibrations a gauche) et projective (pour les algebres). La définition de
I’adjoint a gauche, qu’on appelle foncteur de rectification, est strictement liée a I’enveloppe
monoidale symétrique associée aux opérades discrétes. La démonstration que 'adjonction
établi une équivalence de Quillen est faite en deux parties. Dans un premier temps, on
montre que 'adjonction est de Quillen. Pour cela, on considére des algebres définies par
des chaines d’inclusions de sous-arbres. Pour prouver qu’il s’agit d’'une équivalence de
Quillen, nous considérons les foncteurs induits entre les co-catégories sous-jacentes, et
nous montrons qu’ils forment une équivalence adjointe. L'étape clé est de construire
une nouvelle équivalence de un/straightening opéradique, qui est en fait définie pour
toute co-opérade dans le formalisme de Lurie, puis nous montrons que notre adjonction
de Quillen présente cette équivalence lorsque 'opérade est discréte. Cela nécessite de
démontrer que les foncteurs de comparaison de Hinich-Moerdijk induisent une équiv-
alence d’co-catégories entre les catégories de fibrations opéradiques a gauche dans les
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modeles de Lurie et le modele dendroidal, résolvant ainsi la question de I'indépendance
vis-a-vis du modele. Comme application combinée du foncteur racine et des théoréemes de
un/straightening, nous montrons que les algébres sur des co-opérades sont équivalentes
aux algebres localement constantes sur leur résolution discrete.

Bien que ces résultats soient interconnectés, chacun posseéde une importance indépen-
dante, et pour cela on va maintenant les présenter de maniere systématique.

1.3.1 Le foncteur racine

Dans la Question 1, non demandions si toute co-opérade peut étre réalisée comme la
localisation d’'une opérade discréte : le formalisme dendroidal, et plus précisément la
théorie homotopique des ensembles dendroidaux, nous permet de répondre positivement
a cette question.

Les ensembles dendroidaux sont la catégorie des préfaisceaux sur la catégorie dendroidale
2. Munis de la structure de modeéle opéradique, ils forment un modele d’co-opérades,
qui sont représentées par les quasiopérades, c’est-a-dire les ensembles dendroidaux
satisfaisant une certaine condition de remplissage des cornets internes dendroidaux
(appelés, en anglais, dendroidal inner horns). Ce modele étend celui de Joyal pour les
quasicatégories, dans le sens qu'une quasicatégorie est exactement une quasiopérade
admettant un morphisme vers le point.

Dans ce cadre, nous étendons le foncteur des catégories d’éléments A/—: sSets — Cat en

un foncteur
Q/—: dSets — Op

des ensembles dendroidaux vers les opérades discretes, qui a un ensemble dendroidal
X associe son opérade des éléments 2/ X. Les objets sont des paires (7, «), ou T est un
arbre et & un morphisme de 7" vers X, et les ensembles d’opérations sont donnés par des
morphismes larges et indépendants entre unions disjointes d’arbres (voir la Definition
6.3.6). Nous montrons alors qu’évaluer un tel o a la racine 27 de T (la seule aréte
canonique de T') se prolonge en un morphisme d’ensembles dendroidaux

aX:-/\/'al(gz/)()—"Xv (Tva)'_)a(iT)a

ou Ny désigne le nerf dendroidal, et que nous appelons le foncteur racine (Proposi-
tion 6.3.10).

Un élément (T, «) de 2/ X peut étre interprété comme une décoration de ’arbre 7" avec
des opérations composables de X. Ce qui se passe alors, c’est que les données homo-
topiquement cohérentes de X sont 'résolues’ (ou ’strictifiées’) en devenant des objets dans
lopérade discrete 2/ X, puis récupérées en identifiant certains de ces objets — c’est-a-dire
en localisant par rapport & un certain ensemble de morphismes. Le foncteur racine
est 'application de comparaison qui capture précisément I'information homotopique
manquante de X, dans le sens précis suivant :

Theorem (Theorem 6.3.13). Soit X un ensemble dendroidal normal, et soit R l’ensemble
des morphismes de 1/ X envoyés sur des identités par zx. Le foncteur racine zx induit
une équivalence faible opéradique d’ensembles dendroidaux

Zx: Ny(Q/X) R = X
entre la localisation de N j(Q/X) en R et X.
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Pour démontrer ce théoréme, nous formalisons d’abord la notion de localisation opéradique
dans le modéle des ensembles dendroidaux (Definition 6.2.2), ce qui est, & notre connais-
sance, une nouveauté. Nous montrons ensuite que, lorsque X est un ensemble dendroidal
normal, on peut construire un modele explicite pour la localisation et 'exprimer comme
un recollement (pushout). Dans la preuve du théoréme, nous procédons par filtration
squelettique (skeletal filtration) et nous construisons un inverse homotopique de zx dans
le cas ou X est un ensemble dendroidal représentable, c’est-a-dire un arbre.

Un premier corollaire du théoréme est que 2 x est une équivalence faible dans la structure
de modele stable sur dSets (Corollaire 6.3.15). Définie dans [BN14], cette structure
étend la structure de modele de Kan-Quillen sur les ensembles simpliciaux, et sa théorie
homotopique est équivalente a celle des espaces de lacets infinis. Autrement dit, tout
ensemble dendroidal normal est équivalent (faiblement) a un espace de lacets infini
associé a une opérade discrete.

En se restreignant aux ensembles simpliciaux, on obtient également le théoreme de
délocalisation de Joyal, comme souhaité.

Corollary (Joyal, Stevenson). Pour tout ensemble simplicial M, il y a un isomorphisme de
catégories /M ~ A/M, et le foncteur racine coincide avec le foncteur du dernier sommet
N(A/M) — M. En particulier, il induit une équivalence catégorique faible

N(A/MR™Y — M

entre M et la localisation de N(A/M) a la préimage des identités. En particulier,
Uapplication N(A/M) — M est une équivalence faible d’homotopie.

1.3.2 Une équivalence de un/straightening opéradique dans le modele
de Lurie

L'équivalence induite par le foncteur racine met en évidence le role central des opérades
discretes, et la nécessité de construire des équivalences de un/straightening opéradique
adaptées pour étudier la théorie homotopique des algebres sur celles-ci.

Pour faire cela, on utilise le formalisme plus souple et general des co-operades. Comme
deja remarqué, la construction des structure homotopiquement invariantes beneficie de
la transition entre les approches fondées sur les catégories de modéles a la Quillen et
celles développées dans le cadre des co-catégories. Ainsi, avant de nous concentrer sur
les opérades discretes et la combinatoire dendroidale (le lecteur ou la lectrice intéressé.e
pourra aller directement a la Section 1.3.4), nous considérons le modele de Lurie pour les
oo-opérades, qui fournit un outil jusqu’au present absent du cadre dendroidal : 'enveloppe
monoidale symétrique. Ce functeur, qui étand un functeur pour les opérades discretes
(définie a l'origine sous le nom de PROP dans [Mac65]), relie la théorie des (co-)opérades
a celle des (o0-)catégories monoidales symétriques.

Le foncteur d’enveloppe monoidale symétrique
Env(—)®: ¢Op,, —> smCaty

est I’'adjoint a gauche du foncteur d’oubli de 'co-catégorie des co-catégories monoidales
symétriques vers celle des co-opérades. Dans [Lurl7], Lurie construit un tel adjoint a
gauche, généralisant la notion correspondante pour les opérades discretes. L'enveloppe
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est caractérisée par la propriété universelle suivante : pour toute co-opérade P et toute
co-catégorie monoidale symétrique ), il existe une équivalence

Algp (V) ~ Fun®(Env(P), V)

entre l'oo-catégorie des P-algebres dans V et celle des foncteurs monoidaux forts
Env(P) — V. Nous adoptons cette perspective — les algebres sur une opérade comme
foncteurs monoidaux forts depuis son enveloppe — pour construire une équivalence de
un/straightening opéradique.

Nous commengons par observer que, bien que 'enveloppe ne soit pas pleinement fidele en
général, il résulte de [HK24, Proposition 2.4.3] (Haugseng-Kock) qu’elle est un adjoint a
gauche pleinement fidéle lorsqu’on la restreint a la tranche au-dessus d’'une co-opérade
de Lurie 09,

Comme premiere étape, nous prouvons donc que ce foncteur tranché se restreint a une
équivalence

Leftl(%x Env(2)®
entre 'oo-catégorie des fibrations opéradiques & gauche au-dessus de O® (la méme que
dans la construction de Grothendieck monoidale de Ramzi) et celle des fibrations a gauche
fortement symétriques monoidales au-dessus de Env(O)®, qui sont des fibrations & gauche
entre co-catégories monoidales symétriques satisfaisant une certaine condition de Segal
(Definition 4.3.7). Nous caractérisons ensuite cette derniere co-catégorie comme I'image
essentielle du straightening monoidal (voir la Section 1.2.2) appliqué aux foncteurs
monoidaux forts Env(O) — S, cette caractérisation étant en fait valable pour toute oo-
catégorie monoidale symétrique C®. C’est ainsi que nous démontrons le résultat principal
de cette section :

sm Left%tr:v(o)

Theorem (Theorem 4.5.1). Soit O une co-opérade de Lurie. Il existe une équivalence
d’oo-catégories entre les fibrations opéradiques & gauche et les O®-algébres en espaces,
ou le foncteur de straightening est donné par la composition de l’enveloppe monoidale
symétrique et du foncteur de straightening monoidal. Formellement,

Env(—)¥ Env(—),®
St9: Left — smLeft, o) S, Fun® (Env(0), S) ~ Algy(S).
Son inverse est donné par la composition du foncteur de unstraightening avec le change-
ment de base le long de l'unité de Uadjonction (Env(—)®,U).

Le foncteur de straightening opéradique St® differe du foncteur de Ramzi (Sec-
tion 1.2.2), qui coincide, au niveau des objets sous-jacents, avec '’équivalence classique de
un/straightening catégorique. Cette équivalence a ’avantage d’offrir une formulation en
termes du foncteur d’enveloppe, qui se préte a des généralisations dans le cadre des motifs
algébriques (ou algebraic patterns), comme dans la construction de Grothendieck de Kern
[Ker23] ou telle que suggérée par Barkan-Haugseng-Steinebrunner dans [BHS22].

1.3.3 Indépendance vis-a-vis du modele des fibrations opéradiques a
gauche

Nous abordons ici la question de I'indépendance vis-a-vis du modele des fibrations
opéradiques a gauche formulée dans Question 2. En partant de I’équivalence de Hinich-
Moerdijk entre les co-opérades de Lurie et les espaces de Segal dendroidaux complets,
nous démontrons le résultat suivant :
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Theorem (Theorem 4.2.15). Soient O une w-opérade de Lurie et X une co-opérade
dendroidale, telles que O® et X soient équivalentes via l'équivalence de Hinich-Moerdijk,
cest-a-dire O® ~ \(X). Alors, les foncteurs de comparaison de Hinich-Moerdijk (5, \)
induisent une équivalence

§/: Leftd* = DLeftx : A/,

entre l’wn-catégorie des fibrations opéradiques a gauche au-dessus de O% et celle des
fibrations dendroidales a gauche au-dessus de X.

L'élément essentiel pour démontrer ce théoreme est d’exprimer a la fois les fibrations
opéradiques a gauche et les fibrations dendroidales a gauche comme objets locaux par
rapport a certaines fleches anodynes a gauche dans des co-catégories données. Une diffi-
culté technique majeure vient du fait que /Op_, n’est pas une localisation de la catégorie
des préfaisceaux PSh(®), ou ® est une catégorie de foréts, c’est-a-dire d’unions disjointes
finies d’arbres, contrairement a ce que 'on voit pour les co-opérades dendroidales.

Dans le modele de Lurie, les fleches anodynes sont les inclusions des cornets gauches
simpliciales, tandis que dans le modele dendroidal, ce sont les inclusions de cornets
gauches dendroidaux. Nous montrons alors que la combinatoire peut étre simplifiée,
de sorte qu’il suffit de considérer uniquement les inclusions 0: A® — A" et ((T) — T
respectivement, ot /(7T') désigne 'ensemble des feuilles de I'arbre 7.

1.3.4 Rectification des fibrations dendroidales a gauche

Nous revenons maintenant a la discussion sur le foncteur racine et au Theorem 4.5.1,
et procédons a la construction d’'une équivalence de un/straightening pour les opérades
discretes dans le formalisme des ensembles dendroidaux, ou le foncteur racine est défini.

Notre point de départ est 'équivalence de un/straightening pour les catégories discretes
formulée dans le formalisme des ensembles simpliciaux, telle que développée par Heuts
et Moerdijk dans [HM15] ; nous étendons cette construction de la fagon suivante. Etant
donnée une opérade discréte P, on définit le foncteur de rectification p{’, I'adjont a gauche,
comme un foncteur

pt: dSets/NyP —> Algp(sSets)

de la catégorie des ensembles dendroidaux au-dessus du nerf de P vers celle des P-
algebres simpliciales, caractérisé par la propriété suivante : pour tout arbre T et tout
élément (7, o) dans dSets/N;(P), il existe un isomorphisme de P-algébres simpliciales
ot (T, a) ~ Env(T) Xgnv(p) ENV(P)/, ot Env(—) désigne le nerf de 'enveloppe monoidale
symétrique des opérades discrétes et ot T est considéré comme 'opérade libre qu’il
engendre.

Nous démontrons le résultat suivant.

Theorem (Corollary 5.5.3). Soit P une opérade discréte 3-libre. Le foncteur de rectification
fait partie d’une équivalence de Quillen

pt : dSets/NyP = Algp(sSets) : pb

entre la structure de modéle covariante sur les ensembles dendroidaux au-dessus du nerf
dendroidal de P et la structure de modeéle projective sur les P-algébres simpliciales.
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Lorsque P est une catégorie discrete, on retrouve ’équivalence de Heuts-Moerdijk prouvée
dans [HM15]. En fait, nous améliorons ce résultat en montrant ce qui suit.

Proposition (Theorem 5.4.4). Soit A une catégorie monoidale symétrique discréte. La
paire de Quillen
pit: sSets/N A = Fun(A, sSets) :p%

est une équivalence de Quillen monoidale entre catégories de modeéles de Quillen monoi-
dales, relativement a la structure de modeéle projective et la convolution de Day sur
Fun(A,sSets), et a la structure de modele covariante et le produit naturel [x] sur sSets/N A.

La preuve du Corollary 5.5.3 se déroule en deux étapes distinctes, qui different par leurs
méthodes.

La premiére étape consiste a montrer que I'adjonction construite est une paire de Quillen,
et plus précisément que le foncteur adjoint a droite p} est un foncteur de Quillen a droite.
Pour cela, on utilise la combinatoire des arbres afin de mieux comprendre les relevements
des fleches dans I'image de p} par rapport aux inclusions de bords dendroidaux et de
cornets feuilles (leaf horns)l.

La seconde étape, qui consiste & démontrer que 'adjonction (p{’, p%) définit une équiva-
lence de Quillen, est plus difficile a établir par des méthodes de catégories de modele, le
probléme central étant que les colimites dans les catégories d’algebres ne se calculent pas
objet par objet (voir la discussion au début de la Section 5.5).

Les choses deviennent plus simples si 'on adopte les méthodes moins rigides des oo-

catégories, et nous considérons alors I'adjonction entre les co-catégories sous-jacentes
induite par le foncteur de rectification,

(p1)oo: dLeftnr,p == Algp(S) : ()

Le point crucial est désormais d’utiliser le Theorem 5.4.4 pour montrer que, pour P
Y-libre, il existe un diagramme commutatif d’co-catégories

(ng)oo
dleftp;,p ——— Algp(S)

xl
7 %

lax

Lefth

ou )\; est induit par 'équivalence de Hinich-Moerdijk ’tranchée’ (Section 1.3.3) et St* est
le foncteur de rectification opéradique de le Théoréme 4.5.1 pour le nerf de P. Comme les
deux sont des équivalences d’oo-catégories, par le Théoréeme 4.2.15 et le Théoreme 4.5.1
respectivement, nous concluons que (p!”),, est également une équivalence.

1.3.5 Structure de modele covariante et algebres localement constantes

Nous combinons I'équivalence de un/straightening du Théoreme 5.5.3 et ’équivalence
N(£22/X)[R™!] ~ X donnée par le foncteur racine (Théoréme 6.3.13) afin de fournir
différentes caractérisations des oo-catégories d’algebres sur X.

Dans un premier temps, nous étudions la compatibilité de la localisation dendroidale
avec la structure de modeéle covariante.
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Proposition (Proposition 6.4.4). Pour tout ensemble dendroidal Y et tout ensemble de
1-morphismes S C Y¢,, la fleche de localisation Y — Y[S™!] induit une équivalence de
Quillen

Ar: dSets” /Y == dSets/Y[S7!] : \*

entre la localisation de Bousfield a gauche de la structure de modeéle covariante sur
dSets/Y en S)y et la structure de modeéle covariante sur dSets/Y[S™']. Ici, Sy est
l’ensemble des morphismes dans dSets/Y de la forme

S~

ol f: a — best un morphisme de S et ou la fleche {1}: A° — A est Uinclusion du dernier
sommet.

En particulier, les objets fibrants pour la structure de modeéle sur dSets®/Y sont les
fibrations dendroidales a gauche S)y-locales au-dessus de Y, c’est-a-dire les fibrations
dendroidales a gauche E — Y telles que, pour tout f: a — b dans S, le morphisme dans
la catégorie homotopique des espaces entre les fibres fi: E, — E} est un isomorphisme.
L'analogue algébrique de cette notion s’exprime par celle des algebres S-localement
constantes sur une opérade. Si P est une opérade simpliciale et S une sous-classe de
1-morphismes dans P, une P-algebre simpliciale localement constante sur S est une
P-algebre F' telle que 'application d’ensembles simpliciaux f,: F(a) — F(b) soit une
équivalence faible d’homotopie pour tout morphisme f: a — b dans S.

En considérant P = Q/X et Y = N(Q2/X)[R~!], on obtient deux résultats : une équiv-
alence de un/straightening « localement constante » pour les co-opérades dendroidales,
ainsi qu'une caractérisation des algeébres sur ces derniéres comme des algebres localement
constantes sur leur opérade d’éléments.

Corollary (Corollary 6.4.9). Soit X une oo-opérade dendroidale normale.

1. Le foncteur de rectification pour lopérade des elements €2/ X induit une équivalence
de Quillen
,o!Q/X dSets™X /N;Q/X = AIgQ/X(sSets) PGy X

entre la structure de modeéle covariante localisée de la Proposition 6.4.4 et la localisa-
tion de Bousfield a gauche de la structure de modeéle projective sur les €2/ X -algebres

simpliciales en p,n/ X(R) Les objets fibrants de cette derniére sont précisément les
R x-algebres localement constantes sur 2/X.

2. Il existe un zigzag d’équivalences de Quillen
Algy, (x)(sSets) < o = Algng(SSets)

entre les structures de modeles projectives pour les algébres simpliciales Wi(X)
et pour les algébres R x-localement constantes sur Q/X, ou W\(X) est l'opérade
simpliciale donnée par la résolution de Boardman-Vogt de X.
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1.3.6 Interdépendance des résultats

Le diagramme suivant illustre les dépendances logiques entre les résultats démontrés.
Une fleche allant de A vers B signifie que le résultat A est nécessaire pour prouver le
résultat B.

Theorem 6.3.13 Theorem 4.5.1 Theorem 4.2.15

Theorem 5.4.4

Proposition 6.4.4

Corollary 6.4.9 Corollary 5.5.3

1.4 Plan de la these

Dans cette introduction, nous avons présenté nos contributions en insistant sur les
motivations et leurs interconnexions, dans I’espoir d’offrir une vision cohérente, et aussi
avec la volonté de restituer le parcours intellectuel qui nous a mené a nos résultats.

Pour plus de clarté et de rigueur, le contenu est organisé différemment dans le corps
principal de la these, qui se présente comme suit :

¢ Le Chapitre 3 contient les bases essentielles sur la théorie des co-opérades et les

différents formalismes, et établit 1a notation utilisée tout au long du texte. Il s’agit
d’un chapitre explicatif, sans demonstration; 'apport original de la thése se trouve
dans les chapitres 4, 5, 6.

Le Chapitre 4 contient les résultats des Section 1.3.2 et Section 1.3.3. Mis a
part les préliminaires et des ajustements mineurs d’exposition, il correspond a
Particle disponible sur arXiv sous le numéro 2501.05263v2, intitulé A straightening-
unstraightening équivalence for co-operads ([Pra25c]).

Le Chapitre 5 contient les résultats de la Section 1.3.4. Mis a part les prélimi-
naires et des ajustements mineurs d’exposition (principalement dans Section 5.5),
il correspond a la version corrigée de I’article disponible sur arXiv sous le numéro
2502.17415v2, intitulé Rectification of dendroidal left fibrations ([Pra25a]).

Le Chapitre 6 contient les résultats de Section 1.3.1 et Section 1.3.5. Mis a part les
préliminaires et des ajustements mineurs d’exposition, il correspond a toutes les
sections sauf la derniére de 'article disponible sur arXiv sous le numéro 2505.14288,
intitulé The root functor ([Pra25b]).

Les chapitres sont structurés de facon a pouvoir étre lus indépendamment les uns des
autres. Au début de chaque chapitre, nous précisons les notions préliminaires nécessaires,
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avec des références explicites aux sections pertinentes du Chapitre 3. Lorsque des
résultats des chapitres précédents sont requis, nous les rappelons dans leur contexte afin
que 'exposé reste aussi auto-contenu que possible.

1.4.1 Hypotheses

Nous supposons que la personne qui lit est familiere avec les catégories de modéles
de Quillen (une bonne référence est [Hir03]), ainsi qu’avec la théorie des oo-catégories
(telle que développée, par exemple, dans [Lur09] ou [Cis19]). Les autres notions de base
nécessaires sont rappelées explicitement dans le Chapitre 3, le texte de référence pour la
théorie des opérades dendroidales étant [HM22].

1.5 Perspectives

Dans cette these, nous verrons comment plusieurs de nos résultats sont liés a des construc-
tions existantes, suggérant des comparaisons, des équivalences ou des généralisations
dont le développement nous semble naturel. Ces points sont discutés et mis en évidence
au fil des chapitres, en particulier dans le Chapter 4 (Section 4.1.2, Remarque 4.2.19),
Chapitre 5 (Remarque 5.5.5).

Nous nous concentrons ici sur une autre perspective encore, concernant les opérades
relatives, les oo-opérades, et la localisation. Considérons le foncteur de localisation

L: RelOp — Op,,

de la 1-catégorie des opérades relatives vers ’'oo-catégorie des co-opérades, qui envoie
une opérade relative sur la localisation co-opéradique de son nerf®. Le foncteur racine et
le Théoréme 6.3.13 montrent que £ est essentiellement surjectif, et fournit de plus une
section

Q/—: Op,, — RelOp,

ou /X est regardée comme une opérade relative en considérant comme équivalences
faibles les morphismes envoyés par le foncteur racine sur des identités.

Quand on se restreint aux co-catégories, le fait que £ est essentiellement surjectif est le
contenu du théoréeme de délocalisation de Joyal. Dans ce cas, on a méme un énoncé plus
fort : dans [BK12b], Barwick-Kan montrent que la théorie homotopique des catégories
relatives est équivalente a celle des co-catégories. Plus précisément, ils prouvent que
le diagramme classifiant de Rezk (prouvé équivalent au foncteur de localisation par
Mazel-Gee dans [MG19]) induit une équivalence d’oo-catégories

L: RelCat[DK™!] — Caty,

ou DK désigne les équivalences faibles de Dwyer-Kan, c’est-a-dire les foncteurs induisant
une équivalence apres localisation. Le résultat de Barwick-Kan est formulé dans le
langage des espaces simpliciaux ; récemment, Arakawa a démontré une version quasi-
catégorique, montrant que le foncteur du dernier sommet, vu comme un foncteur entre
catégories relatives

A/—: (sSets, Wyoy) — (RelCat, DK)

6Un modele concret de £(P) est donné par la localisation dérivée (voir Definition 6.2.2 et Proposition 6.2.4)
d’un remplacement cofibrant du nerf dendroidal de P.
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est un inverse homotopique du foncteur de localisation [Ara25, Theorem A.2].

Le foncteur racine suggere qu'un résultat similaire devrait également valoir pour les
co-opérades ; en fait, en combinant Theorem 6.3.13 avec les techniques de [Ara25], il
devrait étre possible de prouver que le foncteur de localisation co-opéradique induit une
équivalence d’co-catégories

RelOp[DK™!] — Op,,

dont I'inverse homotopique est donné par le foncteur racine. Ici, les équivalences faibles de
Dwyer-Kan DK sont les morphismes d’opérades relatives qui induisent une équivalence
apres localisation. Cependant, cette notion n’est réellement significative que si I'on
parvient a la relier aux équivalences de Dwyer-Kan pour les opérades simpliciales et a
leur localisation dérivée.

En effet, dans le cas catégorique, 'oo-catégorie RelCat[DK™!] est construite et comprise en
deux étapes :

¢ Dans [BK12b], Barwick-Kan construisent une adjonction
K : sSpaces = RelCat : A\

et relevent la structure de modele de Rezk pour les espaces de Segal complets en
une structure de modele de Quillen équivalente sur RelCat, dont les équivalences
faibles sont appelées équivalences faibles de Rezk.

¢ Dans [BK12a], les auteurs considerent ensuite le foncteur de localisation hamac
L7 RelCat —> sCatq,

qui fournit une description explicite pour la localisation dérivée des catégories
simpliciales, et ils prouvent que les équivalences faibles de Rezk dans RelCat sont
exactement celles envoyées par £ sur les équivalences faibles de Dwyer-Kan dans
les catégories simpliciales. Ils démontrent aussi que le méme résultat vaut si
I'on remplace la localisation hamac par d’autres modeles équivalents au sens de
Dwyer-Kan.

Il devrait étre possible d’obtenir un diagramme similaire pour les co-opérades et de
prouver que les équivalences faibles de Dwyer-Kan dans RelOp sont celles envoyées sur
des équivalences par le foncteur de localisation dérivée RelOp — sOp,,.

Néanmoins, a ’heure actuelle, nous ne disposons pas d’outils permettant de calculer
explicitement la localisation dérivée des opérades simpliciales, comme la localisation
hamac le permet pour les catégories simpliciales. Récemment, Basterra-Bobkova-Ponto-
Tillmann-Yeakel, dans [BBP " 18], ont proposé une généralisation qu’ils appellent locali-
sation hamac-arbre (tree-hammoc localisation), congue pour présenter les localisations
dérivées des opérades discretes et simpliciales. Cependant, plusieurs points centraux
restent ouverts : en particulier, il n’a pas été démontré que cette construction calcule bien
la localisation dérivée, et les algebres sur la localisation hamac-arbre n’ont été identifiées
que partiellement.
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Introduction - english

Designed to be read independently from the thesis, this introduction summarizes the key
results and motivations of our work and outlines some natural directions for future work;
it also provides a detailed outline of the thesis structure to assist the reader in navigating
its contents.
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2.1 Context
2.1.1 Operads in homotopy theory

Operads are combinatorial objects governing categories of algebras. They were first
introduced by May ([May06]) and Boardman-Vogt ([BV73]) in the early "70s to describe
the homotopy coherent algebraic structures on iterated loop spaces of topological spaces
and the associated homology operations. Since then they have found numerous applica-
tions in various fields of mathematics, including algebraic geometry, combinatorics and
mathematical physics.

To gain insight into the type of algebraic structures under consideration, consider the
based loop space 2, X := Map(S', X) of a pointed topological space (X, z). Concatenation
of loops endows 2, X with an operation which is not strictly associative, but which is
associative only up to homotopies — specifically, up to reparametrizations of the loops.
Moreover the homotopies between differently parametrized concatenations satisfy them-
selves analogous associativity relations up to homotopy,and coherently so in all higher
dimensions. If we quotient 2, X by homotopy equivalences, we obtain the familiar group
structure on 71 (X), the fundamental group of X. However, this process loses much of the
full algebraic structure. Instead, 2, X naturally carries the structure of an algebra over
the little disks operad Eq, which retains all the homotopy coherences.

The operad E; is given For every k£ > 0, let E;(k) be the space of configurations of k

19
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disjoint intervals inside the unit interval. Every such configuration determines a way to
concatenate k based loops in X, yielding a continuous map of topological spaces

Ei (k) — Map((2,X)**, Q,X).

The fact that configurations can be plugged one into the other yields partial composi-
tion laws on the family E; = {E;(k)};, and this governs the composition laws for the
concatenations of loops and their homotopy coherences. We call E; the little disks operad.

The operad E; is the first of a family of operads {E, },,>1, called the operads of little n-disks,
which govern homotopy associative and increasingly homotopy commutative algebraic
structures, as n goes to infinity. For every k > 0, the space E, (k) of k-ary operations of
E,, is given by the space of configurations of & disjoint n-dimensional disks into the unit
n-dimensional disks. For instance, for every n > 1 the n-fold loop space Q27X of a pointed
topological space (X, z) has the structure of a E,-algebra — and in fact, up to homotopy
these are the only (group-like) E,-algebras (in topological spaces), by May’s recognition
theorem ([May06]).

More generally, we allow what we call operad P, and what is often called colored operad
or multicategory, to have a set of objects Ob(P) and, for each k£ > 0, a space of operations
(later specified as a simplicial set) P(x1,...,zx;y) for any objects z1,..., 25,y (in the

one-object case, we write P(k) for P(x,...,*;x)). These come equipped with unital and

*’
~—

k
associative operadic composition laws operadic composition laws
O:Ei:P('rly"'vxk;y)XP(Zla"'vzm;'ri) ;P(xla"'7'%7;717217"'7Zmyxi+1a"'7$k;y)7

equivariant with respect to the action of the symmetric groups given by ‘permuting the
variables’.

1 21 22 €3

Figure 2.1: A graphical representation of the operadic composition o,,.

An algebra over the operad P is a family of spaces I' = {F'(x)},cob(p) on which the operad
acts via continuous maps, together with action maps

k
P(x1,...,¢o5y) — MaP(H F(xi), F(y))

=1

respecting composition, units, and symmetries.

In homotopy theory, topological spaces are regarded only up to weak homotopy equiv-
alence, and one deals with homotopy coherence via Quillen model category structures
or oo-categories. To this end, topological spaces are represented by simplicial sets, the
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presheaves on the category of finite linear orders A (for instance, one can take the sin-
gular chains on a space), and study their homotopy theory via the Kan-Quillen model
structure on simplicial sets. Considering spaces up to weak homotopy equivalences leads
to considering simplicial operads up to what are called Dwyer-Kan weak equivalences, the
homotopically fully faithful and essentially surjective maps of operads, and to study the
homotopy theory of algebras over operads up to homotopy.

Perhaps the most intuitive way to study the homotopy theory of simplicial operads is
by constructing a model structure on simplicial operads where weak equivalences are
the Dwyer-Kan weak equivalences; this was done, independently, by Cisinski-Moerdijk
[CM13b] and Robertson [Rob11]. The extra structure given by a Quillen model category
can help to study homotopy invariant constructions; for instance, in the presence of a
model structure, one has an intrinsic way to define homotopy algebras over an operad —
specifically, as algebras over a cofibrant replacement of the operad.

Although easy to understand, this approach is hard to use when trying to carry out basic
categorical constructions, and one runs into problems similar to those found in the case
of simplicial categories. For instance, the calculus of derived mapping spaces is hard to
perform: although the Boardman-Vogt tensor product endows the category of simplicial
operads with a simplicial enrichment, this is not compatible with the model structure. In
other words, the aforementioned model structure on the category of simplicial operads is
not a monoidal model category. .

2.1.2 A more flexible formalism: «c-operads

These difficulties can be circumvented by passing to the formalism of c0-operads, where
some of the defining axioms for simplicial operads are relaxed and composition is only
defined up to homotopy. While simplicial operads can be viewed as examples of co-operads
(via the nerve constructions), the latter notion is more flexible and adequate for the
purposes of modern homotopy theory.

There are several, equivalent models for co-operads; let us schematically represent some
of the existing models and equivalences between them.

Quasioperads [MWO07]

(for open operads)[HHM‘ié] [CM13a)]
Lurie’s co-operads [L;;l;] [HM24 Complete dendroidal Segal spaces [CM13a]
[Ha1‘123] [Barl18) [CHH18)
Analytic mon‘ads [GHK22] Barwick’s operator categories [Barl8]

In this work, we make use of two formalisms, the first one given by Lurie’s co-operads
and the second one given by the dendroidal formalism, which consists in the two models
of quasioperads and complete dendroidal Segal spaces.

Intuitively, Lurie’s approach to co-operads rests on the insight that an operad can be

More precisely, the model structure on simplicial operads is not model monoidal. In particular, the
pushout-product axiom fails, as it was already the case for Bergner’s model structure on simplicial categories,
see the discussion at https:/ /mathoverflow.net / questions | 198205 | boardman-vogt-tensor-product.
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viewed as a weakened form of symmetric monoidal category, where the tensor product
1 ®- - ®x, is specified only via the covariant functor y — Hom(x1, ..., z,;y), which need
not be representable. This leads to a homotopy-coherent notion of operad as a relaxation
of that of symmetric monoidal category, whose formalization fundamentally relies on the
theory of coCartesian fibrations.

The dendroidal formalism is based on a category of trees €2, called the dendroidal cate-
gory, introduced by Moerdijk-Weiss in [MW07], which models operations and operadic
composition in a way that reflects the diagrammatic intuition given in Figure 2.1. This
formalism relies on the fact that an operads are a generalization of categories — indeed,
sometimes operads are referred to as symmetric multicategories —, in that morphisms
f: x — y (with a single input and output) are replaced by multimorphism (z1,...,x,) —> y
that allow multiple inputs and a single output. The category (2 is then designed to capture
the structure of such multimorphisms and their composition, in much the same way that
the simplex category A models morphisms and composition in ordinary categories.

2.2 Motivations

The formalism of co-operads provides tools to deal combinatorially with homotopy coher-
ences and perform homotopy-coherent constructions. However, there is an important
class of oo-operads for which this complexity is not needed: it is given by the discrete
operads, whose spaces of operations carry no topology structure and are simply sets. In
many cases, this makes discrete operads much simpler to study than their co-categorical
counterpart, as one does not need to keep track of homotopy coherences. On the other
hand, their rigidity makes it necessary sometimes to study them as instances of particular
oo-operads. The interplay between these two perspectives is subtle but rich: let us explore
how it shapes the motivations of this work.

2.2.1 Discrete operads and localizations

A way to obtain non trivial co-operads arises from relative operads. A relative operad is
a discrete operad P together with a set of unary-operations S called weak equivalences.
Starting from a relative operad (P, S), one can formally invert the arrows in S in the
c-operad N®(P) determined by the nerve of P and obtain an co-operad N (P)®[S~!], the
localization of P at S, characterized by the familiar universal property of being initial
amongst those co-operads under N®(P) where the arrows in S become equivalences.

