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Abstract

Fluid mechanics plays a crucial role in nuclear reactors, as it enables the understanding
and control of the coolant flow around the reactor core, which is essential for safe and
efficient operation. This flow is modeled by the Navier—-Stokes equations coupled with
temperature equations. Physically, it occurs in complex geometries, which leads, from
a mathematical perspective, to irregular domains and challenging conditions that result
in a low-regularity right-hand side in the corresponding model.

In this context, the present work focuses on the study of the Stokes problem in a
low-regularity setting, either due to a non-smooth right-hand side or a non-smooth
domain. The analysis is carried out both theoretically and numerically using the
discontinuous Galerkin finite element method, together with an a priori error estimate
in the case where the solution (u,p) € H'**(Q) x H*(Q) with s > 3. We then propose
a new scheme in which the polynomial order of the pressure is higher than that of the
velocity, which proves particularly effective when the viscosity is very small.

Finally, inspired by the advection—diffusion problem—which can be viewed as a funda-
mental building block of the Navier-Stokes equations— we introduce a non-polynomial
basis involving exponential terms, derived from the exact solution when the right-hand
side is zero or constant and when the advection field is piecewise constant. We define
this basis in one, two, and three dimensions, and then adapt it to the Oseen and
Navier—Stokes problems. A more in-depth study will allow further improvements for
these two models.

Key words: Fluid mechanics,Navier—Stokes, Stokes, Oseen, Advection—Diffusion,
Discontinuous Galerkin Finite Element Method, Low regularity, Non-polynomial basis,
A priori error estimate.
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Résumé

La mécanique des fluides est essentielle dans un réacteur nucléaire, car elle permet
de comprendre et de controler I’écoulement du fluide qui refroidit le coeur, ce qui est
indispensable pour un fonctionnement stir et efficace. Cet écoulement est modélisé par
les équations de Navier—Stokes couplées a des équations de température. Physiquement,
il se produit dans des géométries complexes, ce qui se traduit mathématiquement par
des domaines non réguliers, ainsi que par des conditions difficiles qui donnent lieu a un
second membre peu régulier dans le probleme modélisé.

Dans ce contexte, ce travail se concentre sur I’étude du probleme de Stokes dans un
cadre faiblement régulier, soit a cause d’un second membre non régulier, soit a cause
d’un domaine non régulier. L’analyse est menée théoriquement et numériquement en
utilisant la méthode des éléments finis de Galerkin discontinus, avec une estimation

d’erreur a priori dans le cas ol la solution (u,p) € H¥(Q) x H*(Q) avec s > 1.

Ensuite, nous proposons un nouveau schéma dans lequel 'ordre polynomial de 12a
pression est plus élevé que celui de la vitesse, ce qui s’avere particulierement efficace
lorsque la viscosité est tres faible.

Enfin, en nous inspirant du probleme d’advection—diffusion, que 1’on peut considérer
comme une brique élémentaire du probléeme de Navier—Stokes, une base non polynomiale
comportant des termes exponentiels, dérivée de la solution exacte lorsque le second
membre est nul ou constant et que le champ d’advection est constant par morceaux.
Nous définissons cette base en dimensions 1, 2 et 3, puis nous 'adaptons aux probléemes
d’Oseen et de Navier—Stokes. Une étude plus approfondie permettra d’améliorer encore
les résultats pour ces deux derniers modeles.

Mots-clés : Mécanique des fluides, Navier—Stokes, Stokes, Oseen, Advection—Diffusion,
Méthode des éléments finis de Galerkin discontinus, Faible régularité, Base non polyno-
miale, Estimation d’erreur a priori.
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1.1 Context

The unsteady incompressible Navier-Stokes equations [57, 15] allow to model flows in a
nuclear core reactor. In this thesis, we study the space discretization of these partial
differential equations with Discontinuous Galerkin Finite Elements. We focus on the
Symmetric Interior Penalty method [58, 40]. These equations are unsteady, constrained
and non linear, which causes theoretical and practical difficulties. Thus, a first step to
discretize the unsteady incompressible Navier-Stokes is to study the Stokes problem.
Another important step is to consider the Oseen problem.

In the context of fluid mechanics at CEA, several challenges arise, notably the irregu-
larity of the domain due to the presence of obstacles, reentrant corners, and similar
features. It is therefore important to study the issues caused by domain irregularities
or by the source term. In particular, the solution to Navier-Stokes equations (or Stokes
and Oseen problems) may be weakly regular.

Studying the numerical discretization of the Stokes problem helps to build an appropri-
ate approximation of the Navier-Stokes equations. The first part of this work consists
in carrying out the numerical analysis of the discretization of the Stokes equations with
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Discontinuous Galerkin Finite Elements, using polynomial basis functions and focusing
on weakly regular solutions. We consider local polynomial basis.

Another particularly interesting and physically significant issue in numerical simulations
is the boundary layer. For this reason, in the second part, we propose a basis adapted
to the rapid variations of the numerical solution. We study the use of exponential
basis functions, which allow to discretize advection-diffusion problem with an accurate
precision [101].

More precisely, in Part I, we present a study of the Stokes problem in a low-regularity
setting. We explicitly specify the dependence of the constants in the inequalities on the
mesh regularity and also optimize some of these constants. Then, we propose a new
numerical scheme designed to reduce computational time and improve the numerical
pressure approximation when the viscosity is very small.

In Part II, we introduce a new discontinuous Galerkin finite element method with a
non-polynomial basis containing exponential terms, aimed at minimizing numerical
oscillations and accurately capturing rapid variations in the solution without requiring
strong mesh refinement.

1.2 Overview of the CEA, connection to fluid mechanics

The French Alternative Energies and Atomic Energy Commission (CEA) [88] is a
major research institution with ten centers across France. Its historical site in Saclay
brings together over 7,000 researchers and focuses on strategic areas such as low-carbon
energy, defense, information technologies, and health.

One of the main objectives of the CEA is to study nuclear energy nuclear reactors. A
nuclear reactor allows to produce electricity thanks to the energy released by the chain
reaction of nuclear fission.

Regardless of the reactor type, several essential components can be identified:

— The reactor core contains the nuclear fuel, composed of fissile materials (such
as Uranium-235) and fertile materials (such as Uranium-238), which can partially
convert into fissile isotopes through neutron absorption. The fuel may come in
the form of pellets, particles, or plates, grouped into rods or assemblies.
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Figure 1.1 — Schematic Drawing of the Fission Process of Uranium-235 [59].

— The moderator slows down the fast neutrons produced during fission, increasing
the likelihood of further fission events. In thermal neutron reactors (such as those
in the current EDF fleet), neutrons must be slowed from 20000 km/s to around
2 km/s. This is achieved using materials like water or graphite, which effectively
decelerate neutrons without absorbing them.

— The coolant (or heat transfer fluid) transports the thermal energy produced
in the reactor core and transports it to the electricity generation system (turbine
and generator). The coolant may be water (also acting as a moderator), a liquid
metal (such as sodium or lead), or a gas (such as helium). Cooling the core is
essential for the reactor’s safety: excessive temperatures could damage structural
materials and jeopardize reactor control.
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Figure 1.2 — Simplified scheme of plant with boiling water reactor [87].

The flow of this coolant within the reactor, especially under complex thermal and
geometric conditions, is a key issue in nuclear engineering. This flow is generally
modeled by the Navier-Stokes equations, which describe the motion of incompressible
viscous fluids. A thorough understanding of these equations, along with efficient
numerical methods for solving them, is essential for optimizing and ensuring the safety
of nuclear reactor cooling systems.

Within CEA Saclay, the Service de Thermohydraulique et de Mécanique des Fluides'
(STMF) conducts advanced studies and modeling activities to better understand the
complex physics of single-phase and multiphase flows involved in various low-carbon
energy systems. This service contributes directly to improving the design, safety, and
efficiency of nuclear and thermal systems through high-fidelity simulations.

The Laboratoire de Développement d ’Echelle Locale? (LDEL), part of the STMF,
specializes in the physical modeling and numerical simulation of complex local-scale flow
phenomena. It develops scientific computing tools, including the TrioCFD code [35].
The TrioCFD software, developed within the STMF, offers various numerical methods
for solving local problems inside the reactor, such as water flow around a fuel assembly
or inside a primary circuit pipe.

The incompressible Navier-Stokes equations are among the most widely used models
for describing the flow of a Newtonian fluid (i.e., a fluid whose viscosity is independent
of the external forces applied to it). These equations model the velocity and pressure
fields of the fluid. Let 2 C R? or R? be the physical domain, and T the final time of

1. Thermal-hydraulics and Fluid Mechanics Department
2. Local-Scale Code Development Laboratory
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1.3. The Discontinuous Galerkin Finite Element Method

the study. The problem consists in finding (, p) such that

ou -
ai; — v+ (- V)i+ Vp=f in (0,Tp) x Q,
V-i=0 in(O,TF)xQ,

where v denotes the kinematic viscosity of the fluid, and f represents the external
body forces acting on it. This system is complemented by suitable initial and boundary
conditions. The first equation corresponds to Newton’s second law applied to fluid
motion, while the second expresses mass conservation for an incompressible fluid.

I conducted my PhD within this laboratory. My research focuses on the development
and analysis of numerical methods for simulating flows governed by the Navier-Stokes
equations. This work contributes to the STMF’s objectives and supports the CEA’s
mission of advancing safe and efficient energy technologies through robust computational
tools.

1.3 The Discontinuous Galerkin Finite Element Method

The Discontinuous Galerkin Finite Element Method (DG-FEM) applied to the study
of incompressible fluids, and particularly to the Navier-Stokes equations, has been
developped for more than 40 years and is one of the most important numerical methods
in fluid mechanics.

Discontinuous Galerkin methods are a combination of ideas from continuous Galerkin
methods and finite volume methods. They were proposed to improve and adapt
numerical methods capable of handling complex flows with discontinuities, shocks, and
regions of high variability.

The first DG method to approximate first-order PDEs was introduced by Reed and
Hill [92] in the context of stationary neutron transport, while the first analysis of
stationary first-order PDEs was done by Lesaint and Raviart [74] in 1974.

The error estimate was improved by Johnson and Pitkéranta [67] in 1986, who estab-
lished a convergence order of (k + 1/2) in the L? norm when polynomial degree k is
used, under the condition that the exact solution is sufficiently regular.

A few years later, the method was developed by Caussignac and Touzani [18] to ap-
proximate the three-dimensional boundary layer equations of stationary incompressible
flows. Around the same time, DG-FEMs were extended to unsteady hyperbolic PDEs
by Chavent and Cockburn [21], using the explicit Euler scheme for time discretization
with limiters.
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The accuracy order was improved by Cockburn and Shu [33, 32, 34] by using explicit
Runge-Kutta schemes for time discretization, while a proof of convergence to the
entropic solution was obtained by Jaffré, Johnson, and Szepessy [65].

The first work on DG-FEM for PDEs modeling diffusion was that of Nitsche [86] on
penalty methods for boundary conditions in the 1970s. The use of interior penalty
techniques to weakly impose continuity conditions on the solution or its derivatives was
explored by Babuska [9], Babuska and Zlamal [10], Douglas and Dupont [44], Baker
[11], Wheeler [100], and Arnold [7]. The latter work represents a major advancement
in the development of DG-FEM with interior penalty methods.

At the end of the 1990s, inspired by hyperbolic formulations, DG-FEMs were formulated
using numerical fluxes by considering the mixed formulation of the diffusion term, for
example, the work of Bassi and Rebay [12] on compressible Navier-Stokes equations and
that of Cockburn and Shu [34] on convection-diffusion systems. These works marked a
turning point in the development of DG-FEM.

Arnold, Brezzi, Cockburn, and Marini [43] introduced a unified analysis of DG-FEM
for the Poisson problem, while a generalization analysis for diffuse and first-order PDEs
within the framework of Friedrichs systems was developed by Ern and Guermond [46,
47].

At the level of the Stokes and Navier-Stokes equations, the application of DG-FEM be-
came more complex due to the specific characteristics of incompressible fluid equations,
the velocity-pressure coupling, the zero divergence constraint, and, in addition, for the
Navier-Stokes problem, the non-linearity, unsteadiness, and their three-dimensional
nature.

The first works focused on the discretization of the Stokes equations with DG-FEM
adapted to ensure stability and accuracy. Formulations based on hybrid and mixed
finite elements were used to correctly impose the incompressibility constraint (V-u = 0).
With advancements in Stokes, DG-FEMs were gradually applied to Navier-Stokes.
Stabilizing the convective terms was a key issue, addressed with different approaches
(DGFDG - Interior Penalty, numerical flux methods [32]). The idea of adapting the
polynomial order locally emerged to optimize the trade-off between accuracy and
computational cost. For example, the book Mathematical Aspects of Discontinuous
Galerkin Methods by Di Pietro and Ern in 2012 [40] provided an in-depth theoretical
analysis of DG-FEM for incompressible fluids. It became an essential reference for
understanding stability, convergence, and the practical application of DG schemes.
Since the 2010s, DG-FEMs have been extended to unsteady equations and more
complex models, such as turbulent flows. Significant work has also been done on
the local adaptation of polynomial order based on the solution’s regularity, a way to
optimize the trade-off between accuracy and computational cost [84].

26
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The following years saw major developments in the application of DG-FEMs on high-
performance computing architectures. Researchers developed adaptive schemes in time
and space to handle singularities and strong gradients in the solutions. These works
significantly improved the efficiency of simulations while maintaining high accuracy.
Additionally, Cockburn [30], explored integrating DG-FEMs with distributed computing
techniques, leading to faster and more accurate results for incompressible fluid problems
in complex three-dimensional domains.

Recent approaches based on static condensation have significantly improved the effi-
ciency of high-order methods on general meshes. In particular, Lozinski [76] proposed
a condensed variant of the interior penalty discontinuous Galerkin method for elliptic
problems, preserving optimal error estimates, while Di Pietro and Krell [91] devel-
oped a stable and efficient Hybrid High-Order method for the steady incompressible
Navier—Stokes equations on polyhedral meshes.

Today, DG-FEMs are used for turbulent flows, and they have been developed to
use higher polynomial orders, such as hybrid DG (HDG) formulations and advanced
stabilization methods [85]. Implementation in industrial software like TrioCFD (CEA),
FEniCS, or deal.Il has allowed testing their efficiency on real-world cases.
Discontinuous Galerkin methods have several advantages for the Navier-Stokes equa-

tions:
— Handling discontinuities and complex flows
— Flexibility with unstructured meshes
— Ease of adaptation to high orders (hp-adaptivity)
— Stability for turbulent flows at high Reynolds numbers
— Ease of parallel implementation for intensive computations

The main drawback of DGFEM is, for a given mesh size, a higher number of degrees of
freedom compared to continuous or non conforming Galerkin methods.

1.4 Outline

The objective in Part [ is to study the Stokes problem discretized using the Discontinuous
Galerkin (DG) method in the weakly regular case, where the velocity—pressure pair
(u,p) satisfies (u,p) € H'(Q) x H*(Q) with s > £, and € denotes the computational
domain.

We begin by recalling the continuous formulation of the Stokes problem and showing
that it is well-posed in the sense of Hadamard, i.e., it admits a unique and stable
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solution. Then, we discretize the problem using a Discontinuous Galerkin scheme of
the symmetric interior penalty (SIP) type.

In our approach, we extend the classical SIP formulation for the Poisson problem
by allowing the stability parameter n to vary across mesh faces, introducing a face-
dependent coefficient ny. We also prove that the discretized problem remains well-
posed in the sense of Hadamard. Furthermore, we show that the duality pairing
(-, ) ps—1 (@), HL~*(@) Can be decomposed over the mesh, which enables us to establish
the consistency of the method. Still for the Poisson problem, we demonstrate that
the coercivity constant of the bilinear form can be independent of the mesh regularity
parameter o. Next, for the Stokes problem, we then make explicit how the coercivity
and continuity constants of the bilinear form depend on o. We derive a priori error
estimates for the weakly regular Stokes problem. Moreover, we propose a new numerical
scheme in which the polynomial order of the pressure is one order higher than that of
the velocity, as suggested by the coercivity proof of the Stokes bilinear form. Although
this is counterintuitive, we have demonstrated the efficiency of this scheme when the
viscosity v is very small, compared to other Discontinuous Galerkin type schemes.
Finally, in the last chapter of Part I, we describe the resolution algorithm and present
the corresponding numerical results.

In Part II, we addressed the advection—diffusion problem and established the well-
posedness of both the continuous formulation and its discretization using the Discon-
tinuous Galerkin Finite Element Method. Building upon this theoretical framework,
we introduced a novel non-polynomial basis and adapted several inequalities, originally
developed for polynomial functions, to functions belonging to the space spanned by
this new basis. Furthermore, we explicitly computed the constants associated with
these inequalities.

A detailed numerical investigation was then carried out through a series of one- and
two-dimensional physical test cases. The results demonstrated the strong potential of
the proposed basis to enhance both accuracy and stability, particularly in advection-
dominated problems characterized by steep gradients or sharp layers.

Finally, we extended the proposed approach to the Oseen problem and to the full
Navier—Stokes equations. The corresponding numerical results confirmed the effective-
ness and robustness of the method in capturing complex flow features, highlighting its
relevance for challenging computational fluid dynamics applications.
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In this chapter, we present the mathematical tools that will be used throughout this
manuscript. We introduce the new elements as well as the technical details needed
to justify the integration by parts formulas in fractional Sobolev spaces under the
assumptions of Theorems 2.11 and 2.12, and we provide a definition of the duality
pairing.

2.1 Sobolev spaces and differential operators

In this section, we define Sobolev spaces along with the operators acting on these spaces.
In general, when a space is written in bold, it represents a vector space, while when it
is in double-struck, it denotes a tensor space. Let d > 1 be the spatial dimension, and
let (€;)i=1,..a be an orthonormal basis of R?. In the study of the proposed models, we
generally consider d < 3.

Let V is Banach space, we denote by V = [V]4 and V = [V]¥?. Let Q be a Lipschitz
domain with polytopal boundary in R¢. Let hq := diam((2).

We recall that:
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— We assume that the functions v is sufficiently regular so that we can define
the partial derivative of order «v is a scalar-valued operator applied to a scalar

function:
Gy — olaly
or{t - - 0xyt
where a = (ay, ..., a4) € N?is a multi-index and |o| = a3 + - -+ + ay.

— Let (X, ||-]|x) and (Y, ||-]|y) be two Banach spaces. A linear mapping A : X — Y
is continuous if:

A
sup | Avlly < 00
vex vllx
v#£0
Its norm is then given by:
[Av]ly
I A[] := sup : (2.1)
vex ollx
v#£0

The set of all continuous linear mappings from X to Y is denoted by L£(X,Y),
When X =Y, the notation £(X,Y) is simplified to £(X).

2.1.1 Sobolev spaces of integer order

We consider functions v : 2 — R that are Lebesgue measurable, and we denote by [, v
the Lebesgue integral of v over €. Let 1 < p < 0o be a real number. We define the
LP-norm of v on €2 by

1/p
]| e (o) = (/Q lv(x)|? dx) , for 1 <p< oo,

and
||| oo () := esssup [v(x)| = inf {M > 0| |v(z)| < M for almost every z € Q} .
z€Q
The Lebesgue space LP(S) is then defined as:

LP(Q)) := {v Lebesgue measurable | ||v]|Lrq) < oo}

Equipped with the norm || - ||»(), the space LP((2) is a Banach space for all 1 < p < oo.
Moreover, for 1 < p < oo, the space C°(2) of infinitely differentiable functions with
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compact support in € is dense in LP(Q). In the particular case p = 2, the space L?(Q)
becomes a Hilbert space when endowed with the inner product

(v, w) 20 ::/Qv(x)w(x) dx.

Lemma 2.1 (Hélder’s inequality) For 1 < p,q < oo such that % +$ =1, if
v € LP(Q) and w € LY(R), then vw € L*(Q)) and

[ @)l de < lollzse ]z

In the special case p = q = 2, this yields the Cauchy—Schwarz inequality: for all
v,w € L*(Q), we have vw € L'(Q) and

[(v,w) 2| < |vllz2(e) w2

Definition 2.1 ([49, Def. 1.29]1) Let Q be an open set in RY. The elements of

the following space are called locally integrable functions:

L, (Q) = {v measurable ‘ V compact D C Q, v|p € Ll(D)}.

Now, we define the Sobolev space with integer-order spaces that will be used in the
following sections. Given an integer m > 0 and p € [1, oo], the Sobolev space WP ()
is defined as

Wme(Q) = {v € L}, (Q) | 0° € LP(Q), Ya € N, |a| <m}.

On this space, if p < 0o, we introduce the norm and seminorm:

o] <m |al

1 1
Hvllwm»p(mz(Z(hsz)'a"’lla"‘vllip(m) s [vlwme) = (Z 10%0lLs ) :

When m = 0, we recover the standard LP(2) space. When p = 2 we denote W™P(2)
by H™(2) .
We let L2, (Q) = {v e L3(Q)| Jqv(z)dz = 0}.

Proposition 2.2 ([2, Thm. 3.22]) Letm € N and p € [1, co[. In any open set )
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with Lipschitz boundary, the space C°(Q) is dense in W™P(Q), that is,
Yo € W), Hudien € CF(Q),  lim o= v wmoa = 0.

We also introduce the subspace H{'(2), defined as the closure of C2°(Q2) in H™(£2),
which consists of functions vanishing on 0f) in a suitable sense:

(@) = C=() e

From now on, we choose the norm of the space Hg(Q) as: [|v]|g1(q) := [v|m1 (). where
|v| (o) denotes the seminorm associated with H'(€2).

We denote by H=™(Q2) := (HJ*(2))" the dual space of HJ'(12).

We can define the main differential operators as follows:

— The gradient, a vector-valued operator applied to a scalar function:

4 v ,
gradv:=3_ ——¢;,  grad € L(L*(Q), (Hy(©))), [lgrad || < V.

i=1
— The tensor gradient, a tensor-valued operator applied to a vector function:

81%
8xj

Gradv := < > E Grad € £L(L*(Q), (H:(Q))), [|Grad|| < Vd.

— The divergence, a scalar-valued operator applied to a vector function:

d

divy =3 9% dive L(H'(Q), (L), ldiv]| < Vd
i=1 Y

— The vector divergence, a vector-valued operator applied to a tensor function:

d [(d 0G,. .
DivG =) (Z ”)) ei, Div € L(H'(Q),(L*(Q)), [IDiv]| < d.




2.1. Sobolev spaces and differential operators

— The vector Laplacian, a vector-valued operator applied to a vector function:

d 2,
Av:z(f“)ei A € L(H'(Q), (HYQ)), A < 1.

=\ 013
These operators satisfy the fundamental relation:

Av = div(gradv), A = Div(Gradv).
We define the following spaces:

H(div; Q) =
H(Div; Q) =

veLX(Q) |divv € L(Q)},
G el’(Q) |DivG e L(Q)}.

This spaces are equipped with the following norms:

D=

Wlaawe = (1122 + ()l divv]Za)? |
ICluwiy = (ICIR ) + (ha)*[Div Gl

N =

Let V= {v € H}(Q)| divv = 0} be a closed subspace of H}(2). We denote by V+
the orthogonal complement of V in H}(Q2). We recall that:

Property 2.3 ([57, Cor. 1I1.2.4]1) The operator div: H}(Q2) — L*(Q) is an iso-
morphism from V* to L? (Q). It exists a constant Cgi, > 0 such that:

zZmu

Vg€ L?,,(Q), 3v, € V| divv, = ¢ and 1Vollai) < Caivllgllzz@)- (2.2)

zZmuv

2.1.2 Normal trace operator and Green’s formula

We recall the trace theorems in the Sobolev spaces H'(Q2) and H(div;2), as well as
the integration by parts formulas in these spaces. For more details, see [29, Chapter 1].

Theorem 2.2 ([29, Thm. 1.26]1) Let Q be an open subset of R with a bounded

Lipschitz boundary. The trace operator
Yo : C(Q) — L*(09), v+ Yov = v|aq
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extends continuously to a linear and continuous mapping, still denoted by ~y, from

HY(Q) into L*(09).

We introduce the following space:
H2(09) = {\ € L*(09) | Jv € H'(Q), A = o0},

which is endowed with the norm:

Mt o) = 0 1ol
Yov=A

We denote by (Hz(9Q)) the dual space of Hz(9Q).

Proposition 2.4 (Integration by parts for functions in H'(Q)) LetQ be an
open subset of R with a bounded Lipschitz boundary. For all functions v,w € H(Q),
the following holds for every i =1,...,d:

v ow
/Q <8:mw * v@m) = /89 Yovow s dl (2.3)

where n; is the i-th component of the outward normal vector n to the boundary OS).

Theorem 2.3 ([29, Thm. 1.31]1) Let Q be an open subset of R® with a bounded

Lipschitz boundary. The normal trace operator
N CE@) = (H2(0Q)), v mv = (v n)lo

extends continuously to a linear and surjective mapping, still denoted by i, from
H(div; Q) into (Hz(0Q)). Furthermore, for all v € H(div;Q) and w € H(Q), the

following integration by parts formula holds:

/Q (divvw + v - grad w) dQ2 = (11 v, Yow) (2.4)

H2(0Q)"
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2.1.3 Fractional Sobolev space

Let D C ). We recall the definition and properties of fractional order Sobolev spaces
(see e.g. [39] and references therein). For all 0 < s < 1, we set:

H(D) = {v e [ [ wdxdy < oo} | (2.5)
Let v, w € H*(D). We set:

(0, w0)s0 = /D/D oyl w<y>>dXdY> 0] (D) = (U,U)s%,D.

|X _ y‘d+23

We can define the scalar product and the norm in H*(D) so that ':

1
(u, 0)mre(p) = (0, 0) p2p) + W (0, w)s s N[Vlls(0) = (0, 0) fro - (2.6)

We define H*(D) := [H*(D)]?, and the norm in H'(D) and H'**(D) as follows:

1
2

HU”Hl(D) = (HU”%%D)‘*’}% ngadU”%?(D))

N

lollreey = (Il ) + hElerad v )

We can prove a result similar to the Poincaré-Steklov inequality (2.9) to Sobolev spaces
with fractional index:

Lemma 2.4 ([48, Lem. 7.11) For any v € H*(D)N L2, (D) with s € (0,1), the

zZmu

following inequality holds:

1
S hd 5
o2y < By (|DD!> it @)

Let H3(D) be the closure of C2°(D) in H*(D), and H *(D) = (H§(D))". We will need
the following theorem:
Theorem 2.5 ([49, Thm 3.19]) The following properties hold

1. For allt € (0,%), one has: H{(D) = H'(D).

)2

1. In this article, s is fixed. However, if we consider the limit as s — 0 or s — 1, the semi-norm
| - |+ (@) must be multiplied by s(1 — s).
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2. For allt € (0, %), the mapping u — u, where @ is the extension of u by 0 outside
D s a continuous mapping of H (D) — H'(R?).

Theorem 2.6 ([75, Thms 2.21], Meyers-Serrin) Lets > 0 andp € [1,00). Then
C*(Q) NW*P(Q) is dense in WHP(Q).
Let f € H"(Q), with » > 0 we define

(f, U>HT(Q)

[fllz-r@) == sup (2.8)
very@) |[Vllar@
v#£0
Note that if 7 € (0, 5), the norm || - ||z can be replaced by the semi-norm | - |g(a),

since the norm and the semi-norm are equivalent. However, as r tends to 0, by the
Poincaré inequality (2.12), one has || f||gz—+@©) S ha |l fllL2@)-

2.1.4 Trace and Poincaré inequalities

Definition 2.5 A function f : Q — R is said to be of class C**(Q2), with k € N and
a € (0,1], if f is k-times continuously differentiable on Q, i.e., f € C*(Q), and all
partial derivatives of order k are a-Holder continuous; that is, there exists a constant
C > 0 such that for all x,y € €,

10 f(x) — 0P f(y)| < Cle —y|* for all multi-indices B with |B] = k.

Remark 2.6 A C%! function corresponds to a Lipschitz continuous function.

Definition 2.7 A bounded open set D C RY is said to be of class C** (k € N, a €
(0,1]) if, for every point xo € OD, there exists a neighborhood U of xo and a function

@ € CH*(RI7Y) such that, in a suitable coordinate system,
DNU ={(2',24) €U : 24 > p(a')}.

In other words, the boundary 0D is locally the graph of a C** function.

We will need the following trace theorem: Let D be a connected subdomain of 2, with
Lipschitz boundary. We recall the following theorem (see §2.1.3 for the definition of
H*(D), s € (5,1)).
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Theorem 2.7 ([79, Thm. 3.37], k =1) Define the trace operator vy : C°(D) —
C(8D) by vov = v|op. If D is a Lipschitz domain, and s €]3,1], then v has a unique

extension to a bounded linear operator

Yo : H'(D) = H*"%(9D),
and this extension has a unique continuous right inverse.
Hence, the norm in H*2(9D) is such that:

Vg € H* 2(dD), |

= inf
|g||Hs_%(3D) vE{HS(ér)l|U|aD:9} ||U|

H*(D)-
We deduce that there exists a dimensionless constant C,, s p > 0 such that:

_1
Vo e H*(D), |lvpl Cyos.0 (hp) 2 [[0]l a5 (). (2.9)

_1 <
H®*"2(8D) —

Let H~2(99) be the dual space of H2() and H2(99Q) := [H2(9Q)]%. The norm in
H~2(9Q) is defined by:

(9. U>H—%(am,H%(am

Vg € H 2(69) = sup (2.10)

; HQHH—%(aQ) veir} (G0} ||U||H%(aQ)

Theorem 2.8 ([8, Thm. 2.2.22], s=0) Define the trace operator vy, : (C*(Q))¢ —
C°(092) by viv = v-n|aq. If Q is a Lipschitz domain, then v, has a unique continuous

extension, still denoted by 1, from H(div; Q) into H2(0S)), which is surjective.

Hence, the norm in H~2(99) is such that:

Vg € H™2(09Q) VIl Eaivie -

inf
’ HgHH*%(aﬂ) ve{H(div;Sl)r)l|v~n\39:g}

We deduce that there exists a dimensionless constant C., o > 0 such that:

vv e H(div; ), [lv-nloall ;-3 0 < Ciio (he)~2 [Vllmae)- (2.11)

Q)

1
For all v € L*(Q), we denote by v := Q / v. We will recall the Poincaré-Steklov
Q

theorem see:
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Lemma 2.9 ([49, Lemma 3.241) Let Q be a Lipschitz domain in R:. Let hg =

diam(QY). There exists a constant Cp,p,, such that
Cremollv — vl r2(0) < halv|mi@), Vv e H'(Q),
If Q) is convex, we have Cp,y, = .

Lemma 2.10 ([49, Lem. 3.271) Let Q be a Lipschitz domain, and v € Wy (),

There exists a constant Cpg, > 0 such that

[v||lze (o) < Cpsphallgrad vf|Ly (o). (2.12)

If p =2, we simplify Cpg, to Cpg.

In the following two theorems, we generalize the integration by parts formulas (2.3)
and (2.4) in a specific subspace of the fractional Sobolev space. Let D C R be a
connected and bounded domain of R¢, with Lipschitz boundary 9D for d = 2 and
polyhedral boundary 0D for d = 3.

Theorem 2.11 Let s € (3,1). Consider the operator A as follows:

where the mapping f., is defined on H'™(D) as follows:

fo: H(D) = R
—

v (AU,U)LQ(D).

The operator A is a linear and continuous operator on (COO( ) - Nl oy ) It can be
uniquely and continuously extended as an operator acting from H'T*(D) to (H'™(D))

and the following integration by parts formula holds:

V(u,v) € H'(D) x H'*(D),

(2.13)
(fu, v)mr+s(py = —(grad u, grad v)y2py + (grad u - n,v)12(op).
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PROOF. Let (u,v) € C*®(D)x H'**(D). Using Cauchy-Schwarz and the trace theorem
in H*(D) (cf. Theorem 2.7), we obtain:

’<fuaU>H1+S(D)‘ = ’(AU,U)H(D)’,
= ‘—(grad u, grad v)r2(py + (grad u - n,v)25p)| ,
< |lgrad ul|r2(p) |lgrad v||vLz(p) + [|grad u - 0| 2@p) [|v] L200),
< |lgrad u||g=(p) ||v|| gr1+s(py + ||grad u - n|

< llgrad ullgs pyl[vl| s oy S llullmres oy l|lvllar+s ()

We deduce that || fu||(z1+s(p)y S [|wl|m1++(p), and since (C(?O(E), Il - HH1+5(D)) is dense in
H'#(D), according to the Hahn-Banach theorem, we can uniquely extend the operator
A to an operator acting from H'™(D) to (H'*$(D)). Consider now u € H'**(D).
There exists a sequence (u,), € C>°(D) such that lim |t — || g1+s(py = 0. By using
the continuity of the operator A, we obtain that lim | fu = funll(arr+s(pyy = 0. Hence,

Jim. |(funs V) +s (D) = (fu, V) s (py| = 0 for all v € H'*#(Q) and we have Jim u, = u

in H'(D) and in Hz (D).
We deduce that for all v € H'*(D):

(fus V)respy = 1 (fu,, 0)prespy = 1im (A, v)2(p)
= nlg%o (—(grad Uy, grad v)r2(py + (grad u, - n, U)L2(8D))

= —(gradu,gradv)izp) + (grad v - n, v)2sp).

O
Theorem 2.12 Let s € (%, 1). Consider the operator grad as follows:
grad : C*(D) — (H**(D))
q = Yq ’
where the mapping g, is defined on H™*(D) as follow:
g, H™(D) — R
v +— (gradg, V)L (p
The operator grad s a linear and continuous operator on (C’so(ﬁ), || - HHs(D)>. It can
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be uniquely and continuously extended as an operator acting from H*(D) to (H**(D))’

and we have the following integration by parts formula:

V(q,v) € H*(D) x H' (D), (2.14)
<9q>V>H1+S(D) = —(div VaQ)L2(D) +(v- ILQ)L?(@D)- '

PrROOF. Let (¢,v) € C*(D) x H**(D). Using Cauchy-Schwarz and the trace
theorem in H*(D) (cf. Theorem 2.7), we obtain:

(grad g, V)LQ(D) = —(le v, Q)LQ(D) + (V ‘1, Q)LQ(BD)
| divv|z2pyllallz2oy + [[VIlL2p) |2l 2200y,
[ v][er+s oy llal| s 0y + || V]

(9q» V>H1+S(D)

-3 oo 19l -3 o)

AR ZANVANI

IVl[e+= o) llall o)

We deduce that ||ggl| e +=pyy S ||l #s(p), and since (Cé’o(ﬁ), I| - HHS(D)) is dense in
H?*(D), according to the Hahn-Banach theorem, we can uniquely extend the operator
grad as an operator acting from H*(D) to (H**(D))’. Consider now q € H*(D).
There exists a sequence (g, ), € C°(D) such that nh_{go l¢ = @n||zs(py = 0. By using the
continuity of the operator grad , we obtain that lim 19q — 9gull (zr+s(pyy = 0. Hence,
lim [(gq, , V)wr+s(p) = (9q, V)mr+s(py| = 0 for all v.€ H'**(D) and we have lim g, — ¢

n—oo

in L?(D) and in L*(0D). We deduce that Vv € H*(D):

(99 VImresp) = lm (gg,, V)mi+s(p) = lim (grad ¢,, v)rz(n)
= ,}ggo (—(diV v, Qn)LQ(D) + (v - n, %)L?(@D))

= —(divv,q)r2p) + (V- 1,9) 20D)

Remark 2.8 Note that the assumptions in Theorems 2.11 and 2.12 are not optimal.
For more details, see [60, Paragraph 5.1.2] and [61, Paragraph 1.2]. We can optimize
the choice of the space v in H ().
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2.2 T-coercivity

Let V and W be two Hilbert spaces equipped with norms || - ||y and || - ||w, respectively.
Let V' and W’ be the dual spaces of V and W; (-, )y and (-, ) the inner products of
V and W; and (-, )y and (-, )y the dual pairings of V' and W, respectively. Let
be a bounded, open, connected domain in R? (d = 2 or 3) with a bounded Lipschitz
boundary.