A first fundamental class of co-operads which arises in this way is given by co-categories:
Joyal’s delocalization theorem, stated in [Joy07, §13.6] and proven by Stevenson in
[Stel7], guarantees that every co-category X, which can be represented as a simplicial
set (that is, a quasicategory), is equivalent to a localization of the nerve of its category of
elements A/X. This equivalence is realized via the last vertex functor (already appearing
in the work of Waldhausen [Wal85, §1.61), a map of simplicial sets V' (A/X) — X, from the
nerve of A/X to X, which evaluates an n-simplex of X at its n'" vertex. In the theorem,
it is shown that this map induces a morphism of simplicial sets

N@A/X)T— X

which exhibits X as the oo-categorical localization of V' (A/X) at the set of morphisms 7,
given by the preimages of the identity morphisms.
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Another important class of co-operads which are not simply co-categories and arise as
the localization of relative operads is that of the little n-disks operads E,. Recall that,
for every k > 0, the space of k-ary operations E, (k) is the space of configurations of k
disjoint n-dimensional disks into the unit n-dimensional disk. A point in E, (k) may be
represented as a diagram of embeddings

LJi=a D" D"
\ / 2.2.1)
Rn

which commutes up to a specified isotopy; paths in E,, (k) are given by isotopies between
these, and so on.

Consider now the discrete operad Disks,,, which has a non-trivial set of objects, given
by the set of embeddings D" < R"™ of an open n-dimensional disk in R", and where an
operation from k& such embeddings to another is a triangle as in Diagram 5.3.5 but which
commutes strictly. There is a natural morphism of co-operads N®Disk,, — E,, from the
nerve of Disks, into E,, sending every inclusion of a finite disjoint union of disks into
the corresponding configuration in R"™. Every arrow in Disk,, is sent to an equivalence
in E,, and in [Lurl?7, §5.4.5] Lurie shows that the induced map from the oo-operadic
localization? at the preimage of equivalences

N®(Disks,)[7 '] = E,

is an equivalence of co-operads. The fundamental consequence is that the induced functor
between the co-categories of algebras

Algg (S) — Algpig,, (S)

is fully faithful and allows to identify E,-algebras with the locally constant algebras over
Disk,,, that is, those sending unary morphisms into equivalences. This characterization
of E,,-algebras allows to prove that any E,-algebra can be cocontinuously extended to
an algebra over the oo-operad O(R™) of all open subspaces of R by a process of operadic
left Kan extension ([Lurl7, Theorem 5.5.2.5]). In fact, the same result is true for the
w-operads Ej; and Disks;, obtained by replacing R™ by a framed n-manifold M2, and is
at the core of the definition of factorization homology of the manifold M, an algebraic
and topological invariant connected with Hochschild homology and homology theories
([Lurl7], [AF151,[AFT17]).

Localization proves then to be an important tool to understand the theory of co-operads,
and as we have seen, expressing an oo-operad as the localization of a discrete one can
simplify certain arguments in concrete computations. In light of this, and guided by the
principle that results for co-categories should admit "multiplicative” extensions to the
operadic setting, it is natural to consider the following question.

Question 1. Does every cwo-operad write as the localization of a discrete operad? Can
we describe the aforementioned discrete operad explicitly? Can we do this by extending
Joyal’s delocalization theorem?

2To be precise, to deal with localization of co-operads Lurie uses the theory of weak approximations.
3In fact, even a stratified manifold, see the works of Ayala-Francis-Tanaka [AFT17].
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We will answer all these questions in the affirmative, as we will see in Section 2.3.
This will allow us to describe the co-category of algebras over an oo-operad through their
characterization as locally constant algebras over the discrete resolution. This perspective
opens up various tools for studying the homotopy theory of operadic algebras, notably the
crucial class of methods known as operadic un/straightening equivalences.

2.2.2 Operadic un/straightening equivalences

In a broad sense, a un/straightening equivalence (to be read straightening-
unstraightening equivalence), consists in describing diagrams in the co-category of spaces
S (and even in that of co-categories) using certain fibrations which are easier to under-
stand. In classical algebraic topology, one can think about the correspondence between
covering spaces FF — X of a topological space X and sets with an action of the fundamen-
tal group 71 (X). In modern language, the un/straightening equivalence for an co-category
C was first formulated and proven by Lurie ([Lurl7]) and consists of an equivalence of
co-categories
St€: Lefte == Fun(C,S) :Unst®,

where Leftc is the oo-category of left fibrations over C, a generalization of the notion of
categories cofibred in groupoids, and Fun(C, S) is that of co-categorical functors from C to
S.

Again, a guiding principle in the theory of co-operads is that a result valid for co-categories
should admit a multiplicative extension to co-operads. In the operadic generalization,
functors become algebras and fibred objects become multiplicatively fibred objects: an
operadic un [ straightening equivalence for an co-operad P consists of an equivalence of
co-categories

St”: Left (Opy,)p = Algp(S) :Unst”,

where Left(Op,,)p is an co-category of operadic left fibrations over P, the higher categorical
generalization of operads cofibred in groupoids, and Algy(S) that of P-algebras valued in
the oo-category of spaces S.

The definition of the co-categories involved in the operadic un/straightening equivalence,
and the construction of the equivalence itself, depend on the chosen model of co-operad; in
both the frameworks of Lurie and the dendroidal approach, the co-categories Left(Op,, )P
and AlgP(S) are well-defined, and certain operadic equivalences of un/straightening have
been established. Here is a brief summary of these results.

In Lurie’s and the dendroidal settings the co-categories Left(Op,, ), and Algp(S) are well-
defined, and some operadic un/straightening results have been established. A brief
summary of these results follows.

In the dendroidal models, the notion of operadic left fibration extends the analogous one
for co-categories. The first definition was formulated in the model of dendroidal sets and
goes back to Heuts [Heul1]. It relies on the notion of leaf horn of a tree, a combinatorial
object which helps to capture existence and uniqueness up to higher homotopies of
lifts of operations. The co-category of operadic left fibrations over a quasioperad X is
modeled by the covariant model structure on the category dSets/X of dendroidal sets
over X. In [Heul1], Heuts proves an operadic un/straightening equivalence for a normal*

*It is a cofibrancy condition, it corresponds to the action of the symmetric group on an operad being free.
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dendroidal set X, constructing a direct Quillen equivalence between the covariant model
structure on dSets/X and the projective model structure on the category Algyy, () (sSets)
of simplicial algebras over the simplicial operad W)(X) (a sort of homotopy-coherent
Boardman-Vogt resolution of X). In the model of complete dendroidal Segal spaces, an
analogous equivalence was constructed by Boavida-Moerdijk in [BABM20], for a notion of
operadic left fibration which results to be equivalent to the one given in the dendroidal
case. We observe that, while in the model of dendroidal sets an operadic left fibration is
defined by means of a right lifting property (against leaf horn inclusions), for dendroidal
spaces this is rather defined as a local object with respect to leaf inclusions of trees. In
both these dendroidal un/straightening equivalences, the left adjoint, which assigns to an
operadic left fibration over a dendroidal co-operad an algebra over it, acts on representable
dendroidal left fibrations as a ’free algebra’ functor.

In Lurie’s formalism, a un/straightening equivalence for an oo-operad P can be de-
duced from Ramzi’s more general monoidal Grothendieck construction for P-monoidal
oo-categories ([Ram22]). For any such P-monoidal oo-category C, which one can regard
as an co-operad cofibred over P, Ramzi’s construction establishes an equivalence of co-
categories between the co-category of P-monoidal left fibrations over C and that of P-lax
monoidal functor C — S°. With this formalism, one recovers the co-category of P-algebras
as that of P-monoidal functors P — S, and operadic left fibrations over P are the P-
monoidal left fibrations D — P. The same equivalence was also established by Kern in
[Ker23] using the formalism of algebraic patterns. While this approach is well suited
for broader generalizations, introducing algebraic patterns lies beyond the scope of this
thesis, and we will therefore not elaborate further.

In the previous section, we observed the centrality of the interplay of discrete and co-
operads through localization. The following becomes for us an important

Motivation. Study the interaction between operadic localization and operadic left fibra-
tions. Construct operadic un/straightening equivalences suited to manipulate discrete
operads.

Analyzing the un/straightening equivalences also raises foundational questions, as we
shall now see.

2.2.3 Model-independence

The equivalence between different formalisms for co-operads does not, in general, directly
imply model-independence of operadic left fibrations—although such independence is
arguably a necessary feature of any robust definition. Indeed, in order to define operadic
left fibrations the main technical point to address is to make sense of operadic homotopy-
coherent coCartesian lifts of operations, and this is done by using techniques not evidently
independent from the chosen model.

A first question to ask is hence whether the co-category of operadic left fibrations over an
oo-operad independent from the chosen model.

For the dendroidal models, the answer is positive: in [BdBM20], Boavida-Moerdijk prove
model invariance of operadic left fibrations in the two dendroidal models of complete

®In fact, it is proven that both these owo-categories arise as the co-categories of P-algebras in some P-
monoidal co-categories, and that the equivalence is induced by a 7P-monoidal equivalence between the
latter.
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dendroidal Segal spaces and dendroidal sets, relying on a direct equivalence between the
two models for co-operads.

To date, no answer has been provided within Lurie’s and the dendroidal frameworks, a
principal challenge given by the fact that the first equivalence between the two formal-
ism was indirect and featured a third model for co-operads, that of Barwick’s operator
categories (see the diagram in Section 2.1.2). However, in recent work, Hinich and
Moerdijk [HM24] constructed a direct equivalence between Lurie and dendroidal oco-
operads, expressed through complete dendroidal Segal spaces, thereby proving an adjoint
equivalence of co-categories
0: £Op,, =— DOp,, :A.

This allows us to sharpen our previous question and formulate this second

Question 2. Does Hinich-Moerdijk equivalence induce an equivalence between the
oo-categories of operadic left fibrations in Lurie’s and the dendroidal model?

In Section 2.3.3, we will see that this is indeed the case.

2.3 Contributions

In this section, we present the original contributions of this thesis. Before turning to a
more detailed exposition, we offer a brief narrative outlining the core results.

We start by showing that every co-operad is equivalent to the localization of a discrete
operad, via what we call the root functor. This leads us to study un/straightening
constructions specifically for discrete operads. As the root functor is formulated in the
dendroidal formalism and discrete operads are fundamentally 1-categorical, we work
with the model of dendroidal sets; we construct, for any discrete X-free operad P, a
un/straightening equivalence, in the form of a Quillen equivalence between the covariant
and the projective model structures. In the construction of the adjunction, we use
the symmetric monoidal envelope associated with discrete operads to define the left
adjoint, the rectification functor. Showing that the adjunction is a Quillen pair involves
considering algebras given by chains of inclusions of subtrees. To show that it is a Quillen
equivalence, we consider the functors between the underlying co-categories, and prove
that they form an adjoint equivalence. The key step is to construct a new un/straightening
equivalence, which is in fact defined for any oo-operad in Lurie’s formalism, which we
do in, and then show that our Quillen adjunction presents this equivalence when the
operad is discrete. This required proving that Hinich-Moerdijk comparison functors
induce an equivalence of co-categories between the co-category of operadic left fibrations
for Lurie’s and the dendroidal model. As an application of the root functor and the
straightening theorems, we show that algebras over co-operads are equivalent to locally
constant algebras over its discrete resolution.

While interconnected, these results each hold independent significance, and we now
present them in a systematic manner.
2.3.1 The root functor

The dendroidal formalism, and more precisely the homotopy theory of dendroidal sets
allows us to give a positive answer to Question 1. Dendroidal sets are the category of
presheaves on the dendroidal category Q. By means of the operadic model structure,
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they form a model for co-operads, which are represented as quasioperads, dendroidal sets
satisfying a certain dendroidal inner horn filling condition. This model extends Joyal’s
model of quasicategories, in the sense that a quasicategory is precisely a quasioperad
which admits a morphism into the point.

In this setting, we extend the category of elements functor A/—: sSets — Cat to a functor
Q/—: dSets — Op

from dendroidal sets to discrete operads, which assigns to a dendroidal set X its operad
of elements 2/ X. The objects are pairs (T, «), with T' is a tree and « a morphism from
T to X, and the sets of operations are given by wide and independent maps of disjoint
unions of trees (Definition 6.3.6). We then show that evaluating any such « at the root of
T (the only ’canonical’ edge of T') extends to a morphism of dendroidal sets

ex: Ng(Q/X) — X

from the dendroidal nerve of ©2/X into X, which we call the root functor (Proposi-
tion 6.3.10).

An element (7, «) can be interpreted as a decoration of the tree 7" with composable
operations of X. What is happening then is that the homotopy-coherences of X are
'resolved’ (or ’strictified’) by becoming objects in the discrete operad /X, and then
recovered by identifying some of these objects — that is, by localizing at some set of
morphisms. The root functor is the comparison map which captures precisely the missing
homotopical information of X, in the following precise sense.

Theorem (Theorem 6.3.13). Let X be a normal dendroidal set, and let R be the set of
morphisms of Q/X sent to identities by 2 x. The root functor zx induces an operadic weak
equivalence of dendroidal sets

Zx: Ny(Q/X)[R71 = X
between the localization of Ny(Q2/X) at R and X.

To prove the theorem, we first formalize the notion of localization in the model of den-
droidal sets (Definition 6.2.2), which is, to our knowledge, novel. We then show that when
X is a normal dendroidal set we can construct an explicit description of the localization
and express it as a pushout. In the proof of the theorem, we show that we can proceed by
skeletal filtration, and we then construct an homotopy inverse of zx in the case when X
is a representable dendroidal set, that is, a tree.

A first corollary of Theorem 6.3.13 is that zx is a weak equivalence in the stable model
structure on dSets (Corollary 6.3.15). The latter model structure, defined in [BN14],
extends the Kan-Quillen model structure on simplicial sets and its homotopy theory is
equivalent to that of infinite loop spaces. In other words, every normal dendroidal set is
weakly equivalent to the infinite loop space of a discrete operad.

By restricting to simplicial sets, we also obtain Joyal’s delocalization theorem, as desired.

Corollary (Joyal, Stevenson). For any simplicial set M, there is an isomorphism of
categories /X ~ A/X, and the root functor coincides with the the last vertex functor
N(A/M) — M. In particular, this latter induces a weak categorical equivalence

N(A/MR™Y — M
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between M and the localization of N'(A/M) at the preimage of the identities. In particular,
the map N (A/M) — M is a weak homotopy equivalence.

2.3.2 A un/straightening equivalence in Lurie’s model

The equivalence induced by the root functor gives centrality to discrete operads, and to
the need of constructing convenient un/straightening equivalences to study the homotopy
theory of algebras over them.

Before that, however, we adopt the broader framework of co-operads. As noted, ensuring
homotopy-invariant constructions benefits from moving between model categorical and
co-categorical approaches. Therefore, before focusing on discrete operads and dendroidal
combinatorics (the impatient reader may go directly to Section 2.3.4), we consider Lurie’s
model of co-operads, which provides a tool available for discrete operads but absent in
the dendroidal context: the symmetric monoidal envelope, which relates the theory of
(co-)operads to that of symmetric monoidal (co-)categories.

The symmetric monoidal envelope functor
Env(—)®: £Op,, —> smCatq,

is the left adjoint to the forgetful functor from the co-category of symmetric monoidal
oo-categories to that co-operads. In [Lurl7], Lurie constructs such a left adjoint, in a way
which extends the analogous notion for discrete operads (originally defined under the
name of PROP in [Mac65]). The envelope is characterized by the following universal
property: for any oo-operad P and any symmetric monoidal co-category V, there is an
equivalence

Algp (V) ~ Fun®(Env(P), V)

between the co-category of P-algebras in V and that of strong monoidal functors
Env(P) — V. We adopt this perspective — algebras as strong monoidal functors — to
construct a un/straightening equivalence

We start by observing that although the envelope is not fully faithful, it follows from
Haugseng-Kock’s [HK24, Proposition 2.4.3] that it is a fully faithful left adjoint when
sliced over a Lurie’s co-operadO®. As a first step, we prove that this sliced functor
restricts to an equivalence

nv(— ®
Leftl(%x Env(2)

smLeftgy, o)

between the co-category of operadic left fibrations over O® (the same as in Ramzi’s
monoidal Grothendieck construction) and that of strong sm (symmetric monoidal) left
fibrations over Env(0)®, which are left fibrations of symmetric monoidal oo-categories
satisfying a certain Segal condition (Definition 4.3.7). We then characterize this latter
oo-category as the essential image of the monoidal unstraightening (see Section 2.2.2)
of strong monoidal functors Env(O) — S (in fact, we obtain such characterization by
replacing Env(0)® any symmetric monoidal co-category C®). This is how we prove the
main result of this section.

Theorem (Theorem 4.5.1). Let O® be a Lurie w-operad. There exists an equivalence
of co-categories between operadic left fibrations and O%®-algebras in spaces, where the
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straightening functor is given by the composition of the symmetric monoidal envelope and
the monoidal straightening functor. In symbols,

v(-)P StEW(—),®

En
St Left'(agX e smLeftSé‘,:V(O) =——— Fun®"(Env(0),S) =~ Algo(S).

Its inverse is given by the composition of the unstraightening functor with the base-change
along the unit of the adjunction (Env(—)®,U).

The operadic straightening functor St© differs from Ramzi’s functor (Section 2.2.2), which
on the underlying objects coincides with the classical un/straightening equivalence. If
any, this un/straightening equivalence has the advantage of giving a formulation in terms
of the envelope functor, amenable to generalizations to the context of algebraic patterns,
as in Kern’s Grothendieck construction [Ker23] or as suggested in Barkan-Haugseng-
Steinebrunner [BHS22].

2.3.3 Model independence of operadic left fibrations

We address the question of model-independence of operadic left fibrations raised with
Question 2. Starting from Hinich-Moerdijk equivalence between Lurie co-operads and
complete dendroidal Segal spaces, we prove the following result.

Theorem (Theorem 4.2.15). Let O® be a Lurie co-operad and X a dendroidal co-operad,
with O® and X equivalent under the Hinich-Moerdijk equivalence, that is, O® ~ \(X).
Then the Hinich-Moerdijk comparison functors (9, \) induce an equivalence

5/ Leftd = DlLeftx : )/,

between the co-category of operadic left fibrations over O%® and that of dendroidal left
fibrations over X.

The essential point to prove this theorem is expressing both operadic and dendroidal left
fibrations as local objects with respect to some left anodyne maps in some co-categories, a
technical difficulty arising from the fact that /Op_, is not a localization of the presheaf
category PSh(®), where @ is a category of forests, that is finite disjoint unions of trees.
In Lurie’s model the anodynes are left horn inclusions, and in the dendroidal model
dendroidal left horn inclusions. We then prove that the combinatorics can be simplified
so that one has only to consider the inclusions {0}: A? — A" and ¢(T) — T respectively,
where ¢(T) is the set of leaves of T'.

2.3.4 Rectification of dendroidal left fibrations

We now return to discussing the root functor and Theorem 4.5.1, and proceed to construct
a un/straightening equivalence for discrete operads in the formalism of dendroidal sets,
where the root functor is defined.

Our starting point is the un/straightening equivalence for discrete categories in the
formalism of simplicial sets, as developed by Heuts and Moerdijk in [HM15], which we
extend as follows. Given a discrete operad P, we define the rectification functor p{ as a
functor

pt : dSets/NyP — Algp(sSets)
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from the category of dendroidal sets over the nerve of P to that of simplicial P-algebras,
characterized by the following property: for any tree 7' and element (7', «) in dSets/Ny(P),
there is an isomorphism of simplicial P-algebras p{ (T, o) ~ Env(T') x env(p) Env(P)/, where
Env(—) is the nerve of the symmetric monoidal envelope of discrete operads and 7 is
regarded as the free operad it generates.

We prove the following result.

Theorem (Corollary 5.5.3). Let P be a X-free discrete operad. The rectification functor is
part of a Quillen equivalence

pt : dSets/NyP = Algp(sSets) : pb

between the covariant model structure on dendroidal sets over the dendroidal nerve of P
and the projective model structure on simplicial P-algebras.

When P is a discrete category, we recover Heuts-Moerdijk equivalence. In fact, we
improve on this, by showing the following.

Proposition (Theorem 5.4.4). Let A be a discrete symmetric monoidal category. The
Quillen pair
pit: sSets/N A = Fun(A4,sSets) : p’

is a monoidal Quillen equivalence of Quillen monoidal model categories, with respect to
the projective model structure and Day convolution on Fun(A,sSets) and the covariant
model structure and the natural [<-product on sSets/N A.

The proof of Corollary 5.5.3 is carried on in two distinct steps, which differ in methods.

The first step consists in proving that the constructed adjunction is a Quillen pair,
and more precisely that the right adjoint p7} is right Quillen. To this end, we employ
combinatorics of trees in order to better understand lifts of maps in the image of p}
against dendroidal boundary and leaf horn inclusions.

The second step, showing that the adjunction (pf’, p%) defines a Quillen equivalence, is
difficult to establish by applying model-categorical methods, the central issue being that
colimits in categories of algebras are not computed objectwise (see the discussion at the
beginning of Section 5.5).

Things become easier if we adopt the less rigid methods of co-categories, and so we look at
the adjunction between the underlying co-categories induced by the rectification functor,

(pl) oo+ dLefta,p == Algp(S) : (ph)eo-

The crucial point is now to use Theorem 5.4.4 to show that, for P X-free, there is a
commutative diagram of co-categories

(ng)oo
dleftp;,p ——— Algp(S)

xl
7 %

lax

Left/\/’p
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where )\; is induced by the sliced Hinich-Moerdijk equivalence (Section 2.3.3) and St”
is the operadic straightening functor of Theorem 4.5.1 for the nerve of P . As both are
equivalences of oo-categories, by Theorem 4.2.15 and Theorem 4.5.1 respectively, we
conclude that (p{)., is an equivalence as well.

2.3.5 Covariant model structure and locally constant algebras

We combine the un/straightening equivalence of Corollary 5.5.3 and the equivalence
N(Q/X)[R™!] ~ X given by the root functor (Theorem 6.3.13) to give different character-
izations of the co-categories of algebras over X.

In the first place, we study the compatibility of dendroidal localization with the covariant
model structure.

Proposition (Proposition 6.4.4). For any dendroidal set Y and set of 1-morphisms
S C Yg,, the localization map Y — Y[S™!] induces a Quillen equivalence

Ar: dSets®/Y = dSets/Y[S™!] : \*

between the left Bousfield localization of the covariant model structure on dSets/Y at Sy
and the covariant model structure on dSets/Y [S~']. Here S)y is the set of morphisms in
dSets/Y of the form

AO(LAI
DN
Y

where f: a — bis a morphism in S and the arrow {1}: A° — Al is the inclusion of the last
vertex.

In particular, the fibrant objects for the model structure on dSets®/Y are the S y-local
dendroidal left fibrations over Y, that is, the dendroidal left fibrations £ — Y for which
for every f: a — bin S the morphism in the homotopy category of spaces between the
fibres fi: £, — Ej is an isomorphism.

The algebraic analogue of this notion is expressed by that of S-locally constant algebras
over an operad. If P be a simplicial operad and S a subclass of 1-morphisms in P, a
locally constant simplicial P-algebra is a P-algebra F for which the map of simplicial sets
f«: F(a) — F(b) is a weak homotopy equivalence for any morphism f: a — bin S.
Considering P = /X and Y = Ny(£2/X)[R~!], we obtain two results: a ’locally constant’
un/straightening equivalence for dendroidal oo-operads, and the characterization of
algebras over the latter as locally constant algebras over their operad of elements.

Corollary (Corollary 6.4.9). Let X be a normal dendroidal co-operad.

1. The rectification functor for the operad of elements €2/ X induces a Quillen equiva-
lence
p!Q/X: dSets™* /N;Q/X = Alggfx (sSets) :pgx

between the localized covariant model structure of Proposition 6.4.4 and the left
Bousfield localization of the projective model structure on simpicial 2/ X-algebras
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at p!n/ X(R) The fibrant objects of this latter are precisely R x-locally constant /X -
algebras.
2. There is a zig-zag of Quillen equivalences
Algy, (x)(sSets) < o — Alggfx(sSets)

between the projective model structures for simplicial Wi(X)-algebras and for R x-
locally constant algebras on /X, where W\(X) is the simplicial operad given by the
Boardman-Vogt resolution of X.

2.3.6 Interdependence of the results

The following diagram shows the logical dependencies between the proven results. An
arrow from A to B means that result A is needed to prove result B.

Theorem 6.3.13 Theorem 4.5.1 Theorem 4.2.15
Theorem 5.4.4

Proposition 6.4.4

Corollary 6.4.9 Corollary 5.5.3

2.4 Outline of the thesis

In this introduction, we have presented our contributions by emphasizing the underlying
motivations and their interconnections, in the hope of offering a coherent perspective,
and also with the intention of conveying the intellectual journey that led us to our results.

For the sake of clarity and rigor, we chose a different exposition of the material, and the
main body of the thesis is organized as follows:

* Chapter 3 contains the core background on the theory of oco-operads and the different
formalisms, and sets the notation used throughout. It is expository in nature and
does not include any proofs.

* Chapter 4 contains the results of Section 2.3.2 and Section 2.3.3. Up to prelimi-
naries and minor expository changes, it consists of the article available on arXiv
with the identifier 2501.05263v2, under the name A straightening-unstraightening
equivalence for co-operads ([Pra25c]).

* Chapter 5 contains the results of Section 2.3.4. Up to preliminaries and minor
expository changes (mostly Section 5.5), it consists of the corrected version of
the article available on arXiv with the identifier 2502.17415v2, under the name
Rectification of dendroidal left fibrations ([Pra25al).
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¢ Chapter 6 contains the results of Section 2.3.1 and Section 2.3.5. Up to preliminaries
and minor expository changes, it consists of all the sections but the last one of the
article available on arXiv with the identifier 2505.14288, under the name The root
functor ([Pra25b]).

The chapters are structured so that each can be read independently of the others. At
the beginning of each chapter, we specify the preliminary notions required, with explicit
references to the relevant sections of Chapter 3. When results from previous chapters are
needed, we recall them in context to ensure that the exposition remains as self-contained
as possible.

2.4.1 Assumptions

We assume the reader is familiar with Quillen model categories (a good reference is
[Hir03]) as well as the theory of co-categories (as developed, for instance, in [Lur09] or
[Cis19]). The remaining background material is explicitly reviewed in Chapter 3, with
[HM22] serving as the reference text for dendroidal co-operads.

2.5 Perspectives

Within this thesis, we will see how several of our results are connected to existing
constructions, suggesting possible comparisons, equivalences, or generalizations whose
development appears natural to us. These points are discussed and appropriately high-
lighted throughout the chapters, specifically in Chapter 4 (Section 4.1.2, Remark 4.2.19)
Chapter 5 (Remark 5.5.5).

Let us here focus on one more perspective, concerning relative operads, co-operads and
localization. Consider the localization functor

L: RelOp — Op,,

sending a relative operad to the ow-operadic localization of its nerve®. The root functor
and Theorem 6.3.13 show that L is essentially surjective, providing a section

Q/—: Op,, — RelOp,

where the weak equivalences of 2/ X are the root preserving morphisms.

For co-categories, this is the content of Joyal’s delocalization theorem. In this case, more
is true: in [BK12b] Barwick-Kan show that the homotopy theory of relative categories
is equivalent to that of co-categories. More precisely, they prove that Rezk’s classifying
diagram (proven to be equivalent to the localization functor by Mazel-Gee in [MG19])
induces an equivalence of co-categories

L: RelCat[DK™!] — Caty,

where DK are the Dwyer-Kan weak equivalences, the functors inducing an equivalence
after localization. Barwick-Kan’s result is formulated in the language of simplicial spaces;

6A concrete model for £(P) is given by the derived localization (see Definition 6.2.2 and Proposition 6.2.4)
of a cofibrant replacement of the dendroidal nerve of P.



34 CHAPTER 2. INTRODUCTION - ENGLISH

recently, Arakawa has proven a quasicategorical version, showing that the last vertex
functor, regarded as a functor of relative categories

A/—: (sSets, Wyoy) —> (RelCat, DK)

is homotopy inverse to the localization functor [Ara25, Theorem A.2].

The root functor suggests that a similar result should also hold for co-operads; in fact, by
combining Theorem 6.3.13 with the techniques in [Ara25] it should be possible to prove
that the co-operadic localization functor induces an equivalence of co-categories

RelOp[DK™!] — Op,,

whose homotopy inverse is the root functor. Here, the Dwyer-Kan weak equivalences
DK are the maps of relative operads which induce an equivalence after localization.
However, observe that this notion becomes meaningful only if we manage to relate it
with Dwyer-Kan equivalences of simplicial operads and derived localization of simplicial
operads.

Indeed, in the categorical case the co-category RelCat[DK '] is constructed and understood
in two steps:

¢ In [BK12b], Barwick-Kan construct an adjunction
K : sSpaces — RelCat : \¢

and lift Rezk’s model structure for complete Segal spaces on a Quillen equivalent
model category structure on RelCat, whose weak equivalences are thus called Rezk’s
weak equivalences.

e In [BK12a], the authors consider then the hammock localization functor
LH: RelCat —> sCat,, which yields an explicit model for the derived localization
of simplicial categories, and prove that Rezk’s weak equivalences in RelCat are
precisely those sent by £ to Dwyer-Kan weak equivalences of simplicial categories.
They also proved that the same is true by replacing the hammock localization with
other Dwyer-Kan equivalent models.

It should be possible to obtain a similar diagram for co-operads and prove that Dwyer-Kan
weak equivalences in RelOp are the ones sent to equivalences by the derived localization
functor RelOp — sOp,,. Nevertheless, at the present moment we do not have tools to
compute derived localization of simplicial operads as the Hammock localization did for
simplicial categories. Recently, Basterra-Bobkova-Ponto-Tillmann-Yeakel in [BBP 18]
have proposed a generalization that they call a tree-hammock localization, conceived
to present derived localizations of discrete and simplicial operads. However, various
central points were left open; namely, it is not proven that the construction does compute
derived localization, and algebras over the tree-hammock localization were only partially
identified.



Chapter 3

Core Background

This chapter provides the background and notation needed throughout the thesis, with
the purpose of making it self-contained up to the proofs of these results. It contains no
original results and serves as a reference for standard definitions and results, mainly
from [HM22] and [Lurl7]. More precisely:

In Section 3.1 we recall the main results allowing to interpret model-categorical results
as results of co-categories. It is intended to be a dictionary which makes rigorous the
flexible adoption that we make of the two languages.

In Section 3.2 we set up notation for co-categories.
In Section 3.3 we recall the basic theory of Lurie’s co-operads.
In Section 3.4 we introduce the dendroidal category €2 and its combinatorics.

In Section 3.5 we recall the theory of complete dendroidal Segal spaces in co-categorical
terms.

In Section 3.6 we convey the necessary background on the theory of dendroidal sets and
the operadic and covariant model structures.

In Section 3.7 we set up notation relative to dendroidal sets.

In Section 3.8 we gather the main results concerning the equivalence between the two
dendroidal models for co-operads, formulated in co-categorical terms.
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3.1 Dictionary

While in the formalism of co-categories homotopy-invariance is intrinsic, Quillen model
categories offer a more rigid setting amenable to explicit computation’. The transition
between these two languages is mediated by rectification tools, which we now recall; we
follow the approach of [MOR22, §1.1].

To any model category M one can associate its underlying co-category (in the sense of
quasicategory) M,. Explicitly, one can obtain M, as:

¢ the homotopy coherent nerve of a fibrant replacement of the hammock localization
of M, in which case M and M, have the same set of objects (see [DK80]), or

¢ the derived localization of the nerve of M at W (in the sense of Definition 6.2.2), or

¢ if M is a simplicial model category, the homotopy coherent nerve of the subcategory
M¢F of fibrant-cofibrant objects.

An interesting discussion about the equivalence between the last two models can
be read at htips:/ /mathoverflow.net/questions /390076 | modern-proofs-for-simplicial-
localizations.

We say that an co-category X is presented by a model category M if there exists an
equivalence X ~ M.

Remark 3.1.1. Not every co-category is presented by a model category. This is true only
for presentable co-categories (which, in particular, are complete and cocomplete) ([Dug01],
[Lur09, §A.3]).

Any left (resp. right) Quillen functor F': M — M’ induces a left (resp. right) adjoint
functor of oo-categories Fi,: Mo, — M, and ho(Fy,) ~ L(F) (resp. ho(Fy) ~ R(F))
([Maz16, Theorem 2.1]). On objects, it can be computed as

Fo(X) =LF(X) = F(XY), resp. Fy(X)=RF(X)=~ F(Xxfb)),

where LF, resp. RF, denotes the left, resp. right, derived functor of F, and X°f, resp.
Xfib is a cofibrant, resp. fibrant, replacement of X in M. Quillen embeddings correspond
to fully faithful left adjoints, and any Quillen equivalence induces an equivalence of
oo-categories, as follows from [Maz16, §A.2] and [Lurl7, §1.3.4].

Let G be a functor of co-categories, and let F' be a Quillen functor between model categories.
We say that I presents G if there is an equivalence G ~ F,.

Any monoidal Quillen model category M yields a symmetric monoidal co-category M®
(see Definition 3.3.4) whose underlying co-category is M, ([Hin16]).

A functor of co-categories L: C — D is a (left Bousfield) localization if it has a fully-faithful
right adjoint. In particular, any localization functor between presentable co-categories is
cocontinuous and essentially surjective.

A functor of co-categories L: C — D is a localization if it has a fully faithful right adjoint
D — C. A full sub co-category D of C is called a localization of C if the inclusion D — C
has a left adjoint. If L: M — N is a left Bousfield localization of Quillen model categories,
the induced functor of co-categories Lo, : My — Ny is a localization.

!These two perspectives need not be orthogonal; see for instance [Cis19].
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3.2 Notationl

We aim to work with oo-categories model-independently. When we need to use an explicit
model, we adopt that of Joyal’s quasicategories. We adopt the following conventions for
oo-categories.

* We write S for the co-category of spaces, presented by the Kan-Quillen model
structure on simplicial sets.

* Given an co-category C and objects z,y of C, we write Map,(z,y), or sometimes just
Map(z, y), for the mapping space of arrows in C from z to y.

* Given two oo-categories C, D, we write Fun(C, D) for the oo-category of functors from
C to D.

* Given an co-category C, we write PSh(C) for the co-category of presheaves on C,
that is, PSh(C) := Fun(C°,S). It is presented by the projective model structure on
Fun(€(C),sSets), where €: sSets — sCat is the left adjoint to the homotopy coherent
nerve functor.