Definition 2.9 Let a(-,-) be a continuous bilinear form defined on V- x V. We say
that a(-,-) is coercive on V if and only if there exists a constant ¢ > 0 such that for all
reV,

(@, z)] = c|ll}-

Definition 2.10 (Basic T-coercivity, [38, Def. 7.1], [26]) Leta(:,-) be a
continuous bilinear form defined on V- x W. We say that a(-,-) is T-coercive on V if

and only if:
31T € L(V,W), bijective, Ja > 0, Yv € V, |a(v, Tv)| > alv||?. (2.15)

Obviously, if (2.15) holds for some T € L(V,W), then T is injective.

Now consider that a(-,-) is a continuous bilinear form defined on V' x W and f € W".
We define the following problem:

{ Find v € V such that: (2.16)

Vw € VVa a(v7w) = <faw>W’,W-

Definition 2.11 (Well-posedness) We say that problem (2.16) is well-posed in the
sense of Hadamard if and only if, for all f € W', problem (2.16) has a unique solution

v €V, which depends continuously on the data:
de > 0 such that ||v||v < || f|lw-

Definition 2.12 (Inf-sup Condition) The bilinear form a(-,-) satisfies the inf-sup

condition if and only if there exists a constant o > 0 such that for allv € V,

ja(v, w)]

sup ——— > af|lv]|v. (2.17)
wew\{oy [[wllw
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Definition 2.13 (Solvability Condition) The bilinear form a(-,-) satisfies the solv-
ability condition if and only if

{w e W | a(v,w) =0, Vv € V} = {0}. (2.18)

Remark 2.14 If W =V and a(-,-) is an Hermitian bilinear form, then the condition
(2.17) implies the condition (2.18). Indeed, let w € V such that for all v € V,
a(v,w) =0, then

|a(v, w)| |a(w, v)|

0= sup ———— = sup ———— > aljw|y.
veviior  vlv veryioy  [[vllv

Hence, we obtain w = 0.

Theorem 2.13 (Lax-Milgram [40, Lemma 1.4]1) If the bilinear form a(-,-) is con-

tinuous and coercive defined on V' x V', then the problem (2.16) is well-posed.

Theorem 2.14 ( Banach-Nelas-BabuSka (BNB) [40, Thm. 1.1]) The problem
(2.16) is well-posed if and only if the conditions (2.17) and (2.18) are satisfied.

Theorem 2.15 (Well-posedness [27, 22]1) Leta(-,-) be a continuous bilinear form
on V. xW. The problem (2.16) is well-posed if, and only if, the form a(-,-) is T-coercive
in the sense of definition 2.10.

PROOF.
For all w € W\ {0}, since T is a continuous and bijective linear operator, there exists
u € V \ {0} such that Tu = w. Moreover, we have

0 < |{[Tullw < Ty -

Since the bilinear form a(-,-) is T-coercive, we obtain

|CL(U,UJ)| —1
sup  ———— > a7 [ullv.
weW\{0} Hw||W

Assume that there exists w € W such that a(v,w) = 0 for all v € V. Taking
v="T"Yw), we get
a|T7Hw)l3 < a(T™ (w), w)| =0,
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which implies 77! (w) = 0, and therefore w = 0.
Thus, the variational problem (2.16) is well posed according to the Banach—Necas—Babuska

(BNB) theorem (see Theorem 2.14).
UJ
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Chapter 3

Modeling by the Navier—Stokes
Problem

Contents
3.1 Incompressible fluid . . . ... ... ... ........... 45
3.2 Navier-Stokes problem . .. ... ............... 46
3.2.1 Conservation equations . . . . . .. .. ... ... .. ... 49
3.2.2 Dimensionless variables: a physical reading . . . . ... .. 53

In this chapter, we aim to model incompressible fluid flow on a fixed spatial domain 2.
To achieve this, we first introduce the notion of an incompressible fluid, then apply
the conservation of mass and Newton’s second law to such a fluid in order to derive
the Navier—Stokes problem. Although this chapter does not contain new material, it
provides a clear and pedagogical presentation of how the Navier—Stokes equations are
obtained.

Many references have addressed the modeling of the Navier-Stokes equations, such as
[20, 54, 70, 14]. In this chapter, we mainly rely on the textbook by Boyer and Fabrie
[15], as well as the PhD thesis of Peitavy [90].

3.1 Incompressible fluid

A fluid is a material that continuously deforms under the action of a force, in contrast
to a solid. This category includes liquids (such as oil or milk), gases (such as air), and
plasmas. However, not all fluids respond in the same way when subjected to external
forces: for instance, a viscous paste like cement does not flow like air or water.
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The Navier-Stokes equations studied in this manuscript describe a specific class of
fluids, modeled under several idealized yet reasonable assumptions.

First, the fluid is assumed to be continuous: it is treated as a homogeneous medium
without microscopic structure, in which physical quantities such as velocity, pressure,
temperature, and density vary smoothly across space.

Second, the fluid is assumed to be incompressible: its volume remains constant over
time, although it can still deform. In other words, fluid particles may move and
rearrange, but without changing volume.

We also consider homogeneous fluids (with constant density throughout the domain)
and isotropic fluids (with no preferred direction in space).

Finally, the analysis focuses on Newtonian fluids, for which viscous stresses are pro-
portional to the rate of deformation. The behavior of such fluids does not depend on
the flow history or on the intensity of the applied forces. For example, air and water
remain fluid regardless of the flow speed, unlike certain dense suspensions (such as a
water—starch mixture), whose viscosity can vary significantly depending on the flow
regime.

3.2 Navier-Stokes problem

We begin our introduction with the assumption that the domain £ C R? is a continuous
medium, meaning it can be described using macroscopic quantities.

Definition 3.1 The description as a continuous medium is said to be valid if there
exists a function
p:[0,T] xQ—R"

called the density field, such that the mass contained in any fluid volume w C €2 at
time t is given by:
Mass in w at time t = / p(t, X)dX.

w
This function p allows mass to be represented as a continuous quantity, thus justifying

the use of a continuous medium description.

This definition ensures that the material can be modeled as a continuum, which is a
necessary condition for applying the tools of fluid mechanics.

The modeling will focus on an incompressible fluid (see 3.1), which means its density p
is constant. Its unit is kilograms per cubic meter: [p] = kg - m™2.
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3.2. Navier-Stokes problem

We denote by u = (u;)1<i<q the velocity of the fluid, with unit meters per second:
[u]=m-s7 L
The fluid pressure is denoted by P, with unit Pascal, that is: [P] =kg-m™!-s72.

The dynamic viscosity of the fluid is denoted by p, with unit: [p] =kg-m=*.s71.
The kinematic viscosity is defined as the ratio v = u/p, and has unit: [v] =m? -s71.

To describe the motion of particles in a fluid, we use Lagrangian coordinates. This

means we fix a particle or a volume of fluid and follow its trajectory over time. In two
dimensions, for example, this leads to a curve that describes the motion of the particle.
To illustrate this approach, let us consider an initial fluid volume wy C §2. We introduce
a family of bijective mappings ¢(t, -) such that, for each time ¢, the volume:

wy := p(t, wo) = @(wo)

contains exactly the same fluid particles at time ¢ as those that were in wy at the initial
time .

In order to model the Navier-Stokes equations, we are particularly interested in
describing the motion of particles.

Definition 3.2 The family (w;), indexed by time t is called a fluid element. In the
case where wy is reduced to a single point wyg = {xo}, the family is referred to as a fluid

particle.

As a consequence, if we take wy = {xg}, then ¢, describes the position of the particle
relative to a fixed reference frame at time ¢. We introduce the following function:

X(t,to, %X0) := ¢1(x0),

which represents the position, at time ¢, of the fluid particle that was located at xg
at the initial time ty. This function, called the trajectory, describes the evolution of a
fluid particle over time.

Knowing X for all £ and all initial points xq €  would allow us to fully track the
motion of particles throughout the domain. However, it is often more practical to
adopt a macroscopic description, which leads us to define the velocity field of the fluid:

u(t, x) = (aX(;,st,x)>

Since x is the position of x( at time ¢, we have x = ¢;(x(), which can equivalently be
written as:

(3.1)
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altog ) = (2552))

The pair (¢,X) defines the Eulerian coordinates of the system. Working in this
framework amounts to fixing a point X in space and formulating the conservation
equations at that fixed location.

Let f(t,X) be a characteristic quantity of the fluid (for instance, the density or
temperature). To analyze its evolution along the trajectory of a fluid particle, we
compute the total time derivative of f along the trajectory:

. 07f aX(t,to,Xo)
ot

ot
_ Z{u, X(t, to, %0)) + u(t, X(t, to,xo)) - grad f(t, X(t, to, Xo)).

Ccllt (f(t7X<tat07X0))) (t7X<tut07X0>> + ' gradf(tvx(tathO))

This quantity is called the Eulerian derivative (or material derivative), and is written

df _of
prien +u-grad f.

To ensure the validity of this formulation, we assume that the trajectory field ¢ is a C!-

as:

diffeomorphism, that is, a bijective and continuous mapping whose partial derivatives
are also continuous.
We recall the following theorem [15, Theorem 1.2.1]:

Theorem 3.1 (Transport theorem) Let f be a function of class C* with respect to the
variables (t,X) € R x R3. Then, for any t, we have:

d 0
dt/m F(t.X) dX = /w (a{ +div(fu)> dX,

where u is a vector field in R? defined by equation (3.1).

Definition 3.3 Let a = (a1, as,...,aq) € RY and b = (by,by,...,bg) € R? be two
vectors. The tensor product a ® b is the d x d matrix defined by:

(a@h)i]’ :aibj, f07" Z,j = 1,...,d. (32)

48



3.2. Navier-Stokes problem

In other words, each element of the matrix is the product of the i-th component of a

with the j-th component of b.

3.2.1 Conservation equations

Mass conservation

We can now express the mass conservation equation on the subdomains wy, representing
the evolution over time of a fluid volume. Using the definition of the density field (see
equation (3.1)), this conservation law takes the integral form:

d

— dX = 0.

dt Wt p
By applying the transport theorem 3.1, this expression is transformed into a local
equation:

/ @f + div(pu)) dX =0, V>t

Even though the integral is written over a fluid element (w;), this is equivalent to
considering all possible subdomains of §2, since the initial domain wy can be chosen
arbitrarily and then evolved through the application ¢;. Since ¢, is assumed to be
regular and bijective, the domains w; = ¢;(wp) cover the entire accessible region of the
fluid. Consequently, the vanishing of the integral for all w, implies that the integrand
must be zero everywhere in (2. This justifies the transition to the local form.

Thus, assuming that p and u are regular functions, we obtain the local form of the
mass conservation equation:

dp | .
yn + div(pu) =0

Moreover, since the fluid is incompressible, the density p is constant in space, and the
equation simplifies to:
div(u) = 0. (3.3)

Newton’s second law

The modeling of momentum is based on Newton’s second law, which states that the
rate of change of momentum of a fluid element is equal to the sum of the external
forces applied to it. These forces can be grouped into two main categories:

— Volumetric forces: These act within the interior of the fluid. They are represented
by a force field f, generally associated with gravity. The contribution of these

49



CHAPTER 3. MODELING BY THE NAVIER-STOKES PROBLEM

forces over a domain wy is given by:

/ pFdX,

where p is the mass density.

— Contact forces: These result from interactions between the fluid and its environ-
ment on the boundary dw,. They are modeled using a stress tensor X, which
represents internal forces. This tensor, expressed in units of kg - m™=' - s72, is

decomposed as follows:

X=—-Pl+1T,

where P is the pressure of the fluid,l; is the identity tensor of dimension d X d,
and 7 is an additional term that depends on the viscous properties of the fluid
(see [15, Section 3.2]).

The contribution of the contact forces is then expressed as a surface integral:

/ Y :ndo,
Bwt*

where n is the outward normal vector to the boundary.

In the particular case of a Newtonian fluid, the viscous component T is given by:

T =2pD + Agrad -uly,
where p is the dynamic viscosity, A the bulk viscosity, and D the rate-of-strain tensor,

defined by:
1
D = 5 (Gradu + (Grad u)T) . (3.4)
We assume that the fields p and u belong respectively to the function spaces C! and
C° with respect to the variables (t,X) € R x R3. Under this assumption, it can be
shown that the function (¢,x) — X(¢,%) - @ is continuous for any vector a € R? [15,

Theorem 1.3.1].

The stress tensor X, representing internal forces in the fluid, is given, in the case of an

incompressible fluid, by:

Y=—-Pl;+p (Grad u + (Grad u)T) : (3.5)
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Applying Newton’s second law to a fluid domain w;, we obtain:
d
f/ pudX = [ pfdX+ [ 2:np,, do.
dt wi wi Owg —

The contact force term can be transformed into a volume integral using integration by
parts:

Y Ny do = [ Div(Z)dX.

&ut Wt

To treat the momentum term, we apply the transport theorem (3.1) to the function
f = pu;, for each i € {1,...,3}, which yields:

d 9(pus) .
dt/ pu; dX = /m< T +d1v(puiu)> dX.

Expanding the divergence of the convective term, we obtain:

d O(uiuy) d 8u®u)

div(pu;u) Z Z p——m
J=1

— Ox; Lj

where ® denotes the tensor product defined by (3.2). Summing over all components

u;, we get:
d _ dpu) | .
dt/thUdX_/wt< T + Div (pu ® u) | dX.

The conservation of momentum is then written as:

/Wt (3(§t u) +D1V(Pu®u)) dX = y (pf+D1V( )) dX.

Using the expression of the stress tensor ¥ given in (3.5) for a Newtonian and incom-
pressible fluid, we finally obtain:

/wz (za(&pt) + Div (pu®u)> X

3.6
:/ (of + Div (—Ply+ p (Gradu + (Gradu)”))) dX. 0

We can simplify the formulation (3.6) using the assumption that the fluid is incom-
pressible.

Recall that D is the deformation rate tensor defined in (3.4). For an incompressible
fluid, we have, for all 7 € {1,...,d},
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Pu; 1

d dD. . 1% (0% 0%u; 1d
iy 1 i j _ >
2 ox; 2 2 (83:? + axiax) 2 Jz:; Ox3

j=1 j=1

The term Y4 %u; vanishes due to the incompressibility condition div(u) = 0.

j=1 (9:1718:8]
To summarize, we have shown that for an incompressible fluid:

Div (Gradu + (Grad u)T> = Au

Moreover,

Q
—~

M=~
o5
t/

Div (pu®u) = p
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Now since the fluid has zero divergence, we have the following equality:

L& O ()
ZZUZ axj 62‘—0

i=1j=1

and therefore:

0 (u;)

‘ d d 811
Div(pu@u) =p> > u; pe (w)
i=1 j=1

d d
e=py_ D U oz,

i
J i=1j=1

Which ultimately gives us:
Div (pu ® u) = p(u - grad )(u)
Moreover, with an explicit calculation:

Div (PI;) = grad P.

(3.7)

(3.8)

(3.9)

Finally, using (3.7), (3.8), (3.9), and the expression (3.6), we obtain the equation re-
sulting from the fundamental principle of dynamics for a Newtonian and incompressible

fluid:

ot

p ((911 + (u- Grad )u) dX = [ (pf —grad P + pAu)dX

wt

Which gives in local form the equation of conservation of the quantity of movement for
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3.2. Navier-Stokes problem

an incompressible fluid:

p(a&)l;—l—(u-Grad)u) —grad P+ pAu = pf Vx e (3.10)

3.2.2 Dimensionless variables: a physical reading

The incompressible Navier-Stokes equations express two fundamental physical principles:
the conservation of mass and the conservation of momentum. They are written as:

p (?: + (u-grad)u) — pAu+grad P = pf dans Q x RY

(3.11)
divu=0 dans Q x R

Each term in the first equation has a physical meaning:
— p%—;‘: the local acceleration of the fluid.
— (u - grad )u: the convective acceleration due to transport.
— —pAu: the internal viscous forces due to friction.
— grad P: the pressure effects.

— pf: external forces (e.g., gravity).

We aim to rewrite this system independently of physical units (meters, seconds, etc.)
by scaling it to relative quantities. This allows us to identify dimensionless numbers
that characterize the flow regime. To this end, we introduce the following characteristic

scales:
— L: a typical length scale (e.g., the diameter of an obstacle).
— U: a characteristic velocity of the fluid.
— T = 5: a typical time scale.

We then define the dimensionless variables:

~ 1 . ou P ~ L

The differential operators are also redefined in the new variables:

—_—

grad = grad;, div = divs, A= As
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CHAPTER 3. MODELING BY THE NAVIER-STOKES PROBLEM

By rewriting the system (3.11) in this framework and multiplying the momentum
equation by p%, we obtain:

ou 1+ ~
— +(u-grad)u — —Au+gradp=f dans Q x R"
p+(u-gradju— oo sty (3.12)
divii =0 dans Q x RT
where the Reynolds number is defined by:
LU
Re .= —
v
L
with v := the kinematic viscosity of the fluid. The Reynolds number Re = — is a

fundamental dimensionless parameter that characterizes the flow regime of a ﬂu1d It
represents the ratio between inertial forces (related to the acceleration of fluid particles)
and viscous forces (due to internal friction in the fluid). Its physical interpretation is
therefore essential to anticipate the nature of the motion:

— When Re < 1, viscous forces dominate: the fluid moves slowly, friction effects
outweigh acceleration, and the flow is stable, smooth, and predictable. This is
known as the Stokes regime or laminar flow.

— On the other hand, when Re > 1, inertia prevails: the fluid moves rapidly,
friction is no longer sufficient to stabilize the motion, and instabilities may occur,
leading to a turbulent regime.

The advantage of dimensionless variables is that it allows us to compare very different
physical situations (such as pipe flow, atmospheric currents, or blood circulation) within
a unified theoretical framework, as long as these systems share the same Reynolds
number.

By expressing all physical quantities with dimensionless variables, we obtain the
standard form of the Navier—Stokes equations for an incompressible fluid:

{Gtu—VAu+ (u-V)u+Vp=f=£ (3.13)

divu=0

where we denote p = % as the reduced pressure. We then observe that in this system,
the Reynolds number is inversely proportional to the viscosity: the lower the viscosity,
the higher the Re, which promotes unstable flow regimes.

For the system of equations to be well-posed, it must be supplemented by initial
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3.2. Navier-Stokes problem

conditions (velocity values at time ¢ = 0) and boundary conditions on the spatial
domain boundary.

Two classical types of boundary conditions are commonly used depending on the
physical context:

a) Dirichlet condition (imposed velocity on the boundary) This is the most
frequent in practice, especially for solid walls or confined flows. It consists in prescribing
the velocity on the domain boundary, often set to zero (no-slip condition), together
with a normalization condition on the pressure:

u=0 on 0 x [0, +00)
/pdx:() forallt >0
Q

The latter pressure condition removes the indeterminacy since pressure is defined up
to an additive constant.

b) Neumann condition (imposed stress) In some cases, notably at the interface
between two fluids or at a free outlet, one may choose to impose the fluid’s stress on
the boundary instead of the velocity. This amounts to specifying the stress flux on the
boundary via the stress tensor X defined previously. We then impose:

1
—57 (Grad + Grad")u:n+ PI; =gn on 05,

where gy represents the external force exerted on the fluid by its environment (external
pressure, surface tension, etc.), and n is the outward normal vector to the boundary.
This type of condition is used, for example, to model a free outflow (without obstacles)
or to couple several fluid domains.

Remark 3.4 When boundary conditions other than pure Dirichlet conditions are con-
sidered, the use of the symmetric gradient is physically more appropriate. Nevertheless,
for the sake of simplicity, in the numerical tests 14, we restrict ourselves to using the

full gradient.
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Chapter 4

Spatial discretization notations
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In this chapter, we define notations related to the discretization and we provide several
inequalities that apply to polynomial functions, as well as estimates involving the L?
orthogonal projection. Our aim is to explicit, as far as possible, constants in inequalities,
such as in Propositions 4.2 and 4.4. In particular, we exhibit the dependence of these
inequalities on the mesh regularity parameter o, as shown in Propositions 4.5, 4.7, and
4.9.

4.1 Notations related to the mesh

We denote (O, (z4)%_,) the Cartesian coordinate system with an orthonormal basis
(eq)%_,. We consider a sequence of meshes of simplices (73); in the domain Q. For a
fixed mesh 7T, we use the following index sets and subsets:
— T is the index set of elements such that 7, := U K.
€Tk

— ZIp is the index set of facets®, such that Fj, := U Fy.
f€Ir

1. The term "facet" refers to a face (or edge) for d = 3 (or d = 2).
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CHAPTER 4. SPATIAL DISCRETIZATION NOTATIONS

We let Zr = Zi. UZ%, where Vf € Ti, Fy C Q and Vf € Ih, Fy C 09.
— IF,Z = {f GIplFf C 8Kg} and IKyf = {KGIK|Ff C aKg}

— T% the set of indices of simplices having at least one boundary facet:
Tt = {0 € I |3f € Iry, f € T2},
— T the set of indices of simplices whose all facets lie in the interior of Q:

Ti = {l € I |Vf € Iy, f € Tk}

For all ¢ € Tk, we denote by h, the diameter of K, and by p, the diameter of its

inscribed ball, and we define: o, = %. We suppose that the sequence (73);, is of

regular shape, cf. [49, def. 11.2]. Then, there exists a constant ¢ > 1, called the
shape-regularity parameter, such that for all ¢ € Zx, o, < 0. We denote by n, the
outward unit normal vector of K,. For f € Zp,, we denote by ny, the outward unit
normal vector of Fy from K.

4.2 Discrete functional spaces

We introduce the spaces of piecewise regular functions as follows:

— The broken space P,H!' = {v € L*(Q); Vlelk, vk, € Hl(Kg)}, equipped
with the inner product:

(v, W) = Z (grad%gradw)w(my HUH?L = Z \|gradv\|i2(m)-
eTk EEIK

— The broken space P,H' = [P, H']?, equipped with the inner product: Vv, w €
P, H!

(v,w)p := Y (Gradv,Grad w)i2(x,), |[V[[; = D ||Gradv||i2(m).

Lely LeTK

We define the related piecewise operators as follows:

— The operator grad, : P,H' — L%(Q) such that:

Vv € P H', Vw € L*(Q), (grad 4v, w)r2) = > (grad v, w)rz(x,)-

(eELy
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4.3. Geometric Mappings

— The operator Grad ;, : P,H' — L?(Q) such that:

vv € P,H', vw € L*(Q), (Grad WV, W)L2(Q) = Z (Grad v, w)i2(k,)-

lely

For any f € Zp, n; denotes the unit normal vector to F; chosen as follows: if Fy C 0€2,
then n; is oriented outward with respect to Q; if f € I with Fy = 0K, N 0Ky and
L < R, then n; is oriented outward from K. The jump and the average of a function
v € P, H' across a facet F ¢ are defined as follows:

1
[v]F, = viKe = viren and {v} g, = S (v, + Vikn).

For f € Tb, we set: [[v]]Ff = v, and {U}Ff = vp,. Let f € I}, and let Fy be an
interior face shared by the elements K; and Kr. Let a, b € P,H'. We denote by
ap = ag,, Qg = QKg, b == bk, , and bg := bk, the traces of a and b on Fy. Then

[ab] = arbr — arbr
= 3(ar + ar)(br — br) + (b + br)(ar, — ar) (4.1)

= {a} [0] + {0} [a].

We will need the broken spaces related to the divergence operator:
PH(div) = {veLX(Q); VeI, vk, € H(div; Kp)},

PH(Div) = {Gel?Q); VeI, G, €H(Div;K)}.

We define the related broken operators div, and Div such that:

Vv € PLH(div), Vg € L*(Q), (divyv, Q2@ = Z (div v, q)r2(k,),

LeTlK

VQ € PhH(DlV ), Vq < L2(Q>, (DthQ, q)LQ(Q) = Z (DIV §7 Q)Lz(Kg)-

Lely

4.3 Geometric Mappings

We now recall classical finite element estimates [49, Chap. 9, 11]. Let K be the Eference

simplex, of vertices (S5;)%,, which coordinates are such that Sy = O and 0S; = e;.
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CHAPTER 4. SPATIAL DISCRETIZATION NOTATIONS

We have: |K| = (d!)~!. For ¢ € Iy, we denote by T; : K — K, the geometric affine
transformation such that V& € K, Xk, = 1y(X) = BX + by, and we denote by J, the
Jacobian of T;. Recall that |.J,| = det(By). It holds [49, Eq. (11.3)]:

K, h B h e
=B sy <t By < E (4.2)
| K| Pk

In 2D, classically, the reference triangle A is built with vertices (0,0), (1,0), and (0,1).
Let Ky, ¢ € I be a triangle with vertices A{, A5, and A%, where Af = (2;,y;) for
i =1,2,3. Consider the affine transformation 7} : K — K,, such that Tg(f() =K, It

B £ [ Rt}

Assuming the following:

— Ty(1,0) =45 = Al + m = Af,

b
— T,(0,1) = A = A+ M =AY,

a b| |ma—m x3—1
¢ d Yo— Y1 Ys— Y|
Thus, the affine transformation 7, can be rewritten as:
Ty(x,y) = [ﬂ + l‘” I xl] m .
hn Y2—Y1 Ys—Y1| Y
Since Ty is affine, the Jacobian J, = 2| K| is constant over K, and Tg(f() = K.

Let f € Zpy. Let Ty, = Tg‘Ff, and 7.y, be the outward normal of Ff’g such that
Tf,g(pﬁg) = Ff7g. For v € L2(Kg), we set:

we obtain:

Up =voO Ty, Vf € IFJ, @f}g =vo Tf’g. (43)

We also need to define the local averages:
Yo € LMK, v, = / v/ |Kol. (4.4)
K,
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4.3. Geometric Mappings

Proposition 4.1 (Change of variables [72]) Changing the variables:

W2y = el KT 0elle ) (4.5)
1olZeryy = |Ef el ™ 0sell7az, - (4.6)

Let v € P,H'. Changing the variables, grad vk, = (B, ')"grad 40,, and we have:

. 2 _
(1) llgradsdellf, p) < 1Bell” |7 lgrad vf|fzk,

) N (4.7)
(i) llgradolZag, < B 170 llgrad <oel2,
Let v € H*(K;). Changing the variables, it holds [24, §3]:
(i) |U Hs(K) < ||BfHd+28 ’Jf|_2 v %IS(KZ) (4.8)
.o _1 s . .

For all D C R? we denote by P¥(D) the set of polynomials of degree k on D,
P%(D) = (P*(D))?, and we consider the space of broken polynomials:

Pc’lczsc(,];l) = {q € L2<Q), Ve € IK7 q\Kg € Pk(Kﬁ)} .

Table 4.1 — Dimension of the polynomial space P¥(D) for d € {1,2,3} and k €
{0,1,2,3}

Eld=1 d=2 d=3
0 1 1 1
1 2 3 4
2 3 6 10
3 4 10 20

We need a result appearing in [77, p. 565].

Theorem 4.1 For all { € Ty, we have:
0K | K|~ = 2d(pe)™" (4.9)

Proor. Let C; be the center of the inscribed ball in K/, of diameter p,. We set
c = O?g. By definition, the closed ball B(cy, py/2) is tangent to all faces, so the
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CHAPTER 4. SPATIAL DISCRETIZATION NOTATIONS

distance from the center C; to F} is exactly py/2:
VXf S Ff, (Xf — Cg) "Nyy = pg/2 (410)

Consider the vector field X, : R? — RY, defined by X,(x) = x — ¢;. Then div X, = d.
Integrating by parts, we get:

div X, dx = / Xo-npg, ds = d| K| = / (x —¢¢) "nypg, ds.
0K, 0K,

K, ¢

Summing over all faces and using (4.10),

/BKZ (x —¢y) - Ny, ds

Z /F(X—Cg)-nﬁgds,

Pe Pe
= Y FIEI=5 10K

We conclude that d |K,| = % |0K,|, hence (4.9).

We recall the following theorem.

Theorem 4.2 ([99, Thm. 51) Let v € P*(K,). The following inverse inequality
holds:
(k+1)(k+d)

0] 7205,) < Car |0Ke| 1Kol ™ 0122k, with Cay = d : (4.11)

We deduce from inequality (4.11) the following result

Proposition 4.2 For all { € T, for all v € P*(K,), we have:

||U||%2(8K£) < Cypoe(he)™ ||U||%2(KZ)7 (4.12)

with Cap =2 (k + 1) (k +d).

PROOF. Let { € ITx and v € P*(K,). From inequality (4.11), we have
1vl1Z20x,) < Can 0K Kol ™ 0]l e, - (4.13)

Using Theorem 4.1, we obtain: |0K,| |K¢|™' =2d(p))™' =2d oy (hy)™",
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4.3. Geometric Mappings

Finally, we have ||v||%2(aK€) < (2Cyd)op(he)™? ||v||%2(KZ).

O
Using [49, Lemma 12.8], we can generalize Proposition 4.2 to the Lebesgue space LP(€2).
The proof follows the same methodology as that of Proposition 4.2.

Corollary 4.3 For any p > 1, there exists a positive constant Cqy, such that, for all
{ € I and for all v € P*(K,), we have:

[vllzr@ry < Capep oy’ (he) ™7 0] Lo, - (4.14)

In order to state a bound similar to (4.12) when K is not a simplex, we consider the
bound on a single face of the boundary of K,. Thus, in the case of a general mesh, we
will split the elements into simplices and apply Proposition 4.4 below.

Proposition 4.4 There exists a constant C’C“c > 0 such that for all f € Ip, for all
0 € Ik, for all v, € P*(K,), we have:

ooy < Caree ()™ lloelZaqacy (4.15)

PROOF. Let Ny = dim(P*(K)). Consider ((b,-)f\fik, a basis of P¥(K). Let My €
RNk x RN4+ be the matrix such that for all i, j € {1,..., Ny}, Mg )i; = (di, 05) 2
For F' € 0K, we denote by (Mp);; € RYax x RN“ the matrix such that for all

i,7 €{1,...,Nax}, Mp = <¢27¢j)L2 . Let f € Ir, { € Iy, and v, € P*(K,). Let
Na,k
V € RYax he the vector such that ve(x Z V . Hence:

[0 ellag, ) = Mg, 7 V) and [ll2agz) = (Mg V| 7).

We look for p € R such that H@MH ) S unHLQ(K Let F' € K, and consider the
generalised eigenproblem:

Find (V/\p%\ﬁ) € RM\{(0,0)} such that (V,\F, Ap) solves
My Vi = AM Vi with Az = miny (A) and [|[V3, || = 1.

Hence: H@NH;(FN) < II:%%?{()\;I)H@eHiQ(K)' Changing the variables, cf. equations

63



CHAPTER 4. SPATIAL DISCRETIZATION NOTATIONS

(4.5)-(4.6) we deduce that:

[v.ellEegr,,) < max (AR (min [F)7HE]Fpel [Ke ™ lvell7ex,)-
FedK FedK

Using Theorem 4.1, we get: |[Fyo| [Ko|™" < |0K| |Ko|™" = 2d(pe)™" < 2d oy (he)™".
Finally, we obtain (4.15), with

Caox =2d max(kgl) (min |F[)~"|K].
Fedk Fedk

The eigenvalues Az depend on the d and the order £ and can be computed explicitly.
0

Proposition 4.5 For all { € Ik, for all v, € H¥(K,) with s € (1,1), the following

estimate holds:

=

1 L .
vellL2ory) S o (he) ™2 (Hwﬂiz(m) + (00)" (he)? |W|?qs(m))

PROOF. Let ¢ € T and vy € H*(K,). We first use (4.6) and then the trace inequality
on the reference element (see Equation (2.9)) to obtain

vellZ2orey) S 0Kl 106]l72 o) < 10Kl [|]

A 12
o) S OK| ||e] Hs(R) "

2 1
H*™2(

Then, by definition (2.6) of the H® norm, changing the variables back to element K,
and using (4.5), (4.8)-(i) and (4.2), we get

loeliEacomy 10Kl 1K™ (ol + el ™ (he)* el )

Using then (4.9), the definition of oy and the fact that |K,| > pf, we obtain

[vel| 2200k, S 00 (he) ™ (HWHQLQ(KZ) + (00) (he)*|ve ?qs(m)) ;

which leads to the result, taking into account the definition (2.6) of the norm in H*.
U

Corollary 4.6 According to the above proposition 4.5, we obtain
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dt1 _1
lvellz2omy S (00) 2 (he) 2 [|0]| s (sc,)- (4.16)

4.4 Broken L*-orthogonal projection

For all ¢ € Tx, we denote by mf € L(L*(K,), P*(K,)) the L*-orthogonal projection
onto P*(K,):

Yv € LQ(KE), Yy, € Pk(Kg), (W?U,Uh)L%KZ) = (’U>vh)L2(K¢)- (417)

We now define nf € L(L?(Q2), Pk_.(T5)) the L*orthogonal projection onto P .(T),
such that:

Vo € L*(Q), Yo, € PL.(Th),  (mhv,on)r2@) = D (750, ) 12(s¢,)- (4.18)
LeTK

Since v, € P*(K;) (cf. (4.4)) and 7F minimizes the distance to v in P*(K;), we have
Vi e Tk, Yo € LQ(KK), ||U — W?”HL?(KZ) < ||’U _QZ||L2(K4)- (419)
We denote by 7% the L*-orthogonal projection onto PF(K). Tt holds:

VU € Iy, Yo € L*(Ky), T0 = mhdy. (4.20)

Finally, using a change of variable [72], we notice that [z 9¢/|K| = v,.

The following Proposition can be found in [40, Lemmas 1.58 and 1.59]. Below, we
explicit the dependence with respect to the mesh regularity.

Proposition 4.7 For all { € Ty, for allv € H'(K,), and for all f € Tgy, it holds:
S |U’H1(Kz)

1 1 :
S (00)? (he)? 0]y

@) o= mollzae,)

” (4.21)
(i) v = mpollzer)

PROOF. Let £ € Ix and v € H'(K,). Let us prove inequality (4.21)-(i). Using (4.5),
we have
o0 — vl = 1R 1Kol o — w2 (422
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We obtain, using (4.19) and the Poincaré-Steklov inequality (2.9),
Hﬁf - Wzﬁin2(K) < Hﬁf - Qﬂ”iz(f() < ! hg wf’i]l(f{)' (4-23)
Returning to the element K, using (4.7)-(i) and (4.2), we have
02y < () LKl IR ()2 10y (1.24)

Combining (4.22), (4.23), and (4.24) yields (4.21)-(i).