* We write Caty, for the co-category of small co-categories, the full sub co-category of
simplicial presheaves Psh(A) spanned by complete Segal spaces.

3.3 Lurie’s w-operads

We recall the theory of Lurie’s co-operads, algebras over them and symmetric monoidal
oo-categories. Unless stated otherwise, the material in this section follows [Lurl7].

Notation 3.3.1. Denote by Fin, the skeleton of the category of finite pointed sets. Its
objects are the finite sets n, = {*,1,...,n}, for n > 0, where = is the base point, and a
map f: n, — m, is a map of sets preserving the base point. The map f is called active if
(%) = {*}, while it is called inert if #f~1(i) = 1 for all i € m_ \{*}. We will still denote
by Fin, the simplicial set given by its nerve. For any n > 0, we denote by 5: n, — 1, the
unique active map in Fin, fromn, to1l,. Foranyn > 0andie {1,...,n}, we denote by
p':n, — 1, the inert morphism sending j # i to the base point = and the element i to 1.
We call p; the projection on the i-th coordinate. In the degenerate case, when n = 0, there
is a unique morphism p: 0, — 1,.

Definition 3.3.2. A Lurie c0-operad is an object (0%, p) of Caty gy, such that the mor-
phism p: O® — Fin, has the following properties:

1. any inert morphism « of Fin, admits a coCartesian lift oy in O®. As a result, for any
inert n, — m, there is an induced functor of fibres OF — OF ;

2. for every n > 0, the functor (’)® = (’)® induced by the coCartesian lifts {p}}?
of the projections is an equlvalence of spaces

3. for any arrow f: n, — m, and objects z of (’)(Q@+ and y of (’)%Jr, denote by Map/(z, %)
the subspace of the mapping space Mapys (z,y) spanned by those maps lying over f.
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Given [ and y as above, for any x in O%, the map

Map (2, y) — | | Map/*"' (z, ;)
=1

induced by the projections is an equivalence, where y — y; is the coCartesian lift of
ptaty.

Given such an c-operad, we call inert the arrows of O® which are (equivalent to) coCarte-
sian lifts of inert arrows of Fin...

We denote a Lurie co-operad (O®,p: O® — Fin,) by O%, leaving the map p implicit.
Observe that condition (1) in Definition 3.3.2 implies that O%® is an co-category; as a
consequence, the fibres (9%+ as well. We call O = (’)Er the underlying category of O9.

By condition (3) in Definition 3.3.2, any object = € O% is equivalent to a n-tuple
(1, ...,2y) € O™, and for this reason we write x ~ z1®- - -®x,. For objects =1, ..., x,,y of
O, the space of operations (z1,...,z,) — y is spanned by the morphisms 21 ®--- @z, — =
over 3, which we denote by

Mappye (21, . ., Z0); ).

Definition 3.3.3. The oo-category of Lurie co-operads ¢Op,, is the non full subcategory of
Cate Fin,, Where the objects are Lurie oo-operads O%, and where a morphism f: O® — D%
in Caty /i, 18 @ morphism of co-operads if f preserves inert arrows.

The oo-categoryt (Op,, is presented by a combinatorial simplicial model category structure
on the category POp of preoperads, defined as the category of marked simplicial sets over
Fin,, where marking is given by the inert morphisms ([Lurl7, Proposition 2.1.4.6.]).

One can define symmetric monoidal co-categories as the co-operads with representable
operations. We follow [Lurl7, Definition 2.0.0.7].

Definition 3.3.4. A symmetric monoidal co-category C® is a Lurie co-operad p: C® — Fin,
where p is furthermore a coCartesian fibration (that is, all morphisms in Fin, have
coCartesian lifts).

Given such C®, the n-fold tensor product C*" — C is the functor induced by the coCarte-
sian lifts of the active map f: n, — 1.

After [Lurl7, Proposition 2.4.1.5.], any co-category C that admits finite products has a
canonical symmetric monoidal structure whose tensor product is the cartesian product.
In particular, this applies to the co-category of spaces S; we denote the corresponding
symmetric monoidal co-category by S*.

Definition 3.3.5. The oo-category of symmetric monoidal co-categories smCat,, is the non
full subcategory of Caty i, Where objects are symmetric monoidal co-categories, and
where a morphism C® — V® over Fin, is a morphism in smCat if it preserves all the
coCartesian lifts.

Observe that there is a forgetful functor smCat,, — ¢Op,,. It is not full: morphisms of
symmetric monoidal oo-categories correspond to strong monoidal functors, while those of
oo-operads are rather lax monoidal functors. This functor has a left adjoint, the symmetric
monoidal envelope; we provide a detailed definition in Section 4.4.1.
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Definition 3.3.6. Let O® be a ov-operad and V® be a symmetric monoidal co-category. A
O-algebra in V is a morphism of co-operads O® — V®,

The oo-category of (-algebras in V® is defined as the full subcategory of
Funcat, e, (0®1V®) spanned by morphisms of Lurie c-operads. We write Alg, (V) for
such co-category.

In Lurie’s model there exists a nerve functor which allows to represent simplicial operads
as oo-operads. Let us present this following the presentation in [HHM16].

Let sOp,, be the co-category of simplicial operads with Dwyer-Kan weak equivalences.
There is a nerve construction

N(=)®: sOp,, — (Op,,

which allows to realize every simplicial operad as a Lurie’s co-operads. It is induced by
the functor of relative categories

v: (sOp,W) — (POp,W’), P+ N"(P®)

which assigns to any simplicial operad P the homotopy-coherent nerve of its simplicial
category of operators P®. If P is enriched in Kan-complexes, it follows from [Lurl7,
Proposition 2.1.1.27.] that v(P) is a Lurie’s co-operad, and the nerve functor N'® is
obtained as the functor between the associated oo-categories. For instance, we have that
Fin, ~ N®(Comm). Given a symmetric monoidal co-category C®, we denote by CAlg(C®)
the co-category of commutative monoids in C, that is

CAlg(C®) = AIgComm (8)

Remark 3.3.7. This nerve construction provides, a priori, two distinct approaches to
defining the co-category of algebras over a (X-free) simplicial operad P. One may either
view it as the co-category presented by the projective model structure on the category
Algp(sSets) of simplicial P-algebras, or as the co-category of algebras over the co-operad
N®P in the sense of Lurie. In [PS14, Theorem 7.11], Pavlov and Scholbach demonstrate
that these two models coincide: letting Algp(sSets)®/ denote the full subcategory of
bifibrant simplicial P-algebras, they show that the canonical map

N (Algp(sSets)) W] — Algya(p)(S)

from the co-categorical localization of the nerve of Algp(sSets)/ at pointwise weak equiv-
alences to the ow-category of algebras over N®P is an equivalence of co-categories. Since
the left-hand side constitutes a model for Algp(sSets),,, we may conclude that the co-
category of algebras over a simplicial operad is independent of the specific choice between
Lurie’s framework and the model-categorical approach.

3.4 The dendroidal category (2

The dendroidal category was introduced by Moerdijk-Weiss in [MWO07] and led to the
development of dendroidal homotopy theory, which uses the category € to model operadic
generalization of categorical notions.
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The objects of Q are non-planar trees 7" with finite vertex set V(7') and edge set E(T),
together with a specified edge, denoted by r1, which is attached to a single vertex. We
call this edge the root of T' and this vertex the root vertex.

|
N
\\./

T

Figure 3.1: Some typical trees in 2.

Given a tree T, every vertex v has a single output edge and n input edges, with n > 0.
The leaves of T are the edges which are not the output edge of a vertex, and a vertex
whose set of input edges is non-empty and contained in the set of leaves of T is called a
leaf vertex. An edge ¢ of T' is an inner edge if it is both the input edge of two (necessarily
distinct) vertices.

We say that S is a subtree of 7" if it can be obtained from 7" by successively pruning away
external vertices and the outer edges attached to them from 7.

Any tree T yields an operad Q(7'), whose set of objects is the set of edges of 7" and
where, for any choice of edges ey, ..., e,, e, one has Q(T')(e1,...,e,;e) = {+} if and only if
there exists a subtree of 7" with leaves {ey,...,e,} and root e (necessarily unique), and
QT)(e1,...,en;e) = & otherwise. The operadic composition corresponds to grafting of
subtrees, which means successive identifications of the root of a subtree with a leaf of
another. Given two trees T and S, a morphism f: S — T in  is by definition a morphism
of operads f: Q(5) — Q(T'), determining a fully faithful functor : © — Op.

Performing the grafting of trees corresponds then to a pushout in 2: given two trees R
and S, the tree obtained as the grafting of R onto a leaf / of S corresponds to the pushout
in © of the cospan S <~ 1 2% R.

Observe that any tree can be obtained as the grafting of smaller trees, and the corollas
are the indecomposable objects for the grafting, in the sense that, if a corolla C,, is written
as the grafting of R along S, then either R or S are trivial (i.e. ~ 7).

There is a fully faithful inclusion i: A — €, realized by sending the finite linear order
[n] as the linear tree with n + 1 edges and n vertices:
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Oe .
A >3 J — e Q
|
n—1e °
l ne1
ne .

Figure 3.2: The embedding A —

so that the following diagram of fully faithful functors commutes

A—t . Q

L

Cat —— Op .

Given an operad P, its set of objects inherits a partial order induced by the operations of
P: given two objects ¢, d in P, one says that ¢ < d if and only if P has an operation whose
set of input elements contains ¢ and has target d; any morphism of operads f: P — @Q
induces a morphism of posets f: Ob(P) — Ob(Q).

In particular, given a tree T the partial order on its set of edges corresponds to saying
that, given two edges e and f,

e < f if and only if the (unique) path from e to the root of T' contains f.

In particular, the root rp is the unique maximal element, while the minimal elements
are the leaves of T" and the output edges of stumps. Again, any map of trees f: S — T
induces a map of posets f: F(S) — E(T) between the sets of edges of S and 7. The map
assigning to any vertex its output edge also endows the set V(7T') of vertices of 7" with a
partial order, where one has v < w if and only if out(v) < out(w). In particular, any map
of trees f: S — T induces maps of posets E(S) — E(T), V(S) — V(T); however, unless
the trees are linear, a map of posets does not necessarily determine a map of trees, see
[HM22, Proposition 3.5].

As it happens for A, morphisms in 2 can be described in a combinatorial way. We can
distinguish four classes of morphisms in :

* there are isomorphisms 7' — T’. Observe that, contrarily to A, these can be
non-trivial;

¢ for every inner edge ¢ of T, we call elementary inner face the map 0.7 — T which
comes from contracting e in 7" and identifying its extremal vertices. If R — T is
obtained by contracting more than one inner edge, we call it inner face.

¢ for every subtree S of T, there is the external face consisting in the inclusion S — T}
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¢ for every edge e of T, there is a degeneracy o.T — T which adds a unary vertex in
the middle of e.

We call face map the composition of inner and external faces and a degeneracy the
composition of degeneracies. We say that an external face is elementary face map if it
adds precisely one vertex, and more generally we call elementary faces those face maps
which add or erase precisely one vertex. Restricted to A < €2, one recovers the usual face
and degeneracy morphisms.

Face maps, degeneracies and isomorphisms generate the morphisms in Q; these maps
satisfy some relations called dendroidal identities (see [HM22, Sec 3.3.4]).

Example 3.4.1. Intuitively, we can think about the generating morphisms of the category
Q in the following informal terms

* an inner face corresponds to sending an operation p to an operadic composition qo;r,
where g and r are unknown.

NN
| \./
|

¢ an external face is an inclusion of operads.
N | p/ o N | ,,/
|

* o degeneracy sends a unary morphism to the identity.

oD E— ="

|
3.5 Complete dendroidal Segal spaces

Complete dendroidal Segal spaces are a direct extension of Rezk’s complete Segal spaces.
They were first defined by Cisinski-Moerdijk in [CM13a] in model-categorical terms by
means of the category dSets of dendroidal spaces, that is, dSpaces := Fun(Q2°P, sSets). A
full account can be found in [HM22]. We give here a presentation in model-categorical
terms, following [HM24].

Definition 3.5.1. The co-category DOp,, of dendroidal oo-operads is the full sub oo-
category of the co-category PSh(2) spanned by the presheaves satisfying the Segal and
completeness properties:

1. For an inner edge e of T', calling T,, resp. T°¢, the upper part, resp. the lower part, of
T, so that T is given by the grafting T ~ T° U, T., the natural morphism

X(T) — X(Te) x x(e) X(T°)
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is an equivalence.

2. Completeness: i*X € PSh(A) is a complete Segal space.

The co-category DOp,, can be realized as the one underlying the projective model structure
on dSpaces localized at the Segal and the completeness condition, or equivalently as the
co-category underlying the generalized Reedy model structure on dSpaces localized at
the same classes of morphisms (see [HM22, Remark 12.26]). In particular, this implies
that the oo-category DOp,, is a localization of PSh(2), and in fact, that is obtained via two
successive localizations

PSh(©2) — Seg(£2) — DOp,,,

where Seg(Q2) is the oo-category of dendroidal Segal spaces, not necessarily complete.
Any simplicial operad is in particular a simplicial object in discrete operads: by applying

the dendroidal nerve pointwise (and recalling that the category of dendroidal spaces is
equivalent to that of simplicial objects in dendroidal sets), one obtains a nerve functor

N: sOp — dSpaces, P — ([n] = Ny(Py)),

where sOp denotes the 1-category of simplicial operads. This functor has a left adjoint,
which we denote by 7; the pair (7, N) is homotopical and induces an equivalence of homo-
topy categories ((HM22, Theorem 14.21] 2. The induced equivalence between underlying
oo-categories is easier to understand: after [HM22, Lemma 14.29], it consists of a functor

Np: sOp,, —> DOp,,

which sends a simplicial operad P in sOp_, to the completion of the dendroidal Segal space
T — Mapgo, (SUT), P), where Mapyg,, (—, —) is the mapping space of the co-category of
simplicial operads.

In particular, one can use the functor of co-categories
(T)oo: DOpy, — sOpy,

to define the co-category Alg y (S) of algebras over a complete dendroidal Segal space X as
the oo-category underlying the projective model structure on simplicial 7,,(X)-algebras.
In particular, when X ~ NpP, one has

Algx (S) ~ Algp(sSets) .

3.6 Homotopy theories on dendroidal sets

Dendroidal sets were first introduced by Moerdijk and Weiss in [MWO07], where the
notion of quasi-operads was also defined. In this section, we recall the fundamentals of
dendroidal sets and their homotopy theory, a comprehensive account of which can be
found in [HM22], which we refer to for complete demonstrations and proofs.

More specifically, in Section 3.6.1, we define dendroidal sets and recall the tensor product
of dendroidal sets.

2This is proven by using the sparse model structure on dSpaces, a third model structure which is Quillen
equivalent to the one(s) for complete dendroidal Segal spaces ((HM22, Theorem 14.17]).
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In Section 3.6.2, we review the operadic model structure on dendroidal sets, established
by Cisinski and Moerdijk in [CM11].

In Section 3.6.3, we recall the notion of dendroidal left fibrations and the covariant model
structure, both developed by Heuts in [Heull].

3.6.1 Tensor product of dendroidal sets

The category of dendroidal sets is the category of presheaves on €2; we denote it by dSets.
The inclusion 2: © — Op which associates to a tree the free operad on its edges Q(7)
induces the dendroidal nerve functor, a fully faithful functor

Ng: Op —> dSets, P — Ny(P) = O0p(Q(-),P),
that fits into the commutative diagram

Cat N, sSets

i| |

Op Td> dSetS,

where i, is the left Kan extension of i: A — Q along the Yoneda embedding.

For any tree T, we denote by Q[7'] the corresponding representable dendroidal set.
Observe that there is a natural isomorphism of dendroidal sets

QT = Na(AT)).

The isomorphism A ~ Q/n yields the isomorphism sSets ~ dSets/Q2[n], under which
the inclusion i is the forgetful functor dSets/Q2[n] — dSets. More generally, for any
simplicial set M, one has dSets/i)M ~ sSets/M.

For an operad P, the category of simplicial P-algebras (that is in simplicial sets) has a
symmetric monoidal structure given by the cartesian product, and one can talk about
QQ-algebras in Algp(sSets) for another operad ). The Boardman-Vogt tensor product of
P and Q ([BV73]) is the operad P ® Q with the property that there are equivalences of
categories

Alg(Algp(sSets)) ~ Algpg(sSets) ~ Algp(Alg,(sSets)).

It is defined in terms of generators and relations, as follows.

Definition 3.6.1. Given two operads P, (), its Boardman-Vogt tensor product is the operad
P ® @ defined as follows:

¢ its set of objects is the product of the set of objects of P and Q;
e forall pe P(cy,...,cn;d) and object y of ), there is an operation
P@y € P® Q((Cla y)7 seey (Cnv y)7 (d7 y>)7

and for all g € Q(y1,. .., ym; 2) and object c of P, there is an operation

c®qEe P®Q((Ca yl)a SRR (Ca ym); (Ca Z))a
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The generators satisfy the following relations:

L (p®Y) o) W ®Y) = (poc, ') ®y;
2. (c®q) O(e,y5) (c® q,) =c®(q Oy, q/);

3. for any o € X, and 7 € X,,,, where X, denotes the symmetric group on k elements,

one has
cFp®y)=0c"(p)®y and 7T (c®q)=c®T(q),

where (—)* denotes the action of the symmetric group;
4. the interchange relation:
(P®2)o(c1®¢...,ca®q) =03, ([d®q) 0 (POY1,- ., PO Ym),

where ¢ is an operation of the form ¢: (y1,...,y,) — 2z, o denotes the total operadic
composition and the permutation o, ,, is the unique element of 3,,,, making sense
of the above formula.

Example 3.6.2. Consider the operads

€1 €2 €3 0

QCs) = ep and QC1) = oq

r 1
The Boardman-Vogt interchange relation for Q(C3) ® Q(C1) yields the identification:

(61, O) (62, O) (63, 0) (61, 0) (62, 0) (63, 0)

e p®0 ce1®q coex®q oce3®q

| N | 7

(r,0) = (e1,1) (e2,1) (e3,1)

or®q ep®1

(r,1) (r,1)
Figure 3.3: The Boardman-Vogt interchange relation for Q(C3) ® Q(C).

Consider the category dSets of dendroidal sets. The Boardman-Vogt tensor product
extends to a bifunctor of dendroidal sets

®: dSets x dSets — dSets
characterized by the fact that, for any two trees S and 7', one has
QIT] ® Q[S] = Na(QUT) ® (S)),
and that for dendroidal sets X,Y’, with X = colim; X; and Y = colim; Y}, one has

X®Y =~ colim(X; ®Y) ~ colim;( X ®Yj).
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The tensor product of dendroidal sets is symmetric, and when applied to two simplicial
sets coincide with the cartesian product ((HM22, Proposition 4.2]).

Cocontinuity in both variables ensures existence of an inner-hom object bifunctor
Hom: dSets x dSets — dSets,

right adjoint to ® once fixed a variable. This means that for any choice of dendroidal sets
X.,Y, Z, there is a natural isomorphism of sets

dSets(X ®Y, Z) ~ dSets(X,Hom(Y, Z)),
i.e. Hom(Y, Z) is the dendroidal sets given by
T — Hom(Y, Z)7 = dSets(Q[T]| ® Y, Z).
We denote by hom(—, —) the underlying simplicial set, that is
hom(X,Y) =4¢*Hom(X,Y), hom(X,Y), ~ dSets(i;/(A")® X,Y).

Remark 3.6.3. Contrarily to the Boardman-Vogt tensor product, tensor product of den-
droidal sets is not associative up to coherent isomorphisms, so (dSets, ®) is not a sym-
metric monoidal category, and the simplicial object hom(—, —) does not endow dSets
with a simplicial enrichment. However, the tensor product is associative up to coherent
homotopies (cf. the discussion in [HM22, §4.4]), which suffices for many homotopical
purposes, as we will see in the next sections.

3.6.2 The operadic model structure on dendroidal sets

Some of the notions of the homotopy theory of simplicial sets can be extended to the
context of dendroidal sets. In particular, we recall the following

Definition 3.6.4. Let T be a tree.

* Its boundary inclusion 0T — Q[T] is the morphism of dendroidal sets given by the
union of all the faces of T'.

* For every inner edge e of T, the inner horn inclusion A°T — Q[T] is given by the
union of all elementary faces except the inner 0.7

* A vertex v of T is a leaf vertex if its input edges are leaves of T'. For any such v, there
is an induced leaf horn incusion A'T — Q[T'], defined as the union of all elementary
faces except the external 0,T. If T ~ [n], its leaf horn inclusion coincides with the
left horn Aff — A™.

If T ~ C, is a corolla with a unique vertex v, we interpret A'C,, =: ¢(C),) as the
disjoint union of the leaves of C,,, and write ¢(C,,) — Q[C,,] for the corresponding
leaf horn inclusion.

Quasioperads model operads where composition is only defined up-to-homotopy, and are
defined as the dendroidal sets satisfying an inner horn filling condition shaped on trees.
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Definition 3.6.5. A dendroidal set X is a quasioperad if, for any tree T, any inner horn
inclusion A°T — Q[T] and any map A°T — X, the solid diagram below admits a dotted
lift:

AT — X

Remark 3.6.6. If M € sSets <> dSets, then i;(M) is a quasioperad if and only if M is a
quasicategory.

Definition 3.6.7. A dendroidal set X is normal if, for any tree T', the action on X1 of the
group of automorphism of T is free. More generally, a monomorphism of dendroidal sets
Y — X is normal if, for any tree T, its group of automorphisms acts freely on X7\Y7.

Remark 3.6.8. If X ~ Ny(P) for a discrete operad P, then X is normal if and only if P is
Y-free.

Theorem 3.6.9. There exists a left proper and cofibrantly generated model structure on the
category dSets of dendroidal sets, called the operadic model structure, where cofibrations
are the normal monomorphisms, fibrant objects are the quasioperads and a map between
normal dendroidal sets is a weak equivalence if and only if for every quasioperad X, the
map

hom(B, X) — hom(A4, X)

is a categorical equivalence of oo-categories. Moreover, under the isomorphism
dSets/Q[n] ~ sSets it coincides with Joyal’s model structure on simplicial sets.

If it wasn’t for the lack of associativity of the tensor product of dendroidal set, hom(—, —)
would make dendroidal sets with the operadic model structure enriched in the Joyal
model structure [HMZ22, Proposition 9.28]. However, associativity up to homotopy of the
tensor product endows the homotopy category Ho(dSets) with a symmetric monoidal
structure. In [HM24], it is proven that this structure can be lifted to the structure of a
symmetric monoidal co-category on (dSets),,. Moreover, we can still use the hom-object
to compute the mapping space of dSets with respect to the operadic model structure:
given a normal dendroidal set A and a quasioperad X, one may choose

Map(A, X) = hom(A4, X)™

the maximal sub-Kan complex of the simplicial mapping object hom(A, X).

The operadic model structure is equivalent to the model structure on simplicial operads
for Dwyer-Kan weak equivalences: there is a Quillen equivalence

W,: dSets =— sOp : W™,

where the left adjoint W, is the essentially unique colimit-preserving functor which sends
a tree 7' to the Boardman-Vogt resolution of the discrete operad 2(T") generated by 7'
The right adjoint is called the homotopy coherent dendroidal nerve functor, and in this
thesis we call W, the Boardman-Vogt resolution of a dendroidal co-operad. The Quillen



48 CHAPTER 3. CORE BACKGROUND

equivalence extends the one between simplicial sets with Joyal’s model structure and
Bergner’s model structure on simplicial categories.

The left Quillen equivalence 1, can be used to define homotopy algebras over a dendroidal
set as given by the projective model structure on simplicial W)(X)-algebras. We denote by
Alg (S) the underlying co-category. This notion is meaningful when X is normal: indeed,
if f: X — Y is a weak operadic equivalence of normal dendroidal sets, the base change
fir Algyy,(x)(sSets) — Algyy, vy (sSets) is a left Quillen equivalence between the projective
model structures, so that one has an equivalence of co-categories fi: Algx(S) — Algy (S).

In particular, when X ~ W*(P) for a simplicial operad P (that we can suppose >-free and
Kan-enriched), the counit of the adjunction (W, W*) yields an equivalence of co-categories

Algyy+(py(S) ~ Algp(sSets)o, =: Algp(S).

3.6.3 The covariant model structure on dendroidal sets

The notion of left fibration between simplicial sets, used to model co-categories cofibred in
groupoids, generalizes to dendroidal sets, encoding oo-operads cofibred in groupoids. For
a map of dendroidal sets £ — X, the existence of a lift of an operation in X with chosen
inputs from E is equivalent to the existence of a dotted lift in the following solid diagram

(Cy) —— F

| )

Q[c,] —L x

where we have considered the leaf horn inclusion of the leaves of a n-corolla ¢(C,,) — Q[C,,].
Indeed, the map ¢(C,,) — E selects objects y1,...,y, of E, while f corresponds to an n-ary
operation f € X (p(y1),...,p(yn); x) for some = € X,; alift in the diagram is the existence of
aobject y € E, and f € E(y1,...,yn;y) with p(f) = f. Homotopy-coherent coCartesianity
of the lift is then obtained by requiring the existence of lifts against leaf horn inclusions

of more general trees. It yields the following definition.

Definition 3.6.10. A morphism of dendroidal sets p: Y — X is a dendroidal left fibration
if it has the right lifting properties against inner and leaf horn inclusions of trees.

Dendroidal left fibrations over X are in particular objects of the overcategory dSets/X.
We write (Y, p) for the morphism p: Y — X when we think of it as an object in the former
overcategory. Given an object x of X, we denote by (Y, p), the fibre over z, that is,

(Y,p)e =~ p~ ().

If p is a dendroidal inner fibration, (Y, p), is an co-category, that is a quasicategory, while
if p is dendroidal left fibration, (Y, p), is a Kan complex ((HM22, Remark 9.60]). Given a
morphism of dendroidal sets f: X — Y, there is an induced adjunction

fi: dSets/X = dSets/Y : f*,

where fi is the functor that composes a morphism A — X with f and f* is the functor
that takes the pullback along f; we call it the base-change adjunction.
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The homotopy theory of dendroidal left fibrations is governed by the covariant model
structure, which is also compatible with base-change. Given two elements (F, f), (B, g)
in dSets/X, the simplicial set homx (E, B) is defined as the pullback:

homx (F, B) —— hom(FE, B)

J -

A Y hom(E, X)

Theorem 3.6.11. Let X be a dendroidal set. The category dSets/X carries a left proper
cofibrantly generated model structure, called the covariant model structure, where the cofi-
brations are the normal monomorphisms over X, the fibrant objects are the dendroidal left
fibrations and a map (A, u) — (B, v) between normal objects over X is a weak equivalence
if and only if for any dendroidal left fibration (Y, p), the map

homx (B,Y) — homx(A4,Y)

is a weak homotopy equivalence of Kan complexes.

Moreover, under the isomorphism dSets/)[n] ~ sSets, it yields the covariant model
structurefor left fibrations of simplicial sets.

If it wasn’t for the lack of associativity of the tensor product of dendroidal sets, the
underlying simplicial set hom(—, —) of the inner-hom object of dendroidal sets would
make the covariant model structure on dSets/X enriched in the Kan-Quillen model
structure ((HM22, Proposition 9.66]). We can still use it to compute the mapping spaces
for the covariant model structure: given a normal dendroidal set (A4, «) over X and a
dendroidal left fibration (Y, 5) over X, we can choose

Map((A, a)’ (K B)) = hOmx(A, Y) = hom(A7 Y) X hom(A4,X) {a}

In the covariant model structure, weak equivalences between fibrant objects can be
characterized fibre-wise. We will often use this important feature, which we record in the
following

Theorem 3.6.12. Let F': (Y,p) — (Z,q) be a morphism between dendroidal left fibrations.
Then F is a weak equivalence in the covariant model structure if and only if, for any object
x of X, the induced map (Y,p). — (Z,q). between the fibres over x is a weak homotopy
equivalence of simplicial sets.

Finally, let us state this important invariance property of the covariant model structure
with respect to base-change. Recall that, for a morphism of dendroidal sets /: X — Y,
the base-change adjunction consists in the adjunction between over categories

fi: dSets/X — dSets/Y : f*

where the functor f, acts by post-composing with f and f* consists in taking the fibre
product of a morphism Z — Y along f.
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Theorem 3.6.13. Let [: X — Y be a map of dendroidal sets. The base-change adjunction
fi: dSets/X = dSets/Y : f*

is a Quillen adjunction with respect to the covariant model structure, which is a Quillen
equivalence when [ is an operadic weak equivalence.

Theorem 3.6.13, as stated above, is proven in [Heull, Proposition 2.4] and does not
appear in [HM22].

3.7 Notation II

We convey here the notations relative to dendroidal theory that we will use throughout
the rest of the thesis.

e Asi: A — Qis fully faithful, we identify A with a full subcategory of Q and drop
the 1.

¢ Similarly, as i,: sSets — dSets is fully faithful, we identify sSets with a full subcat-
egory of dSets, dropping the ;.

¢ We identify © both with a full subcategory of Op and of dSets. In particular, given
a tree T, we still write T for the operad (7)) and for the dendroidal set Q[T7].
Observe that there are isomorphisms of trees n ~ [0], resp. C; ~ [1], translating in
isomorphism of dendroidal sets which in our simplified notation write as n ~ A°
and C; ~ AL

* We write E(T) for the set of edges of a tree T'. It will be often considered with its
poset structure.

* Given a model category M, we write Map,,(—, —) for its mapping space, sometimes
just Map(—, —) when clear from the context.

3.8 Equivalence of the dendroidal formalisms

In Section 3.1 we recalled how to translate model categorical statements into statements
of co-categories. In particular, let dOp_, be the co-category underlying the operadic model
structure on dendroidal sets. In Section 3.6.2 we have introduced dendroidal sets with
the operadic model structure as a model for co-operads; as one would expect,and luckily
enough, this model is equivalent to the one given by complete dendroidal Segal spaces, in
the sense that there is an equivalence of co-categories dOp,, ~ DOp,,.

One way to realize such equivalence is model categorical. Indeed, the functor disc: Sets —
sSets which realizes every set as a discrete simplicial set induces an adjunction

disci: dSets = dSpaces :disc*,

and after [HM22, Theorem 12.22], the adjunction is a Quillen equivalence with respect
to the operadic model structure on dendroidal sets and the localized Reedy model struc-
ture on dSpaces presenting the co-category DOp,,. In particular, this yields an adjoint
equivalence of co-categories

dy: dOp,, ~ DOp,,: d*,
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where d; = (disc))s, and d* = (disc™)q.

This equivalence is compatible with the nerve constructions: after [HM22, Corollary
14.30], for any simplicial operad P there is a weak equivalence

Np(P) = d(Wx(P)).

In Section 4.2.1 we will introduced the co-category DLefty of dendroidal left fibrations
over a complete dendroidal Segal space X. We record here its equivalence with the
analogous notion for dendroidal sets, in the following sense.

Theorem 3.8.1 ((BABM20]). Let X be a complete dendroidal Segal space and let Z be the
equivalent quasioperad, Z ~ d*(X). Let dLefty be the co-category underlying the covariant
model structure on dSets/Z. There is a commutative diagram of co-categories

d

! !

dleft; —™ 5 Dlefty

where the vertical arrows are localization. The same holds for X not necessarily complete.






Chapter 4

A straightening-unstraightening
equivalence for «c-operads

In this chapter, we study the co-category of operadic left fibrations in the dendroidal and
Lurie’s formalism and construct an operadic un/straightening equivalences for co-operads
in Lurie’s model.

In a first part, we address model-independency, and prove that the Hinich-Moerdijk
comparison functors induce an equivalence between the co-categories of operadic left
fibrations in the two formalisms. In a second part, and independently, we construct a
straightening-unstraightening equivalence for co-operads in Lurie’s formalism by means
of the symmetric monoidal envelope functor.
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4.3 Unstraightening of strong monoidal functors . . . . . ........ 65
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4.5 The un/straightening equivalence for w-operads. . . .. ... ... 73

4,1 Introduction

As algebras over an operad are a generalization of functors out of a category, to manipulate
the wo-category of space-valued algebras over an coc-operad we look at the oo-category
of functors Fun(C,S) for an co-category C. In this case, we can use the straightening-
unstraightening equivalence, also known as Lurie-Grothendieck equivalence, present in
[Lur09]. It establishes an equivalence

St¢: Lefte = Fun(C,S) :Unst®

between the oo-category of functors C — S, on the right, and, and on the left, the co-
category of left fibrations D — C, the higher categorical generalisation of categories fibred
in groupoids in ordinary category theory. The un/straightening theorem generalizes
Grothendieck’s equivalence between categories cofibred in groupoids and set-valued
pseudofunctors, as well as the correspondence between covering spaces and sets with

53
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an action of the fundamental group of the base, and is a crucial tool in the theory of
symmetric monoidal co-categories and the theory of co-operads. When C is the underlying
w-category of a symmetric monoidal co-category C®, the un/straightening equivalence
allows us to similarly work with lax monoidal functors C® — S*. This was first proven
by Hinich in [Hin15], who proved that the un/straightening equivalence is the underlying
functor of an equivalence

StO®: smlefte == Fun'®(C,S) :Unst®®, (4.1.1)

where smleft.g is the oo-categories of symmetric monoidal left fibrations over C®.

This justifies looking for a straightening-unstraightening equivalence for co-operads, that

is, an equivalence
St7: Left (Opy)p = Algp(S™) :Unst”

between an co-category of operadic left fibrations over P, and the oco-category of S-valued
P algebras. This equivalence has been established both in Lurie’s and in the dendroidal
model. In Lurie’s model, an operadic un/straightening equivalence has been proven
by Ramzi in [Ram22], under the name of O-monoidal Grothendieck construction: by
instantiating [Corollary C] therein with C = O, one obtains an equivalence

Left)'4* ~ Fun®~7(0, S), (4.1.2)

between an co-category of O-monoidal left fibrations over O® and that of ©-lax monoidal
functors O® — S®, equivalent to the co-category of 0-algebras in spaces. In the den-
droidal formalism, a un/straightening equivalence was first established by Heuts for den-
droidal sets [Heul1l], and later on by Boavida-Moerdijk [BdBM20] for Cisinski-Moerdijk
dendroidal model. The equivalences are realized as (zig-zags of) Quillen equivalences
between the covariant model structure for dendroidal left fibrations and the projective
model structure on simplicial algebras over (the Boardman-Vogt resolution of) a den-
droidal oo-operad. Observe that, although the co-categories of Lurie’s and dendroidal
co-operads are equivalent, a priori this equivalence depends on the chosen model.

In this chapter, we explore the operadic un/straightening equivalence under two different
points of view: first, we prove model-independency of the notion of operadic left fibration
in Lurie’s and in the dendroidal formalism; second, we construct an alternative version
of the equivalence in Lurie’s formalism by means of the symmetric monoidal envelope
functor.

4.1.1 Strategy and main results

We start with Section 4.2 by addressing model-invariance of the notion of operadic left
fibration. The key tool is what we call the Hinich-Moerdijk comparison functors, a pair of
adjoint functors defined in [HM24] and therein proven to establish a direct equivalence

§: (Op,, == DOp,, : )\

between the co-category of Lurie co-operads, on the left, and that of dendroidal co-operads,
on the right.

First, we observe that, given a Lurie co-operad O®, the «w-category of O-monoidal left
fibrations over O® used in [Ram22] is just the full sub co-category of /Op,, J0® spanned
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by the objects (X®, p) for which the map of co-operads p: X® — O is also a left fibration
of co-categories. We call this simply Left'. Given a dendroidal co-operad X, we write
DLeftx for the co-category of dendroidal left fibrations over X as defined in [BABM20]. In
particular, it sits as a full sub co-category of the over co-category DOp,, /X We then prove

the following

Theorem (Theorem 4.2.15). For any Lurie co-operad O%, the Hinich-Moerdijk comparison
functors induce an equivalence of co-categories

§: Leftd — Dlefty :\,
where X ~ §(O®) is the dendroidal model for O,

We then dedicate the rest of the chapter to proving an operadic un/straightening equiva-
lence in Lurie’s model via the symmetric monoidal envelope functor. This is a functor

Env(—)®: ¢Op,, —> smCaty

from the oo-category of co-operads and that of symmetric monoidal co-categories and
strong monoidal functors, left adjoint to the forgetful functor. In [Lurl7], Lurie gives
an explicit construction of it. The universal property of the envelope prescribes an
equivalence of co-categories

Alg,(V) ~ Fun*(Env(0), V)

for any Lurie co-operad O® and symmetric monoidal co-category V.

Motivated by this property, we construct a un/straightening equivalence where the left
adjoint is given by the composition of the symmetric monoidal envelope restricted to op-
eradic left fibrations and a refinement of the monoidal un/straightening of Equation (4.1.1)
for strong monoidal functors. The oo-category standing between operadic left fibrations
over O® and O®-algebras is that of strong sm-left fibrations over Env(0)®, which we
denote by LeftsEtr:V(O). This is the content of our second main

Theorem (Theorem 4.5.1). For any Lurie w-operad O%, there is an equivalence of co-
categories
St9: Leftl == Alg(S) :Unst®,

where the left adjoint is given by the composition

Env(7)® nv(0),
St Leftly ——L» smLeftfr, ) 2 Fun™ (Env(0)., S) ~ Algo (S),

where the co-category sm LeftsEtr:V(o) is the one of Definition 4.3.7.

The proof consists in showing that each functor separately is an equivalence of oo-
categories. For StF™(©):® we provide a characterization of the sm-left fibrations equiva-
lent to the unstraightening strong monoidal functors (Proposition 4.3.5). This yields the
co-category of strong sm-left fibrations smLeft®". We then proceed to prove that slicing
the envelope over O% and restricting it to operadic left fibrations yields an equivalence of
these latter with strong sm-left fibrations. The key observation here is due to Haugseng-

Kock: although the envelope is not fully faithful, it becomes so when sliced over the
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terminal co-operad ([HK24, Proposition 2.4.3]). In particular, for any Lurie co-operad O%®
slicing the envelope defines a fully faithful left adjoint

Env(—)?: EOPoo/o@) —= smCato /Env(0®) G,

where the right adjoint G’ is the base-change along the unit composed with the forgetful
functor. In Proposition 4.4.7 we prove that this restricts to an adjunction between operadic
left fibrations and strong sm-left fibrations, and that this is an equivalence.

4.1.2 Relation with other works

To our knowledge, the equivalence proven in Theorem 4.2.15 is new and might be useful
when comparing various models or to construct presentations of the un/straightening
equivalence as a Quillen equivalence of model categories.

The use of the envelope functor in the operadic un/straightening equivalence of Theo-
rem 4.5.1 allows to reduce the discussion to symmetric monoidal co-categories. In this
regard, the spirit of the second part of this article is very much connected with Haugseng-
Kock [HK24], where the co-category of symmetric monoidal co-operad is realised as a full
sub oo-category of symmetric monoidal co-categories over finite pointed sets.

Additionally, the reduction to symmetric monoidal oo-categories allows us to use the
un/straightening equivalence for lax monoidal functors already proven by Hinich in
[Hin15], without using the full power of Ramzi’s construction of [Ram22]. We contribute
with Proposition 4.3.5, describing the unstraightening of strong monoidal functors out of
symmetric monoidal co-categories.

Kern [Ker23] defines the symmetric monoidal envelope for dendroidal co-operads and
proves a straightening/unstraightening equivalence. The condition in Proposition 4.3.5
for smLeft’’s likely corresponds to his notion of equifibredness, suggesting that the

Hinich—Moerdijk functors induce an equivalence with Lurie’s envelope.
It would be interesting to compare our un/straightening of Theorem 4.5.1 with [BHS22,

Theorem E] and with [BHS22, Theorem 2.3.5.]. In this respect, it could also be interesting
to consider the work by Haugseng, resp. Haugseng and Kock, in [Hau22], resp. [HK24].

4.1.3 Outline

Each section of this chapter consists in an expository part, where we present the objects
we use, followed by the part were we state and prove our contributions. More precisely:

In Section 4.2 we give the definitions of the oco-categories of operadic left fibrations in
Lurie’s and the dendroidal models and recall Hinich-Moerdijk equivalence. We then prove
Theorem 4.2.15.

In Section 4.3 we present the monoidal Grothendieck construction for symmetric monoidal
co-categories. We prove Proposition 4.3.5 and define strong sm-left fibrations.

In Section 4.4, we recall the definition of the symmetric monoidal envelope functor, then
prove that it establishes an equivalence between operadic left fibrations and strong
sm-left fibrations (Proposition 4.4.7).

In Section 4.5, we define the operadic un/straightening equivalence and obtain Theo-
rem 4.5.1.
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4.1.4 Preliminaries and notation

The background needed for this chapter is contained in Section 3.3 and Section 3.5. We
use the notation therein as well as that in Section 3.2.

4.2 Model-independence of operadic left fibrations

We will work with slice co-categories of the form C,, or occasionally also C,/, with x an
object of C. The objects of the over-oo-category C/, are pairs (y, a), where y is an object of C
and a: y — z a morphism in C, a morphism (y, «) — (2, 8) in C/, is a 2-morphism in C of

the form
y —————————— 2
xT

and more generally its n-morphisms are diagrams
ATH_IEATL*AO—)C

taking the cocone point into z. One can define dually the simplices of the under-co-category
Cy/-

By replacing the object z: A° — C by a more general diagram f: D — C, as for example
the one singled out by a n-simplex of C, f: A™ — C, one can similarly define the under-oo-
category Cy,.

We state the following important

Proposition 4.2.1 ((HM24, Lemma 2.3.4.]). Let C be an co-category and x an object of C.
The Yoneda embedding induces an equivalence of co-categories

PSh(C/,) = PSh(C) .

To present operadic left fibrations for Lurie’s co-operads and complete dendroidal Segal
spaces, we also recall the following

Definition 4.2.2. Let C be an oo-category and x an object of C. Given a set S of arrows of
C, one says that z is S-local if, for any arrow f: a — bin S, the morphism

Map (b, z) EAN Map¢(a, x)

is an equivalence of spaces.

Given an object (y, f) in the slice C/,, we say that (y, f) is S-local if it is S/,-local, where
S/, consists of those arrows in C/, of the form

where s ranges in S and 3 in the arrows of C.
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4.2.1 Dendroidal left fibrations

We work with the model of complete dendroidal Segal spaces, introduced in Section 3.5.
For our purposes, it is more convenient to represent complete dendroidal Segal spaces
as presheaves on a category of forests ®, obtained from the tree category Q by formally
adjoining finite coproducts. Explicitly, the category ® can be described as the full sub-
category of the category of discrete operads spanned by Q(F), where F = | | ,T; is a
finite disjoint union of trees and Q(F’) is the disjoint union of the operads Q(7;). For the
purposes of this work, it will be more convenient to identify DOp,,

We can use the category ® to reformulate Definition 3.5.1, and define DOp_, as the full sub
oo-category of PSh(®) spanned by the presheaves satisfying the Segal and completeness
properties, as well as the extra (also Segal-type) property:

3. The natural map X (F) — [ [, X (T;) for a forest F' consisting of the trees T} is an
equivalence. In particular, X (¢J) is contractible.

The Yoneda embedding induces fully faithful inclusions
Q — ¢ — DOp,,

and the inclusion DOp,, < PSh(®) still has a left adjoint, that is DOp,, is a localization of
the co-category of presheaves on @.
We consider dendroidal left fibrations as first defined in [BdABM20], where they are called

covariant fibrations. The key idea is defining dendroidal left fibrations as local objects
with respect to the inclusions of leaves in a tree — or rather, its analogue with forests.

Definition 4.2.3. For a tree 7' € Q, let /(T") be the disjoint union of its leaves, and denote
by ¢(T) — T the inclusion of these into 7. For a forest Fin &, F =T} 1 --- u T, we write
((F) for the disjoint union of the leaves of each tree in F, that is, ((F) = ((T7) u-- - l(Ty),
and {(F') — F for the inclusions of these into F'.

Let £ denote the set of morphisms in PSh(®) given by the inclusions of leaves of a forest,
L= {K(F) — F}Feq,

Definition 4.2.4. A morphism ¢: Y — X is a dendroidal left fibration if p is L-local in
DOp,, /X We write DLeftx for the full sub co-category of DOp,, % spanned by dendroidal
left fibrations.

The following will be essential in the proof of Theorem 4.2.15.

Remark 4.2.5. The co-category DLefty is a localization of the over-category DOp,, /x> as
proven in [HM22, Theorem 13.6]. Moreover, it is a consequence of [HM22, Lemma 13.5]
that, when X = C is an oo-category, there is a canonical equivalence

DLefte ~ Leftc.

Under the embedding A — @, the leaf inclusion ¢([n]) — [n] corresponds to the map
{0}: [0] — [n] selecting the first vertex. In particular, a map of co-categories D — C is a

left fibration if and only if it is {A° A9 A"},>0-local.
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In the co-category of dendroidal left fibrations, equivalences are detected fibrewise.

Proposition 4.2.6 ((HM22, Theorem 13.6 and Proposition 13.8]). Let X be a dendroidal
oo-operad, and consider a morphism of dendroidal left fibrations

Y ! Z
S
X .

The morphism [ is an equivalence in DLeftx if and only if for any object = in X,, the map
of fibres (Y,p). — (Z,q). is an equivalence of spaces.

4.2.2 Operadic left fibrations

We now define the notion of left fibration of co-operads in Lurie formalism.

Denote by U: /Op,, — Cat,, the forgetful functor which, given an co-operad O® — Fin,,
simply returns the co-category O%, forgetting the morphism into Fin,.

Definition 4.2.7. An operadic left fibration is a morphism of Lurie co-operads D® — O
such that U f is a left fibration between oo-categories.

We denote by Left'(%x the full subcategory of ¢/Op,, 0% spanned by operadic left fibrations.

Remark 4.2.8. Observe that, after Remark 4.2.5, an element (D®, f) in £Op,, Joe is an

operadic left fibration if f is {A° 10, A"}, >o-local once applied the forgetful functor

{Op,, — Catw/o@

We report a useful criterion which allows to understand when a left fibration between
co-operads is an operadic left fibration.

Proposition 4.2.9 ([Lurl7, Proposition 2.1.2.12]). Let O%®, D® be co-operads, and consider
a morphism p: D® — 0% in Cato jFin,- Suppose that p is a left fibration. The following
properties are equivalent:

* pis an operadic left fibration;

* forany x € O%, T~11 @ @ xy, the inert maps r — x; induce an equivalence of
oo-categories

We conclude by observing that the co-category of operadic left fibrations enjoys the
property that equivalences can be detected fibrewise.

Proposition 4.2.10. Let O% be a Lurie co-operad and consider a morphism of operadic
left fibrations
T® ! Q®

SN e

O®
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Then f is an equivalence in Left'éx if and only if, for any object c of O, the map between

fibres
fer (T a)e — (Q, B)e

is an equivalence of spaces.

Proof. As Left'(f")X is a full subcategory of ¢/Op,, J0® and f is by assumption a morphism
of co-operad, we have that f is an equivalence if and only if its underlying map of oo-
categories is an equivalence. But a morphism between (non-operadic) left fibrations is
an equivalence if and only if it restricts to an equivalence of fibres. As both o® and g®
satisfy the Segal condition in Proposition 4.2.9, it suffices to check on fibres over objects
in O, so we have the thesis. O

Remark 4.2.11. The notion of operadic left fibration over O%®, as defined in Definition 4.2.7,
is equivalent to that of O-monoidal left fibration over O® as defined in [Ram22, Definition
1.11] On the other hand, it differs from [KK24, Definition 1.8], in that instead of the
condition of being a left (rather right) fibration being imposed on O® — D® it is imposed
on the induced map of co-categories Env(O) — Env(D).

4.2.3 Hinich-Moerdijk comparison functors

In [HM24] Hinich-Moerdijk constructed a direct adjoint equivalence
0: £Op,, = DOp,, : A

between the co-category of Lurie’s co-operads and that of complete dendroidal Segal
spaces. The two functors have explicit descriptions, which we now recall. Crucial to define
the functor )\ is the following

Remark 4.2.12. The co-category ¢Op,, is a (non-full) sub oco-category of PSh(F), where
F := A/Fin, is the category of elements of Fin, (as a simplicial set). Indeed, there
is forgetful functor (Op,, — Cate Fin,, and the latter oo-category is a localization of
PSh(A) kin,» Which is in turn equivalent to PSh(F) thanks to Proposition 4.2.1.

Complete dendroidal Segal spaces are a sub oo-category of that of presheaves on ®, and
there exists a functor from the category of simplices of Fin, into finite forests,

w: F— O,

which assigns to every n-simplex of Fin, a n-leveled forest, hence a forest by forgetting
the levels. By left Kan extension, the functor w induces an adjunction

wy: PSh(F) == PSh(®) :w*,

and one defines \': DOp,, — PSh(F) as the restriction of w* to DOp,,.
Let us give some intuition on the functor w.

* A 0-simplex of Fin,, that is, an element of Fin,, is given by the pointed set s, for
some s > 0, and we can identify it with the forest given by the disjoint union of s
copies of the trivial tree 7.
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* A l-simplex a: A! — Fin, corresponds to a disjoint union of corollas, whose input
edges are given by the set of edges given by «(0) and the output edges are given
by «(1). More precisely, let a: m, — n, be the morphism in Fin, determined
by the 1-simplex. The morphism «a admits a essentially unique factorization as
a=aod” whered: k, — n, is active and o”: m, — k, is inert, and without loss
of generality, we can assume that o (i) = 7 ifi < k, and o’(i) = * when i > k+ 1, and
that o/ (i) = a(7) for all i < k. This means that the shape of the forest determined by
« consists in k corollas and m — & copies of 7 (i.e. the edge without any vertex).

Figure 4.1: The forest of corollas determined by the 1-simplex a: 6, — 3, with
a(l) = a(2) = a(3) =2, a(4) = 3, a(5) = a(6) = =

* More generally, a n-simplex A™ — Fin, consists in a n-leveled forest, where edges
are decorated by objects of P and vertices by operations in P®, and where being
n-leveled means that there is at least a tree in the forest which has a maximal
branch of length n + 1 (equivalently, a maximal chain of vertices of length n).

Figure 4.2: The forest determined by the 2-simplex 4, 3, 3 1, witha;(1) =1 =
a1(2), @1(3) =3 =a1(4), a2(1) = 1 = a2(2), a2(3) = =.

In order to define the functor §: /Op,, — DOp,,, let i: & — ¢Op_, be the inclusion given
by identifying ® with a full subcategory of discrete operads and then applying the nerve
functor N'(—)®, and let §': /Op,, — PSh(®) be the functor corresponding, under adjunction,
to the functor Map,g, (—,i(—)): £Opy, x ®P — S.

Theorem 4.2.13. [HM24, Theorem 3.1.4] The functors N and ¢’ restrict to an adjoint
equivalence of cwo-categories
0: £Op,, = DOp,, :A.

Moreover, if P is a discrete operad, there is an equivalence of Lurie co-operads
ANDP) =~ N (P)®,

where NpP is the nerve of P.
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Let us conclude this section with the following

Remark 4.2.14. A variant of the functor w introduced at the beginning of Section 4.2.3
already appears in [HHM16], where Heuts-Hinich-Moerdijk use it to construct an equiv-
alence between open (i.e. without nullary operations) Lurie and dendroidal cc-operads.
In that context, the equivalence is relized as a zig-zag of Quillen equivalences of model
categories. For this purpose, the category ® is replaced by a non-full and non-wide sub-
category ¢, where objects are non-empty forests and morphisms are independent maps of
forests!, and one constructs a functor of 1-categories

w: F, — Fun(¢, Sets),

from the subcategory of open simplices of Fin, to that of open presheaves on ¢. The action
of 1 on the simplices of Fin, differs from w only for the constant simplices of Fin... Indeed,
given a simplex A of Fin,, if A is non-constant then w(A) is representable and given by the
forest w(A); however, if A is constant, then w(A) is no longer representable and is instead
declared to be the empty presheaf. Then the authors consider the adjunction (w;, w*)
induced by the (1-categorical) left Kan extension of w, showing that the right adjoint
yields a functor w*: Fun(¢°?, Sets)} — 0, /POp from marked open presheaves on ¢ into
open preoperads, which they prove to be a left Quillen equivalences (for appropriate model
structures). The procedure is analogous to the one for defining A in the oo-categorical
case. The need for the category ¢ instead of ® and the asymmetry in the definition of
w is already discussed by the authors in [HHM16, Remark 5.1.1.]: they are needed in
order to make w* a left Quillen functor. Theorem 4.2.13 shows that such rigidity is
no-longer necessary when working with oo-categories, and one can hence work with the
more uniform definition of w to show the equivalence (with the subtlety of switching from
the model of dendroidal sets to the model of dendroidal spaces).

4.2.4 Equivalence between dendroidal and operadic left fibrations

We use the direct equivalence just illustrate to prove model-independence of operadic left
fibrations. More precisely, we prove the following.

Theorem 4.2.15. Let X be a dendroidal co-operad, let O be a Lurie co-operad, with
AX ~ O®. The Hinich-Moerdijk comparison functor induces an adjunction

5/ Leftd = DlLeftx : ),
which is an equivalence of co-categories.

In order to prove this theorem, we need some standard facts about induced adjunc-
tions between slice co-categories, which we now recall. Given a pair of adjoint functors
F:C =D :G and an object y of D, there is an induced pair of adjoint functors

F: C/G(y) —— D/y :G,

where the right adjoint consists in applying G, while the left adjoint consists in applying
F and then postcomposing with the counit, that is, it is the composite

Claty) — Diraw) — Dyy-

'This category will pop up in Chapter 6, see in particular Definition 6.3.1
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If C has pullbacks, after [Lur09, Proposition 5.2.5.1] for any object = of C there is another
pair of adjoint functors
F: C/$ = D/F(z) IG/,

where this time the left adjoint consists in applying F, while the right adjoint is the
base-change along the unit after having applied G, that is, it is the composite

nE
Dir@) — Car@) — Cla-
Proof. The equivalence (4, \) induces an equivalence on slices
Recall that we denoted by £ the set of morphisms in PSh(®) given by
L= {E(F) —> F}Fecb,
and write Z for the set of morphisms in PSh(A) given by
7= {A° % Any o,

As dendroidal left fibrations over X are L-local objects in DOp,, x and operadic left
fibrations over O® are objects in (Op,, 08 which become Z-local after post-composing
with the forgetful functor ¢Op_, Jo® = Cato, /0w, we only need to prove that, for any object

(Y, f) € DOpy, x With (D%, a®) = (Y, f), one has that
(Y, f) is L-local if and only if (D®, a®) is Z-local in Cate j0®-

We go back to the adjunction between categories of presheaves given by (wy, w*), where wy
is the left Kan extension of w. Slicing over O®, we obtain an adjunction

wy: PSh(F) 0o == PSh(®) x :w*,

where the left adjoint @, consists in applying w) and postcomposing with the counit, while
the right adjoint consists in applying w*.

Let n > 0 and fix (n,p: A" — O®) in Caty 0o. Because Caty, o0 is a full subcategory of
PSh(T) 0®, one has

MapCat@/o®((An7p)7 (D%, 0®)) ~ MapPSh(F)/O@;((Anvp)a (D%, ).
As (D%, a®) ~ \(Y, f) ~ w*(Y, f), by adjunction we obtain
MapPSh(F)/O®((Anap)> (D%, ) ~ Mappsh (@), (@1 (A", p), (Y, f)).
The object w (A", p) is of the form
(w(p), q: w(p) — X),

where p is the n-simplex of Fin, obtained as the composition A" L2, 0® - Fin,. In
particular, w(p) belongs to ®, and hence to DOp,, as a representable complete dendroidal
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Segal spaces; as X is a dendroidal co-operad and DOp,, is full in PSh(®), one has that
(A", p) belongs to DOp,, . In particular, one has the equivalence

MapPSh(@)/X((w(ﬁ)a Q>7 <Y7 f)) = MapDOpoo/X((w(ﬁ)a q)? <Y7 f))

Reasoning in the same way for the inclusion i: A° 10, Amin Z, we obtain the commutative

diagram

MapCatoo/O® ((An’p)’ (D®7 a®)) —_— MapCatoo/O® ((Aoap o1, (D®’ a®))

| J

Mappoy,,  (w(P), ), (Y; f)) —— Mappoy,,,  ((L(w(P)),q09), (Y, f))

where the vertical arrows are equivalences. This shows that, if (Y, f) is £-local, then
(D®, a®)) is Z-local. After [HM24, Lemma 38.1.2], we know that any forest is a retract of a
forest of the form w(p), which shows that if (D®, a®) is Z-local, then (Y, f) is £-local.

We have hence shown that (Y, f) € DOp,, y is a dendroidal left fibration if and only if
(D®,a®) = (Y, f) is a operadic left fibration, and this concludes the proof. O

In particular, one can transfer properties invariant under equivalences from one co-
category to the other. We hence deduce for instance another proof of Proposition 4.2.10.

Corollary 4.2.16 (Proposition 4.2.10). Let O® be a Lurie co-operad and consider a
morphism of operadic left fibrations

T® ! Q®
O®

Then f is an equivalence in Left'3* if and only if. for any object ¢ of O, the map between

fibres

fc: (T7 a)c — (Qy/B)C

is an equivalence of spaces.

Proof. The condition in the statement is invariant under equivalence of co-categories,
and after Proposition 4.2.6 the condition holds for DLeftx for any dendroidal oo-operad X,
hence in particular for X ~ §(O®). The Segal condition for O® ensures that we can look
at objects c of O insteaf of looking at the *tuples’ in O% , and this concludes. O

Also, by combining Theorem 4.2.15 with the already existing operadic un/straightening
equivalences in Lurie’s and the dendroidal model, we obtain the following invariance
result on the co-categories of algebras over an co-operad.

Corollary 4.2.17. Let O® be a Lurie’s w-operad and X a dendroidal «-operad with
O%® ~ \X. There is an equivalence of w-categories

Algoe(S) ~ Algx(S).
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Remark 4.2.18. As observed in Remark 3.3.7, a similar comparison result was proven
by Pavlov-Scholbach ([PS14]) for those co-operads equivalent to the nerve of a simplicial
operad.

Let us conclude with the following

Remark 4.2.19. Algebras over an operad are the main relevant examples of left modules
over an operad. One may want to adopt a fibrational approach to study the homotopy the-
ory of right modules over an operad, which naturally appear in the domain of embedding
calculus?. Such approach has been adopted by Barata in [Bar24a], who proved that, for a
closed Y-free simplicial operad P, the homotopy theory of simplicial P-modules is equiva-
lent to the one given by the contravariant model structure on forest sets over the nerve of
P. In particular, this defines an oo-category of dendroidal right fibrations for dendroidal
oo-operads. One may similarly define operadic right fibrations for Lurie’s co-operads,
analogously to Definition 4.2.7, prompting the question of whether the Hinich—Moerdijk
equivalence also induce an equivalence between the oo-categories of operadic right fibra-
tions in the two formalisms. It is important to note that this question is not addressed by
Theorem 4.2.15. In the case of co-categories, the existence of an order-reversing involution
on A ensures a duality between left and right fibrations. However, no such involution
exists for the dendroidal category (), rendering the theories of dendroidal left and right
fibrations structurally distinct.

4.3 Unstraightening of strong monoidal functors

Our contribution for this section consists in Proposition 4.3.5, where we characterize the
unstraightening of strong monoidal functors on a symmetric monoidal co-category. It cru-
cially builds on the following result, which we refer to as the monoidal un/straightening.

Theorem 4.3.1 ((Hin15, Corollary A.2.2.1). For any symmetric monoidal co-category C®.
The un /straightening adjunction for C® is an equivalence of w-categories

St&®: smleftee == Fun'™(C®,8*) :Unst®®,

where the co-category smleftce is the co-category of Definition 4.3.2 and the functor Sté®,
resp. Unst®®, acts as the straightening, resp. unstraightening, functor of C on the underly-
ing objects in both co-categories.

Definition 4.3.2. A sm-left fibration is a morphism f: D® — C® in smCaty such that U f
is a left fibration between co-categories, where U : smCat,, — Caty, is the forgetful functor.
We denote by smLeftc the full subcategory of smCaty, oo spanned by the sm-left fibrations
over C9.

In a recent work ([Ram22]), Ramzi proves that for any co-operad O there exists what he
calls a O-monoidal Grothendieck construction for O-monoidal co-categories. In particular,
Theorem 4.3.1 is just the shadow of a monoidal equivalence between symmetric monoidal
oo-categories, and we devote Section 4.3.1 to an explanation of this latter. It is a purely
expository subsection, and while not strictly necessary to prove our contribution (for
which the reader may directly jump to Section 4.3.2), it serves to contextualize the
constructions used later.

2In [BABW13], Boavida-Weiss introduced an operadic approach via homotopy sheaves for the construction
of the tower of approximation of embedding calculus. For this, one needs to compute the derived mapping
spaces for operadic right modules.



66 CHAPTER 4. ASTRAIGHTENING-UNSTRAIGHTENING EQUIVALENCE FOR «o-OPERADS

4.3.1 Monoidal un/straightening, in context

Given an oo-operad O9, following [Lurl7, Definition 2.1.2.13] one defines a O®-monoidal
w-category as an oo-operads P® together with a map of w-operads P® — O® which is also
a coCartesian fibration of co-categories. For instance, symmetric monoidal co-categories
are precisely the Fin,-monoidal co-categories.

Theorem 4.3.3 ([Ram22, Corollary C]). Let C® be a O®-monoidal co-category and C
its underlying oo-category. The co-categories Leftc and Fun(C,S) inherit a O®-monoidal
structure, and that the un /straightening equivalence St€: Leftc = Fun(C,S) :Unst® can
be enhanced to a O®-monoidal equivalence of O®-monoidal w-categories. In particular,
there is an induced equivalence between the co-categories of O®-algebras therein, which
we write as follows

Leftd ' ~ Fun® e (C, S).

Rephrasing the above result for O® ~ Fin,, one gets that for any symmetric monoidal
w-category C®, the oo-categories Leftc and Fun(C,S) have symmetric monoidal struc-
tures, which on the latter is given by Day convolution ([Lurl7, §2.2.6.]), and that the
un/straightening equivalence for C can be enhanced to a monoidal equivalence of symmet-
ric monoidal co-categories

(Lefte)® ~ Fun(C, S)®Pay, (4.3.1)

One recovers Hinich’s Theorem 4.3.1 by looking at the induced equivalence between the
oo-categories of commutative monoids; let us see how.

First of all, let us describe the symmetric monoidal co-category (Leftc)®. Observe that, as
C is a commutative monoid in Caty,, the co-category Caty ¢ has also a symmetric monoidal
structure, denoted by (Catoo/c)®; given objects (D1,v1: D1 — C),...,(Dny ), (Do, Yoo)s
there is an equivalence

Map(ﬁcatw/c)®((plv’yl)u R (Dna’Yn)a (DOOa’yOO)) = MapCatoc/CXn ((H Div H%)a (an Xc DOO,F)> s

where I is the map in the cartesian diagram

an Xc Doo Doo
‘| !
o= ® o

ny

After [Ram22, Corollary 4.3], the symmetric monoidal co-category (Leftc)® can be de-
scribed as a non-full sub symmetric monoidal co-category of (Caty c)®. Indeed, given
left fibrations (of oo-categories) (Di1,71),---,(DnyVn), (Do, V), the fortgetful functor
(Lefte)® — (Caty, c)® induces a morphism of spaces

Map(\ 10 (D1,71)s - (D ¥ (Dos, 7)) — Mapl (( D;,

Catao/c xn

I 3
H::]
I 3
H::]

’yi)a (an Xc D007F)>
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which identifies the former with the subspace of the latter spanned by the components
correspoinding to functors [ [}, D; — Dy lying over ji: C*™ — C.
The equivalence in Equation (4.3.1) induces an equivalence between the co-categories of

commutative monoids,
CAlg((Lefte)®) ~ CAlg(Fun(C,S)®).

It is well known that commutative monoids for the Day convolution are /ax monoidal
functors: there is an equivalence of oo-categories CAlg(Fun(C, S)®) ~ Funlax (C,S), under
which the fortgetful functor consists in taking the functor between the underlying co-
categories,

Funl®*(C,8) —> Fun(C,S), (F®:C® > S8*)— (F:C —S).

The description of the co-category of commutative monoids in Lefte was already present
in Hinich’s work: it is given by the sm left fibrations over C®.

Proposition 4.3.4 ((Hin15, Lemma A.2.3.]). For any symmetric monoidal «-category C®,
there is an equivalence of co-categories

CAlg((Lefte)®) ~ smlLeftc.

Under this equivalence, the forgetful functor sends a sm-left fibration to the left fibration
between the underlying categories,

CAIg((Leftc)®) ~ smlefte — Lefte, (O®, a®: 0% C®) — (0,a: O — Q).

This is how one gets Theorem 4.3.1. We conclude this section by pointing out that
cartesianity of the monoidal structure on S is crucial for Ramzi’s monoidal Grothendieck
construction. The reason can be seen already at the level of symmetric monoidal oo-
categories and essentially consists in the fact, proven in [Lurl7, Proposition 2.4.1.7],
that a lax monoidal functor F®: C® — S% can be described as a functor of co-categories
F: C® - Sin Cat, satisfying the following Segal condition: for any c € C,%, c~c1@ - -Dcp,

the inert maps p,: ¢ — ¢; induce a weak homotopy equivalence

Fle1® - ®cp) %ﬁF(cZ)

=1

4.3.2 Unstraightening of strong monoidal functors

We now characterize, for any symmetric monoidal oo-category C®, the full subcategory of
smLeftc whose monoidal straightening corresponds to strong monoidal functors C® — S*.

Throughout this section, we denote an object of Fun'®*(C, S) by F®: C® — S§*, while we
write F': C — S for the induced functor FS between the underlying co-categories.

Proposition 4.3.5. Let C® be a symmetric monoidal oo-category, and let (D%, a®) be an
object of smlefte. The following conditions are equivalent:

1. (D®,a®) ~ Unst®®(F®) for a strong monoidal functor F®: C® — S*;
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2. forany x € C%, T~11 @ D xp, the induced map between the fibres

(D®7 a®)£1@“'®xn - (D®v a®)w1®'“®l‘n
induced by Bi: z — 11 ® --- @ z,, in C® is an equivalence.

Remark 4.3.6. By Proposition 4.2.9, the condition of Proposition 4.3.5 is equivalent to
asking that the morphism

n

H(D, ), (D®va®)x1@~~-@mn - (D®aa®>w1®m®ﬂcn
=1

is an equivalence.

Proof. Consider an element (D®, a®) in smlLefte, and let F® e Fun'®(C,S) be such that
(D%, a®) ~ Unst®®(F®). The lax monoidal functor F®: C® — S* is strong if it preserves
all coCartesian lifts. Since inert-active morphisms in Fin, form a factorization system
and F® is lax monoidal, it is sufficient to check that F® preserves coCartesian lifts of
active morphisms, and it is actually enough to see that it preserves coCartesian lifts of
B:ing —1,.

Let z1,...,z, be objects of C, let Bi: 21 ® - Dz, > 21 ® -+ ® 2, be the coCartesian
lift of 8 over 71 @ --- @ x,,, and consider F®(5): FO(z1 ® - D xy,) — F(11® -+ Q@ Tn),
where F': C — S is the functor between the underlying o-categories. Since F® is lax,
the projections induce an equivalence F®(z1 @ - @ z,) — [[I-; F(x;). Then F®(3) is
equivalent to the coCartesian lift in S* of g over F(z1) x --- x F(z,), if and only if the
morphism

F(x1) x -+ x F(xy,) iFg(x1®~-@xn) — F(r1® - ®@xy), (4.3.2)

is an equivalence.

On the other hand, by taking the fibre over z; ® - - - ® x,, of the n-fold algebra map of
(0%, a®) we obtain the following map

(D, )z, % - x (D, @)z, < (D®,0%) 1,0 @u, o (D, ¥)2,@--@an- (4.3.3)

Since (D®, a®) ~ Unst®®(F®) and, for any object z of C, there is an equivalence (D, o), ~
F(x), one can see that the morphisms in Equation (4.3.3) and Equation (4.3.2) are
equivalent. This means that F® is strong monoidal if and only if (D®, o®) satisfies the
condition in (2), as wanted.

O]

Definition 4.3.7. For a symmetric monoidal co-category C®, we write smLeft?" for the full
oo-subcategory of smLefte spanned by those sm-left fibrations satisfying the condition of
Proposition 4.3.5.

We now characterize equivalences in the category smLefty" as those maps which are
fibrewise equivalences.
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Proposition 4.3.8. Let C® be a symmetric monoidal oo-category, and consider a morphism

of sm-left fibrations
D® /° £®
PN
c®

Then f® is an equivalence in the co-category smlLeft’y if and only if; for any object x of C,

the map between fibres

fo: (D, 7)e — (€,9)a
is an equivalence of spaces.

Proof. The oo-category smLefty" is a full subcategory of smLeftc, hence it suffices to prove

that f is an equivalence in this latter. As smlefty ~ CAIg(Left?), the equivalences in
smlefte are detected by the forgetful functor

CAlg(Left?) — Lefte, (F&,n®) — (F,n),

and this implies that f® is an equivalence if and only if f: (D,~) — (£,9) is an equivalence
in Lefte, which is true if and only if, for any = € C, the morphism between fibres

fe: (DyY)z — (€,9)
is an equivalence, and this concludes the argument. O

Remark 4.3.9. An analogous of Proposition 4.3.8 was pointed out, however without proof,
in [BS24, Remark 2.2.12].