Let us prove inequality (4.21)-(ii). Using (4.6), we obtain

lv — 7 vllLa () < IFpH 1 Epel ™ 100 — m0el 7o, - (4.25)
By elementary inequality,
60 = 7 dellyap, ) < 2 (100 = 2ell3, ) + 180 = Thbellags, ) - (4:26)

Let us bound the first term in the right-hand side of (4.26). Using Theorem 2.7 and
the Poincaré-Steklov inequality (2.9), we obtain

Hﬁﬁ _QéH;(Ff’e) S H@E _@e”lqu(f() 5 ‘@A?’—[l(f{)' (4'27)

Let us bound the second term in the right-hand side of (4.26). Since 0, — 750, is a
polynomial, Proposition 4.4 yields

D¢ — W];gﬁfniz(pf’e) S 12 - W’;%f’f”iw%)' (4.28)

By elementary inequality, and the Poincaré-Steklov inequality (2.9), we have:

||@€ - W’;%@f||iz([%) < 2 (H@K - @ZH%Q(]A() + ||ﬁf - W];%@f||i2(f‘()) )

Collecting (4.28) and (4.29), we have:
||@£ - ﬂ’;%ﬁEHiQ(ﬁf,é) 5 |@€|§{1(K) (430)

66



4.4. Broken L*-orthogonal projection

Combining (4.27) and (4.30) allows to bound (4.26):

190 = w0l 2,y S 10el 1 )

Substituting this estimate into (4.25) and using (4.7)-(i), we find
lv = m vl Zegeyy S 1FA e ™ (he)? vl ic,)-

Finally, using equation (4.9), it holds: |Fy||K¢|™" < (p)™' < ou(he)™'. Hence we
obtain (4.21)-(ii).

U
We can obtain similar estimates for v € H*(Q2) with s € (3,1). Notice that the
constants in the bounds are multiplied by o5

Proposition 4.8 For all s € (%, 1), for all ¢ € Tk, for allv € H*(Ky), and for all
[ € Ipy, it holds:

®) o= mvllza,)

. : (4.31)
(i) v = mpvlleer)

S
S

where the hidden constants depends only on s and k.

PROOF. Let us prove inequality (4.31)-(i). Let v € H*(Ky). Using (4.19), Poincaré-
Steklov inequality (2.7), and |K,|~' < p; @ it follows that

S hd S
o = TholZae, < B2 (|K|> oy S 0f () ol (432)

Let us prove inequality (4.31)-(ii). Using a change of variables (cf. (4.3) and (4.6)), we

obtain
o = wbollZary) < 1F e — bl 2a s, . (4.33)
By elementary inequality,
160 = 70l ) < 2 (100 = 2l 3a, ) + 00 = TRl Far, ) - (4:34)

Let us bound the first term in the right-hand side of (4.34). Using inequality (4.16)
and Poincaré-Steklov inequality (2.7) both on the reference element and the fact that

67



CHAPTER 4. SPATIAL DISCRETIZATION NOTATIONS

B¢ — Dol s (i) = |0¢l sy, we obtain

2
H¥(K)
12(1%) + [0

N A2
va - QEHL2(ﬁf7£)

(4.35)

S
S ”ﬁ@_ﬁf i]s(f()
S

Let us bound the second term in the right-hand side of (4.34). Since 0, — 7% 0, is a
polynomial, inequality (4.12) yields
||@£ - Wﬁ%@fni%pﬁz) S ||Qé - 7,;%@€||i2([3)’ (436)

Then, we use again the elementary inequality

||Q€ - W%@f“i%k) < 2 (”@Z - Qﬁniz(k) + Hﬁﬁ - W];”(ﬁéHiQ(K)) (437)
Applying Poincaré-Steklov inequality (2.7), we get
Collecting (4.36), (4.37) and (4.38), we have:
H@Z - W];gﬁeniz(pm) S ’ﬁélqu(f()- (439>

Combining (4.34), (4.35) and (4.39) gives
||ﬁf - ng@eﬂiqpﬂ) N |@fﬁqs(f()-
Substituting this estimate into (4.33) and using (4.8)-(i) and (4.2), we find
lv = w5 vlliagry) S 1] ™ (he) ™2 [0lfs i,

Finally, using (4.9), we get |Fy| [Ko|™> < (p)~' 7. Using that (p))~" = ae(he) ™", we
obtain, for all f € Zp,,

d+1 1
o = moll2ry) S (00) 2 (he)* 2 |v

~Y

Hs(Ky)-
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U
Last, we shall need the following estimate:
Proposition 4.9 Let { € Iy, and v € H'(K,), it holds:
[T vl ik, S oellgrad v, (4.40)
Moreover if v € H'(Q) by summation on ¢ we have:
[mfolln < ollgrad vl (). (4.41)

PRrROOF. Proceeding as in the proof of Proposition 4.4, we can consider the following
generalized eigenproblem:

Find (Vo Az) € RM\{(0,0)} such that (T3, Ag) solves
M Vi = AKg Vi with Az = miny(A) and [|[V3 || = 1.

We then have: ||grad (w59, — )|/, 2y < I_A{lH?T’;A(@Z—@z”i?(k)a and we let C'p = )\[T(l.
Using the Poincaré-Steklov inequality (2.9) in the reference element, it holds:
. 1 PR
|grad f(ﬂ-];gfoLQ(f() < (CK)? ||7Tk Ve — QZHLQ(R')a
< (Ci)* Ik (e — 2l sy )
< (CK)f 19¢ = el 22y
< (Cg)2 7t hg llgrad sdells g,

Using (4.7)-(ii) (resp. (4.7)-(i)) to get a lower (resp. upper) bound of the left-hand
(resp. right-hand) side of (4.42), we get:

lgrad 7§ v([Ea ) < 1B, 1?|Je[llgrad s olf7,
< Crm 2 () 1B 17 | el llgrad <ol 3 )
< O 2 (hig)? 1By 117 el IBelI?| Jel~" lgrad vel[fz i, -

Using (4.2), we have: (||B; || ||Be||)? < (0% 0¢)?, so that:
lgrad 7 vl[iz ) < (00)[lgrad velliz k-
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We deduce (4.41) by summation.

O
4.5 Stable and consistent discrete bilinear form
Let Uy, be discrete spaces, and let
ap U, x U, - R
be a bilinear form, and [,(-) be a linear form such that:
ap(up, vp) = lp(vy), Yup, vy, € Uy, (4.43)

Assume that the finite-dimensional space U, has dimension N and is spanned by the
basis functions (¢;);=1,. . Then, the discrete problem (4.43) can be written in matrix
form of dimension N. That is, there exist a matrix A € RV*Y and vectors x, b € RY
such that

Ai,j = ah(quv ¢1)7 b; = lh(qbl)’ (444)

and x is the vector of unknowns representing the coefficients of the discrete solution
N
Up = Z X; Qi
i=1

Therefore, problem (4.43) is equivalent to solving the following linear system:

Ax =D. (4.45)

Definition 4.10 (Stability (Uniform Discrete Inf-Sup Conditiomn)) The bilin-
ear form ay s said to be stable if there exists a constant [ > 0, independent of the

mesh size h, such that

inf ah(“ha Uh)

i > [ >0,
un €U0} v, e\ 0} [|un v, [[vnllu,

where || - ||, s an appropriate norm on U,.
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Remark 4.11 The uniform inf-sup condition ensures the stability of the numerical
method and the uniqueness of the discrete solution. The notion of discrete stability
is equivalent to the condition that the matriz A in problem (4.44) is invertible. This

implies that the discrete problem (4.43) is well-posed.

Let a : U x U — R be the continuous bilinear form defined on function spaces U, and
let u € U be the exact solution of the continuous problem, satisfying

a(u,v) =1l(v), YveU,

where [ is the continuous linear form.

To define this consistency, the exact solution must be inserted into the discrete bilinear
form a;,. However, since a; is originally defined only on U, x U}, this is not always
possible. Therefore, we assume the existence of a space U, j, such that U C U, , and
such that the bilinear form a; can be extended to U, j, x Uj,. This extension relies on a
regularity assumption on the exact solution u and is necessary to define the notion of
consistency.

Definition 4.12 (Consistency) The discrete bilinear form ay, is said to be consistent
if
an(u,vp) = lp(vy), Vo, € Uy, (4.46)

where ly, is the discrete linear form.

Remark 4.13 This means that inserting the exact solution u into the discrete form
reproduces exactly the right-hand side, ensuring that the discretization error arises
solely from the approximation of the discrete space Uy. The equality (4.46) holds true
if and only if:

ap(u —up,vp) =0, Yuy, vy € Up,.
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Part 1

Stokes problem discretized with the
SIP method
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Chapter 5

Continuous Stokes problem

Contents
5.1 Boundary conditions . ... ... ... ... 00000 76
5.1.1 Dirichlet boundary conditions . . . . . . ... ... ... .. 76
5.1.2  Neumann boundary conditions . . . ... .. ... ... .. 80
5.2 Low-regularity solution of the Stokes problem . . ... .. 81

In section 5.1, we analyse the Stokes problem. In section 5.2, we present a concise
overview of the theory for the Stokes problem when the solution is weakly regular, i.e.
(u,p) € H'™(Q) x H*(Q)), with s € (0,1).

The Stokes problem corresponds to the Navier—Stokes system, when we can neglect

du
dt
vanishes. It can describe very viscous flows. The Stokes problem is a fundamental

building block for the study of the Navier—Stokes problem. It is a simplified model
that plays a fundamental role in both the theoretical understanding of fluid flows and

the term i.e. the sum of the partial time derivative with the convection term

the development of robust numerical methods for Navier—Stokes, by focusing on the
diffusion term, the divergence free condition, and the coupling between velocity and
pressure. In our model, the vector field u represents the fluid velocity, and the scalar
field p represents the pressure divided by the fluid density, which is assumed to be
constant.
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5.1 Boundary conditions

5.1.1 Dirichlet boundary conditions

We consider the Stokes problem with inhomogeneous Dirichlet boundary conditions:

Find (u,p) such that
—vAu+gradp = f,
diva = 0,
Upn = 8,

(5.1)

with a normalization condition for p: / p = 0, and where g satisfies / g-n=0. The
Q o9

first equation of (5.1) is the momentum equation, and the second correponds to the
conservation of mass. The constant parameter v > 0 represents the kinematic viscosity.
The vector field f represents the external force field on the fluid, divided by the fluid
density.
We assume that g € H%(GQ). By subtraction, we can transform this problem into a
Stokes problem with homogeneous Dirichlet boundary conditions. Indeed, let u, €
H'(Q) satisfy:

—Au, =0, u,, =g (5.2)

Theorem 5.1 The harmonic problem (5.2) has a unique solution such that:

|Grad u, i20) < Coya (ho) (5.3)

_1
PROOF. According to Theorem 2.7, there exists v, € H'(Q) such that vgoq = g. Let
vo =u, — v,. Then, vo € H}() is such that —Avy = Av, and it solves the following
variational formulation, which is well-posed:

{ Find vy € H}(Q) such that, for all v € H{(Q): (5.4)

(Grad vo, Grad v)i2(q) = (Avy, V)u-1)HL (@)

Hence, there exists u, € H'(Q2) satisfying (5.2), which is unique since the solution to
(5.2) with g = 0 in Hz () vanishes. Since Au, = 0, we remark that u, € H'(Q; A) :=
{v.e H(Q)|,Av € L*(Q)}, and Gradu, € H(Div;Q) with Div(Gradu,) = 0.
Hence:

|Grad uy[|siv:0) = [[Grad ug|[2(o)- (5.5)
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Moreover, using Green’s formula [8, Thm. 2.2.28] and see (2.4), we have:

—(Aug, uy)r20) = —(Div (Grad uy), uy)r2(0),

5.6
= |Grad uy|[?2) — (Grad u, - njsq, u9>H*%(89),H%(8Q)' (5.6)
Since —Au, = 0, it holds:
IGrad |2, = (Gradu, - njan, Us)y-4 o0y, 1} (09’
< ||Gradu, - n‘BQHH_%(aQ) Hug||H%(aQ) cf. (2.10),
< [|Gradu, 'lnwaszlle%(m) 181413 (o0 since Ugjon = 8,
< Cyp0 (ho) ™2 [|Grad ug | mmiv;o0) ||g||H%(8Q) from (2.11),
1 .
< Cy 0 (ho)72 ||Grad ug||r2 (o) ||g||H%(8Q) using (5.5).
Hence, we obtain (5.3).
OJ
We define ggiy := —divu,. We now consider the generalised Stokes problem with
homogeneous Dirichlet boundary conditions on the velocity field:
Find (u,p) such that
—vAu+gradp = f, (5.7)
diva = Gdiv, ‘
upo = 0.

It is clear that problem (5.1) and problem (5.7) are equivalent, meaning that prob-
lem (5.1) has a unique solution if and only if problem (5.7) has a unique solution, with
the relation u = u + u,. We made this change so that we can use the properties of the
Sobolev space H}(£2).

Before establishing the variational formulation of Problem (5.7), we provide some
definitions and reminders. Let us define X = H}(Q) x L?, (), which is a Hilbert

zZmuv
space equipped with the following norm:

(v, )13 = HVH%I})(Q) + v lqlli2 ) (5.8)
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We consider the following continuous and symmetric bilinear form:

XxX — R
as(-,-): 4 ((W,p),(v,q) ~ V(u’,V)Hé(Q) . (5.9)
—(p', divv) 2 — (¢, divu’) 2

We can express problem (5.7) equivalently as follows: Find (u,p) € & such that for all
(v,q) € X
as ((ﬁap)v <V7 Q)) = <f7 V>H(1)(Q) - (gdiw Q)LQ(Q) (510)

Proposition 5.1 ([28, Prop. 21) The bilinear form as(-,-) is T-coercive.

PrROOF. Let us consider (u,p’) € X and construct a bijective operator satisfying
(2.15). This requires three main steps.

— According to Proposition 2.3, there exists v,, € V* such that:
divvy =p' in Q@ and ||V |lmi@) < Callpllz2)- (5.11)
Let us set (v*,¢*) := (A0 — v~1v,,, —\p'), with A > 0 to be fixed. We obtain:
as((0',p'), (v, ¢")) = V/\HU,HJQLI(%(Q) + v Y 72 ) — (W, V) (- (5.12)

— In order to bound the last term of (5.12), we use the Young inequality and then
inequality (5.11), and it follows that for all n > 0:

-1
- n n
(W, ¥y )mr) < 5”“’”%}5(0) + 7(Cdiv)2||17/||%2(m- (5.13)

— Using the bound (5.13) in (5.12), we have:

ag((u’,p’), (V*v q*))
—1
> (A= D) W20 + (v = L= (Cae)? ) P12
- 2 HO(Q) 9 div p L2(Q)-

V(Cdiv>2
We look for n > 0 such that 2vA > n and n > ———

requiring

, which amounts to
1 2
A > Z(Cdiv) .
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5.1. Boundary conditions

According to the above, provided that A > i(C’div)Q, we have proved that the operator
Ty € L(X) defined by Ty ((0',p')) = (A’ — v~1v,, = \p') is such that:

Jan > 0, V(u',p) € X, as((0',p), A (W, ) = axll(0, )%

The injectivity of the operator T) follows. Given (v*, ¢*) € X, choosing (u’,p) =
(A — v N2, — A1) yields Ta((w,p')) = (v*,q*). Hence, the operator T) €
L(X) is bijective. Establishing that the bijective operator T)((u',p")) = (Au’ —
v v, —Ap') leads to T-coercivity as soon as A > %(Cdiv)? Observe that one can have
even more flexibility in the choice of T by choosing a different factor in front of v/,

and then choosing A\ accordingly.

O
We can split problem (5.7) into two subproblems. Since H}(2) = V & V= there exists
a unique decomposition 1 = Uy + U, with iy € V and u; € V. Then, it can be
checked that there exist (po,p,) € (L?,,,(2))? such that p = py + p, and such that the

Zmuv

pair (Ug,po) € V x L% (Q) is solution of:
—vAug+gradp, = f,
diviy = 0, (5.14)
i10|3Q = 07
and the pair (0, py) € V* x L2 (Q) is solution of:
—l/AﬁLngradﬁL = 0,
diva, = gaivs (5.15)
upo = 0.

We can now prove the following result for the generalized Stokes problem:

Theorem 5.2 ([28, Thm. 21) Problem (5.10) is well-posed: it admits one and only
one solution for any (f,g) € H1(Q) x L? (). Writing u = Gy + u, with ug € V

zZmu

and U, € V*, the solution is such that:

For all f € HY(Q), for all g4, € L?,,, ()

zZmuv

[t llme < Cavllgavllzz@). (5.16)
[Tl < v ' Ifllao
1Pl < Caw |flla-10) + ¥ (Cawv)? |gaiv| 12(0)
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We note, using (5.3), that

_1
I9aiv |20y < Vd[|Graduyiz@) < VA C,y0 (ha)* I8l (5.17)

H? (00)"
Returning to the Stokes problem with inhomogeneous Dirichlet boundary conditions
(5.1), and applying inequalities (5.3), (5.16) together with inequality (5.17), we obtain:

||uHHé(Q) < v flaig) + (1T + Vd Cyiy) Cya(ha)2 Hg“H

3(09Q)’
P2y < Caiv (HfHH—l(Q) + v VdCyy Csyy  (ha)

1 (5.18)

5.1.2 Neumann boundary conditions

In part I devoted to the Stokes problem, we focused on the case with Dirichlet boundary
conditions. However, in part II, some physical test cases require the use of the Stokes
problem with Neumann-type boundary conditions. For this reason, we briefly introduce
the Stokes problem with Neumann boundary conditions in the following.

We consider the Stokes problem with Neumann boundary condition:
Find (u,p) such that

—vAu+gradp
divua

I
| O o

(5.19)
Urp
(vGradu —ply) i npp.

Where I is the identity tensor on R?, 9Q = TpNIly, TpUly = 0, and [T'p| > 0. Many
works have addressed the Stokes problem with Neumann-type boundary conditions,
proving its well-posedness in regular cases and considering various types of Neumann
conditions, particularly when |T'p| = 0 see, [95, 50, 94, 1, 81, 62, 83]. Additionally,
there are studies dealing with this problem under weaker regularity assumptions on the
boundary conditions [52, 80, 17, 41, 16]. Finally, reference [15] provides a comprehensive
presentation of several boundary condition types for the Stokes problem, along with a
broad theoretical analysis.

Vp = {ve H'(Q)| %), =0},
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In this case, we define the space
X :=Vp x L*(Q),

equipped with the norm

I :

1w, @)[1> = [alf ) + v lall 7).

This defines a valid norm on X, since |I'p| > 0.
The variational formulation of problem (5.19) retains the same structure as that of the
Stokes problem with Dirichlet boundary conditions. Find (u,p) € X such that for all
(v,q) e X

as ((u,p), (V7 q)) = <f7 V>Hé(Q) + (ga V)LQ(FN)‘ (520)

Lemma 5.3 ([60, Lemma 53.9]) Consider the partition 00 = T'p UT'y with |U'p| >
0, |II'n| > 0, and assume there exists a subset O C I'y such that |O| > 0 and the normal
vector satisfies n|o € HY2(O). Then the operator

div: X := {v € Vpl|v(V)ry -n= 0} — L*(Q)

is surjective. Identifying (L*(Q))" with L*(Q), we have the following inf-sup condition.:

| Jo q divvdz|

inf sup = fq > 0.

a€L2(Q) vevy, ||q|l 2 V] ()
That is, for every q € L*(Q), there exists v, € Vp such that:
divv,=¢q, and |vlm@) < 87" dllr2@)-
To establish a connection with the Stokes problem with Dirichlet boundary conditions,

based on the generalization of property 2.3 by lemma (5.3), one can prove that problem
(5.20) is well-posed similarly to the proof of Proposition (5.1).

5.2 Low-regularity solution of the Stokes problem

In our studies, €2 is a connected, bounded domain with a Lipschitz polytopal boundary.
We recall the regularity results on Poisson’s equation and Stokes problem that will be
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useful for our analysis. Let s € (0,1). We set for n =0, 1:

at=Q) = (| H"™(Q). (5.21)

s€(0,s)

Consider Poisson’s problem with homogeneous Dirichlet boundary conditions:
Find v such as — Au= fin 2, wu =0 on 0. (5.22)

Suppose that f € L?(Q). If Q is convex, then u € H}(2) N H*(Q) [61, Cor. 2.6.8].
If © is non convex, there exists a constant op € (%, 1) depending on the angles of
the re-entrant edges such that v € H}(Q) N H*7(Q) (and gradu € H?(Q)) [36,
§1.A], [61, Cor. 2.4.4 and 2.6.7]. Suppose that f € H*1(Q), with s € (0,0). If Qis
convex, u € HY(Q) N H™o7(Q). If Q is non convex u € H}(Q) N H*oPmax(Q) with
Opmax = Min(op,oy). We now use the same notation opmax for oy (€ convex and
f & L*(Q)) or op (2 non convex and f € L*(Q2)) or min(op, o) (2 non convex and
[ & L*(9)), see Grivard’s books [60, 61]. According to [36, Corollary 23.5] (see also
[25, §5.2]), it holds for s € (0, 0pmayx):

lullgr+s) < Cp || flls-1(0) where Cp > 0. (5.23)

We generalize the case to a non-homogeneous Dirichlet condition and use the definition
of op in the following lemma:

Lemma 5.4 ([66]) Consider the following harmonic Poisson problem:

Find v such as —Au=01inQ, wu=g on 0. (5.24)

Let g € H2t(0Q), Vs € (3,0p). Then, the solution u of (5.24) is such that u €

HY7(Q), and it holds, for all s € (L, 0p):

~ 1
Jullrssniay < G ()l 41 (5.25)

where Cp > 0 is a constant depending on s.

Let © be a convex domain. Consider the Stokes problem (5.7) with £ € L?(Q) and
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gaiv = 0. Tt holds [57, Thm. I-1.8]:

(ha) " [llszi) + v 1Pl @ (5.26)
1 .

< 0570 hqv HfHLQ(Q) where 0570 > 0.
Consider the Stokes problem (5.7). Suppose that there exists o¢ € (0,1), such that
for all s € (0,0¢), f € H*'(Q). Suppose moreover that for all s € (3,0p), gaw €
L2,..(Q)N H*(Q). According to [37], there exists o5 € (0,1) depending on © such that
(,p) € (HH(Q) MH 7 (Q)) x (L2,,,,(2) N H7(Q)), where 0oy = min(or, op, 0s)
and it holds, for all s € (0, Tmay):

(ha) " 0lle+s@) + v~ Ipllas@

Hs-1(Q) T+ Hgdiv’ Hs(Q)) , Where és > 0.

Inequality (5.27) holds when f € L?(Q), gaiv = 0, with opax = 0s.
The difficulty is to compute og. We have, for instance [37, p.75]:

1. If the domain 2 is a 3D convex domain, then og < 1.
2. If the domain 2 is a 3D convex domain with wedge angles < %ﬂ' then og < %

3. If the domain €2 is such that Q = Q;\Q2 and @, and Q)5 are rectangular paral-
lelepipeds with the same axes, then og < 0.544. The domain 2 may be a L-shape
domain in 2D or a prismatic L-shape domain in 3D, or a Fichera corner in 3D.

We generalize the analysis by considering a non-homogeneous Dirichlet condition
together with an incompressibility condition in the following lemma:

Lemma 5.5 Consider the Stokes problem (5.1). Suppose that there exists o € (0,1)
such that, for all s € (0,0¢), £ € H'75(Q). Suppose moreover that for all s € (%, op),
g e H%“(@Q). Using the splitting u = @ + ug, and by lemma 5.4 (used component by
component) we get ug € H'*P(Q), and thus ga, € H7P (). Using (5.27) and (5.25),
it holds that (u,p) € Homax(Q) x (L2, (Q) N H™>(Q)) and for all s € (0, Omax):

zZmuv

(ho) " [ullm+s ) + v |p]
< O (wl hollf]

H=(Q)

1 (5.28)
H-1(Q) + (hQ) 2 ||g||H%+s(aQ)) 5 where CS > 0.

We define:
C(t.g) = Cs (v ha ]

_1
r-1(o) + (ko) 2 |Ig||H;+S(Q)) : (5.29)
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In our numerical results, cf. Section 9.1, we consider the Stokes problem (5.1) with the

following domains and data:
1. The domain Q is a 2D convex domain, f € H*!(Q) with s € (0,1) and g €
Hz+5(9Q) with s € (1,1).
2. The domain € is a 2D non convex domain, f = 0 and g € Hz+$(9Q) with
s € (3,1).

In this chapter, we studied the continuous Stokes problem with non homogeneous
Dirichlet boundary conditions and explained how to reduce it to homogeneous
ones. We derived the variational formulation, showing that Stokes problem is well-
posed with the T-coercivity theory. We considered Stokes problem with Neumann
boundary conditions. Then, we provide or assume estimates on the dependency of
the solution on the data. We can now study the discretization of Stokes problem

when the solution is weakly regular.
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Chapter 6

Discretization with low regular

solution

Contents
6.1 Discretization of the Poisson problem .. ... ... .... 86
6.2 (eneralization to polytopal meshes ... ... ... .... 93
6.3 Discretization of the Stokes problem . . . . ... ... ... 98
6.4 New DG numerical scheme of type Psg — Pfgﬂ ....... 108
6.5 Dependence of the discrete inf-sup constant ono . .. . . 110

In this chapter, in section 6.1, we introduce the SIP discretization of the Poisson
problem, considering simplicial triangulation. We allow the stability parameter n to
vary across mesh faces, leading to a face-dependent coefficient 7y, which seems to be
new. Then, in section 6.2, we generalize the analysis to a polytopal triangulation, and
we exhibit the stability constant. We detail the discretization of Stokes problem in
section 6.3. Notice that when the solution of Stokes problem is of low-regularity, i.e.
(u,p) € H™(Q) x H*(Q), we preserve the consistency of the discrete formulation,
assuming that s > % In section 6.4, we propose new numerical scheme for which the
polynomial order of the pressure is higher than that of the velocity. We demonstrate
the effectiveness of this approach in the numerical results chapter 9, particularly when v
is very small. Last, in section 6.5, we exhibit the dependence of the coercivity constant
for the Stokes problem on the mesh regularity parameter o.
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6.1 Discretization of the Poisson problem

As there is diffusion term, equal to —v A u, in the first equation of Stokes Problem
(5.7), we first study the discretization of Poisson’s problem with the Symmetric Interior
Penalization method, following [40, Chap. 4], but considering weakly regular solutions.
Poisson’s problem with inhomogeneous Dirichlet boundary reads:

Find u such that — Au = fin Q, w =g on S (6.1)

We suppose that the solution is such that u € H'oma(Q), with opay € (3,1). Hence
grad v € Ho=(Q) and for all £ € Tg, gradv - n, € L*(0K,).

Let k€ N\{0}. We set X}, = P%_(T,) and X, := X, + H'Tomax(Q).

As a consequence of Theorem 2.5, the following property holds:

Property 6.1 Let t € (0,3). It holds: X, C H'(2).

PROOF. Let v, € Xj,. Forall € € Ty, vy i, € H'(K,). Let 0, € L?(2) be the extension
of vk, by zero outside K. According to Theorem 2.5, ﬁfb € H'(Q). Moreover, since

vp = Y ¥, it follows that v, € H'(Q).
LETK
U

Another similar consequence of Theorem 2.5 is that we can break the duality pairing
(s ") H-t(Q),Ht(q) into a sum over all the elements of 7y:

Proposition 6.2 For allt € (0,1), for all ¢ € H™(Q), it holds:

VYo e H'(Q), (o, 0)g—r@pm@ = D (D V) i1k, (Kp)s (6.2)

LELK

where the action of ¢ as an element of H *(K,) is defined by

~0

(D, V) -1k, U (Kp) = (D, 0°) H-1(0), HE ()

where ¥ denotes the extension of vk, by zero over ().

Since u € H'omax(Q), then for all s € (3:0max), t =1—5€(0,3), and —Au = f €
H7(Q). Using (6.2), we have that for all wy, € Xj:

—<Auawh>H—t(ﬂ),Ht(ﬂ) = <f7 wh>H—t(Q),Hi(Q) = Z <f, wh>H—t(Kg),Ht(Ke)-
el
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Using the integration by parts (2.13) with D = K/, we obtain that:

—<AU7 ’wh>H—t(Q),Ht(Q) = Z _<Au7wh>H—t(Kg),Hf(Kg)7

LTk
= > (gradu,gradwy)2x,) — Y. Y (gradu- Ny, Wh)L2(Fy)s
ZGIK ZGIK fEIF’[
= (u, wh)h — Z (gradu . l’lf7 [[wh]])L2(Ff).

felr

Noticing that (gradu - ny, [ws]) 2,y = ({grad s u} - ny, [ws])2(F;), we obtain:

(u,wn)n — Y ({grad pu} -ng, [wa]) 2y = Y (fwn) 550,10 (1) -
f€Ir el

In order to obtain a symmetric numerical scheme, noticing that [u] r=0,Vf¢€ Tk,
and [u] =9V f € I%, we write equivalently:

(u,wp)n — Y, ({grad ,u} - ng, [wa])r2(r))

fEeLr
— " ({grad wi} - g, [u]) r2ry) (6.3)
felr
= > {fown oy — D ({gradnwit - ny,g) L2y
eIy feTy

Let us consider the continuous and symmetric bilinear form a$*(-,-) such that for all
(U*h,iuh) € X, X Xyt

afs(v*h,wh) 1= (Vs Wh)n — Z ({grad, v} - ny, [[wh]])m(Ff)

fe€Lr
— 3" ({grad , wp} -1y, [vo]) 2(r,)- (6.4)

J€lr

It is not possible to prove that the bilinear form a$*(-,-) is coercive on Vj, x V.
Therefore, we introduce a stabilization term that penalizes jumps at the interfaces. For

all (vep, wp) € Xop X X}, we set:

a?jp(?}*h,wh) = @;?S(U*h,wh)+5h(v*h,wh)u
1
Sh(U*h,wh) = Z h);([[v*h]]’[[wh]])LQ(Ff)? (6-6>
fE€Ir

where the parameters 7y > 0 are to be determined to achieve coercivity (cf. Theorem
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CHAPTER 6. DISCRETIZATION WITH LOW REGULAR SOLUTION

6.3 below), and hy is a local length scale related to Fy. For d > 2 we set hy to be equal
to the diameter of the face Fy. For d = 1 we set hy := min{hy,, he, } if f € Tpp, N Lpy,,
and hy = hy if f € Z% and f € Zr,. The exponent sip stands for Symmetric Interior
Penalty method, which is the usual name of this discretization.

Let s € (%, 1] and ¢t =1 — s. Consider the linear form ¢y, : X;, — R such that for all
v € Xp:

Urg(vn) = (fron)u—r@.mie) — Y (9, grad v, - ng)2r))

fezt,
(6.7)
+ j{: }l (9, vn)L2(Fy)-
fGIb f
The discretization of Problem (5.22) with the SIP method reads:
Find u;, € X, such that Vv, € X, affp(uh,vh) = lsq4(vp). (6.8)

By construction, £ ,(v,) = a;” (u,v,). This follows from (6.3) and from the fact that
_ "y
Sh(ua Uh) = Z h*f(QWh)L?(F,).

b
ez,

Definition 6.3 We define the following norms on X, p: for all vy € Xy,

1
oanli = Y vl
h f
fGIF f
[vanllZp = lvanll + [oenl3,
loenllZipe = lvanllZy + Y- hellgrad v, - nell7>ox,).

ey
Theorem 6.1 The mapping v, — ||vpllsip 75 @ norm on P,H'.

PROOF. Let v, € P, H* such that ||vp||s;, = 0. Then, for all ¢ € T, ||grad vp||r2x,) =
0, implying that vy, is piecewise constant. Since |v,|; = 0 as well, jumps at interfaces

and boundaries vanish, leading to v, = 0.
O

Remark 6.4 For all v € Hy(Q), [[v]lsip = V]l 3 (0)-

Remark 6.5 The coercivity of the bilinear form asw( ,+) depends on the shape-regularity

parameter o and on the jump penalisation parameters ny. From a numerical viewpoint,
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6.1. Discretization of the Poisson problem

this penalisation plays a crucial role in ensuring the stability of the method. At the same
time, this penalisation should not be too strong in order to preserve the advantages of
the discontinuous Galerkin scheme. Therefore, we aim at optimising the choice of the

parameters 1. Lemma 6.2 below focuses on the bound which allows this optimisation.

For all ¢ € Tk, we let k, < k be the local polynomial approximation order in K,, and
we set:

5'@ == éd,kg—lo'é =2 /{34 (]{Zg —1 + d) Oy. (69)

Remark 6.6 Since ky > 1, for all { € Ty, CN’dvkl_l > 2. Hence, o4 > 2.

Lemma 6.2 For all (v, wy,) € X, X Xp,, we have:

Z ({gradh Uh} sy, [[wh]])L2(Ff)
felIr (6.10)

Oy €f _
<Y 2—||gradvh||iz(m) + ) E(hf) 1||ﬂwh]]||%2(pf),
el ¢ felr

where for all f € Ip, €5 >0 and ¢, = fmin (efcard(Zk,f)).

€Lr.

Proor. Using Young’s inequality, we have, for all f € Zp, €4 > 0:

({grad ,vn} - np, [wn]) car,)|
= ‘<1<hf>2 {gradhvh} . Ilf, (hf)fﬁ [[wh]]>L2(Ff)‘ (611)
Ef _
< % hy |l {grad iy on} - npllzairy) + o () I lwallzeey)-

Let 6; =2 if f € T, and 6, = 1 if f € Z% (i.e. ; = card(Zx f)). It holds:

I {grad n v} - nfllizry < || {gradpva} [lLa (),

1
S (57 Z ngadvh‘mﬂiz(pf).

f EEIKyf

For all ¢ € Ty, we let ¢ := frélin €f0r. Notice that for all f € Zp, £ € Lk 5, hy < hy.

Iry
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CHAPTER 6. DISCRETIZATION WITH LOW REGULAR SOLUTION

Hence, we have:

hy hy
>l {gradpon} -nflfep, < Sies > llgrad vnllze s,
fezr ©f fezp U CF tezy ¢
hy
< Y Y Ygradulig,.
fETp teTy; ©
e
< Y M graduag, .
€T Y felpy
e
< Y. — llgrad vallfe(or,)-
eIy ©
Using Equation (4.12), we deduce that:
Ui d 2,0 <C % \|grad vy |2 12
> —ll {eradrv} gl < Cape—r Y — llgrad vallia,)- (6.12)
fezp &F tezy €

Using (6.9), summing (6.11) over f € Zp, we deduce (6.10).

We can now prove the following stability Theorem.

Theorem 6.3 (Stability, [40, Lem. 4.12 and 4.16]) Let us set the stability

parameters (nf) ez, so that

5/2
/ max Gy, (6.13)

Vfel = —
felr card(Zy f) t€Zx s

where 6 = 2k (ky—1+d) og. Then the bilinear form a}”(-,-) is coercive and continuous
on Xh X Xh N

st 1
Vo, € Xp, @ (vp,vp) > 3 [ (6.14)
V(vn, wn) € Xp X Xp, ‘fop(’l)h,wh)‘ < Chnallvllsip 1wl sip, (6.15)

D=

with Cyppg = maxny + max (264)2 S 0.
fE€Ir

LelK
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6.1. Discretization of the Poisson problem

ProoOF. Recall that

a;”(vn,wn) = (graduv, gradwy)rz (o)
— Z ({grad,v,} -ny, [[wh]])L2(Ff)
felr
— Z ({grad , wy} -0y, [vn])r2r) (6.16)
felr n
+ 3 (ol D) zary-
fezr 'f

Let us prove (6.14). We have:

St 77f
ay” (v, vp) = ||gradhvh||i2(m+ >, }THHUhHH%Z(Ff)
f€Ir
—2 Z ({gradhvh} . Ilf, IIUh]])Lz(Ff).
f€Ir

Using Lemma 6.2 with w, = v, we have:

sS4 o
i) = Y (1= 2) graduile,

LTy (6 17)
Nr—€r 2 '
£ L] e
feTr f
To ensure coercivity, it is necessary that the parameters (1) jez, satisfy:
WS IK, €, > 0, and Vf € IF, ng > €5. (618)
Recall that ¢, = min €;d;. Let us choose
f€Try
-1
€f = —— max op with o < 1.
(5f Vel 5

_ . ~ 1~ Oy
Then, ¢, = @ ! min max 6y > a 6,and 1 — — >1—a > 0. Let
fGIF,g E/EIKyf (5

Ny = — max oy > 1, where 3 > a t.

5]0 KEZKJ
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CHAPTER 6. DISCRETIZATION WITH LOW REGULAR SOLUTION

We get (using Remark 6.6 for the last bound):

B—a B—a

—€;=————max 6, >2—— > 0.
r ! (Sf €Tk ¢ t= 5f
Choosinga:%,ﬁ:%,we have:
2% 1 S 12 o> L > 2
——>—an —€f > —— max 0y > — > —.
€y -2 /r’f ! 5f el ¢ g_df_z

Using these bounds in (6.17), we deduce (6.14).

Let us prove (6.15). Using the Cauchy-Schwarz inequality to bound (6.16), we have:

‘aiip(vh,wh>’ < lgrad puallrz (o) lgrad swn|[Lz (o)

+ 2y (hy) " onl ez N Twnl Mz
fEIf

1
2
+ ( > hyll {grad v} - nf||%2(Ff)) |wn |

f€lr

2
+ (Z hy || {gradhwh}'nfﬂizwf)) |vnl -
f€lr

Using (6.12), with e =1 and ¢, = fmin ¢ here, we deduce that:
S

5y

0" (onwn)| < ol wn e+ e nglonls [l
1

~ 2
a0
+ ( > ||gradvh||i2(m)) |wnls

tezi €

1
~ 2
G
+ ( > E||g1‘8101wh||%2(1r<,_,)> |vnl -

(T

Notice that max iy > 1, and (e;)~! < 2 here. Hence:
F

i (vn, wi)| - < max )y ([[valln [walln + lonls fwls)

1
+max (26¢)2 ([[vnlln [wnls + lwalln |vsls) -
eLy
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6.2. Generalization to polytopal meshes

Using that ab+ cd < (a2 + )2 (b2 + d?)z, we have:

; 1
i on,wn)| < (max g+ max (250 ) lvnll lenll

Theorem 6.4 The bilinear form (g ,(-) is continuous in the || - |5, norm.

PROOF. Let v, € Xj,. As seen before, we have ¢;,(v,) = a;” (u, vs). Therefore, it
holds, using the Cauchy-Schwarz inequality:

[Crg(vn)| = affp(uavh)‘ = [(w,vp)n — Y (gradu - ny, [vn])2(ry)|
fe€Ir
1/2
< |ulgvg loalln + (Z hf\lgradu'nfﬂiz(pf)) |vnl -
fe€Ir

We deduce from (4.16) that:

hy|lgrad u - nf”%ﬁ(pf) < hy ngadu|’i2(Ff) So'td |grad u %{s(m)-

~

By summation we get:

dat1 d+1
s ()l S ulmy l[vnlln + 02 [ulgies) lonls S o2 Julmies) llvnllsip,

which leads to the result.

6.2 Generalization to polytopal meshes

We aim to generalize inequality (4.15) to general meshes, provided that suitable
regularity assumptions hold. We recall some useful definitions:

Definition 6.7 (Matching simplicial mesh, [40, Definition 1.36]) We say that

(Tr)n is a matching simplicial mesh if it is a simplicial mesh and if for any T € Ty
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CHAPTER 6. DISCRETIZATION WITH LOW REGULAR SOLUTION

with vertices (S;)%,, the set T NOT", for any T' € Ty, T' # T, is the convex hull of a
(possibly empty) subset of (S;)L,.

Definition 6.8 (Matching simplicial submesh, [40, Definition 1.37]) Let'f}t

be a general mesh, of facets .735 L. We say that Thy s @ matching simplicial submesh
of Ty if

(i) Thiy s a matching simplicial mesh,

(it) For all T' € Ty, there is only one K € T;, such that T C K,

1) For all F € F, iy, the set collecting the mesh faces of T, iy, there is at most one
h(h) h(h)
F € F; such that F C F.

Figure 6.1 — [40, Fig. 1.5]. K; and K, are two polygonal elements, sharing three faces
(in bold). The boundaries of their corresponding subelements, are indicated by dashed
lines

Let T;, be a general mesh and let Ty be a matching simplicial submesh of T;. We use
the following notations:

— Tk (vesp. Zr) is the index set of elements, such that

7~;~L = U K; (resp. Ty = U Ty).

Zej’K Lelr

1. These facets correspond to edges when d = 2, or polygons when d = 3.
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6.2. Generalization to polytopal meshes

Vil e fK, iLg is the diameter of K.

V0 € Iy, hy (resp. pe) is the diameter of T} (resp. its inscribed ball), and we let
op:=hy (,04)_1.

— Iz (resp. Zp) is the index set of facets, such that

F; = U Ff (resp. Fyy = U Fy).

fe_’[F felr

Remark 6.9 With a polytopal mesh, nonconforming polytopes may occur. The set is
defined as

ﬁh:{ U 8KgﬂaQ}U U aKgﬂaKg,
ZEiK Z,glEfK

=<
Let fp denote the index set associated with Fy,. For simplicity, we illustrate an exzample

in 2D in Figure 6.2, where Fy, = {F;}1_ U {F;}1%.

Fy Fy
e Byl CKsT | B3
K L
Fo[~ 0 NI
Fy ](19 Fy
- SN /// 3.
Fx F;

Figure 6.2 — K7, K5 and K3 are three polygonal elements nonconforming, sharing three
faces.

For all { € Ty, we set:

pi={f €Lp|Ff COK, Ipp={leZr|TuC Kj}

For all f € fp, we set;:
IF,f = {f € IF|Ff C Ff}
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CHAPTER 6. DISCRETIZATION WITH LOW REGULAR SOLUTION

For all { € T, for all f € fﬁj, we set:

Triji=A{l €Lr;| FynOT, # 0}.

Definition 6.10 (Shape and contact regularity, [40, Definition 1.38]) We

say that the mesh sequence (7~}L);L is shape- and contact-regular if for all h, 773 admits a

matching simplicial submesh T,y such that

(i) The mesh sequence (Ty,);, is shape-regular in the sense of Ciarlet [25]: there
exists a constant o > 0, independent of h, such that, for all { € Ty , for all

14 GITZ‘.
og < o;<o0.

(ii) For all { € Iy, there exists a constant 05, such that, for all (e Ik, for all

l e IT,E?
(6.19)

]N”Lg < a;hy.
We suppose that there exists a constant &, independent of h, such that V0 € Ty,
0; < 0.

;. Fixing h, we can now

Consider a shape- and contact-regular mesh sequence (T;);

prove the following proposition:

Proposition 6.11 For all { € Iy, for allv € P*(K;):
(6.20)

A ~ 1 > (_1
[0l c2ory) < (Cap6709)2 (hg) ™2 [[v] r2icy)-
PROOF. Let ZE .'ZK, v E Pk(Kg). We have:

ooy = 3 Moy = 3 3 lolia,.

fejfpj fei—ﬁ‘j feIF,f



6.2. Generalization to polytopal meshes

Using inequalities (4.15) and (6.19), we obtain:

> > ”UH%%Ff) < Car Y > ¢ (he) M0l Z2(z,

felp ; F€lpf fTGj-FZEGITZf

< CdegUg hg Z Z ||U||L2Tg

felp; €lrg
< Cawoz6y (hy) ™ [0ll72(k,-

OJ
Following the proof of Lemma 6.2 and using Proposition 6.11, one can prove the
following Lemma:

Lemma 6.5 For all (vy,wp,) € X, X Xp,, we have:

Z ({grad, v} - ng [[wh]DL?(F )

feZs
<X 5o th {grad yvn} Loz + D0 i (h ) ITewnl 72,
fezp =1 JeZz (6.21)
Cd,k 10’*&~
<> THngadUhHiaKz)
lely ¢
+ 3 L0 Menl s,

fEI

where for all f € I, €7 >0 and ¢; = min (ef card(IKf))
erFe

We can now generalize Theorem 6.3 in the case where the elements of the mesh are
polytopal.

Theorem 6.6 (Stability, general mesh [40, Lem. 4.12 and 4.16]) Let us
set the stability parameters (nf)fefﬁ so that

;= 5/2
VieTs ni=—12  max 6y, 6.22
A card(Z 7) ZEIKXf i (6.22)

where 67 = Cqp,—1 076 Then the bilinear form ay”(-,-) is coercive and continuous on
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CHAPTER 6. DISCRETIZATION WITH LOW REGULAR SOLUTION

Xh X Xh.'
sip 1 2
Von € Xn, @ (onon) 2 5 ol (6.23)
V(vn, wp) € Xp X X, ‘affp(vh,wh)‘ < Chndl|vnllsip 10 lsip, (6.24)
_ N
with Cppg = max ng + max (2 52) <06,
fGIF ely
ProoF. We proceed as in the proof of Theorem 6.3, using Lemma 6.5.
OJ

Let us study the discretization of the Stokes Problem.

6.3 Discretization of the Stokes problem

Let ky > 0 (resp. k, > 0) be the discretization order of u (resp. of p). In what follows,
we suppose that there exists s € (3, 1] such that (u,p) € H'™(Q) x (L2,,, N H*()),

zZmu

g € H2"(9Q) and we let t = 1 — s € [0,1/2). Recall that from Theorem 2.5, it holds:
(H'(Q))" = H*(2). Recall that Au and grad p belong to H™*(Q2).

We define the following discrete spaces: Xy, := [Pr2 (Ti)]%, Xon = X + H'*(Q), and
Ly :=L% () NPy (Th), L := Ly + L2, () N H*(22). Recall that from Theorem
2.5, we have X, C H'(Q).

The bilinear form related to the discretization of the vector Laplacian operator is

expressed as:
d .
V(w,vy) € Xop X X an(w,vi) =D ap” (wy, vpy). (6.25)
i=1
As a corollary of equalities (2.13)-(2.14), we have the following result

Theorem 6.7 (Integration by parts) Let { € Ix. Let s € (3,1) andt = s — 1.
For all (v,q) € H'™(K,) x H*(K;) and w € H'(K,), the following integrations by
parts hold:

—(AvV, W)a-(k)mt(k,) = (Gradv,Gradw)izg,) — (Gradv : ng, w)reok,),

(grad ¢, vim-—(rxymiky = —(¢,divVv)rek,) + (¢, V- -10¢)1200K,)
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6.3. Discretization of the Stokes problem

Hence, for all v, € X, it holds:

<gradpyvh>H*f(Q),Ht(Q) = Z<gradpaVh>H*t(Kg),Ht(KZ),
lely

= —(divh Vh,p)LQ(Q) + Z ([[Vh]] "Ny, {p})L2(Ff)'
felr

Moreover, for all g, € Ly:

(divu,gn)r2) = Y. (divu, gn)r2(x,).
LeTK

= —(grad hgn, u)r2) + Y ({u} -0y, [gu])r2(e))-
fezt,

We can remark that, for all v e X,;, and for all £ € Ty, we have vk, € H'"5(K,). We
also have that for all ¢ € L,;, and all £ € T, then gk, € H*(K,;). We then define the
bilinear form by(-, -) such that for all (v, q) € X, X Ly:

bn(v,q) = —(divav,q) 2 + Y (IV] -y, {a})r2mp,
f€IF
= = > ([divv,)rzy + Y (V] -1y, {a}) 2,
el fe€Lr
= Y (gradq,Viu—(k)Ht (k) — D / [v-nsq] (6.26)
eLly f€lr
+ > ([v] - ny, {a) 2wy
f€IR
= Z (grad Q7V>H*t(Kg),Ht(Ke) - Z ({v}- Ny, [[Q]])LQ(Ff)-
lely fez'%

For the transition from the second to the third equality, we used the integration by
parts formula (2.14), and in the last line we used relation (4.1).

Recall that for ¢ € Ly, and v € Xy, (grad ¢, v)u-+() ut) = (grad »q, v)2(q).
We deduce that the following consistency properties hold:

V(v,qn) € (HH(Q)NH"™(Q)) X Ly,  bu(v,qn) = —(divv, ga) r2(0),

V(Vh, ) € Xh X (Lsz(Q) N HS(Q)), bh(Vh,q) = Z (grad Qavh>H*t(Kg),Ht(Kg)'
LeTK

Furthermore, we introduce another stabilization bilinear form §, that allows to damp
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the pressure jumps on the interfaces:

Y(qn,7mh) € Ly X Ly, 3n(qn, 1) Z hy (Lanl, [ra]) o ey)-
feTi,

(6.27)

The discretization of Problem (5.1) using the Symmetric Interior Penalty method reads:

Find (up, pr) € X X Ly, such that:

vap(un, vi) +op(Vi,pn) = leg(vp) Vv, € Xy,
—bn(Wh, qn) + X3n(on,an) = Y, ({an}. g np)i2p,y  Vau € Ly,
fezt,

where

leg(Vn) i= Z (£, Vi) u—t(K,)H (K))

LeTK

+ Z < g, Grad vy, : nf)L2(Ff) +Z;(gavh)L2(Ff)>7

fezt,

and \=vtifk, = k, and 0 else. We also define

C((Viyan)) = Leg(Va) + Y (an, 8- 1p)r2(ry)-
fezt,

Definition 6.12 We introduce the following norms:

— For all gu € Ly, lqnl? == 3n(qn, ) and ||qnll},e := llanll720) + lanl?.

1
— FOT’ (L” Vp S Xh7 ||Vh||vel - Z ||Uhl”szp ||Grad hvhH]L2 () + |Vh| )5‘

(6.28)

(6.29)

(6.30)

We introduce the space &), := X}, X L, which is a Hilbert space when equipped with

the norm:

v, ), = Ivala + v llan e

We consider the following symmetric bilinear form:

Xh X Xh — R
asp:y (W, 00), (Vioan)) = van(ay, vi) + bp(vi, pj,)
+bn (), qn) — Asn(Phs qn)
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6.3. Discretization of the Stokes problem

Then, problem (6.28) can be rewritten in the form:

{ Find (up, pr) € &), such that for all (vy, qn) € &, (6.33)

asn( (n, o)y Vi, qn) ) = h((Vas qn))-

Remark 6.13 In what follows, in the proof of theorem 6.9, we need to replace the
symbol "<" by "<"in inequality (4.21)-(ii), in Lemma 6.8. For this purpose, for all
l € Ik, we define Cry as a positive constant independent of hy and of the mesh reqularity

parameter o, such that

(00)!/? hé/Q Cn|vlmk, cf. (4.21)-(ii),
o Cn ||lgrad v||r2(o) cf. (4.41).

|lv — Wf“HL?(Ff)

= 6.34
- (6.34)

[kl

In order to prove the uniform well-posedness of problem (6.33), we need the following
lemma:

Lemma 6.8 Let v € H'(Q)). The following bounds hold:

Van € Ly, | ({Wﬁv — v} , [[Qh]])m(F : < 0 Cn [v|m (o) lanls, (6.35)
feTL f
1
> . H[[Wfkiv]] (0 Cn)? vl (0 (6.36)
fery

F

2
<
L2(Fp) —

ProoF. Continuous and discrete Cauchy-Schwarz inequalities lead to

T (o)l <

2

N

k

| {eho — v} I3,
y I hf} = > sl ey

FELL, fETs,

Splitting the average into a sum over the two elements that share a given F}, then
using the first equation in (6.34) with the fact that Z—J’i < o, when F; C 0K/, and then
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rearranging the sum over internal faces into a sum over elements leads to

>

FETL,

1
3
({TFZU — v} ; [[Qh]]>L2(Ff) < (g; (Criog)? |U|§{1(Kz)) lanls
K

which leads to (6.35).
Let us prove (6.36). Since v € H'(Q) we have [v] = 0 on any face Fy and thus

1 k
> 5 el

feTi,

2

1 & 2
L2y f; hy H[[ﬂhv —]
F

L2(Fy)

Bounding the jump by a sum over the two elements that share a given F, then using
the first equation in (6.34) with the fact that % < 0¢ when Fy C 0K/, we get

2 21 12
L2(Fy) = EGZIK(CH OMUITSE

> i Nk =1

F

which leads to (6.36).

U
We need to define the projection operator II}* € L£(L?(Q2),X},) such that, for all
v € L2(Q), for all £ € Tg, I}*v = (7}*v)L,. Following the proofs of [40, Lemmata
6.14 and 6.20], we can prove that the bilinear form ag(-,-) is continuous and satisfies
an inf-sup condition:

Theorem 6.9 (Stability) Let (ky,k,) € N* X N, with k, € {ky,ka+ 1}. Then the
bilinear form agp(-,-) satisfies the following inf-sup condition, ¥(uy,, p),) € X\ (0,0):

o
sup a’S,h( (uh7ph)7 (Vh7 Qh) )
(Vhan) X3\ (0,0) 1(Vhs an)l 2,
|a5,h( (u;wp/h)’ (th Qh) )l < OctH(u/hvp;z)“XhH(vhv Qh)“X}H (638)

Y]

Vcdisc ‘|(u;17p;L)HXh7 (637)

where Cyise = 02 and Cy = o are strictly positive constants independent of h.

PRrROOF. Let (u},,p},) € &h,

L. According to Proposition 2.3, there exists v,; € H(2) such that divv, = pj
in the domain 2 and ”‘7192”%{3(0) < Caw [IPhl172(q) Let vy = vV, so that
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6.3. Discretization of the Stokes problem

divv, =v~'pj, in Q and

Odiv

14

Vi ey < = lIPhllc2 ) (6.39)
In the remainder of this proof, the estimates will be given up to a constant. Our
main interest is to understand how the coercivity constant relates to the mesh
regularity.

We can now bound the norm ||Hﬁ"vp2 ||lver as follows. We first recall that:

1
IV (12 = vy 17 + > hf||[[H’Z“Vp;l]]||%2(Ff)-
f€Ir

Using the first equation in (6.34), noticing that ﬂHﬁ"Vp;L]] = [[Hi“vp% — vyl
together with inequality (6.39), we get:

Cdiv C11_1

TV llvet < 0 Cut [V ez oy < @ 125l 220 (6.40)
Choosing k, € {ky, ku + 1}, we must choose A > 0 in (6.28) in order to obtain
a stable scheme. Regarding the physical quantities, we let A = v~!. Consider
(Wy s Dup) = (U, — HZ“Vp;lﬁpﬁl), with 4 > 0. We obtain:

asn( (W, p1), (W, pen)) = v an(w), w,) — vag(uy, vy, )

—bn (I v ph) + 7 v P2,
(6.41)

g
v L I 2

vel —

Vv

v ah(u;w HZqu;l)

—bn (I vy ) + A vt ph 2.

By applying inequality (6.14) component-wise.

2. We will bound the second and third terms on the right-hand side of equation (6.41).

2" term Let us apply inequality (6.15) component-wise, then apply Young’s inequality
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CHAPTER 6. DISCRETIZATION WITH LOW REGULAR SOLUTION

and inequality (6.40): Yo > 0:

ko, o 1 ku
—vap(uy, I, Vp'h) > = Cpna (2 ||u;z||3el + 2a [aes VP;L”iel) ,

(0% _ (O'Cfﬂc(div)2
> 1 <2||u;||gel+y 2 ZELE |t ey )

The sum of the first two terms on the right-hand side of equation (6.41) is
bounded as follows:

v an(wy, wy) — v ap (uy, v, )

- (0 Cry Cis)? (6.42)
2% Q@ _1 (0 O Caiy
> v (3 = Coay ) lunlz = v =000 g o
3¢ term By the definition of HZ“, and for k, < ky, + 1, we have:
—(grad pj,, Hﬁ“vpz)Lz(Q) = —(grad pj,, vy Jr2(0)- (6.43)

Integrating by parts the left-hand side in (6.43), we deduce that:

— > (grad pj, vy ey = — D (8rad pl, vy iz,
el Lely

= D | Whdivvy ey — D (Vi Dy h) ey |

Lelk T&Tre
= 3 v el = 3 (v} mn D) g
Lelk fely

where we used that divv,, = v~'p},; and that for all f € T}, vy |p, € H%(Ff)
and for all f € I}, vy |, = 0. We deduce that:

—bn(IT" vy, Ph) =

— i’ kg, 2 Ny b )
EGZI:K(gradph, I vy JLe(x,) + fGZZiF ({Hh Vph} Dy, [[ph]])Lz(Ff) ’ (6.44)

= VﬁlHPZH%m) + Z ({<Hiu"p2 - Vp’h)} "y [[p;l]DLz(Ff) :
feTi,
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6.3. Discretization of the Stokes problem

Using inequality (6.35), followed by Young’s inequality, and inequality (6.39)
we have V( > 0:

> ({WWrvy, = vip)} 0 1) oy

Jezi,
> —oCh |Vp’h‘H(1)(Q)‘p/h|§7 , (6.45)
¢ _ (0 Cn Cdiv) _
> v il = g v bkl

2¢

We then obtain the following bound for the term (6.44):

(U CH Cdiv)2

(v ) o7 (17

¢
) Wl = § i) - (60
3. By substituting the inequalities (6.42) and (6.46) into (6.41), we get:

aS7h( (u;zvp2)7 (u*,fmp*,h) )

_ 6.47
> 0 Cou I 20+ 07 (CallshlBay + Cslph2),  (O47
where we have introduced the following coefficients:
. ;5/ - C1bn0l05 o (U CH Cdiv)2 -1 -1 o~ C
Ovel_ 5 s OQ—l—f(a —|—C >’ 05_7_5

We need to choose the parameters «, 7, and ¢ such that these coefficients are
positive. Choosing a = ¢ = 2 (0 Cp; Cgiy)?, we have:

_ ] )
Coa = 3 = Cona (0 CuCan)’, Ca =35, Cs=7— (0 CnCa)”
We have Cyng > 1. Choosing 7 = 4 Cy,q (0 Crp Caiv)?, we obtain
Cuet = Cpna (0 Cry Cgiy)* and O = (4 Cppg — 1) (0 Oy Caiy)*.

These constants are greater than one. Then we obtain:

v _
as (W 7). (e pen)) 2 5 (052 + v 2 1A
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Thus, we have:

14
asn( (W, ph), (Wens pen) ) 2 5 11w, ) 1%, (6.48)

Now, we write:

(s D) 13, < b5 + 32 1TV e + 072 37 (1051

< [l + v (Vo CuCan) bl 72w + 7 Pl ) from (6.40),

< (Crnax)? H(ulhﬂp;l)”g(h with Cinax = 70 Crt Caiy = 4 Cyng (0 Cr Casy ).

Substituting this result into (6.48), we get:

asn((Wh h), (Wes en) ) 2 5 (Cona) ™ 1 (Wh, ), ([ (s e, (6.49)

(CHIAN

Thus, we deduce (6.37) with an inf-sup condition constant such that Cys. =

1

3 (C’max)il, independent of the mesh size.

For the continuity of agy(-,-), we use [40, Lemma 6.20] where another norm is used,
which is equivalent to the norm ||(+, -)||x, on &}, in a way that is independent of h. To

prove this, we only need inequality (4.12).
O
Following the proof of Theorem 6.4, we can show the next result:

Theorem 6.10 The right-hand side in (6.33), Cy(-,-), is continuous with respect to

the || - ||x, norm.

Thus, we can state the well-posedness of the discrete Stokes problem (6.33):

Theorem 6.11 According to Theorems 6.9 and 6.10, the bilinear form agn((-,-)) is
continuous and satisfies the inf-sup condition, and €,((-,-)) is continuous. Therefore,

problem (6.33) is well-posed.

We can prove the consistency of the approximation of problem (5.1) with the SIP
method, in the case of weakly regular solution.

Theorem 6.12 (Consistency) Let s € (%, 1]. The following consistency property

holds: Let (u,p) € H'™(Q) x H*(Q) be the solution to the Stokes Problem (5.1),
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6.3. Discretization of the Stokes problem

and (up,pp) be the solution to the discrete Stokes Problem (6.33), with the source
term £ € H*1(Q) if Q is convex, and £ € L?(Q) if Q is non-convex. Then, for all
(Vh, qn) € Xy, we have:

asn((W—ap,p = pn), (Va, qn)) = 0. (6.50)

PrROOF. Let (up,pn) € &, We first develop the left-hand side of (6.50) and use
Problem (6.33) to obtain

asp( (W —up,p—pn), (Vi,qn) )
=asn((0,p), (Vh,qn)) — asn( (an, pr)s (Vi qn) )
= asp( (W, p), Vi, qn) ) — Ca((Vi, an))-

We recall the definition of ag) given by (6.32), as well as definitions (6.25) with
(6.4)-(6.6), definitions (6.26) and (6.27).

Since u € H'*#(Q), it holds for all f € Zr {Grad,u} : n; = Gradu : n;. For all
[ € I we have [[u]]Ff =0 and for all f € 7% [[u]]Ff = g. Similarly, since p € H*(Q2),
Vf € Ik we have [p] r, = 0. Therefore, defining

Je((Va,qn)) = D (- (g,Grad vy, : ny)r2(p;) + Z;(&Vh)L?(Ff)),

fezt,
we can write:

ap(w,vy) = (w,va), — > (Gradu:ng, [vi])r2r,) + Jg((Vh, an)),
feIr

= - Z <VA117 Vh>H*t(Kg),Ht(Kg) + Jg((vh7Qh))>
(el

= (VAu, Vh>Hft(Q)7Ht(Q) + Jg((Va, qn))-

Moreover, it holds:

bh(ll7 Qh) = Z (Qhag : nf)L2(Ff),
fezt,

bn(vi,p) = Y (gradp, vi)m-+(x,) 1k, = (grad p, vi)a-+(o) m (9)-
eLly
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CHAPTER 6. DISCRETIZATION WITH LOW REGULAR SOLUTION

Finally, we have: $,(p,gn) = 0. Using definitions (6.29) and (6.30), this leads to:

asp((W,p), (Vi, ) = (—vAu+ grad p, vi)u-t) mt ) + vJg((Vh, qn))

+ > (g, 8- 1p) 2y
Fezt,

= (f, Vh>H*f(Q),Ht(Q) + VJg((Vha qn)) + Z (qn, g - nf)L?(Ff)
Fezt,

= U((Vh, an))-

6.4 New DG numerical scheme of type Pfjg — C@H

According to the variational formulation of the Stokes problem, the coupling term
between the velocity and the pressure is represented by the following bilinear form:
V(Vh, qn) € X

bh(Vith) = —(dth Vhth)LQ(Q) + Z ([[Vh]] ‘g, {Qh}>L2(Ff)a
fE€Tr

= (grad g, va)ur(Q) — Z ({va} g, [an]) L2y
fezi,

This term can be expressed in two equivalent forms. The first one, given by the initial
equality, is called the divergence form, while the second, given by the latter equality, is
called the gradient form. In general, for continuous finite element methods, the Div
form is used to prove the stability of the discrete Stokes problem see [57, 23]. However,
in the context of discontinuous Galerkin finite element methods, the Grad form is
preferred see [40].

In Theorem 6.9, when proving the stability of the discrete Stokes problem, we can
observe from equation (6.44) that:

~bn([Myvy,ph) = —(graduph, Tvy o) + > ({Tavy, |0y, [04]) 2

)
fELL, )

= V_1||PZ||2L2(Q) + Z ({(Hhvp’h - VP%)} hfs [[p;l]])m(pf) '
feTL,
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6.4. New DG numerical scheme of type P5 — P/

The passage from the first to the second line holds under the condition that for all
element ¢ € Ty, the polynomial degree of grad p;” k, can be less than or equal to that
of vy i, This implies that the polynomial degree of pﬁl‘ Kk, can be lower or equal to
one that of vy g, plus one. Therefore, the discrete Stokes problem is well-posed when
kp < kg + 1.

Classically, k,, is set so that k, < k. Hence, this observation allows us to propose a
new discontinuous Galerkin scheme for which the pressure space is of higher order than
the velocity space, i.e. k, = ky + 1.

We can also handle the case where (ky, k,) = (0,1). The bilinear form (6.5) can then
be written as:

ay (v, wn) = — Y ({gradyven} - ny, [wa]) 2,
f€Zr
— > ({grad s ws} - g, [ven]) 20y
feZn ) ! (6.51)
+ Z F(ﬂv*hﬂy [[wh]])LZ(Ff)~
f€Ir

We note that v, is piecewise constant on each cell, so Vuv,, = 0 inside each cell.
However, on the interfaces, we must provide a definition for the term Vv, -n. Inspired
by the finite difference method, we define Vv, - n as follows.

Let f € Zi.. Then there exist L, R € Zy such that 0K, N 0Ky = Fr. We assume
L < R, and ny is oriented outward from K. We denoted by x, the circumcenter of
K7, and xp the circumcenter of K and we define

LR,L = |XR — XL|.

Then, under the assumption that the mesh is regular in the sense that the triangulation
is a Delaunay triangulation, we define

U*h(XR> - U*h<XL) .

L

V’U*h Ny = (652)

The numerical results demonstrating the efficiency of this new scheme will be presented
in the chapter on numerical results, section (9.2).
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CHAPTER 6. DISCRETIZATION WITH LOW REGULAR SOLUTION

Figure 6.3 — Representation in d = 2.

6.5 Dependence of the discrete inf-sup constant on o

In Theorem 6.9, we exhibited a discrete inf-sup constant Cgy,. such that Cy,. =
%(C’bnd)_l (0 Cp Cqiy) 3, with Cyuq ~ o. This constant is independent of the mesh
size h. It depends on the shape of the domain, the polynomial approximation order k,,
and the mesh regularity 0. According to our computations, Cy,. ~ 0%

To understand the influence of mesh regularity on the coercivity constant Cy;s., we
consider the case of a non-regular mesh. This means that some elements in the mesh
are highly distorted: the diameter of their circumscribed circle is much larger than
that of the inscribed circle. Such distortion is often measured by a shape parameter o,
which becomes large as the mesh degenerates.

Therefore, when the mesh is not regular, the coercivity constant can become very
small, which negatively affects the stability of the numerical method. In practice, this
means that maintaining a regular and well-shaped mesh is essential for ensuring the
robustness and accuracy of the simulation.

In this figure, we show two types of triangles: a regular triangle K, where ¢ ~ 2, and
a triangle K5 for which o > 10.
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6.5. Dependence of the discrete inf-sup constant on o

Regular triangle o = 2.02 Flattened triangle o0 = 14.5

Figure 6.4 — Example of triangles to illustrate the regularity of the mesh

In this chapter, we first discretized the Poisson problem with nonhomogeneous
Dirichlet boundary conditions using the Symmetric Interior Penalty (SIP) method.
Then, we moved on to the discretization of the Stokes problem and showed that its
variational formulation is well-posed. We explicitly derived the stability constant
and studied its relation with mesh regularity. Following the steps of the proof, we
proposed a new discontinuous Galerkin finite element method of type P* — Pk+1,
In this method, the number of degrees of freedom for the pressure is higher than
that for the velocity, which helps to improve the divergence-free condition.

We have the tools to study the a priori error estimate for the discontinuous Galerkin
finite element method applied to the weakly regular Stokes problem.
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Chapter 7

Error estimates with low regular

solution

What I believe is new in this chapter is the analysis of a priori error estimates for
the discontinuous Galerkin finite element method applied to Stokes problems with
low-regularity solutions By focusing on solutions in the space H*$(Q) x H*(2) where
s> 1.

We introduce the space X, := X, X L5, which is a Hilbert space when equipped
with the norm:

v, @)l = 1V @), + [val5 e+ v 7% anl3. (7.1)

where: ,

L2(8K,)’

Vil3, = D R HGradvh|K£ L1y
=

lgnl2, = > hellanllZ2 ok,
=

Theorem 7.1 ([40, Lemma 6.20]) There exists Cynq, independent of h, such that,
for all (u,p) € Xy, and all (vy,qn) € Xy:

lasy ((0,p), (Vi qn)) | < Conall (0, )| x,, 1| (Vas a0) [ 2, -

Using the same method as in the proof of Theorem 7.1, we show that the bilinear form
asn(+,+) is continuous on X, x Xyp: For all ((u,p), (v,q)) € Xep X Xep:

|asn ((w,p), (v, @) | < Conall (W, p)|[ 2., (v, D) lx, .- (7.2)
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CHAPTER 7. ERROR ESTIMATES WITH LOW REGULAR SOLUTION

Remark 7.1 According to inequality (4.12), for all (vy,qn) € Xy, for all € € Iy, we

have

he||Grad vy, : né”%ﬁ(am) o¢||Grad Vh”%ﬂ(Kg)?

N N

héHQhH%%aKz) Ué”‘]h”%%m)-

Then, the norms ||(-,-)||lx,, and ||(-,-)|x, are equivalent over X,. Then the bilinear

form agp(-,-) is coercive on Xy, with the norm ||(-, )| x, , -

Since we have shown the continuity, the discrete inf-sup condition, and the consistency
of the bilinear form agy(+,-), we shall use [40, Theorem 1.35] to obtain a Céa-type
abstract error estimate. We note that [40, Theorem 1.35] uses as hypothesis the fact
that the source term is in f € L*(Q). However, what really counts is the consistency
property (6.50) and, as soon as it is verified, the proof of [40, Theorem 1.35] can be
replicated word for word.

Lemma 7.2 Let (u,p) be the unique solution to the Stokes Problem (5.1) and (up,pp) €
Xy, be the unique solution to the discrete Stokes Problem (6.28). There exists a constant
Ceq > 0 independent of h such that:

I(a = p = pu)lly,, < Coq  inf ll(a=vap—an)ly,,-

(Vh,qn)EXR

Remark 7.2 By mapping each cell K, to the reference element and back (change of

variables), we obtain the estimate Cpy S C.