4.4 Strong sm-left fibrations

We now work with the symmetric monoidal envelope of an co-operad and the induced
adjunction between slice categories; we recall the definitions in Section 4.4.1. In Sec-
tion 4.4.2, we prove that strong sm-left fibrations are equivalent to operadic left fibrations
in two steps: first, showing the symmetric monoidal envelope defines a fully faithful left
adjoint in Lemma 4.4.6, then proving its essential image coincides with strong sm-left
fibrations in Proposition 4.4.7, relying on Theorem 4.2.15.

4.4.1 Symmetric monoidal envelope

Let Act(Fin,) be the nerve of the full subcategory of Fun([1],Fin,) spanned by active
morphisms. We recall the definition of Lurie monoidal envelope of an co-operad ([Lurl7,
§2.2.4]).

Definition 4.4.1. Let O® — Fin, be an co-operad. We write Env(O)® for the fibre product
O% XEun({0} Finy) Act(Finy).

The target inclusion A° W, AT induces a map Env(O)® — Fin,, so Env(—)® defines a
functor

Env(—)®: Op, — Cato /Finy, -
Denote by Env(0O) the fibre of Env(O)® — Fin, over 1.
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The symmetric monoidal envelope of a co-operad can be characterized via the following
universal property.

Proposition 4.4.2 ([Lur17, Proposition 2.2.4.91). The envelope functor Env(—)® takes val-
ues in the co-category of symmetric monoidal co-categories with strong monoidal functors
and is left adjoint to the forgetful functors. In symbols,

Env(—)®: (Op,, = smCaty, : U.

Equivalently, we can reformulate the above result by saying that, for any co-operad
0% and any symmetric monoidal ow-category V¥, there is a natural equivalence of co-
categories

Algn (V) ~ Fun*"(Env(0), V).

Remark 4.4.3. Let Env(O) be the underlying co-category of Env(O)®. There is an equiva-
lence of co-categories

Env(0) ~ O®act,
where 0% is the wide subcategory of O® spanned by active morphisms; in particular,
an object of Env(QO) corresponds to an element c € O%+ , that is, a list of objects of O.

More generally, given n > 0, an object x in the fibre Env((’))gr writes as x ~ (c, a), with

cin (’)%+ for some m > 0 and « an active morphism a: m, — n,. The Segal condition

can be expressed in the following way: given elements d',...,d" in Env(O), d' € On®% for
4

some m,’s, the object d' ®--- @ d" in Env(O)® corresponds to

ny

d'® ®d" ~(d,a:m, —n,),

whered ~ d' @ --- ® d" as an element of (’)5?1+ ~ J] (’)7% and « appropriately partitions
- i=1 — T

m . If we regard an object of Env(O) as a list of objects of O, the tensor product in the
envelope consists in the concatenation of lists: given d"’s as above, we represent the tensor
product of the d"’s by the morphism

B:d® - @d"-d® - -@d

.d7ﬁ
(d,a:my —mn,) u’ (d,B:m, — 1,).
Neither the symmetric monoidal envelope nor the forgetful functor of Proposition 4.4.2 are
fully faithful. However, the functor Env(—)® becomes fully faithful when seen as a functor
between over-oo-categories. The following proposition is an immediate consequence of
[HK24, Proposition 2.4.3].

Proposition 4.4.4. Let O% be a w-operad and the induced adjunction
Env(—)c/@: €0py joe == smCate jEny(0)® G,

where G' is the base-change along the unit after having applied the forgetful functor. Then
Env(—)/® is fully faithful.

Remark 4.4.5. In [BHS22] we can find a characterization of the essential image of the
sliced symmetric monoidal envelope. However, we so not need this result in the next
sections.
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4.4.2 Symmetric monoidal envelope of operadic left fibrations

Lemma 4.4.6. For any «w-operad O%, the adjunction in Proposition 4.4.4 restricts to an

adjunction
Env(—)%: Leftl(%x — smleftg,, o) :G.

Proof. The categories Leftl(%x, resp. smleftg,, ), are full subcategories of Op,, Jo®> Tesp.

smCato /Eny(0)®, SO We only need to see that the restrictions of Env(—)?8 and G’ are well
defined.

To be completely explicit, recall that, given a sm-left fibration (7®, a®), its image via G’
is the left vertical arrow in the following pullback diagram:

o® XEnv(0)® T® ——— T%®
G’(T®,a®)l lo@

O L Env(O)®
Lo

Let (P9, f) be an operadic left fibration. There is a commutative diagram

where the outer square and the lower square are cartesian. By the pasting lemma, the
upper square is cartesian as well, and since left fibrations are stable under pullback,
Env(f)® is also a left fibration. This means that Env(P®, f®) ~ (Env(P)®, Env(f)®) belongs

to smLeftg,,(0)®, as wanted.

Given a sm-left fibration (7®,¢®) over Env(O)®, the fact that left fibrations of co-
categories are stable under pullback ensures that the morphism G(7%, %) is also a
left fibration in Cat.,. As it was already an element in /Op_,, we conclude that G(7®, ¢®)
is an operadic left fibration. This concludes the proof. O

We refine the previous result, and showing that the symmetric monoidal envelope estab-
lish an equivalence between operadic left fibrations and strong sm-left fibrations.

Proposition 4.4.7. For any w-operad O, the adjunction in Lemma 4.4.6 restricts to an
adjunction of co-categories

Env(—)%: Leftl* = smLeft'E,:V(O) Gl

Moreover, this adjunction is an equivalence.
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Proof. Consider a operadic left fibration (D%, a®). To see that its image
(Env(D)®, Env(a)® )belongs to smLeftEnV( 0)> We apply Proposition 4.3.5 and check that, for

any ce Env((’))® c~c @ @c" for some ¢ € OF, < Env(0), the morphism
+

Bi: (Env(D)®, Env(a)®)£1@...@§n — (Env(D), Env(a))ag..gcn

induced by the coCartesian lifts of 81: ¢! ® - @ " — ¢! ® - - - ® ¢ is an equivalence.
Since the fibres of a®: D® — O lie in D and Env(D) ~ D, for any z € OF <
Env(O) there is an equivalence

(Env(D), Env(a)), ~ (D®ect o®act) ~ (D o®),.

By Proposition 4.2.9, the inert maps ¢ — ¢’ in Env(O)® induce an equivalence
n
(Env(D)®, Env(a)®) APen H (Env(D),Env(a)) . ~ H (D®,a®),

As a consequence, (3 fits into the commutative diagram

(Env(D)®, Env(a)®)§1@...@§n i (EnV(D)? Env(a)>£1®"'®2n

H?:l(EnV(,D)?EnV(O‘))gi — H?:l(p®7a®)9i * (D®7a®)gl®-“®gn

and (3 is an equivalence if and only if v is, so let us prove this last fact. For every
ie{l,...,n}, we can decompose ¢’ as an object in O%® and write ¢’ ~ cj, @ @c;, for some
c§ € O, and by Proposition 4.2.9 the coCartesian lifts of inerts in O induce an equivalence

(D%, 0®)ug..gen — | (D, )i
i!j

This equivalence factors through 1, written as the composition
w n
(D®,0®)pg. g — | [(D®,a®)s = [ [(D, Wi

where the second map is an equivalence again because of Proposition 4.2.9, so we conclude
that ¢ is an equivalence. This means that G(D®, a®) lies in smLeft; e, as wanted.
We have shown that the adjunction in the statement is well defined, so let us now prove
that it is an equivalence of co-categories.

From [HK24, Proposition 2.4.3.], the symmetric monoidal envelope is a fully faithful

functor when regarded as a functor (Op,, ~ EOpOO/Comm® —> smCato /Eny(Comm)®- In

particular, its restriction Env(—)%®: Leftl3* — smleftg,, (o) is fully faithful as well.
/- (0)

By adjunction, to show that Env(—)® 7 is also essentially surjective, it is enough to prove
that G is conservative, that is, it reflects weak equivalences.
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Consider a morphism of sm-left fibrations f: X — Y such that G(f): G(X) - G(Y) is
an equivalence. By Corollary 4.2.16, this is equivalent to asking that, for any c € O% ,
for any n > 0, the map between the fibres (G(f)).: G(X). — G(Y). is an equivalence
of spaces. On the other hand, by Proposition 4.3.8, f: X — Y is an equivalence if and
only if, for any object d of Env(O), the map of fibres f;: X; — Y is an equivalence of
spaces. We conclude by observing that, for any c € O% < Env(0O), one has the equivalence

G(X), ~ X, and that any d € Env(O) is of the form d = c € O% for some n. O

4.5 The un/straightening equivalence for «-operads

We have gathered everything we need to state and prove our straightening-
unstraightening theorem for oo-operads. Let us summarize the co-categories of left
fibrations we have introduced so far:
e For a Lurie co-operad O%, the oo-category Left'(%X of operadic left fibrations over O%®
is the full sub co-category of ¢Op_, /08 spanned by the elements (D®, p) such that
p: D® — 09 is a left fibration of co-categories.

lax

An object (D%, p) in Caty oo belongs to Leftd if and only if p satisfies the lax
monoidality condition of Proposition 4.2.9.

e For a symmetric monoidal co-category C®, the w-category smLefte of sm left fibra-
tions over C® is the full sub co-category of smCat. c spanned by the elements (D%, p)
for which p is a left fibration of co-categories. It is equivalent to the co-category of
commutative monoids in (Leftc)®.

* The oo-category smlLeft" of strong sm left fibrations is the full sub co-category
of smlLeftc spanned by the sm left fibrations (D®,p) satisfying the condition in
Proposition 4.3.8.

Also, recall that, after [Cis19], the unstraightening functor for an co-category C sends a
copresheaf F': C — S to the left fibration

Unst®(F) = (S,) x5 C,S.) xsC — C 15 8),

where S, — S is the forgetful functor on pointed spaces, also called the universal left
fibration. It enjoys the property that for any object c of C, there is an equivalence of spaces
F(c) ~ Unst(F)e.

Theorem 4.5.1. For any Lurie co-operad O%, there is an equivalence of co-categories
St9: Leftl == Algy(S) :Unst®,

where the left adjoint is given by the composition

)¢ SHEM(-).®

Env
5t9: Leftl(%x _— smLeftEC,:V(O) = Fun®"(Env(0),S) ~ Algp(S).
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Given a O®-algebra F, i.e. a strong monoidal functor F®: Env(0)® — S*, the operadic
left fibration Unst® (F®) is the pullback

X

*/

Unsto(F®)J( i

o® ——— 8%

S xsx O —— S

with S.X/ — S* the universal left fibration.

Proof. Consider first the adjunction given by the restriction to operadic left fibrations of
the symmetric monoidal envelope: this yields an adjunction
Env(—)P: Leftd = smLeftf, o) : G,
which we have shown in Proposition 4.4.7 to be an equivalence of co-categories. Since
Env(O)® is a symmetric monoidal category, the straightening-unstraightening equivalence
is monoidal, and in particular it induces an equivalence between commutative algebras,
which acts as the straightening-unstraightening functor on the underlying objects. We
consider the restriction of this latter to sm-left fibrations over the envelope of O® and
strong monoidal functors out of Env(0)®; we obtain another adjunction
StEV(O)® . smLeftdr () = Fun*"(Env(0), S) ~ Algp(S) :UnstE™(©O)®,

Env

which, thanks to Proposition 4.3.5, is an equivalence as well.
The straightening functor is the composition of the two left adjoints just mentioned,
and the unstraightening functor is the composition of the right adjoints. This yields an
adjunction

St9: Leftl® = Algy(S) :Unst®,

which is an equivalence, as wanted. O]



Chapter 5

Rectification of dendroidal left
fibrations

In this chapter, we consider a discrete colored operad P, we construct an adjunction
between the category of dendroidal sets over the nerve of P and the category of simplicial
P-algebras. We prove that when P is Y-free it establishes a Quillen equivalence with
respect to the covariant model structure on the former category and the projective
model structure on the latterr When P = A is a discrete category, this recovers a
Quillen equivalence previously established by Heuts-Moerdijk, of which we provide an
independent proof.

To prove the constructed adjunction is a Quillen equivalence, we show that it presents the
operadic un/straightening equivalence of Theorem 4.5.1. This involves proving that, for
a discrete symmetric monoidal category, the Heuts-Moerdijk equivalence is a monoidal
equivalence of monoidal model categories.

Contents
51 Introduction . ... ... ..ottt ittt enesennossseses 75
5.2 Construction of the adjunction ...................... 79
5.3 The Quillenadjunction ... ...... .00ttt eeeeennes 87
5.4 Monoidal rectification of left fibrations . . . . . ... ......... 101
5.5 The Quillenequivalence .. ... ...ttt teeteeeeeoss 106

5.1 Introduction

In this chapter, we construct a un/straightening equivalence specifically for discrete
operads — the operads whose spaces of operations are discrete, and hence carry no
homotopical data.

Our main result is the following

Theorem (Corollary 5.5.3). Let P be a X-free discrete operad. There is a natural Quillen
equivalence
pt : dSets/NyP = Algp(sSets) : pb

between the covariant model structure on dendroidal sets over the dendroidal nerve of P
and the projective model structure on simplicial P-algebras.

75
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We call the left adjoint pf the (operadic) rectification functor for P.

The Quillen equivalence of Corollary 5.5.3, which, in the context of this thesis, will find
its main application in Section 6.4, extends an analogous one constructed for discrete
categories by Heuts-Moerdijk in [HM15]. In fact, we improve their result by showing
that, when one considers a discrete symmetric monoidal structure, the above equivalence
is a monoidal equivalence of monoidal model categories. More precisely:

Theorem (of Theorem 5.4.4). Let A be a discrete symmetric monoidal category. The
Quillen pair

pit: sSets/N A = Fun(A4,sSets) : p%
is a monoidal Quillen equivalence of Quillen monoidal model categories, with respect to
the projective model structure and Day convolution on Fun(A,sSets) and the covariant
model structure and the [x-product (5.4.2) on sSets/N A.

In particular, Theorem 5.4.4 gives a presentation of the monoidal Grothendieck construc-
tion of [Ram22, Corollary C] for discrete symmetric monoidal co-categories.

5.1.1 Strategy

The proof of the main result, Corollary 5.5.3 is carried on in two distinct steps.

The first step consists in constructing the adjunction, which we do by defining the left
adjoint. Then we prove that the pair obtained is a Quillen adjunction. Consider a discrete
operad P, non necessarily X-free.

Proposition (Theorem 5.3.16). There exists a pair of adjoint functors

pt: dSets/NyP = Algp(sSets) : pb,
and it is a Quillen adjunction between the covariant model structure on dendroidal sets
over the nerve of P and the projective model structure on simplicial P-algebras.

Let us make the following remarks of the proof of Theorem 5.3.16:

* To construct p’, we proceed via left Kan extension and impose naturality with
respect to base change, so that we reduce to defining a simplicial T-algebra A" =
p! (T,idr) for any tree T in 2, regarded as the operad it generates. Given an edge e
of T, the simplicial set A7 (e) is defined as the nerve of the poset of subtrees of T
with root e, and the operadic action corresponds to grafting of trees.

* We deduce the description of the P-algebra p{’ (X, a) when X ~ T is a tree; with this
in hand, we are able to prove that p is right Quillen, which makes the pair (pf, p%)
a Quillen adjunction.

Showing that (p{’, p%) is a Quillen equivalence while still using the language of model
categories suggests one needs to describe the simplicial P-algebra pf’ (X, a) for any
dendroidal set X. We start with the following observation.

Proposition. Consider a tree T and an element (T, «) in dSets/NyP. On an object c of P,
the value of the simplicial P-algebra pf (T, ) can be written as

p!P(Ta a)(c) = EnV<T) X Env(P) EnV(P)/m

where Env(—) is the nerve of the symmetric monoidal envelope of a discrete operad.
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As any dendroidal set can be written as the colimit of the trees mapping into it, and as
the rectification functor pf is a left adjoint, one has

ot (X, a) ~ colimp_, x pf (T, ).

However, the above colimit of algebras is hard to compute, the main obstacle being the
fact that (non sifted) colimits in the category Algy(sSets) are not computed objectwise -a
phenomenon we do not observe in functor categories.

Instead, we directly study the left derived functor Lp{" of p{’, or rather the functor (p{)s
between the underlying co-categories

(pl)oo: dLefty,p —> Algp(S)

induced by the rectification functor p{’, and prove that this is an equivalence of oo-
categories.

The key step consists in using the model-independence of operadic left fibrations with
respect to Lurie’s and the dendroidal models, proven in Theorem 4.2.15. Recall that this
is an equivalence of co-categories

A/: Dlefty == Leftd{ :5,
between the oo-categories of operadic left fibrations in the formalism of complete den-
droidal Segal spaces, on the left, and in Lurie’s formalism, on the right. For an elment 7
in dOp,,, we can identify DLeft,, ) with dLeftz, and we write )\; dLefty; — Lefty (d 2) for the

corresponding equivalence of co-categories. Observe that \(d;(NyP)) ~ A(NpP) ~ N®(P),
where this latter is Lurie’s nerve of P. We then prove the following

Theorem (Theorem 5.5.2). Let P be a discrete X-free operad. There is a commutative
diagram of co-categories

dLefty,p — 227 5 Algp(S)

¥ / ,

opd
LeftPe p

where St* is the operadic straightening functor for the Lurie’s co-operad N® P appearing
in Theorem 4.5.1.

In order to prove Theorem 5.5.2, we make use of Theorem 5.4.4 in the case the discrete
category A is the symmetric monoidal envelope of P, which allows to describe the action
of St¥" as a fibre product (see Corollary 5.4.5). As in [Pra25c] the functor St” is proved
to be an equivalence of w-categories, we deduce that the left derived functor Lp{ is an
equivalence between the homotopy categories, which means that (o, p%) is a Quillen
equivalence.

Besides, we also deduce an explicit description of the left derived functor Lo on any
dendroidal left fibration over NP (thing we could not do at the point-set level!). We
record it in the following final



78 CHAPTER 5. RECTIFICATION OF DENDROIDAL LEFT FIBRATIONS

Corollary. Let (X, «) be a dendroidal left fibration in dSets/N;P. On an object c of P,
the value of the simplicial P-algebra Lol (X, ) is weakly homotopy equivalent to the fibre
product

Lo (X,)(c) ~ Env(X) xgn(p) EWV(P) ..

where Env(X) denotes the underlying co-category of Lurie’s symmetric monoidal envelope
of (the Lurie co-operad equivalent to) X.

5.1.2 OQOutline

1. In Section 5.2, we construct the rectification functor pf’ (Section 5.2.1) and then give
an explicit description of its right adjoint p} (Section 5.2.2).

2. In Section 5.3, we prove that the pair (pf, p%) forms a Quillen adjunction by showing
that p% is right Quillen (Theorem 5.3.16). More precisely, in Section 5.3.1 we relate
root preserving dendroidal faces of a tree with chains in the linear order of posets
of the tree with a fixed root. We employ this construction in the next two sections,
where we give necessary conditions to produce lifts of morphisms of the form
pp(F) — ppH(G) against dendroidal boundary inclusions (Proposition 5.3.11) and
inner and left horn inclusions (Proposition 5.3.15).

3. In Section 5.4, we focus on the case where P = A is a discrete category. First, we
prove that in this case we have a Quillen equivalence (Theorem 5.4.1), giving an
alternative proof of Heuts-Moerdijk’s equivalence. After that, we show that when A
is symmetric monoidal, both model categories in Theorem 5.3.16 are monoidal model
categories, and we prove that the Quillen equivalence is a monoidal equivalence of
Quillen model categories (Theorem 5.4.4).

4. In Section 5.5 we come back to the case where P is a general discrete operad, proving
that when P is moreover X-free, the rectification functor presents the straightening
functor (Theorem 5.5.2), deducing the Quillen equivalence of Corollary 5.5.3.

5.1.3 Preliminaries and notation

The necessary background for Sections 5.2 through 5.4 can be found in Section 3.6, and
we follow the notation for dendroidal sets introduced in Section 3.7.

For Section 5.5, we work within the framework of co-categories, relying on the material
presented in Section 3.1 and Section 3.8. We also adopt the notation for co-categories
established in Section 3.2.

In addition to that, we also introduce the following notation.

* Given a tree S with set of leaves given by {l1,...l,}, and T1,...,T, are trees, we
write S o (T1,...,T),), or sometimes, by an abuse of notation, just So (71,...,T,)

1y--e5tm

the tree obtained by grafting each T; onto the leaf /; of S.

* Given an edge e of T, write T, for the biggest subtree of 7 having e as root. Observe
that its set of leaves is contained in that of 7.
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* For edges ¢ = (e1,...,e,), we write Tt for the subtree of 7] whose root is e and
whose leaves are precisely e, if it exists. The subtree 75 does not depend on the
ordering of the tuple e. When it exists, we identify 75 with the corresponding n-ary
operation of the operad T In particular, given a T-algebra F, we will write

(T)x: F(e1) x -+ x F(en) — F(e)
for its action on F.

* In particular, a tree 7' can denote:

the element T in Q;

the discrete operad Q(T);

the representable dendroidal set Q[7'];
an operation in a tree R, with T' < R.

5.2 Construction of the adjunction

Fix a discrete colored operad P. In this section, we will define an adjunction, natural in
P, of the form
pt : dSets/NyP = Algp(sSets) : pb,

and we give explicit descriptions of both the left and right adjoint.
5.2.1 The definition

Any slice category of a presheaf category is itself a presheaf category: in particular, for
any dendroidal set X there is an isomorphism

dSets/X ~ Fun((Q2/X)°?, Set).

The category €2/ X is the category of elements of X: its objects are of the form (7', o), where
TeQand a: T — X is a morphism of dendroidal sets, and a morphism f: (T, «) — (S, )
is a map of trees f: T — S making the obvious triangle commute.

When X ~ N, P, fully faithfulness of the nerve ensures that a morphism of dendroidal
sets T — N P is just a morphism of operads 7' — P, so let us write simply 2/P for Q/N P,
and refer to the objects in /P <% dSets/NyP as the representables of dSets/N,P.
Strategy. We define p{’ as the left Kan extension of a functor p: (2/N;P)? —
Algp(sSets), where Q /N, P is the category of elements of the presheaf N;P. To define the
functor p”, we require that the family of functors p{’ p 1s natural with respect to base
change of operads, which means that, for any map of operads ¢: P — @, the following
diagram commutes:

P
dSets/NyP LN Algp(sSets)
waf): | . [ (5.2.1)
dSets/N;Q SN Algg(sSets) .

These two requirements reduce the definition of p’ to the construction of simplicial
T-algebras A’ for any tree T' and functorially in 7', and it goes as follows.
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Construction 5.2.1. Fix a tree T. For any edge e of T, let P(7]) be the set of subtrees of
T! having e as root. The elements of P(7)) are of the form 7% for edges e = (e1,...,¢e,)
for which T'(e1, ..., e,;e) # . We endow P(T)) with the partial order given by reversed
inclusion of subtrees: there is an arrow R — S in P(7)) if and only if S < R.

Let ¢ be an edge of T, and define A’ (¢) as the nerve of the poset P(T)), i.e.
AL (e) == N(P(T])).

For any choice of edges e;,...,e,,e of T for which T'(ey,... e, ;e) # ¢, we define the
morphism

AT(er) x - x AT () — AT (e)

as the nerve of the map of posets

P(T!) x - x P(T! ) — P(T}) : (R1,...,Ry) = T%o0, (R1,...,Ry),

€1

which sends a n-tuple of subtrees (R, ..., R,), with respective roots ¢ = (e1,...,¢e,), to
the tree obtained as the grafting of (R1, ..., R,) onto T¢. Since operadic composition in T
is precisely the grafting of trees and a map of trees sends subtrees to subtrees, respecting
the inclusion relation, this endows the family AT := { A% (e)}. with a simplicial T-algebra
structure.

The construction is natural in T in the following sense. Given a map of trees f: S — T and
an edge e of S, there is a morphism of simplicial sets f: A%(e) — AT(f(e)) ~ f*(AT)(e)
which sends a subtree to its image via f. These maps are compatible with the operadic
composition, as one has the equality

FA(SE0c (Ba,. . Ba)) = S1E o5y (FARY), . fA(Rn))

for any choice of edges ¢ = (e1,...,e,),e of S for which S(ey,... e ;e) # . It follows
that the family f4 := {f/}. assembles into a morphism of S-algebras f4: A% — f*(AT).
Under the adjunction (fi, f*), the transpose of f* yields a morphism of T-algebras

fits (A%) — AT
We are ready to define the functor whose left Kan extension will determine p{’.
Definition 5.2.2. Let P be a discrete operad. We define a functor
pl: Q/P — Algp(sSets)
as follows: for an object (7, «) in /P, we set
Pl (T, @) = ay(A").

Given another object (S, 3) and a morphism h: (T, «a) — (S, 8) in /P, the map p?' (h) = hy
is defined via base change along S, that is

hy = Bi(hZ): ay(AT) — Bi(A%).

Observe that any morphism of trees f: S — T can be regarded as a morphism f: (S, f) —
(T,id7) in Q/T, in which case we have f, = f.
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Definition 5.2.3. Let P be a discrete colored operad. The rectification functor of P is the
functor
pt : dSets/NyP — Algp(sSets)

obtained as the left Kan extension of p’: Q/P — Alg,(sSets) along the Yoneda embedding
Q/P — dSets/N,P.

The adjoint functor theorem ensures the existence of an adjunction
pt : dSets/NyP = Algp(sSets) : ph. (5.2.2)

Definition 5.2.4. The relative dendroidal nerve functor of a discrete operad P is the
functor p%,: Algp(sSets) — dSets/N, P right adjoint of the rectification functor.

Observe that by the definition of pf’, it is easy to describe the algebras given by the
rectification of the representables in dSets/N,P.

First of all, by construction, for any tree T the rectification of the identity morphism is
the simplicial T-algebra AT,
pl (T,idg) = A"

More generally, we can describe the image of p{’ on a representable (T, a) of dSets/N;P
more explicitly, as by inspection we observe that there is a canonical isomorphism

ol (T,a) =~ N(aje),
where N («a/c) is the nerve of what can be seen as an 'operadic slice’, defined as follows.

Definition 5.2.5. Given a morphism «: 7' — P and an object ¢ of P, we define N'(«/c) as
the nerve of the poset «/c, whose objects are pairs (e, z), with e a tuple of edges of 7" and =
an operation in P(«(e); ¢), and where there is an arrow

((e',...,e"),2") = (e, 2)

if and only if )
7 =zo(a(TE),... ,a(TE).

€n

Remark 5.2.6. The simplicial set NV(a/c) has the homotopy type of the union of the
discrete multi-hom sets P(«a(¢),...,a(4y);c), where (¢1,...,¢,) ranges over tuples of
leaves of 7. Indeed, for any edge e of T' there exist unique leaves £ = ({1,...,¢,,) such
that T'(¢y,...,0n;e) # &. In particular, any tuple of edges ¢ = (e, ..., e,) determines a
tuple of leaves (£',...,¢"), with T(;;e;) = {Tfj} # & for every i € {1,...,n}. It follows
that, for every element (e, z) of N'(«/c) one has

(glv s aﬁna Z,) - (Q7 Z))

with 2/ 1= 20 (a(T4), ..., (a(TE)) € P(a(fY), ..., a();0).

Remark 5.2.7. If T is linear, that is, T ~ [n] € A, for any object i € [n] there is an
isomorphism Al"(7) ~ A’ natural in i. In particular, given a discrete category A, the
rectification functor p!A of Definition 5.2.2 coincides with Heuts-Moerdijk rectification
functor r{*: sSets/N'A — Fun(A4, sSets) defined in [HM15, §4]. By essential uniqueness
of right adjoints, we can identify the functor p% with Lurie’s relative nerve functor p%
([Lur09, §3.2.5]).
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The poset a/c admits a nice description in terms of a fibred product of the symmetric
monoidal envelopes of the discrete operads T and P. Recall the definition of this latter.

Definition 5.2.8. The (discrete) symmetric monoidal envelope of a discrete operad P is
the symmetric monoidal category (env(P),H, &) defined as follows:

* the objects are given by the strings (cy, ..., c,) of objects of P with n > 0, where the
empty string is represented by ;

* a morphism (ci,...,¢;) — (di,...,dy) is given by a pair (f,{p;}7;), where
f:{l,...,n} — {1,...,m} is a function of finite sets and p; is an operation in
P({ci}f(i)=;; d;). Composition of morphisms is induced by the operadic composition
of operations of P.

* The tensor product [x] is the concatenation of sequences, and the unit is the empty
sequence.

We denote by Env(P) the nerve of the underlying category of env(P).

The following is a simple observation that will be useful in Section 5.5.

Lemma 5.2.9. Let (T, «) be a representable dendroidal set over NyP. There is an isomor-
phism of simplicial P-algebras

c— p'P(T7 Oé)(C) = EnV(T) X Env(P) EnV<P)/C7

where the P-algebra structure on Env(T') xgny(p) Env(P),_ is induced by operadic composi-
tion of P and the symmetric monoidal structure of env(T).

5.2.2 The relative dendroidal nerve functor

Consider a simplicial P-algebra F. The object p}(F) is a presheaf on /P, henceforth to
describe it it suffices to describe its values on the elements (7, «) in ©2/P. Fix one of such.
By definition, one has

pp(F)(1,0) = Homggets/n,p((T, ), pp(F)) ~ Hompgg, (o (T, ), F).
Unwinding the definition, one has

P (F)(T.0) = Homaig , (ssets) (1 (A”), F) = Homajg, (ssets) (A%, a*F).
The elements in p%(F') (1) can be described as follows.

Proposition 5.2.10. The following data are equivalent:
1. An element 'x in (p*F)r o).

2. A collection
(Yu: AF > F(a(e))uek

where e ranges over the edges of T, u over the non-degenerate k-simplices
u: AF — AT (e), k ranges over natural numbers and the collection has to satisfy
the following compatibility condition: whenever T'(eq, ..., en;€) # &, for any face
map v: AF — AF fitting into a commutative square as the one on the left, the induced
diagram on the right also commutes:
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Ak L) AT (o) e AT () b L),

“J l(TS)* ”l J(Tf)*

A¥ ¥ AT (e) A¥ T F(a(e))

Proof. Suppose to have the data in (1). By adjunction, the element 'y corresponds to a
map of P-algebras x: pf’ (T,a) — F. Consider the morphism of T-algebras

n: AT - a*o AT

given by the unit of the adjunction (o, a*) evaluated at A”. It consists of maps of
simplicial sets 7.: A" (e) — N(a/a(e)) for every edge e of T which are natural with
respect to multimorphisms in P. Given an edge ¢ of T', a natural number k£ > 0 and a
non-degenerate k-simplex u: A¥ — A”(e), we define v, as the composition

AR 5 AT (e) 15 N(a/ale)) =2 Fale)).

It is straightforward to check that the compatibility condition holds, since  and o* () =
Xa(—) are maps of algebras.

Let us now prove that (2) implies (1), and suppose to be given a collection {y,}, . as
in point (2). We construct the morphism of simplicial P-algebras x: p(T,a) — F by
constructing the maps of simplicial sets {x.: pi(a)c — Ft}eec(p) by induction on the
simplices, checking, at the /-th step, that we have constructed a map of P-algebras in
{-truncated simplicial sets, that is, that for any choice of objects ¢y, ..., ¢,; c and operation
w € P(eq, ..., cm;c), the following diagram in sSets<, commutes:

Xey XX Xem
_—

N(ajer)<e x - x N(a/em)<e F(Cl)ge Xoeee X F(Cm)ge
w*l Lw* (5.2.3)

N(a/e)<e = F(e)<

Let ¢ = 0, let ¢ be a object of P and consider an element (e, z) in N (a/c)y, with e =
(e1,...,e,) and z € P(a(er),...,a(ey);c). Forevery i e {1,...,n}, let e;: A° — AT(e;) be
the morphism selecting = ¢;. Since F' is a P-algebra, we have a map z,: F(a(e1)) x -+ x
F(a(e,)) — F(c), and set

Xe(€,2) = 26 0 (Yers -+ Yen )t AY — F(c).

This defines a map of sets

(XC)O: N(a/c)o - (FC)O'
To check commutativity of Equation (5.2.3), consider w € P(cy, ..., ¢n;c), and elements z; €
P(a(e),. .., ale,);ci), i = 1,...,m; commutativity is proven by the following computation

w*(Xcl (21721)7 s 7X0m(§mazm)) = Wy O ((zl)*(’}/ei’ e ?761161)7 AR (Zm)*(lyein’ <oy Yem )) =

k m

= (wo (Zla' . '7Zm)>*(7e1a" -5 Yem ) = XC<(§1a' . '7§m7w*(217'~ . ,Zm))),
1 km
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where the last equality holds because of the compatibility condition.

Let ¢ = 1 and consider a non degenerate 1-simplex p: (¢/,2') — (e, 2) € N(a/c)1, with
1 n 7

2 = zo(aT5),...,(Tz,)) for subtrees T¢,, i = 1,...,n, with ¢’ = (e!,...,e"). The

subtree inclusion n = ¢; < Tf corresponds to a 1-simplex u;: A' — AT (e;), and we define

Xc(p) = Zx © (’Y’U,la e 77Um)a

where, if u; is degenerate we set v, := v,,0, where o is the degeneracy.
If p is degenerate, that is p = zo, we set x.(p) := xc(e, 2)o; compatibility with face maps is
given by the compatibility condition with respect to the diagrams

(eziv'"»eizi)

A0 AT () x - x AT (el,)
9{ L
Al = AT (e;)
aﬁ id
AV “ AT (e;)
for i € {1,...,n}, and it still follows from the compatibility condition and the structure of

P-algebra of F' that the diagram Equation (5.2.3) commutes also at the level of 1-simplices.
Let £ > 2 and t be a ¢-simplex of N (a/c), t: (e®,20) - ... — (e, (V) — (0 2(9)), The
(-simplex x.(t) of F(c) is defined as follows. For any i € {1,...,n}, let u;: A* — AT (e;)
be a /-simplex corresponding to the chain of subtrees with root e; whose subsequent
composition yields z(?. If each of the u;’s is non-degenerate, then by hypothesis we have
maps 7,, and we set

XC(t) = Z*(Xulv cee 7XUn>'

If some u; is degenerate, we define v, := 15, o o for w; the unique non-degenerate simplex
and o a degeneracy such that u; = u; o o, and then define x.(¢) in the same way.

It is a lengthy but straightforward computation to check that the simplicial relations
involving face maps are satisfied thanks to the compatibility condition enjoyed by the
family {yu}e . and that those involving degeneracies are satisfied by construction, and
just as readily, one checks that the diagram in Equation (5.2.3) commutes at the level of
(-simplices.

We have hence defined a map of simplicial P-algebras x: pi(a) — F. By adjunction, it
yields an element in p*F{7 ., and this concludes the proof. O

When the domain of « is a linear tree, i.e. an element of A, the above description can be
further simplified.

Corollary 5.2.11. Consider a representable of dSets/N;P of the form ([n],«), n = 0, and
let F be a simplicial P-algebra. An element 'y P*(F)([n),) is determined by a family of
morphisms

{yu: AF = Fa(u(k)))}u
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as u ranges over the maps u: A¥ — A", which satisfies the following property: given maps
u, v’ and a face map v: A¥ — A¥ making the diagram below on the left commute, the
induced diagram on the right commutes as well,

AF AP T Fla(u(k))
(AN | J»
AF AP AF s F(alul (K)))

where f, denotes the composition of the morphisms from a(u(k)) to a(u'(k')).

Proof. This follows from Proposition 5.2.10 and the following considerations. First, as
observed in Remark 5.2.7, there is a natural isomorphism Al"(j) ~ AJ for any j € [n].
Second, any map of simplicial sets w: A¥ — A" uniquely factors through the inclusion
i: A%F) s A" i(z) = x, and writes as the composition A* 2> A®(K) ~ Al (y(k)) < A”.

Given a face map v: A¥ — A¥ the commutative triangle u = «/ o v corresponds to the
commutative square z o w = w’ o v, where z: A" (w(k)) — AM(w/(K')) is the image of
the arrow w(k') < w/(k') via the functor Al": [n] — sSets, and commutativity of the
square on the right is just the compatibility condition of Proposition 5.2.10 applied to
zoW=w o U,.

Vice versa, if we have a map u: A" — A”"(j) ~ AJ, then we produce a morphism
@: A" — AF by postcomposing with the same natural inclusion A7 — A*, O

We deduce the immediate simplification of the above criterion.

Corollary 5.2.12. In the situation of Corollary 5.2.11, an n-simplex x € (p*F'), is com-
pletely determined by a sequence of simplices x;: A* — Fo), for i€ {0,1,...,n}, such that
filxi—1) = dixi.

Let us give an

Example 5.2.13. When F is a P-algebra in sets, i.e. F(c) is a set for every color c of P,
we can give a simple description of p*(F'): given a representable (T, «), there is a natural
bijection of sets
PF(Fra= |] Fla®),
Leleaves(T)
and if we write p*(F') as a morphism of dendroidal sets q: E — N P, we see that for every
tree T one has
er= ) [ Flaw,
a: T—NgP feleaves(T)

and that the map qr sends each tuple to its component, namely
qr: Er —> NyPr (o, z) — a.

To see this, we observe that by Proposition 5.2.10 an element v € p*(F')(r,q) consists of a
family of objects
(’Yu € F(a(e)))k,e,u
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satisfying the compatibility condition, where k ranges over natural numbers, e over the
edges of T and u over the non-degenerate k-simplices of AT (¢). The compatibility condition
for TS = id impose the relation v, = ~,» o d for every two simplices u, v’ such that v = u'od
for a face map d. As F(«a(e)) is discrete, this means that ~y, = 7, and since the simplicial
set AT (e) is connected, we get that for every non-degenerate k-simplex u of A" (e) we have

Tu = Ve

where e: A° — AT (e) is the 0-simplex selecting the trivial tree e = 1 in A”(e). If we
now instantiate the compatibility condition with k = k' = 0 and v = id, we obtain that,
whenever T(e1, ..., en;e) = {Ts} # &, there is the relation

Ve = a(Teg)*(ryelv s 7’7671)'

Since for any edge e of T there exist unique leaves (1, ..., {, (possibly with n = 0) such
that T((1,...,ln;e) # &, this proves that to define an element of p*(F)(r,) it is sufficient
to choose an element v, € F(«a(l)) for every leaf ¢ of T. Since viceversa any such choice
determines an element of p*(F')(r,q), this gives the wanted description of p*(F)r ), and
the rest follows from the chain of equalities

Er={p:T—E}= () (:T—-Elop=a}= |J rFaw
a: T->NgP a: T->NgP

Observe that, for every color c of P, there is an isomorphism p*(F). ~ F(c), where p*(F).
denotes the fibre of q over c.

The isomorphism p*(F'). ~ F(c) observed in Example 5.2.13 holds more generally, as we
prove in the following

Lemma 5.2.14. Let F be a simplicial P-algebra, c a object of P, and denote by (p*F). the
fibre of p* F over c. There is an isomorphism of simplicial sets

(9"F)e ~ F(¢)

natural in P-algebras, meaning that, given a map of P-algebras ¢: F — G, the induced
map between the fibres p*¢.: p*F. — p*G. is the map ¢.: F(c) — G(c).

Proof. Given a morphism of dendroidal sets £ — X and an object ¢ of X, the fibre of
E — X over cis the simplicial set F. obtained as the pullback

E.— F

l{c}J

n—— X

where {c}: n» — X is the map selecting c as object. If ¥ — X is a dendroidal left fibration,
the map E. — n is a left fibration of simplicial sets as well; as n is a Kan complex, the
map F. — 7 is also a right fibration, which means that F. is a Kan complex.

By definition, for any element (F,p) in dSets/X, there is a canonical isomorphism of

simplicial sets
E. ~ homx ({c}, F),
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where {c}: n = A" — X is the map selecting c. In particular, by taking X = NP and
(E,p) = p*(F), we see that the fibre of p*F' over c can be described as the pullback

p*F, = homp,p({c}, p*F);

an n-simplex of homy;,p({c}, p*F) is a morphism A" — p*F over NP, where the map
A" — NyP is given by the composition A" — A? = 5 5 A, P. By Corollary 5.2.11 and
Corollary 5.2.12, any such simplex is determined by a single element z,,: A™ — F(c), and
one can check that the bijection is natural in A. This concludes the proof. O

5.3 The Quillen adjunction

Fix a discrete operad P and write pi, resp. p*, for the functor p’, resp. p%. The main
goal of this section is to prove that the pair (pi, p*) is a Quillen adjunction with respect
to the covariant model structure for dendroidal left fibrations and the projective model
structure on simplicial P-algebras. We will prove this in Theorem 5.3.16, and our strategy
consists in showing that p* is a right Quillen functor. To this end, we need to better
understand lifts of maps of the form p*(F') — p*(G) against dendroidal boundary and leaf
horn inclusions. Let us first begin with some combinatorial construction.

5.3.1 Root preserving faces and non-degenerate maximal chains for a
tree

Let us start by giving some definitions.

Definition 5.3.1. We say that a face map 0: S — T is root preserving if d(rg) = rp; for a
face of linear trees 0: [i] — [n], this means that 0(i) = n.

Let T be a tree. A n-simplex u of A7 (r7) can be written as a sequence of reversed subtree
inclusions of the form
u: To— > Th 1 — Ty,

and u is non-degenerate if and only if in 7; there is at least one more vertex than T, ;.

Definition 5.3.2. Let T be a tree. A non-degenerate maximal chain for T is a simplex
w: A" > AT (rp), w: Ty — - > Ty — T,

such that Ty = T, T,, = n = rr and each subtree 7; is obtained from T}, by adding exactly
one vertex (and all its input edges).

Put differently, a non-degenerate maximal chain for 7" is sequence of root preserving
subtree inclusions 7,, < --- < T} < Ty in Q with T,, = rp, Ty = T and where each T; is
obtained from 7T; ., by adding exactly one vertex. In particular, observe that in general a
non-degenerate maximal chain may not be unique, but the number n is, as n = #V (7).

Example 5.3.3. For a tree T of the form
NSNS
N
|

there are two non-degenerate maximal chains, given by
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\/ \/ N

and \/ \/ N

Figure 5.1: The two non-degenerate maximal chains for T

Remark 5.3.4. When defining the partial order on P(T) (Construction 5.2.1), we could
have chosen the opposite order, that is, the natural inclusion of subtrees, which would
make the definition above more natural. However, by choosing reverse inclusion we
obtain that, for a leaf vertex x of T, the leaf horn A*A” (r7) of AT (r7), which we define
in Definition 5.3.12, is a left, and not right, anodyne morphism (see Remark 5.3.13 and
Lemma 5.3.18).

Consider a root preserving face map 0: S — T. We still denote by ¢ the map of simplicial
sets

0: A%(rg) — AT (rr)
induced by the map of posets sending a subtree in P(S] $) ™ P(T,TT) which sends a subtree
in S to its image in 7" via 0.

The next result relates root preserving face maps and non-degenerate maximal chains of

trees. It will be fundamental in the proofs of Proposition 5.3.11 and Proposition 5.3.15, as
well as in the previous constructions Construction 5.3.10 and Construction 5.3.14.

Lemma 5.8.5. Let u: A" — AT (r1) be a non-degenerate maximal chain and d: A* — A"
a root preserving face.

(i) There exist a tree T(d,u), a root preserving dendroidal face 0: T'(d,u) — T and a
non-degenerate simplex u: At — AT(@0) (T7(4w)) such that the following diagram
commautes

Al An

ul la (5.3.1)

AT () (TT(d,ﬁ)) 2 AT(TT)

and such that the triple (T'(d,u),d,u) is initial amongst the triples satisfying the
properties of above. In particular, such (T'(d,u), 0, u) is essentially unique.

(i) If d(i—1) <n—1lori=1<mn, the face map 0: T(d,u) — T is not an isomorphism
of trees. In other words, the tree T(d,u) and the face map 0 contribute to the colimit
defining the dendroidal set 0T.
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Proof. Let us first prove point (i). We represent the non-degenerate maximal chain @ as
a chain of root preserving subtree inclusions u,, € u,_1 < --- S Uy, With @, = rp,up =T
and such that at every step we add exactly one vertex of the tree.

Observe that the diagram in Equation (5.3.1) is in fact the nerve of the diagram of
categories, and more precisely of posets, given by the following

ul ﬁ (5.3.2)
P(T(d,w)] ) —2= P(T]).

TT(d,w)

We construct the triple (7'(d, ), 0, u) inductively. More precisely, we start by inductively
constructing a chain of root-preserving inclusions of trees u; € u;_1 < - - - < ug, the base
case being k = i, and dendroidal face maps 0y : uy — g1 for any k € [i], such that:

1. for every k € [i], the face 0y, is root preserving and d(uy) = g(), that is, the diagram
in Equation (5.3.2) commutes at the level of objects,

2. the square
Up ——— Up_1

a,{ Jak_l (5.3.3)

Ud(k)y — Ud(k—1)

commutes for any k > 0, that is, the diagram in Equation (5.3.2) commutes at the
level of morphisms,

3. at the k' step, the triple (uy, Ok, up — ug—y — -~ — u;_1 — u;), where 0y is the
dendroidal face given by the composition u; %, gy < T'(d, ), is initial with respect
to the tree T, the non-degenerate maximal chain @ and the root preserving face map
given by the composition A= < AP 4 A" where the inclusion A% < A is the
face map defined by the assignment [i — k] 5 j — j + k € [i].

Observe that condition (1) implies that ¢y is an inner face map, so in particular it also
induces a bijection between the sets of leaves of the tree in the domain and in the
codomain.

Let k = i. As d is root preserving, we have uy;) = u, = 7, and we define u; := n and
0; = id: u; — u,. This is clearly an initial inner face map (condition (2) at this stage is
empty).

Consider k£ = i —1. As u is non-degenerate, the tree u4;_;) has at least one vertex. Let £ be
the number of leaves of %4(;_) and C; the corolla with / leaves. There exists an essentially
unique inner face map from C; — ,(;_1), which is the identity if d(i — 1) = n — 1, and
which is clearly initial amongst the inner face maps S — g;_). We set u;—1 = Cy,
that is, the corolla obtained by contracting all the inner edges of %4;_1), and we define
Ji—11 uj—1 — Ug(;—1) as the unique inner face map just mentioned. By construction, the
conditions (1), (2) and (3) are satisfied.
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Let 0 < k < i — 1, and suppose we have constructed a chain of root preserving inclusions
u; € -+ S uy, satisfying the requirements; we construct (u;_1,0x—1) as follows. Write
Ug(k—1) as the grafting

Ug(k—1) = Tdek) © (V1 - -+ Umy,)5

for some uniquely determined subtrees v;. Since % is non-degenerate, at least one 7, is
different from 7. For any j = 1,...,my, if ; # 1, we denote by v; the corolla with the
same number of leaves as 7; and write x; for the unique inner face map v; — v;; we set
vj = n and x; = id otherwise. We define

Uk—1 = UE © (vlv s ,vmk)a

and the face map J;_; as the grafting

ﬁk,1 = &k O (Xl, e ,ka).

By construction, 0y _1(ug—1) = Ugx—1) and the diagram in Equation (5.3.2) commutes.
Moreover, as each of the x; is initial and by inductive hypothesis ¢j, is initial as well, we
have that J,,_; initial as well, as wanted.

In conclusion, we have shown that the triple given by (7'(d,u),d,u) is initial, where
T(d,w) = ug, 0 = 0o: T(d,u) = ug S, Ug40) S Un = T and u is the non-degenerate simplex
defined by ugp — ...u;_1 — wu;. It is straightforward to check that initiality implies
essential uniqueness, so this concludes the proof of (i).

Let us now address point (ii). If d(i — 1) < n — 1, maximality of u ensures that in g;_)
there are at least two vertices, which is equivalent to say that %,;_) has at least one
inner edge. By construction, d;_1: u;—1 — %y(;—1) is the face obtained by contracting all
the inner edges of Ug(i—1), 1t 1s not an isomorphism. As 0;_1 = %H , the dendroidal face 0
cannot be an isomorphism of trees either, as claimed. On the other hand, when i = 1 the
tree T'(d,u) = ug is always a corolla, but if n > 1, then 7" has at least two vertices, which
means that the face map ¢: T'(d,u) — T cannot be an isomorphism of trees. O

Example 5.3.6. Consider the tree T of Example 5.3.3 and let u be the first non-degenerate
maximal chain of Figure 5.1. Let d: A?> — A3 be the face map defined by d(0) = 0,d(1) =
1,d(2) = 3. Then we have that (T(d,u), 0, u) is determined by the non-degenerate simplex u
(in this case also maximal) given by

AN

T(d,w) = uy =

where the face map 0 is given by the inner face map
NN ANZ
NS N A
|

obtained by contracting the inner edge e.
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Consider now the face map d defined by d(0) = 0,d(1) = 2,d(2) = 3, which does not fall
in the hypothesis of point (ii) of Lemma 5.3.5. In this case we have us = 1, u1 = Cy and
Uug = T and 0 = id.

We conclude this part with the following

Definition 5.3.7. Given a tree 7' and a non-degenerate simplex w: A* — AT (rr), a
maximal extension of w is a non-degenerate maximal chain w: A" — AT (rr) together
with a face map d: A¥ - A" suchthatw =wod.

Observe that, even if there are multiple maximal extensions of w, the face map d: A*¥ —
A™ is unique.

5.3.2 Lifts against dendroidal boundaries

Given a tree T, we write ¢: 0T — T for the dendroidal boundary inclusion. If 7" is the
domain of a representable (7, «) in dSets/N;P, by precomposing with ¢ one obtains
another element (07, at), no longer representable.

We need to introduce the following object.

Definition 5.3.8. Let T be a tree. The boundary of A’ (rr) is the subsimplicial set
0AT (rr) of AT(r) given by the chains ug — --- — wu; such that at least one of the
following conditions hold:

1. up # n;
2. ug #T;

3. there exists at least one i € {0,...,k — 1} such that the tree u; is obtained from u;
by adding at least two vertices v, w with v < w.

Condition (3) in Definition 5.3.8 may be informally stated by saying that u; is obtained
from wu; 1 by adding at least two vertices which are one on top of the other. We will say
that two such vertices are dependent.

Remark 5.3.9. As noticed in Remark 5.2.7, when 7' = [n] one has the isomorphism
AT (rr) ~ A™. In this case, there is a natural isomorphism 0.A” (ry) ~ 0A™.

Given a simplicial P-algebra F' and a representable (7', «), in Construction 5.3.10 we
explain how to associate to a morphism x: (07,at) — p*(F) a map of simplicial sets
ox: 0AT (rr) — F(a(rr)).

Construction 5.3.10. Let F' and x be as above; recall the characterization of the dendrices
of p*(F) detailed in Proposition 5.2.10. We define ox: dAT (rr) — F(a(r7)) on non-
degenerate simplices only, and then extend it to all simplices by imposing the naturality
conditions for degeneracies. Consider a non-degenerate k-simplex u of 0.A” (r7), that is,
u: AF — AT (rr).

If ug, # n, then uy has at least one vertex. Let {e1, ..., e, } be the set of leaves of uy. If it is
non-empty, for every i € {1,...,m} there exists a unique chain v*: A*¥ — A7 (e;), possibly
degenerate, such that u = (ug)s o (v',...,v™). For every i € {1,...,m}, the restriction of
o to the face T] — T yields a map x,: A — F(a(e;)), and we set

(aX)(u) = a(uk)* © (Xv1> s 7X’v"’)'
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If the set of leaves of uy, is empty, the fact that u is non-degenerate means that necessarily
k = 0 (and moreover, although we don’t need this here, that u; = T). As I is a P-algebra,
uy, determines a map a(ug)s: A° — F(a(rr)), and we set

(0x)(u) = a(up)s.

If u;, = n and uy # T, chose a maximal extension @: A™ — AT (rr) of u, with d: AF — A"
the root preserving face map such that v = w o d. By Lemma 5.3.5, there exists a root-
preserving face map 0: T(d, @) — T and a non-degenerate simplex u’': A*¥ — T'(d, @) such
thatwod = o/, and we define
(aX) (U’) = Xu'-

This definition does not depend on the chosen maximal extension u: if we write S for the
tree ug, by assumption the simplex u factors through the face S — T, defining a simplex
w: AF — AS(rg). Initiality of the triple (T(d, @), @, u’) garantees that it exists a face map
0: T'(d,w) — S through which ¢ factors and which yields a commutative diagram and that
the morphism induces a commutative diagram

AF— v AS(T’S

AT () (TT(d,a)) B— AT(’"T)

Coherence of x on nested faces then ensures that
Xu' = Xw-

Lastly, suppose that u; = n,uy = T and that u satisfies condition (3) of Definition 5.3.8.
Similarly to above, choose a maximal extension = of u and use Lemma 5.3.5 to obtain
a root preserving face map 7(d, W) — T and a non-degenrate simplex «': A¥ — A’ and
define
(0x)(u) = Xu-

Again, the choice does not depend on the chosen maximal extension: let S be the tree
obtained from T by contracting all the inner edges between any two dependend vertices
added in a jump u; 2 u;11. It yields a face map S — T through which the simplex u
factors, defining a unique k-simplex w: A*F — A%(rg). Initiality of (T'(d, @), 9, u’) together
with coherence of y on nested subfaces ensure that one has

Xu' = Xw-

We use this construction for the following

Proposition 5.3.11. Let f: ' — G be a morphism of P-algebras and (T, ) a representable
in dSets/NyP. To have a dotted lift in the solid diagram

(0T, cvo 1) —— p*(F)
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it suffices to have a lift in the diagram of simplicial sets

OAT (1) — 2% F(a(rr))

A //,7
J e Jfa(TT)

AT(rr) —— Glalrr))

where 0 is the map given by Construction 5.3.10 and € is defined as the evaluation at the
root rr of the transpose of ¢': p|(T, o) = ay(A") — G under the adjunction (o, a*).

Proof. For any non-degenerate simplex w: A* — AT (e), we construct a map of simplicial
sets A, : A* — F(a(e)) such that:

1. the family {A, },, satisfies the compatibility condition of Proposition 5.2.10, defining
amap A: (T,a) — p*(F) in dSets/ N P;
2. for any face 0: S — T such that w factors as
AR 2 A5 () — AT(3()) = AT (e)
for some w’, one has A, = x,. This means that A, = y;

3. for any edge e of 7" and w non-degenerate, f,()Aw = §w, which means that p*(f)A =
&

Consider hence an edge ¢ of 7', and a non-degenerate simplex w: A* — AT (e).

If e # r7, the tree inclusion 0: T < T contributes to the colimit defining ¢ and yields the
equality A7 (¢) = AT (r;1). The restriction of x to 0 yields a map x|,: (T, ad) — p*(F).
After Proposition 5.2.10,e this gives a simplex y.,: A¥ — F(a(d(rs))) = F(a(e)), and we
define A, == -

If e = r7, we define A, := A\ ow.

Let us now prove that the family just defined satisfies the three conditions above.

1. Consider edges e1,...,e,, e of T such that T'(ey,...,e,;e) = {p} # &, a face map
v: A¥ - A¥ and a commutative diagram

A AT (eg) x -+ x AT (en)

(U1 yeeeyttn)
J l,,* (5.3.4)
AF Y AT (e)
where u1,...,u,,u are non-degenerate. We need to check that the following diagram

commutes:
AP F(afer)) x -+ x F(a(ey))

(M)
J Joo (5.3.5)

AV A
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Suppose e # rr, and write S, resp. S;, for T, resp. T, i = 1,...,n. In this case,
we can write u: A — A%(rg) and u;: AF — A%(rg,), and by definition we have
Ay = xu and Ay, = x.,. Moreover, since x is coherent on nested subtrees of 7" and
each u; can be written as u; = uf: A¥ — A%(e;), we have that y,, = x,s. As a
consequence, if we denote by i: S — T the subtree inclusion, the diagram (5’;.3.5) is
a compatibility diagram for the restriction of x to 4, that is, x|, : (S, i) — p*(F); in
particular, this means that the diagram commutes, as wanted.

If e = 71, by definition we have A, = Ao wu. If p # id, then the k-simplex uv: AF —
AT (r7) is such that (uv); # 1, hence it belongs to d.A” (rr). By hypothesis, we have

Ao (w) = (0x)(uwv),

which implies that

Ay ov=a((uv)g)s o (Xpts- - Xom), (5.3.6)
where {l;,...,l,,} is the set of leaves of the tree (uv); and for every i € {1,...,m},
vt AF — AT (1;) is the unique chain such that uv = ((uv)i)« o (v!,...,v™). Moreover,

we have that
(UU)k =P« © ((ul)ka DRI (un)k)a

and uniqueness of the v"’s imply that the following diagram is commutative (up to
appropriately permuting the factors in the product, which we implicitly do)

ol . o™
Ak (™) AT(L) x - x AT (1)
<u1~-~7w>l () (n) ) l((uvm* (5.3.7)
((t

AT(e1) x -+ x AT (ep) AT (r7)

Dx

As AT (e;) = AT (rp1 ), we see that Equation (5.3.7) is a product of compatibility

diagrams for each TeTi, which, together with coherence of xy on nested subfaces,
implies that we have the equaity

(XU17 s vXun) = (a((ul)k)*a cee a((un)k)*) © (X1)1> e 7va)'

In particular, referring back to the equality in Equation (5.3.6), we can continue the
chain of equalities and get

Ayov = a(p)so(a((ui)r)s, - a((un)r)s)o(Xots - s Xom) = @(P)x0(Xuys - - s Xun) = @(D)s(Auys -+, Ay,
as wanted.

If p = id, diagram in Equation (5.3.5) commutes by construction, as we have
Ay, =Aoup =Adouov=»A,o00.
2. Consider 0, w and v’ as specified in (2); we need to prove that A,, = x,, and for this
it suffices to consider the case where w’ is non-degenerate as well.

If e # rr, we can write w: AF — AT (r;1) = A”(e) and we have by definition that

Aw = Xw. The restriction of ¢ to the subtree Sg, yields the face map Sg, — T! and
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’ T
induces a factorization of w of the form AF % A% (rgt) = A3(e) — AT(e), so
Xw = X and the thesis is proven. ’
If e = rp, then A, = X o w. Moreover, one necessarily has that ¢: S — T is a root
preserving face, either external or internal. In both cases, this ensures that w

belongs to 0.A” (r7), which means that A,, = (dx)(w).

Let us first suppose that w; # 7: in this case, reasoning as in Construction 5.3.10,
we can write w = (wy,)s o (v!,...,v™) for unique chains v/’s, and by construction we
have

Ay = (OX)(w) = a(wp)x © (Xp1,- -5 Xom)-
As 0 is root preserving, necessarily one has w; # n and

w' = (w)x o (v}, ..., 0™)
for unique chains v’’s. As 0 is a morphism of trees, it respects operadic composition,
i.e. grafting of trees, and since d(w') = w, from the uniqueness of the v/’s we deduce
that m’ = m and that for every j € {1,...,m} we have 0(v7) = v/. The compatibility
condition for the restriction of y to ¢ ensures that we can write

Xw' = Oé(w;i.)* o (Xyla st Xﬂ)

and coherence of y on nested subfaces yields x,; = x,. As a: 0T — NyP is
also coherent on nested subfaces, we have a(w}) = a(wy), and we deduce that
Xw = (0x)(w) = Ay, as wanted.

If now wy = 7, then w must fall into cases (2) or (3) of Definition 5.3.8. After
Construction 5.3.10, this means that we have (dx)(w) = xw for some maximal
extension w of w yielding the tree T'(d, w), a face map : 7'(d,w) — T and the simplex
W AP — AT@®) (pp ;o). Initiality of the triple (T(d,w), 5, W) and coherence of x
on nested subfaces then guarantee yy = x,s, as wanted.

3. If e # rp, then A, = x, and by hypothesis f,.) o xw = &w- If e = rr, then
farr) 0 Mw = fagrpyorow = fow = &, where the last equality holds by construction.

We have checked all the required conditions, so this concludes the proof. O

5.3.3 Lifts against leaf and dendroidal inner horns

We now provide a similar construction of lifts of morphisms of the form p*(f): p*(F) —
p*(G) against dendroidal leaf and inner horn inclusions. Most of constructions and proofs
will be similar to the ones of the previous section, so we will only stress the points where
the constructions diverge.

First of all, we need to introduce the following objects.

Definition 5.3.12. Let T be a tree and z an inner edge of 7. The horn of A” (rr) relative
to z is the subsimplicial set A* AT (r7) of AT (r7) given by the chains ug — - -+ — u; such
that at least one of the following conditions hold:

1w #m;
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2. () #T,

3. there exists at least one i € {0,...,k — 1} such that the tree u; is obtained from wu;;
by adding at least two vertices v, w with v < w and {v, w} # {I(x),O(x)}, where I(z),
resp. O(x) is the vertex above, resp. below, x.

Let 2 be a leaf vertex of 7. The horn of A (rr) relative to x is the subsimplicial set
A* AT (rr) of AT (r7) given by the chains ug — --- — wu; such that at least one of the
following conditions hold:

1. up #n;
2. ug # 0, T,

3. there exists at least one i € {0,...,k — 1} such that the tree u; is obtained from u;;
by adding at least two vertices v, w with v < w.

Remark 5.3.13. If T = [n] and z is an inner edge, that is z € {1,...,n — 1}, there is a
natural isomorphism of simplicial sets A AT (r1) ~ A”. If z is the unique leaf vertex of
T = [n], that is, the vertex between the edge labelled with 0 and that labelled with 1, then
we have A AT (rr) ~ AR. The correspondence leaf vertex- left anodyne depends on the
choice of the reverse order for the posets P(7)), as already anticipated in Remark 5.3.4.

Let F be a simplicial P-algebra and (7, «) a representable of dSets/A,;P. Let x be an
inner edge or a leaf vertex of 7', and let j: A*T — T be the corresponding dendroidal horn
inclusion. In Construction 5.3.14 we show how to associate to a morphism x: (A*T, aj) —
p*(F) a map of simplicial sets A®x: A AT (r7) — F(a(rr)).

Construction 5.3.14. Let T, z, F and y as above, and recall the characterization of the
dendrices of p*(F') detailed in Proposition 5.2.10. Also recall that, given a tree 7" and a
leaf vertex or an inner edge x of T, the horn A*T is defined as the colimit on all the faces
of T except for 0,: 0,7 — T. We define A®x: AA” (rr) — F(a(rr)) on non-degenerate
simplices only, and then extend it to all simplices by imposing the naturality conditions for
degeneracies. We proceed as in Construction 5.3.10, checking at each step that whenever
we consider the restriction of x to a face ¢: S — T, this is well defined, that is, we have
0# Op: 0T — T.

Consider hence a non-degenerate k-simplex u of A*A” (r7), that is, u: A¥ — ATAT (rp). If
ug # 1, we can proceed as in the corresponding case of Construction 5.3.10, because for x
inner edge or leaf vertex, and e any edge of T, a tree of the form T, cannot be isomorphic
to a tree of the form 0, 7.

Suppose now that u;, = 7 and that it satisfies conditions (2) or (3) of Definition 5.3.12.
We can still define A®x as in the corresponding cases of Construction 5.3.10, since the
conditions in Definition 5.3.12 ensure that 7'(d, @) # 0,71 for every maximal extension u
of .

Proposition 5.3.15. Let f: F — G be a morphism of P-algebras and (T, «) a representable
in dSets/NyP. Let x be an inner edge or a leaf vertex of T. To have a lift T in the solid
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diagram
(AT, 00 ) ——= p*F

i F - ip*f

(T, «) B S p*G

it is sufficient to have a lift in the diagram of simplicial sets

AI
A AT (rp) =5 Foop

1
vy -
J{ ///’/ J{fa(rT)

‘AT(TT) T Ga(rT)

where A*y is the map constructed as in Construction 5.3.14 and ¢ is defined as the
evaluation at the root 1 of the transpose of ¢t : p\(T, ) = an(AT) — G under the adjunction
(cu, ™).

Proof. The proof of Proposition 5.3.11 can be adapted to this context with minor changes;
let us explain how. Assume we are given a lift 7 as in the statement. We construct, for
any edge ¢ of T and any non-degenerate chain w: A¥ — A”(e), a map of simplicial sets
[y: AF — F,( such that:

1. the family {I';, },, defines a morphism I": (A*T, aj) — p*(F);

2. T'j = x, which means that if 0: S — T is a dendroidal face map with ¢ # ¢, and
w: AF — AT (e) factors as A¥ v, AS(e') — AT(8(e")) for some w' then T'y, = Xur;

3. p*(f) ol =¢&.

Fix such T, e and w. If ¢ # rr, the subtree inclusion 0: T! — T is necessarily different
from 0., hence the restriction of x to ¢ is well-defined and we can define

Iy == Xw-

If e = r7, we define
Iy ==vyow.

To see that the family {I",,},, satisfies the three required conditions, let us go over the
arguments used in Proposition 5.3.11 and see why they can be adapted to this case as
well:

1. Consider the diagrams as in point (1) of the proof of Proposition 5.3.11. Whether
e # rp or e = rp, that the compatibility condition holds can be proven by using the
same arguments as in Proposition 5.3.11, since they do not involve restricting x to
the face 0,.
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2. Consider a dendroidal face 0: S — T, 0 # 0., and a simplex w: A* — AT (e) which
factors as A! > A3 (") LN AT (0(e")) for some €’ € E(S) with d(¢') = e. If e # r7, as
the tree T cannot be isomorphic to the face 0,7, we can reason as in the proof of
Proposition 5.3.11 and prove that I",, = v,. If e = rp, we can still apply the same
arguments, because ¢ being root preserving and the assumption ¢ # ¢, ensure that
w belongs to A A’ (rr), hence we get I',, = 7, in this case as well.

3. This point can be proven in a completely analogous way as point (3) in the proof of
Proposition 5.3.11.

This concludes the proof. O

5.3.4 The Quillen adjunction

We are ready to prove the main result of this section.

Theorem 5.3.16. The straightening-unstraightening adjunction
p1: dSets/NyP = Algp(sSets) : p*

is a Quillen adjunction between the covariant model structure on dSets/Ny P and the
projective model structure on Algp(sSets).

In order to prove the theorem, we first show in Lemma 5.3.18 that the inclusion
A AT (rp) — AT (r7) is anodyne. Recall that a map of simplicial sets is called anodyne if
it has the left lifting property with respect to Kan fibrations, and left, resp. inner anodyne
if it has the left lifting property with respect to left fibrations, resp. inner Kan fibration.
Anodyne morphisms, as well as left and inner anodyne morphisms, form a saturated class
of morphisms, which means that they are closed under transfinite composition, retracts
and pushouts. We will need the following definition.

Definition 5.3.17. Let E be a non-empty subset of {0, 1,...,n}. The generalized horn
A’} is defined as the subsimplicial set of A obtained as the union of the faces J;A™ with
i ¢ E. This determines an inclusion A%, — A", which we call generalized horn inclusion.

After [HM22, Lemma 5.23], a generalized horn inclusion A% — A" is anodyne, and it is
left anodyne if £ < {0,1,...,n — 1}, inner anodyne if £ < {1,...,n — 1}.

We can now prove the next fundamental lemma.

Lemma 5.3.18. Let T be a tree, and let x be either an inner edge or a leaf vertex. The
inclusion
A AT (rp) — AT (rr)

is an anodyne morphism of simplicial sets. In particular, if x is an inner edge it is inner
anodyne, and if z is a leaf vertex it is left anodyne.

Proof. We use the critherion of [HM22, Lemma 5.20] and prove the thesis by showing
that the inclusion A* A" (r7) — AT (rr) can be obtained as the transfinite (in fact, finite)
composition of pushouts of generalized horn inclusions.



5.3. THE QUILLEN ADJUNCTION 99

Let us start with the case x is an inner edge of T'; the case of x leaf vertex will be
similar. First of all, observe that any non-degenerate simplex in A7 (r7) can be obtained
as the face of a maximal chain in A”(r7). In particular, any maximal chain u has the
property of having index j such that u;_; is obtained from u; by adding the output vertex
of z, for which we write u; = u;;1 U {O(z)}. We introduce the following terminology:
a non-degenerate, not necessarily maximal, k-simplex u of A”(r7) has height j, for
j€{0,1,... k =1}, ifup_; = up—j11 U {O(x)}. In other words, having height j means that
x appears for the first time in the j' smallest tree of the chain of inclusions determined
by u, and that z first appears as a leaf. Observe that there are no chains of height 0, and
in general the maximal possible height cannot be greater than the number #V (T) of
vertices of 7.

Consider the sequence of inclusions

ANAT(rp)=BO cBW c...cB®W < |
where B(*) is the subsimplicial set of A”(rr) generated by A*A”(rr) and the non-
degenerate simplices of AT (r7) of height at most k. We have that B(*) = B(*+1 for
k = #V(T), and by the previous discussion

AL (rp) = | BW.
k

It follows that it suffices to show that each inclusion B*) — B(*+1) is inner anodyne. To
prove this, we apply the same method and observe that we can write a chain of inclusions

Bk _ B(()kﬂ) c B£k+1) c...C Bf(LkH) c.

ey

where B,(lkﬂ) is the subsimplicial set of B**1) generated by B*) and the non-degenerate
simplices of dimension at most » and of height precisely k& + 1. Observe that we have

B,(lkﬂ) — B™ for h < k, and B,(lkﬂ) = Bgfll) for h > #V(T) + 1.