In order to establish errors estimates, we will use in Lemma 7.2 the quasi-interpolation
operator I}V € L(L'(R2), X},) defined in [48, §5]. It is important to note that this
inequality (7.3) is not proved for the L? projection; therefore, I used this interpolation.
In particular, we will use the following approximation result which is a special case
of [48, Theorem 5.2] using p =2, r =1+ s and m = 1:

Theorem 7.3 Let k be the order of the polynomial approzimation. For any cell Ky,
let T, = {Kp € Th |Kp N Ky # 0} and D, = int{UKWeﬁKgr}. There exists a uniform
constant Cy, such that for all s € [0,k], for all ¢ € Ik and for all v € H'™ (Dy) it
holds:

v = ;" (0) g1,y < Cavhilv]mespy).-

In the same way, we use [49, Ex. 22.5] to obtain the following approximation properties
on the faces of the cells:
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Lemma 7.4 There exists a constant Cgq, > 0 such that for all { € Ly, for all f € Tpy,
for all s € (0, k] and for all v € H'™ (Dy), we have:

av s+3
lv = Z* ()l L2y < Caw e * [0l mies (-

Furthermore, there exists a constant Cg, > 0 such that for all { € Iy, for all f € Ipy,
for all s € (3, k] and for all v € H**(D,), we have:

lgrad (v —Zi"(0) 2,y < Cao e [0]ar4(0)). (7.3)

By summation of the squares of the previous inequalities over all mesh cells, we easily
obtain the following corollary, in which the dependence of the constants with respect
to o is due to the fact that the union of all D, for ¢ € Ty covers a certain number of
times the domain €.

Corollary 7.3 There exists C® (respectively C% and C%) depending on C,, (respec-
tively Cg, and Cg,) and o such that:

lgrad (v — Z5" U)Hi?(Q) < 7 h2s|v‘12ﬁll+s(§2)7 (7.4)
1 av av 1,2s
> oo llv =T, 20k, < CFB* |0l @) (7.5)
leTK
> llgrad (v — Iﬁ”(v))lliz(am) < CL B> ol Fvs - (7.6)

LTy

In order to apply the results above to the velocity field of the solution to the Stokes
problem, we define the multi-dimensional version of the interpolant:

¥ € L(LY(Q),Xy,), forall v e LY(Q), Iv = (Z¥v;)¢

=1

Remark 7.4 The estimates in Theorem 7.5 and in Lemma 7.4 are local, so that we
could in practice optimize the choice the polynomial order, choosing k > 2 where the
solution is locally in H™(Q) x H™™Y(Q), with r > 2, whereas we would choose k = 1

where the solution has lower regularity.

In order to evaluate the inf in Lemma 7.2, we shall state the following result:
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Theorem 7.5 Let s € (%, 1]. There exists a positive constant C* independent of h
such that for all (v,q) € H™(Q) x H*(Q) it holds

H(V —Iyv,q— Wﬁq)HX*h < v OB (v |V]mts ) + gl @)- (7.7)

Proor. Using (7.1), (6.31) and Definitions 6.12 and 6.3, it follows that
av k 2 -2
H(V— hv,q—ﬁhq)HXhzfl—i-Tg—l—‘Zg-l—V (T4 + T + ),

where:

%= HV —I‘ZVVH}%, Ty = ’V - :Zvv‘%7 L3 = |V —I?IVV@*,

Ty = lg = il a0y Tsi=la—mhal}  Te =g —mhali.
Using Corollary 7.3, we have:
T < Og”h25|v|%p+s(m, TS ngh2s|v|%{1+sm)7 EEPN Ogvh28|"|%11+s(g)
Moreover, using Proposition 4.8, we get

54 5 Gd h25|q SJ Ud+1 h25|q

%JS(Q)’ ‘26 SJ Ud+1 h25|q

o)y T Ho (@)

From the estimations above, we deduce (7.7) with
1
C* ~ (max (C§5 + C + Cis o)) )7

This suggests that the interpolation error behaves at least like o5 . Tt is however
difficult to be more specific, since we don’t know precisely the constants.

O
With all the results above, we are able to state one the main results of this work. We
recall that op, 0g and o4, are defined in Section 5.2.

Theorem 7.6 (Convergence weakly solution) Suppose that there exists o¢ € (0,1),
such that for all s € (0,0¢), £ € H*1(Q). Suppose moreover that for all s € (5,0p),
g € H2™(9Q). Let (u,p) € H'™(Q) x H¥(Q) for all s € (3, 0max) be the unique
solution to the Stokes Problem (5.1) with (up,pn) € Xp, X Ly, be the unique solution to
the discrete Stokes Problem (6.28). Then, there exists a constant Cy, > 0 independent
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of h such that:
I = — pn) ., < Cx. C(F, ) B (7.8)

with Cy, depending on o at least like o

Suppose that ) is convex. Then it holds:

Ju — w2y < Ca, O(F, ) W', (7.9)
Suppose that € is non convex. Then it holds:

la — w2 < Cx, C(f,g) h*. (7.10)

PrROOF. Consider Lemma 7.2. Let p, = 75p and uj, = Z%¥ (u) in order to bound the
infimum. Using then inequality (7.7) and (5.27), we obtain (7.8) with Cy, = C,, C*.

Let us prove (7.9) and (7.10). We use a standard duality argument. Let (@,p) be
the solution to the Stokes (5.1) problem with g = 0, and f = u — u;, € L*(Q).
According to the Stokes regularity result recalled in lemma 5.5, we have (@,p) €
(H™(Q)NHL(Q) x (H(Q) N L2, (), with s = 1 if Q is convex or s’ = s if Q is

not convex. According to inequalities (5.26) and (5.27) so that the following bound
holds:

v (he) ™! @l g o) + (7]

Since w € H'™'(Q) N HY(Q), for all f € T, [Grad : ], =0, and for all f € Zp,
@] r, = 0. Therefore, we have the following simplifications '

() < Cgha [[u— uh”L?(Q) ) (7.11)

ap(@u—u,) = (Wu—wy),— Y, (Gradu:ng, [u— )2,
fEZF
bh(u - uh,ﬁ) = (leh (ll — llh Q) Z 11 — uh l’lf]],ﬁ)L2(Ff),
fe€lr

bh(@,p—pn) = 0, 8,(p—pnp)=0.

Hence, setting G := —v Gradu + pl; and G = Z (G :nyp, [u—up])re(r,), we get
f€IR

asn((0,D), (0 —up,p—py)) = vay (A, u —upy) + bp(a — uy, p),

= V(ﬁ, u-— uh)h — (dth(u — uh),ﬁ)Lz(Q) + Q,

= v(Grad T, Grad ,(u — uy))12(0) — (Plg, Grad ,(u — wp))12(0) + G,
—(G, Grad ,(u —u))12(0) + G = (DivG, u — uy)r2(0),
= (—vAu +gradp,u — u)r2(q)-
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Finally, we obtain

asy((W,p), (W —up,p—py)) = ||lu— uhHiQ(Q) :

Using the consistency of agy(-,-), cf. equation (6.50), then its continuity, cf. inequality
(7.2), the interpolation estimate (7.7) and the bound (7.11), we obtain:

lu— uhH?ﬁ(Q) as,p ((u —Up, P — Pn) (ﬁ — 7y u,p — Wi]fﬁ)) ;

< Chall(a—unp=pi)lly,, ||(@ - wp—ip)|, .
< B Cppal|(w—up,p—pn)lly,, Cx (|ﬁ|H1+S'(Q) +v |T9|Hs’(9)) ;
< BT Cona Cs O, (0= wp,p = pi)lla,, (he) ™ lu = wplpaq)

where s’ = 1 if ) is convex and s’ = s if €2 is non-convex. Finally:
I = |2y < 7 Cona Cg Ca, (ha) ™ [[(w = wn,p = pu)l ., -
By using estimate (7.8), we obtain (7.9) and (7.10) with Cy, = Cha C5 (Cx,)? C(f, g) (ha)~*.
U

Remark 7.5 If Q is conver and £ € L*(Q2), then (u,p) € H?(Q) x H'(Q). The

convergence rates for the velocity and the pressure are given by

Hu — uhHLQ(Q) < hz, Hu — uhHHl(Q) 5 h, and Hp — thLQ(Q) S h

~Y
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In this chapter, we studied the a priori error estimate for the weakly regular Stokes
problem discretized with the discontinuous Galerkin scheme P* — P!, which is
well suited to the regularity of this problem. We found that the regularity of the
domain, whether it is convex or not, has an impact on the convergence rate. In
particular, when the domain is convex, the convergence rate for the velocity is
1+ s and s for the pressure. On the other hand, if the domain is non-convex, the
convergence rate is 2 s for the velocity and s for the pressure.

Now, we can perform numerical tests to numerically verify all the results we have
obtained.
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Chapter 8

Algorithms

Contents
8.1 Structure of matrices . ... ... ... 000000, 121
8.2 Domain decomposition and Schur complement . . . . . .. 123
8.3 Numerical integration of a low-regular source term . . .. 125

8.1 Structure of matrices

Let d € {2,3} be the dimension and Z; = {z,y} for d = 2, Z, = {x,y, 2z} for d = 3.
Let (O, z,y) for d = 2 and (O, x,y, z) for d = 3 be the Cartesian coordinates system,
of orthonormal basis (e;)jcz,- Denote by Ny = Ny, x N (resp. N, = N, X Nk)
the number of degrees of freedom of Pk (T5) (resp. Pi.(T3)). For k € N, k > 0,
we let Z, = {1,..., %9 Tet’s call (¢y;)iez, a polynomial basis of P*(K,), and

) K
A € RN x RM the matrix such that

V(&Z), (Elvj) S (IK X Iku)27 A(Z,i)7(€’ - ah (¢€ z7¢€’ ) (81)

Let A € RN x R™M be the block diagonal matrix such that: A = (6;54)j 4z,
For d € Z;, we call B; € RY x R™ the matrix such that for all (¢,4) € Zx X I,
(0',7) € Ik X Ty, (By)eayej) = bn(dwj ez ¢ri) and B = (By) jez, € R x RV Nu,
Let M, € RM x R and S, € RNP x RM» the matrices such that for all (¢,4), (¢,5) €
Ik X i, (Mp)iy gy = O00(Dei, deg) 2y and (Sp) iy gy = Sn(@ei, de ;). Notice
that A, B; and S, are sparse: for ¢, ' € Tx such that 0K, N 0Ky =0, Ay, =0,
(Bj) i) = 0 and (Sp) ), ) = 0. The matrix A is symmetric, positive definite.
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When k&, > k,, matrix B is of rank N, — 1. Notice that the matrix S, is also of rank
N, — Nge, where Ngo := Ng + (k, — 1) Ng + W Nk, it is the dimension of
the space of continuous functions, where Ng denotes the number of edges and Ng the
number of vertices in the mesh. When k, < k,, matrix B is of rank < N, —1. Let I}, =
(Fyd)dez, € RP”Ne the vector such that for all (¢,7) € Zx X Ti,, (Fyg)ei = fu(duieg)-

up = Z Z Uy Gbe,z‘ and pp, = Z Z Do ¢£,i-

It stands:
elk iEIku el iEIkp

Let’s call Uy, = (U, 9)dez, € R”™ (resp. P, € R™) the vector of the discrete velocity
(resp. pressure) degrees of freedom: for all (¢,7) € g x Iy, (resp. (¢,i) € Ix x Iy,),
(Uhd)g’i = uy,; - e; (resp. (Pn)e; = pes). The linear system related to Problem (6.28)
reads: Find (U, B,) € R x RN such that:

d Z/ i =0, 8.2
BU.4 58, P = B, 2 2 ) o (8.2)

{ vAU, +B'P, = F,
el iEIkp
where F,, € R vanishes when considering homogeneous Dirichlet boundary conditions.
To compute py, € Ly, we can either impose the last equation in (8.2) at each iteration of
our solver or cancel a row from matrix B and the same row and corresponding column
from matrices M, and S,. We make the abuse of keeping the same notation. Let’s call
K=BA'B” + v S, € R¥»~1 x RN»~1 which is a symmetric positive definite matrix.
To solve the coupled velocity-pressure problem (8.2), one relies usually on the three +
one steps below (the fourth step being straightforward):

Prediction: Solve in U} such that v AU} = Fy,.

Pressure solver: Solve in P, such that KB, = v(F, + BU}). (8.3)
Correction: Solve in dU}, such that v AdU, = —BT P,. '
Update: Uy, =o6U, + Uy,

One can prove that matrix K is spectrally equivalent to M = M, + 35S, so that M
can be used as a precontionner to solve KP), = v(F, + BU}) [89, Lemma 5.9]. Using
some iterative solver for this system, each matrix-vector product with K requires the
solution of linear systems such as AX = b at each iteration, where A is defined by Eq.
(8.1). Let us give details on our resolution algorithm.
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8.2 Domain decomposition and Schur complement

Let Ne N, Iy ={1,--- ,N}and Zy = {1,--- , N — 1}. We split 7, into N disjoint
subsets (Thn)nezy- Let’s denote by (Fpn)nez, the associated sets of facets. The
splitting is such that for n, m € Zy, for n # m, Fpn N Frm = 0. Forn € Iy,
we consider matrices An,n = ((AZ,K’)KGT;L,Z-,E’ETh,n ), An,N = ((A&Z')fETh,i,f’Gﬁ,,N) and
for n, m € Iy, A, = 0. The matrix A can be rewritten by blocks as follows:
A= ((Ap,m)nmezyxzy )- Forall n € Iy, A, , is a symmetric positive definite matrix,
and for all n € fN, A, n is the coupling matrix between F, and Fj, y (we have:
An.n = (An, n)T). Similarly, we set X = (X,,)nezy and b = (b, )nezy- The linear system
A X = b is solved as follows:

by = AZ, N A;,ln by
For all n € Zy, compute :
ATL, n = A£7 N A;}n An, N

by = by— Y b,

- 8.4)
Compute - nely . (
P Ay = Axv— Y. Aun
ntN
Solve for Xy such that AMN Xy = BN.

For all n € Zy, solve for X,, such that Ap o Xy = by — Ay v XN

For n € fN, we store the Cholesky decomposition of matrix A, ,, to compute vector b;
and matrix A, ,. These computations can be done in parallel. After, we build Ay, n

and store its LU decomposition. The matrices (A, ,),c7, can be calculated once and
for all in parallel. For the resolution, we can also calculate the vectors (by), 7, and
(Xn) ez, in parallel.

We present the linear system to be solved:

— The discretized Stokes problem can be written in matrix form as follows:

VAUxh—i-BfPh = Fum KPh - F(u,p)
VAUyh—i—IBZPh = Fuy < vAU,;, = Fum—Bg;Ph
—(Bm Uxh+IB%y Uyh>+)\SpPh = Fp VAUyh = Fuy —BZ;P}L

— K=B,A"'B +B,A"'BY +v\S,, Fuy=vF,+B,A"F, +B,A"F,,.

— The matrices K and A are symmetric and positive definite.
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Prediction (Cholesky): Find Uy,, Uy, such that v AUy, = Fy,, and v AUy, = Fy,
Pressure Solver (PCG): Find P, such that M K P, = v M (F, + B, Uy, + B, Uy,),

. . VA(SUmh = —BZP;L,
Correction (Cholesky): Find 0U,, 60Uy, such that { v AUy, — _BZ P,

Uxh = 6Umh + U*hv

then update: x

P Uyh = 5Uyh + U;h

— Solving A X = b, based on domain decomposition and the Schur complement
method.

The Domain Decomposition Method and Schur Complement

To simplify, we present the case when N = 5.

— A is a large symmetric positive definite matrix, and we aim to solve the linear system

AX =0
— The matrix A can be written in the following block form:

An 0 0 0 Ajs
0 Ay 0 0 A
A=|0 0 Az 0  Ass
0 0 0 Ay Ags
(Aly AJy AL Al Ass

— Below is a diagram illustrating the domain decomposition into 5 subdomains €;, i =

1,---,5:

— Fori=1,---,4, we define:

S

~
~

{ P = A% A;il b; (Parallel), { Ay = A;% A;il A; 5 (Parallel),

bs = bs— i b 5 = Ass— i A,

=

As5 X5 = b,
Ai,i Xl = bl — Ai75 X5 (Parallel).
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Q1 Q2

Figure 8.1 — Domain decomposition into 5 subdomains.

In order to validate our theoretical analysis and our numerical developments , we study
low-regular test-cases, when  is non-convex and f = 0; and when 2 is convex and f ¢ L?(€2).

In the next section, we give details on this last implementation.

8.3 Numerical integration of a low-regular source term

Consider here the 2D case where € = (0,1)? and the meshes (7);, are made of triangles. Let
SO = (.To,yo), where o = Yo = 0.5 and Xo = (ﬁo.

Call (r,0) the polar coordinates centered in Sp: r = |x — xq|, # = arctan (g:gg) + A, with

A =1if x <z, and elsewhere.
Let’s set Tirx, :={¢ € I : %o € K;} and define Qy, = {K/, { € Tk x, }.
The polar basis (e, ep) is such that: e, = cos e, + sinfe,, eg = —sin fe, + cos fe,.

Let a, 5 € R*. We will compute the following prescribed solution to Problem (5.7):

1
(uvp) = (Taeevrﬁ - p0)7 where Po = @ /Q Tﬂ dx (85)
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4
‘ ﬂa
2
1
0
T T 1
06 08 1

Figure 8.2 — velocity u, Figure 8.3 — velocity u, Figure 8.4 — Pressure p
When a =1, f = 2, it is close to the Rankine vortex model [82, Annexe B]. The source term

is such that f € (HY(Q))’, with t =1 — s, s = min{«, 8 + 1} and:

06 06 57
04 04 4
1 1
1 02 b o2 3
05 |
05
0 Lo 2
o]
0
K 02 02
05 | ~y i1
/
R -

i
o
RS
%%v T T
0 02 04

f=v(l—a®)r* e+ pr’ e, (8.6)
Notice that fio, € L'(Q) and flova,, € L2(Q). Let v, € X;,. It stands:
o Eviank) = D /K fovpdx+ > (£, vi)uex,): (8.7)
4

LeT) EGIK\ZK,xO ZGIK,xO

Hence, computing the right-hand side of Equation (6.28) is not straightforward.

The seven-point Gauss quadrature [98] is used to approximate the first term in the right-hand
side of (8.7).

To approximate the second term in the right-hand side of (8.7), we change the variables to
polar coordinates, integrating first with respect to r and then using a trapezoidal rule with
respect to 6.

Let K; = 505152, ¢ € Ik x, be a triangle such that S; = (z;,v;) (resp. S; = (R(0;),0;) in
Cartesian (resp. polar) coordinates for i = 1, 2.

Let (X;,Y:) = (x; — 0.5,y; — 0.5), (X,Y) := (x — 0.5,y — 0.5).
Jie, 77 £(0) XFYFdx, for v € {a —2,8 — 1} and k, ¥ € N and where f(§) = sinf or
cos 0. We need to compute the intersection of lines Dy := (51.52) and Dy = (S, €;):

We aim to evaluate

— In the case where X1 # X, the equations of D1, Dy are such that:

v, —
Ly Y,
X1 — Xo

X1, —XoYp

D
12 Xl — )(2 )

X+

Dy : Y =tanb X.

D;2 and Dy intersect at (Xp, Yy) such that:

X1Ys — Xo Y] X1Y - Xo Y,
XQ = %ﬁl COSH, }/9 = %ﬁl Sine,
ey - 5159 ep - 5152
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X1, —Xo g
Let RQ = (X6'2 +Y92)% = %ﬁl
e9-5152

— In the case where X; = X5 the equations of Djy, Dy are such that:
DIQ:X:Xl DQ:Y:taneX.

D15 and Dy intersect at (Xp, Yy) such that: Xy = X7, Yy = tan 6 X;.

X1
L X24+Y,
etRG ( 0+ 9) ’COSH|
‘We have to evaluate:
kK R(9) %
/ ¥ £(0) XFY dx:/ / ¥ F(8) X (1, 0)F Y (r, 0)F +dr f(6)d6
K, )

Figure 8.5 — Triangle such that X; # Xo.

Let v/ =y +k+ & and f(0) = (cos0)¥ (sin 0)* f(6).
/ © / ~
We get: / 7 f(0) XFYFdx = 0)" 2 f(0)d6.
K,
Let Ny € N*, 6y = O, 9N9+1 @2, and AG =

Using the following trapezoidal rule,

N +1 .
it stands:
@2 , 5 = Ne Ae , 9 = ’ 2 7
| ROTEFO) 0% S S (RO F000) + B 0.
=°1 n=0
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We explained how we numerically solved the problem using the Uzawa method combined
with a preconditioned conjugate gradient method, where the preconditioner is the matrix
representing the pressure norm (||p||, @ T | J)l/ ?, which is well suited for this problem.
Then, to address the large size of the matrix A, we applied a domain decomposition
method with the Schur complement. We also detailed how the right-hand side was
computed when f ¢ L2(Q).
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Chapter 9

Numerical illustrations

Contents
9.1 Validation of the theoretical convergence rates. . . . . . . 129
9.2 Comparison of Different Numerical Schemes . . .. .. .. 133

9.3 Impact of mesh regularity on the stability and accuracy
of the DG scheme P}Zg—P(}g ................... 138

In this chapter, in Section 9.1, we confirm the theoretical results of Chapter 7 on both convex

and non-convex domains. In Section 9.2, we demonstrate the effectiveness of the new method

introduced earlier when v is very small. Finally, in Section 9.3, we show the influence of the

mesh regularity on the numerical results.

9.1 Validation of the theoretical convergence rates

Denote by P];; — Pcllcgp the DG scheme s.t. (up,pp) € PS; X Pfg”. We recall that IIj, (resp.

7p,) is the L2-orthogonal projection onto Xy, (resp. X},). The errors are given by:

eo(up) == [[Ipu — wpllr2)  and  eo(pn) = lmnp — prllr2@)
e1(up) == [|Grad p(IIyu —wp)[[L2(0)  and  eq(up) = | divy, upllr2()

The convergence rates of eg(uy,) and €y(py,) are denoted by 7, and 7,.

The results are given here for v = 1.

For (a, 8) = (0.6, —0.4). Then (u,p) € Homax(Q) x Hmax(Q), with opmax = 0.6. Hence

(Tuv Tp) = (1 + Omax , Umax)-
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For the non-convex domain, consider Problem (5.7) with Q = (0,1)%\[3,1] x [0, ] and (u,p) €
H!*omax(Q) x Homax(Q) given in [37]. Tt is studied in [97] and [19], with oyax = o ~ 0.54,
ay =a+1and w=37/2:

air,§) = 10 (cosw)ww)+a+sin<e>w<9>)
(9.1)
plr,0) = = (a) 7 () %0r(0) + 99 (0)

Where 1(0) = (ay )"t sin(ay ) cos(aw) — cos(ay 0) — (a_)~! sin(a_ 0) cos(aw) + cos(a_ 6).

We expect 7y =2~ 1.09 and 7, = a.

‘
.

2 12
08

. -
04 ‘

1 1

05 02 05 r

0 0 - - . 0 I

o 02 04 06 08 1

(a) Velocity u, (b) Velocity u, (c) Pressure p

Figure 9.1 — Velocity components and pressure field.

Let us consider the P}lg — Pdlg scheme. Figures 9.2b and 9.2a represent f(uy,), € (up), €5 (up)

and € (py) against the mesh size.
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s X -
_ ) M—‘l —
1072 *f//'/" ! %s
- 5| e
5107 e 5 103
10-6 —o—co(uy) = eo(pn) 107° —o—co(up) —=—eo(pn)
|| ‘+51(uh)+5d(uh) | | ‘+51(uh)+5d(uh)
1072 1071 1072 1071
h h
(a) Test-case (8.5) (2 convex), (o, ) = (b) Test-Case (9.1) (© non-convex).

(0.6,—0.4), v =1

Figure 9.2 — Plots of o(uy) and €o(ps) against the mesh size with Py, — P;, scheme.

Convergence rates between two consecutive meshes are recorded in Table 9.1. In both

test-cases, we observe a good agreement with the theoretical ones (theorem 7.6).

test-case T theory | mesh 1-2 | mesh 2-3 | mesh 3-4 | mesh 4-5
Tu 1.6 1.50 1.54 1.57 1.58
(8.5) (€ convex) TGradu 0.6 0.58 0.59 0.6 0.6
Ty 0.6 0.46 0.51 0.55 0.57
Tua 1.09 1.02 0.99 1.08 1.08
(9.1) (Q non-convex) | Tgraqu | 0.54 0.61 0.56 0.55 0.54
Tp 0.54 0.68 0.77 0.60 0.56

Table 9.1 — Convergence rates computed between two consecutive meshes.

The test case corresponding to the non-convex domain (9.1) is valid only for v = 1. Otherwise,
the right-hand side f would not be zero and would not necessarily belong to L?(€2). On the
other hand, the test case associated with the convex domain (8.5) is valid for any v.
Therefore, we choose different values for the parameters «, 3, and v. For example, for o = 0.8
and 8 = —0.2, we obtain s = 0.8. The convergence rate for the velocity is then 7, = 1.8, and
for the velocity gradient and the pressure we have Tgradu = 7p = 0.8. These results hold for
any v; in our tests, we chose v = 1073 and v = 1076:

Let us consider the Pcllg - Pc}g scheme. Figures 9.2b and 9.2a represent g (uy), €4 (up), €5 (up)

and ef(pp) against the mesh size. Observe that the errors are lower when the domain is
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convex.

10°

1072

error

10~

1076

(a) Test-case (8.5) (2 convex), («, /)

—o—co(uy) —®— go(pn)
—o—c1(up) ——eq(up)

1072

1071

10°

10°

error

1073

—o— €o(uh) —&— g (Ph
—o—c1(up) —+—eq(uy

 — |

106

1072
h

107!

(b) Test-case (8.5) (© convex), (a, )

(0.8,-0.2),v = 1073 (0.8,-0.2),v =106
Figure 9.3 — Plots of g9(uy,) and €y(pr) against the mesh size.
test-case T theory | mesh 1-2 | mesh 2-3 | mesh 3-4 | mesh 4-5

Tu 1.8 1.50 1.8 1.8 1.8

(o, 8) = (0.8,-0.2),v =102 | Tgradu | 0.8 0.8 0.8 0.8 0.8
T 0.8 0.79 0.8 0.8 0.8

Tu 1.8 1.8 1.8 1.8 1.8

(o, 8) =(0.8,-0.2),r =10"% | Tgradu | 0.8 0.8 0.8 0.8 0.8
Tp 0.8 0.78 0.79 0.8 0.8

Tu 1.55 1.54 1.54 1.55 1.55

(o, B) = (0.55,—0.45),v = 1072 | Tgradu | 0.55 0.55 0.55 0.55 0.55
Tp 0.55 0.54 0.55 0.55 0.55

Table 9.2 — Convergence rates computed between two consecutive meshes for the
Test-case (8.5) (€2 convex), with different values of «, 8 and v.

Although this is not covered by our theory, in order to delve deeper into the convex case,

we take a value strictly lower than %, for example, s = 0.4. This corresponds to the test

case (8.5) where a = 0.4 and 5 = —0.6.
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10° E ./*’J;;:IL
— Bl h
§ 10_1§ W&%
W02 <]
/53 1073; /'/'/ ;
$ %

10~ | —®—co(un) —=—eo(pn)

_5 I H ‘+51(uh)+sd(uh)
10 1072 107!

h

Figure 9.4 — Test-case s = 0.4 (2 convex)

In Figure 9.4, we observe that the convergence rate stabilizes around 1.4 for velocity and 0.4
for pressure; they thus behave like 1 4 s and s, which is similar to the case where s > % We
have not developed a theory for the case where s < % because it is impossible to break the

duality brackets in equation (6.4).

9.2 Comparison of Different Numerical Schemes

In this section, we compare the numerical results obtained using the classical discontinuous
Galerkin scheme, where k, < ky, with those obtained using the new numerical scheme, where
kp =ky+ 1.

Consider test-case (8.5) with («, 8) = (6,3). We compare DG schemes with different pairs of
polynomial orders (ky, kp).

On figure 9.5 we plot the errors € (uy,) and &4(py) against the mesh size with v = 1072,
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9.2. Comparison of Different Numerical Schemes

test-case T Pég — Pdlg Pflg — Pjg P}ig — Pd29 Pflg — ng
Tu 1.96 2.99 2 2.97
v=1 TGradu 1 1.95 0.94 1.93
Tp 1 1.94 1.3 1.73
Tu 1.97 2.99 2 3
v=10"% | Tgradu 1.02 1.98 0.94 1.97
Tp 2 2 1.4 1.77
Tu 3.1 2.99 2.07 3.74
v=10""| Tgradu 2 1.98 0.96 2.83
Tp 1.94 2.22 1.6 3.14
Tu 3.11 2.99 3.70 3.74
v=107% | Tgradu 2.03 1.99 2.92 2.86
Tp 2.11 2.22 2.97 3.15

Table 9.3 — Convergence rates computed between meshes 2 and 3, for a = 6, § = 3,
and several values of v.

In Figures 9.5, 9.6, and 9.7, we observe that when v is small, the P! — P? scheme is more
effective than the other schemes presented.

Regarding the experimental convergence rates reported in table 9.3, we first recall that the
expected convergence rates for the P¥ — P¥ and the P¥ — P*~! pairs are k + 1 for 7, and k
for both Tgraqu and 7,. Moreover, a closer look at the proof of Theorem 7.5 tells us that
the expected rates of convergence for the P¥ — P**1 pair should also be k for both Tgradu
and 7.

So, for v = 1 and v = 1072, the expected theoretical rates are confirmed, except for the
pressure convergence in the P'—P! scheme and v = 1072, where we observe a superconvergence
phenomenon. Observe that the pressure converges slightly faster than expected for the P'—P?
scheme, and slightly slower than expected for the P2 — P? scheme.

For v = 107 or v = 107%, we again observe superconvergence for all schemes except for
the P?2— P! scheme. Superconvergence can be explained most likely because we are in the
pre-asymptotic convergence regime (h not small enough); with sufficient refinement, the
convergence rate should tend toward the expected asymptotic behaviour.

Now we fix v = 1075 which is close to the kinematic viscosity of the pressurized water in
nuclear reactor core and. In order to compare DG schemes with different pairs of polynomial
orders (ku, kp), we plot the error ef(uy), € (uy) (resp. €f(pp)) against the mesh size on
Fig. 9.7 or against the CPU time on Fig. 9.8.
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— Pclig - Pdlg vS ng - Pjg: for a given CPU time, the error £ (uy) and the error £§(py,)
are similar for both schemes (with a slight advantage for P?lg — P;g on the pressure
error). However, using the P}lg — Pjg scheme requires less memory footprint and seems

therefore more efficient.

— Pcllg - Png vs Pflg - Pjg: for a given CPU time, the error €f(py) are similar for both
schemes, and the error ef(uy,) is better using the Pcllg — szg scheme, which therefore

seems more efficient.

— PY — P! scheme combines a finite-volume discretization for the velocity, where the
definition of the gradient is applied on the interfaces as indicated in (6.52), with a
discontinuous Galerkin finite-element method of order 1 for the pressure. This scheme
is numerically stable. It is less accurate than the other scheme but significantly faster

than the other methods. These results should be regarded as preliminary.
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Figure 9.7 — Plots of f(uy), €% (u) and &f(py) against the mesh size.
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Figure 9.8 — Plots of £;(uy,) and &4(p;,) for v = 107% against CPU time (s).

Observe that for a given CPU time, the Pcllg — ng scheme yields better results. Additionally,

it exhibits the fastest convergence rate.

9.3 Impact of mesh regularity on the stability and accuracy
of the DG scheme Pclig—Pdlg

In order to analyze the impact of mesh regularity on the accuracy and stability of the
numerical scheme, we construct two 2D meshes with the same number of degrees of freedom:

one is a regular (isotropic) mesh, and the other is strongly anisotropic.

We compare the numerical results obtained using these two types of meshes for the test
case (8.5), with parameters v = 1072, a = 4, and 3 = 2. In this case, the exact solution (u, p)
belongs to the space H?(2) x H'(2), which implies that both the solution and the domain are
regular. This study is not only intended to observe differences in terms of accuracy, but also
aims to analyze the numerical stability of the method , which is reflected in the convergence

rate.
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scheme P} P,

Figure 9.9 — Regular (isotropic) mesh Figure 9.10 — Anisotropic mesh

The figures above show the two meshes used in the numerical simulations. For the anisotropic
mesh, the mesh regularity parameter o, varies in the interval [4.3, 169.69], while for the
regular mesh, we have oy € [2, 2.64].

Numerical simulations are carried out on 5 mesh levels. The first level corresponds to the
meshes shown above, and each triangle is refined by subdividing it into four at each level.

We first present the results obtained with the anisotropic mesh using P}lg — Pdlg scheme:

w T T T 11117 101 /./'
100 " ——o .//
T 10_1 L
. —2 ;g;azﬂ— 1 /{
3 10 é‘ I:1<£——0/.
= —
ST = 107
= —o—co(uy) = go(pn) 10-5 —e—¢co(uy) —=— <o(pn)
| eei(up) ~—ea(un) —o—c1(up) ——eq(un)
10* 10° 10795 10° 1095
Degrees of freedom Mesh size h

Figure 9.11 — Error plots with respect to the mesh size and the number of degrees of
freedom for the anisotropic mesh.

The scheme does not converge as h tends to zero. This is consistent with the dependence of
the coercivity constant on the mesh regularity.

Now we present the results obtained with the isotropic mesh:
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Figure 9.12 — Error plots with respect to the mesh size and the number of degrees of
freedom for the isotropic mesh.

It is clear that with the anisotropic mesh, the discontinuous Galerkin scheme Pjngjg is less
stable and less accurate compared to the results obtained with the isotropic mesh. This
observation is in line with theoretical expectations, since the coercivity constant (which

ensures stability) depends on the mesh regularity.
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9.3. Impact of mesh regularity on the stability and accuracy of the DG
scheme P} P,

In this chapter, we perform a numerical validation of the theoretical convergence rate
results. We propose a test case in a convex domain, where the solution regularity depends
on the parameters o and (3, as well as a test case from the literature in a non-convex
domain. The numerical experiments confirm that the obtained convergence rates are
optimal.

In the second section, we compare the numerical results of several DG-type schemes and
demonstrate that the new P*~P**! scheme, with & > 1, is the most robust when the
viscosity v is very small.

Finally, we investigate the effect of mesh regularity on the numerical schemes and show
that mesh irregularity significantly affects both the accuracy and stability of the numerical
method.
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DGFEM with exponential Basis
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We carry out this work with the goal of integrating it into the numerical simulation of the
Navier-Stokes equations, which model many physical phenomena related to fluid flow. Our
approach is progressive, ensuring a thorough understanding and rigorous validation at each
step. We begin with the advection-diffusion equations, which capture the balance between
convective transport and diffusion. These equations form a fundamental starting point, as
they allow us to test the robustness of our method in simple yet representative scenarios.
Next, we move on to the Stokes equations, which describe flows at low Reynolds numbers,
where viscous effects dominate. Once these equations are mastered, we address the Oseen
equations, a generalization of the Stokes equations that incorporates linearized convective
terms. This intermediate step is crucial to verify the stability and accuracy of our approach
in regimes where convective effects begin to play a significant role.