Moreover, we have
BU+1) _ UBf(Lk+l)7
h

so we need just to show that for £ < h < #V(T'), the inclusion B}(Lkﬂ) — B,(L’fll) is inner

anodyne. Consider then a (h + 1)-simplex u of height k£ + 1 which does not belong to
A* AT (rr), and let dy(u) be its /" face, with £ € {0,1,...,h +1}. IfO < £ <k — h, dy(u) isa
non-degenerate h-simplex of height &£+ 1, hence it belongs to B,Sk+1). Ifk—h+1</l<h+1,
then d(u) is a non-degenerate h-simplex of height k, hence it belongs to B*). For

¢ e {h—k,h—k+1},if u does not belong to A* AT (rr), then d;(u) cannot belong to it either,
and dy(u) cannot belong to B}(L’Hl) either: indeed, if / = h — k, than d,(u) is a chain where
x firstly appears as an inner edge, while for ¢ = h — k + 1, in the chain d;(u) the subtree
where z first appears (as a leaf) is obtained from the previous one by adding at least two
vertices. Moreover, one can check that in both cases d;(u) cannot be obtained as the face
of a smaller simplex of height &£ + 1 nor of a simplex of height k. The same reasoning

applies to the intersection of these particular kinds of inner faces dy(u), showing that
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they are not contained in B}(LkH), and by applying [HM22, Lemma 5.24], which yields
a critherion on how to identify generalized horns, we obtain a pushout diagram of the
following form

k+1
L, A —— B

J J (5.3.8)

L, A" —— B

where u ranges over all the non-degenerate h + 1-simplices of height £ + 1, and £ =
{h — k,h — k + 1}. Since z is an inner edge, one necessarily has F < {1,...,h}, and this
shows that B,(lkﬂ) — B,(jfll) is inner anodyne ([HM22, Lemma 5.23]). It follows that the
inclusion B*) — B(*+1) is inner anodyne, and so is the morphism A* AT (r7) — AT (rr),
as wanted.

Suppose now that z is a leaf vertex of 7. To show that A*A” (r;) — A”(r7) is anodyne
we proceed similarly as above but adjusting the filtrations to the case of x being a leaf
vertex. More precisely, we go as follow. First, we say that a non-degenerate k-simplex u
of AT (rr) has height j if u;_; can be obtained from uy_;.1 just by adding the vertex ,
for which we write u;_; = u_;1 U {z}. We then define B(**) as the subsimplicial set of
AT (rr) generated by A*A” (r1) and the non-degenerate simplices of height at most k. We
have a chain of inclusions

N AT(rp) =BO cBW c...c BW < ..

and

Al(rr) = ) B,
k
therefore it suffices to show that B(*) < B +1) igleft anodyne. We then write

ey

Bk _ B(gkﬂ) c B§k+1) c.

with B,(L]Hl) the subsimplicial set of B**1) generated by B*) and the non-degenerate
simplices of height £ + 1 and dimension at most 2. We have

Blk+1) _ UB}(LkJrl)’
2

and again we reduce to showing that B,(Zkﬂ) — B,(llfll) is left anodyne. This is true because

if we consider a non-degenerate h + 1-simplex u of height £ + 1 which does not belong to

A*T and ¢ € {0,1,...,h + 1}, we see that dy(u) belongs to B}(Lkﬂ) for 0 < ¢ < h —k, to B

for h —k+ 1 < ¢ < h+ 1 and that it cannot belong to B,Skﬂ) for (e {h—k,h—k + 1}; in

this latter case, the same holds for the intersections of these faces. We therefore obtain a
pushout diagram as that in Equation (5.3.8), where F = {h—k, h—k+1} is now necessarily
contained in {0, 1,...,h}, as z is a leaf vertex. This shows B,(lkﬂ) — B,(llf:;l) is left anodyne,

therefore also B(¥) < B(*+1) ig 50, which means that the inclusion A* AT (r7) — AT (r7)
is left anodyne, as wanted.

O



5.4. MONOIDAL RECTIFICATION OF LEFT FIBRATIONS 101

Proof (of Theorem 5.3.16). Recall that a morphism (X, f) — (Y, g) in dSets/N P is a left
fibration, resp. trivial fibration, if it has the right lifting property against inner and leaf
horn inclusions (A*T,a 0 j) — (T, a), resp. boundary inclusions (67, a o) — (T,a). A
morphism of P-algebras F' — G is a projective fibration, resp. projective trivial fibration,
if for any object c of P, the map of simplicial sets F'(¢) — G(c) has the right lifting property
with respect to anodyne morphisms, resp. inclusions of simplicial sets.

After Proposition 5.3.11, the functor p* sends covariant trivial fibrations to projective
trivial fibrations, and combining Proposition 5.3.15 with Lemma 5.3.18 we have that
p* sends projectively fibrant objects to left fibrations. As covariant fibrations between
fibrant objects are left fibrations, this means that p* preserves fibrations between fibrant
objects. It is a standard model-categorical fact that this is enough to ensure it preserves
all fibrations.

We have shown that p} is a right Quillen functor, and this concludes the proof. O

5.4 Monoidal rectification of left fibrations

Consider P = A a discrete category. The rectification functor and the relative dendroidal
nerve for A yield an adjunction

pi*: sSets/N A = Fun(A, sSets) :p%

which is a Quillen adjunction with respect to the covariant model structure on the left
hand side and the projective model structure on the right hand side. As observed in
Remark 5.2.7, this adjunction recovers the one defined in [HM15], where it is proven that
it is a Quillen equivalence.

In this section, we

1. give a new independent proof that (p{}, p%) is a Quillen equivalence for a discrete
category A. Contrarily to the one in [HM15], it does not rely on comparing p{* with
the homotopy colimit functor;

2. improve the above result by showing that, when A is a symmetric monoidal cate-
gory, the Quillen equivalence (pIA, p%) is in fact a monoidal Quillen equivalence of
monoidal model categories.

In Section 5.5 we will actually prove that (pf, p%) is a Quillen equivalence for any Y-free
discrete operad P, but that will require to use co-categories, while in this section we are
still able to prove our results with model categorical and point-set level methods.

5.4.1 The Quillen equivalence: discrete categories

Fix a discrete category A and write pi, resp. p*, for p{*, resp. p%. Consider a simplicial set
X and an element (X, f) in sSets/N A. The element (X, f) is the colimit of representables,

(X, f) = colim([n], a).
([n],0) > (X, 1)

As colimits of functors can be computed objectwise, for every object a of A one has

X,f)~ coli N )
p(X, f) S, (a/a)
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Now, the nerve of the poset a/a can be written as the pullback
N(aj/a) ~ A" xya N(A/a),

hence
p(A ) ~ X xpya N(Afa). (5.4.1)

With this description, we can prove that the Quillen adjunction (pi, p*) is in fact a Quillen
equivalence. This was already shown in [HM15] by comparing the right derived functor of
p* with the left derived one of the homotopy colimit functor. Here, we present a different
proof based entirely on simplicial sets and anodyne maps; our strategy is essentially due
to Gijs Heuts.

Theorem 5.4.1. For any discrete category A, the Quillen adjunction
p1: sSets/N'A = Fun(A, sSets) :p*

is a Quillen equivalence between the covariant and the projective model structure.

Proof. 1t is a standard result in model category theory that it is enough to prove that p*
reflects weak equivalences between fibrant objects and that the derived unit evaluated at
a bifibrant object is a weak equivalence. Let us prove these two facts.

Let ©: F — G be a morphism between Kan-enriched functors. Since p* is right Quillen,
both p*(F') and p*(G) are left fibrations, which means that p*(y) is a covariant weak
equivalence if and only if it is a fibrewise weak homotopy equivalence of spaces. Given an
object a of A, after Lemma 5.2.14 there is a natural equivalence between the map of fibres

p*(P)a: p*(F)a — p*(G)a
and the map between the evaluations
vq: Fa) — Gla).

Therefore p*(y) is a weak equivalence if and only if ¢ is, so in particular p* reflects weak
equivalences.

For the second condition, observe that every object in sSets/N A is cofibrant, so let (X, f)
be a left fibration and L7 x o) be the derived unit evaluated at (X, f). This can be written
as the composition

Lice.gy: (X, 1) "2 p*pu(X, 1) 25 (),

where R: pi(X, f) — F is a fibrant replacement for p;(X,«). As both domain and
codomain are left fibrations and weak equivalences between left fibrations are fibre-
wise weak homotopy equivalences, the derived unit is a weak equivalence if and only if it
is fibrewise so. Consider an object a of 4; as p*(R), ~ R, and R is a projective weak equiv-
alence, it is sufficient to show that the map of fibres (X, f), — p*(p1(X, f))a =~ p(X, f)(a)
given by the non-derived unit is a weak homotopy equivalence of simplicial sets. This
map appears as the top horizontal arrow in the pullback

(X, f)la —— X xaaN(4/a)

J

), Ar(A/a) .

AO
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The map A° Hida}, (A/a) is right anodyne, which means it belongs to the closure
under pushouts, retracts and transfinite compositions of the set of right horn inclusions
{A} — A"}, 0<k<n- As left fibrations are stable under pullbacks, also the map X x4
N(A/a) — N(A/a) is a left fibration. As proven in [HHR21, Proposition 2.10], the
pullback of a right anodyne map along a left fibration is again right anodyne. As right
anodyne maps are in particular weak homotopy equivalences of simplicial sets, this
concludes the proof. O

5.4.2 The monoidal Quillen equivalence

Consider now a symmetric monoidal category A = (A,®,14). As simplicial sets are
monoidal with respect to cartesian product, the category Fun(A,sSets) has a symmetric
monoidal structure given by Day convolution: given functors F,G: A — sSets, their
tensor product F' ® G: A — sSets is the two-variables left Kan extension of the product

Day
of Fand G
A x A—>sSets, (a,b) — F(a) x G(b)

along the tensor product of A, so that

F G ~ colim F G(b).
(F £ 6) @ = slim Fla) Gy
The unit is given by the Yoneda embedding of the unit of A, seen as a discrete simplicial
presheaf on A.

The over-category sSets/N A also has a symmetric monoidal structure [x], defined as

[x]: sSets/N A x sSets/N'A — sSets/(NA x NA) = sSets/N A,

where m, is the post-composition with the nerve of the tensor product of A. The unit for

the monoidal structure on sSets/N A is given by the map (+,14: = Aal, N A) selecting

the tensor unit of A.

A monoidal Quillen model category is a symmetric monoidal category (M, ®, 1,,) endowed
with a model category structure and whose tensor product which is appropriately compat-
ible with the model category structure, ensuring, for instance, that the homotopy category
is also symmetric monoidal. In particular, in a monoidal model category the tensor
product has to be a left Quillen bifunctor: given two cofibrations i: X - Y, j: U —» V,
their pushout product
ioj: XV YU —YeV
XQU
is a cofibration, which is also a weak equivalence if 7 or j is.

Proposition 5.4.2. Let (A, ®,14) be a symmetric monoidal category. The covariant model
structure on the symmetric monoidal category (sSets/N A,[X), 1 4) is model monoidal.

Proof. The functor m, is a left Quillen functor ((HM22]), and as the unit of the tensor
product is cofibrant, the statement reduces to showing that — x] — is a left Quillen
bifunctor. It is clearly cocontinuous in both variables, and it is also easy to see that the
pushout product of two cofibrations is a cofibration as well. Consider a trivial cofibration
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i: (X,f) — (Y,g); its pushout-product i o j with j: (U,h) — (V,k) is the morphism
appearing in the following diagram

(Xaf) X (th) B (Xaf) X (Vvk)

e l

(Y,9) x (U;h) ————— ¢

(Y,9) x (V; k)

By [NS17, Lemma 3.3], for any two simplicial sets S, T the functor
— x S:sSets/T —> sSets/T x S, (Z,8)— (Z x S, x id)

is left Quillen with respect to the contravariant model structure, which is obtained from
the covariant model structure by applying the duality A — A, [n] — [n]°P. It follows that
— x S is left Quillen also with respect to the covariant model structure.

In particular, 7 x id is a weak equivalence; since the covariant model structure is also
left proper, the morphism (X, f) x (V, k) — e is a weak equivalence as well, and by the
2-out-of-3 property i o j is a weak equivalence as well. This concludes the argument. O

Remark 5.4.3. In particular, Proposition 5.4.2 gives a presentation of the symmetric
monoidal oo-category (Lefty A))® introduced in Section 4.3.1. That this was abstractly
possible — to present a presentable symmetric monoidal co-category by a simplicial,
combinatorial and left proper symmetric monoidal model category — follows from Nikolaus-
Sagave’s [NS17, Theorem 1.1].

After [Isa09, Proposition 2.2.15], for any symmetric monoidal category (A,®,14), the
projective model structure on Fun(A4, sSets) is model monoidal with respect to Day convo-
lution. We now prove that the rectification functor respects the monoidal structure.

Theorem 5.4.4. If A is a symmetric monoidal category, the Quillen adjunction
p1: sSets/N' A = Fun(A, sSets) : p*

is a monoidal Quillen equivalence of monoidal model categories for the above monoidal
model structures.

Proof. After Theorem 5.4.1, the adjunction (p, p*) is a Quillen equivalence, so we only

need to prove p; is monoidal. Write X := AN A, and fix two elements (U, h) and (V, k) in
sSets/X. We prove that p; is monoidal in three steps.

1. First, we prove that p is lax monoidal. We construct the laxity map

p!(U, h) ®Day p!(vv’ k) - p!((U, h) (Va k))
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as follows. Fix an object a of A and a map ¢: b ® ¢ — a for objects b and c. There is a
commutative diagram

U x V) x  (N(Afa) < N(A/D)) ML Uuxv ekt NAxNA
lprz J@
N(AJa) x N(Ab) —— ™ N(AJa®@b) —255 N(AJe) —— NA
and they induce the map

(,oma m @ v k)) (€)= colim(UxV) _x  (N(4/a) x N(A/D)) — (UxV)xxaN(4/e),

as wanted.

2. The functor p, is also colax monoidal, and the colaxity map

p((U,h) & (V, k) — pi(U, h) > p (V. k)

is constructed as follows. Let ¢ be an object in A and let n > 0. A n-simplex
X of p((U,h) X (V, k))(c) corresponds to a tuple ((a,b),z), where a € U,, b € V,,
x € N(A/c),, satisfying the property that (h[xXk),,(a,b) = U(z), where U: N (A/c) —
N (A) is the nerve of the forgetful functor. In other words, if we write

hpn(a) =ay — -+ — ap, kpb)=by—...bp, andx=c) —>c; >+ —>¢c, >c
the property that ((a,b), ) satisfies is that
ci=a;®b;and ¢; — ciy1 = (a; = ajr1) ® (by — biy1)

for all 7 for which it makes sense.

In particular, the couple
((a’ao — s > Ay ﬁ) an>,(b,b0 [ _)bn ﬂ)bn))

determines a n-simplex of
<U 5 N(A/an)> X (V 5 N(A/bn)>

which determines a n-simplex of the colimit (p;(h) D@ p1(k))(c) relative to the compo-
ay

nent determined by the morphism (¢, = a, ® b,) — c.

3. p is strong monoidal, because the laxity and colaxity maps of, resp., points (1) and
(2), are one the inverse of the other. That the composite

P B V.K) — p(U ) @ VoK) — p(hEIR)
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is the identity is immediate to check; to see that the composite

pUh) & pi(V.k) — p((U )R (V. k) — po(U, h) @ pi(V; k)
ay Day

is the identity as well, it suffices to notice that, given a morphism ¢: di ® dy — ¢
(using the same notations as in the previous point), the n-simplices

((a,a0 = +++ = an = d1), (b,bo — -+ — by — d2)) in pi(U, h)(d1) x pi(V, k)(d2)
and
(a,a0 =+ — an S a,), (b,by — -+ — by > by)) in py(U, h)(an) x pi(V, k) (by)

are identified under Day convolution.
O

We can reformulate this result in the language of co-categories (see Section 3.1), obtaining
the following

Corollary 5.4.5 (Theorem 5.4.4). Let A be a discrete symmetric monoidal category. There
is an equivalence of symmetric monoidal co-categories

(P13 (Leftrra)® == Fun(4,8)% : (4)%,

which on the underlying categories coincides with the equivalence ((pi')x, (p%)w). In
particular, given a left fibration (X, «) over N A, there is an equivalence of functors

(P!A)oo(Aaa) ~ X Xna NA/,.

Remark 5.4.6. In other words, Corollary 5.4.5 states that (p*, p%) presents Ramzi’s
monoidal Grothendieck construction for a discrete symmetric monoidal co-category A.
Observe that the fact that it was abstractly possible to present the monoidal Grothendieck
construction as a Quillen equivalence between monoidal model category was ensured by
Nikolaus-Sagave’s presentability results of [NS17].

5.5 The Quillen equivalence

After Section 5.4, we know that for a discrete category A and an element (M, f) of
sSets/N A, for every object a of A one has

pi'(M, f)(a) = X xpa N(4/a).

Consider now a discrete operad P. As observed in Lemma 5.2.9, if (T, «) is a representable
dendroidal set over A; P, we have an equivalence of simplicial P-algebras

p'P(Ta a) ~ Env(T) XEnv(P) EnV(P)/—'

However, explicitely describing the simplicial P-algebra pf (X, f) for (X, f) not repre-
sentable in dSets/N;P is a hard procedure, essentially because although we can express
(X, f) as colimit of representables, (non-filtered) colimits in Algp(sSets) cannot be com-
puted object-wise when P has also non-unary multimorphisms.

The solution we adopt is to move to the language of co-categories. Recalling the dictionary
in Section 3.1, we fist observe that the Quillen adjunction proven with Theorem 5.3.16
yields the following
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Corollary 5.5.1 (of Theorem 5.3.16). Let P be a discrete operad. The Quillen adjunction
(p¥, pt) induces an adjunction of co-categories

(0o : dLeftar,p == Algp(S) : (p5)w,

where dLeftyr,p is the cw-category underlying the covariant model structure on dSets/NyP
and Algp(S) the one underlying the projective model structure on simplicial P-algebras.

We now relate (p’),, with the operadic straightening functor St” for the Lurie co-operad
N®P constructed in Theorem 4.5.1. Recall that it consists of an equivalence of oo-
categories

StP: Leftis p — Algp(S)

from the oo-category of operadic left fibrations over N®(P) (Definition 4.2.7) to that of
P-algebras, obtained as the composition of the symmetric monoidal envelope functor
followed by the categorical straightening functor for this latter; in symbols, and somehow
imprecisely, we write

StP(0, a) == StEP)(Env(O), Env(a))

lax

for the P-algebra associated to an operadic left fibration (O, a) in Left{%s p.

To transition between Lurie’s and the dendroidal model for operadic left fibrations, we
exploit the fact that Hinich-Moerdijk comparison functors induce an equivalence between
dendroidal and operadic left fibrations, which we showed in Theorem 4.2.15. By using
compatibility between the two dendroidal models of complete dendroidal Segal spaces
and quasioperads (see Section 3.8), we obtain an equivalence

, A
)\//: dLeftpr,p LN DLeftgnr,p N LEft?\?(gp'

We now have all the tools to prove the following result.

Theorem 5.5.2. Let P be a discrete Y.-free operad. There is a commutative diagram of
co-categories

P
dLeftn,p — 2% 5 Algp(S)

)\/J/ /
/
StP

opd
Left o p

In other words, the Quillen adjunction (o, p%) gives a presentation of the equivalence
of co-categories given by the operadic un/straightening equivalence (St”,Unst”). In
particular, (pf')4 is an equivalence of co-categories. From this we deduce our final wanted
result.

Corollary 5.5.3. Let P be a X-free discrete operad. The adjoint pair
pt: dSets/NyP — Algp(sSets) : pb
is a Quillen equivalence between the covariant and the projective model structure.

Let us now give the proof of Theorem 5.5.2.
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Proof. [of Theorem 5.5.2] First of all, let us represent both (o), and St” as cocontinuous
functors of co-categories
DLeftx — Algp(S),

where X ~ dy(NyP). Since DLeftx is a localization of DOp,, /x> precomposition with the
localization functor yields two cocontinuous functors

DOpoo/X — Algp(S),

which we denote, respectively, by ¢ and =, and it is enough to prove an equivalence ¢ ~ =.
Recall now that DOp,; x is a localization of the presheaf co-category

PSh(R),x ~ PSh(22/X),

and by [Lur09, Corollary 5.1.5.8.] this latter is generated under colimits by elements of
the form (7', ), with T" a tree and o: T'— P a map of operads. In particular, also DOp,, /X
is (non-freely) generated by the elements of the form (7', ), and by cocontinuity of both o
and = it is enough to prove that for any such object one has

o(T,a) ~E(T, a).
By Lemma 5.2.9, the P-algebra o(7, «) can be written as
o(T,a) ~ Env(T) X Env(P) Env(P)/_.
To compute Z(7, o), consider the following commutative diagram of co-categories:

DOp,, SRS ¢Op,, Env®, smCatqy

® ®
diNg N T N T
Op —™  smCat

where the vertical arrows are the nerve constructions. Combining it with the fact that
the rectification functor of a discrete symmetric monoidal category presents the monoidal
Grothendieck construction (Corollary 5.4.5), we also get an equivalence of P-algebras

E(T, o) ~ Env(T') xgny(py Env(P),_.
This means that = and ¢ are equivalent functors, and this concludes the argument. [

Remark 5.5.4. When P is not ¥-free, it may happen that the Quillen adjunction (p{, p%)
is not a Quillen equivalence.

Indeed, consider the case of P = Com the commutative operad, defined by Com(n) = =
for all n > 0, with obvious composition law and symmetric group action. The dendroidal
nerve of Com is the terminal object in the category of dendroidal sets, so that

dSets/N Com ~ dSets,

and the covariant model structure on the over category coincides with the so-called abso-
lute covariant model structure on dSets, which models E.,-algebras ((HM22, Corollary
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13.41]). On the other hand, as detailed in [Whil7, Example 4.4], in the projective model
structure on Algp(sSets) every path connected commutative algebra is equivalent to a
generalized Eilenberg-Mac Lane space, i.e. product of Eilenberg-Mac Lane spaces. The
existence of spaces like QS = Q*X*°S’, which has an E-algebra structure but is not a
generalized Eilenberg-Mac Lane space, demonstrates that the Quillen adjunction cannot
be a Quillen equivalence.

Let us conclude with the following

Remark 5.5.5. In [Bar24b], Barata defines the symmetric monoidal envelope of a den-
droidal co-operad as a functor

dEnv(—)®: dSets — sSets/Fin,

from the category of dendroidal sets to that of simplicial sets over Fin,. In ([Bar24b,
Proposition 4.11]), it is shown that if X is a dendroidal oo-operad, then dEnv(X)® is a
symmetric monoidal co-category (a la Lurie), and in [Bar24b, Proposition 4.12.], it is
shown moreover that, when X ~ N,P is the nerve of a discrete operad, the dendroidal
envelope agrees with the usual symmetric monoidal envelope of operads. At present, the
homotopical behavior of this functor remains insufficiently understood—for example, it
is not yet known whether it preserves weak equivalences. Nevertheless, we believe this
question merits further investigation, with the long-term aim of obtaining a dendroidal
presentation of Lurie’s symmetric monoidal envelope (as recalled in Section 4.4.1) in the
form of a Quillen adjunction between model categories.






Chapter 6

The root functor

In this chapter we show that any cc-operad is equivalent to the localization of a discrete
Y -free operad, working in the formalism of dendroidal sets. The key point is defining the
root functor of a dendroidal set X, a functor from the dendroidal nerve of a discrete operad
Q/X into X, which we show to be an operadic weak equivalence after localizing Q/X.
This extends an analogous result for co-categories due to Joyal: when X is a simplicial set,
Q/X is its category of elements, and the root functor is the last vertex map. Combining
the root functor with the rectification functor constructed in Chapter 5, we deduce that
the oo-category of algebras over an oo-operad is equivalent to that of locally constant
algebras over its discrete resolution.
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6.1 Introduction

Given an oo-operad P, one may want to invert a class of unary morphisms and identify
objects up to some set of maps W: the localization of P at W is an co-opewrad £y, P with
a morphism \: P — £y,P sending W to equivalences, initial with this property.

When Q ~ £y,P, one can study P to deduce properties of Q. The ideal situation is when
P is discrete, that is has discrete spaces of operations, so one does not need to deal with
homotopy coherences.

A well-known example of this phenomenom is the little disks operad E,,, the topological
operad with a single object whose space of k-ary operations is given by the space of framed
embeddings

k
E, (k) ~ Emb™(| | D", D")
i=1
of the disjoint union of & n-dimentional disks into another one. The data of the homotopy
coherences can be resolved by constructing a discrete operad Disk,, whose set of objects is
given by all the embeddings D" — R", and the set of operations from & such embeddings

111
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k

to another one is given by embeddings | |D" < D" strictly commuting over R"™. This
i=1

operad captures most of the homotopical information about E,: in [Lurl7, Theorem

5.4.5.9], Lurie shows that there is a forgetful functor N®Disk, — E,, and that it induces
an equivalence between the oo-category of E,-algebras and the full sub co-category of
locally constant Disk,-algebras, that is, those sending an embedding of one disk into
another into equivalences. In fact, the discrete operad Disk,, can be further simplified:
it is equivalent to the discrete operad Disj,, whose objects are the open subsets of R"
abstractly homeomorphic to a n-dimensional disk, and where the sets of operations
Disj,,(Uy,...,U; V) is a singleton if the U;’s are pairwise disjoint and contained in V', and
empty otherwise ([Lurl7, Remark 5.4.5.7.]). In particular, E,-algebras in a symmetric
monoidal co-category can be characterized as functors from the poset of objects of Disj,,
sending disjoint union to tensor product and inclusions U < V which are isotopy equiva-
lences to weak equivalences. In other words, although formulated with the language of
weak approximations, this result states that the map of w-operads N®Disj,, — E,, is an
equivalence of o0-operads up to localizing N'Disk® at isotopy equivalences. The language
of localization of co-operads in Lurie’s formalism is first used to prove the same thing
for generalizations of the little disks operad in the domain of factorization homology by
Ayala-Francis-Tanaka ([AFT17]). In both cases, the comparison plays a fundamental role
in recognizing certain colimit expressions in this theory, and hence for instance proving
the existence of operadic Kan extensions.

Exhibiting an oo-operad as a localization, and even better as the localization of a discrete
operad, can simplify the description of the co-category of algebras over it. In this perspec-
tive, aside from the abstract information that localization exists, it is important to be
able to construct such localizations in the models at our disposal. So we ask the following

Question. Can we express any co-operad as the localization of a discrete operad?

If we restrict to co-categories, the answer is positive: Joyal’s delocalization theorem, stated
in [Joy07, §13.6] and proven by Stevenson in [Stel7], ensures that every co-category X,
which one can represent as a simplicial set in the form of a quasicategory, is equivalent to
the localization of the nerve of its category of elements A/X. The equivalence is realized
via the last vertex functor (already appeared in Waldhausen’s work [Wal85, §1.6]), a map
of simplicial sets V' (A/X) — X from the nerve of A/X to X which evaluates a n-simplex
of X at the n'" vertex, which is shown to exhibit X as the co-categorical localization of
N(A/X) at the preimages of the identities.

In this chapter we give a positive answer to Section 6.1 and provide a model for such
discrete operad and the localizing morphisms in the formalism of dendroidal sets. We
will construct the root functor, a map N ;©/X — X from the dendroidal nerve of a certain
discrete operad /X into X which extends the last vertex functor, and prove that it
exhibits any normal dendroidal set X as the operadic localization of £2/X. This allows in
particular to deduce a characterization of the co-category of algebras over an cc-operad as
that of locally constant algebras over its discrete resolution.

6.1.1 Main results and outline

We start by formalizing the notion of derived localization of dendroidal sets, derived with
respect to the operadic model structure, which we define in Section 6.2, providing an
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explicit model for it.

Section 6.3 is dedicated to the construction of the root functor and the proof of the
equivalence after localization. We start by studying the class of wide and independent
maps between disjoint unions of trees, i.e. forests (Section 6.3.1), and in Definition 6.3.6
we define, for any dendroidal set X, its operad of elements /X . It is a discrete operad
whose objects are the elements of the presheaf X, that is pairs (7, «), with 7" a tree and
a: T — X a morphism from the representable dendroidal set given by T into X, and
where operations are described in terms of wide independent morphisms 77 1 ---u7,, — S
over X. For an object (7', o) of 2/X, the evaluation of « at the root of T" yields an object of
X. We prove that the endofunctor

dSets — dSets X — Ny (Q/X)
is cocontinuous, and we define the root functor of a dendroidal set X, a morphism
X Nd(Q/X) - X,

from the dendroidal nerve of the operad €2/X into X, natural in X.

The root functor captures most of the homotopical information of X up to inverting some
class of 1-morphisms. This is the content of our first main

Theorem (6.3.13). Let X be a dendroidal set, and let R be the set of morphisms of /X
sent to identities by 2zx. The root functor zx induces an operadic weak equivalence of
dendroidal sets

Zx: Na(/X)[R7] = X

between the localization of Ny(Q2/X) at R and X.

The proof of the theorem relies on the construction of a homotopy inverse of zZx in the
case when X is a representable dendroidal set, that is, a tree.

After [BN14], the operadic model structure on dendroidal sets admits a left Bousfield lo-
calization, called the stable model structure, which, after [BABM20], is Quillen equivalent
to that of group-like E,-spaces. The latter is equivalent to the homotopy theory of infinite
loop spaces. When sliced over the point, one gets back the Kan-Quillen model structure
on simplicial sets. A first consequence of Theorem 6.3.13 can be phrased in the following

Corollary (Corollary 6.3.15). The root functor zx: Ny(Q2/X) — X is an equivalence in
the stable model structure.

In other words, every dendroidal set X is weakly equivalent, to the infinite loop space
given by the nerve of the operad of elements Q/X.

When X = M is a simplicial set, the root functor coincides with the last vertex functor,
an we recover Joyal’s delocalization theorem as a corollary of Theorem 6.3.13.

Corollary (Joyal, Stevenson). For any simplicial set M, the last vertex functor N (A/M) —
M induces a weak categorical equivalence

N(A/M[R™Y] — M

between M and the localization of N'(A/M) at the preimage of the identities.

In particular, the last vertex functor is a weak homotopy equivalence of simplicial sets.
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We dedicate the subsequent Section 6.4 to formalizing how the equivalence given by
the root functor allows to describe the oo-category of algebras over a normal dendroidal
oo-operad as that of locally-constant algebras over its operad of elements Q/X.

First of all, in Section 6.4.1 we study compatibility of localization of a dendroidal set with
the covariant model structure for dendroidal left fibrations. It turns out that dendroidal
left fibrations over the localization of X at a set S of morphisms correspond to S, x-local
dendroidal left fibrations over X (Construction 6.4.1), the fibrant objects of a left Bousfield
localization of the covariant model structure on dSets/X, which we denote by dSets®/X
and refer to as the covariant model structure for S, y-local dendroidal left fibrations. More
precisely, we show the following

Proposition (Proposition 6.4.4). For any dendroidal set X and set of 1-morphisms
S c X¢,, the localization map X — X[S™!] induces a Quillen equivalence

Az dSets” /X = dSets/X[S7!] : \*

between the left Bousfield localization of the covariant model structure on dSets/X at S)x
and the covariant model structure on dSets/X[S™!].

Afterwards, we consider the operadic un/straightening equivalence for X-free discrete
operads constructed in Chapter 5, which relates the homotopy category of simplicial P-
algebras with that of dendroidal left fibrations X — AP over the nerve of P, establishing
a Quillen equivalence between the covariant model structure for the former and the
projective model structure for the latter. In Proposition 6.4.8 we show that the transfer of
the localization of Proposition 6.4.4 along this Quillen equivalence yields a localization
of the projective model structure on Algp(sSets) where the fibrant objects are S-locally
constant algebras, that is, those P-algebras sending the morphisms in S to equivalences.
Combining this with the straightening equivalence for dendroidal co-operads established
by Heuts in [Heull], we get the following description of algebras over a dendroidal
oo-operad and a ’local’ version of the un/straightening equivalence for X.

Corollary (Corollary 6.4.9). Let X be a normal dendroidal co-operad.

1. The rectification functor for the operad of dendrices /X induces a Quillen equiva-

lence
Pt dSets™x IN(Q/X) == Alggy X (sSets) : pfy x

between the covariant model structure for R x-local dendroidal left fibrations over
N2/ X and the projective model structure for R x-locally constant 2/ X -algebras.

2. There is a zig-zag of Quillen equivalences
Algy, (x)(sSets) < o = A|g§fX(SSets)

between the projective model structures for simplicial W)(X)-algebras and for R x-
locally constant algebras on 2/ X.

6.1.2 Preliminaries and notation

The background needed for this chapter is contained in Section 3.6. We use the notation
therein as well as that in Section 3.7.
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6.2 Localization of dendroidal «w-operads

We now define derived localization of dendroidal sets, in a way that extends that of
quasi-categories in the sense of Joyal and Lurie ([Lur17]). We then construct a model for
normal dendroidal sets in Proposition 6.2.4. For compatibility of localization of dendroidal
sets with the covariant model structure we direct the reader to Section 6.4.1.

6.2.1 The definition of localization

Let us start by some preliminary
Definition 6.2.1. A normalization of a dendroidal set X is a trivial fibration X’ = X in
the operadic model structure, with X’ normal.

Given a morphism of dendroidal sets f: X — Y, a normalization of f is a commutative
diagram

x sy
! f Ik

X —Y

where both vertical arrows are normalizations.

Normalizations exist and are unique up to operadic weak equivalence. As explained in
[HM22, Remark 9.21], an explicit construction of a normalizarion with contractible fibres
is given by the projection X x W*E — X, where £ is the simplicial Barrat-Eccles operad
and W* is the operadic homotopy coherent nerve functor, right adjoint to .

Definition 6.2.2. Let A\: X — Y be a morphism between normal dendroidal sets and
let S € X¢, be a subset of 1-morphisms. The map ) is a localization of X at the set of
morphisms S if, for any dendroidal oco-operad Z, the morphism between the simplicial
hom objects

hom(Y, Z) — hom(X, 2)

is fully faithful, with essential image given by those maps X — Z sending S to equiva-
lences.

If \: X — Y is a morphism between non-necessarily normal dendroidal sets, we say that
) is a localization if any, or equivalently one, normalization )\’ of ) is.

Localization is unique up to operadic weak equivalence, and we denote by X[S~!] ’the’
localization.

Observe that, if we denote by homg (X, Z) the full sub-simplicial set of hom (X, Z) spanned
by those maps X — Z sending S to equivalences in 7, the universal property of the
localization allows to identify hom(X[S™!], Z) with homg(X, 7).

Remark 6.2.3. It is immediate to see that the definition applied to a morphism of den-
droidal sets recovers the localization of quasi-categories in the sense of [Lurl7, Definition
1.3.4.1].

We can construct an explicit model for the localization of a normal dendroidal set.

Proposition 6.2.4. Denote by J the nerve of the connected groupoid on two objects. Given
a normal dendroidal set X and a subset S < X¢, of 1-morphisms in X, the localization of
X at S is realized by the map \: X — L(X,S) defined by the pushout diagram
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Lo, —— 5 X

seS
J LA (6.2.1)

L[] —— £(X,8).
seS

Proof. Observe that, by left properness of the operadic model structure, the pushout in
Equation (6.2.1) is a homotopy pushout. Let Z be a dendroidal c-operad and consider
the map

A*: hom(L(X,S),Z) — hom(X, Z).

The essential image of \* consists of all functors sending S to equivalences, so we just
need to show ) is also fully faithful. To this end, it is sufficient to show that the diagram

hom(£L(X,S)®Cy,Z) —— hom(X ® C1,2)

| !

hom(L(X,S)® 0Cy,Z) —— hom(X ® 0C4, Z)
is a homotopy pullback for the Joyal model structure, which happens if the diagram
X ® 601 . ¢ ® Cl

l l (6.2.2)

L(X,S)®dC, — L(X,S)®Cy

is a homotopy pushout for the operadic model structure. Since the diagram in (6.2.1) is
a transfinite composition of homotopy pushouts along the morphisms {C; % J}.cg, it is
sufficient to show that it is a homotopy pushout just in the case when S = {s}, where it
appears as the front face of the commutative cube

C1 ®0Cy ] C1®Cy )
s®i sQi
\X® 0Cy J \ X®C;
J®0C J J®Cq
\ﬁ)(X,S)@&CI \ﬁ(X:S)@)CH

All but the front face of the cube are homotopy pushouts, hence we conclude that the front
face is one as well. This concludes the proof. O

The above construction essentially means that to localize a dendroidal set at a set of
1-morphisms, we can first localize its underlying simplicial set and then glue it to the
original dendroidal set X, as we explain in the next
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Remark 6.2.5. Let X be a normal dendroidal set, and write M := i* X for its underlying
simplicial set. Of course, we have S < X, = Mj, so we can localize M at S. Let
X: M — L(M, S) be the localization map. The localization of X at S can be realized as the
following homotopy pushout

M=i*X — X X

[ b

L(M,S) — L(X,S)

where the top horizontal map is the counit of the adjunction (i, :*).

Given two endofunctors of X which preserve S, there is an easy way to check when they
are homotopy equivalent as endofunctors of the localization X[S~!]. Recall the following

Definition 6.2.6. Let f,g: X — Y be two maps of dendroidal sets. An homotopy between
f and g is a morphism h: X ® C; — Y in dSets with the property that hyp = f and h; = g,
where h; is the restriction of h along the leaf, resp. root, inclusions 7 BUN C1,1 =0, resp.
1= 1.

For x € X,), the arrow h,: f(x) — g(x) in Y, is called a component of h.

Lemma 6.2.7. Let X be normal, S € X¢, a set of 1-morphisms. Let f,g: X — X be two
maps sending S to itself. If f and g are homotopic via a homotopy whose components are
in S, then f and g are homotopy equivalent as maps f,g: X[S™1] — X[S™].

Proof. Let h: X ® C; — X be the homotopy between f and g whose components lie in
S. The transpose of h*: hom(X,Z) — hom(X ® C1, Z) ~ hom(Cy,hom(X, 7)) induces a
morphism of simplicial sets homg(X, Z) x Al — hom(X, Z). By the hypotheses on f and g
and fullness of homg (X, Z) in hom(X, Z), there is an induced homotopy h: homg(X, Z) x
A! — homg(X, Z). To prove that b is a natural equivalence, it suffices to see that, for
any object ¢ of homg (X, Z), the arrow h,: f*(¢) — ¢g*(¢) is an equivalence in homg (X, Z),
that is in hom(X, Z). So we only need to check that for any = € X,, the 1-morphism
(h¢)z: &(f(x)) — ¢(g(x)) is an equivalence in Z. As (hy). = ¢#(h,), and since by hypothesis
¢(hy) is a weak equivalence as h, is an arrow in S, we have that h establishes an
equivalence between f* and g*. This concludes the proof. O

The homotopy theory of algebras over a dendroidal co-operad X is governed by the co-
variant model structure on the over-category dSets/X, so it is a natural question to
investigate compatibility of the localization of dendroidal co-operads with the covariant
model structure for dendroidal left fibrations. We study this in Section 6.4.1 (Proposi-
tion 6.4.4).

6.3 The root functor

We start Section 6.3.1 by introducing the formalism of forests and wide independent maps
between them. We define the operad of elements and the root functor of a dendroidal set in
Section 6.3.3, and prove the localization result, namely Theorem 6.3.13, in Section 6.3.4.
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6.3.1 The category of forests

A forest is a finite disjoint union of trees. We denote by ® be the category of forests obtained
from Q by formally adjoining finite coproducts. By extending the inclusion Q — Op to
forests under finite-coproduct, one has Q: ® — Op, where, given a forest I' = | | , T}, the
operad Q(F') is defined as Q(F) := | |, Q(T;). For any such F, every tree T; is called a
constituent of F', and 2 embeds into ® by seeing a tree to a forest with one constituent.
Let ¢ be the subcategory of ® whose objects are non-empty forests and where morphisms
are the independent maps of forests, where

Definition 6.3.1. A morphism of forests f: ' — G is called independent if F and G
are non-empty and, writing F' = 1} |7; and G = |_|;-”:1 S;, f is specified by a map of sets
a:{l,...,n} = {1,...,m} and morphisms of trees f;: T; — S, for i = 1,...,n, such
that, whenever i # i and «(i) = «(i') = j, for all edges e € E(T;), ¢’ € E(Ty) the edges
fi(e) and fi/(¢') are incomparable in the poset E(S;).

By the independency condition, it suffices to check that the edges f(rr,) and f(rz,) are
independent.

The restriction of the disjoint union to ¢ endows it with a non-unital symmetric monoidal
structure; we write @ = |_|‘ s and call it direct sum. In the category ¢, every morphism
can be written as a direct sum of maps whose target has only one constituent. Observe
also that ¢ is no longer the coproduct in ¢, as a candidate for the codiagonal FF ® F' — F
would not satisfy the independence property.

Remark 6.3.2. The two categories of forests presented here are the ones appearing in
various comparisons of the dendroidal and Lurie’s model for co-operads: the category ® is
the one considered in [HM24], while the category ¢ is the one appearing in [HHM16].

6.3.2 Wide maps of forests
These were first introduced in [HM22].

Definition 6.3.3. A map of forests f: F' — G is called wide if, for any constituent tree S
of the forest G, any maximal monotonic path in the poset E(S), that is from a minimal
element to the root rg, contains one element of the form f(r7) for some T constituent tree
of F.

Observe that if f is also independent, if there exists such a constituent 7', then it is
unique.

When the target of a map of forest has only one constituent, we can reformulate the
wideness condition in the following useful way.

Lemma 6.3.4. Let T1,...,T,,Sbetreesand f: T1 ®---®T, — S a map of forests. If f is
independent, then f is wide if and only if S(f(rr,),..., f(rn,);rs) # &.

Proof. 1t suffices to observe that, given edges e, ..., e, of S, the only obstruction to the
existence of a subtree with leaves e1,..., e, and root rg is the existence of a maximal
monotonic path p = {{ < a1 < -+ < ay, < rg} in the poset of edges of S such that

{e1,...,en}np=. O
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Every wide morphism is the direct sum of morphisms of the above type, and with
Lemma 6.3.4 it is immediate to see that wide maps are closed under composition. We
introduce some classes of wide maps in the following

Example 6.3.5.

1. All maps of linear trees [n] — [m] are wide and independent.
2. All maps of trees T'— S are independent maps of forests.

3. A morphism of trees f: T — S is root preserving if f(rr) = rs. Any root preserving
map is wide, and the converse is true whenever the root vertex of S is not unary.

4. Given a forest F, one can construct the tree F as follows. Write F = & ,T; and
let T be the the tree obtained as the grafting of the trees (Ty,...,T,) on the leaves
{ly,...,ln} of an n-corolla C,,

F: Cno (Tl,...,Tn).
The forest root face of F is the natural inclusion

F=Tl@-"®Tn—>CnO(T1,...,Tn)ZF.

~N S ~N S

[} [ ] [ )
N NS NS NS

. @ @ . — ° .

‘ ‘ \ . /

|
Figure 6.1: A forest root face.

In fact, it is easy to see that wide independent maps of forests are generated, under
composition and direct sum, by forest root face inclusions and root preserving morphisms.
6.3.3 The operad of elements and the root functor
We have collected all the tools to be able to give the following

Definition 6.3.6. Let X be a dendroidal set. Its operad of elements 2/X is the sub-
operad of the one given by the symmetric monoidal category (dSets,x, L) specified by the
following data:

* the set of objects of 2/X is the set of elements of X as a presheaf, that is,
Ob(2/X)={(T,a) | TeQand a: T — X};
* for objects (S1,a1),...,(Sh,an), (R, 3), the set of operations

Q/X((S1,01), -+, (Snyan); (R, B))
is given by the wide and independent maps of forests f: S1®---@® S, — R such that

ﬁof:(ozl,...,ozn):Sl|_|...|_|SnHX.
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To be explicit, the partial composition of [ as above with g €
(/X)(Q1,51),- -, (Qm, PBm); (Si,;)) along (S;,«;) is given by the wide map of
forests

(0¥ ~",g,id® )

(S1@- @ Si—1) @ (Bj21Q)) ® Sit1-+ @ Sn @15 -5 R.

Remark 6.3.7. By the independency condition on forest morphisms, the operad of elements
Q/X is X-free.

Example 6.3.8.

* For a simplicial set M, the operad of elements /M coincides with the category of
elements of M, usually denoted by A/M. Its objects are the pairs ([n], f), with n =0
and f: A" — M; a morphism F: ([n], f) — ([m], g) is just a map of representable
simplicial sets F': A™ — A™ over M.

* The dendroidal nerve functor Ny is a right adjoint: if X ~ NyP for a discrete
operad P, an object of Q/X is a pair (T,a) with a an element in Homoy (T, P).
Similarly, if X is given by the homotopy coherent nerve of a simplicial operad P,
that is, X ~ W*P, an object of /X is given by a pair (S, f3), with S a tree and
an element in Homeo, (W (S),P), where W (S) is the simplicial operad given by the
Boardman-Vogt resolution of the discrete operad generated by S.

The construction X — /X is functorial in X via postcomposition, and we get an
endofunctor
Na(©2/—): dSets — dSets.

We shall now prove that this latter is equivalent to the left Kan extension of its restriction
to representables, and moreover in a homotopy-coherent way.

Proposition 6.3.9. The functor N (2/—) is cocontinuous. Moreover, it preserves normal
monomorphisms of dendroidal sets.

Proof. We denote by 0 the restriction of Ny(€2/—) to the representables, that is 0 =
Na(€2/=)|,, and we write 0 for its left Kan extension along the Yoneda embedding.

Given a dendroidal set X and a tree 7', the set HA(X )7 may be described as

0(X)r = {(Q,2),(T,u) | Qe Qz: Q » X,u: T — 6(Q)}/ ~,

where, for any a: S — (@, one identifies

((an)a (Ra a*“)) ~ ((57 l‘Oé), (R7 u))?

where o, = Ny(2/a). Functoriality in T is given by letting faces and degeneracies act on
the second component, while functoriality in X is obtained via the first component.

We construct a natural equivalence

Uy 0(X) — Na(Q/X)
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by defining its components (¢)x )7 by induction on the number of vertices of the tree 7.
When T ~ 7, we set

Ux (@, ), (n,u)) = mx 0 s — Na(€2/X).

The assignment respects the equivalence relation, as (with the same notations as above)
one has

1/1X(<Q7 l’), (777 C(*U,)) = Tx (a*u) = (I'Ol)*u = ¢X((S7 .%Oé), (777 ’LL)),
and it is straightforward to see that it induces a bijection.

Similarly, given a n-corolla C,,, n = 0, and an element ((S, z), (Cy, u)), we set
x((S, ), (Cp,u)) = zeu: Cp, > Nyg(Q2/X),

and it is the same calculation which shows that it descends to the quotient and s a
bijection.

For the inductive step, let us consider a tree T with at least two vertices and decompose
it as the grafting T = R u, S, with R, S # n. For any dendroidal set Y, there is a natural
isomorphism

d

Nd(Q/Y)T ZNd(Q/Y)RN (;(/Y) Nd(Q/Y)S

The isomorphism is compatible with the equivalence relation defining A (X), which means
that 6(X) satisfies the same strict Segal condition, that is, there is a natural isomorphism

(X)r ~0(X)r x B(X)s.
6(X),

One defines the map (¢ x)r as
(x)r = Wx)r *x_ (¥x)s.

X)n
It respects the equivalence relation and is a bijection, so we only need to check that ¢ x
is well defined. This follows from the fact that any tree T' decomposes as the grafting of
corollas, and the decomposition is unique up to isomorphism and operadic associativity
relations, and the Segal isomorphism is compatible with these latter, which shows that
the definition of (¢)x )7 does not depend on the decomposition of T, as wanted. O

Now, let T" be a tree and (S, a) an object of 2/7. Evaluation of « at the root of S yields an
assignment
Ob(2/T) 3 (S,a) — a(rg) € Ob(T) = E(T). (6.3.1)

Proposition 6.3.10. The assignment in Equation (6.3.1) extends to a map of operads
20 Q/T — T

that we call the root functor for T.

Proof. As the set of operations of T is either empty or a singleton, we just need to check
that, if there exists a wide independent map of forests f: (S1,a1),..., (Sn,an) — (R, 5),

then T'(ai(rsy), ..., an(rs,); B(rr)) # &. By Lemma 6.3.4, R(f(rs,),..., f(rs,);"r) # T,
and since [ is a map of operads and So f = (aq,...,a,) we have the thesis, as wanted. [
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Because of cocontinuity of NV;(©2/—) (Proposition 6.3.9), we can extend the root functor to
every dendroidal set.

Definition 6.3.11. Let X be a dendroidal set. The root functor of X is the morphism of
dendroidal sets
zx: Nd(Q/X) — X

defined as the colimit
rx = %olig(wT: Ng(QT) — T.

In particular, given an object (S, ) of NV;(Q2/X), its image via the root functor consists in
the evaluation of « at the root of S,

ex(S,a) = a(rg) € X,.
Observe that, for any tree 7' and morphism «: T'— X, the following diagram commutes:

/T 2% a/x

e [

T —— X

Remark 6.3.12. If M is a simplicial set, the root functor coincides with the last vertex
functor
ems A/M — M, en([n], f) = f(n).

6.3.4 The localization result

In Example 6.3.5 we introduced root preserving morphisms of trees, which are in particu-
lar wide independent maps of forests. Given a dendroidal set X, we say that a morphism
f:(S,a) = (R, ) is root preserving if f: S — R is a root preserving map of trees. Denote
by Rx the set of root preserving morphisms of €2/X.

If f: (S,a) — (R, ) is root preserving, then 2(f) = idy(,), so the root functor factors via
the localization of V;(2/X) at Rx, as

Na(92/X) e X

x X

Na(9/X)[Ry']

Theorem 6.3.13. For any normal dendroidal set X, the root functor induces an operadic
weak equivalence of dendroidal sets

7x: Na(Q/X)[Ry'] = X.

Proof. Let us use Proposition 6.2.4 and choose £(Ny(©2/X),Rx) for the model of the
localization of N;(2/X) at Rx. By Proposition 6.3.9, the functor £(—,R_): dSets —
dSets is cocontinuous and preserves normal monomorphisms, so we proceed by skeletal
filtration, reducing the proof to the case of X ~ T a tree, that is a representable dendroidal
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set. The root functor is the nerve of the map of operads z: /7" — T, and we construct a
section (1 of 2,
ir: T — Q)T

and a homotopy
h: Nd(Q/T) ®C1 — Nd(Q/T)

between [7 o 27 and idg,7, such that its components are root preserving morphisms. After
Lemma 6.2.7, this implies that 2 becomes an equivalence between [ o 2 and idy after
localizing at Ry, which means that [; and 27 are homotopy inverses of the other once
localized.

To construct h, consider an edge e of T, and let 7] be the biggest subtree of T having ¢ as
root. We denote by t.: T] < T the associated subtree inclusion. Observe that, if ¢ < f,
then T is a subtree of 7.

We define the morphism [ on an edge e of T" as
l7(e) :== (T, 1) € Ob(Q/T).
Given edges ey, ..., ey, e such that T'(e1, ..., e,;e) = {*}, the map

lp: {*} - Q/T((TTlvbel)a R (TT >Len>; (TeTvbe))

e €n

selects the operation of ©2/T" given by the forest inclusion
C—D?:lTeTZ’ - TeT7

defined by the composition of the forest root face @ 7] — @?leeTi and the inner face
0: @, T), — T sending each T} to itself and the new root vertex to the subtree T¢.

As the operadic composition for T is the grafting of subtrees, we can check that it is a
well defined map of operads [7: T — ©/T. One checks that 27 o [p = idr; for the other
composition [y o 2z, consider an object (S, ) in /7. We have that

7o 27(S, @) = lr(a(rs)) = (T, ) tatrs)) -

Since the image of « is contained in the subtree T(l we can always write « as a

composition

(rs)’

S @ T
h(sk A?“s)

)
TOé(?“s)

for an unique root preserving morphism /g ,). In particular, /(g ,) is a morphism in /T
and we obtain the collection of morphisms

hi={h(ga): (S;) = (Ta(rg)s tatrs)) } (S,a)c0b(e/T)-

Let us show that h defines a homotopy between idg/r and Iy o 2r. For this pur-
pose, we need to check the Boardman-Vogt interchange relation, so consider objects
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(317181)’ ) (Sna Bn)’ (Raj/) and an Operation f € Q/T((Slaﬁl)v SRR (Sna Bn)7 (vay)) Since
~vo f=(f1,...,0n), we have that

Yo = (Lop(B)r-stog(Bn)) © (N(s1,81)s -+ -1 P(Sn,82))5

which is precisely the wanted relation. Consider the functor of dendroidal set given by
the dendroidal nerve of h; precomposing N;(h) with the natural map N;(Q/T) ® C; —
Ny(Q/T ® C1), we obtain a homotopy between between the identity of /T and the
composition [ o z7. As the components of this homotopy are root preserving morphisms,
it becomes an equivalence after localizing at R, and this concludes the argument. [

Remark 6.3.14. In general, there is no reason for the localization of a discrete dendroidal
oo-operad to be discrete again. Theorem 6.3.13 tells us in particular that this is the case
for the localization of N;(©2/X) at root preserving morphisms whenever X is equivalent
to the dendroidal nerve of a discrete X-free operad.

The operadic model structure on dSets admits a left Bousfield localization whose ho-
motopy category is equivalent to that of group-like E.. -algebras, in turn equivalent to
infinite loop spaces. It is called the stable model structure, and was first introduced
by Basi¢-Nikolaus in [BN14]. It has the property that the induced model structure on
the overcategory sSets ~ dSets/n coincides with the Kan-Quillen model structure. In
particular, one localizes also by the arrow C; — J, which becomes an equivalence, so from
Theorem 6.3.13 we deduce the following

Corollary 6.3.15. For any normal dendroidal set X, the root functor ¢x: N(Q/X) - X
is a weak equivalence in the stable model structure for dSets.

Specializing the above results to simplicial sets, we hence obtain the following well-known
results.

Corollary 6.3.16 (Joyal [Joy07], Stevenson [Stel7]). For any simplicial set M, the last
vertex functor induces a categorical weak equivalence

A/M[Ry]— M,

where Ry is the class of morphisms f: ([n],a) — ([m], ) such that f(n) = m.

In particular, the last vertex functor A/M — M is a weak homotopy equivalence.

6.4 An application: locally constant algebras

In this section, we describe the homotopy theory of algebras over a dendroidal co-operad
in terms of locally constant algebras over its operad of elements. To this end, we study
the compatibility of dendroidal localization with the covariant model structure in Sec-
tion 6.4.1, and exploit the operadic weak equivalence given by the root functor (Theo-
rem 6.3.13), combined with two operadic un/straightening equivalences: one for X-free
discrete operads, constructed in Chapter 5, and another for dendroidal co-operads, proven
by Heuts in [Heu11], which we recall in due course.
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6.4.1 Localization and the covariant model structure

For a dendroidal set X and any subset of morphisms S < X, the localization map
A: X — X[S7!] induces an adjunction of over-categories

A dSets/X — dSets/X[S™!] : \¥,

which is a Quillen adjunction with respect to the covariant model structure for dendroidal
left fibrations. It is natural to expect dendroidal left fibrations over the localization to
be weakly equivalent to those left fibrations over X for which all the maps of fibres
fi: Y, — Y, induced by the morphisms f: a — bin S are weak homotopy equivalences of
spaces. This is indeed the case, as we show in Proposition 6.4.4. Let us introduce some
constructions first.

Construction 6.4.1. Let X be a dendroidal set and S a subset of X¢,. For any f: a — bin
S, one can construct the morphism

ri: (0, {0}) — (C1, f)
in dSets/X defines as follows:

ne—————— C

N

where the arrow r: 7 — C} is the inclusion of the edge 7 into the root of C;, or more
familiary the map {1}: [0] — [1].

We write S,y for the set of morphisms of the form ry, for f ranging in S.

Given a model category M and some set S of morphisms in it, we can talk about S-local

objects in M: there are the fibrant objects M for which, for any morphism s: A — Bin S,
the morphism of mapping spaces

Sx: Map (B, M) — Map (A, M)

is a weak homotopy equivalence of spaces. For M given by the covariant model structure
for dendroidal left fibrations over a dendroidal set X, we have an explicit way of computing
mapping spaces between fibrant-cofibrant objects:

Remark 6.4.2. If (A, u) is a normal dendroidal set over X and (F,p) a dendroidal left
fibration over X, we have an equivalence of spaces

MapdSets/X((A7 u)? (E7p)) = hOHlX(A, E) = hOHl(A, E) X hom(A,X) {u}
As maps in S,y have cofibrant domains and codomains, we can rephrase S, x-locality as
follows.

Definition 6.4.3. A (F,p) dendroidal left fibration over X is S, x-local if, for any f in S,
the morphism

(’l"f)*i hOm(Cl, ) ><hom C1,X {f} - hom(nv E) ><hom(’r],X) {b} = Eb = p_l(b)a

induced by precomposition with the root inclusion n — (1, is a weak homotopy equiva-
lence of Kan complexes.
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We write dSets® /X for the left Bousfield localization of the covariant model structure on
dSets/X at the set of arrows S, x, which, recall, is left proper and cofibrantly generated.
In this model structure, the fibrant objects are the S, x-local dendroidal left fibrations,
while the cofibrations are the normal monomorphisms over X. In particular, a morphism
between S, x-local left fibrations ¢: (E,p) — (£, p’) is a weak equivalence in the localiza-
tion if and only if it is a covariant weak equivalence, hence a fibrewise weak homotopy
equivalence. We call the model structure

dSets®/X

the S, x-local covariant model structure. It is precisely this localization that encodes the
compatibility of localization with the covariant model structure:

Proposition 6.4.4. Let X be a normal dendroidal set and S < X, a subset of morphisms.
The localization map \: X — X[S™!] induces a Quillen adjunction

Ar: dSets®/X = dSets/X[S7!] : \*

between the S, x-local covariant model structure on dSets/X and the covariant model
structure on dSets/X[S~!]. Moreover, the adjunction is a Quillen equivalence.

Proof. We know that the adjunction
\i: dSets/X — dSets/X[S!] : \*

is a Quillen adjunction between covariant model structures ((HM22, Proposition 9.62]).
To prove that it is still a Quillen adjunction after localizing on the left, it suffices to show
that, given any dendroidal left fibration (F, p) over X, the element (E, p) is S/ x-local if
and only if there exists a dendroidal left fibration (Y,p’) over X[S~!] and a covariant
weak equivalence (E,p) — M\*(Y,p) in dSets/X.

Fix any such dendroidal left fibration (E,p). Write S x C1, resp. S x J, for the simplicial
set given by the union S x Cy = | |,.¢Ci, resp. S x J = | |, ¢ J, where J is the nerve of
the connected groupoid on two objects.

The pullback
E’;:(SxC’l) XxE—>S><Cl

is a left fibration of simplicial sets, and after [Lur09, Proposition 2.1.3.1] it is a Kan
fibration. As such, it can be factored as the composition £/ — E” — S x (Cy, where
E' — E" is a trivial Kan fibration and E” — S x C; is a minimal Kan fibration. As
explained in [GZ67, §5.4], there is an isomorphism E” ~ S x Cy x M for some minimal
Kan complex M, and the map E” — S x () is the projection. In particular, the map
SxJx M — S x Jis a minimal Kan fibration, fitting into the pullback diagram

E”LSxeM

| !

Sx(C; —— SxJ

An argument due to Joyal (see the proof of [KL18, Lemma 2.2.5]) shows that we can find
a trivial Kan fibration Z — S x J x M and an isomorphism E’ ~ ¢*(Z) over E”. Thus we
obtain a commutative diagram
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E E’ A

| ! !

X +—8SxC; —— SxJ

where the right hand square is a pullback and the map Z — S x J is a Kan fibration.
Define
Y =E|]Z
5

there is a canonical map p’: Y — X[S~!], and its pullback along the surjection (S x J) L
X — X[S7!] consists in the dendroidal left fibration Z L E — (S x J) u X. In particular,
p’ is a dendroidal left fibration as well. Moreover, for any object x of X, there is a weak
homotopy equivalence of fibres (E,p), — A\*(Y,p’)., hence a covariant weak equivalence
(E,p) — N*(Y,p) over X, as wanted. This concludes the proof that there is an induced
Quillen adjunction. It is straightforward to check that R\* is fully faithful, hence we
conclude that the induced adjunction is a Quillen equivalence, as wanted. O

Remark 6.4.5. The above proof essentially extends to the dendroidal context Stevenson’s
proof of [Stel7, Proposition 5.11], stating an analogous result for simplicial sets.

6.4.2 Locally constant algebras

Whenever we are given an operad P with a choice of weak equivalences S, one can study
the homotopy theory of S-locally constant P-algebras, where

Definition 6.4.6. A simplicial P-algebra A is S-locally constant if A sends S to equiv-
alences, that is for any f: a — b, the map A(f): A(a) — A(b) is a weak homotopy
equivalence of simplicial sets.

As a model category structure on a category M is determined, if it exists, by the cofibra-
tions and the fibrant objects, we can safely give the following

Definition 6.4.7. Let P be a Y-free operad and S a subset of morphisms of P. The
projective model structure for S-locally constant algebras is the model structure on sim-
plicial P-algebras whose fibrant objects are S-locally constant and projectively fibrant
P-algebras, and where the cofibrations are the projective cofibrations. We denote it by
Algp (sSets).

Let us recall the operadic un/straightening equivalence constructed in Chapter 5: it
consists, for any X-free operad P, of a Quillen equivalence

ot : dSets/Ny(P) = Algp(sSets) : ph (6.4.1)

between the covariant model structure on the left and the projective model structure on
the right (Corollary 5.5.3). The left adjoint p{’, which we call the rectification functor, is
defined as the essentially unique cocontinuous functor characterized by the fact that, for
any tree 7' and morphism a: T — Ny(P), the P-algebra pf’ (T, ) is defined as

Ob(P) 3¢ — pl(T,a)(c) ~ Env(T) x : Env(P)/e,
Env(P
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where Env denotes is the nerve of the symmetric monoidal envelope functor for discrete
operads (Definition 5.2.8).

We can now prove the following

Proposition 6.4.8. Let P be a discrete Y-free operad. The operadic un /straightening
adjunction (pf, p%) induces a Quillen equivalence

pf : dSets® /Ny(P) = Alg?(sSets) : pb

between the covariant model structure for S-local left fibrations and the projective model
structure for S-locally constant P-algebras.

Proof. In general, given a Quillen adjunction of model categories F: M — N :G and
a choice of (cofibrant) arrows S in M, one can consider the left Bousfield localizations
LsM on M and the transfered localization on \, resp. Lyps)N, of M at S, resp. of N
at LF(S). It is a standard result of model categories ([Hir03]) that, if (F, G) is a Quillen
equivalence, then there is an induced Quillen equivalence F': LsM = LipsN :G,
where Ly p(s)N is the left Bousfield localization of N at LF(S). This implies that we only
need to characterize the fibrant objects of £ »( yAlgp(sSets) as the locally constant

fibrant P-algebras.

SIN4(P)

An object A in L p () (Algp(sSets)) is fibrant if and only if it is projectively fibrant and

ot (S /N, p)-local. As the pair (pf’, p%) is a Quillen adjunction, this is equivalent to asking
pp(A) to be S/, p-local, that is, that the map

Mapasets/n, (P)((C1, [, pp(A)) — Mapgsets/ar,(p) (1, {0}), pp(A))

is a weak homotopy equivalence for every f: a — bin S. As A is projectively fibrant,
pp(A) is a dendroidal left fibration, so in particular local with respect to the map
(n,{a}) — (C4, f) induced by the leaf inclusion ¢: n — (4, so the above is an equiva-
lence if and only if the morphism in the homotopy category of spaces

Mapasets/az, () ((1:{a}), pp(A)) — Mapgsets/ar,(p) ((1: {b}), pp(A))
is an isomorphism. After Remark 6.4.2, there is an equivalence of spaces
Mapasets/n,(p) (1, {2}), pP(A)) =~ pp(A),,
and we check that the above map corresponds to the morphism of fibres
fr: pp(A)g — Pp(A)y-
After Lemma 5.2.14, there is an equivalence
pp(A)z ~ A(z),
natural in z, therefore we conclude that p}.(A) is S/, p-local if and only if the map
A(f): Ala) — A(b)

is a weak homotopy equivalence of spaces, that is, if A is S-locally constant. This concludes
the proof. O
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6.4.3 Algebras over dendroidal «-operads

We can now state our main results for this section.

Corollary 6.4.9. Let X be a normal dendroidal co-operad.

1. The rectification functor for the operad of dendrices /X induces a Quillen equiva-
lence
p!Q/X: dSets™X /Ny (Q/X) =— Alggfx (sSets) :pgy) v

between the covariant model structure for Rx-local dendroidal left fibrations over
N2/ X and the projective model structure for R x-locally constant Q/X-algebras.

2. There is a zig-zag of Quillen equivalences
Algy; (x)(sSets) < o = Alg, (sSets)

between the projective model structures for simplicial W)(X)-algebras and for R x-
locally constant algebras on Q/X.

Proof. The first point is just Proposition 6.4.8 instantiated with P = Q/X, which we
know to be X-free, so let us focus on point (2). By Theorem 3.6.13 and Theorem 6.3.13,
the root functor yields a Quillen equivalence of covariant model structures

Zx1: dSets/Ny(Q/X)[R™!] = dSets/X :zx*
Applying Proposition 6.4.4, we obtain that the root functor yields a Quillen equivalence
(2x)1: dSets™X /Q/X = dSets/X : 2%

between the localization of the covariant model structure for S-local dendroidal left
fibrations over ©2/X and the covariant model structure on dSets/X. Following [Heull,
Theorem 2.7], this latter is Quillen equivalent to the projective model structure on
Algy,(x)(sSets), and combining this with point (1) we get the wanted zig-zag of Quillen
equivalences

Algy, (x)(sSets) < o — Algng(SSets).
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Resumeé

Cette theése porte sur la théorie des infinies-opérades, une théorie générale des struc-
tures algébriques dans des contextes homotopiques et organisées de facon fonctorielle
et cohérente. Notamment, étant donnée une opérade P on étudie l'infinie-catégorie des
P-algebres dans l'infinie-catégorie des espaces topologiques a homotopie pres, aussi dits
infinies-groupoides. Premierement, on travaille avec la théorie des fibrations a gauche
sur une infinie-opérade, en considérant deux problémes: celui de comparer la notion
de fibration a gauche dans le cadre des enveloppes monoidales symétriques suivant
Lurie, et celui des espaces de Segal dendroidaux. Dans le premier cas, on montre que
les approches dendroidale et de Lurie sont compatibles, a travers une équivalence ex-
plicite de Hinich et Moerdijk. Pour la deuxiéme question, on prouve une version de
I’équivalence de rectification, traduisant les fibrations a gauche en termes d’algebres, via
une fibration & gauche opéradique universelle. Dans une suite logique de cet approche, on
construit une deuxiéme équivalence de rectification en termes de catégories de modeles de
Quillen. Dans un deuxiéme temps, on étudie les infinies-opérades a travers le processus
de localisation, et on étend au cas opéradique un résultat de rectification non triviale.
Notre idée est de généraliser la construction de la categorie des éléments d'un préfaisceu
simpliciale, et definir 'opérade des éléments d'un préfaisceu dendroidale. On montre
donc que, comme toute infinie-catégorie est équivalente a la localisation d’'une 1-catégorie,
toute infinie-opérade est équivalente a la localisation d’'une 1-opérade. On obtient ainsi
une autre description de l'infinie-catégorie des algébres sur une infinie-opérade.

Summary

This thesis concerns the theory of infinity-operads, a general theory of algebraic structures
in homotopical contexts, organized in a functorial and coherent way. In particular, given
an infinity-operad P, we study the infinity-category of P-algebras in topological spaces
up to weak homotopy equivalence, also called infinity-groupoids. Firstly, we work with
the theory of left fibrations over an infinity-operad in the context of the asymmetric
monoidal envelope a la Lurie, and that of dendroidal Segal spaces. For the former,
we show that the dendroidal and Lurie’s approaches are compatible, by means of an
equivalence defined by Hinich and Moerdijk. For the latter, we prove a version of the
straightening equivalence, which translates left fibrations into operadic algebras, by
means of a universal operadic left fibration. As a logical continuation of this approach,
we construct a second straightening equivalence in terms of Quillen model categories. At
a later stage, we study infinity-operads by means of localization, and extend to infinity-
operads a non trivial rectification result for infinity-categories. Our idea is to generalize
the category of elements construction for simplicial presheaves and define the operad of
elements of a dendroidal presheaf, With this, we show that, as every infinity-category is
equivalent to the localization of a 1-category, every infinity-operad is equivalent to the
localization of a 1-operad. This allows to obtain a new description of the infinity-category
of algebras over an infinity-operad.
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