Finally, this progression naturally leads us to the full Navier-Stokes equations, which model
more complex phenomena, including the nonlinear interaction between convective and viscous
terms. This gradual approach ensures that our non-polynomial discretization method is
well-suited and effective for addressing a wide range of problems, from diffusion-dominated

to convection-dominated regimes.
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Chapter 10

Advection-Diffusion Problem

Contents
10.1 Brief Bibliography . . . . . ... ... .. .00 147
10.2 Continuous Advection-Diffusion problem . ... ... ... 148
10.3 Discretization of the Advection-Diffusion problem . ... 149

10.1 Brief Bibliography

There are many works on the advection-diffusion problem, both in the continuous and discrete
settings. For the continuous problem, classical references include the work of Ladyzhenskaya,
Solonnikov, and Ural’tseva [69], where the existence and regularity of solutions in Sobolev
spaces are discussed, as well as more recent publications such as those by Renardy and
Rogers [93] or Evans [51], which provide a rigorous analytical framework adapted to parabolic
equations. On the numerical side, many studies have focused on this problem. I mention a few
where the advection-diffusion equation is discretized using the discontinuous Galerkin (DG)
method, such as the work of Georgoulis, Hall and Houston [56]. Other works focus on the
hp-analysis of the method, like those by Houston, Schwab, and Siili [64]. Some very applied
contributions can also be mentioned, such as Mazaheri and Nishikawa [78] for high-order
stable schemes, or Lasser and Toselli [71], who designed an overlapping domain decomposition

preconditioner for DG discretizations of advection-diffusion problems.
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CHAPTER 10. ADVECTION-DIFFUSION PROBLEM

10.2 Continuous Advection-Diffusion problem

Let Q be a connected and bounded domain in R?, with Lipschitz boundary 99 for d = 2 and
polyhedral boundary 02 for d = 3. We consider the following problem:

—vAu+ (B-grad) u = f,

Upo = 9,

Find u € H'(Q) such that : { (10.1)

with B is a modeling parameter that we suppose for the moment to be bounded: B €
L>°(Q). The unknown u represents the transported quantity, which may be, for example, the
concentration of a chemical species, the temperature, or, in fluid mechanics, a (component
of a) velocity field,.... The constant parameter v > 0 represents the diffusion coefficient (or
kinematic viscosity). The vector field f € L?(Q) represents the external force field on w, and
we assume that g € Hg(Q)

By a lifting, we can transform problem (10.1) into a problem with a homogeneous Dirichlet
condition. Let u; € H'(Q) be such that

—Au; =0, and wujpg =g (10.2)

This problem has a unique solution, see Theorem 5.1 and its gradient is in L2(£2); since B
is bounded, defining f| := f — (8- grad ) uy, we have f; € L?(Q). Then problem (10.1) is

equivalent to the following problem with & = u — wu :

—v Al + . d)a = ,
Find @ € H'(Q) such that : vALTt (8- gra ~) “ J1 (10.3)
U|@Q = 0.
Thus we can always assume, without loss of generality, that g = 0.
We consider the following continuous bilinear form:
0 HY Q) x HY(Q) — R (10.4)
, u,v = v (u7 U)Hé(Q) + ((,3 ’ grad)u7 U)LQ(Q)

We can express problem (10.1) equivalently as follows: Find u € H}(Q) such that for all
v e HHQ):
a(u,v) = (f,v)r2(@)- (10.5)

The fact that 8 is bounded is sufficient to verify the hypotheses of [45, Theorem 2.1], which
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10.3. Discretization of the Advection-Diffusion problem

tells us that problem (10.5) is well-posed. Therefore, there exists a unique solution u € H} ()
of problem (10.1).

Remark 10.1 In the case we are most interested in, when div 8 = 0, we can show in an easier
way that problem (10.1) is well-posed. It is sufficient to make a variational formulation for the
advection term (B-grad )u that is consistent and antisymmetric. Let (u,v) € H(Q) x H (),
we define :

t(u,v) == ((B - grad )u,v)2(q), Vv € HY ()

and we have t(v,v) = 0,Vv € H}(Q).

10.3 Discretization of the Advection-Diffusion problem

We will present the discretization using the method of discontinuous Galerkin finite elements
for the Advection-Diffusion problem (10.1). For the Laplacian problem, this has already been
done in section 6.1. As the discretization of the Laplacian ay(-, -) is coercive, our goal is to
have a discretization for the advection term (8 - grad )u that is consistent and controllable in
terms of stability. Moreover, we specialize now the vector B to be constant per cell, with its
normal component continuous across the cells. Such vectors can be for example constructed
in the following way: take a P'-Lagrange vector field ®y, defined on the considered mesh
and set on each cell Ky: B, = V X (®n)|k,. The constructed vector field 8 is evidently
constant per cell (and thus in L*°(€)) and it can be easily shown that its normal components
are continuous across the edges (in 2D) or the faces (in 3D).

We recall that k,, is the discretization order of u, and that X = [Pk“

disc

(T)]e. Let (up, vp) €

X, % X, we define 9 (up, vp,) == Z ((B - grad )un, va)) 2k, Since the normal component
lely
of B is supposed continuous across the mesh interfaces, we get that for all vy, € X}, we have

(note that we could simply write 8- ny, but we keep the average sign for later purposes)

th(on, on) = D ({8} -ny, [on] - {on}) L2y

felr

So we define:

th(un, va) ==ty (un, va) = > ({B} - nyp, [unl - {vn})r2(r))- (10.6)
fE€Ir

Lemma 10.1 By construction, we have for all up € Xy, tp(up, up) = 0.
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CHAPTER 10. ADVECTION-DIFFUSION PROBLEM

Now we can propose the discrete variational formulation of the advection-diffusion prob-
lem (10.1):

{ Find uj, € X}, such that for all v, € X}, (10.7)

an(un, vn) + th(un, vn) = (f,vn) 120

We denote by cp(up, vp) := ap(up, vp) + th(up, vg).

Remark 10.2 At the discrete level, the condition V - 8 =0 can be enforced by introducing
a vector potential in a Nédélec (H (rot)-conforming) space whose curl belongs to a Raviart—
Thomas (H(div)-conforming) space. This yields a discrete field that is naturally H(div)-

conforming and (discretely) divergence-free.

We recall the definition of the norm ||(-, -)||sip given in Definition 6.3. In what follows, to

prove the continuity of the discrete form ¢ (-, -), we need the following theorem:

Theorem 10.2 ([40, Thm. 5.3] Discrete Sobolev embeddings) There exist two pos-

itive constants oy and o4 such that:
Yy € P(Th), lvnllzz) < o2llvnllsip  and  lonllza) < oallvnllsip-  (10.8)

The quantities oo and o4 additionally depend on €2, d, k and mesh reqularity o.

Theorem 10.3 Under the same conditions as Theorem 6.3, the bilinear form cp(-, -) is

coercive and continuous on Xp X Xp:

Vo, € Xp, cp(vn,vn) > %thugip
V(’LL}L, Uh) S Xh X Xha Ch(uha Uh) < Ccnt”“h”sip””h”sip-
ProoOF.  For coercivity, we apply Theorem 6.3 , we have ap(up,un) > %HuhHgip, and

according to Lemma 10.1, we have ¢, (up, up) = 0. Therefore, we obtain:

1
ch(un, un) = §HuhH§ip-
To establish continuity, it remains to prove the continuity of ¢5(-,-). We have ¢ (un,vp) =
T + 1o, with:

7y := (B - grad up, vh) 12(q),

Tp:=— Y ({8} -nr, [un] - {vn}) o

f€Ir
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10.3. Discretization of the Advection-Diffusion problem

Using inequality (10.8), for the first term we get

IZ1] < ||BllueelIGrad pupl 2@y llvnllce) < o2llBllne @) lunllsipllvnllsip

We recall that |uy|3 = > h;l ||[[uhﬂH2L2(Ff).
f€Ir
For 75, using the Cauchy—Schwarz inequality, Theorem 10.2, and corollary 4.3, we get:

_1 1
Za] < 1Bllre@ Y, [(hy 2 [unl, b7 {vnd) L2pls
fE€Ir
1
2
< Bl | D hellonllZzor,) | lunls,
=
1
< Cykp 02 02| BllLee @) llunllsipllvnllsip-

Using the continuity result from Theorem 6.3 component by component, we obtain:

Ch(uhavh) < Ceont ||uh||sip thHsipa

where

Ceont = Cpna + (Cd,k,z o7 + 1) o2(|BlLee ()

Therefore, problem (10.7) is well-posed in the sense of Hadamard.

O
These problems are especially interesting in the advection-dominated case (v < |B]). It is
generally acknowledged that there is a connection between the advection-diffusion evolution
problem and the incompressible Navier-Stokes equations. From this perspective, designing
stable numerical methods for the simplified advection-diffusion model can serve as a good

criterion for selecting appropriate methods for the incompressible Navier-Stokes problem.
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CHAPTER 10. ADVECTION-DIFFUSION PROBLEM

In this chapter, we studied the advection—diffusion problem in both the continuous and
discrete settings. We showed that the problem is well-posed in the continuous case, and
we performed a discontinuous Galerkin finite element discretization while preserving

consistency and coercivity.
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Non-Polynomial basis

Contents

11.1 Non-polynomial basisin1d . ... ... ... ........ 154
11.2 Non-polynomial basis in two dimensions . ... ... ... 157
11.3 Non-polynomial basis in three dimension . ... ... ... 163

11.4 On constants in inverse trace inequalities of finite elements
with exponential basis. . . . . ... ... ... ........ 164
11.5 Exact evaluation of the integrals involved in the matrices 168
11.5.1 Exact integration of an exponential over a triangle K, . . . 168

11.5.2 Exact integration of an exponential times a linear function

over a triangle K, . . . . .. ... .o 0. 171

11.5.3 Exact integration of an exponential over a edge Fy

In sections 11.1, 11.2 and 11.3, we introduce a new idea in discontinuous Galerkin finite
elements, where we propose an exponential basis in one, two and three dimensions and explain

the motivation behind it. Moreover in section 11.4 we compute the parameter Cnp, which

is required to

numerical results of chapter 14, we demonstrate the effectiveness of this basis, especially for

ensure the coercivity of the bilinear form for the Poisson problem. In the

the advection—diffusion and Oseen problems.
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CHAPTER 11. NON-POLYNOMIAL BASIS

11.1 Non-polynomial basis in 1d

We propose a new non-polynomial discretization space designed to exploit the properties of
solutions to partial differential equations characterized by exponential and polynomial terms.
In one dimension, consider a constant 8 # 0 and a viscosity parameter v > 0. The solution
of the equation

—vu" + Bu' =0 (11.1)

Bx
is given by C7 + Cee v, where C] and Cs are unique and determined from the boundary
Bz
conditions. The exact solution is generated by the basis {1, e+ }.

Moreover, the solution of the associated inhomogeneous equation,

v+ pu =1, (11.2)

Bx
v

is given by % + C1 + Cee v, where C and Cy are unique and determined from the boundary
conditions. The exact solution is generated by the basis {1, eﬁTI, x}. These analytical forms
of the solutions serve as the foundation for designing an adapted local basis for discretization
spaces in 1d.

The main idea is to define, on each element, a local basis that includes the exponential terms,
while taking into account both their limit behavior (for instance, when certain parameters
become very large or very small) and their numerical effects, such as stability and accuracy

of the computations as we shall see in the numerical results presented in chapter 14 below.
Remark 11.1 In what follows, B is not necessarily piecewise constant.

For order 1, the proposed basis on cell Ky, with ¢ € T, is defined as:

byp(z—xp)

where z, represents the barycenter of the cell, and by = f|, if 3 is piecewise constant. On
the other hand, if 5 is not a constant parameter, one may choose for by a local representative
value like by = B(z¢) or other choices that will be detailed in the section 12.4. We denote by
b the vector of RVK that contains all the by, for all £ € Zx. In figures 11.1 and 11.2, I show

the non-polynomial basis function, denoted by ¢

bp(z—xyp)

bpi=e v

on a cell [0, 0.25], as a function of the ratio b"'Th. Since we fix h = 0.25, we vary the parameters
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11.1. Non-polynomial basis in 1d

v and by. For example, if we set by = 1, we get Figure 11.1:

-10°
1.1} 2
2 [ -
> 1F . =

1 [ -
09 i | | | | 0 L | | | |

0 0.1 0.2 0 0.1 0.2

T T
(a) p withby =1, v =1 (b) ¢ with by =1, v = 1072

Figure 11.1 — Comparison of the shape of the basis function ¢ with varying v

If by = —1, for example, we simply change the sign of by, and the shape of ¢ becomes:
-10°
[
1.1 2
2 [ -
> 1 i >
1 [ -
09 i | | | | 0 L | | | l
0 0.1 0.2 0 0.1 0.2
T x
(a) ¢ with by = -1, v =1 (b) ¢ with by = —1, v = 1072

Figure 11.2 — Comparison of the shape of the basis function ¢ with changing v

Remark 11.2 When the ratio % is very small, ¢ converges to 1, which corresponds to the
first component of the basis, so in that case the two basis functions would become almost
colinear. In order to avoid this possible numerical issue, we can replace ¢ by ¢ — 1, and

additionally multiply by ﬁ so that the term

(¢ = V5w

converges to w;fe as the ratio % becomes very small, as a Taylor expansion shows easily.
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This modification helps stabilize the computations. Therefore the considered basis is:

by(z—xp) v
1 v =1 — 11.
o ) ) (13

(@—ay)
NP!(K,) := span <{1, (ebe e — 1> V}) .
by hy
o h

By Taylor expansion, this basis converges to the polynomial basis when the ratio bT

We denote:

is

small. In this figure, we plot the polynomial basis ¢p := *5** and the non-polynomial basis

UYNPp = ebe(zu_”) — 1) ﬁ, when the ratio @ is small, for example with b, = 0.01, v =1,
and h = 0.25:

0.5 - 0.5 2

> 0 | > 0 s

—0.5] | | - —0.5] | | -

0 0.1 0.2 0 0.1 0.2
T T
(a) ¥np (b) ¥p

Figure 11.3 — Comparison of the shapes of the basis functions ¥p and ¥ yp when
bl —0.0025

We can observe the difference when the ratio bfTh is far from zero. For example, we take
v=10"2 by =1, and h = 0.25.
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11.2. Non-polynomial basis in two dimensions

-10%
|
11 i 0.5 .
=051 1 = 0r 1
0f \ \ \ | =05 \ \ \ i
0 0.1 0.2 0 0.1 0.2
A xXr
(a) ¥np (b) ¥p

Figure 11.4 — Comparison of the shapes of the basis functions ¥p and ¥ yp when
beh — 95

14
For higher orders, this basis is enriched with additional terms to capture more complex
variations; for example, the third term in this family enriches the spanned space by a first
order polynomial, but when % tends to 0, the spanned space is very much like the second

order polynomial space, like again a Taylor expansion shows:

(z—xp) (z—zp) — 2
L (ebe —20) 1) v ,(ebg o0 4 be(z {L‘g)> < v > .
be hy v by hy

We denote:

by(a—ay) v by(z—ay) bz(ﬂ?—w))( v )2
NP%(K) = 1 e e e -
(Ky) Span{ ,(e )bghe’(e v be hy

The dependence of this space on the parameter b, is a major advantage for adapting the

basis to the problem to be solved. This feature is particularly beneficial, provided that one
knows how to choose by appropriately, since in the Oseen or Navier—Stokes problem the vector
field B is not constant, especially in dimensions 2 and 3. In what follows, we define the

non-polynomial basis in two and three dimensions.

11.2 Non-polynomial basis in two dimensions

In dimension d = 2, we have b € RV.*2 a5 a piecewise constant vector field, we denote by
B¢ the value of 8 in cell Ky, we choose by = By, for all £ € Tx. The point Xy represents the
barycenter of the cell K,. We denote by bKL the vector orthogonal to by, i.e., bgL -by =0,
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CHAPTER 11. NON-POLYNOMIAL BASIS

having the same norm as by.

The local basis of order 1 is constructed on each triangle Ky based on the form:

| et by - (x =)
’ " hy|bel| '

We denote by = and y the first and second components of x, respectively, and by x, and y,

the first and second components of xy, respectively. We define the polynomial basis in 2d as

{1 T —xy y—yz}
) h( ’ hE .

Remark 11.3 The principle of Remark 11.2 in 1d also applies in 2d. To avoid numerical
) bl he by-(x—x¢) by-(x—x)
issues when the ratio *=—* is very small, we replace e v by (e v — 1)m

which helps stabilize the computations. The resulting basis is then

L ebe'(i—x/z) . v ’ by - (x — x¢) ‘
hy by he [[be||

Moreover, this basis converges to the polynomial basis when the ratio

byl he -
[belihe ;o very small,

since the second function in the basis tends to a linear one in the direction orthogonal to the

third one, so that both directions are indeed taken into account.

In figures 11.5, 11.6, 11.7 and 11.8, we show the form of this basis with different forms of
v, by, and also when by is orthogonal to one of the edges of the cell K;, we denote in these

by-(x=xg) by (x=x¢)
o S — Dy xTxe),
figures ¢ :=¢ ; and ¢g : he bl
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11.2. Non-polynomial basis in two dimensions

EN 08
LN

02
"

06

(a) ¢ (b) ¢2

Figure 11.5 — The shapes of the basis functions ¢; and ¢, when v =1, b, = [1, 2], and
h=3.

In this figure we take by perpendicularly to an edge of the cell Ky, and v = 1.

(a) &1 (b) ¢2
Figure 11.6 — The shapes of the basis functions ¢; and ¢, when v =1, b, = [1, 1], and
h=1
2

In this figure alose we take by perpendicularly to an edge of the cell K, but v = 10~
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25000 08

20000
\ ]
15000 02
0

10000 2

5000 u
26

0 08

1 1

(a) ¢1 (b) 2
Figure 11.7 — The shapes of the basis functions ¢; and ¢, when v = 1071, b, = [1, 2],
and h = %

To understand the effect of v on the exponential basis, we redraw the same previous figures

under the same conditions on h and by, but with v = 1071,

(a) ¢1 (b) ¢2

Figure 11.8 — The shapes of the basis functions ¢; and ¢, when v = 1071, b, = [1, 1],
and h = %
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11.2. Non-polynomial basis in two dimensions

The ratio M changes sign inside the element. If this ratio is positive and very large,
there is a risk of obtaining terms that blow up in the implementation, as for ¢, in Figure 11.7.
We note that with the above parameters for h and by, then if v < 1072, some terms tend
numerically to diverge to very large values. To address this, we impose an additional condition:
let Ky be an element, we choose Xy such that by - (x —%y) < 0 for any x in the triangle K.
This construction ensures that the exponential basis function remains bounded in asymptotic
regimes and at the same time allows for a more accurate representation of local solutions
to the considered partial differential equation. This is particularly relevant for problems
where convective terms dominate diffusive ones (||b|| > v). Consequently, this approach
provides increased flexibility for numerically solving partial differential equations across

various regimes.

Proposition 11.4 For a given triangle K, and a given vector by, there exists a point X, € K,
such that
Vx € Ky, by (x—%4) <0, (11.4)

and Xy is one of the vertices of Ky. If by is not orthogonal to any edge of Ky, then X, is

unique.

PROOF. Let, Sf, S%, S be the vertices of triangle Ky and Myax = max{by-S¥, by-S5, b,-S5}.
We know that for every point x in K, there exist o, ao, a3 three positive real numbers such
that 2?21 oa;=1and x = 2?21 «;S;. Then we have by - x < (Zg’zl ;) Miax = Max. Now
we can choose

Xy = arg max Z{bg .S by - S%, by SE) (11.5)

109293
and we get (11.4). For uniqueness, suppose that by is not orthogonal to any edge of K, and
assume that there exist two points satisfying (11.5). Let these points be S and S%. Then
we obtain by - (S{ — S§) = 0, which means that by is orthogonal to the edge S{S% of Ky, a

contradiction. Hence X, is unique.

]
~ by (x—%p)
So we define ¢ :=e =" . In Fig. 11.7, we can see the shape of ¢; when by = [1,1] and

h= % with two different values of v:
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CHAPTER 11. NON-POLYNOMIAL BASIS

(a) él (b) (52

Figure 11.9 — The shapes of the basis function ¢; for v = 107! and v = 1072,
respectively.

We note that ¢1 and ¢;, shown in Figures 11.7 and 11.9, respectively, have the same shape.
However, ¢; is unbounded in the sense that if v tends to 0, it numerically diverges to +oo (it
already has large values when v < 10~2 whereas ¢; remains bounded by 1 for any value of v.

So now we can define the space NP(K), for any ¢ € Zx:

by (x—%¢) v by - (x — %¢)
NP!(K,) :=span [ {1, (e v — 1) , L .
ey = <{ hellbal” e [l

For higher-order bases, this construction is enriched by adding additional terms of polynomial

degree 2 or higher, or even non-polynomial terms. Thus, when we write NP*(K;), we mean a

space of dimension U;’:j!)!, which contains NP!(K,). Now we can define the non polynomial

discrete space:

NP ..(Th) = Jve L?(Q)|Vle Ik, vk, € NPL(K)) ¢,
NPE. (Th) = Jve L(Q)|V e Ik, VK, € NP*(K,) b,
Npljzsc(ﬁl) = [Npk(Kf)]dv d= 17 2.

Remark 11.5 Why do we chose the dimension of P*(IK,) to be (ifj!)! ? This choice ensures

that, when comparing the numerical results of the polynomial and non-polynomial bases, both

bases have the same number of degrees of freedom.
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11.3. Non-polynomial basis in three dimension

11.3 Non-polynomial basis in three dimension

In dimension d = 3, we consider b € RV5*3 as a piecewise constant vector field. We denote
by by the value of b in cell Ky, and set by = B, for all £ € Tx. The point xy represents
the barycenter of the cell Ky, and X, is one of the vertices of the tetrahedron K, such that
by - %Xy < 0 for all x € K;. We denote by bé’L and bz’L a linearly independent pair of vectors
orthogonal to by, i.e., b;’J‘ -by =0 and b?’J‘ - by = 0, and they are linearly independent.

The local basis of order 1 is constructed on each triangle K, based on the form:

1 ( by (x—%) 1) v > bé’J‘ - (x — xy¢) b?’J‘ < (x —xy¢)
y (€ v - ’ ) .
[[bel| 72 he [[be| he [[bell

So now we can define the space NP!(K,), when K, € R?, will be:

NP!(K,) := span ({1, GW —1) v > ’ bé7L - (x —xy) b?’L (x —x0) }) '

[bel| he helbell 7 hellbyg||

Remark 11.6 A natural question arises: in 1D, the solution of the advection-diffusion
problem (11.1) is given by
Bx
Cl + 02677

but in 2D or 3D, the problem becomes
—vAu+ (B - grad )u = 0. (11.6)

Without boundary conditions, multiple solutions may exist. Let us denote B(;) = B;e; for
i=1,...,d, where B; is the i-th component of B, and B(; j == Bie;+Bje; fori,j=1,...,d,
1< 7.

We define

B-x Pay> Papn™> .

vi=ev, vii=e v ,i=1...,d, wvj:=e v ,i,7=1,...,d,1<].
Any functionu € span ({1,v,v; 5 [t =0,...,d, 1,7 =1,...,d, 1 < j}) satisfies equation (11.6).
This raises the question: in 2D there are 3 forms and in 3D there are 7 different forms for

Be¢; why did we choose the form by = B in our basis?

The answer is that it is possible to choose a form of by different from B, but by must be

nonzero. We have chosen by = B in dimensions d = 2,3 because this represents the natural
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CHAPTER 11. NON-POLYNOMIAL BASIS

extension of the 1D basis to 2D and 3D. Other forms could be introduced if we choose k > 1.

11.4 On constants in inverse trace inequalities of finite ele-

ments with exponential basis

In the Polynomial case, the central result to prove that the discrete Poisson problem is
well-posed was the coercivity-continuity property stated in Theorem 6.3. Looking at its proof,
the only ingredient that depends on the fact that the basis is polynomial is inequality (4.12)
(and its generalisation (4.15)) that is used in Lemma 6.2. In other words, one must show that
(4.15) still holds in the non polynomial case with a constant that does not diverge as h — 0.
We first recall the following results

Theorem 11.1 ([63, Theorem 4.2.2] Rayleigh-Ritz) Let A € R™ " be a symmetric

matriz. Then
xT Ax Ao (A) - xTAx
max —— = min ——
xeR" ||x||2 maxAssn xeR" ||x/|?
x#£0 x#£0

— )\min(A)a
where Amax(A) and Apin(A) denote the largest and smallest eigenvalues of A, respectively.

Corollary 11.7 Let A € R™ "™ be symmetric. Then, for all x € R",
Amin (A) [x]* < xTAx < Amax(A) [|x]1%.

Then, we are ready to generalise (4.15)

Theorem 11.2 For all £ € Tk, for allv € NP¥(K,), and for all f € T e, we have

1 _1/2 1/2
ol 20,y < o2 hy 2 1oll 21y, (11.7)

where Cnp 1s a positive constant depending on d, k, and the shape of Ky;. Moreover, as

he — 0, Cnp converges to a strictly positive constant and does not diverge.

PROOF. Let K be the reference element (a segment in 1D, a triangle in 2D, and a tetrahedron
in 3D), and let F' be a face of K. Let

N = dim NP*(K) = (k Z d),
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exponential basis

and let (¢, )n=1,.. N be an LQ(K)—orthonormal basis of NPk(IA(), ie.,
(wiﬂbj)f(:/Rwi(w)@bj(-%)dx:éip Vi,jE{l,...,N}.

For any v € NPk(K), there exist coefficients (0y,)n=1,..n € R such that

N
n=1

We denote the vector of coefficients by

A~

U= (Un)nzl,‘..,N-

Since the basis () is L?(K)-orthonormal, it follows that
012, g, = 191
Moreover, the coefficients 9,, can be expressed as
Op = /Kv(x) W (x) de.
Now, let F € RV*N be the matrix defined by
Fiy= [ 0@ v, de, 1<ij <N,

where F' denotes a face of K. We denote by p(F) the spectral radius of F. Then, for any
v € NP*(K), one has

HUHiz(p) = UTF .

Since F is symmetric using corollary 11.7, we obtain the following inequality:

Iol2a 0 < 2(E) 0123

For all ¢ € Tg, K, be an element, hy the diameter of K,, and Fy a face of K i.e f € Zpy.
Using inequalities (4.5), (4.6) and (4.9), we obtain

A

. IS s
012y < bt (2d0) = p(F) ol (i
o Py "
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CHAPTER 11. NON-POLYNOMIAL BASIS

We denote by Cxp := 2d$p(ﬂ?). The next step is to realize that, contrarily to
polynomial basis, p(F) depends on hy and we must thus look at what happens when h — 0
and show that p(IF) remains bounded as h — 0. We demonstrate this theoretically in 1D for
k = 1; the same approach extends to d > 1 and k > 1.

Following [99], the proof is carried out in dimension d = 1, where the L?(Fy) norm is replaced
by the Euclidean norm for the points representing the interface. We first map the basis to a
reference element. Consider an arbitrary element K, = [af, a5] and map it to the reference
interval [0, 1] via

x = al +t(ah — ab).

We denote by hy = |a — af|, and let by be a nonzero scalar. The basis functions transform as:

1l — v :=1,
be

T—2xy bZ hé (t*l/?)

et —ug(t) =e v

Next, we construct an orthogonal basis on [0, 1] using the Gram-Schmidt process:

v —r e1 =1,
by hy

(t—1/2) _
Vg — €9 1= %’
with
v by hy _brhy
a = 0.2, V2o = 5% (e W —e )
by h by h
2 2 _ 2 Sp v _bghy
B = lm-alfagey = —at+ gy (€5 - ).

For any u € NPk(K) = {l1e1 + tiaea, we then have

u(e) < [(@)2+ (@2)7]* [(e1()? + (ea@i))?]
Hence,
u(w)? < p(F) [l Faqy with  p(F) = 1+ ea(a)®.

A Taylor expansion shows that es(x;)2 — 3 as h — 0, it follows that p(F) converges to 4.
For k,d > 1, the convergence of p(IF) can be verified numerically using the same procedure.
(]

We will present the numerical convergence of p(IF) as hy tends to zero. In one dimension:
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4 4
3.8 3.8
= 3.6 = 3.6
Y Y
3.4 3.4
3.2 b=1,v=1 3.2 b=1,v=1
b=5,v=0.1 b=5,v=0.1
0 0.5 1 1.5 2 0 0.5 1 1.5 2
he 1072 hy 1072
Figure 11.10 — d = 1, order 1. Figure 11.11 — d = 1, order 2.

For the two-dimensional case, we fix » = 10~! and work on a triangle K, defined by its

vertices S{ = [0,0], S5 = €[1,0], and S = €[0,1], and F, = [S¥, S%] with € varying from 1 to

ﬁ, which is equivalent to hy varying from /2 to T%%.We present the convergence of p(F) for

several values of by, for instance when by is collinear or perpendicular to FY.

20
15
B
QU
10
b =[01]
— b=[10]
5) —b= [17 1]
0 0.5 1 1.5

h

Figure 11.12 — d = 2, variation of p(F) as a function of h.

These figures validate that the constant Cxp in the inequality (11.7) converges to a positive

constant as h tends to 0.
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11.5 Exact evaluation of the integrals involved in the matrices

Numerically, we implemented the exact integrals for the mass and stiffness matrices, as well as
for the advection term, when using the non-polynomial basis, and similarly for the right-hand
side. To achieve this, I wrote functions that compute the integrals as accurately as possible.
In this section, I present a small part of the computation to give an idea of how these integrals
were evaluated. Let K be the reference triangle with vertices (0,0), (1,0), and (0,1), and let
K, be a triangle in the mesh with vertices S, S5, and Sé, where Sf = (:Uf, yf) fori=1,2,3.
We define an affine transformation Ty : K — K;. According to Paragraph (4.3) it can be

written in the following form:

4 4 V4 l V4 2,

N T1 Lo — &1 T3 —T7| (T
TZ($ay) = ¢ + ¢ 0 00 ~ (118)

Y1 Y2 = Y1 Ys — Y1 Yy

o — ot o —

vs— b vh—ul

Jacobian Jy is constant over K, and Ty(K) = K;. Recall that |J;| = det(By). It holds:

For simplicity, we denote by B, :=

], %X := (Z,9). Since T} is affine, the

| Je| = 2Ky

11.5.1 Exact integration of an exponential over a triangle K,

Let by € R?\{0}, x{ € R? . In this section, we aim to compute the exact integration of the

term

/ exp(by - (x — x)) dx.
Ky

According to the geometric mapping Ty (11.8), for any x € Ky, there exists X such that
x =Bk + St = Sf + (S5 — ShH)a + (S5 — SD)g.

Thus, we can write
x—xi{ = By(x—x%{)
be- (BiX) = ai+ B
b - (BX]) = by-(x{ - 5))
where
a=bg (S3—57), B=bg- (55— 5.
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11.5. Exact evaluation of the integrals involved in the matrices

By transforming to the reference triangle, we obtain
/ exp(be - (x — x4)) dx = 2| Klexp(be - (S — x%)) / exp(ad + B) d& (11.9)
K K

Let us begin with the calculation:

1 —i+1
/A exp(at + By)dx = / exp(a:n)/ exp(B9) dj dz
K o .
(ifp#0) = % ; exp(at) exp(,@’(—i’ +1)) —1)dz
0
= 3 (eXP exp (= B)Z) — /1 exp(Oé@)

(ifa #0and a — 8 #0) % (eXp( (exp(ar — B) — 1) — L (exp(a) — 1))
= 1 (55 (exp(a) — exp(B)) - ! (exp(a) - D)

By substituting the expressions of « and 3, we obtain:

/RQXP(O&IA? + ﬂg) dx = bg'(S%—Sf) (be.(sg_sg) (exp(bf . (Sg - S{)) - eXp(bZ : (Sg - S{)))

—m (exp(b- (SS - Sf)) - 1) )

Finally, if 5 # 0, a# 0 and o — 8 # 0 we obtain:

¢ _ 2| K| 1 0 ¢ 1 Vi
/Kz exp(b - (x —x7))dx = b.(sﬁ_esf) |:be.(5'§_sg) (eXP(bE - (83 —x1)) — exp(bg - (53 — X1)))

5oty (exp(be (85— x0)) - exp(br - (51 - x0))]

Now, let us treat the case 5 = 0; then a # 0 since by is nonzero and we get

/f( exp(ad) Rhi = /O 1exp(a§:) /0 T
= /0(—§c+1)exp(a:i')
= 3 (- (~a(ep@ - 1) -1)

By substituting the expressions of «, we obtain:

/kexp(ozi“)fc = m< — (b_(sglsle)(exp(bg (S5 —8%)) — 1)) — 1)
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Finally, if 5 = 0 we obtain:

¢ _ 2| K| 1 ¢ ¢ 1 1
/Kz eXp(b[ : (X - xl)) dx = b[(Séfo) <bé‘(55—5f) (exp(bg : (SQ - Xl)) - exp(bf : (Sl - Xl)))

—exp(by - (Sf —x{))) .

Now, let us treat the case a = 0; then 8 # 0 since by is nonzero and we get

/Kexp(ﬁ?)) = /()1/()_£+1exp(,6’gj)dgjd§:
= 3 [ -2 +1) -1
1

= 3 (exp(B)(exp(—=5) —1) = 1)
= L (-3 —exp(8) ~1)

By substituting the expressions of 3, we obtain:

R 1 1
J oot ik = - (55— 59) (‘m e sy (L~ owlbe (8- 50) - 1)

Finally, if & = 0 we obtain:

[ explbe- (x=xi)dx = 2AKilggr (—bé.(sg_sf) (exp(be - (Sf —x{)) = exp(by - (55 - x1)))
£
—exp(by - (5f - x{)))

The last special case is when « # 0 and 8 # 0, but a — 8 = 0, and we get

/A exp(af + fg)dx =
K

= 1 [ explad) (ep(B(—3 + 1) - )iz

B
= 3 (o)~ [ explad)

% (exp(8) = & (expla) — 1))
8

- o\
_
e}
]
o
—~
Q
>
D\I
2>
+
—

[©]

4
s
=
<

QU
N3

QL

=

By substituting the expressions of « and 3, we obtain:

1
by - (85— S1)

1

by - (54— SY) (exp(be (85— 8y — 1))

/K exp(ai+p49) d& = (exp(be (S§—87)) —
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11.5. Exact evaluation of the integrals involved in the matrices

Finally, if & — 8 = 0 we obtain:

¢ _ 2| K| 1 0 ¢ 1
/Ke eXp(bZ ' (X - Xl)) dx = bg-(SﬁiSf) |:_ bg-(Sé—Sf) (eXp(bZ ' (SQ - xl)) - eXp(bg : (Sl -X

bexp(by - (5§~ x1))|

. If the ratio B‘Vh" is very small, where hy

N

Remark 11.8 Numerically, we have by, =
denotes the diameter of Ky, it is preferable to approximate this integral using methods such
as Gauss quadrature, or by performing a Taylor expansion up to a high order, because the
exponential term rapidly approaches machine zero, and we then multiply by the inverse of

this quantity, i.e., which is very large. This combination leads to numerical difficulties.

v
by hy’

11.5.2 Exact integration of an exponential times a linear function over a
triangle K,
Let b, b € R?\{0}, and x¢, x§ € R2. For i = 1, 2, we can write:

bl (A%) = a;@ + Bid,
bf - (Axf) = bj-(x{—S]).

where
a; = bt - (85— SY), B; = bl (55— SY).

In this section, we aim to compute the exact integration of the term
[ expbl - (x = x)) b (x — x5) .
Ky
By transforming to the reference triangle, we obtain

| exp(bf - (e = x) b - (x - x5) dx =
K,
2| Kylexp(bf - (S — x{)) /K exp(a1 & + B19) (a2 2 + B2 7)) dx (11.10)

+b§ . (Sf —x5) /K exp(b{ S(x— X{)) dx.

14
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The second term of equality (11.10) has already been treated in Section 11.5.1. For the first
term:
1 —+1 —&+1
/K exp(aq 2+ §)(ai+P29) dx = /0 exp(aq ) [ag ﬁ:/o exp(B1 9) dj+52 /0 gexp(f19) dy| di.

We denote: .
1 —z+1
1= o /0 Zexp(o Z) /0 exp(f1 9) dj dz,

1 —i+1
Iy = 52/0 exp(aq :%)/0 gexp(p19) dy dz
We start with the computation:
if B1 #0, o — 1 # 0, and oy # 0:

1
I, = %—f/o Zexp(aq 2) [exp(ﬁl (—2+1)) — 1] dz

o [ (555 (exp(en) = 525 (exp(an) — exp(81)) ) ) = & (explan) — & (exp(an) - 1))}

1 —z+1
T, = B /0 explas £) /0 §exp(B19) dj dé

= g? |:061l51 (— (exp(a1) - ﬁ—/ﬁ (exp(ay) — exp(ﬁﬂ)) + (exp(ay) — exp(ﬁl))>

(s (explan) — exp(81) — (& (explan) = 1) )|
By substituting the expressions of o and 3, we obtain:

= exp(b7 - (55 — x
b¢ - (S5 — S4) [ b - (S5 — SE) (b] - (9 1)
S
bi - (53— 53)

exp(Sf — x{) T

(exp(b? . (Sﬁ — Xli)) — exp(bf : (S§ - x{))))
1
G R

~ e (bt (55— xh) — (v - (57 - x0)) )

(exp(bf - (85— x)

172



11.5. Exact evaluation of the integrals involved in the matrices

and

b(Z_ SZ_sZ
exp(S{ ~x)T = B gt (= (expbf - (55— x)

sy (exp(bf - (85— xD)) — exp(bf - (55~ x0))) )

+ (exp(bf - (85— x0) — exp(bf - (85~ x0) )

_bﬁ.(sz_gf) (b{,(sz_sg) (exp(b{ ’ (S% - Xli)) - eXp(b€ ’ (Sg - X{)))

_ (bws> (exp(bf - (5§ — x{)) — exp(bf - (5{ - X?”)) )]

Let us now treat the case 51 = O:

1 —2+1 1
Ti+1I, = ag/ Zexp(ay @)/ 1d3}d§v+,32/ exp(aq iﬁ)/ 9 dy dz
0 0 0 0
— (5~ a2)( & (explan) = Zexp(an) + & (explar) - 1) )
1

+(ag — f2) (all (exp(al) — o= (exp(en) — 1)) )
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By substituting the expressions of o and 3, we obtain:

bl.(st—st)
(2250 bl (S4-51))

exp(Sf - X{)(Il +I2) = bg.(sé_g{f (eXp(b€ : (Sﬁ - X{)) - bf.(gz_sf)e}(p(bli : (Sg - Xli))

s (exp(bl - (55— x0) = exp(bf - (5] - x0)) )

bs-(S5—5%
+ A (expbf - (5§ - 5)

—m (exp(b{ : (Sg - Xli)) - exp(b{ : (Sf - XZ{))) )
bl (SL—S?
e (exp(b - (5§ - x0)) — exp(bf - (51~ x0))

Let us now treat the case a; = O:

L = % Olzﬁ[eXp(ﬁl(—i%—l))—l} dz
= 3| -4 (1- w6 - 1) - §

1 -+l
o= G [ dexp(sii)dydi
(1 1= exp()) - (1= exp(B) ) = & (5 (1= exp(B) ~ 1)
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11.5. Exact evaluation of the integrals involved in the matrices

By substituting the expressions of a and 3, we obtain:

bé, SZ—SZ
exp(Sf —x{)I1 = W [ — sexp(bf - (S —x{)) — m (eXP(bf - (Sf —x1))

sty (bl - (8~ x0) — exp(bf - (51 = x0))) )]

bt.(st—st
exp(S{ - xT = P gty (exp(bd - (51— x1) + grahsgy (exp(bl - (87 - xD)

~exp(bf (55~ x1))) = (exp(b - (5]~ x0) ~ expbf - (5§ - x)) )

+ exp(bf - (Sf —x{))

1 1
bi-(35-57) (b{-(sg—sf) (

~exp(bf - (85— x1)) + exp(bf - (1~ x1) )

Let us now treat the case a; — 81 = 0:

1
7, = %/0 2 exp(aq 7) [exp(ﬁl (—2+1)) — 1] dz

= % [exp(ﬁl) /01 - /01 Zexp(a :Y:)}

- [%exp(ﬁl) - (eXP(al) ~ a (exp(an) - 1))}
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1 —z+1
T, = B /0 exp(a £) /O jexp(B1 ) dj dé

B2 ! A A N 1 R
= E/0 exp(aq ) [(—x +1)exp(f (=2 +1)) — 5 (exp(B (=2 +1)) —1)

= [ [T (<2 +1) - o [ epn) — expen )]

= % {% exp(f1) — 5% <GXP(/61) - ail(exp(m) - 1))]

By substituting the expressions of «; and f;, i = 1, 2, we obtain:

b4 (S5-51
exp(Sf —x))T = W {%exp(bf (S5 —x7)) — m (exp(b:{ - (55 —x1))

sy (] - (85— x) — exp(bf - (5] - x0))) )]

by-(S5—=S57)

exp(S] —x{)Iy = bt -(5i—st) [5 exp(bf - (85 —x1)) — m (eXP(b{ (S5 —x1))

sy exp(b - (85 - 1) — exp(b - (5] - x)))]
From a pedagogical point of view, one could, for example, compute integrals of the form
[ exp(bf - (x=xD) (bh - (x —xb)? dx
4

and other similar expressions. However, we do not present these computations here, as they

would involve a large amount of complex calculations.

Remark 11.9 Remark 11.8 applies to this integral, but with b replaced by b{.

11.5.3 Exact integration of an exponential over a edge F}

Let F be the reference segment with vertices (0,0), (1,0), and let F; be a segment in the

mesh with vertices Plf and PQf, where Pif = (az{, yzf) fori=1,2.

176



11.5. Exact evaluation of the integrals involved in the matrices

We define an affine transformation T : [0, 1] — F f. Tt can be written in the following form:

Ty(t) = (P{ — Pt + P] (11.11)

Since T is affine, the Jacobian Jy is constant over F, and T¢([0, 1]) = Fy and |J¢| = |Fy|.
In what follows, we only present the final result of the computation, since the detailed
derivation has already been carried out on a triangle. The case of a segment is simpler and
does not require further elaboration.

Let by, x{ € R?. We aim to compute the exact integration of the term

/ exp(bys - (x — x{))

Fy

According to the geometric mapping T (11.11), for any x € F}, there exists ¢ such that
x=(P{ —P)t+ Pl

For simplicity we denote 6 P = Plf — Pg . By transforming to the reference segment, we obtain

1
/Ff exp(by - (x — x)) = [Flexp(b; - (B — x])) /0 exp(by - 6P 1) dt (11.12)

By a simple calculation if by - 0P # 0:

| Fy|

ex (x—-x)= —"L
/Ff p(bf ( l)) bf-(PlffP({)

(exp(by - (P = x|)) —exp(bs - (P = x]))) .
On the other hand, if by - (Plf - Pg) =0, we get:

], explos - (e =x0)) = [Fylexpor - (R = x).

We can use the same principle to continue finding the exact values of the integral of the
exponential against polynomials, we will not write it here since the calculations are very

complex and long.
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In this chapter, we introduced a new non-polynomial basis, consisting of exponential-type
functions in one, two, and three dimensions. This basis is inspired by the exact solution
of the advection—diffusion problem in 1d. In 2d and 3d, the basis can be enriched with
additional terms so that it matches exactly the exact solution of the advection—diffusion
problem in these dimensions.

Then, we proved the inverse inequality (4.4) in the space generated by this non-polynomial
basis. Finally, we briefly presented how to compute the exact integrals for this basis

using a reference element.
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Chapter 12

The Oseen problem

Contents
12.1 Brief Bibliography . . . . . .. .. ... ... 179
12.2 Continuous Oseen problem . . . . . . .. ... ........ 180
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choose b7 . . . . . i i i e e e e e e e e e e e e e e e e 188

What is new in this chapter in section 12.3 is the demonstration that the discretized Oseen
problem is well-posed for the polynomial basis using T-coercivity and we replace 8 by G5
in such a way that B preserves, as much as possible, the main characteristics of 8, such as
V - 8 =0 and its boundary values. And in section 12.4 several methods to choose b in the

non polynomial basis.

12.1 Brief Bibliography

Several studies have investigated both the uniqueness of solutions and the development of
robust numerical methods for the Oseen problem. Anaya and al. [6] provide a detailed
error analysis for finite element methods applied to the steady problem in vorticity form,
demonstrating stability and convergence. Cockburn, Kanschat, and Schétzau [31] focus on
stabilized schemes for the Oseen problem, ensuring optimal convergence. Theoretical results
on uniqueness and stability are also thoroughly covered in the book by Galdi [55]. Finally,

there are many other publications dedicated to the Oseen problem in a more general context
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as these publications [5, 3, 4, 53], - - -.
In this work, we study the Oseen problem to show that it is well-posed using the T'—coercivity
method, and to perform numerical simulations using the non-polynomial basis defined in the

previous chapter 11.

12.2 Continuous Oseen problem

The Oseen problem can be seen as an intermediate model between the Stokes and the
Navier—Stokes equations. It is obtained by linearizing the stationary Navier—Stokes system
around a given velocity field, keeping a convection term with a prescribed velocity. This
formulation allows us to account for moderate convective effects while preserving the linearity
of the system. The Oseen problem is particularly useful in the study of steady flows and is a
crucial step in the analysis and numerical approximation of the full Navier—Stokes equations.
It retains the key features of the Navier—Stokes problem, such as the coupling between
velocity and pressure and the incompressibility condition, while simplifying the mathematical
treatment by fixing the convective velocity. In our model, the vector field u denotes the fluid
velocity, p is the pressure and B3 corresponds to a given approximate velocity field used to

simplify the convection term.

Let I'1, 'y C 09 be such that I't Uy = 9Q and I'y NI’y = (). We consider the Oseen problem

with different types of boundary conditions:

Find (u,p) such that:

—vAu+ (B -grad)u+gradp = f,

diva = g, (12.1)
u|F1 = 8
(-vGradu:n+ply)p, = s.

Here, g, g, and s are regular functions. However, in the theoretical analysis, we simplify the
boundary conditions by considering only Dirichlet conditions and setting g = 0 in order to

satisfy the incompressibility condition. We thus consider the following Oseen problem with

180



12.2. Continuous Oseen problem

homogeneous Dirichlet boundary condition:

Find (u,p) such that

—vAu+ (B-grad)u+gradp = (12.2)
diva =

Upqa =

with normalization condition for p: / p = 0, The constant parameter v > 0 represents the
kinematic viscosity. The vector field f Qrepresen‘cs the external force field on the fluid, and we
assume that there exists s > % such that B8 € H'™%(Q), so has the same properties as u, that
is:

B eH{(Q)NHT(Q) and divg =0.
Remark 12.1 We assume that 8 € H'*5(Q) with s > % Then, using [49, Thm. 2.31], we
obtain that B € L>(Q) in both two and three dimensions.

We consider the following continuous bilinear form:

XxX¥ — R

ao(-,-): , 12.3
ot {((uﬁp’),(v,q)) = ag ((U,p), (v, q)) + (', v) (129

where t(u’, v) = / (8- Grad)u’ - v. This integral is well defined since the three fields are in
H'(Q), as shows aQH('jlder inequality with (L%, L2, L*) combined with injection of H' into L*.
We can express problem (12.2) equivalently as follows: Find (u,p) € X such that for all
(v,q) € X:

ao ((u,p), (v,q)) = <f7V>H(1)(Q)' (12.4)
Remark 12.2 Let q € H(div;Q) and w, v € HY(Q). By integration by parts, we have

/Q(Q'Grad)w-v:—/Q(q-Grad)v-w—/Q(divq)v,W+/mq-nv-w. (12.5)

Proposition 12.3 The bilinear form ao(-,-) is T-coercive.

PROOF. The proof is similar to that of Proposition 5.1. For all
((0',p), (v,q) € X x X,

we have
ao (W, p), (v,q)) = as((W',p'), (v,q)) + t((0', ), (v,q)), (12.6)
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Let us consider (u’,p’) € X and construct a bijective operator satisfying (2.15).

According to Proposition 2.3 and Lemma 2.10, there exists v,y € V- such that

div vy =p" in Q [Vpllay) < Cavlp ), and ¥y llLz@) < Caivellp'll2@)
(12.7)
where : Cyiy2 = Caiv Cps hq.
Let us set
(v*,¢") = (W' — 1/*1\71)/, -\,
where A > 0. From the proof of Proposition 5.1, we obtain for all n > 0:

-1

s ). ) > (2 3) g+ (v = T o) Wy 129

where 7 is a positive parameter to be determined, introduced in inequality (5.13).
For the second term in the right-hand side of (12.6), we have:

t(u', v*) = —vtt(u, V)
Using (12.7) and Lemma 2.10 and remark 12.1, then we obtain:

vt [t vy))| v BllLe o) |Grad w'||pz (o) ¥ L2(e).

v~ (Cps)ha [|BllLes (@) 10 [l ) Ve 13 (o)
v~'Cps Caivha || Bl (o) 0l o) 1Pl 22(0)

IN A IA

Using Young’s inequality, for all & > 0, we have:

-1

_ - o _
v )| < S (Crs 1B (e 10 Iy + S5 (Can v ™ bl (12.9)

<<
2
Using bounds (12.8) and (12.9) in (12.6):

ao ((0',p), (v, q")) > (V)\ —3 -5 (Cps)* 1Bl Q)) Hu,H%II(Q) (12.10)
’ ’ ’ - ! . ' |
+ (V‘l — T (Can)? = 25 (Ca v 1)?) IP' 1320

We first choose 17 =20 (Cgiv)? and a = 2 (Cyiy)? v~ ! so that the coefficient in front of ||p’||2
is equal to %5—, and we look for A\ > 0 such that (1/)\ 71— % (Cpsg)? HBHLOo ) > 0, Wh1ch

amounts to requiring
A > (Chiy + (v Caiv Cps || BllLe(9)?)- (12.11)
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According to the above, under the sufficient condition that A > (C%;, + (v~ ! Caiv,2 | BllL=(0))?),
we have proved that the operator Ty € £(X) defined by T ((u',p")) = (A’ — v 1¥,, =Ap')
is such that:

o >0, ¥(u',p') € X, ao((u',p), Ta((w', 1)) > anll(w’, )% (12.12)

The continuity and bijectivity of T\ are established in the proof of Proposition (5.1).

12.3 Discretisation of the Oseen problem

The Oseen problem can be seen as a Stokes problem with an additional convection term.

Numerically, we need to implement the advection matrix corresponding to (8 - V)u, which
depends on B. Since 8 may take various forms—possibly very complicated—the exact
computation of the integrals involving 8 against the basis functions of the approximation
space can become difficult, especially because, with the non-polynomial basis, I compute the
integrals exactly for accuracy and stability reasons explained above. For this reason, I chose
to replace B with B, where B}, is the velocity part of the numerical approximation (with
usual DG polynomial spaces) of problem (12.13) below (whose solution is obviously (3, 0)).
One may ask why [} is not defined directly as an interpolation or projection of 8. The
purpose is to transfer, as much as possible in a weak sense, the property V-8 =0 to 8.
The Stokes problem we approach to find an accurate approximation of 8 by an element of

the DG space is given by

Find (B,pg) such that
—-vAB+V = —vARS,
B+ Ves P (12.13)
divg = 0,

Remark 12.4 We choose By, to satisfy a Stokes problem rather than a Poisson problem in

order to ensure that
ba(Br,qn) =0, Vqn € Ly,.

It is clear that (3,0) is the solution of problem (12.13).
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Since we replace 8 by B, in the variational formulation of the advection term, then it’s

modified as follows:

Based on the form ) (uy,, v;,) := (B - Grad ,)up, Vi)L2(0), We have:

o (up, wy) = 3 > ([Bu] - np, {un-wPrapy + Y, ({8r} -0y, [wal - {wn})rze)

f€LF FELL,

—5(div By up, up) 2.

We then define:

th(an, va) = t)(up, vi) + 5(dive Bnup, up)rzo)
=3 > ([Bu] -ny, {wnvireey — Y ({8r} -0y, [wnl - {va}) o))
J€Lp feTs,

(12.14)

Remark 12.5 We compute By, using the discontinuous Galerkin scheme Péisc . P&isc. Using

Theorem 7.6, we obtain:
[Brllver < (Cg h* + |[Bllver) (12.15)

Where Cg = Cux, Cs (v™1 (ha)'™* v ABllre1(0)).
Lemma 12.1 For all uy, € Xy, we have t,(uy, uy) = 0.

Therefore, for the discretization of the Oseen problem, everything is in place; it remains only
to verify whether the formulation is well-posed. Recall that the bilinear forms ay(-,-), bn(-,-),
and 3p(+,-) are already defined in equations (6.25), (6.26), and (6.27), respectively. Now we

can propose the discrete variational formulation of the Oseen problem (12.2)

Find (up,pn) € X}, x Ly, such that:
vap(up, vy) + Eh(uh, vi) + bp(Vh,pr) = (f, Vh)LQ(Q) Vv, € Xp, (12.16)
—bn(un, qn) + ANsn(ph,qn) = 0 Vqn, € Ly,.

We consider the following bilinear form:

(12.17)

X, x X, — R
ao.n - -
((u;wp/h)’ (Vhth)) = aS,h( (u/h)p;b)7(vh)qh)) +th(u;L,Vh)
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Problem (12.16) can be rewritten in the form:

{ Find (uh;ph) c Xh such that for all (Vh, Qh) € Xh’ (12 18)

ao,n((Un, pr)s (v,qn) ) = (£, vi)r2(o)

We need the following lemma to prove the coercivity of the bilinear form ap (-, -).

Lemma 12.2 ([40, lemma 6.11]) there exists a constant Cry such that for all v e HE(S),
we have:

kuy A
IV et < 0 CotllVlsg3 .

PROOF. Let v € H}(2). Owing to the H'-stability of the L2-projector onto the broken
polynomial space P%_ (75), see remark 6.13 and inequality (4.41), there exists a constant Cpy
such that we have:

IGrad pIT;" V|22 () < (o Cu)? VI3 q)-

Moreover also see remark 6.13 and inequality (6.36), there exists a constant Cppy such that

S PRy = 3 A NI = VIagr) < (0 Con)? Vi,
FeF, FeFy

The result follows from the definition of the || - ||,¢; norm, see Definition 6.12.
U

We can prove that the bilinear form ap (-, ) is continuous and satisfies an inf-sup condition:

Theorem 12.3 Let (ky,k,) € N* x N, with ky € {k, — 1, kp, k, + 1}. Then the bilinear
form ao p(-,-) satisfies the following inf-sup condition, V(uj,, p)) € &\ (0,0):

sup aO,h( (u;Lap;z)? (Vh7 Qh) )
(Vi) €X5\(0,0) | (vas an) ||,

|a0,h((u;mp?z)7(vh7q}b))| = CO,ctH(u?l,p;l)HXhH(Vh;Qh)HXh- (12’20)

v

VCO,diSC H(u?np;z)Hth (1219)

A

where Co gisc and Co ¢ are strictly positive constants independent of h.

PROOF. We proceed as in the proof of Theorem 6.9.
Let (u},,p},) € &, we will construct (v}, g) € &), satisfying (12.19). According to proposi-
<

tion 2.3, there exists v,y € H}(Q) such that div Vp, = p), in the domain © and 1V, H%Il(ﬂ)
0
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so that divv, = v=1p, in Q and

Caiv ”p/h”%g(ﬂ). Let Vi =V \pr;z,
Cai
1V 0 < VV 1Pl L2 (@) - (12.21)
Using Lemma 12.2, we obtain:
HHZHVPZHvez < 0 Caiy Crrv ™ Iph |l 22 (- (12.22)
Consider Ty(u),p,) = (Ju), — H],?L“vpgl, Ap),). From inequality (6.47), there exist strictly

positive constants «, 4, and ¢ such that:

asn( (W, p), T5(wh04)) > v Coat [0l + 07" (CallphlFag) + Cslphl2) . (12:23)

DO |

where:
a B (0 CnCaw)? (0 CpuCaiv)? .
szdQ, Cao=1 7 20 , Cs=%

DO [t

Cvel =

For the advection term:
g iy ku J— g ku
th(uh, Yap — Hh Vp;L) = —th(uh, Hh Vp;L)

+ Ty + 3T3 + Iy. with:

We have t(up, vy) = Iy
(Bh, - Grad puy, qu"p’,h)LQ(Q)’

7
Ty = Z(div,@huhanzuvp’,h)LQ(Kz)’
Lely
Ty = = 3 (I8l vy, {wn vy Dy,

fE€Ir
Tio= — 3 ({Bn} ny. [unl - {5 vin D e,
JeTi

With the same methodology as in the proof of Theorem 10.3 to show the continuity of (-, -),

and using inequalities (12.22) and (10.8), we obtain:

186



12.3. Discretisation of the Oseen problem

For the first term:

|71 18h L@ |Grad wp | 2 (o) [T vy [[Ls@)
o4 ||BrllLe(oyl|Grad us |2 () |15V, Hvel

070 Caiy Criv ™! HﬂthelHuhllvel ||ph||L2

IN NN

For the second term:

|Z2| [wn o) T vy sy | divi Bull 2
01 Caiw Civ ™" [ uploet [P ]| 22 () | Grad 1 Bh|L2 (o)

030 Caiy Crrv™ [ [lvet [P, | L2 () | Bhllvet

INIAIA

For the third term,also using the Cauchy—Schwarz inequality, Theorem 10.2, and inequal-
ity (4.14):

Al

N

1
E S (Z he\luh\\@(am)) (Z || T v p,HL4(6Kg)) |Bnl.s

LELK LETK
(Caka)? 02 ol unllgaey 18n ot [T v,y [lver
(Capa)? 2 0% Caww Crv ™ [|BllLeo Huthezll Prllzz)
(Capa)2 2 0% Cary Criv™ || Bllvetllunlloet] Pl 220

IN AN IA

For the fourth term, using the Cauchy—Schwarz inequality, Theorem 10.2, and inequal-
ity (4.14):

i i
Za| < (Z hzllﬂh”@(am)) (Z hf||H§“Vp;LHﬁ4(aKl)) [up s
LeT) leTk
< (Caa)* 02 allBillacey o oat T3 Vi
< (Capa)? 02 o4 Caiy Criv ™! [|BullLao 1unllver | Phll 2
< (Capa)® o2 03 Caie Cruov ™" || Bulloetllnloet| 2l 220
We sum the estimates of Z;, for ¢ = 1,...,4, and obtain:

1
22 02) [unllverll il 220

t~h<uh) quvp;) 1k
5) (S18EZ + 2 1120

< 0 CaivCriv ' o || Brllver (1 + (Cy
< 0Caw Criv o (1+ (Cypa)?o

Finally, we obtain:
a0 (W 2}). T ) > Coat 4120 + v (Con I3y + Cs 142

187



CHAPTER 12. THE OSEEN PROBLEM

Where Coﬂjel = VCvel — UCdiv CHI/_l O'z% (1 + (Cd,k,4)2 U%) HIBhHZelé and CO,Q = CQ —
% o Caiy Criv—t o2 (1 + (Cd7k74)2 O'%).

We need to choose the parameters a, 4, ¢ and ¢ such that these coefficients are positive.
Let us take a = 4 (0 C; Cgiv)? and ¢ = 4 (0 Cpp Cay)?. and ¢ = 40 Cqi, Criv—to? (1 +
(Cagea)? a%). Then we have:

Cowel = V (% — 2Chng (0 O Cdiv)2> —2(0Caiy Civto} (14 (Cypa)? U%))2 1BrllZ;,
Coo = 2, Cs=7—13(cCan)?

We can choose § = (¢ Ca)? max  (C)? (Cona + v~ (0% (1 + (Cage)*)? 1Bnll20). (Con)?1).
As h — 0, we have ||Br|lver = ||B]|ver- Therefore, the dependence of the coercivity constant
on ||Bp]|ver does not affect the stability of the numerical scheme.

O

12.4 Adaptation of the non-polynomial basis: how should we

choose b?

Previously, for the advection—diffusion problem, we assumed that 8 was piecewise constant
and took b, = 8. However, for the Oseen problem, 3 is a function that is not necessarily
constant. We must therefore address the following question: how should we choose b,?

There are some intuitive choices, such as:

— by = B(xy), where x; is the barycenter of Kjy,

1
- |K€’ K, B

Other, more complex, choices include:

— by

— If we know that locally (or globally) £ behaves like an exponential term that dominates
other terms, we can use the following method: find C; and the two components of b, by

an interpolation of 8 at the vertices S;, i = 1,...,3 of the triangle K. In other words,

component by component we write C exp i) = B;(S;) for i =1,...,3, where B,
is the j-th component of 8 with j € {1,2}. Thyis will provide us with a value for b that
we will use in the approximation space of u; (the different components of u will thus
have different exponential functions in their approximation bases). By applying the

logarithm to the absolute value of this system and denoting Cy = log(|Cy|), we obtain
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a system of three unknowns and three equations:

(S1)1 (S1)2
So)1 ()

(be)1 log(|B(S1)|)
1| [(be)2| = |log(|B(S2)|)

—

(S (S92 (| [ G| [loa(8(sy)

— The fourth method, that we apply separately to each component of 3, is based on the
fact that if 8;(x,y) = exp(dx + vy), then a way to compute the coefficients ¢ and ~ is
to notice that %(Vﬁj) = (6,7)T. Thus, if we denote by «; := 3;(S;), i = 1,...,3, and
let axz + cy + d be the interpolating function passing through the points (S;, ), then

by differentiating this interpolation, we may set

(a, 0"

T Bixe)”

by,

which is a practical way to define the coeflicient vector in the exponential basis of the
velocity component if we know the function 8 or some approximation of it. Note that
if 8;(x¢) is very small, we replace it by 1072 or —1073, depending on the sign of Bj(xe).
For the approximation space of pressure we may either choose a polynomial basis with
a uniform choice of b of small amplitude, so that the exponential basis is close to the
first-order polynomial basis, or select one of the two spaces adapted to 8. This method

is very efficient when v is not too small, see Chapter 14.
For all the methods we presented, numerically, if ||b|| is very small (close to zero), it is replaced
by||
[Ibell he ~ 1073 for example B; = 10—3,7”@[1, 0].

v
With this choice, the non-polynomial basis becomes very close to the polynomial basis.

by a small number ensuring that the ratio

In this chapter, we studied the Oseen problem and showed that it is well-posed using
the T-coercivity method. We performed a discontinuous Galerkin discretization and also
demonstrated that the discrete problem is well-posed using T-coercivity. Moreover, we
proposed methods to adapt the choice of b in the non-polynomial basis for the Oseen

problem.
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Chapter 13

Navier-Stokes problem
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In the previous chapters, we studied separately several model problems associated with the
Navier—Stokes equations. The Stokes problem, presented in part I, allowed us to analyze the
role of viscosity, the velocity—pressure coupling, as well as the incompressibility constraint
divu = 0. The advection—diffusion problem, discussed in Chapter 10, served to isolate and
understand the effects of transport and diffusion, while also providing a first insight into
the treatment of the nonlinear convective term (u - Grad )u. Finally, the Oseen problem,
introduced in the previous Chapter 12, can be seen as a linearization of the full equations,
including both convective and viscous terms, as well as velocity-pressure coupling.

The Navier—Stokes equations thus combine all these physical phenomena into a single, generally

unsteady, framework.

13.1 Brief Literature Review

The Navier—Stokes equations describe the motion of an incompressible fluid over a time

interval (0,7F), with T > 0 and form a nonlinear system coupling the conservation of
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momentum with the incompressibility constraint:

?;;4— (u-Grad)u—vAu+gradp=1f, divu=0, in (0,7F) x Q.

From a theoretical standpoint, the Navier—-Stokes equations have been extensively studied with
respect to the existence, uniqueness, and regularity of solutions within suitable functional
spaces. Classical references such as [73, 68, 57, 96] present both the strong and weak
formulations of the problem, as well as the analytical framework required for the mathematical

study of solutions.

From a numerical point of view, the discontinuous Galerkin finite element method has
proven to be particularly well suited for the unsteady Navier—Stokes equations, especially
in convection-dominated regimes. This approach allows each mesh element to be treated
independently while maintaining stable numerical fluxes at interfaces—an essential feature
for handling the nonlinear convective term (u - Grad )u. The work of [13] provide stable
and consistent DG formulations for the Navier—Stokes equations, while references, such as
[42], offer a comprehensive overview ranging from the theoretical formulation to numerical
discretization, thereby providing a solid foundation for the development of accurate and

reliable simulations.

13.2 Types of Boundary Conditions

Let C™ ([0, TF]; ) be the Banach space of m-continuously differentiable functions with values
in Q. Let also

2

H = veox@Qd [divv=0}" = (veL2(Q)|divv=0nn(v) =0}
1

W = [velo) [divv=0} °¥ = (veH®),|divv=0).

In what follows, we assume that £ € C°([0, Tr]; L?()), and u € H.

Several types of boundary conditions can be considered. The simplest one for numerical
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studies is the Dirichlet boundary condition. The Navier—Stokes problem then reads:

Find (u,p) such that:

E(‘);tl —vAu+ (u-Grad)u+ gradp
divu

U9

u(x,0)

f, in(0,7F) x Q,

0, in (0,TF) x 9, (13.1)
g, in (0,Tr),

ug, in€,¢t=0.

with a normalization condition for p: / p = 0, and where g satisfies / gn=0,Vte 0, Tr).
Q o0

In the case where the Dirichlet boundary conditions are homogeneous, according to [15,

Thm. V.1.4], the solution of problem (13.1) satisfies

Zmuv

(u,p) € (L(0, Ti; H) N L2(0, Ti; W) ) x W12(0, Tp; L2,,,(2)).

Let 092 =Ty UTs, with T'; NTy = ). Physically, the Navier—Stokes problem often involves

both Dirichlet and Neumann boundary conditions, leading to:

Find (u,p) such that:

861; —vAu+ (u-Grad)u+ gradp
divu
U‘Fl

(vGradu-n —pn)p,

u(x,0)

f, in (0,7F) x Q,
0, in (0,TF) x £,
(0.7r) (13.2)
g, in (0,Tr)
S, m (07 TF)) )

13.3 Spatial Discretization of the Navier—Stokes problem

Consider now the stationary Navier—Stokes problem:

Find (u,p) such that:

193

—vAu+ (u-Grad)u+gradp =
divu =

Upn =

in (O,TF) X Q,
(13.3)
in (O,TF) X Q,

in (O,TF) x Q.
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To solve the Navier—Stokes equations numerically, we proceed to the spatial discretization.
Since the Stokes and Oseen problems have already been discretized, most of the necessary

components are available. We now focus on the discretization of the advection term.

If we recall the bilinear form #(-, -) discretized in the Oseen problem (12.14), and if we treat

B as a variable, then #;(-, -) becomes a trilinear form corresponding to the discretization of

the advection term. We therefore define the trilinear form (-, -, -) as follows:
fh(uh, Vh, Wh) = ((uh : grad h)Vha Wh)LQ(Q) + % (dth up Vp, Wh)L2(Q)
_% Z ([[uhﬂ cIg, {vn- Wh})LQ(Ff) - Z ( {up} - ng, [va] - {Wh})LQ(Ff)‘
felr FETL,

(13.4)

Recall that the bilinear forms ay(-, ), bp(+, ), and §,,(+, ) are already defined in equations (6.25),
(6.26), and (6.27), respectively. The discrete variational formulation of the stationary Navier—
Stokes problem (13.3) then reads:

Find (up,pn) € X, x Ly, such that:

vap(n, Vi) + th(n, un, vi) + (v, on) = (£, Vi) Vi € Xp, (13.5)

—bn(un, qn) + An(ph,qn) = 0 Yan, € Ly,.

We then define the following form:

Xh X Xh — R,
ANS,h * o o o (13.6)
((uhvph)v (Vh7 Qh)) = aS,h((uhvph)a (Vh7 Qh)) + th(uhv u,, Vh)‘
Thus, problem (12.16) can be rewritten as:
{ Find (up,pn) € &) such that for all (vy,qn) € X, ( )
13.7
ansa((an,pn)s (Vi qn)) = (£, vi)12(0)-

Often, the stationary Navier—Stokes problem involves both Dirichlet and Neumann boundary
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conditions, as in:

Find (u,p) such that:

—vAu+ (u-Grad)u+gradp = f, in

divu = 0, inQ, (13.8)
ll|1"1 = 8
(vGradu-n —pn)p, = s.

In this situation, it is sufficient to remove the zero-mean pressure constraint and apply the
following modifications to the variational formulation. Let I}Q = I}; U I%D, where for all
fe Ib’D, F; C Ty, and I%’N where for all f € Ib’N, Fy CTs.

an(Va, W) = (v, wWi)n — > ({Grad vy} - ny, [[Wh]])Lz(Ff
fezl

_ Z {Gradhwh} ng, [[Vh]])LQ(Ff + Z ™ [[Vhﬂ [[Whﬂ)LZ(Ff)’
ezl ezl f

ba(Vis qn) = —(diva Vi, qn) 2y + Y ([va] - ny, {Qh})Lz (Fy)
fezl

_ 1 .
th(uha Vh, Wh) = ((Uh : grad )Vha Wh)L2(Q) + E(dlv Up Vh, Wh)L2(Q)

P Z [[uh]] npg, vn- Wh})LQ(Ff Z ({uh} cIg, AR {Wh})L2(Ff)’

feID feLt,

We then define the linear functional:

n
Ins(vy) == v Z —(g, Grad v, - nf)L?(Ff)+T(g,Vh)L2(Ff)
b,D F
feTy
-3 > (g-np g vy + D (Va, Sy
fezsP fezi™N
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Finally, the discrete problem becomes:

Find (up,pr) € Xp x X}, such that:

vap(Un, Vi) + th(an, un, Vi) + (v on) = (£, vi)r2) + ns(va) Vv € X,
—bn(un, qn) + ASu(pnoan) = Y ({an}, [8] -np)ramy Van € X
fezh?

13.4 Temporal Discretization: Semi-Implicit Euler Scheme

The implicit Euler scheme evaluates the Navier—Stokes terms at the future time step uZ“,

according to

+1 _ +1 +1 : +1 _
w " =uy 40t Fuy, uy L, ppT),  divpupT =0.

This approach is unconditionally stable for the diffusive and linearized terms, allowing larger
time steps without compromising stability. However, it requires solving a linear or nonlinear
system at each time step (according to whether the convective term is treated semi-implicitly
or fully implicitly), which increases the computational cost.

In the numerical results, we used a semi-implicit Euler scheme.

We define the discretization space X}' = X7 x L7 If we use a polynomial basis, then X}' = &j,.
If we use a non-polynomial basis, it can be adapted at each time step to compute the solution
at time step n + 1. The solution at time step n can be used to adapt the non-polynomial
basis more precisely, in particular for the choice of b, which will be denoted by b,,. Thus, we
define NPﬁisc’bn(ﬁ) as the space NPX. (75,) generated by b, and we set

Xfr = Ny, (), LR = NPl (73) 0 L0 ().

The space-time variational formulation is:

Find (uZ“,pZH) € X,:H'l such that V(VZ'H, q,’f“) € X,f“ :

1
(up ™™ —u, Vit e + vap(upth vt

ot
i (agy, wy ™ v b (Vi ) = (8 v e ).

— b (0 g + A S (T gt = 0.
(13.9)

We will rewrite the problem in matrix form with Dirichlet boundary conditions, applying
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13.4. Temporal Discretization: Semi-Implicit Euler Scheme

the same methodology for other types of boundary conditions according to the variational
formulation.

We recall that d € {2,3} is the dimension and Z; = {x,y} for d = 2, Z, = {x,y, 2} for
d=3. Let (O,z,y) for d =2 and (O, z,y, z) for d = 3 be the Cartesian coordinates system,
of orthonormal basis (e;)j.7,- Denote by Ny = Ny, x Nk (resp. N, = Ny, x Ng) the
number of degrees of freedom of Vd]i‘;gnﬂ (T1,) (resp. V., dlz’;’cnﬂ(’ﬁl)). Let us call ((;52*2)26%
basis of P,?'H(K ¢). This basis can be either polynomial or non-polynomial. If it is a classical
polynomial basis, then it does not change with time. In contrast, if it is non-polynomial, it
depends on b, which may vary from one time step to another and Ag“ € RNu x RNu the
matrix s.t.:

V(Z7£)) (]75/) € Iku X Ik, (Ag+1)(l 0),(5,0") = a’f;p((ﬁg—;} (rbg:;z/)a (1310)

for d € T;. Let A"t e R¥Nu 5 R¥*Nu be the block diagonal matrix s.t.: A"l =
(00 AT dder,
ATt 0
Jifd=3, A" =1 o0 Attt o
0 0 Aptt
For d € T, we call Bg“ € RN> x RM the matrix s.t. for all (i,€) € Zp,, xZg, (j,¢') € Tp, x Ik,

AT 0

Simply, if d = 2: A" =
0 Ayt

(B3 .0,Gi) = bh(qﬁgﬁ,ed, UXoRy

and

]Bn+1 (Bn-‘rl)dez_ c RNP % RdXNu

Let Mg“ € RY x RNr and Sg“ € RY» x R™» the matrices s.t. for all (i, £), (j,¢') € Ty, x Ik,

(My ) 0,y = 0o (W7 000 ) 2iey, and (Sp ) oGy = sn(W7 0060,

Notice that Ag“, Bg“ and SI’,’H are sparse: for £, ¢ € Ik st. OK;,NOKy = 0,

(A7 Dao.Ge) = 0, Bi anGey = 0 and (550, Gey = 0. The matrix AT is

symmetric, positive definite. When &, > k,, matrix B"*+! is of rank N, — 1. Notice that

matrix ST is also of rank N, — 1. When ky < ky, matrix B"*! is of rank < N, — 1. Let
7 e RN x RNu the matrix s.t.:

V(Z7 Z)a (]7 El) € Iku X IKa (Tg)(i,ﬂ),(j,ﬁ’) = _h(u;;? d)g:}a Qij;,)
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CHAPTER 13. NAVIER-STOKES PROBLEM

Let T™ € RN x R¥Nu he the block diagonal matrix s.t.: T+ = (5J,J’Tg+l)ci,ci’eld'
The discrete Navier-Stokes problem reads: at each time step, Find (U[ZH, P}’;H) € RNpxNu

RNy s.t.:

VAn-i—lU}TLLJrl + Tn+1U7l+1 + (Bn—l—l)TP;:Jrl — Fn+1 /
¢i,€ = 07
K,

u
and Dit
{ —BHUt Syt = éezz‘;(iezzgp l

(13.11)
where F}, € RMr vanishes when considering homogeneous Dirichlet boundary conditions.

Finally the matrix form of the problem reads

I/An+1 + Tn+1 (Bn—f—l)T
1 1
_Bnt 5Sg+

n+1
Uh

n+1
Ph

Fn+1
u
n+1
Fp

(13.12)

In our code, we solve this problem using the classical GMRES method.

In this chapter, we discretized the Navier—Stokes problem using the semi-implicit scheme
in the polynomial basis and the exponential basis, noting that the approximation space
for the non-polynomial basis can be changed with the time step, since at each time step

we can modify the parameter b.
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Chapter 14

Numerical Illustrations for

Exponential Basis

Contents
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In this chapter, we present the numerical results for the non-polynomial basis and compare

them with those obtained using the polynomial basis in order to evaluate its efficiency. We

have shown that the non-polynomial basis is more effective in terms of accuracy and in

reducing oscillations. Even on a coarse mesh, the non-polynomial basis does not produce

oscillations, whereas the polynomial basis does, as seen for the advection—diffusion problem

in Section 14.1 and Subsection 14.2. For the Oseen problem in Subsection 14.2.2, we also

observed that the non-polynomial basis outperforms the polynomial one, although the results

could be further improved by using a more adaptive choice of b. For the Navier—Stokes

problem, we have not yet performed a sufficiently extensive numerical study, but we have

included preliminary results. It would be preferable to carry out additional experiments to

more thoroughly assess the performance of the non-polynomial basis.
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CHAPTER 14. NUMERICAL ILLUSTRATIONS FOR EXPONENTIAL
BASIS

14.1 Comparison of numerical results between polynomial and

non-polynomial bases in one dimension

Consider here the one-dimensional case where 2 = (0, 1) and the meshes (7},);, are made of
segments. We compare the numerical results obtained using the polynomial basis and the
non-polynomial (exponential) basis for the advection-diffusion problem (10.1).

The physical test case is defined as

1 ifxz%,

ifex<i
f(:v):{o fr<z L) =1, u1)=o.

The analytical solution is given by

with

Instead of testing this case for several values of v and [ separately, we consider the non-
polynomial basis defined in (11.3) with b, = § for all £ € Tk, and study different values of
the ratio @. This ratio is independent of ¢, since b, = 3 for all £ € Zx. We fix v = 1071,
and take sereral values of 5. The first example is for § = 1. Simulations were performed on

five meshes, from the coarsest one with h = 20 to the finest with h = 320"
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non-polynomial bases in one dimension

1071 | st
—
2107 @////
N — - |
W = B
— 10_3§ /‘ E
W10
- / —— = (up)(NP)
- / —o— &Y (up)(NP)
1077 | = —@— = (up)(Poly)
- EEEEEE —6— &Y (up)(Poly)
1073 1072
h

Figure 14.1 — Plots of €f (uy) and €} (uy,)

against the mesh size.

7

1

&
=05
0

Exact solution

|

0

02 04 06 08 1

X

Figure 14.2 — Plot of exact solution
u(x), with =1 and v = 1071

Basis T mesh 1-2 | mesh 2-3 | mesh 3-4 | mesh 4-5
Tu 2.21 2.3 2.32 2.29
Polynomial basis Tgrad u 1.31 14 1.45 1.47
Tu 2.15 2.13 2.11 2.1
Non-polynomial basis | Tgradu 1.36 1.41 1.46 1.48

Table 14.1 — Convergence rates computed with polynomial basis and non polynomial

basis.

For g = 40, in this test case, to ensure numerical stability for the polynomial basis, the

simulation was performed on 6 meshes, starting from the first mesh with h = % up to the

. 1
finest mesh with h = 510
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e6(un), €7 (un)

" /@
@/6/ /././.

1072 T
— /
10_4 /e/ /./‘
G/9/ —8— < (up)(NP)
/ —o— ¥ (up)(NP)
—o— <5 (up,)(Poly)
1076 e @y

1073 1072
h

Figure 14.3 — Plots of € (uy) and €Y (uy)
against the mesh size.
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|

Exact solution

0

02 04 06 08 1

X

Figure 14.4 — Plot of exact solution
u(x), with 8 =40 and v = 1071

Base

T mesh 1-2 | mesh 2-3 | mesh 3-4 | mesh 4-5 | mesh 5-6
Tu 0.9 0.9 1.07 1.48 1.9
Polynomial base Terad u 1.47 1.04 0.8 0.87 1.1
Tu 1.25 1.48 1.81 2 2.01
Non-polynomial base | Tgradu 2.25 1.6 1.4 1.47 1.45

Table 14.2 — Convergence rates computed between the polynomial and non-polynomial
bases.

We now study the advection—diffusion problem on another academic test case. We take the
exact solution u(z) = x(xz — 1), and the source term depends on the choice of 8. In this test

case, we consider a non-constant /3 in order to understand how the choice of (by), should be

x
adapted with respect to 5. Let 8 = asin N

and v = 10~!. In what follows, we choose

a=>5and N =16 . We consider several choices for (by),. For all £ € Ty, we test the following
natural choices for (by)y:

We considered the last choice by = 1073

1
bﬁ = E Kgﬁ (1)a
be = Blxe)  (2),
by = 1073 (3).

(14.1)

since we know that the exact solution is a quadratic

beh
polynomial, and when the ratio 7 s very small, the non-polynomial basis tends to a
v
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non-polynomial bases in one dimension

polynomial one.

We now propose a fourth method based on the analytical solution. This serves as an
introduction to how one can adapt (b;), for the unsteady Navier—-Stokes problem, since in the

time-dependent problem, the solution at the previous time step n — 1 is known.

Let u(z) be the analytical solution of the advection—diffusion problem; we aim to approximate

it locally in this form: there exist by, C, and Cs such that
bolz —
u(z) = Cy + Cy exp(M) .

We have three unknowns, thus we need three equations. Let us assume that K, = [x%, x? =
x} + h]. Then:

u(zp) = C + Cy exp(w> ,

2v
be(h
u(z?) = C1 + Csy exp(i}) , (14.2)
b
U (xg) = ;eC'Q.

By combining these three equations, we obtain

u(2?) — u(z}) = Vu;ixg) (exp(%) — exp (_b;yh)) .

Assuming that h is sufficiently small, by using a third-order Taylor expansion we obtain:

(14.3)

To correctly choose the sign of by, we observe from the third equality in (14.2), that u'(xy)

and C3 by have the same sign. Therefore, we assume that u/(z;) and b, share the same sign.
1 ifd/(xp) >0

Thus, we define X as follows: A = , and by = A|bg|.
-1 ifu/(xp) <0

Numerically, if u/(x,) is very small, we replace it by 107 or —10~2 according to its sign. The

u///(f[/'[)
u/ ()
compare the numerical results obtained with the non-polynomial basis for several choices of

value of b, behaves like v

. In what follows, we fix a = 5, and in figure 14.5, we

(be)e see (14.1). The index in parentheses indicates the choice of (by)s; for example, g (up)(1)
denotes the error ef(uy,) associated with the first choice of (by),. We can see that the third

and fourth choices for by yield a more precise result compared to the first and second choices,
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which are almost the same.

10° E /
107" | =
S =
= 1072 ¢ ==
A — - -

w g ﬁ/i'7 1 | e n®
1073 = 1 | —e— Y (up)®)
= = - 1\%h
= B / 1 |e—ctwn@
2 1074 o 1 e @

B : b (un)(1)
1075 ¢ < (un)(1)
—— 1| wn®
1078 == = I e SIS
1073 1072

h

Figure 14.5 — Plots of €f(uy,) and €Y (uy) against the mesh size.

In this figure (14.6), we compare the polynomial basis with the non-polynomial basis using
the forth choice of (by)y.
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1071 ¢ o 0
— 1072} - s
< = &
3 & .
?: 10—3 L // | 0.1
W = E| —VU.
= g ~ E 5
= - |
S 107 ¢ - -
xo B .
© - —o— < (uy) (NP)
0 —_
1077 & —o— ¥(up) (NP) 0.2
i —0— ¢( (up) (Poly)
].0_6 E I I s e ] Ei’(uh) (Poly) \T Exact solution
-3 -2
10 10 0 02 04 06 08 1
h X

Figure 14.6 — Plots of € (us) and &} (up,)
against the mesh size for polynomial and
non-polynomial basis.

Figure 14.7 — Exact solution u(z).

Basis T mesh 1-2 | mesh 2-3 | mesh 3-4 | mesh 4-5 | mesh 5-6
Tu 1.44 3.47 3.6 2.81 2.61
Polynomial basis Tgrad u 2.15 2.1 1.6 1.53 1.51
Ty 3.67 2.67 2.15 2 2
Non polynomial basis | Tgradu 3.53 1.67 1.53 1.52 1.51

Table 14.3 — Computed convergence rates with polynomial basis and non-polynomial
basis.

To evaluate the efficiency of the proposed methods and to observe the impact of the choice
of (bg)¢ on the numerical results, we construct a test case with the manufactured analytical
solution u(z) = cos(2£). This function exhibits N oscillations over the domain [0, 1]. We set
B = 1. For the non-polynomial basis, we test it with four different configurations shown in
Figure 14.8 and we compare the polynomial and non-polynomial bases. We set N = 10 and
v = 107!, In this figure, we compare the numerical results computed using the non-polynomial
basis for several choices of (by)g. One of the methods is to choose (by), = B, and the other
three (denoted by (2), (3) and (4)) correspond to the methods proposed in (14.1) applied to

u(z) instead of 3 for choices (2) and (3), and to (14.3) for choice (4).
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—o—
—o— e (up)(®)
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10° B  EE
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S 107t ¢ 7 {|—o— bn©
Py E / 1| <t
a - 1] —o— fn®)
/E | / 1 —e— e{(un)(3)
= /- <t (un)(4)
Amo

/
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107? 1072
Figure 14.8 — Plots of €f(uy,) and €Y (uy) against the mesh size.

We can observe that the fourth choice of (b)s loses its efficiency compared to the other
choices, while the remaining choices of (by), yield more efficient results than those obtained

with the polynomial basis.

14.2 Comparison of the numerical results between the poly-

nomial and non-polynomial bases in 2D

14.2.1 Advection-diffusion problem

For the two-dimensional advection—diffusion problem, we considered both an academic and
a physical test case to assess the validity of the non-polynomial basis compared to the

polynomial one.

Academic test case

Let Q = [0, 1] x [0,1] and the flow velocity 8 = (51, 82) = (cos,sin@) for 0 <0 <, f = 0.

x

er=l 4, if § =0,
ev—1

Prz Bay

Let the exact solution be given by: u(x,y) = ¢ 5 =l 4e 7 -1 ifo<6<m,

ev —1 ev —1

Y
er=1l 4 g, if 0 =m.
ev—1

With the exponential basis at # = 0 and 7, the error is at machine precision for any v. To
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test the efficiency of the non-polynomial basis, we randomly chose § = § and v = 1072,
In Figures 14.9 and 14.10, we plot €j(uy,) and €} (uy,) using both the polynomial and the

non-polynomial bases:

/0/“ ./k/.’_’“
10° r/./ 0
10
g g
g /,/' g /.
1072 g L .
/ S ——— 07 —o—cotun)
h | —@—ei(up) h | —@—ei(up)
1015 1071 1015 1071
Figure 14.9 — Exponential Figure 14.10 — Polynomial
basis basis

In this simulation, the polynomial and non-polynomial bases have the same number of degrees
of freedom. In the figures below 14.11, 14.12 and 14.13 we set v = 107%, which corresponds
to the case of very low viscosity. It can be clearly observed that with the polynomial basis,
oscillations appear throughout the domain, especially near the boundary layer. In contrast,
with the non-polynomial basis, no oscillations are observed, and the resulting solution closely

matches the shape of the exact one.

Figure 14.11 — Exact Solu-  Figure 14.12 — Exponen-  Figure 14.13 — Polynomial
tion tial basis basis

Physical test case

In the framework of a physical test case, we consider a classical channel flow with an obstacle,
in order to better capture the variation of the solution near the boundary layer.

The channel-shaped domain is defined as © = [0,1] x [0, ] \ [0.425,0.575] x [0.175,0.325],
with 'y = {0} x [0, 3] and T'y = 0Q \ T'1. The convection field is set to 8 = (1,0)7.
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The advection—diffusion problem is given by:

—vAu+ (B -grad)u =0,
Find v € H'(Q) such that ur, = y(3 —y), (14.4)

U|F2 =0.

For this problem, two boundary layers appear: one near I'y and another close to {1} x [0, %]
To avoid the formation of two boundary layers, an open (outflow) boundary condition can be
imposed on {1} x [0, 3].

A uniform mesh is used for the discretization.

VAVA

Figure 14.14 — Mesh for the channel.

In the middle of this mesh, one can clearly identify a segment composed of horizontal edges,
starting from the inlet of the channel, passing through the two sides of the obstacle, and
extending up to the outlet of the channel. This segment will be used to visualize the variation
of the solution near the boundary layer.

Since this is a test case without an analytical solution, we rely on numerical simulation results
obtained with the FreeFEM++ code as a reference solution.

First, we present the numerical results from FreeFEM++ computed with classical second-order

Lagrange finite element method on a mesh consisting of 222,654 triangles:
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Figure 14.15 — Reference solution of problem 14.4 with v = 1.

Figure 14.17 — Reference solution of problem 14.4 with v = 1074

From these three figures, one can observe how the solution changes with respect to v. We now
present the numerical simulations obtained using both the polynomial and non-polynomial
bases with, for all ¢ € Zx, by = 8. In the figures 14.18 and 14.19 shows a transversal slice of
the numerical solution, from the inlet of the channel up to the obstacle, for » = 10~* and for
different mesh sizes h € {0.05, 0.025, 0.0125}:
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1072 8.1072 8-1072
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Figure 14.18 — Polynomial basis
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Figure 14.19 — Exponential basis
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In the figure below, the numerical solution u;, computed with the non-polynomial basis.

Figure 14.20 — The numerical solution of problem 14.4 with v = 10~* obtained using
the non-polynomial basis with h = 0.0125.

In the figure below, the numerical solution uj computed with the polynomial basis.

Figure 14.21 — The numerical solution of problem 14.4 with v = 10~ obtained using
the polynomial basis with h = 0.0125.

For the advection-diffusion problem, we can see that the non-polynomial basis has a very
remarkable efficiency compared to the polynomial basis. We have fewer oscillations, even on
a coarse mesh and for small v, and the non-polynomial basis accurately captures the rapid

variations of the solution near the boundary layer compared to the polynomial basis.

14.2.2 Oseen problem

In this section, we present an academic test case with a manufactured solution to assess the
performance of the non-polynomial basis and to analyze how the parameter b should be

chosen in the basis construction.

Academic test case

Let 2 = [0, 1] x [0, 1], and consider the exact solution given by:

L

{ u(z,y) = exp(vHz+y—2)(1, -1),
pzy) = exp(r (@ +y—2)) - ez +y—2), D)
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For the non-polynomial basis, we can observe that if we take by, = [1,1] for all ¢ € T, and if
the vector 8 belongs to the approximation space spanned by the non-polynomial basis, then
the numerical solution (uy, pp) coincides exactly with the exact solution (u, p).

However, one may question this choice, since in general we do not know the exact solution of
the problem. Why, then, should we take b, = [1,1]?

To explore this issue, we test several possible choices of b, as defined in Section 12.4. In
order to make the configuration as close as possible to the Navier—Stokes problem, we choose
B = u. This choice is particularly challenging because the direction of 8 is orthogonal to the
optimal choice of by, namely [1, 1].

Consider the four possible choices of b defined in Section 12.4. Note that with the third
choice we have by = [1, 1] and with this choice we obtain the exact solution.

First, we fix v = 1, results are displayed the numerical results in figures 14.22 to 14.26 :

100 & = B /' §
RN ] = —
10-1 E § e / |
. = 1 o 10~° E / E|
o I~ - e} = =
3 _a 3 r > |
m 10 E i\‘ =| m [ ./ / B
E .\ > E 10—6 E =
10-3 E J = .
r —@— co(up) 10—7 —@— co(up)
- —@— ¢y (up) E —@— 1 (up)
1074 £ —o—co(pr) B —o—co(pr)
10715 107! 10715 107!

h h

Figure 14.22 — Plots of €f(uy), €/(us) and  Figure 14.23 — Plots of ¢f(uy,), €/ (up) and
. 1 v . .
€ (pn), with by = K Jx, B €5 (pn), with by choice (4)
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1072 F g 1072 F 1
g /o/' . i /0/' .
A 1 e ]
107% k //“ . 1073 £ //' e
5 [e— ] R — 1
5 Ol = E| LE 1074 E|
E /'/‘. E E /" E
1075 £ —@— eo(un) 1075 | —co(up)
F ./ —@—e1(up) 5 ./ —@—e1(up)
B —®—co(pn) = —®—co(pn)
10—1.5 10—1 10—1.5 10—1
h h
Figure 14.24 — Plots of €f(uy), €/(uy) and  Figure 14.25 — Plots of €{j(uy), €/(uy) and
. . 1 1
€5 (pn), with by = B(xy). €o(pn), with by = [3, 3]

107" E =

1072 | '//.//L

§ 103 ; o | ;
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[ /u i

107 F E

F / —@— o (up)

[ ./ —@— €1 (up)

1075 —0—co(pn)

10~1:5 1071

h

Figure 14.26 — Plots of € (uy,), €/ (uy,) and €;(pp), with polynomial basis.

One can observe that the fourth choice of b, provides better results in the L? and H' norms
for the velocity, as well as in the L? norm for the pressure, compared to the other choices of
by, and also compared to the numerical result obtained with the polynomial basis. It should
be noted that other choices of non-polynomial bases— except for the choice of by defined as
an average value—yield more accurate results, meaning that the error is smaller than with
the polynomial basis.

Now we fix v = 1072, the numerical results are displayed in figures 14.27 to 14.30.
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We can observe that, for example, with the choice by = [0.5, 0.5], the pressure obtained with
the non-polynomial basis is better than that obtained with the polynomial basis. We also
notice that with choice 4 of by, the convergence rate becomes higher, and with one or two
additional mesh refinements, we can expect even better results compared with the other

choices.

Physical test case

Let B8 = [1,0]. Under the same geometrical conditions as in the physical test case of the

advection-diffusion problem 14.2.1 where we denote I'y = {0} x [0, 3], I's = {1} x [0, 1], and
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'y =00\ (I't UT'3). The Oseen problem is given by:

—vAu+ (B-grad)u+gradp =0 in Q,
divu=0 1in Q,
Find (u, p) € H'(Q) x L*(Q) such that ur, = (30 y(2 — ), 0),

ur, = (07 0)’

(vGradu:n—ply)p, =0.

(14.5)
In this test case, there is a single boundary layer and an open (free) outflow for the fluid.
The reference solution for the Oseen problem (see Section 14.2.1), computed with FreeFEM++
using the continuous Galerkin scheme and the classical second-order (Taylor-Hood) Lagrange
finite element method for the velocity, and first-order elements for the pressure: P2-P'. The
numerical results were obtained on a mesh consisting of 143,564 triangles.
The figures 14.31 and 14.32 show the comparison between the reference solution and the
numerical results obtained with the polynomial and non-polynomial bases, using b, = 38 for
all ¢ € Tk, with the Pcllngjg scheme.

Remark 14.1 Note that in the FreeFem++ code, a polynomial basis is used. Therefore,
it is clear that with mesh refinement, the solution computed using the FEM-DG method
with a polynomial basis converges to the reference solution obtained with FreeFem—++. In
contrast, for the exponential basis, there is no reference solution computed by software such
as FreeFem++, since it does not employ an exponential-type basis. For this reason, in what
follows, on refined meshes we compare the FreeFem++ results with those obtained using the
non-polynomial basis, whereas on coarser meshes we compare all three approaches with each

other.

— For v > 1073, by visualizing the numerical results obtained with FreeFem++ and with
the FEM-DG method using both the polynomial and exponential bases, we observe

that they produce very close results.

— For v = 1074, we consider two meshes: mesh 1 composed of 2336 triangles and mesh 2
composed of 9344 triangles. We compare the numerical results obtained with the non-
polynomial basis to the reference solution computed with FreeFem++ in figures 14.31

and 14.32 for the velocity components.
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Velocity u, computed with the FEM-DG
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Velocity u, computed with the FEM-DG

method using the exponential basis (mesh 2).

Velocity u, computed with the FEM-DG

method using the exponential basis (mesh 2).

Figure 14.31 — Representation of the velocities computed with FreeFem++ and the
FEM-DG method (non-polynomial basis).

Similarly, for the pressure:

216



14.2. Comparison of the numerical results between the polynomial and
non-polynomial bases in 2D

— 4.6e+00

Pressure p computed with FreeFem++-.

— 4.6e+00

Pressure p computed with the FEM-DG
method using the exponential basis (mesh 1).

— 4.6e+00

Pressure p computed with the FEM-DG
method using the exponential basis (mesh 2).

Figure 14.32 — Representation of the pressure computed with FreeFem++ and the
FEM-DG method (non-polynomial basis).

A horizontal cross-section of the above solutions is taken along the segment AB, with
A=(0,0.25) and B = (1, 0.25).
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Figure 14.33 — Horizontal cross-section along the segment AB, comparing the solutions
obtained with the non-polynomial basis and the reference solution for v = 1074,

We can observe that there are no oscillations on either mesh. However, for the first mesh,
the non-polynomial basis does not capture well the curvature of the x-component of
the velocity near the boundary layer, while with the second mesh the capture improves
significantly.

Regarding the numerical solution computed with the polynomial basis on mesh 2, it is

closer to the reference solution than the one obtained with the non-polynomial basis.

Figure 14.34 — Horizontal cross-section along the segment AB, comparing the solutions
obtained with the non-polynomial basis, polynomial basis and the reference solution
for v = 1075,

In Figure 14.34, we take v = 107%. To compute the reference solution with FreeFem++, I
generated a refined mesh near the boundary layer, consisting of 143,564 triangles. We observe
small oscillations in the x-component of u; computed with FreeFem++ using the continuous
Galerkin scheme P2 P!,

In contrast, with the non-polynomial basis, no oscillations appear; however, the approximate
solution shows a slight shift compared with the reference solution for the x-component of the

velocity and the pressure.
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non-polynomial bases in 2D

For the polynomial basis, we notice strong oscillations in both components of u. We also
remark that the non-polynomial basis does not produce oscillations even when v is very small
and the mesh is not highly refined. Note that for both the polynomial and non-polynomial

bases, the computation is performed on a uniform mesh with A = 0.025.

14.2.3 Navier—Stokes problem

As we observed in the Oseen problem, when v is large, the non-polynomial basis provides
better results than the polynomial one. However, when v is small, an optimal choice of b has
not been identified yet.

For this reason, in the Navier—Stokes problem, we consider the channel-with-obstacle test
case in the laminar regime (which means we choose v = 1072). In the framework of a
physical test case, we consider a classical channel flow with an obstacle in the form of a
square. The channel-shaped domain is defined as Q = [0,3] x [0, 1]\ 0.2, 0.3] x [0.2, 0.3],
with T'y = {0} x [0, 3], T3 = {3} x [0, 3] and ', = 9Q\ T'; UTs.

Note that the numerical solutions have become stationary before the final time ¢ = 5 and so

we plot the solutions at that time.

L]

Figure 14.35 — Mesh for the channel with square obstacle.

The Navier—Stokes problem is given by: Find (u, p) such that

Opu—vAu+ (u-grad)u+gradp=0 in Q x [0,5],
divau=0 1in Q x [0, 5],
ur, = (30y(3 —y), 0),

Ur, = (07 0)7

(14.6)

(vGradu:n - ply)p, =0,

u():ﬁ, t=20

Where 1 is defined by this Stokes problem:
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—vAua+gradp=0 €9,
diva=0 €9,

Find (@, p) € H'(Q) x L7,,,,(2) such that { ap, = (30y(1 —y), 0), (14.7)

Velocity u, computed with the FEM-DG

method using the non-polynomial basis.

Velocity u,, computed with the FEM-DG

method using the non-polynomial basis.

Pressure p computed with the FEM-DG

method using the non-polynomial basis.

up, = (0, 0),

(vGradu:n —ply)p, =0.

Velocity u, computed with the FEM-DG
method using the polynomial basis.

Velocity u, computed with the FEM-DG
method using the polynomial basis.

Pressure p computed with the FEM-DG

method using the polynomial basis.

Figure 14.36 — Representation of the velocity components and pressure computed with
FEM-DG method using polynomial and non-polynomial basis at t = 5s.

A horizontal cross-section of the above solutions is taken along the segment AB, with

A =(0,0.25) and B = (3, 0.25).



14.2. Comparison of the numerical results between the polynomial and

non-polynomial bases in 2D
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Figure 14.37 — Horizontal cross-section along the segment AB, comparing the solutions
obtained with the polynomial basis and polynomial basis and ¢t = 5s.

In Figures 14.36 and 14.37, we display the solution at t = 5s, after sufficient time has
passed for the flow to become stationary. We observe that the solutions computed using the
polynomial and non-polynomial bases are close to each other, but further investigation and a

reference solution are needed to draw more definitive conclusions.
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In this chapter, we presented the numerical results for the advection—diffusion, Oseen, and
Navier—Stokes problems, computed using both the polynomial and non-polynomial bases
in order to evaluate the performance of the non-polynomial basis. We found that this
basis yields very good results for the advection—diffusion and Oseen problems, and that
with a more suitable choice of b, the results could be even better. For the Navier—Stokes
problem, we did not consider a sufficiently large set of test cases. However, in general,
we can confirm that even on a coarse mesh, the non-polynomial basis does not produce
oscillations, even when the viscosity is very small. In contrast, with the polynomial basis

and very small v, oscillations appear, especially near boundary layers.
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14.3 Conclusions

This thesis was devoted to the advancement of numerical simulation of incompressible flow
problems by discontinuous Galerkin methods. Motivated by the context of flows in nuclear
reactor cores, we studied in particular two aspects. In the first part of the thesis, we studied
the a priori error estimations that we can expect with such methods in non convex domains
or with low regularity source terms. In the second part, we take advantage of the flexibility
of the discontinuous methods to propose non standard (exponential) basis functions that may
better capture solutions with stiff variations, which happens in particular in boundary layers.
More specifically let us detail the following points: In the first part, we introduce the SIP
discretization of the Poisson problem, considering simplicial triangulations. We allow the
stability parameter 1 to vary across mesh faces, leading to a face-dependent coefficient 7y,
which seems to be new.

Then, in section 6.2, we generalize the analysis to a polytopal mesh, and we exhibit the
stability constant. We detail the discretization of the Stokes problem in section 6.3, notice
that when the solution of the Stokes problem has low-regularity, i.e. if there exists s < 1
such that (u,p) € H$(Q) x H¥(Q2), we preserve the consistency of the discrete formulation,
assuming that s > % Moreover, in section 6.5, we exhibit the dependence of the coercivity
constant for the Stokes problem with respect to the mesh regularity parameter o.

We continued by the analysis of a priori error estimates for the discontinuous Galerkin
finite element method (DGFEM) applied to Stokes problems with low-regularity solutions in
chapter 7. By focusing on solutions in the space H'**(Q) x H*(Q) where s > , we have
demonstrated the effectiveness of this method in non-convex domains or with low-regularity
source terms. The results confirm that DGFEM is a robust approach for the discretization
of these problems, offering valuable flexibility for modeling complex phenomena in fluid

mechanics, and, we demonstrated their efficiency and accuracy even with low-regularity
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solutions. In section 6.4, we propose a new numerical scheme for which the polynomial order
of the pressure is one degree higher than that of the velocity, as suggested by the proof of the
a priori convergence order. We demonstrate the effectiveness of this approach in the numerical
results chapter 9 when v is very small, which is our case of interest. The Pcllg - ng scheme
seems more efficient than other options in this particular setting, which, to our knowledge, is

a new result.

To advance further, we propose in the second part of this thesis discontinuous Galerkin
methods designed to capture rapid variations or irregularities in the solution. In sections 11.1,
11.2 and 11.3, we introduce a new idea in discontinuous Galerkin finite elements, where we
propose an exponential basis in one, two and three dimensions and explain the motivation
behind it, based on local generic solutions of a convection diffusion 1D equation. Moreover
in section 11.4 we compute the parameter Cnp, which is required to ensure the coercivity
of the bilinear form for the Poisson problem. In the numerical results chapter 14, we have
shown that the non-polynomial basis is more effective in terms of accuracy and in reducing
oscillations. Even on a coarse mesh, the non-polynomial basis does not produce oscillations,
whereas the polynomial basis does, as seen for the advection—diffusion problem in Section 14.1
and Subsection 14.2. For the Oseen problem in Subsection 14.2.2, we also observed that the
non-polynomial basis outperforms the polynomial one, although the results could be further
improved by using a more adaptive choice of b. For the Navier—Stokes problem, we have
not yet performed a sufficiently extensive numerical study, but we have included preliminary
results. It would be preferable to carry out additional experiments to more thoroughly assess

the performance of the non-polynomial basis.

14.4 Perspectives

The perspectives are divided into two parts corresponding to the work presented:

— Perspective 1: Following the study carried out in the first part, one may further refine
the analysis by estimating more precisely the dependence of the error bound on the
mesh regularity parameter o. Since we used the averaging interpolation operator Z;",
some inequalities—such as those in Theorem 7.3 and Lemma 7.4—involve the set Dy,
which consists of the simplices that share at least one point with the triangle K.
Making the dependence on o explicit via the mapping to the reference element becomes

more delicate because defining the corresponding mapping for Dy is not straightforward.
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— Perspective 2: A natural continuation of this work is to derive a posteriori error

estimates for the P¥ — P*+1 scheme, together with mesh adaptation.

— Perspective 3: To go further, one may propose a new discretization for the Stokes
problem, similar to that in [28], but using the FEM-DG method.

— Second part:

— Perspective 4: From the numerical results, we observed that an optimal choice of b for
the Oseen and Navier—Stokes problems has not yet been identified. The first perspective

is therefore to develop a method for determining an appropriate b.

— Perspective 5: A second perspective is to enrich the non-polynomial basis with addi-
tional exponential terms in order to capture all possible directions of b. As explained
earlier, in dimensions 2 and 3 for the advection—diffusion problem, each direction of 3

corresponds to a solution; see Remark 11.6 for more details.

— Perspective 6: Once this enrichment is done, one may establish the necessary inequalities
to prove coercivity and continuity of the bilinear forms associated with the non-
polynomial basis. This would then open the way to deriving a priori and a posteriori

error estimates, together with mesh adaptation strategies.

— Perspective 4: Developing a code that combines a polynomial basis with a non-
polynomial basis, adapted to capture rapid variations in the solution or to handle

low-regularity regimes.
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